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ABSTRACT: In the context of boundary conformal field theory, we investigate whether the
boundary trace anomaly can depend on marginal directions in the presence of supersym-
metry. Recently, it was found that a graphene-like non-supersymmetric conformal field
theory with a four-dimensional bulk photon and a three-dimensional boundary electron
has two boundary central charges that depend on an exactly marginal direction, namely
the gauge coupling. In this work, we supersymmetrize this theory, paying special attention
to the boundary terms required by supersymmetry. We study models with 4, 8, and 16
Poincaré supercharges in the bulk, half of which are broken by the boundary. In all cases,
we find that at all orders in perturbation theory, the gauge coupling is not renormalized,
providing strong evidence that these theories are boundary conformal field theories. More-
over, the boundary central charges depend on the coupling. One possible exception to
this dependence on marginal directions is that the difference between the two charges is
coupling independent at one-loop in the maximally supersymmetric case. In our analysis,
a possible boundary Chern-Simons term is incorporated by a bulk f-term.
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1 Introduction

This research is motivated by a desire to understand the structure of quantum field the-
ory. Our working hypothesis is that much new can be learned by focusing on quantum
field theory in the presence of boundaries and defects. Indeed, there has been enormous
progress associated with boundary quantum field theory, gravitational systems with a
boundary, and boundary effects in string theory. D-branes, i.e. the boundaries of funda-
mental strings, helped lead to the second superstring revolution in the late 90s by providing
non-perturbative insight into the various string theories. In gauge-gravity duality, a central
role is played by the conformal boundary of anti-de Sitter space in a gravitational theory.
Entanglement entropy, which has helped refine our notion of renormalization group flow
in quantum field theory while at the same time providing insight into black hole physics,
is often defined spatially, with a central role played by the entangling surface that sepa-
rates two regions. Boundary effects are also essential for understanding condensed matter
systems such as topological insulators.



As fixed points of the renormalization group flow, conformal field theories are impor-
tant landmarks in the space of quantum field theory more generally. While the stress tensor
of a CFT is traceless classically, on a curved space-time there are anomalies that provide
important ways of characterizing CF'Ts and renormalization group flows between them. In
four space-time dimensions, there are two such anomaly coefficients, often called a and c.
In our convention, the central charge a multiplies the Euler density, while ¢ multiplies the
square of the Weyl curvature. Both numbers can be used to check conjectured dualities
between different quantum field theories. Remarkably, a-charge orders QFTs along renor-
malization group flows [1], with ayy > arg. On the other hand, the c-charge determines
the coefficient of the stress tensor two-point function in general 4d CFTs [2].

In the presence of a 241 dimensional boundary, two additional anomaly coefficients
appear, which we shall call b; and bs. The complete classification based on the Wess-
Zumino consistency condition was given recently in [3] and the trace of the stress tensor
takes the following general form:

1 o(x™ . N wB 7
1672 (Wi, — aBs) + ( )(aEz(;b Y — byt K* = boh® P K7 Wan5) , (1.1)

o\ (4d)
() 1672

where Ej is the Euler density and W, 5, the Weyl curvature; §(z™) is a Dirac delta function
with support on the boundary. We have ignored the total-derivative anomaly in (1.1), OR,
which is scheme-dependent. Note that the Euler density has a boundary contribution

Eibry). We refer the reader to [3] for detailed discussions related to the Euler boundary

term Eibr”, which has a delicate connection to the universal entanglement entropy across

a sphere.!

The general property ayy > ar should not be violated when a boundary
is present. To describe the boundary contributions, we construct a projector onto the
boundary metric by, = g, —nyun,, with n, a unit, outward normal vector to the boundary.
Then wa =K, — %hw is the traceless part of the extrinsic curvature. The b;- and bo-
anomalies will be the main focus of the present paper.

Given the importance of ¢ and ¢, an effort should be made to understand constraints on
and properties of the two new coefficients b; and by. A certain amount is known already.
The coefficients are proportional to two- and three-point functions of the displacement
operator [5, 6], i.e. the operator conjugate to the position of the boundary. The coefficients
have been computed for free theories [7-10] and perturbatively for one interacting theory [6].
By reflection positivity of the displacement two-point function, one has the inequality
by > 0. In free theories, one has universally that by = 8c while such a relation can be
violated by introducing boundary interactions [6].

One of the most interesting stories about these anomaly coefficients concerns their
dependence on marginal couplings. Certain special CFTs in d space-time dimensions belong
to larger families parametrized by a set of marginal couplings. (Marginal means they
source operators with a scaling dimension A = d that is independent of the coupling
strength.) Wess-Zumino consistency implies that a is independent of these couplings [11].

The situation for ¢ is murkier. On the one hand, in the presence of supersymmetry, a

1See also ref. [4] which reproduces the universal entanglement entropy with a more general shape of
entangling surface via a dimensional reduction of the boundary conformal anomaly.



particular linear combination of a and c is fixed by an anomaly in the R-symmetry current,
which also must be independent of these couplings [12]. Thus, for a supersymmetric theory,
c must be independent. On the other hand in 4d without a boundary, no example of a non-
supersymmetric CFT with marginal directions is known. The logical possibility remains
that if one found a non-supersymmetric family of CFTs with a marginal coupling, ¢ could
depend on that coupling.?

The situation with a boundary is richer. It turns out there is a remarkably simple
non-supersymmetric CFT with a boundary and an exactly marginal coupling. The theory
contains a 4d photon and a 3d electron, and as such is a close cousin of graphene. (For
earlier work on this theory, see refs. [6, 15-20].) The gauge coupling, or equivalently the
charge of the electron, is marginal. An essential difference between this boundary CFT and
field theoretic models of graphene (see e.g. ref. [21]) is that in our theory, the electron and
photon travel with the same relativistic dispersion relation, while in real world graphene,
the electron travels about 300 times slower. That said, the speed of the electron in graphene
has a beta function; our theory could be thought of as the ultimate IR fixed point of real
world graphene, albeit a fixed point one is far from being able to realize in the lab. From a
field theoretic standpoint, this fixed point theory may nevertheless be a useful and tractable
starting point for approximating real world graphene [18-20]. (In the context of graphene,
the fact that the charge of the electron has a vanishing beta function is discussed in various
reviews, see e.g. ref. [22].)

In this graphene-like theory, the boundary anomaly coefficients are more interesting
than the bulk ones. As the interactions are confined to the boundary, a and ¢ are fixed by
their values for a free photon. The boundary coefficients b; and by however can be shown
to depend perturbatively on the charge of the electron [5, 6].

A natural question is whether supersymmetry can further constrain the coefficients by
and bs like it does for c¢. While ultimately one should find a general argument based on
the multiplet structure of supersymmetric theories with boundary, in the style of refs. [23—
26], a simpler approach is to study a couple of examples, to see what types of behaviors
are possible. In this paper, we consider supersymmetric versions of graphene with four
(N = 1), eight (N = 2), and sixteen supercharges (N = 4) in the bulk. The presence of
the boundary breaks half of the supersymmetries. In each case, we consider a free abelian
gauge multiplet which is coupled to matter multiplets localized on the boundary. The
matter fields form multiplets of the effective supersymmetry on the boundary which is 3d
N =1, 2 and 4 respectively. We construct explicitly the theories with A" =1 and N' = 2
in the bulk, emphasizing the role of boundary terms necessary for off-shell supersymmetry,
and obtaining supersymmetric boundary conditions. Building on this, we obtain results
also for N =4 in the bulk.

We consider in detail the effect of the 0 F A F' term. In the presence of a boundary, the
symmetry for shifting 6 by 27 is lost and the boundary Chern-Simons term is essentially the
integer part of 6/2x. Normally, to couple the gauge field to charged fields on the boundary
one chooses a Neumann boundary condition Fj,4 = 0 (where A is an index tangent to the

2See refs. [13, 14] for recent discussions of this issue.



boundary) which keeps the effective boundary gauge field unconstrained. Introducing a
f-term produces a Robin type boundary condition F, 4 + tan(a)];n A = 0, where ﬁn A is the
dual field strength %en ApcFPC | and tan(a) = %. This change in the boundary condition
has the effect of screening the gauge coupling g — g cos(a).?

As mentioned above, the anomaly coefficients b; and bs are obtained from the two-
and three-point functions of the displacement operator, which in turn is obtained as the
boundary value of the stress tensor component T),,. Noting that this component depends
only on the bulk fields, the leading correction to the free theory result comes from the one-
loop correction to the propagators of the bulk fields. As a consequence of supersymmetry,
the corrections to the propagators are specified by a single coefficient, as we demonstrate
by explicit computation.

We find that in all three examples, the gauge coupling continues to be exactly marginal.
Morever, both b; and bs depend perturbatively on this coupling. Thus, the conclusion is
that the situation for by and by is rather different than the situation for ¢. While ¢ is
constrained by supersymmetry to be independent of marginal couplings, b; and bs are
not. Our results provide a counter-example to any general argument that b; or by must
be independent of marginal couplings in the presence of supersymmetry. An interesting
caveat is that with N’ = 4 supersymmetry, there may be a particular combination, by — ba,
of the charges which remains independent of the coupling.*

We are making the assumption that our super-graphene theories are examples of
boundary conformal field theory, where the full conformal group is broken from O(4,2)
to O(3,2) by the presence of a boundary. The assumption is based on an all orders pertur-
bative argument that the beta function for the gauge coupling vanishes as well as power
counting arguments about other possible couplings that could be generated at loop level,
but the assumption could be wrong. There could be non-perturbative corrections to the
beta function. The theory may be unstable with respect to a symmetry breaking phase
transition, for example one that spontaneously breaks the U(/N¢) flavor symmetry, although
one may reasonably hope that for sufficiently small coupling, the theory remains stable.?
These issues about stability and non-perturbative effects deserve further study, but lie
outside the scope of the present work.

The structure of this paper is as follows. Section 2 discusses the various graphene-like
models. Section 2.1 contains a brief review of the non-supersymmetric graphene-like model
employed in ref. [6] along with a new discussion of the effect of the 6F A F' term in the
action. In section 2.2, we introduce our theory with four bulk supercharges, dubbed N = 1
super graphene. In section 2.3, we continue with our eight supercharge theory, N' = 2 super
graphene. Section 3 contains the calculation of perturbative corrections to the coefficients b;

3See refs. [27-29] for related work.

40f course there could still be special cases where supersymmetrizing a given theory does lead to b; and
b2 which are independent of marginal couplings.

5The hope is based on a relationship to three-dimensional QED with N + flavors [19] where there may
be a similar symmetry breaking below a critical Ny, with the identification Ny ~ 1/g. Note that there is
a closer relationship between these graphene-like theories and three dimensional QED than with its four
dimensional cousin. In the large number of flavors limit, three dimensional QED is expected to flow to a
conformal fixed point where the Feynman rules become very similar to those of our theories.



and by along with a detailed discussion of propagators. In section 4, we consider a one-loop
analysis of super graphene. We show that the theories are perturbatively scale invariant,
and also calculate one-loop self-energies of the bulk fields, needed for the calculations in
section 3.

We end with a short discussion containing several potential future projects. Appendix
A provides details about our conventions for fermions. Appendix B lists relevant Feynman
rules needed for our one-loop computations.

2 Ultrarelativistic models of graphene

2.1 Non-supersymmetric model

The non-supersymmetric model of graphene (mixed dimensional QED) mentioned in the
introduction and used in ref. [6] has the following action:

Shot = / diz (—1F“”FW+ 929217“”13#”) + / &z (i0Dv) . (2.1)
M 4 167 M

The notation requires some unpacking. Greek indices pu, v are bulk while Roman indices
A, B are reserved for the boundary. We will denote the index n as the direction normal
to the boundary and the space M corresponds to ™ > 0 while the boundary M is the
locus ™ = 0. We raise and lower indices with a Minkowski tensor n*¥ with mostly plus
signature. The Maxwell field strength F,, = d,A, — 0, A, is constructed in the usual way,
and we also use the dual field strength F, v = %GWWF P (Note that in ref. [6], 0 was set to
zero.) We let D, = 0, —igA, and D =T4D4. The 4d gamma matrices v* and 3d gamma
matrices T satisfy the usual Clifford algebra {y#,7"} = —2n** and {T'4, T8} = —2p15,
and 7% = y99192~3. Additionally, 1:/; = ¢'T0 is our notation for a 3d barred spinor. The
standard bar notation, )\, is reserved for 4d spinors. More details about our conventions
regarding spinors can be found in appendix A.

Let there be N fermions. In earlier work [5, 6], Ny was assumed to be an even number
to avoid generating a parity anomaly and corresponding induced Chern-Simons term on the
boundary. We relax this constraint here. A Chern-Simons term ﬁA A F on the boundary
integrates to ﬁF A F in the bulk and can be absorbed by a shift of #. Note that in the
presence of a boundary, the familiar symmetry of shifting 6 by 27 is lost since it follows
from the quantization of [ F' A F on a closed manifold. (Indeed, a way to restore the
symmetry is to augment the transformation rule by a shift of the boundary Chern-Simons
level [30].)

Shifts in Chern-Simons terms are typically generated through loop effects. While we do
not calculate the shifts — indeed we cannot in our dimensional regularization scheme — it
is on the one hand well known how to do so using other regularization schemes, e.g. Pauli-
Villars, and on the other not particularly useful given the ability to shift 6 to whatever
value we desire. Our philosophy is to incorporate the possibility of such shifts by a suitably
chosen f-term. The 0 in our action is thus to be interpreted as one that includes all of
the one loop shifts to the Chern-Simons level and that zeros out the quantum corrected
Chern-Simons term on the boundary.



A generic variation of the bulk degrees of freedom leads to the boundary term

w2

29
—6A, <F”A - g—e”ABCFBC + gJA) (2.2)

where J4 = KZ}FA”L/J is the boundary charge current. In order to have boundary interactions
between Ap and 1, the variation § A should be unconstrained. Vanishing of the boundary
term implies instead a Robin type constraint on F™4. Let us define an angle o associated
with this mixing by

2
g0
t ==—. 2.3
an(a) 3 (2.3)
The boundary condition is then written as®
cos(a)Fpq — sin(a)Fq = —g cos(a)J4 . (2.4)

This form suggests that we can use the SL(2, R) symmetry of free Maxwell theory to define
a new potential AZ whose field strength satisfies the # = 0 boundary condition Ffb 4=0.1It
is interesting to note that the limit & — oo corresponds to Dirichlet boundary conditions
for the gauge field. Such boundary conditions decouple the boundary degrees of freedom
from the gauge interaction. We therefore anticipate that corrections corresponding to
boundary interactions vanish in the # — oo limit. Indeed, in the A? frame the full boundary
condition (2.4) takes the form F?, = —gcos(a).J4. The effective coupling is hence g cos(a)
which vanishes in the limit § — oc.

In ref. [6], through a one-loop computation, the S-function of this theory was found
to vanish. In fact, through standard Ward identity and non-renormalization arguments,
which we will review in the supersymmetric case later and which hold for arbitrary 6, this
model is expected to be exactly conformal in 4d [6].

The bulk central charges for this model do not depend on 6 or the coupling. The
boundary central charges b; and by are

8 3¢2 cos? a

b1(Mixed QED) = 35 (2 - TNf + 0(94)> ; (2.5)
2 g% cos® o

ba(Mixed QED) = = (2 - TNf + 0(94)> ; (2.6)

both of which depend on g. While only the by result was computed in ref. [6] (and only in
the special case 6 = 0) using the results from refs. [5, 6] (or details from later sections of
this paper), it is straightforward to compute b; as well. (At zeroth order, these charges are
determined by the 4d Maxwell theory with a boundary and are independent of the choice
of boundary condition, F"4 = 0 or FAB = 0.7) One of the main motivations of the present
work is to generalize (2.5) and (2.6) to supersymmetric theories.

This condition is reminiscent of a similar effect in refs. [31, 32] in which a constant B-field background
for open strings generates interpolating boundary conditions. We thank S. Murthy for discussion on this
point.

"The boundary condition F,,4 = 0 on the gauge field is sometimes called “absolute”. The Dirichlet-like
condition Flap = 0 on the other hand is called “relative”.



2.2 N =1 super graphene

Before writing down the action for AV = 1 super graphene, it is useful to make some general
remarks about how the presence of a boundary breaks the 4d N =1 SUSY algebra,

{Q,Q} = 2iv*9,, (2.7)

down to a 3d N = 1 SUSY subalgebra. Here Q is a Majorana supercharge, Q is defined by
QTC and C is the charge conjugation matrix (see appendix A). Additionally, the algebra

® is imaginary in our conventions).

has an R-symmetry acting on @ by e”'ysQ (v

The presence of the boundary breaks translation invariance in the normal direction
and as a consequence we can preserve at most half of the bulk supersymmetries. We
are therefore looking for a subalgebra consisting of two supercharges, which includes only
the tangential translations 04. We now show the subalgebra is defined by introducing

projectors 111 such that

1
My=g(1£8), B=i"ye™, (2.8)

along with their barred conjugates Il = C~'TTILC = ’yOHLvO. We choose the 3d subalgebra
to be generated by Q4 and Q, such that IT, Q, = Q. As we are dealing with a conformal
theory with an unbroken R-symmetry in the bulk, we may use the R-symmetry to set the
real parameter n to zero. In view of more general applications, e.g. two planar boundaries
with two independent parameters n and 7', we will keep the 1 parameter in what follows.

To preserve the subalgbra, the projection operators must act on the gamma matrices as

I AT = 4T . (2.9)

As a result, in addition to the usual suite of projection operator relations, 11, +1I_ =1
and II TI_ = 0, the projectors also satisfy

Moy =4 e, Ty ="z, ey® =4 M5 . (2.10)

From these commutation relations, one can derive the form (2.8).

It is noteworthy that the tangential gamma matrices ¥4 do not commute with the
projectors, and hence cannot be identified with their 3d counterparts. It will be useful
to find objects which do possess this property. With this goal in mind, let us define
A = e*”'ysfy“. The definition can be understood as conjugation with the R-symmetry
operator em’/2, Tt is straightforward to check that 1134 = 4114 and 143" = " 1.
Any expression containing projectors can then be easily converted to 3d according to the
rule 14374 = 4T'4, and a rule for associating a 3d barred spinor X with AF0 = 5\67775,
satisfying ﬁvi)\ = MIL.. From the definition of the barred spinor we can also identify the
3d charge conjugation matrix with C=en'C by requiring that X = AC. The charge
conjugation matrix satisfies the relation Hié = 5Hi.

With these preliminaries, we are ready to write down the action for N' = 1 super-
graphene. We divide the action into bulk and boundary contributions:

Stot = Sbulk + Shry - (2.11)



The 4d bulk contains a photon described by a vector field A, and its super partner, a
photino, described by a Majorana spinor A. We also introduce a real scalar auxiliary
field D. The corresponding action is

1 29 ~ i~ 1
Sbulk — /M d433' <—4F“VFH1/ + 196?FMVFNV + §>\aA + 2D2> s (212)

where @ = Y0, and F = %EWPUF P?. The bulk action preserves four supercharges, with
the following supersymmetry transformations:

§A, = —iEyA, (2.13)
1

oA = (2F,MW - 75D> €, (2.14)

6D = iey’ @, (2.15)

where y* = %['y“,v”]. Through Noether’s theorem, the SUSY generators @ and Q are
related to € and € in the usual way. In the presence of a boundary, the preserved subalgebra
is parametrized by a spinor variable e satisfying the condition Il e = e.

The 3d boundary contains an electron described by a Dirac spinor ¢ and a selectron
described by a complex scalar field ¢, along with a complex auxiliary field F'. The interac-
tions between the photon, photino, electron and selectron are constrained to the boundary:

Sbry = /8 y 43z (z‘lew —Dad> + |FI? +ig(Aspo* — PA0)

1 20~
- ZMSWSA - gﬂghh) . (2.16)

where Ay =111\

The terms 5\7567775>\ and X+)\+ in the boundary action are necessary for supersymme-
try. On its own, the action (2.12) is not invariant under the supersymmetry variations (2.13)
in the presence of a boundary, even if the variations are restricted to the subalgebra. The
problem is that supersymmetric Lagrangians are invariant only up to a total derivative,
thus leading to a boundary term. The added terms 5\7567775)\ and X+)\+ offset the variation
coming from the bulk [23, 24, 33], but only provided we restrict to the subalgebra. The
terms are thus a manifestation of our inability to preserve all four supercharges of the bulk
in the presence of a boundary.®

The remaining terms in Sy, can be motivated by considering the multiplet structure
of 3d N =1 SUSY. The most basic such multiplet is a scalar multiplet, which consists of
¢, ¥ and F. As in graphene, the matter fields are electrically charged and interact with
the effective Maxwell field on the boundary, namely As. To extend this interaction in

8The boundary action can be obtained more systematically via superspace methods. One path is to find
a superspace extension of the normal coordinate which is invariant under the preserved supersymmetry.
Integrating the W*W, superfield over a supersymmetrized chiral Heaviside theta function leads to the
fermion bilinear boundary terms [26]. (W, is the field strength superfield whose lowest component is the
photino.) Similar procedures can be used in the N' = 2 case we describe below.



a supersymmetric fashion we argue as follows. Under the subalgebra derived above, the
bulk multiplet decomposes into two multiplets of the preserved symmetry. The multiplet
of interest to us includes the effective gauge field as well as a fermion Ay = I\, with
variations given by

- 1
6Ax = —ielady, oA = 5Ff“BEFAB . (2.17)

Since this multiplet is identical to the regular gauge multiplet of 3d N = 1 supersymme-
try, the 3d boundary action takes a standard form when written in terms of A and the
boundary value of A 4.

The off-shell SUSY transformations of the boundary multiplet are given by

6 = —ap, (2.18)

61 = iTeD ¢ — Fe, (2.19)

6F:’€a—£:i€]b¢—i EXL O (2.20)
81; g +% - .

By off-shell SUSY we mean not only that the SUSY transformations close off-shell but
also that neither boundary conditions nor equations of motion need be applied to have
an invariant action Si,;. We treat boundary conditions and equations of motion on an
equal footing.

Boundary conditions. Let us first consider a purely classical analysis of the boundary
conditions. Compared with eq. (2.2), a generic variation of the bulk degrees of freedom
leads to an additional boundary term,

—6A4 (F”A ~ tan(a) F"4 + gJA) W ()\_ +tan(a) Ay — ig(Ppd* — qu)) . (2.21)

where ¢¢ = —C1¢7T is the Majorana conjugate,’ tan(«) is defined in eq. (2.3), and the
dual field strength is given by F),, = %GWPUF”". We define

A =~5TI_\ (2.22)
such that [T A_ = A_, and the electric current on the boundary is given by
T4 =4T4% +i[(DY)"¢ — ¢"(D"9)] . (2.23)

Two physical considerations lead to a natural choice of boundary conditions. As in the
non-supersymmetric case, we want to allow for non-trivial electric interactions between the
bulk gauge field and the charged boundary fields. Interactions require an unconstrained
0Ap on the boundary and suggest we consider the alternate boundary condition in which
F), 4 is constrained.

9Note that 1 is not Majorana since it’s complexified so )¢ # ).



Second, the boundary conditions that we choose should be consistent with the
preserved supersymmetries, i.e. no further constraints are generated through super-
transformations. We explained above that the pair (A4, A\+) is a multiplet of the effective
3d N = 1 on the boundary. In the same way A_ and F, are related by supersymme-
try. Indeed,

5A, =X, (2.24)
SA_ = €D +iT4€F, 4, (2.25)
6D = —i e TN — €N . (2.26)

The boundary conditions must be consistent with the multiplet structure (F™*, A_) and
(ﬁ "4 Xy). With § = 0, the condition on F),4 is related to a condition on the photino,
A_. Once @ # 0, there is mixing between the F™4 and EFnA multiplets, and the boundary
term (2.21) implies the boundary conditions

F™ = tan(a) F™ — gJ4 A = —tan(a) Ay +ig (Yo — ) , (2.27)

so as to have a well-defined variational problem. (One is free to impose the equation of
motion D = 0 to the auxiliary field above.)

From a quantum or path integral point of view, the perspective on the boundary
conditions shifts from varying the fields to summing over them. The questions are whether
and how to sum over boundary values of the fields. Dirichlet boundary conditions are
equivalent to treating the boundary values of the fields as fixed external sources. Instead,
we would like to treat the boundary values as dynamical and sum over them, allowing
the bulk and boundary fields to interact with each other. Up to some numerical factors,
integrating the bulk action by parts leads to the expression (2.21) but with A4 and
5X+ replaced with A4 and XJF. Morally, integrating over the boundary values of A4 and
X+ in the path integral then leads to Dirac delta like conditions enforcing the boundary
conditions (2.27).

As we work in perturbation theory, we should emphasize that our starting point is
to find the free propagators in the bulk and on the boundary. We thus start with the
boundary conditions

F™ = tan(a)F™ A = —tan(a) A4, (2.28)

and interpret (2.27) as perturbative corrections to the free theory.

For the fermion we can put the boundary conditions in a more convenient form by using
the definition A_ = II.~®X. The boundary condition is then equivalent to M_e ")\ =0.
We can define a new projection I1? = e’ TI_e~®" such that the boundary condition is
simply IIY A\ = 0. The conjugation of TI_ by e is clearly analogous to the action of the
R-symmetry and has the effect of shifting n — n — 2« in II_. This shift is reminiscent of
the relation between the 6-term and an anomalous R-symmetry. To avoid confusion, let
us emphasize that II? is only relevant for the boundary conditions on X. The preserved
supercharge is still determined by II; and so are the definitions of Ay which are the
components of the multiplets of the preserved supersymmetry.
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2.3 N = 2 super graphene

In the case of N' = 2 there are two copies of the minimal supercharge @; with ¢ = 1,2. The
supercharges form a doublet of the SU(2)g symmetry. Since the R-symmetry is incom-
patible with the Majorana condition, the supercharges must instead admit a symplectic
Majorana condition (see appendix A)

Qi = Q7 Cy (2.29)
where C, = i7°C is a new charge conjugation matrix obeying C’yy“CIl = y*T. The
N = 2 algebra is given by {Q*, Q;} = 2i6’@%). Repeating the analysis of the previous section

J J
we define projection operators

My==-(1+7-78), (2.30)

N =

where ¥ is a unit vector, 7; are the generators of the SU(2)g algebra normalized so that
(7-7)2 =1, and 8 = i’y"’y5em5 as before. We choose the supercharges defined by the
positive projector, namely Q4+ = II1Q and its complex conjugate. They generate a 3d
N = 2 subalgebra given by {Q, @+} = 2iT40,. Previous definitions of the 3d bar @, the
gamma matrices 72 and so forth apply here without change.

We are here treating Q)4 as a 3d Dirac spinor. Lest this cause any confusion, let us
briefly comment on the apparent vanishing of the SU(2) indices in the definition I1,Q.
The matrix ¥ - 7 has eigenvalues +1. In the subspace of the +1 eigenvalue, the projector
becomes %(1 + ), and acting on a 4-component spinor it gives the 3d Dirac spinor Q.
In the subspace of —1 we get, up to multiplication by (~Z'+ and transposition, the 3d Dirac
spinor @+. We shall review the relation between 3d and 4d spinors in more detail later in
this section.

Let us consider the global symmetries more closely. In addition to the SU(2)r men-
tioned before, the 4d N/ = 2 algebra also has a U(1)r symmetry acting on Q' by em” Q"
This symmetry is necessarily broken in the presence of a boundary, just as in the N’ =1
case, since v° doesn’t commute with the projection operator. In contrast, the U(1) sub-
group of SU(2)r generated by ¢ 7 clearly commutes with the projector and corresponds to
the R-symmetry of 3d A = 2 acting on Q4 by Q. and in the —1 subspace by e*w@Jr.
Labelling the two other generators of SU(2)g by (74)*; with the anti-commutative property
{74,707} =0, we get the useful identity I1; 7+ = 7.II_. As long as the R-symmetries are
unbroken in the bulk we can use them to set n = 0 and ¥ to a convenient value, although
we shall not bother to do that.

We again write the total action as

Stot = Sbulk + Sbry . (231)
The bulk now contains a photon A,, 2 photinos X, and 2 real scalars S and P. The
photinos correspond to a pair of symplectic Majorana fermions. The bulk action reads

(8,P)% + ;52> . (2.32)

1 R | 1
Spux = [ d'z [ =S F, F™ + - NgN — Z(9,8)? — =
bulk /M 96( At +2 J 2(#) 5
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The vector D denotes 3 auxiliary fields. We will introduce a 6-term separately below to
avoid clutter.

The boundary fields are the same as they were before — a complex scalar ¢ and 3d
Dirac spinor v along with a complex auxiliary field F'. However, there are several additional
Yukawa couplings involving the bulk fields:

Shry = / d3x <—1Aia- FASeM N — X (5 D + 8,X)
oM
+ iy — |Dagl® + [F|* + V2ig(¢* A\pb — p¥oA4)
L gl Yy — PlePY? - g5 D+ anx>|¢|2) , (2.33)

where Ay = IT;\! is taken to be a 3d Dirac spinor (more on that below), and the real
scalars X and Y are defined by

X —sinn cosn S
<Y> B (— cosn —sinn) <P> ' (2:34)

The action (2.31) is invariant off-shell under the following SUSY transformations with
the variation parameter satisfying Il ye; =¢; :

6A, = —iE N, (2.35)
N = (B —iD 7)) O+ S 47 ) (230
68 = —ig\', (2.37)
OP = —ig° N, (2.38)
5D = 7LEdN (2.39)
and
1
—b6¢p = —¢, 2.40
NG ¢ = —er (2.40)
i&p = (iFAeDA(;ﬁ — Fec) —gYeod (2.41)
\/§ )
1 oL
COF == — (ie D — ighec Ay ) + gV e, 9.42
Lop — 22 _ (e - e, e 2.
where € = ¢! and € = —Cw’;lET (where C = M5 like in the N = 1 case).

To verify supersymmetry, it is instructive to derive the 3d multiplet of A4 which
participates in the boundary interactions. We find

§A4 = —ieT Ay +ir T ge, (2.43)

Sy = %FABeFAB i (5- D+ 8nX> e —TAed,Y (2.44)

§Y = i€Ay —idse, (2.45)

5 (77 D+ 8nX> = TTA94N, + Oar TAc . (2.46)
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The multiplet we have obtained is the 3d A/ = 2 vector multiplet in Wess-Zumino gauge.
In addition to the effective gauge field on the boundary A4, this multiplet comprises a
Dirac spinor A4, a real scalar Y and a real auxiliary field /- D+ 8,X. The appearance of
this particular combination of the 4d fields as effective components of the boundary vector
multiplet explains the form of the interactions in (2.33).

Let us now consider adding a 6-term. As in the N' = 1 preserving case, supersym-
metry requires a compensating boundary action, which can easily be derived using the
variation (2.43). We find

g9%0

2
_ 4.9 0 w 3 3 . - B
Sy = /Md TP E,, /Wd o ()\+)\+ Y (@ D+8nX)> . (2.47)

As before we can absorb any Chern-Simons term on the boundary in this action. This
way, the Chern-Simons level is the integer part of /27 which no longer has the symmetry
0 — 0+ 2m.

Let us now go on to discuss the details of the relation between the 4d Majorana spinors
and the projected 3d Dirac spinors, and in doing so explain how the variations in (2.43)—
(2.46) are derived. The symplectic Majorana condition can be written in a form adapted
to the 3d subspace as

Xi = Sij)\jTéJr , (248)
which gives us the relations
N=c\T,  xn=2TC, . (2.49)

Without loss of generality we can associate ¢ = 1 with the +1 eigenvalue of v- 7 and i = 2
with —1. We then have

(I )1\ = %(1 +BA =Ay, (AN = %(1 —ANE=CTINT . (2.50)

Indeed, this is consistent since ﬁé;l = —CN';lBT. The required extra minus sign, relative
to the analogous A/ = 1 relation, which converts (1 — 3) to (1 4+ 8)7 is a result of using
Cy =iy°C. As an example consider

SAA = —iEyaN = =i EFAN . (2.51)
Since (I1;)% e/ = €' we define ¢! = € and the i = 1 term immediately gives —i ¢ 4\;. For
the ¢ = 2 term we have

—1 ’525,4)\2 = —iGTC~'+5AC~;'_~__1X£ = Z'X+FA6 . (2.52)

Boundary conditions. The arguments concerning boundary conditions are analogous
to the N/ = 1 case. The variational principle yields the same boundary condition for the
29 ~ =
gauge field as before, F"4 = %F”A — ¢gJA. Applying the equation of motion D = 0 to
the auxiliary fields, the boundary conditions for the scalars are
X —tanaY = g|o|?, (2.53)
On(Y +tanaX) = —gip + g2|9)?Y . (2.54)
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This leads us to define new fields X? and Y? with

X cosa —sina\ [ X
_ 2.55
(Ye) (sina cosa) (Y) ’ ( )

such that the free-field boundary conditions are X? = 0 and 9,Y? = 0. This new basis
is analogous to AZ introduced in the non-supersymmetric case (2.4), for which the corre-
sponding boundary conditions are Fg 4 = 0 for any 6. Because of its complexified nature
in the N/ = 2 case, the photino boundary condition can be written in a simpler form
than before,

2
g-0 .
At M = V2igid* . (2.56)

As in the N' = 1 case we can define new projections Hft = e"‘VEHie_O”5 such that the
boundary conditions take the form II? A = v/2ig cos o 1¢p*.

Morally, the A/ = 4 case corresponds to adding a couple more X, Y, and X fields to
the N' = 2 action. To see a full SU(4) R-symmetry along with its breaking pattern in the
presence of a boundary is however more intricate. We will omit a similar presentation of
the N’ = 4 action and move on. As the general structure of the Yukawa interactions in the
N = 4 case is already apparent from the A/ = 2 case we presented above, we do not need
the details in the perturbative calculations to follow. (See refs. [34-36] for a discussion of
boundary conditions for N/ = 4 Yang-Mills theory in 4d.)

3 Propagators and displacement operator correlators

In this section we will compute the leading order corrections to the anomaly coefficients
b1 and by by slightly generalizing a free-field computation of these same coefficients. In
general, the coefficients are related to two- and three-point functions of the displacement
operator, which in turn is related to the boundary limit of the normal-normal component of
the stress-tensor, T},,. In the free-field limit, these correlation functions are straightforward
to compute using Wick’s theorem.

As discussed in [6], the leading correction is completely captured by the one-loop
self-energies of the bulk fields, where the self-energies come from interactions between the
boundary limit of these bulk fields and the boundary degrees of freedom. Thus, we can
obtain the corrected b; and by by simply redoing the free-field computations but with
resummed propagators that incorporate the one-loop self-energies.

We begin this section by discussing the propagators of the various bulk fields. We then
use these propagators, along with self-energies to be obtained in section 4, to compute the
corrected values of b; and by. The propagators are also important for performing the one
loop computations in section 4.

3.1 Scalar

In general the two-point function of a scalar field in the presence of a boundary is fixed
by conformal symmetry up to a single function.'? In the present case, since the fields are

10Without a boundary, the functional form of the two-point function is determined by the scaling dimen-
sion of the operators. In the presence of a boundary there is a non-trivial cross ratio [38-40].
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free in the bulk, the two-point function is determined up to a choice of normalization and
a reflection coefficient:

Go(z;2') = ns< ! +Q ! ) , (3.1)

|z — 2/]72 Sz — 2/|d2
where = (y,x) and Z = (—y,x) and y = 2" is the normal direction. The conventional
normalization is

1
(d — 2) Vol(S%1)

Ks = (3.2)
with Vol(S91) = 2x%/2/I'(d/2). This form of (3.1) can be understood according to the
method of images. The first term corresponds to the usual Green’s function of the free
bulk field equation, while the second is a homogeneous solution with an undetermined
coefficient. The variable €25 determines the boundary conditions for bulk fields. Reflection
positivity of (®(x)®(2')) along with (9,®(z)0,®(z')) further restrict —1 < Qg < 1.11 Of
all possible values of {23 only those saturating the bound correspond to local boundary
conditions on the fields, namely

—1, Dirichlet,
Qs = . (3.3)

Neumann.

Other values of € correspond to non-trivial boundary interactions. As explained in the
previous section, in perturbation theory we use the propagator in the limit where the
boundary interactions vanish. In particular, for the N' = 2 scalar fields X and Y we have
the value 2y = —1 and €2y = 1 respectively. We will see below that these initial values of
Qs get perturbative corrections.

A nonzero 0 parameter alters the story somewhat by introducing mixing between the
X and Y scalar fields. However, we can always rotate to a frame (2.55) where X% and
Y? decouple and have the standard Dirichlet and Neumann boundary conditions in the
g — 0 limit.!?

Since the interactions we consider are confined to the boundary, the internal propaga-
tors in a Feynman diagram are always boundary to boundary. It is thus useful to work in
a hybrid formalism where we replace the tangential coordinates x with momenta but leave
the normal direction y untouched. Our convention for the Fourier transform is

N . 1 , /
Go(y,y;p) = /dd_lxe_l”'xG@(y,X;yCO) = %(e_p'y_y |+ Qe PVl L (3.4)

In this form it is easy to verify (3.3), e.g. the propagator Gx restricted to the boundary
y = 0 vanishes, as it should given the Dirichlet boundary conditions.

" Ref. [6] noted these bounds in the context of the boundary conformal bootstrap program [41], for a
particularly simple class of crossing equations associated with generalized free fields.

12Here we shall not distinguish between the conformal Robin boundary condition and the Neumann
boundary condition as we focus on the flat limit.
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The propagator for G has one fewer power of p in the denominator than the typical
fully Fourier transformed propagator used in the absence of a boundary. As the Feynman
rules we use are the usual ones but with this alternate propagator, the changes in the physics
we find can often be traced back to this change in the power of p in the denominator of
the propagator.

Note that in Wick rotating the Fourier transforms to real time and converting them
to conventional Feynman propagators, a factor of 1/i appears.

3.2 Photon

The photon in the free limit, for § = 0, satisfies either absolute or relative boundary
conditions. By the method of images, in the Feynman gauge, the correlation functions are

given by
1 1
Guntes!) = (s = s ) &
) 1 1
GAB(I;JZ‘) = Kgs m"‘gvm T]AB, (36)

and their Fourier transforms can be read off from the result for the scalar fields,

= ]. ! ’

Cun(y,9/5p) = %(e‘p‘y‘y' — Qe PVl (3.7)
~ 1, _ /
Gap(y.y'sp) = %(6 Ply=v'l 4 Qe Pluty |)77AB . (3.8)

The absolute boundary conditions of interest in this paper, which preserve a nonzero bound-
ary value of Fa4p, correspond to €2, = 1. The relative choice, more familiar from electro-
statics problems where the boundary is an equipotential surface, is 2, = —1.

To incorporate a 6 # 0, one can interpret the propagators (3.5) and (3.6) as those
of the “rotated” photon Az. The correlation functions for the original field strengths can
then be extracted from the boundary condition relation F; 3y = cos(a)F, — sin(a) F, o and
a corresponding equality for F 3,/. Wick rotating and converting to Feynman propagators,
we need again a factor of 1/i.

3.3 Photino

We can use arguments similar to those made for the scalar to constrain the bulk fermion
two-point function. This leads to'?

iy (x—a' iy (z—a'
Crl@ial) = =g < !Jr(— z'|d : o \:E(— |4 )> ’ (3.9)

where 1y = 1/ Vol(S%1). It is straightforward to check that the image term satisfies the
Dirac equation acting from the right on z’. Since the same must be true for the Dirac
operator acting on x from the left we must have that Q¢ -z = v - 2 Q} for some Qf. In

13We use this opportunity to correct the overall sign typo in the fermion propagator in [5, 6]. The final
results in these papers are not changed.
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fact we can show that Qf = Q. The two-point function (A(z)A(z')) = (A(z/)A(x)) must be
self-conjugate, which in turn implies that Q¢ - Z = v - 2 Q¢. In components, this relation
is the already familiar

Q"+ =0, Qe =410 =0. (3.10)

These equations are precisely the same we found for g = 1'7”')/56’7“75 except that ¢ does
not necessarily square to one in interacting theories. Moreover, the phase of ¢ does
not have to be correlated with 7, the phase of 8 which is determined by the preserved
subalgebra, i.e. the phase of II;. In fact, as explained below (2.28), such a relative phase
is a consequence of a f-term. The change in the fermion boundary condition coming from
6 leads to 8¢ = i’y”’y5e(’7_2a)“f5 with tana = ;’1272. Putting everything together, we will see
below that supersymmetry fixes the form to Qf = Q,3% for N =1 and Q; = Q. (7 - 7)3°
for N' = 2.

As in the case of the scalars, in the context of perturbation theory we consider the free
propagator with Q¢ = 3 for N' = 1 or Q¢ = (7-7)B3 for N = 2, setting # = 0 for simplicity.'*
Focusing for simplicity on the N' =1 case, the Fourier transform of (3.9) is then

Gy, y'sp) = /dd‘lxe‘i’”"‘Gx(y,X;y’,O) (3.11)
A A
_ 1 (7 PA 4 sen(y — y/)7n> o—plu—v| _ B (W _ W”) o Py+y)
2 P 2 p

To get more insight into the propagator it is convenient to use the language adapted to
3d. To this end we rewrite the two-point function as (A(z)A(2')) which has the effect
of substituting v* — 4 in (3.11). Consider taking one of the insertion points = to the
boundary, i.e. y = 0. We find

0 ) = -1t (T2 i) e (312)
Acting with II_ from the left clearly annihilates this expression which is a reflection of the
boundary condition A_ = 0. A similar expression is found for 3’ = 0 with II; appearing to
the right of the brackets in (3.12) thus reflecting the boundary condition of . As before,
we only encounter boundary to boundary propagators with ¥y = 3’ = 0 in which it is
clear from (3.9) that there is no 4" term. (The result in (3.11) is obtained based on the
assumption that either y or ¢’ are non-vanishing.) The propagator then becomes 3d

5 pa _ Tpa

(A0;p)A(0; —p)) = —T14 . . (3.13)

In Wick rotating to real time and converting to Feynman propagators, again a factor
of 1/i appears.

14 Alternatively, the results for the propagator apply without change provided we make the substitutions
~ 5.4 Y % 5 o . . . .
F4 = e2°F4 X = Ae™22” ete. These substitutions are of course just a shift 7 — 7 — 2« in the definitions
~A ~
5" and A.
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3.4 Relations between (2, €2, and Qf
Let us now show how supersymmetry relates (), 2, and ;. To facilitate the comparison
let us denote A(x — z') = ky/|z — 2'|%72, such that

Go = Az —2') + Az — 7')Qs, Gy = iﬁ(A(x—w’) —i—A(a;—:E’)Qf) , o (3.14)

and likewise for the gauge field. We have written the fermion propagator in the tilde frame,
so by @ we here mean 7#0,. Note in addition that () is self-conjugate in this frame, which
means Q7 - T =7 - x Q.

To relate the propagators, we use the fact that supersymmetry transformations as-
sociated with the preserved subalgebra annihilate the vacuum, and therefore correlation
functions of expressions which are exact supersymmetry variations vanish. Consider first,
in the N' = 1 case, the multiplet (A4, \;) whose variations are found in (2.17). This
leads to

0= (3 (Aa(@Xs(@)))
= —EA (@) (o) — 57750 (An () Frc(a) (3.15)
which, modulo a gauge transformation, gives the relation I1, Qr = I ), and implies
N=1: Qu=0Q,5. (3.16)

An almost identical derivation gives the same relation for N' = 2. To find the relation
between the A/ = 2 scalars and fermions we look at the correlation function

0= (Y@ ()))

= i€ (A (@) Ay () — EFHY (2)0aY (2)) (3.17)
which gives the relation
N=2: Q=Qy(@ 7). (3.18)
Using the transformations
SA_ =% X +..., X =—icA_+il_e, (3.19)

where the ellipses correspond to terms with fields other than X, a similar correlation
function with X and A_ gives

N:22 Qf:—QX(U-F)ﬁ . (3.20)

To see where the extra sign comes from, recall the definition A\_ = 4°II_\ = II,7°\. The
quantity (A_(z)A_(2)) is thus proportional to

YG® = Z@(A(w —2') — Az — i’)Qf) . (3.21)

Given these relations between the Qx, Qy, Q¢ and g, let us introduce the following
universal scaling factor:

Q=0y =-Qx =0, . (3.22)
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Adding interactions. In the previous section, we analyzed the propagator for general
values of € and explained that in the free limit |Q2] = 1. Now let us consider how the
self-energies lead to a modification of the boundary condition parameter 2. In the next
section, we will see that the one-loop self-energies of the fields take the following form:

ix)(p) = a(g)p. Hyy(p) = —alg)p, (3.23)
il () = olo)?. T ) = - C0 gt —prp”) (3.24)

It turns out that supersymmetry guarantees the function o(g) showing up in each of these
self-energies is the same: we find'®

2
o= 0y, (3.25)

where Ny counts the number of Dirac fermions propagating on the boundary. (To trust
perturbation theory, the quantity (g cos a)? N should be kept small.)

Having the above result, we can determine how {2 depends on o(g). Let us take the
Y field as the simplest example. Concatenating the self-energy with scalar propagators to
the boundary and away from the boundary yields the shift in the two-point function:

5Gy (y.9/sp) = Gy (y,0;p)ILy)(p)Gy (0,45 p)

—p(y+y’)
- —% : (3.26)

Comparing with the Fourier transformed propagator (3.4), we conclude that there is a

perturbative shift in the boundary condition:
Q=0 =1-20y +0(g") . (3.27)

Similar computations for the remaining three fields — X, A, and A, — yield results that
are consistent with (3.16), (3.18), (3.20), and (3.22). We note that the sign of the correction
to () is consistent with the reflection positivity bounds —1 < Q < 1.

3.5 Displacement operator two- and three-point functions

We are interested in the displacement two- and three-point functions because of their rela-
tion to the boundary anomaly coefficients b; and by, established by two of us in refs. [5, 6].
For a small but nonzero value of the interaction g, the leading O(g?) correction to these
correlation functions comes from a modification of the boundary condition parameter €2 in
the propagators.

We will first review results for the displacement correlation functions computed from
the free propagators using Wick’s Theorem. Given the form of the bulk propagators dis-
cussed above, we will then compute the leading O(g?) correction to the displacement cor-
relation functions by a slight generalization of the free-field computation.

Removing only fermions from our actions would lead to certain mixed dimensional scalar QED type
theories which still have boundary interactions and, presumably, the corresponding o could depend on the
coupling. In the supersymmetric cases we are interested in here, sending Ny — 0 implies removing scalars
as well and the theories become free.
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In a boundary CFT, a central role is played by the displacement operator, which can
be defined as a failure of the stress tensor conservation on the boundary:

9, T"" () = D™(x)3(z") . (3.28)

An integrated version of this definition relates the displacement operator to the boundary
limit of the normal-normal component of the stress tensor:

T oaq = D™(x) . (3.29)

Conformal invariance on the boundary constrains the form of the two- and three-point

correlation functions up to constants, which we call ¢™ and ¢

nn nnn

C C

D" (x)D" = —, (D"(x)D"(x')D" = . .
(D)D) = T (DM RD" D) = e - (330
Refs. [5, 6] identified that
276 274
— nnn — nn . . 1
bl 735 C s b2 715 C (3 3 )

nnn

Free theories. For free theories, we can calculate ¢ and ¢ using Wick’s theorem.

The normal-normal component of the free-field stress tensor is

1
T = (0n®) = £5(20; + D)7, (3.32)
T?i\n = % ((8n/_\)7n)\ - S\Vnan)\) ) (3.33)
1 1
Tk = SFaabFu® = JFapF*”, (3.34)

for a scalar, a Majorana fermion and a gauge field, respectively. The results are described
in greater detail in refs. [5, 6, 39]. Below we quote the 4d results in the case of interest.
For a single real scalar with propagator (3.1), one finds

1

2
= e (1+97), (3.35)
1
g = (8 — 302+ 2407 — 0F) . (3.36)
367
For a single Majorana fermion with propagator (3.9) and four-dimensional gamma matrices
one finds
3
= (14 Q2 3.37
C}\ 47T4 ( + ) 5 ( )
5
N %(1 +302) . (3.38)
For a photon with propagators (3.5) and (3.6), one obtains
o 302 3.39
€Ay = F( + ) ) ( . )
2
A = ﬁ(l +302) . (3.40)

In free theories, 2% = 1 and only the central charge b; of a scalar depends on boundary
conditions.
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Adding interactions. While we computed these coefficients using Wick’s Theorem and
assuming free field theory, in the interacting case we claim that the O(g?) correction is
captured correctly by making the substitution 2 = 1 — 20 in these formulae. At order g2,
the only diagrams that contribute to the stress-tensor two-point function are the free field
diagrams and the one loop self-energy corrections. (Starting at O(g*), there are diagrams
that involve scattering of four bulk fields.)

Note that ¢ ~ (1—20) while ™" ~ (1—30). Without doing any further calculations,
we see immediately that b; and bs must depend on the gauge coupling, regardless of the
amount of supersymmetry. Every one of our bulk fields leads to a reduction in b; and b9
by an amount proportional to o, and there is no possibility of cancellation. It is tempting
to conjecture that boundary interactions generally will never increase the values of these
boundary central changes in a boundary CFT. It would be interesting to search for a
general argument or find a counterexample.

Let us explicitly calculate the corrections in the various cases. In the N' = 1 case,
including contributions from the photon and the photino we obtain

6 2
(N:l) _ 27 nnn nnny __ 3 99 Nf 4
by = 35 (CAM + ") = 5710 +0(g%), (3.41)
N=1 27 nn nn 92N
b = T+ A =1- T oY) (3.42)

Here and below, we give the results when # = 0. A € = 0 can be restored by simply making
the replacement g — gcos(a). In the N' = 2 case, including the scalars and a second
photino we obtain

_ 276
ng_Q) _ ;; (cﬁﬁn + QCg\mn +chnn + cgnn)
38 19¢°N; A
— _ O 3.43
I o T (g%), (3.43)
_ 27t
b\ = T (L 287+ X+ )
4  ¢°N
= - J . I+ oY) . (3.44)

In the N/ = 4 case, since the interactions between the additional bulk fields and the
boundary matter should simply be duplicates of the interactions we have already studied,
the result can be deduced by including an extra couple of photinos and bulk scalars.
We obtain

6

ng:4) = %(c%ﬁ” + 4™ + 3 + 3y

_ % - gzvf +O(gY), (3.45)
b= = 217;4(437; + 4R 4 3R 4 3R

=2 gzvf +0(g%) . (3.46)
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In all cases, we find that the first-order correction to these anomaly coefficients is nonzero.

In other words, these coefficients depend on the marginal coupling g. (The zero-th order

contributions of these results correspond to the boundary central charges in free theories.)
Observe that the following quantity:

Ab = b1 - bg (347)

does not depend on g in the N' = 4 case (at leading order), suggesting the combination
of curvature invariants tr K3 + WK POW,, e may play a special role in these types of
boundary conformal field theories with ' = 4 supersymmetry in the bulk.'S It will be
interesting to see if this quantity remains g-independent at higher orders.

4 Perturbation theory for super graphene

4.1 Renormalization group analysis

In this subsection, we will argue that our supersymmetric graphene theories are examples of
boundary conformal field theory, with an exactly marginal coupling — the gauge coupling
— to all orders in perturbation theory. This discussion however neglects two issues that
are worth further scrutiny but will not be discussed here. The first is the possibility of
non-perturbative contributions to the beta function. While instantons should be absent
in the abelian gauge theory, it is not obvious how magnetic monopoles on the boundary
might alter our theories. The second is stability, for example spontaneous breaking of the
U(Ny) flavor symmetry. We believe that for sufficiently small coupling, the theory should
be stable [15, 17, 19], but this issue and the other one deserve further consideration.

Let us begin with a discussion of the superficial degree of divergence of the differ-
ent diagrams. Topological constraints along with momentum conservation imply that the
superficial degree of divergence of an arbitrary diagram, regardless of loop level, is

1
5(6—27114—4nx—2ny—3n)\—n¢—2n¢) . (4.1)

The quantity ng is the number of external legs of the field ®. The reason that nx and
ny have different coefficients is that they have different boundary conditions. An external
X leg can only couple to the diagram through a |¢|?0,X vertex. That restriction in turn
means the 0, must produce a power of an external momentum that is not integrated over
in the diagram and thus does not contribute to a short distance divergence.

Another useful quantity to consider is the power of the loop momenta, modulo two, in
the numerator of an arbitrary diagram. This power is

1
nA+ny+n¢+§(n,\+n¢) . (4.2)

If this power is odd, then by rotational invariance, the leading divergence of the diagram

is reduced by one.

1811 this case, the bulk charges are the same: a = ¢ = i.
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The expressions (4.1) and (4.2) are useful for deducing a number features of the one
loop calculations we will perform in the next subsection and also for extrapolating those
results to arbitrary loop order. Let us begin with the self-energy of the bulk fields. These
self-energies must all be finite, as one can see in a variety of ways. The easiest is perhaps
locality: boundary interactions cannot renormalize the photon, photino, or X and Y scalar
wave functions. Indeed, we will see this finiteness explicitly at one loop in the next subsec-
tion. But the naive power counting implicit in eqs. (4.1) and (4.2) largely bears out these
observations as well.

Consider first the self-energy of the photon, for which n4 = 2 with all the other ng set
to zero. We see immediately that the diagrams should have superficial degree of divergence
1. However, the photon self-energy must be accompanied by a gauge invariant prefactor
g"q" — g"¢*> which immediately cuts down the degree of divergence by 2, rendering these
diagrams finite.

Given the result for the photon, supersymmetry can be used to argue that the photino
as well as the X and Y fields have no wave function renormalization. Let us nevertheless
repeat the naive power counting arguments. For the photino self-energy, eq. (4.1) suggests
the diagrams are logarithmically divergent. However, from eq. (4.2), rotational invariance
cuts down the degree of divergence by one. Based on eq. (4.1), the self-energy of X should
be finite. The Y field at last provides an example where eqgs. (4.1) and (4.2) are insufficient
to give the right answer. Naively, Y should be linearly divergent. However, what happens
at least at one loop level is that two diagrams contribute, and their divergences cancel.

The self-energies of the boundary degrees of freedom and the boundary vertices are
less well behaved. For the most part, they all have log divergences and corresponding
wave-function renormalization. The eqs. (4.1) and (4.2) are sufficient to give the correct
log divergence for the electron self-energy as well as the 1A, 4,|6|?, and AZ|¢]2 vertices.
While egs. (4.1) and (4.2) are insufficient to see it, through supersymmetry, the selectron
self-energy must be log divergent as well. While egs. (4.1) and (4.2) predict a log diver-
gence for the \p¢p Yukawa vertex, what happens at least at one loop is that two diagrams
contribute and the divergence cancels. It would be interesting to see whether the finiteness
is accidental or comes from some symmetry and persists at higher loop level.

Let us summarize our one loop results for the wave-function renormalizations. From
the one loop self-energies and vertex functions we compute in the next subsection, we can
read off the various wave-function renormalization Z-factors in the Lagrangian.!” We will
divide the singular terms into two contributions. The first involves loops without a photino,
and the second comes from loops with a photino. In the N' =1 case, the Z-factors are

1 1
_ 2 S) 2 .
Zy =14y (_67T26 ~ 33, + ﬁmte> =14y <—27T2€ + ﬁnlte> , (4.3)
Zo =140 (= — 4 fnite) = 1+ ¢ [ —— + finite (4.4)
o 9 \6n2  3n2 — T\ on2e ’ '

1"We follow the conventions of Srednicki’s field theory text book [37]. As before, a nonzero 6 can be
incorporated by making the replacement g — g cos(a).
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1 1
_ 2 : _
ZAMMJ =1+g <_67T26 T 322 + ﬁmte) =Zy, (4.5)

Za,o0 =1+g° ( 67526 —33t ﬁnite) = Zy, (4.6)
and
Zngw = 1+4° (2 5 — % + ﬁnite) =1+ g*(finite) (4.7)
mée  2m%e
Zp, =1+ g*(finite) , (4.8)
Zy = 1+ g*(finite), (4.9)

where € = 4—d and the log divergences can be associated with the 1/e terms. Note that the
Ward identities which follow from gauge symmetry imply in a minimal subtraction scheme,
to all loops, that Z,, = Z 4,4y and that Zy = Z4,44. Indeed, these Ward identities continue
to be satisfied even if one removes the photino from the spectrum.

The constraints from having a supersymmetric action mean that, to all loops,

ZyZy = D3y - (4.10)

While from the naive power counting discussed earlier we expect (4.10) is log divergent order
by order in perturbation theory, we have found something stronger at one loop, namely
that Zy4y and ZyZ, are individually finite. We do not know if they remain individually
finite at higher loop order.

The supersymmetric and gauge symmetry constraints on the Z-factors along with the
finiteness of the Z-factors for the bulk fields A, and X\ are enough to guarantee that the
gauge coupling is not renormalized at any loop order in perturbation theory for the NV =1
theory. For example, for the A,11) vertex, the relation between the bare coupling and
physical coupling is given by goZi{L QZw = gZ A4, Which then guarantees g is independent
of scale. Given the general arguments in this subsection, we did not actually need the
detailed one loop results although they provide a useful check.

The same is true for the A" = 2 theory. In this case, we have Z-factors associated with
the additional Yukawa interactions. The structure of the Lagrangian and supersymmetry
imply the following wave-function renormalization relations, to all loops,

Zyye = Zy, (4.11)
Zx¢2 — Zy2¢2 — Z¢ . (412)

These relations, along with the finiteness of Zx, Zy, Z), and Z,, are enough to guarantee
that the beta functions for all of the Yukawa couplings vanish, without doing any one-loop
calculations. (The loop computations are still needed in order to determine the values of
b1 and bs.)

The story for the N' = 4 theory is very similar to what we just discussed above in the
N = 2 case, the main difference being that we have more photinos and X and Y type fields
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Figure 1. The photon self-energy at one-loop.

at our disposal. The nature of the interaction vertices and propagators is the same, and
the power counting arguments and Ward identities are analogous. Thus, we expect that
the A/ = 4 theory also has a vanishing beta function for the gauge coupling at all orders
in perturbation theory.

Finally, let us discuss terms that do not appear in the Lagrangian, of the schematic
form XY, 92¢%, and ¢%, but which could in principle be generated at loop level. (The
vertex 1)2¢ does not conserve charge and is related by supersymmetry to ¢?.)

Rotational invariance (4.2) means all of the XY mixing diagrams are finite. The ¢?1)?
and ¢% couplings are the most interesting. They are classically marginal and related by
supersymmetry via a ®* type superfield in the Lagrangian, were we to include it.'®

The constraints of egs. (4.1) and (4.2) on 1)2¢? are surprisingly stringent. Naively, the
diagram is log divergent, but rotational invariance makes it finite. Thus, we expect the
beta function for the 1)2¢? to vanish at the point when the physical coupling itself vanishes.
By supersymmetry, the story must be the same for the ¢% coupling although one cannot
see it from eqgs. (4.1) and (4.2).

The story changes somewhat if we include a bare 1)?¢? coupling. The numerator of
the loop integral will include an extra number of momenta equal to the number of bare
1?¢? vertices. Thus provided we have an odd number of 1)2¢? vertices in the diagram (plus
the two external v lines), there is no additional rotational invariance constraint and the
diagrams are expected to be log divergent. In other words, if we were to include a g,®*
term in the Lagrangian, we would expect the g3 contribution to the beta function to vanish
and the first nonzero contributions to be order g4g* and g3.

4.2 One loop calculations

The relevant Feynman rules are collected in appendix B. We will calculate self-energies for
the photon, photinos, and bulk scalars X and Y in general. For the boundary degrees of
freedom 1) and ¢, we will only present detailed self-energy calculations in the A/ = 1 case
since the self-energies of 1) and ¢ are irrelevant to the computation of central charges b;
and by, and we have already discussed why the beta functions should also vanish for N' = 2
and 4 SUSY. To incorporate a nonzero €, simply replace g — g cos(a)) below.

8Note that we can arrange for charge conservation by having superfields ®* and ®~ with opposite
charges in a theory with Ny > 1.
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Figure 2. The photino self-energy at one-loop.

Photon self-energy. Three diagrams contributed to the photon self-energy at one loop
(see figure 1). Let us separate out the scalar and fermionic contributions to the photon
self-energy:

M2 (q) =i (ﬁ(‘Aﬁ (@) + 18 )(q)> : (4.13)
In dimensional regularization, we find’

- , d9-1p tr[TAiplBi(p + ¢)]
L uy(0) = (~1)(i0)Ny [ gt

d-3)r2"% 1
472 cos () I (5) ¢~

- d—1 2 A B
0= (o (3 R (2o

= —ig’N¢(*n*? — ¢*¢") (4.14)

i p*(p +q)? i p

I =aB
We have inserted a factor of Ny to account for the possibility of having Ny flavor multiplets
on the boundary. In d = 4, the contributions are finite and equal:

ig*Ny

I ) (@) = 1110, g (0) = = 64 (0" - ¢"¢®) . (4.16)

Photino self-energy. The photino self-energy at one-loop can be computed from a single
diagram (figure 2):

dlp  ip(—i)
(2m)4=1 p2(p + q)?

(2ig>Ny)m?~% d
- . 4.17
442 cos () T (5 —1) > it

i (@) = 2N4(9)(—9) /

There is an extra factor of two because there is a second diagram with the charge flowing
in the opposite direction inside the loop. In 4d, the numerical prefactor of this self-energy

19We take tr 1 = 2 for the 3d Clifford space. Thus, for instance, tr(pg) = —2p - q¢. Note that we adopt
effectively 2-component fermions on the boundary so there is a factor 2 difference when comparing (4.14)
with the corresponding result in [6].
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Figure 3. (a) contributes to the X self-energy; (b), (c) contribute to the Y self-energy.

is the same as that for the total photon self-energy:

2
1g°N
i (q) = 3 fz

(4.18)

Bulk-scalars self-energy. One diagram contributes to the self-energy of the X scalar
(figure 3a):

= . dd 1 —
ZH(X)(Q) = (_19)2Nf/ (27T)dp1 d ((p _)'_(q))

3. (4.19)

Two diagrams contribute to the self-energy of the Y scalar (figures 3b and 3(:):

~ d=1y, tr[ipi
illyy(q) = (—ig)sz(—l)/ (gﬂ)dp1t sz(ﬁzg — 2ig" Ny / 27 )d- 1

95—2d 2-4
cos( )F( 1+ )q

In 4d, the self-energies are equal and opposite:

=3 (4.20)

ig®? N ¥

8
(The numerical coefficient is the same as in the photon and photino cases.) Note that here
we should not combine (4.20) with (4.19) as there are two different scalars in the bulk with
different boundary conditions.

iTl(x) (@) = —iTliy () = (4.21)

Electron self-energy. There are both photon and photino contributions to the electron
self-energy (figure 4):

illy)(g) =i (ﬁ(w,Am(Q) + ﬁ(w,m(él)) : (4.22)
where
; di-lp TApLP (—iynas  ig?
ip,a,)(q) = (i9) /(Qﬂ)d_l To—a ot (4.23)

~ ddfl 1 —3 i 2
o)) = @-0) [ st s = gt (420
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Figure 5. The selectron self-energy at one-loop in the N' = 1 theory.

We focus on the singular contribution to the diagram in d = 4 — € dimensions. The total

singular contribution is
= ig?

Selectron self-energy. We again divide up the one-loop self-energy into contributions
from photons and contributions with photinos running in the loop (figure 5):

il (¢%) =i (ﬁ(qﬁ,AM)(qz) + ﬁ(¢,x)(q2)) , (4.26)

where

- d—1 2 d—1
Mg (6) = (i9)? () [ g (<2igh)d =) (-0) [ gt

2m)2-1 |p — ¢|p? (2m)T1 [p|
: 2
- g:rQ%QZ T (4.27)
~ d=1y trligi(p — ig?
(@) = (@-0)(-1) [ ot TR AL - (128)

The photino contribution comes from a single diagram while the photon contribution comes
from a pair of diagrams. We again focus on the singular contribution to the diagrams in

d = 4 — € dimensions. The total singular contribution is
.~ 2y ig* 2
ZH(@((] ) = 27T26q + ... (4.29)
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Figure 6. The electron charge renormalization in the ' = 1 theory.

Charge renormalization for electron. We divide up the vertex renormalization of the
electron into contributions with a photon and with a photino running in the loop (figure 6):

z'ff(ﬁ)(%, @) =1 (‘N/(ﬁ,AH)(qh Q) + 17(37/\)@1, q2)> , (4.30)

where

d—1 Ci Ai B i
Wik e = (i) [ (d p TP+ g )T+ 40" (=i)en

2m)d-t (p+@1)*(p + ¢2)°Ipl
;3T A
_ ot (4.31)

672
s B : d™tp (2p+ @1 — @) Yi(—p)(—i)?
idatan ) = 09060 | oot g o

: 31A
1g°T"
== 4.... 4.32
3m2e + (4.32)
There is one diagram with a photon in the loop and one diagram with a photino. The total
singular contribution is
Z'g?)FA

4.33
2m2e ( )

if/(g) (q1,92) =

Charge renormalization for selectron. We divide up the vertex renormalization into
contributions with photons and photinos (figure 7):

. ~‘A . ~‘A ~A
Wy =1 (V(¢,Au) + V(w)) : (4.34)
There are three diagrams with a photon running in the loop:

- . ddfl 9 . -9 2 _ A — 3
Zv(g,Au)(q“%) - (19)3/ (27r)‘£1 — ((Zf—i- qlq)z)(;zi—;?;\p’%) =
e d'p ((p+29)M(=0)*  (p—22)" (i)
H260) [ (it < pralsl T G-l )

.3 1 8
= —zg3m(q1 — qg)A (—1 + 3> +... (4.35)
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Figure 7. The selectron charge renormalization in the A" = 1 theory.

The flip in sign of g2 with respect to the Feynman rule is because we take g2 to be ingoing.
There is only one diagram with a photino in the loop:

% d=1p trfi T4 ( — i
Tt = @i [ ot SO
3

The total singular contribution is

(@ —aq)*+... (4.36)

P o3
o 149
iV = —5 5.0 — @)+ (4.37)

Yukawa renormalization. Two diagrams contribute at one-loop to the renormalization
of the Yukawa ¢X interaction (figure 8):

iViyy =i (V(Y,/\) + ‘N/(Y,AH)) ; (4.38)

where

- d-lp  ipilp-+d)(—0) s 1
Vv (@, a) = (9)2(—9)/ (QW)di mé fql)g(lp — q2)? - 297r2 €

N ' di-1p (=9)(—0)i(p — d.,)(p + 24,) 31
Vv, = (g)(zg)Z/ (27r)d]‘91 (p+Q1)pQ|P|?IQ9 —pQ2)2g1 N 2272 €

The total singular contribution vanishes.
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Figure 8. The Yukawa coupling renormalization in the N' = 1 theory.

5 Conclusion and future perspective

We have demonstrated that ' =1, A/ = 2, and N’ = 4 super graphene models are all very
likely to be interesting examples of boundary superconformal field theories. Their beta
functions vanish at all orders in perturbation theory in d = 4. Hence, the gauge coupling
g should be exactly marginal. We have shown how the boundary central charges b; and by
depend explicitly on g. Unlike the situation for the bulk central charge ¢, neither b; or bo
is protected by supersymmetry.2’

There is however one interesting caveat for A' = 4 theories, where we noticed that the
combination ng:4) — béN:4) was independent of the gauge coupling, suggesting a possible
special role for the curvature invariants tr K3+ Wi POW pve in 4d theories with bulk
N = 4 supersymmetry, broken in half by the boundary. Along the lines of refs. [25, 26, 42],
perhaps the structure of the displacement operator multiplet in A/ = 4 theories can shed
light on this coupling independence.

Our analysis allowed for the possibility of a bulk 0F A F' term in the action for the
photon. We saw that this term effectively screened the interactions between the charged
particles, sending ¢ — gcos(a) where tan(a) = ¢20/4x72. Intriguingly, there is a new
perturbative limit where g cos(a)) can be kept small even if the coupling g itself is large. As
a boundary ﬁA A F Chern-Simons term can be absorbed by a shift in 6, this perturbative
large 6-limit is akin to a large k expansion in 3d Chern-Simons theory.

Let us conclude this paper by mentioning a number of interesting future projects that
suggest themselves in light of this work, among them dynamical flavor-symmetry breaking,
supersymmetric indices and localization, and extensions to 3d theories with 2d boundaries.

When the number of electrons is even, there are suggestions [15, 17, 19] that while our
graphene theory is perturbatively conformal, there may be a critical value of the gauge

20Note the fact that these boundary central charges depend on marginal couplings naively suggests that
they are unlikely to be useful candidates to measure boundary renormalization group flow in 4d bCFTs. In
this sense, these boundary charges are rather different from the a-central charge in 4d, the c-central charge
in 2d, and the 3d sphere partition function — often called f — which are known to be larger in the UV
than in the IR and are independent of marginal couplings [1, 44, 45].

~ 31—



coupling g above which a mass term is spontaneously generated for the fermions which
dynamically breaks some of the flavor symmetry. Approximations for the critical g come
from resumming classes of Feynman diagrams. It would be interesting to see if a similar
symmetry breaking happens in supersymmetric graphene, and whether supersymmetry
allows for a calculation of the critical g with greater accuracy.

Given the eight supercharges and the unbroken U(1) R-symmetry of the N/ = 2 super
graphene, it seems likely that a supersymmetric index can be constructed for this theory and
also that the path integrals on special spaces, e.g. a hemisphere or disk with S$3 boundary,
can be computed exactly using supersymmetric localization. What can be learned from
such an index and/or path integral?

In 3d theories with a 2d boundary, there are again two boundary anomaly coeffi-
cients [43]. Let us call them a(3qy and bzqy and write

5(z™)
4

<TM“>3d = (a(gd)f{ + b(3d) tr f(2> , (5.1)
where R is the boundary Ricci scalar and tr K2=1trK?— %K 2. Their relationships with the
stress tensor 2-point correlation function near the boundary were discussed only recently
in [5]. We would like to find a cousin of our graphene-like theories, perhaps 3d Chern-
Simons coupled to a 2d boundary fermion, in particular a cousin with an exactly marginal
coupling where the boundary charge b3q) can be computed perturbatively. (The charge
a(3q) will not depend on the coupling in any case because it is defined from a topological
invariant.) Two groups recently have investigated dualities in 3d theories in the presence
of 2d boundaries [46-48]. It would be interesting to use the boundary central charges to
provide further evidence for dualities between field theories. While we focused on a U(1)
theory here to keep the bulk non-interacting, generalizations to non-abelian gauge groups
are important as well.
Clearly, there is much to be done.

Acknowledgments

We would like to thank Nadav Drukker, Neil Lambert, Dario Martelli, Sameer Murthy,
Martin Rocek, and Cristian Vergu for useful discussions. This work was supported in
part by the U.S. National Science Foundation Grant PHY-1620628, by the U.K. Science
& Technology Facilities Council Grant ST/P000258/1, and by the ERC Starting Grant
N. 304806.

A Conventions

We use Greek letters p, v for 4d bulk indices and Roman letters A, B, for 3d boundary

0123

indices. Our convention for the Levi-Civita tensor is that e = 1. Our metrics have

mostly plus signature: n*’ = diag(—,+,+,+) and P = diag(—,+,+). Our gamma
matrices satisfy the Clifford algebras:

{7",7"} = =2 and {T4,TP} = —2p* . (A1)
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In 4d, the “fifth” gamma matrix is defined to be 7% = 7%9'v2~43. Two gamma matrix
identities useful for verifying SUSY of the 4d vector mulitplet are

1 g

5[’7/17 'YV]’Y,O = NupYv — MvpVu + Epvpo’Y '75 ) (A.2)
1

570 [f)/li? fYV] = —NupTv + NvpYu + €uup070’75 . (Ag)

For definiteness, let us choose a basis for the 4d gamma matrices:

0 ot —i 0
o 5_ A4
gl (5“()), gl <0¢>’ (A.4)

where o = (—1,7) and 6* = (—1, —&). Note that (v°)T = 4° while (y")" = —4". Defining
the cospinors in the usual way ¢ = 7%, from these identities and the anti-commutation
relations one can deduce v#¢) = ¥y*. Furthermore (v*)7 = 4° and (7?)T = ~? while
()" = =" and (%) = =,

The photino is a Majorana spinor and thus satisfies the reality condition A = ¢ =
CA\T (or equivalently A = A'C) where C = i7%y%2 = —-CT = -Ct = C* = —C7! =
diag(io?, —io?). The reality constraint implies a handful of bilinear identities useful for
demonstrating SUSY:

51Msy = S{CMSQ = —S§CC_1MTCT51 =5C'MTCs; . (A.5)

Useful special cases are

o-1To — {M M =1, vV, 75, (A.6)
-M M = V> [7/“71/]7 75[7}”71/] .

Another useful relation is C,[vu, w]C ™ = ([, W)

Reducing 4d Majorana spinors to 3d. The relation between the 4d and 3d spinor
expressions can be obtained as follows. Given the 3d gamma matrices I'4, a 4d Clifford
algebra can be constructed as

r+ o 0 e
~A ~n
Y= < 0 —FA) ’ 7= (_ein 0 ) : (A7)

In this basis the projectors I1L = %(1 + ) with 5 = 17”7567775 are diagonal and commute
with the tangential 4d gamma matrices. The relation Hie*7775 = e*mSﬁi suggests the
identification y* = e’ ~#. The transformation that diagonalizes the projectors is given by

1 (10 gy = L 1 —e"o™
U= \@ (0 O’n> (1 B'Y) \/5 (6“7 o > ) (AS)

written explicitly in the Weyl basis. A 3d spinor ) is identified, in the basis where the
projectors are diagonal, with (1 0)7 when it is embedded as an eigenvalue 1 of II;. In the
Weyl basis it takes the form

eFU! (g) — \}56375 (ﬁw) ’ (A.9)
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with the extra phase in U chosen for convenience. The actual form of the embedded 3d
spinor in the Weyl basis is never needed and we can trade it for ¢) without confusion.

Let us develop the dictionary for converting 4d expressions to 3d ones. It follows from
the relations above that we can exchange

M A4 =404 TIL3" = +iy°Tl5 . (A.10)

The 3d bar is related to the 4d bar by

A=A = )\T?Oe_wr) =™’ , (A.11)
and the 3d bar has the property ﬁ;)\ = Xﬂi. The 3d charge conjugation matrix can be
identified such that A = ATC. Comparing with A = ATC and (A.11) leads to

C=Cem’ (A.12)
with the properties
CT=-C, CcCt=cl=emct+t-Cc, CHyC'=-3T. (A13)
In verifying SUSY on the boundary, a Fierz rearrangement identity is required,

(M) (x) = (X)) (PA) = (ATax)(GT4) . (A.14)

Symplectic Majorana fermions. In the case of N’ = 2 supersymmetry the number of
supercharges is doubled. We now have Q where i = 1,2 is a fundamental SU(2) index.
It is lowered and raised according to the conventions Q; = Eini and Q' = &% Q; with
e!2 = —¢19 = 1. We also use the convention (Q%)* = Q; so that upper and lower index
contractions form invariants. The generators of the R-symmetry are the Pauli matrices
denoted by (7); and satisfy the relation e, (7)*; = €;x(7)*;. For N = 2, the previously used
Majorana condition is incompatible with the SU(2) symmetry. Instead we introduce the
symplectic Majorana condition, defining a new charge conjugation matrix by C = iv°C,
)T

where the plus serves to indicate the relation C;*C ' = (v#)T contrary to (A.6).

/_\i = €ij)\jTC+ . (A.15)

There are a host of bilinear relations necessary for demonstrating SUSY. The analogs of
the Majorana relation (A.5) are

51iM syt = —50,C M T Csy?, (A.16)
§1Z‘M7'ij82j = EQiC:IMTC_;_TZ'jSlj . (A.17)

Rewriting CIIM TC, =iy>C~*MTCin®, using the results in (A.6), one obtains

AL = —N\e', (A.18)
Eﬂ“)\i = —S\i'y“ei, (A.19)
7N = —\iPé (A.20)
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G PN = AyOate (A.21)
Ei,yul/)\i _ 5\@'7“”62‘, (A22)
EPAIAL = APy el (A.23)

The second relation introduces an additional minus sign.

Similar to the A/ = 1 case, we can write down the eigenvectors of the projection
matrices II+ in a basis where 4° is diagonal, although for the most part we do not need
them. For simplicity, focus on the case where ¥ = (0,0,1) and the action of the SU(2)
generators 7T is already diagonalized. In this case,

1 nA5 €
Miel =l = —e 27 A.24
+€ € \/ie <O’n€> ) ( )
1 7 ¢ ~_ 1~
e = = ‘ﬁﬁ( . ) =G (4.25)
—0 '€

B Feynman rules

The Feynman rules can be read from the A' = 1 and A/ = 2 Lagrangians.?! We specialize
to propagators where at least one of the two points is on the boundary. The rules are

as follows:
Propagators:
—py
A, (Feynman gauge): "NANANANANANANAN = _i nAB
iy ApaePY —ie PY
A——<—>—— =11, —————— XandY:--------------- =
p
i A —i
w: > - p2pA i e P =
Vertices:
i p ,
= igI'? — 22— =—iglp+p)a
...... ) )
= —2ig°nap I =ig
—

2INote the \i)¢ vertices are written for the A” = 1 theory. In the A" = 2 theory, they pick up a factor of
v/2 and X is no longer Majorana.
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