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When does the norm of a Fourier multiplier
dominate its L* norm?

Alexei Karlovich and Eugene Shargorodsky

ABSTRACT

One can define Fourier multipliers on a Banach function space by using the direct and inverse
Fourier transforms on L*(R™) or by using the direct Fourier transform on S(R™) and the inverse
one on S’(R™). In the former case, one assumes that the Fourier multipliers belong to L (R"),
while in the latter one this requirement may or may not be included in the definition. We provide
sufficient conditions for those definitions to coincide as well as examples when they differ. In
particular, we prove that if a Banach function space X (R"™) satisfies a certain weak doubling
property, then the space of all Fourier multipliers M x gn) is continuously embedded into L*°(R™)
with the best possible embedding constant one. For weighted Lebesgue spaces LP(R"™, w), the
weak doubling property is much weaker than the requirement that w is a Muckenhoupt weight,
and our result implies that [[a|[zec®n) < [[allrmypgn ,, for such weights. This inequality extends
the inequality for n = 1 from |3} Theorem 2.3], where it is attributed to J. Bourgain. We show
that although the weak doubling property is not necessary, it is quite sharp. It allows the weight
w in LP(R™, w) to grow at any subexponential rate. On the other hand, the space L?(R, e”) has
plenty of unbounded Fourier multipliers.

1. Introduction

Let S(R™) and S’(R™) denote the Schwartz spaces of rapidly decreasing functions and
of tempered distributions on R"™, respectively. The action of a distribution a € S'(R™) on
a function v € S(R™) is denoted by (a,u) := a(u). A Fourier multiplier on R™ with symbol
a € S'(R") is defined as the operator u — F~taFu, where

(Fu)(©) =) 1= | ulw)e s

is the Fourier transform of u € S(R™), F~! denotes the inverse Fourier transform, and x¢
denotes the scalar product of z,& € R™. We observe that since u € S(R™) and a € S"(R"™), the
function Fu belongs to the space S(R") and aFu is a tempered distribution. Thus F~'aFu is
well defined and it belongs to S’(R™). In fact, we have F~laFu = (F~la) * u, and therefore,
F~l'aFu € Coory (R™) (see, e.g., |18, Theorem 2.3.20] or [29, Theorem 7.19(b)]). Here and in
what follows gﬁly(R”) denotes the set of all smooth polynomially bounded functions, i.e., the
set of all infinitely differentiable functions f : R™ — C such that for every o € Z} there exist
me € Zy :={0,1,2,... } and C,, > 0 satisfying |09 f(z)| < Co(1 + |z|)™ for all z € R™. Thus,
if w € S(R") and a € S’(R"™), then F~'aFu is a regular tempered distribution, whose action
on v € S(R™) is evaluated as follows:

(F~YaFu,v) = J (F~YaFu)(z)v(z)dz forall ve S(R™).

n
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Let C§°(R™) denote the space of all infinitely differentiable functions on R™ with compact
supports and let D'(R™) be the space of distributions, that is, the dual space of C§°(R™).
Suppose X (R™) is a Banach space continuously embedded into the space of distributions
D'(R™). We say that a distribution a € S’(R™) belongs to the set M x gy of Fourier multipliers
on X(R"™) if

[ F~'aFul| x @

lallmtx e, = sup{ Cue (S(R") N X(RM) {0}} < co.

[[ull x @)
Many authors adopt the following alternative definition of Fourier multipliers (see, e.g., [5,
p. 368], (6, p. 323], [12, p. 28], |15} p. 7], |28}, p. 199]). A function a € L>°(R™) is said to belong
to the set M%(Rn) of Fourier multipliers on X (R") if

- ||F_1CLF’U,||X(Rn)
llall amg Sup § —————

X(&n)

Tl € EERINXED) {0}} <.

Here F*! are understood as mappings on L?(R"). Since S(R™) C L?(R"), it is clear that
M% gny € Mx@n) N L (R") C Mx gy (1.1)
and

lall M eny < llallamg g - (1.2)

We feel that insufficient attention has been paid so far to the relationship between the above
classes of Fourier multipliers. In this paper, we confine ourselves to the Fourier multipliers
acting on so-called Banach function spaces, which are defined below, and provide sufficient
conditions for equalities to hold in (see Theorem ubsection and Theorem |1.3))
as well as examples when they do not hold (see Theorem [6.2]). We pay particular attention to
the question of existence of a constant Dy such that |la[|pe®r) < Dx|lallpmy gn, -

Our initial motivation came from the following result that appeared in the paper by
E. Berkson and T. A. Gillespie |3], where it was attributed to J. Bourgain. A measurable
function w : R™ — [0, 0o] is referred to as a weight if 0 < w(x) < oo a.e. on R™. The weighted
Lebesgue space LP(R™, w), 1 < p < oo, is the set of all measurable complex-valued functions f
on R” satisfying

Il fll e e w) = [ fwllLr@ny < 00.

Recall that a weight w : R™ — [0, oo] belongs to the Muckenhoupt class A,(R™), 1 < p < o0, if

1 Yr , 1/’ 11
sup —J wP (x dx) (J w P (z dx) <00, —-4+-—=1,
Q (IQI 0 (@) 1Ql Jg (=) p 7

where the supremum is taken over all cubes () C R™ with sides parallel to the coordinate axes.

THEOREM 1.1 ([3, Theorem 2.3]). Suppose that 1 < p < co and w € A,(R). Then there
exists a constant D), > 0 depending on p and w such that for all a € Mpsr ) N L7 (R),

lall o= @) < Dp,wllall mep s ) -

The proof of Theorem relies on the deep result on a.e. convergence of Fourier integrals,
that is, the transplanted version of the celebrated Carleson theorem on the a.e. convergence of
Fourier series (see, e.g., [L9, Theorem 6.1.1] or [24]). Theorem was extended by the first
author |21, Theorem 1] to the case of weighted Banach function spaces X (R, w), in which the
Cauchy singular integral operator (the Hilbert transform) is bounded.
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In this paper, we provide a more elementary proof that the estimate

lall oo ®n) < llallmx gn)

holds with the (optimal) constant equal to 1 for a large class of Banach function spaces X (R™)
and arbitrary n > 1. In particular, it holds for all weighted Lebesgue spaces LP(R™, w) with
1 < p < oo and Muckenhoupt weights w € A4, (R™).

We need several definitions to state our main result. The set of all Lebesgue measurable
complex-valued functions on R" is denoted by M(R™). Let 9T (R™) be the subset of functions
in M(R™) whose values lie in [0, 00]. The characteristic function of a measurable set E C R"
is denoted by xg and the Lebesgue measure of E is denoted by |E|.

Following |1, Chap. 1, Definition 1.1], a mapping p : M+ (R™) — [0, 00] is called a Banach
function norm if, for all functions f,g, f; (j € N) in 9™ (R™), for all constants a > 0, and for
all measurable subsets F of R", the following properties hold:

D p(f)=0e f=0ae, plaf)=ap(f), p(f+9)<p(f)+p(9)
A2 0<g<fae = p(g) <p(f) (the lattice property),

(A1)
(A2)
(A3)  0< f;1 fae = p(fj)Tp(f) (the Fatou property),
(Ad)
(A5)

>

>

5) Bl <o | fa)do < Crplf)
E
with Cg € (0,00) that may depend on E and p but is independent of f.
When functions differing only on a set of measure zero are identified, the set X (R™) of all
functions f € M(R™) for which p(|f]) < oo becomes a Banach space under the norm

1l xrny = p(f1)

and under the natural linear space operations (see |1, Chap. 1, Theorems 1.4 and 1.6]). It is
called a Banach function space.
If p is a Banach function norm, its associate norm p’ is defined on 9T (R™) by

g =sw{[ f@ds s f oM@, o) <1}

It is a Banach function norm itself [1, Chap. 1, Theorem 2.2]. The Banach function space
X'(R™) determined by the Banach function norm p’ is called the associate space (Kothe dual) of
X (R™). The Lebesgue space LP(R™), 1 < p < 00, is the archetypical example of Banach function
spaces. Other classical examples of Banach function spaces are Orlicz spaces, rearrangement-
invariant spaces, and variable Lebesgue spaces Lp(')(R”).

Let X (R™) be a Banach function space. We say that f € Xjo.(R") if fxg € X(R™) for every
measurable set E C R™ of finite measure. If w : R™ — [0, o0] is a weight satisfying w € Xjo(R™)
and 1/w € X{ .(R™), then

loc
XR" w):={f e MR") : fweXR")}
becomes a Banach function space when it is equipped with the norm

£l x @ w) 2= Il fwllx@n),

and [X(R",w)] = X'(R",w™!) (see [22, Lemma 2.4]). It is clear that if w € A,(R™), then
we LY (R™) and 1/w € L} (R™), whence LP(R", w) is a Banach function space.

For y € R™ and R > 0, let B(y,R) := {x € R™ : |x — y| < R} be the open ball of radius R
centered at y.
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DEFINITION 1.2. We say that a Banach function space X (R™) satisfies the weak doubling
property if there exists a number T > 1 such that

L inf ( o |XB(y,TR)||X(R“)) cx
R—o0 yeR” ||XB(y,R)||X(]R")

THEOREM 1.3 (Main result). Let n > 1 and X(R™) be a Banach function space satisfying
the weak doubling property. If a € M xgny C S'(R™), then a € L*(R") and

lall Lo @y < llallmxany - (1.3)
The constant 1 on the right-hand side of ([1.3)) is best possible.

The paper is organized as follows. Section [2| contains auxiliary results. For a Banach function
space, we introduce the bounded LZ-approximation property and the norm fundamental
property, study relations between them, and give examples of Banach function spaces, which
do not satisfy these properties. Further, we prove a variant of a well-known lemma on
approximation at Lebesgue points, which is an important ingredient in the proof of our main
result.

The weak doubling property is discussed in Section In particular, we prove that a
Muckenhoupt-type condition Ax implies the weak doubling property and show that weighted
Banach function spaces X (R, w;), built upon a translation-invariant Banach function space
X (R) and exponential weights wy () = e and wy(z) = el*l with ¢ > 0, fail to have the weak
doubling property. On the other hand, we also show that Y (R™, w) satisfies the weak doubling
condition for weights w that can grow at any subexponential rate.

Section [ contains the proof of our main result. We divide it into two parts. The first part of
the proof is developed for Fourier multipliers belonging to a weighted Lebesgue space L1 ,(R™).
Our arguments at this step are similar to those used in the proof of [3] Theorem 2.3] with the
important difference that we substitute the application of the theorem on a.e. convergence of
Fourier integrals by a simpler lemma on approximation at Lebesgue points proved in Section
Further, we approximate an arbitrary Fourier multiplier a € Mx®n) by a* ¢, € C5o (R™)

poly
with suitably chosen functions ¢ € C§°(R™). Note that C29, (R") is contained in Ly ,(R™) for

ol
some o € R, which allows us to complete the proof of Th%ogem [[-3] We conclude this section
the proof of a multi-dimensional analogue of Theorem

In Section [5] we discuss the optimality of the requirement of the weak doubling property in
Theorem[I.3] In particular, we show that for an arbitrary translation-invariant Banach function
space Y (R) and the weight wy(z) = e“® with any ¢ > 0, the weighted Banach function space
Y (R, w;) admits many unbounded Fourier multipliers.

In Section |6} we discuss the classes of Fourier multipliers M&(Rn) and M x gn) N L (R™)
and prove that they coincide if X (R") satisfies the bounded L?-approximation property. We
also construct an example showing that Mg( (®) and Mxgny N L>(R™) may differ. We show
that the classes M(;((Rn) and M xgny N L>(R") are normed algebras and that the normed
space My (gn) and the normed algebra M%(Rn) are not complete, in general.

The weak doubling property is of course by no means necessary for the conclusion of
Theorem to hold. Using duality and interpolation as in [20] (see also |8, Lemma 6]),
one can prove the estimate for arbitrary reflexive reflection-invariant Banach function
spaces. This is done in Section [7] with the help of the interpolation theorem for Calderén
products (Xg ¢ X¢)(R") and Lozanovskit’s formula (X'/2(X")1/2)(R") = L?(R"™). Here we do
not assume that the space X (R™) satisfies the weak doubling property. We also show that the
estimate

lall o= ) < llallpgg, p,, forall ae M &ny
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holds if X(R™) is an arbitrary, not necessarily reflexive, reflection-invariant Banach function
space.

In Section |8 we extend J. Lofstrom’s result [25] and show that there are no non-trivial
Fourier multipliers on the weighted Banach function space Y (R™, w) built upon a translation-
invariant Banach function space Y (R™) in the case of a weight w growing superexponentially
in all directions: My (gn ) = C. On the other hand, we show that there are non-trivial
Fourier multipliers in My-(gn ,,) in the case of (sub)exponentially growing weights like w(x) =
exp(c|z|*) for € R™ with some constants ¢ > 0 and « € (0, 1].

2. Auxiliary results

2.1. Translation-invariant Banach function spaces

We say that a Banach function space X (R™) is translation-invariant if for all y € R™ and for
all functions v € X(R"), one has

myull x ®ey = llullx@n,

where the translation operator 7, is defined by (7,u)(z) := u(z —y) for all z € R™.

LEMMA 2.1. Let X(R™) be a Banach function space and X'(R™) be its associate space.
Then X (R™) is translation-invariant if and only if X'(R™) is translation-invariant.

Proof. Suppose X (R") is translation-invariant, g € X’(R"), and y € R™. Then for every
[ € X(R") with [|f||x@®n») < 1, we have [[T_, f| x@®r) = [ fl x@®r) < 1. By Hélder’s inequality
(see |1, Chap. 1, Theorem 2.4]), g(7—, f) € L'(R"). Changing variables, we get

| s@irn@de=| mo@ e d.

n

Then, in view of |1, Chap. 1, Lemma 2.8],

Il =swd|[ @@

= sup{

that is, X'(R™) is translation-invariant. The reverse implication follows from what was proved
above and the Lorentz-Luxemburg theorem (see |1, Chap. 1, Theorem 2.7]). O

L FEX®RY, |flxam < 1}

| @@ as

L FEX®Y), | fllxam < 1} — gl e,

2.2. The bounded L?-approximation property

DEFINITION 2.2. We will say that a Banach function space X (R™) satisfies the bounded
L2-approximation property if for every function u € L?(R™) N X (R"), there exists a sequence
{uj}jen C C§°(R™) such that

lim [Ju —ujl|g2@ny =0,  limsup [Ju;||x®n) < [lul x@ny- (2.1)
J—o0 j—o0

Following |1, Chap. 1, Definition 3.1], a function f in a Banach function space X (R™) is said
to have absolutely continuous norm in X (R") if || fx g, || x ®r) — 0 as j — oo for every sequence
{E;}jen of measurable sets in R" satisfying xg, — 0 a.e. on R™ as j — oo. The set of all



Page 6 Of@ ALEXEI KARLOVICH AND EUGENE SHARGORODSKY

functions of absolutely continuous norm in X (R") is denoted by X, (R™). If X,(R") = X(R"),
then the space X (R™) itself is said to have absolutely continuous norm.

THEOREM 2.3. Let X(R") be a Banach function space with absolutely continuous norm.
Then X (R™) has the bounded L?-approximation property.

Proof. Tt is clear that L?(R™) N X (R") is a Banach function space when it is equipped with
the norm

£l 2@ ynx @ry = max { || £l 2@y, [ Fllx@ny } -

It is easy to see that it has absolutely continuous norm. Then for every u € L%(R™) N X (R"),
there exists a sequence {u,};en C C3°(R™) such that

jlggo lu — ujll L2 (®r)nx (R7) = 0

(a proof for the case n = 1 can be found in |22 Lemma 2.10(b)], it can be easily extended to

n € N). Hence (2.1]) holds. O

Now let g(z) = e¥/(=*=D) if |z| < 1 and g(z) = 0 if |z| > 1. Consider the sequence

R C7))
QJ( ) : fRn g(x) dz’

As usual, let suppu denote the support of a function u € 9M(R™).

jeN. (2.2)

THEOREM 2.4. Let Y(R™) be a translation-invariant Banach function space and let w be
a continuous function such that w(zx) >0 for all x € R™. Then Y (R™,w) has the bounded
L?-approximation property.

Proof. Take any function u € L?(R") N Y (R",w) and any € > 0. There exists R > 0 such
that the function v := xp(o,r)u satisfies
||u - ’UHLQ:(Rn) < 6/2.
It is clear that suppv C B(0, R) and ||v||y ®rr w) < [[ully®n w) in view of axiom (A2).
Since w > 0 is continuous, there exists jo € N such that for all z € B(0, R) and y € B(0,1/50),

(Toyw)(z) _ w(z+y)
wx)  wx) sl+te

Then taking into account that Y (R™) is translation-invariant, one gets for all y € B(0,1/4o),

Ty ((T_yU))U) ‘Y(R")
< (I +9)llwvlly@ny = (1 +&)|vlly @n,w)- (2.3)

Let v; := p; * v, where g; € Cg°(R™) are the functions defined by (2.2)). Then v; € C§°(R™)
and one can choose j; > jo such that for all j > 71,

”TyUHy(Rn,w) = HWTyUHy(Rn) = = [[(r—yw)vlly @n)

v —vjllL2@ny < €/2,
(see, e.g., |7, Theorem 4.22]). Hence, for all j > ji,
Hu — ijL2(R”) <e.

Since w € Yioe(R™) and 1/w € Y}, .(R™), Y (R", w) is a Banach function space and Y'(R",w ™)
is its associate space in view of [22, Lemma 2.4]. Using Holder’s inequality for Banach function
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spaces (see |1, Chap. 1, Theorem 2.4]) and (2.4)), one gets for all g € Y/(R",w~!) and all j > jy,

[ o <[ (] eiie- >|dy) jo(a)] da

= [ testl ([ 1o = gt ac) ay

2 W 1Ty 0lly @n ) 1911y @n w1y Y
B(0,1/3)

(14 ) ol e Nl | Les )l

IN

IN

=(1+¢) any(Rn,w) ”g”yf(Rn,w—l) .
By [1, Chap. 1, Theorem 2.7 and Lemma 2.8], the above inequality implies that for all j > j;,
i lly (®n ) = sup{UIR vj(z)g(x) de| :

< (@4 vlly @n,w) -

which completes the proof, since € > 0 is arbitrary. O

ge Yl(Rn,w_1)7 HgHY’(R"ﬂUfl) < 1}

Theorem [2.6] below shows that one cannot drop the requirement of continuity of the weight w
in Theorem (as well as in [8] Lemma 2]). The construction of our counterexample is based
on the fact that there exist compact sets of positive Lebesgue measure with empty interior
(see, e.g., [4, Example 1.7.6] or |14, Chap. 12, Exercise 9]).

LEMMA 2.5. Let G C R™ be a compact set of positive measure with empty interior and let

1, ze€ga,
wg(z) = { 2 2 cRM\G. (2.4)
Suppose ¢ € C(R™) and [|¢)|| o (7 ,we) < 1. Then for all x € R",
() <1/2. (2.5)

Proof. For every point € R™ and € > 0 there exists § > 0 such that [(y)| > |v(z)| —¢
for each y € B(x,d). Since G is a closed set with empty interior, B(z,d) \ G is a nonempty
open set. It follows from and the condition [[1)[| ;e ®n we) < 1 that 2[¢(y)| < 1 for almost
all y € B(x,0) \ G. Hence |[¢(z)] —e < 1/2 for all £ > 0. Passing in this inequality to the limit
as ¢ — 0, we arrive at . |

THEOREM 2.6. Let G C R™ be a compact set of positive measure with empty interior and
let the weight we be defined by (2.4). Then the Banach function space L (R™, wq) does not
satisfy the bounded L?-approximation property.

Proof. Let u:= 32 xq. Then u € L*(R™") N L= (R", wg) and [Jul|poc (rnwe) < 5. It follows
from Lemmathat if € C(R™) and ||Y)| o (rr,we) < 1, then

1/2

lu = 2 qen > ( L u(z) — ()2 dx)w > (JG (i - ;) dx) > 2 le,

This inequality implies that there is no sequence {u;};en C C5°(R™) such that (2.1) is fulfilled
for X(R™) = L>®(R™, wg). O
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For a set F' C R™, we denote by F™* the closure of the set {x + y € R" : x € F, y € B(0,1)}.
The next result is well known. its proof is included for the reader’s convenience.

LEMMA 2.7. For every function f € L*°(R"™) with compact support there exists a sequence
{vj}jen C C§°(R™) such that suppv; C (supp f)*, ||vj|lzee®n) < ||fl|z@®n) for all j € N, and
v; = f a.e.on R" as j — ooc.

Proof.  Let {ok}ren be the sequence defined by (2.2)). By [7, Theorem 4.22], the sequence
vy = or * f converges to f in L'(R") as k — oo. In view of |7, Proposition 4.18], we have
supp v, C (supp f)*. By the Young inequality for convolutions (see, e.g., |7, Theorem 4.15]), one

has ||Vk||Loo(Rn) < HQk”Ll(Rn)Hf”Loo(Rn) = ||f||Loo(Rn) for all £ € N. Since ||1/k - fHLl(Rn) —0
as k — oo, there exists a subsequence {vy; }jen of the sequence {1y }ren such that vy, — f a.e.
on R™ as j — oo. Then the required sequence {v;}en is defined by v; := vy, for j € N. ]

We finish this subsection with a result that we will use in the next one.

LEMMA 2.8. Suppose a Banach function space X (R™) has the bounded L?-approximation
property. Then for every function f € L>°(R™) with compact support there exists a sequence
{v;}jen C C§°(R™) such that
*

suppv; C (supp )", lvjllree@n) < |fllLeemny + 1, limsup [Jvjll x @n) < [|fllx®n),
j—o0

and v; — f a.e. on R™ as j — oo.

Proof.  Let {ux}ren C C5°(R™) be such that
Jim Ilf —urlle2@ny =0, limsup [|ugl|x @) < [|fllx@n)-
— 00 k—o0

Consider a function ¢ € C§°(R") such that 0 < ((x) <1 for x € R", {(x) =1 for « € supp f,
and supp ¢ C (supp f)*. Then (f = f. Further, let : C — C be a function, which can be
represented for z = y; + iys € Casn(z) = n(y1 +iy2) = U(y1, y2) + 1V (y1, y2) with real-valued
functions U,V € C§°(R?). Assume that 7(z) = z for all z € C with |2 < || f|| Lo (rn), [n(2)] < |2]
for all z € C, and

ma (2)] < | Fl= ey + 1

Then no ((f)=nof=f.

Set vy, :=no (Cu) for k € N. Then v}, € C§°(R"), suppvx, C supp ¢ C (supp )7,

[V || oo (mry < lzléiéim(z)\ < fllpee@ny + 1,
and
v ()] = In(¢(x)ur ()] < [C(@)up()] < Jup(z)] forall xeR™
Hence
limsup (||| x &) < limsup [Jugl|x @) < [Lf[lx@n)-
k—00 f—00

Further, by the mean value theorem, there exists a constant C,, depending on the maxima of
the partial derivatives of the functions U and V such that

1 = villze@ny =m0 (CF) =m0 (Cur)llz2@ny < CollCF — CunllL2@my
< Cyllf —ugllz2@ny — 0 as k — oo.
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Hence the sequence {v } ren has a subsequence {vy; }jen such that v, — fa.e.onR™ as j — oo
(see, e.g., |1, Chap. 1, Theorem 1.7(vi)]). Then the required sequence {v;} ey is defined by
vj =y, for j € N. |
2.3. The norm fundamental property

DEFINITION 2.9. We say that a Banach function space X (R™) satisfies the norm funda-
mental property if for every f € X (R"),

ey = s { | syt ao

0 CER, Wl <1

Let So(R™) denote the set of all simple compactly supported functions.

LEMMA 2.10. Let X(R™) be a Banach function space and X'(R™) be its associate space.
For every f € X(R"™),

Ifll x®ny = sup {

| r@st)ds

L s E SO(R”), ||SHX’(R") S 1} . (26)

Proof. By |1, Theorem 2.7 and Lemma 2.8], for every f € X(R"),

Il =suw{|[ @) ae] + 9 X ®) ol <1} @D

It follows from the inclusion Sp(R™) C X'(R™) and equality (2.7) that

Il x@ny > Sup{

J i f(x)s(z)dx| : s€ So(R"), [|s]|x/@n) < 1}. (2.8)

Fix g € X'(R™) such that ||g||x/ =) < 1. Then there exists a sequence {s;}jen C So(R™) such
that 0 < |s1| <|s2] < --- < |g| and s; — g a.e. on R™ as j — oo. Therefore, fs; — fgasj — oo
and |fs;| < |fg| for all j € N a.e. on R”. By Holder’s inequality (see [1, Chap. 1, Theorem 2.4]),
fg € LY(R™). Hence, in view of the Lebesgue dominated convergence theorem,

tin | f@)syo)do = [ fa)g(o)

Jj—oo n

On the other hand, inequality |s;| < |g| implies that ||s;||x/ &) < [|gllx/®n) < 1 for all j € N.
Thus, for all g € X'(R") satisfying ||g|| x/rn) < 1, we have

= lim
j—o0

< sup{ | s@stas

This inequality and equality (2.7) imply that

< sup
jeN

. sE S()(Rn), ||SHX/(]R") < 1} .

| s ds

| r@si@as

| r@si@)as

Il x@ny < sup{ J f(x)s(z)dz| : s€ So(R™), [|s]|x/@n) < 1}. (2.9)
Combining inequalities (2.8) and (2.9), we arrive at equality (2.6]). O

THEOREM 2.11. If X'(R") satisfies the bounded L*-approximation property, then X (R™)
has the norm fundamental property:.
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Proof. Lemma [2.10|implies that it is sufficient to prove the inequality

< sup{

for any ¢ € X(R") and any s € So(R™) with [[s]|x/®n) < 1. According to Lemma there
exists a sequence {1;};en C C3°(R™) such that

| eleiste) dz

| ety ds

GECERY), Iulvan <1} (210

Suppwj g (Sllpp S)*, “wjllLoo(R'rL) § ||SHLoc(Rn) + 1, hmsusz/JjHX/(Rn) S ||S||X/(]Rn)7
j—oo
and 9; — s a.e. on R™ as j — oo. Take an arbitrary ¢ € (0,1). Then (1 — )|l x/@n) <1

for all sufficiently large j € N. Axiom (A5) and the Lebesgue dominated convergence theorem
imply that

(1-¢) =(1—¢) lim

J—00
< Sup{

| oo ds
Since € € (0,1) is arbitrary, (2.10) follows. O

J i o(z)s(x) dx

| ety de

t Y e CRY), [[¥]lx @y < 1}'

COROLLARY 2.12. If X (R™) is a Banach function space such that its associate space X' (R™)
has absolutely continuous norm, then X (R™) satisfies the norm fundamental property.

Proof. This follows from Theorems 2.11] and 2.3 |

Note that a Banach function space X (R™) may satisfy the norm fundamental property even
if (X')4(R™) = {0}. For instance, if X (R") = L*(R"), then (X'),(R") = (L>),(R") = {0} in
view of |1, Chap. 3, Theorem 5.5(b)]. However, the following result is true.

COROLLARY 2.13. Let Y(R™) be a translation-invariant Banach function space and let
w € C(R™) be a function such that w(z) > 0 for all x € R". Then X (R™) = Y (R",w) has the
norm fundamental property.

Proof. In view of Lemma the space Y/(R"™) is translation-invariant. On the other hand,
w~t € C(R") and w=! > 0. It follows from [22 Lemma 2.4(c)] that X'(R") = Y/(R",w ™). By
Theorem m the space Y/(R", w™1!) satisfies the bounded L2-approximation property. Then
the space Y (R™,w) has the norm fundamental property due to Theorem ]

Similarly to Theorem one cannot drop the requirement of continuity of the weight w in

Corollary

LEMMA 2.14. Let G C R™ be a compact set of positive measure with empty interior and
let the weight wg be defined by (2.4). Suppose f € L*(R™, wg'), f >0, and supp f NG has
positive measure. Then

| r@w@ i

11l ) > sup{ - Y€ OR™), ]l (o) < 1}.
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Proof. Tt follows from Lemma 2.5 that
1
<z J f(x)dx

| fapaad <3|

for any function ¢ € C(R™) with ||[¢)|| e (rr we) < 1. On the other hand,

sy = |, S@ @) de+ | fayugt @) do

R"\G

1 1
= JG f(x)dx + 3 JR"\G f(x)dx > §J i f(x)dz,

since supp f N G has positive measure. |

COROLLARY 2.15. Let G C R™ be a compact set of positive measure with empty interior
and let the weight wg be defined by (2.4). Then the Banach function space L'(R",wz") does
not have the norm fundamental property.

Corollary and Theorem provide an alternative proof of Theorem [2.6

2.4. Lemma on approximation at Lebesgue points
Given § > 0 and a function ¥ on R", we define the function 5 by
¥s(£) == 06""1p(§/6), EeR™

Recall that a point € R™ is said to be a Lebesgue point of a function f € L{ (R") if
1

lim ———
R0+ |B(z, R)|

| v - s@lay=o.
B(z,R)
For o € R, we will say that a measurable function f belongs to the space Li ,(R") if

| avieprisorde <o

LEMMA 2.16. Let 01,09 € R be such that oo > 01 and o2 > n. Suppose 9 is a measurable
function on R™ satisfying

[(&)| < C(1+|£])7°% for almost all & € R" (2.11)
with some constant C' € (0, 00). Then for every Lebesgue point n € R™ of a function a belonging

to the space L », (R™), one has

|, 1at©) ~atmlwstn - 91dg >0 as 50

Proof. The proof is similar to the proof of [31, Chap. I, Theorem 1.25] (see also [10
Chap. II, Lemma 1]). We give it here for the convenience of the reader.

Take an arbitrary € > 0. Since 1 € R" is a Lebesgue point of a, there exists a p > 0 such
that

r‘"J la(n —¢) —a(n)|d¢ <e forall re€(0,p)]. (2.12)
I¢l<r
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Substituting n — £ with ¢ and splitting the integral, we get for any § > 0,

| 10t ~ atmlwstn = )1de | fatn—¢) = atw)l [ws(O1d¢

[Cl<p
] a0~ atml ws0)] ¢
[CI=p
=:1(0) + I>(6). (2.13)
Let S"~! = {9 € R™ : |9| = 1} be the unit sphere in R™ and let

o):= | laln=r0) = (o) do
where d¥ is an element of the surface area on S"~!. Then condition ([2.12) is equivalent to

G(r) = J s"tg(s)ds < er™ forall 7€ (0,p] (2.14)
0

(see, e.g., [17, Theorem 2.49]). Let
¢(r) :=C(L+7)"", @)(r):=6"¢(r/d), r=0.
Then (2.11)) implies that

L(6) < j la(n — €) — a(n)l (1) d¢ = j () (r) dr

I<I<p

Integrating by parts twice and taking into account (2.14)) and the inequalities qb’( 5 < 0 and
o9 > n, we obtain

1L(8) < [Cr)d ()] — J G\ (r) dr < ep"(a) () — j el (1) dr

_ J'p n—1 JOO n—1 _ > n—1
=ne| " g (r)dr <ne| "¢ (r)dr=mne| " $(s)ds
0

0 0
Cn

02 — 1N

< C’nsJ (1+s)" 1772 ds = g =: Ae. (2.15)
Since a € Ly 5, (R™), we get for all 6 > 0,

a(n =€) — a(n)de (I<]) d¢

I< |>p
< Lt Iy— ) dc) s ((1-+ 1= €)7o (<))
+ Ia(n)ILC|>p s(lch) d¢ )
li“tlf (L +1n= <D™ (1<) + |a(77)|wnJ s (r) dr, (2.16)

where w,, is the surface area of S"~1. It is clear that for |¢| > p,
(14| = N7 b@)(IC) < OO+ [nl + [C[)7267" (1 + [¢]/d)7

(4 o] + )7 <1+|n| ) .
=(C———27 (92 C 1 072
@ +1c)7 <Y\ T

1 7
<C <+|’7 4 1) 5o, (2.17)
p
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Further,
J 7""*1(;5(5) (r)dr = J s"Lp(s)ds < C’J (1+s)" 17245
p p/é p/o
C c
= 14+p/0)"72 < ———— 47277, 2.18
e e (218)

It follows from (2.16))—(2.18) that

1 7 n
1) <0 (lalh (P 41) 4 DL Y g

o9 —m)porn

Hence there exists a do = dg(e) > 0 such that
I,(§) <e forall 6 € (0,d),
and inequality implies that
Li(6) +12(6) < (A+1)e forall 6 € (0,d).
Combining this estimate with , we arrive at the desired result. U

3. Weak doubling property

3.1. The infimum of the doubling constants

For a Banach function space X (R"™) and 7 > 1, consider the doubling constant

Dx., = hminf(inf WW’“”X(R)) (3.1)
R— yeR? HXB(y,R)HX(]R")

We immediately deduce from the lattice property (Axiom (A2) in the definition of a Banach
function space) that 1 < Dx ,, < Dx ,, for all 1 < 7 < 75. Therefore,

inf DX,T 2 1.
T>1

LEmMMA 3.1. If a Banach function space X (R™) satisfies the weak doubling property, then

inf DX,T =1.
T>1

Proof. Since X (R™) satisfies the weak doubling property, there exists a number g > 1 such
that Dy , < co. Assume, contrary to the hypothesis, that

D := inf DX,T > 1.
T>1
/N Since

D+1

Take an arbitrary N € N and consider 7 = ¢

Dx.>D > Dy := > 1,

it follows from the definition of Dx , that there exists a number Ry > 0 such that for all
R 2 ROv
. ”XB(y,TR)HX(Rn)

> Dy
veR™ [ XB(y,r)llx @)
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Hence, for all y € R™ and all R > Ry,

N
IXB(,om) |l x®n) _ H H”XB(yJJR)HX(R") > D(I)V.
Jj=1

IXB(y,~) | x &) XB(y,7-1R) | x ®n)

Therefore, Dx , > Dév for all N € N, which is impossible since Dy > 1 and Dx,, < co. The
obtained contradiction completes the proof. ]

3.2. The doubling property and the Ax-condition

DEFINITION 3.2. We say that a Banach function space X (R™) satisfies the (strong)
doubling property if there exist a number T > 1 and a constant C'; > 0 such that for all R > 0
and y € R™,

”XB(y,TR)HX(]R") <c.. (3.2)
X By, m)llx (&)

The doubling property is considerably stronger than the weak doubling property. Indeed, it
is easy to see that a Banach function space X (R"™) satisfies the weak doubling property if and
only if there exist a number 7 > 1, a constant C; > 0, a sequence {R;}en C (0, 00) satisfying
R; — o0 as j — oo, and a sequence {y, }jen in R™ such that

HXB(yj,TRj)HX(]Rn)

<C,; forall jeN. (3.3)
||XB(yj,Rj)||X(R"')
So, the difference between the doubling property and the weak doubling property is that the
former requires estimate to hold for all balls, while the latter requires it to hold only
for some sequence of balls with radii going to infinity. We will return to this comparison in
Subsection
Now we give a sufficient condition guaranteeing that a Banach function space X (R™) satisfies
the doubling property. We say that a Banach function space X (R™) satisfies the A x-condition
if .
Sup @”XQ”X(R")”XQ”X’(R") < 00, (34)

where the supremum is taken over all cubes with sides parallel to the coordinate axes. This
condition goes back to E. I. Berezhnoi [2].

LEMMA 3.3. If X(R™) is a Banach function space satisfying the Ax-condition, then X (R™)
satisfies the doubling property.

Proof. 1t is well-known that there exist constants 0 < m,, < M,, < oo such that for every
ball B in R™ and the corresponding inscribed and circumscribed cubes Q and P one has

mn|P| < |B| < My|Q).

Then it follows from Axiom (A2) in the definition of a Banach function function norm that
condition ([3.4)) is equivalent to the condition

1
Cx = SEPEHXBHX(R") X8l x/(®n) < 00,

where the supremum is taken over all balls in R™. Then, for every y € R™, 7 > 1 and R > 0,

|B(y, TR)| < Cx By, TR)|  _ Bly.B)|
”XB(y,TR)”X/(R") - HXB(y,R)HX'(Rn) HXB(y,R)HX'(Rn)

n

IXB,r)llx@®n) < Cx
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It follows from the above inequality and Holder’s inequality for Banach function spaces (see
|1, Chap. 1, Theorem 2.4]) that

w IXBe, R | x @) XBW,R)| X/®)

IXB(y,~r) | x®") < CxT = Cx7"IxBy,R) || x (®")-

||XB(y,R)||X’(R“)

Applying this inequality, we immediately get (3.2) with C; = Cx7" for every 7 > 1, which
completes the proof. O

3.3. Translation-invariant Banach function spaces satisfy the doubling property

LEMMA 3.4. Let X(R™) be a translation-invariant Banach function space.
(a) There exist constants Cy,Cy > 0 such that for all R > 0 and y € R",

Cl min{l,R”} < ||XB(y,R)HX(R") S Cg max{l,R"}. (35)
(b) ForallT>1, R>0, and y € R",

IXegrmllxen g m0m (3.6)
X5y llx @)

Proof. (a) All cubes in this proof are assumed to be closed and to have sides parallel
to the coordinate axes. Let Q(x,a) denote the cube centered at x of side length a. Since
the space X(R") is translation-invariant, we have |(xp(,r)l|x®") = IXB.R) || x®r) and
IXQ@,a0)llx@®") = X0 llx®n) for all z,y € R™ and a, R > 0. Therefore, we may simply write
Bpr and Q, for arbitrary open balls of radius R and arbitrary cubes of side length a, respectively.

Let a > 0 and F be the family of 2" cubes ), with pairwise disjoint interiors obtained from
a fixed cube @2, by dividing each its side in two segments of equal length: Q2q = Ug,crQaq-
Then

@ llxany ={| Y xa. < Y Ihxeulixen =2 IXaulx@n - B7)
QuEF X(R") QuEF

Using inequality (3.7)) m times, one gets for all m € N,

Ix@am lx @) < 2™ IX@u lx@nys @i lx@n) <27 X@uom |y (38)

and hence
||XQ2—m Hx(Rn) > 27mn||XQ1 ”X(R")- (3.9)

If R > 1, there exists m € N such that 272 < R < 2™~ !, Then By is contained in a cube
Qam of side length 2™ and it follows from the first inequality in (3.8 that

X8 |x ®ny < IXBRlIx®r) < XQom | x (&)
< 2" Ixq e qeny < (47 Ix@u ) ) B (3.10)

If R <1, there exists m € NU{0} such that 2=™~! < R/\/n < 27™. Then it is easy to see
that Br contains a cube Qo-m of side length 27 and it follows from (3.9)) that

X, Ix @ 2 IxBallx@n) 2 [[XQu-m [l n

> 2 g x> (172 vau ey ) B (3.11)
Estimates (3.10)) and (3.11)) imply (3.5) with

—n/2 ‘

Cr = min { |1z, x @), 02 @l f o Co = max {Ihs lxqenys 4" @l | -
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Part (a) is proved.

(b) For any R > 0, there exists m € Z such that 22 < 7R < 2™~!. Then any ball B,y is
contained in a cube Qam of side length 2. Let mq := [log, (T+/n)] + 1. Tt is easy to see that
2m=mo=2 < R/\/n and B contains a cube Qym-mo-1 of side length 2 ~™0~1, Hence

||XBTR||X(RTL) < HXQQMHX(]R") §2(m0+1)n§ (4\/’57_)71,
IXBrllx®) ~ 1XQum-mo-1 Ix @)

where the second inequality is obtained by applying (3.7 mo + 1 times. ]

Lemma [3.4(b) immediately yields the following.

COROLLARY 3.5. If X(R™) is a translation-invariant Banach function space, then it satisfies
the doubling property.

3.4. 'Translation-invariant spaces with exponential weights fail the weak doubling property

THEOREM 3.6. Suppose that X (R) is a translation-invariant Banach function space. If
w(z) = e for x € R with a constant ¢ > 0, then the weighted Banach function space X (R, w)
does not satisfy the weak doubling property.

Proof. Let 7 > 1. By the second inequality in (3.5]), for every y € R and every R > 1, one
has

XB(y,R) 1 X (Rw) = € XB(y,R) I X(R) = “2€ :
| | < et |x®) < Coe” TR
Set
T—1 3 1
r=— R, z.-y+(47’—|—4>R.

It is easy to see that B(z,r) C B(y,7R) and = >y + Tl R for all € B(z,r). Then these
observations and the first inequality in (3.5)) imply that

c(v+5 R)

IXB.rr)llx®w) = IXBG I x®wW) =€ IXB(zm) | x(®)

T4+1 T -1
> eclyr =t R)C'1 min{l,r} = C’lec(y"'%1 R) min {1, TT R} .

Hence
cTHR
inf IXB(yrm) xR ow) > Gret — 00 as R — oo,
veR™ [XBw.p)llx®w ~ C2 R
and X (R, w) does not satisfy the weak doubling property. |

THEOREM 3.7. Suppose that X(R™) is a translation-invariant Banach function space.
If w(x) := el for 2 € R® with a constant ¢ > 0, then the weighted Banach function space
X(R™, w) does not satisfy the weak doubling property.

Proof. The proof is similar to that of Theorem Let 7 > 1. It follows from the second
inequality in (3.5) that for every y € R™ and every R > 1, one has

c(lyl+r c(lyl+R) pn

IX By, Ry | x (Rn ) < € NxBuw.m llx@n < Coe
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Set

ri=

r-1, {@H(i”i)RZP y#0,
, zi=
4 (27+ 1) Rey, y =0,
where e; := (1,0,...,0) € R"™. It is not difficult to see that B(z,r) C B(y,TR) and
1
|z| > |y| + %R for all = € B(z,7).

Hence, taking into account the first inequality in (3.5), we obtain

o(lyl+=5* R)

IXByrr)llx®w) = IXBGM xR W) =€ X Bz |l x ®n)

> oW+ B) oy min {1,r"} = Crec(v+55 ) in {17 (T ; ! R) } :

Thus,
cIF R
g XB@rR 1X@w) > GLef > — 00 as R — oo,
yeR" ||[XB(y,r)llx@®rw) — Co  R™
and X (R™ w) does not satisfy the weak doubling property. O

3.5. Comparison of the doubling property and the weak doubling property

LEmMA 3.8. If X(R™) is a Banach function space satisfying the doubling property, then
the function

fx(R) = lIxBo.pllx@, RE(0,00), (3.12)

cannot grow faster than polynomially as R — +oo.

Proof. The proof is analogous to the proof of |30, Lemma 5.2.4]. Suppose there exist 7 > 1
and C; > 0 such that (3.2)) holds for y = 0 and any R > 1. Then there exists m € N such that
rm=1 < R <™. Applying (3.2) m times, one gets

Fx(R) € fx(7™) < O fc(1) = 719 € fi(1) < R oot O £ (1) = O fe ()R
which completes the proof. |

On the other hand, we will show that the weak doubling property of a Banach function space
X (R™) allows the function fx given by to grow at any subexponential rate as R — +o0.
In fact, we will show that if a weight w grows at a subexponential rate in an open cone and
Y (R™) is a translation-invariant Banach function space, then the weighted Banach function
space X (R"™) = Y(R"™, w) satisfies the weak doubling property.

Inequalities and yield the following.

LEMMA 3.9. Let Y(R"™) be a translation-invariant Banach function space. Suppose that
w:R™ — [0,00] is a weight satisfying w,1/w € L{S (R™). If there exist a number 7 > 1, a
constant c¢; > 0, a sequence {R;};en C (0,00) satisfying R; — oo as j — oo, and a sequence
{y;}jen C R™ such that

esssup  w(x)
B(y;, 7R, .
% <e¢, forall jeN, (3.13)
essinf w(zx)
z€B(y;,R;)
then the weighted Banach function space X(R™) =Y (R",w) satisfies the weak doubling
property.
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LEMMA 3.10. Let Y(R™) be a translation-invariant Banach function space and ¢ be a
nonincreasing function such that ¢(r) — 0 as r — 400 and re(r) is nondecreasing for r > 1.
Suppose w : R™ — [0, 00] is a weight satisfying w,1/w € L3S (R™) and there exist Cy,Cy > 0,
v >0, 0 € R" with |f| = 1 such that

Co exp(lzfp(|z])) < w(z) < C1 exp(|z|p(le])) when ‘x - 9‘ <7 |zl =1, (3.14)

||

Then X (R™) = Y/(R", w) satisfies the weak doubling property and there exists a constant C > 0
such that

fx(R) > Cexp (Ro(R)) (3.15)

for all sufficiently large R, where the function fx : (0,00) — (0,00) is given by (3.12).

Proof. Let us show that (3.13) is satisfied for R; = ¢ ~'/2(j) and y; = (j +m)# with a
sufficiently large m > 0. Indeed, since
, 1/2(; 1/2(;
B _¢”0) ¢ (J)HO&Sj%OO,
i Jeld) (1)

z
||

the balls B(y;, TR;) lie in the cone
JEeN,

— 0’ <« provided m is sufficiently large. Then for all

esssup  w(x)

z€B(y;.7Ry) Cl exp [(J+m+719712() o (j +m+71972(5))]
S v S Coo (G m e PG ¢ (5 m e G
_ Crexp [(G+m+7972()) (G + m)]
= Coexp [(j+m — ¢ 1/2(5)) p(j +m)]
— & exp (7 D )+ m)
< & ew [+ 1920)] < b ewp [+ D 2()].

By Lemma X(R™) =Y (R",w) satisfies the weak doubling property. Since Y (R") is
translation-invariant and r¢(r) is nonincreasing, it follows from (3.14)) that

Ix(R) > lIxB((r-1)0.1) Iy @ w) = Coexp((R —2)o(R - 2))|x5(r-1)0.1)ly @)
= Coexp((R — 2)o(R —2))||xB(0,1)lly ®r) > Coexp(Re(R))|Ix 50,1y @)

for all sufficiently large R, i.e. (3.15) is satisfied with C' = Co||xp(0,1)lly ®")- |

Let 1 < p < co. It follows from Lemma [3.9) that X (R) = LP(R,w) has the weak doubling
property if w : R — [0, oo] satisfies w, 1/w € LS, (R) and w(x) is equal to, e.g., (1 + x)%, o > 0;
exp (xﬁ)7 B € (0,1); or exp (W) for z > 0. On the other hand, Theorems and
imply that L? (R, w) does not satisfy the weak doubling property for w(z) = e“* or w(x) = e*
z € R, with any ¢ > 0.



NORM OF A FOURIER MULTIPLIER Page 19 of [42]

4. Proof of the main result

4.1. The case of a € Ly ,(R™) for some 0 € R

THEOREM 4.1. Let X(R™) be a Banach function space satistying the weak doubling
property. If o € R and a € Mxgny N L1,(R™), then a € L>°(R") and

lall oo @ny < Nlaflmxny - (4.1)

Proof. Let Dx , be defined for all ¢ > 1 by (3.1)). If, for some g > 1, the quantity Dx , is
infinite, then it is obvious that

lallLos@n) < Dxollal mxgn, - (4.2)

Since X (R™) satisfies the weak doubling property, there exists ¢ > 1 such that Dx , < co. Take
an arbitrary Lebesgue point 7 € R™ of the function a. Let an even function ¢ € C§°(R™) satisfy
the following conditions:

0<p<1, ¢x)=1for|z|<1, ¢(x)=0for|z|> 0.

Let
fsn(@) = e p(0z), x€R", §>0,

and

fony(@) = fon(®—y), yeR"
Then

(F f5.10)(€) = e V(F f5,)() = ¢V (Fyp) <£an)

= e Y (Fp)s(§ —n) = e Y (Fp)s(n — &)

and

(F_laFfd,n,y) (z) = 1 n JRn ei(x_y)fa(g)(Fﬁp)d(n = §)dg,

o) finsl@) = oy | R0 (F sl - )
Hence, for all z,y € R™ and § > 0,
|(F71@Ff5,n,y) (z) — a(n)f&,n,y(17)| = ﬁ J}Rn 6i(m7y)£(a(£) —a(n))(F)s(n — &) d§

< g ). 10O~ alnl [(F)sn - € e

Since Fp € S(R™) and 7 is a Lebesgue point of a, it follows from Lemma that for any
e > 0 there exists 0. > 0 such that for all z,y € R™ and all § € (0, J.),

[(F~YaF f5) (x) = a(n) f5.n.y(2)] <e.

It is clear that | f5.,,4[XB(y,1/6) = XB(y,1/5)- Then the above inequality implies that for all y € R"
and ¢ € (0,6.),

la(n)|xBy.1/6) < |F 7 aF fsmy| + eXBy.1/6)-
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Hence
la X576 x gy < 1F 0 fonll oy + € X800 | ¢ @)

< llallmxny 1fomyllx @ny +€ HXB(?J>1/5)HX(R")

< ||a||MX(1R") HXB(y,g/é)‘

Since Dx, , < o0, the definition of Dx , given in (3.1]) implies that there exist § € (0,4.) and
y € R™ such that

x@®n) T ellxB./s lx@n)- (4.3)

HXB(y,g/ﬁ) ||X(R")
HXB(yJ/é) HX(]R")

Choosing these ¢ and y, and dividing both sides of inequality (4.3)) by ||XB(y,1/5

< DX7Q +e.

)HX(R")’ we get
la(n)] < (Dx,o +&)llal|mxgn, +€ forall e>0.
Hence, for all Lebesgue points n € R™ of the function a, we have
la(m)| < Dx llall my gn,-

Since a € L1 ,(R") C L} (R™), almost all points n € R are Lebesgue points of the function

loc

a in view of the Lebesgue differentiation theorem (see, e.g., Corollary 2.1.16 and
Exercise 2.1.10]). Therefore a € L>°(R™) and inequality (4.2)) is fulfilled for all o > 1. It is
now left to apply Lemma (3.1 ]

4.2. Proof of Theorem for arbitrary a € Mxgny C S'(R™)

For a function w € S(R™), we will use the following notation
= P, () = (=€), (rew)(€) = w( — O), ecla) = €7,

Let a nonnegative even function ¢ € C§°(R"™) satisfy the condition

| wede=1.

W = Fw

and let

Ve(§) == "p(f/e), e>0.
Fix € > 0 and take arbitrary functions u € S(R™) N X(R™) and v € C°(R™). Then we have
u,v € S(R™). In view of Theorem 7.19(b)] or Theorem 2.3.20], we observe that

ax. € C2(R") C §'(R™) (4.4)

poly

because a € S'(R™) and ¢, € S(R™). Then (a *.)u € S(R™). By Theorem 2.2.14],

| s vpa) @ de = | (F @ s 00@) () de

n

- J () (©FOIE) de. (4.5)

Observe that wo € S(R™) in view of Proposition 2.2.7]. Then, taking into account that
a € S'(R™) and 9. € S(R™), it follows from Theorem 2.2.14] or Theorem 7.19(d)]
that

|| @ va@raene s = (@x v @))(0) = ((ax @)) x w2) 0)
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Since 7cu € S(R™) C Cpg,, (R™), by the definition of multiplication of a € S'(R") by a function
in Cpg, (R™), we have

(a, e (U0)) = (a, ¢t - 7c0) = {(aTc, Tc0). (4.7)
It is easy to see that ¢4 = F(ecu) and 7c0 = F~'(e_¢v). Then
(a, ¢ (WD) = (aF(ecu), F~'(e_¢v)). (4.8)
By the definition of the inverse Fourier transform of aF'(ecu) € S’(R™), we have
(aF(ecu), F~ e_¢v)) = (F~'aF (ecu), e_cv). (4.9)
Combining 7, we arrive at the following equality:

J ) (F~Y(a*¢e)Fu)(z)v(z) do = J (F~aF(ecu), e—cv)be (¢) dC. (4.10)

n

Let s € So(R™) be such that ||s||x/@n) <1. Put K :=supps and consider a function
¢ € C5°(R™) such that 0 < ¢ < 1. By Lemma [2.7] there exists a sequence {v;};en C C§°(R™)
such that suppv; € K* and |[vj||e®n) < |||z @®n) for all j € N and v; — s a.e. on R”
as j — oo. Since (a*t.)Fu belongs to S(R"), we have F~!(ax*.)Fu € S(R") C L'(R").
Therefore ¢ - F~1(ax1.)Fu-s also belongs to L'(R") and it follows from the Lebesgue
dominated convergence theorem that

lim J i o(z) (F~ax ) Fu)(z)v;(z) de = J o(z)(F~Hax1p:)Fu)(z)s(z)dr.  (4.11)

j—o00 n

Further, |v;] < ||| poo@n) X+ for all j € N. Since a € M x(gn), one has F~'aF (e_cu) € X(R™),
and it follows from axiom (A5) that (F~'aF(ecu))xk+ € L'(R™). Hence, in view of the
Lebesgue dominated convergence theorem, for all { € R™,

lim (pF LaF(ecu), e_cv;) = J]Rn o(z) (F'aF(ecu)) (z) (e—¢s) (z) da. (4.12)

J—00

Holder’s inequality for X (R™) (see |1, Chap. 1, Theorem 2.4]) implies for all ( € R,

|<¢F_laF(e<u), e_gvjﬂ < I8l zoe mmy JRn |(F_1aF(e<u)) (3:)’ Xk (x) dz

< llsllpoe ey [~ aF (ecu) [ x ey X+

X’(R”)
S ||SHLoo(]Rn) aHMX(R") GCUHX(RH) XK* X/(]Rn)
= [lall mx @my llull x ®ny 18] Lo ey X R | X7 (R7Y - (4.13)

Taking into account (4.12)—(4.13|) and using the Lebesgue dominated convergence theorem
again, one gets

i, JWWFAGF(GCU), e—cv;)¥e(¢) d¢
= J . (J (@) (F~laF (ecu) () (e~¢cs) () dﬂ«“) e (€) d¢. (4.14)
It follows from (.11)), (£.14)), and with ¢v; in place of v that
| s @vra) @ as

= [ ([ o0 ¢ tartec) @) - (@ dn v a9
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Similarly to (4.13) one gets

| o) (F1aP(ecu) (2) e-cs) (@) da| < 1P aF (ecu) Lxiamle-cslloee

< lall mx ey lull x @y |81 x7 @7 - (4.16)

Equality (4.15) and inequality (4.16) immediately yield that for all w € S(R™) N X(R™), all
s € Sp(R™) satisfying ||s|| x/(rny < 1, and all ¢ € C§°(R") satisfying 0 < ¢ < 1, one has

J i o(x) (Ffl(a * wE)Fu) (z)s(x) dx

Now, take functions ¢; € C§°(R™) such that 0 < ¢; <1 and ¢;(x) =1 for all |z| <j and
all j € N. Since F~1(a*¢.)Fu € S(R"), we have ¢;F 1 (a*.)Fu € C§(R™) for all j € N.
Inequality (4.17) implies that for all s € So(R™) satisfying ||s| x/(zn) < 1 and all j € N, one has

< lallvx ®m lullx @ sl x: @n)- (4.17)

J gbj(x)F*l(a x e ) Fu(z)s(x) de
R’ﬂ
Hence it follows from Lemma that for all j € N,

< lallmx gy el x @yl sl x7 @n)-

16, F " (a* e) Fullx @y < llallmygn, 16l x @n)-
Since the functions ¢; F =1 (a * 1. ) Fu converge to F~*(a * 1. ) Fu everywhere as j — oo, Fatou’s
lemma (see [1, Chap. 1, Lemma 1.5]) implies that F'~!(a * 1.)Fu € X (R") and
[F = a* o) Fullx@ny < llallax g ]l x @n
for all w € S(R™) N X (R™). Thus

lla* Yell My ny < llallatxen,-

Since Cpe) (R™) C L1 o(R™) for some o € R and ax* 4. € Cpg; (R"), it follows from Theo-
rem [4.1] that a x ¢. € L>(R") and
lla s tellpoe®n) < lla* Vel myen, < llallmygn, forall e>0.

It is not difficult to see that w * 1), converges to w in S(R™) as e — 0 for every w € S(R") (see,
e.g., Exercise 2.3.2]). Then, for all w € S(R"),

J (ax ) (x)w(z) dx
R?’L

< hmj(l)lp ”a * 1/J€HL°°(]R") ”wHLl(R") < ||aHMX(R") ”wHLl(]R")'
e

[{a,w)] = lim [{a,w * )| = lim [{a * e, w)| = lim
e—0 e—0 e—0

Hence a can be extended to a bounded linear functional on L!(R"), i.e., it can be identified
with a function in L>(R") and |[a|ze~ < [|a||a1gn, holds.

Suppose there exists a constant Dx >0 such that ||a| @) < Dxllal|myen, for all
a € Mxgn). Then taking a =1, one gets Dx > 1. So, the constant Dy =1 in the estimate
lallLe < |lallamxgn, i best possible, which completes the proof of Theorem

4.3. Multidimensional analogue of Theorem

COROLLARY 4.2. Suppose n > 1 and X(R™) is a Banach function space satisfying the
Ax-condition. If a € Mxgny C S'(R™), then a € L>(R") and

lall oo @ny < llallpony -

The constant 1 on the right-hand side in the above inequality is best possible.

Proof. This statement follows from Theorem [I.3] and Lemma [3.3 O
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We conclude this section with the proof of the following multidimensional analogue of
Theorem [L11

COROLLARY 4.3. Letn>1and1<p<oo. Ifwe A,(R") and a € Mpp®n ) C S'(R"),
then a € L*(R™) and

||a||L°°(]R") < ||a||MLp(1Rn,w) .

The constant 1 on the right-hand side in the above inequality is best possible.

Proof. Since w € A,(R™), we have

1
||w||Ap(Rn) = Sgp @HXQHLP(R”,M)”XQHLP'(R",w*l)

1 r s q - 1/p’
= sgp (Iq JQ wP(x) dx) (@l JQ w™P (z) dm) < o0,

where 1/p + 1/p’ = 1 and the supremum is taken over all cubes with sides parallel to the axes.
Thus, the Banach function space X (R™) = LP(R", w) satisfies the Ax-condition. It remains to

apply Corollary O

We would like to stress again that the A, condition implies the doubling property (see
Lemma , which places much stronger restrictions on the behaviour of the weight w at
infinity than the weak doubling property (see Subsection . Note also that the latter puts
no restrictions on the local behaviour of the weight w. When dealing with weighted function
spaces Y (R", w), we usually assume that w € Yio.(R™) and 1/w € Y}, (R"). It is instructive to

ocC

compare the latter conditions with w € A,(R™) in the case n = 1, Y(R) = LP(R) and

|z|*, —1<z<0,
w(z) = P, 0<z<1, a, B €R.
1, |z| > 1,

It is easy to see that w € L], (R) and 1/w € Lﬁ;c(R) if and only if —1/p < a,8<1—1/p. On
the other hand, w ¢ A,(R) if a # § (see [5, Example 2.6]).

5. On optimality of the requirement of the weak doubling property in Theorem

5.1. Estimates for convolutions

THEOREM 5.1 (Cf. [25, p. 91]). Let w* be a weight such that w* € L], _(R"), let O C R"
be a set of positive measure, and let

LH(R,w*) = {h € L*(R,w*) : supph C Q} )

Suppose Y (R™) is a translation-invariant Banach function space and w is a weight satisfying
w € Yioe(R™) and 1/w € Y| (R™). If

w*(y)w(z —y)w H(z) >1 forall zeR" yeQ, (5.1)

then

||k * f||y(]Rn,w) < ||/<;\|L1(Rn,w*) flly@nw forall feY(R" w), ke Lb(R,w*).
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Proof.  Since w € Yoo(R™) and 1/w € Y. (R™), we recall that Y (R", w) is a Banach function
space and Y/(R",w™!) is its associate space in view of |22, Lemma 2.4]. Using (5.1 and
Hélder’s inequality for Banach function spaces (see |1, Chap. 1, Theorem 2.4]) and taking into

account that Y (R") is translation-invariant, one gets for all g € Y/ (R", w™1),

[ txn@at@a] < [ ([ wllre - wlay) o)l aa
< [ wwls (] vl o @l d) d

<| W @@Iln @Dy o gl g o

= s e o ol | @Il d
= |6l 21 e ) 1 Iy &e ) 1911y @ w1y

By [1, Chap. 1, Theorem 2.7 and Lemma 2.8], the above inequality implies that

5l ey = sup{U (55 F)(@)g() d

R

g S Y/(R”,w_l), ||g||y/(Rn’w71) S 1}

< &l @n ) L v @ w) s

which completes the proof. ]

COROLLARY 5.2. Suppose Y (R) is a translation-invariant Banach function space.
(a) Let wq(x) = e for x € R, with some constant ¢ > 0. Then for all k € L*(R,w;) and
all f e Y(R,wy),

5% Flly @) < I8l L @) 1y @)
(b) Suppose ¢ : R — R is a function such that p(z) = x for < 0, and
e(z) — p(x)

zZ—x

>1 forall z>x>0. (5.2)
Let wy(z) := e“?®) for x € R, with some constant ¢ > 0. Then for all € L%ioo 0 (R, ws)
and all f € Y(R,ws),

5% flly @ ws) < B2t ®wo) L |y (R ws)-

Proof. (a) Since
wy (y)w (z — y)wy  (z) = eWHEV=2) =1 forall z,y € R,

the conditions of Theorem are satisfied for w = w* = w; and Q =R.
(b) Take any y < 0 and any x € R. If 2 > 0, then it follows from (5.2]) that

WEl = y+o(z—y)—px) >0.

(x—y)—a
If y <2z <0, then
— ) — (0
Pe=y) =¢0) oy L sy —z>0.
(x—y)—0

Finally, if x <y < 0, then

oy) +o(x—y) —pl)=y+(r—y) -z =0.
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Hence
w(y)wa(z — y)wy ' (z) = eCPWHe@—v)=e@) > 1 forall zeR (5.3)

and all y < 0. It is clear that (5.3]) holds for y = 0 as well.
Since wy and 1/ws are locally bounded, we have wy € Yioc(R) N L (R) and 1/ws € Y (R).

Hence the conditions of Theorem [5.1] are satisfied for w = w* = wy and Q = (—o0, 0].

5.2. Banach function spaces with unbounded Fourier multipliers

Let Y(R) be a translation-invariant Banach function space and w be a weight. We know
that the weak doubling property of the space X (R) = Y(R, w) allows the weight w to grow at
any subexponential rate (see Subsection . It is natural to ask whether Theorem still
holds for X(R) = Y(R, w) with the exponential weight w(z) = e® with ¢ > 0. We show in this
subsection that the answer is negative and that My (g ,,) contains many unbounded functions
in this case. This means that the weak doubling property is optimal in a sense. (This also
provides an alternative indirect proof of Theorem 3.6)).

THEOREM 5.3. Let Y (R) be a translation-invariant Banach function space and the weights
wy and wy be the same as in Corollary [5.2 Then

F(S'R)N LR, w1)) € My®uwy), F(S'(R)NL{ o (R, w3)) € My (®wy)- (5.4)

Proof. If a € F(S'(R)NL'(R,wy)), then F~la € L}(R,w:). It follows from Corollary [5.2]
that for every function v € S(R) N Y (R, wy),

IF~ aFully @ w) = 1(F~1a) * ully @) < 1F 7 all @ w1l @w)- (5.5)
Hence
el My gy < IF ™ allr@wn)- (5.6)
The same argument allows one to show that if a € F(S'(R) N L%foo 0l (R,wz)), then
lall My gy < I1F ™ all L2 (R110m) - (5.7)

Inequalities (5.6)—(5.7) imply embeddings (5.4]). O

LEMMA 5.4. Let Y(R) be a translation-invariant Banach function space and the weights
wy and wy be the same as in Corollary [5.2
(a) Ifa € F (L' (R) N LY(R,w)), then

lallag. . < IFallzs 5:5)
(b) Ifa e F(L%foo,o] (R)) = F(L*(R) N L oo (R, wy)), then
lallaeg, .. < IF 0l e (59)

Proof. 1f a€ F(L*(R)NL'(R,w;)), then (5.5) holds for every u e L*(R)NY (R, w),
which implies (5.8)) and completes the proof of part (a). The proof of part (b) is analogous. []

In view of Theorem @ My (R,w,), J = 1,2 contain many unbounded functions. Let us give
some concrete examples.
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Let C; :={z=x+iyc C:y >0} and H?>(C,) be the Hardy space of all functions f
analytic in C, such that |f(x + iy)|? is integrable for each y > 0 and

supJ |f (z + iy)|? do < co.
y>0JR

If f € H?(C,), then the boundary function
f(z) = lim f(z+iy)

exists a.e. on R and belongs to L?(R) (see, e.g., the corollary of [13 Theorem 1.1]). Let H% (R)
be the Hardy space of the boundary functions of the functions f € H?(C,).

COROLLARY 5.5. Let Y(R) be a translation-invariant Banach function space and w be one
of the weights wy and wsy in Corollary[5.2
(a) The Hardy space H? (R) corresponding to the upper complex half-plane is a subset of
the space My (g w)-
(b) Let

a_o(&):= lim (£+ie)™, £eR\{0}, 0<a<l,

e—0+

where z~% denotes a branch analytic in the complex plane cut along the negative
half-line. Then a_o € My (g w)-

Proof. (a) It follows from Holder’s inequality that any function in L?(R), which vanishes
n (0,00), belongs to L'(R,w). By the Paley-Wiener theorem (see, e.g., [13, Corollary to
Theorem 11.9]), if u € H3(R), then Fu(§) vanishes for almost all £ < 0. Hence F~tu(¢)
vanishes for almost all ¢ > 0. Therefore F~'u € L'(R,w) and v € FL'(R,w). Now we can
apply Theorem to complete the proof of part (a).
(b) Since 0 < a < 1, it follows from |16, Example 2.3, formula (2.41’)] that

A—oq = kaF_lf;L—l = kaFij_l’

where k, € C is some constant depending on « and

a1 : :
n = it x>0, _ i 0 it x>0,
Ja (@) = { 0 if z<0, Jomr(®):= { 2ot iz <0,

define regular distributions in S’(R) (see [16, Example 1.6]). It is clear that f, ; € L'(R,w),
whence a_, € F' (S’(]R) N LY(R, w)) It remains to apply Theorem O

6. Classes M%(Rn) and Mxgny N L>®(R™)

6.1. Two classes of Fourier multipliers coincide in the case of a nice underlying space

THEOREM 6.1. If a Banach function space X (R™) satisfies the bounded L?-approximation
property, then

M @y = Mx@n NL¥R")  and  [lal vy, = llallag

X (R™) :

(6.1)

Proof. According to (|1.1)) and (1.2)), we only need to prove that

Mgy 2 My NL¥R") and  [lal sy > llallue

X(R")
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Choose any function a € My gny N L>®(R™). Take any function u € L?(R™) N X(R™) and
consider a sequence {u;}jen C C§°(R™) satisfying (2.1). Since a € L*>°(R™) and M%Q(Rn) =
L>(R™) (see, e.g., [18, Theorem 2.5.10]), we have

lim |F~'aFu— F~'aFu||p2gn) = 0.

j—o0
Then there exists a subsequence { F~*aFu;, }xen of the sequence { F~*aFu;} ey that converges
to F~'aFu almost everywhere. Since a € M X (rn), from the inequality in (2.1 we get

L 1 L
hkn_l)g.}f HF aFU’ijX(R") < HG’HMX(R") th_l)gf Hujk ||X(R")
< llall My gny lim sup [|u; || x @) < [lall v en, ull x @n)-
j—00

Fatou’s lemma (see [1, Chap. 1, Lemma 1.5]) and the above inequality imply that the function
F~laFu belongs to X(R") and for u € L?(R™) N X (R"),

IF~ aFul x@n) < lim inf IF~ aFug, || x @) < lall vy gn el x@-

Hence a € M% (R"™) and ||a|| p0

X (R™)

< ||aHMX(JR")' o

6.2. Two classes of Fourier multipliers are different in general

The following theorem shows that equalities in (6.1) do not always hold.

THEOREM 6.2. For a compact set G C [0,1]™ of positive measure with empty interior and
a sequence b = {by, }men C (0, 1) satisfying

lm by, =0, (6.2)
m—r 00
consider the sequence
G = (2m,0,...,0) + G
={(y+2m,y2,...,yn) €ER" : y=(y1,92,...,yn) €G}, meN, (6.3)
and define the weight wgp, for y = (y1,...,yn) € R" satisfying y1 > 0 by
bm, y€Gp, meN
w = ’ ’ ’ 6.4
G,b(y) { 1’ y ¢ UmeN Gm; ( )
and for y = (y1,...,yn) € R™ satisfying y; < 0 by
we b(Y) = wep(—y)- (6.5)

Then there exists a € S(R") such that a € Mpeo(rn we ) \M%W(Rn

wa,p)

Proof. Let (9 € G be a Lebesgue point of the function y¢ and let {0;};en be the sequence
defined by (2.2)). It follows from Lemma that there exists j € N for which

1
J Ixe() = xa(@)]0; (2 — y) dy < 5

Hence,

N |

J (@' —y)dy - J xa()o;(z'? —y)dy <

n

Therefore, 1 — (0j * xg)(z(?) < 1/2, whence

N | =

(05 % xa) (@) >
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Let a := Fo; € S(R"). Take any u € S(R™) with [|u||ec®n ws,) < 1. The same argument as
in the proof of Lemma [2.5 shows that |u(y)| < 1 for all y € R™. Then by [29 Theorem 7.8(b)],

’(F_laFu)(x)| = |(0j *u)(x)] < J 0j(y)dy=1 forall zeR"
and ||F*1aFu||Lao(Rn,wG’b) < 1. Hence a € Mpoo(rn ug,) and ||a\|ML°C(R,,L’wG7b) <1.
On the other hand, consider

U = bt xa,,, meN.

It is clear that |[um |z ®n we,) = 1. Since up, € L'(R™) C S'(R") and a = Fg; € S(R™), it
follows from |29, Theorem 7.19(c)] that (g; * um)” = 0jUm = aFu,,. This equality and [7]
Propositions 4.18, 4.20] imply that F~'aFu,, = 0; * u,, € C5°(R™) because p; € C§°(R™) and
U € L°(R™) has compact support. Therefore,

Vpy 1= ||F71aFumHZC}C(RH’wG&)F*laFum € C°(R™) C S(R™)
and ||vm || o (&7 we ) = 1. Then, as above, vy, (z)] <1 for all z € R™ and m € N, i.e.
|F_1aFum(x)‘ < ||F_1aFumHLoo(Rn,wG7b) forall zeR" meN (6.7)

Let
2™ = (2m,0,...,0) +209, meN.

Then, taking into account , we get for all m € N,

1
FraFuy, (") = b, (0 % xa.,.) (#1™) = b, (05 * xa) (2©) > ST (6.8)
Now it follows from ([6.7), and (6.2) that
1
||F71aFumHLoo(Rn)wG’b) > ST — 00 as m — 00,
while ||t || o (&7 we ) = 1. Hence a ¢ M%w(Rn’wab). O

6.3. Normed algebras of Fourier multipliers

LEMMA 6.3. Let X(R™) be a Banach function space. Then the set M%(Rn) is a normed

algebra with respect to the norm || - ||Mg((w/) and
Hab”/\/lg“w) < ||aHM2((W) ||bHM§((W) for all a,be M%(Rn).
Proof. The proof is straightforward. O

The proof of the following result requires a bit more effort.

THEOREM 6.4. Let X(R") be a Banach function space. Then the set M xgny N L>(R™)
is a normed algebra with respect to the norm || - | pmy n, and

labll mxgny < llallmxgn 1Pl Mxgn, forall a,b € Mxmgny N L>(R™). (6.9)

Proof. 1t is clear that Mxgny N L>(R™) is a normed space, so one only needs to prove
that ab € Mx gy N L (R") for all a,b € Mxgny N L>(R™) and that holds.
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Take any function u € S(R™) N X (R"). Then F~'bFu € X(R™). Since u € S(R") C L*(R")
and b€ L>®(R"), we have F~'bFu € L*>(R"). On the other hand, in view of |29, Theo-
rem 7.19(a)], u € S(R™) and b € S'(R") imply that F~'bFu = (F~'b) xu € C>(R"™). Hence
F~'bF maps S(R") N X(R") into X (R") N L2(R™) N C>(R™).

Now take a function v € X (R™) N L2(R™) N C*°(R™) and consider the sequence v, := ¢y, v,
where ¢, € C°(R™), 0 < ¢y, <1, and ¢, (z) =1 for |z| < m and m € N. Since |vp,| < |v],
it follows from axiom (A2) that v, € X(R") and |vn|x@r) < |[v]|x@®n) for all m € N.
Further, v, € Cg°(R") and |[vy, — v||L2®n) — 0 as m — oo. Then it follows as in the proof
of Theorem [6.1| that F~'aFv € X(R") and

1P~ aFv] x @y < lall s 10l x e
Taking v = F~'bFu, one gets F~tabFu = F~laF(F~'bFu) € X(R") and
1P~ abFullx ey < llalamyn, |1 F70Fullx @0y < llall vy n 1Bl atx e, lullx @

for all u € S(R™) N X (R™), which immediately implies (6.9). O

Theorem allows one to prove that if there exists a constant Dx > 0 such that

||aHLoo(Rn) < Dx||a||MX(W,) forall ac MX(]R") N LOO(Rn), (610)

then in fact
lall oo @) < [lalmxgn, forall a € Mxmgny N L>(R™). (6.11)

Indeed, one can apply (6.10) and Theorem to the function a™ with m € N to get

lall 7o @ny = lla™ (oo ) < Dxlla™ | mxany < Dxllall Xy g, -
Taking m — oo in the inequality

1/m
lallzoen) < DX ™ llallmeny

one gets ([6.11). One can use this observation instead of Lemma to derive (4.1)) from (4.2)

under the assumption that a Banach function space X (R™) satisfies the weak doubling property.
In particular, this implies that [3| Theorem 2.3] holds with the constant K, o = 1. It is also
clear that the implication (6.10) = (6.11)) holds with M%(Rn) in place of Mx (gn).

6.4. Normed spaces of Fourier multipliers are not complete in general

THEOREM 6.5. Let Y (R) be a translation-invariant Banach function space and w be one
of the weights wy and ws in Corollary[5.2

(a) The normed space My (r,w) is not complete with respect to the norm II - ||MY(R)“,).
(b) The normed algebra M?/(R w) 18 not complete with respect to the norm Il - ”M?/(w -

Proof. (a) Consider the function go(z) := e~®/?¢o(z), where the constant ¢ > 0 is from
the definition of the weights w; and we, and a function ¢y € C*°(R) is such that ¢o(xz) =0
for x >0 and ¢g(x) =1 for z < —1. It is easy to see that gy € L'(R,w), whence it may be
identified with the distribution in D’(R). On the other hand, go ¢ S'(R) (cf. |29, Chap. 7,
Exercise 3]).

Consider gi(x) := ¢r(x)go(x), where ¢ € C°(R), 0 < ¢y, < 1, and ¢y (x) = 1 for |z| < k and
all £ € N. The Lebesgue dominated convergence theorem implies that ||gr — gollz1(R,w) — 0 as
k — oo. Hence {gi }ren is a Cauchy sequence in L' (R, w). Let ay, := Fgy, for k € N.

It follows from (5.6)—(5.7)) that

lax — aml My g0y < 1F~ ar — am)l| 21 @®w) = 198 — gmllpr®w) for all k,m € N.
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Therefore, {ax}ren is a Cauchy sequence in My (g ). Suppose it converges to a limit ag
in My (g,). Then the sequence F~'ayFu = gj *u converges to F~tagFu = (F~'ag) * u in
Y (R, w) as k — oo for any function v € C*(R) € S(R) NY (R, w).

On the other hand, Corollary implies that g * u converges to go * v in Y (R, w). Hence
(F~Llag) * u = go * u for any u € C§°(R). Since (F~lag) * u = go * u are continuous functions
(see, e.g., [29, Theorem 6.30(b)]), one gets

(FYag,u) = ((F_lao) * u) (0) = (go *u) (0) = (go,u) forall we CFR).

Hence the distributions F~tag € S'(R) and go € D'(R) \ S’(R) are equal to each other. This
contradiction shows that {ax}r € N does not converge to a limit in My (g ).

(b) Consider the functions g,, () := e®/™ f_,(x), m € N, where f, , is the same as in the
proof of Corollary b). The Lebesgue dominated convergence theorem implies that

lgm — fa_illLr@®w) — 0 as m— oo, lgm — grllLrrw) — 0 as m,k — oo.
Then it follows from (5.6)(5.9) and Corollary [5.5(b) that
lam — a-allmy g < kallgm = fo_illLr@®@w) =0 as m— o0 (6.12)
and
lam = akllmy , ., < Kallgm = grllLr@w) =0 as m,k = oo, (6.13)
where

am(§) := kaFgm () = kaFfo 1 (§+i/m) = (§+i/m)™%,
ke is the constant from the proof of Corollary b), and

a-a(§) = kaFfo1(6) = lim (¢ +ie) ™.

Since {gm }men is convergent in L'(R,w), it follows from (6.13) that {a,, }men is a Cauchy
sequence in M%(R w)* If it had a limit there, then inequality (|1.2)) would imply that it converges

to the same limit in My (g o). On the other hand, we know from (6.12)) that {a,, }men converges

to a_o ¢ L>°(R). Hence {a,, }men cannot converge to a limit in M?,(Rw). O

7. Fourier multipliers on reflection-invariant Banach function spaces

7.1. Interpolation in Calderén products of Banach function spaces

Let Xo(R™) and X;(R™) be Banach function spaces and 0 < # < 1. The Calderén product
(X37?XE)(R™) (see |9, p. 123]) consists of all measurable functions f such that a.e.
pointwise inequality |f| < A|fo|*=%|f1|? holds for some A > 0 and elements f; in X;(R") with
Ifillx,®ny <1 for j =0,1. The norm of f in (X{7?X?)(R™) is defined to be the infimum of
all values A\ appearing in the above inequality. We will need an interpolation theorem, which
follows immediately from [32, Theorem 1] and [1, Chap. 1, Theorem 2.7].

THEOREM 7.1. Let Xo(R"™) and X;(R™) be Banach function spaces. Let A be a linear
operator bounded on X(R™) and X, (R"). Then A is bounded on (X3~%X?)(R") and

1-6 9
||A||5((X3"’Xf)(R”)) =< HAHB(XO(]Rn))HAHB(Xl(]R"))'

The following result is contained in |26, Theorem 5] in a slightly different form.
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LEMMA 7.2. If X(R™) is a Banach function space and X'(R™) is its associate space, then
(X1/2(X/)1/2)(Rn) _ L2(Rn)
with equality of the norms.

The above lemma is a consequence of the more general Lozanovskii’s formula |26 Theorem 2]
(see also |11}, Theorem 7.2]):

(X X1 (R") = ((Xp)' " (X])")(R™), 0<f<1,

which is valid with equality of the norms. We refer to Maligranda’s book [27, p. 185] for the
proof of Lozanovskii’s Lemma

COROLLARY 7.3. Let X(R™) be a Banach function space and X'(R™) be its associate space.
If A is a linear operator bounded on X (R™) and on X'(R"™), then A is bounded on L*(R"™) and

1/2 1/2
[All(z2&my) < [1Algx rn ) 1A B (R )

This result follows immediately from Theorem and Lemma

7.2. Fourier multipliers on reflexive reflection-invariant Banach function spaces are bounded

We say that a Banach function space X(R") is reflection-invariant if || f||x &) = ||ﬂ|X(Rn)
for every f € X(R™), where f denotes the reflection of a function f defined by f(z) = f(—=z)
for z € R™.

LEMMA 7.4. A Banach function space X(R™) is reflection-invariant if and only if its
associate space X'(R™) is reflection-invariant.

This statement follows immediately from [1, Chap. 1, Theorem 2.7 and Lemma 2.8].

LEMMA 7.5. If a Banach function space X (R") is reflection-invariant, then

lallmygny = lallmx@n, for all a € Mxgn),
lallsgs, ., = llallane .., for all a € M% gn)-

Proof. If u € (S(R™) N X (R™))\ {0}, then @ € (S(R™) N X(R™))\ {0} and

FYaFu=F Y a(Fu)")” = (F 'aFu)".
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Therefore, taking into account that X (R™) is reflection-invariant, we see that

~ ||F aFu||X Rn n n
sty =0 { IS e (R 0 X(R)\ 0)
[lwll x ()
|(F aFu ||X R™) n n
= sup s ue (SR*)NXMERM) N\ {0}
[Jwll x (rny
|F~taFu| x R N "
sup { I TIXE e (5(R) 0 X(R)\ ()
]| x (rm)
|IF~taFul R") " "
- {“ we (SR N X(RM)\ {0}
HUHX(R”)
= ||a’||MX(R")'
Replacing S(R™) with L?(R"™) one gets a proof for M%(Rn). O

LEMMA 7.6. Let X(R™) be a Banach function space and X'(R™) be its associate space.

(a) Ifa e M%,(Rn), then a € M%(Rn) and

el mg g, < llallag

X (R™) X/ (&n)’

(b) Ifa € M%(Rn), then a € M%,(Rn) and

lallaes, o, > @034 -

Proof. If u,v € L*(R") and a € L*°(R™), then

= (a,Fu-F~ ') = (a, F~'u - F)
a,(F~'u)™ (Fv)™) = (@, F'u - Fv)
aFv, F~'u) = (F~YaFv,u)

:J' (F~YaFv)(z)u(z) de. (7.1)

(a) Take u € (L?(R™) N X (R™)) \ {0}. Then, in view of equality (7.1]), Lemma Holder’s
inequality (see |1, Chap. 1, Theorem 2.4]), and the embedding So(R") C L%(R™) N X' (R"™), we
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obtain
(F~raFu)(z)s(z) d
HF_laFuHX(Rn) = sup { =R~ 0 s € So(R™)\ {0}
HSHX’(]R")
(F7YaFs)(z)u(x) dx
= sup { R :s€ S(R™)\ {0}
HSHX’(]R")
F-gF /(R n
< s {” il b JCO LIEED SO<R">\{0}}
||3||X’(]R")
|F1aF ol e . .
< Julxcenysup { XED e (L3R 0 X(RY) \ {0}
||U||X'(Rn)
= il Il
whence

|F~ aFul| x &)
lallae ., =supq —Frm——

€ (L*(R™) N X(R™)) \ {0}} < llafl mo
llull x (mn)

X (R™) X &n)’

which completes the proof of part (a).

(b) By the Lorentz-Luxemburg theorem (see [1, Chap. 1, Theorem 2.7]), X (R™) = X" (R")
with the equality of the norms. Then (@)” =a € MX(RW = MX,,(RTL) Hence, part (b) follows
from part (a). O

LEMMA 7.7. Let X(R™) be a Banach function space and X'(R™) be its associate space.

(a) Suppose the space X(R") satisfies the norm fundamental property. If a € Mx/gn),
then a € Mxgn) and

lall M @ny < l@llamrgn, -

(b) Suppose the space X'(R™) satisfies the norm fundamental property. If a € Mx gny,
then a € MX’(]R") and

lallaeny = 1l o -

Proof. The proof is similar to that of Lemma Interpreting (-,-) in (7.1) as the
(S"(R™), S(R™)) rather than (L*(R"), L?(R™)) or (L°°(R™), L'(R")) duality, one gets for any
u,v € S(R™) and a € S'(R"),

J i (F~YaFu)(z)v(z) do = JRn (F~'aFv)(z)u(z) du. (7.2)
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(a) Take u € (S(R™) N X(R™))\ {0}. Then, in view of equality (7.2), Definition and
Holder’s inequality (see [1, Chap. 1, Theorem 2.4]), we obtain

(F~YaFu)(x)y(z) dx

||F_1aFu||X(Rn) = sup JR™ ||w||X/(Rn) : ’(/} S Cgo(Rﬂ) \ {0}

(F7YaFy)(x)u(z) dx

— qup { 1 . e CF(R™) \ {0}
1Vl x7 (mm)
F-lar I (on n
< sup{” aFY|| xr@eyllul x ®n L e CRRM {O}}
Tl xrm
e § .
< ||u||X<Rn>sup{ XED e (SR™) N X(R™)\ {0}
vl x7 &)

= lall M llull x ®n).

whence
|F~ aFul|x @n)
||aHMX(R”) = sup |

which completes the proof of part (a).

(b) By the Lorentz-Luxemburg theorem (see |1, Chap. 1, Theorem 2.7]), X (R") = X" (R")
with the equality of the norms. Then (@)™ = a € Mx@®n) = Mx»(rn). Hence, part (b) follows
from part (a). O

€ (S(R™) N X(R™)\ {0}} < fall e
[ul| x (rm)

THEOREM 7.8. Let X(R"™) be a reflection-invariant Banach function space and X'(R™) be
its associate space.
(a) We have M%(Rn) = MX,(Rn and ||a||MX(Rn) Ha”MS’(/(Rn) for all a € M}(Rn).
(b) If both X(R™) and X'(R™) satisfy the norm fundamental property, then we have
MX(Rn) = MX/(Rn) and ||aHMX(]R") = ||a||MX’(]R") for all a € MX(]Rn).

Proof. We prove part (b). The proof of part (a) is almost exactly the same. By Lemma
both X (R"™) and X'(R") are reflection-invariant Banach function spaces. If a € M x/(gny, then
ae MX’(R”) and

||a||MX/(R7L) = ||a||MX/(Rn) 2 ||a’HMX(R”) (73)
in view of Lemmas and a). On the other hand, if a € Mx(gn), then @ € Mx/(gn) and

lall My @ny 2 Nallater g, = 1@ Myr ny = llallmgr g, (7.4)
in view of Lemmas|[7.7(b) and Combining inequalities (7.3)—(7.4)), we arrive at the desired
result. U

Now we will show that one cannot drop the norm fundamental property in Theorem b).

THEOREM 7.9. Suppose G C [0,1]" is a compact set of positive measure with empty
interior, b = {bm}tmen C (0,1) is a sequence satisfying , and wgq,, is the weight given
by . . Then the reflection-invariant space LI(R” we b) does not satisfy the norm-
fundamental property and there exists a € S(R™) such that a € Mo ®n we ) \MLl(Rn

awcyb)
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Proof. Tt follows from that we p(y) = wa p(—y) for all y € R™. Therefore, L(R", wa}b)
is a reflection-invariant Banach function space. One can prove, similarly to Corollary that
LY(R™, wa}b) does not satisfy the norm-fundamental property.

Let p € C§°(R™) be an even function such that p > 0 and p(y) = 1 when |y| < +/n+ 3, and
let a := Fp. Then a € S(R™) and @ = a.

Take any u € S(R™) with [[ul|ze(®nwe,) < 1. The same argument as in the proof of
Lemma [2.5| shows that |u(y)| < 1 for all y € R™. Then

|<F*1aFu><m>|=|<p*u><x>|sj p(y)dy = lpllz:any < o0 forall zeR"

Rn

and ||F_1CLFU,||Loo(Rn ) < HpHLl(Rn). Hence a € MLoo(Rn ) and

sWG b sSWG b

||aHML°°(TR",wG,b) S ||p||L1(Rn).

On the other hand, consider v,,, € C§°(R™) such that v, > 0, v, (y) = 1 for |y — y™| < 1/4
and vy, (y) = 0 for |y — y"™)| > 1/2, where y(™) := (2m — %, %, ceey %) is the centre of the cube
Qm = (2m —1,0,...,0) +[0,1]", m € N. Then supp v, C @, and wgp(z) =1 for z € Qum,
whence

”anHLl(Rn’wé,lb) = J'Q Um(y) dy S 1

m

Since the distance from any point of G,, to any point of @,, is less than or equal to
V22 +12 4+ - 412 = /n + 3, it follows from the definition of p that for all z € G,

P aFu,(@)] = |(p % vm)(@)] = J vm()p(z — ) dy

n

= J um(y)p(z —y) dy = J vm(y) dy > 4770,

m Qm

where €, is the volume of the unit ball in R™. Hence

|F~ aFu,,|| >yt |F~YaF v, ()| d >M_> N
m Ll(Rn,wE}b)— m al'Vm(T)|ar = b oo as m 00,

while ””mHLl(Rn,wg}b) < 1. Hence a ¢ MLl(R",wg}b)' O
For Banach spaces Ey, By and a number 6 € (0,1), let [Ey, E1]g denote the space obtained
by the (lower) complex method of interpolation (see, e.g., |9] or |23, Chap. IV, §1.4]).

THEOREM 7.10. Let X(R™) be a Banach function space and X'(R™) be its associate space.
If a € M% gy N MK/ (gny, then
1/2 1/2
oo n < .
lall Lo @ny < ”“HM&(R”)”“”M;’( (7.5)

’(TR")-

Proof. Since L*(R") = (XY/2(X")Y/?)(R") (see Lemma and L?(R™) has absolutely
continuous norm, by [23, Chap. IV, Theorem 1.14], we have L*(R") = [X(R"), X"(R")]; /5
with equality of the norms.

Let X(R") and X'(R") denote the closures of X (R")N X’(R") in the spaces X (R") and
X'(R™) respectively. Then L?(R") = [X(R"), X"(R")]; /2 with equality of the norms (see the
discussion after the proof of 23, Chap. IV, Theorem 1.3]).

By [23, Chap. TV, Theorem 1.3], X(R™) N X'(R") C [X(R"), X'(R")] ; = L2(R"). Since
a € My (gn) N M%/(Rn), the operator W, : f = F~taF f, defined initially on X (R™) N X'(R"),
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can be extended to bounded linear operators
W, : X(R") — X(R™), W,:X'(R") = X'(R").

Then, by the interpolation theorem for the complex method of interpolation (see, e.g.,
Chap. IV, Theorem 1.2]),

”WaHB(L?(R")) = ”W ”B([Y(]Rn) X7 (R™)]1 /2,[X (R™), XI(RWL)]1/2)

1/2 1/2
< ||W || ( (Rm), X (R™ )H a” (X’(R"),X’(R")). (76)

Since X (R") N X'(R") ¢ L*(R™) N X(R") and X (R™) N X'(R") C L*(R™) N X’(R"), we con-
clude that L*(R™) N X(R") is dense in X(R") and L?(R™) N X'(R") is dense in X'(R"™).

Hence

[1F~ aFul x &) 2 -
IWallarscam = sup{ € (L2(R") N (RY)\ {0}
ANB(X (@), X (7)) [ullx @)
< llallas, .. (7.7)
and
||F_1aFu||X/(Rn) 2 R
T P —— sup{ € (AR N X(R™)\ {0}
B(X7(Rr), X! (B")) ullx &
< llallns, . - (7.8)
It is well known (see, e.g., [18, Theorem 2.5.10]) that Mp2gn) = L*°(R™) and
1Wallsz2 @) = lalmyagn, = lalzegn. (7.9)

Combining ([7.6 ., we arrive at (| . ]

We are now we are in a position to prove the main result of this section.

THEOREM 7.11. Let X(R") be a reflection-invariant Banach function space.
(a) Ifa € M%(Rn), then

llall oo @ny < llallpg, - (7.10)
(b) If X(R™) is reflexive and a € Mx@®ny C S'(R™), then a € L>(R"™) and
llallzoe ny < llall M gen, - (7.11)

The constant 1 in the right-hand sides of (7.10) and (7.11)) is best possible.

Proof. Part (a) follows from Theorems [7.8|a) and

(b) By Chap. 1, Corollary 4.4], a Banach function space X (R™) is reflexive if and only
if both X(R™) and X’(R™) have absolutely continuous norm. Then both X (R™) and X'(R™)
satisfy the norm fundamental property (see Corollary. If a € Mx®n), then a € Mx/(gn)
and

||a’||MX(TR”) = ||a||MX/(]RW) (712)

in view of Theorem [7.§(b). It follows from Lemma 2.12(b)], that the set C§°(R") is
dense in the spaces X (R") and X’(R™). Hence the convolution operator W, : u — F~laFu
defined initially on C§°(R™) extends to a bounded linear operator on both X (R™) and X'(R™).
Moreover,

Wallsx@®ny) = llallmx@nys  [Wellax @) = llall M gn, - (7.13)
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By Corollary W, is bounded on L?*(R™) and
1/2 1/2
||Wa||B(L2(R")) < ||Wa||8/(X(R"))||Wa||8/(X’(]R"))' (714)

It is well known (see, e.g., [18, Theorem 2.5.10]) that M 2gny = L*>°(R") and

Wallsz@e) = lalm,zgn, = llalle @) (7.15)
Combining (7.12)—(7.15]), we see that
1/2 1/2 1/2 1/2
lall o ny < Nallig o 1INy = Nl o N0l ey = Nl Ay

which completes the proof of .

Suppose now that there exists a constant Dx > 0 such that ||a||pe®r) < Dx|lal| sy gn, for
all a € Mx(gn). Then taking a =1, one gets Dx > 1. So, the constant Dx =1 in is
best possible. The same can be proved similarly for . |

Unfortunately, we have not been able to answer the following question.

QUESTION 7.12.  Can one drop the reflexivity requirement in Theorem |7.11{(b)?

8. Concluding remarks

Let Y(R) be a translation-invariant Banach function space. We have seen that for subex-
ponentially growing weights w like , Y (R,w) has the weak doubling property in view
of Lemma and hence My (g .,y € L>°(R) according to Theorem This inclusion holds
also for reflexive transaltion-invariant Banach function spaces Y (R) and symmetric weights
w = w that may grow arbitrarily fast (see Theorem [7.11). On the other hand, My (& ., may
contain unbounded functions if w grows at least exponentially as © — +o0o and decays to 0
exponentially as © — —oo (see Corollaries and . It is natural to ask whether there are
any unbounded Fourier multipliers in the case of weights like

_ J exp(lz]™), =<0,
w(x) = { exp (z92), x>0, a1,y > 1. (8.1)

It turns out that there are no non-trivial Fourier multipliers in the case of weights like (8.1)) and,
more generally, of weights on R™ that grow superexponentially in all directions: My (gn ) = C.
This fact was observed first by Lofstrom [25] in the case Y(R"™) = LP(R™) with 1 < p < c0.

For the convenience of the reader, we present here a slightly modified argument from [25] in
the case of arbitrary translation-invariant Banach function spaces.

THEOREM 8.1 (Cf. |25| p. 93]). Suppose X(R™) is a Banach function space such that for
every xg € R™\ {0} there exist £ > 0 and a sequence {xy }ren C R™ satisfying the condition

HXB(zk,p)”X(R”)

— 00 as k— (8.2)
||XB(:ck—z0,s)HX(]R")

for every p € (0,¢]. If k is a distribution such that
&% fllx@n) < Cllfllx@ny forall feC5®(R"), (8.3)

with some constant C' > 0, then k = ¢ with some constant ¢ € C, where § is the Dirac measure.
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Proof. Take any xo € R™ \ {0}. Suppose xg € supp #. Then there exists f € Cg°(R") such
that supp f C B(zg,¢) and

kx* f(0) = </@,f> =1.

Since k * f is continuous (see, e.g., [29, Theorem 6.30(b)]), there exists p € (0,e] such that
|k * f(x)] > 1/2 for all z € B(0, p). Then

(5 (e 1) & 20| = (7 (5% (72, ) ()] = i xS0 >
for all x € B(0, p). Hence it follows from that

1
5 HXB(zk,p)HX(Rn) < HXB(:L’)?AP) (K * (Tzkf))Hx(]Rn) < ”’{ * (kaf)”X(]R")
< Ol fllx@ny < Clfllnoo @) IX B2k —20.0) | xRN
since supp (7, f) = xx +supp f C z + B(—x0,e) = B(xr — x0,€). So,

HXB(:M-,,P) ”X(Rn)

S 20||fHLoo(]Rn) fOI“ all k € N,
X B @k —z0.2) | X (R

which contradicts (8.2). This means that 29 € R™ \ {0} cannot belong to the support of &, i.e.
supp k = {0}. Hence & is a linear combination of § and its partial derivatives (see, e.g., |29,
Theorems 6.24(d) and 6.25]). It is easy to see that then implies the equality x = ¢d with
some constant ¢ € C. O

THEOREM 8.2 (Cf. 25| p. 91-93]). Let Y(R™) be a translation-invariant Banach function
space and w : R"™ — [0,00] be a weight such that w € Yio.(R™) and 1/w € Y], .(R™). Suppose

for every xp € R™ \ {0} there exist ¢ > 0 and a sequence {xy }reny C R™ satisfying the condition
inf _wloktz) — 00 as k— oo. (8.4)
|z|<e, lyl<e w(Tk — To +Y)

Then My(Rnﬂu) =C.

Proof. Since Y(R™) is translation-invariant, it follows from Lemma a) that there exist
constants Cq,Cy > 0 such that for all £ € N and all p € (0, €] one has

”XB(:vkm)HY(]R") > Ch min{l,p”} -

X B(zx—z0,6) ly®n)y — Comax{l,e"} Clp.e).
Hence
inf w(xy + )
IXBEpllx@y  _ loxseopllyen o lel<e IXB (4,0 Iy (7)
IXB(xx—woe) xR WXB(@r—20.0) Iy (®n) — ‘21|1<P€w(33k — 20 +Y) IXB(ay—=0.0) vy @®m)
> C(p,e) inf w(zk—m%oo as k — oo.

lz|<e, lyl<e w(xk — 20+ Y)

Thus, the conditions of Theorem are satisfied for X(R™) = Y (R", w).
Ifa € MY(R,w)y then

IF~ a s ully @nwy = 1F~ aFully @ wy < lallmy g o 1elly @ w)

for all u € C§°(R™). By Theorem F~1la = ¢§. Therefore a € C. U

COROLLARY 8.3. Let Y(R) be a translation-invariant Banach function space and w : R —
(0,00) be the weight given by (8.1). Then My (g ) = C.
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Proof. Let a > 1 and € > 0. Using the mean value theorem, one gets
(p+€)* —p* > ap® e = 400 as p — 4o0.
Let w be the weight defined by (8.I]). Take any x € R\ {0}. Let ¢ := |20|/3, 1 = (k + 1)z0,
k € N. If 2y < 0, then it follows from the above that
nf w(zk + x) < exp(((k+1—1/3)|z0\)m)
o<z, lyl<e w(rg — w0 +y) ~  exp (((k+1/3)|20])™)
=exp (((k+2/3) — (k+1/3)*)|zg|*") = 00 as k — oo,

that is, condition is satisfied. Similarly, it can be shown that it is also satisfied if g > 0.
Since w € LS (R) C Yioe(R) and 1/w € LS (R) C Y{/ (R), it remains to apply Theorem 8.2} [J

loc loc loc

It might be instructive to contrast the above nonexistence results of non-trivial Fourier
multipliers with the following statements.

THEOREM 8.4. Let Y(R"™) be a translation-invariant Banach function space and w be
a weight such that w € Yioc(R™) and 1/w € Y, .(R™). Suppose there exist R >0, € > 0 and
C. > 0 such that

w(@ +y)
w(x)
Then there exists a constant C' > 0 such that for any k € L>(R™) with supp x C B(0,¢) and
any f € Y(R™, w) one has

<C. forall |z|>R, |yl <e. (8.5)

15 * flly @®e,w) < CllEl Lo @) flly @ w)- (8.6)

Proof. Since w € Yioo(R™) and 1/w € Y .(R™), we see that Y (R", w) is a Banach function
space and Y'(R", w™1!) is its associate space in view of |22 Lemma 2.4].
If |z] < R+ ¢, then

kx f(x) = J k(x—y)fy)dy = J k(x —y)f(y)dy, (8.7)
n B(0,R+2¢)
since supp k C B(0,¢).
If |z| > R+ ¢, then
o f@) = | wfa-nd=| k- dy
R B(0,¢)
= J K(Y)xrm\B(o,r) (T — y) f(z —y) dy. (8.8)
B(0,¢)
Further, axiom (A5) implies the existence of a constant Cg . > 0 such that
| F@)ldy < Crcllflly g forall feY(R",w). (5.9)
B(0,R+2¢)
It is clear that
ll5* flly ®ew) < IXBO,R+e)E * flly@®rw) + IXR0\B(0,R4+2)E * flly (Rr 0)- (8.10)

It follows from (8.7), (8.9), and axiom (A4) that

IXB(0,R+e)k * flly @rw) < HXB(O,R+5)||/<5||L°O(R")||fHL1(B(O,R+2s))Hy(Rn’w)

< CR,EHKHL“(R") |fHY(R",w) |’XB(O»R+5)’|Y(R",1U)

=: C}%,EHHHL"O(R")Hf”Y(]R”,w)- (8.11)
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Taking into account that Y (R™) is translation-invariant and using (8.5)), one gets for all
y € B(0,¢),

17y (e 80,8 F) |y @ oy = 1070 (R0, F) |y 2y
= [I7y ((7=yw) (e B0.0)f)) ly @ny = [|(T=s) (Xer\B0,R) ) |y gny

< Ce |lw (B0 )y @n) = Ce [Ixemso.m) fly @0 (8.12)

w)

Using (8.8), (8.12) and Holder’s inequality for Banach function spaces (see Chap. 1,
Theorem 2.4]), and taking into account that Y (R™) is translation-invariant, one gets for all
g EeY' (R w),

| twnsonar s Nt ds

< . X&™\B(0,R+e) () (J |#(y)] |XR"\B(0,R)f| (v —y) dy) lg(z)| dx

Jr B(0,¢)

<[ ol (], emon ] @ = vlatolde) dy
B(0,e) R™

J

< k()] HTy (X]R'"\B(O,R)f) HY(RTLM) Hg”Y’(]R",w—l) dy
JB(0,¢)

< Cullxam o @ ol | 1)l dy

0,e)
< Cell6llr 0,0 | f 1y @ w) 911y @7 w1y
By Chap. 1, Theorem 2.7 and Lemma 2.8], the above inequality implies that

||XR"\B(O,R+5)K * f”Y(]R",w)

= sup {U]Rn (Xr"\B(0,r+e)k * f)(2)g(x) dx

g e YR w™h), llgly @ w1 < 1}

< Cell6ll L B0.0) 1 flly @ wy < CelB(0, 1)[e"[|£]| Loo ) | £ |y (7 ) - (8.13)
Combining (8.10)), (8.11)), and (8.13)), one gets with C' = Cy . + Cc|B(0, 1)[e™. O

COROLLARY 8.5. Let ¢ >0, 0<a <1, and w(z) = exp(c|z|*) for x € R". If Y(R") is a
translation-invariant Banach function space, then there exist non-trivial Fourier multipliers in

MY(Rn ’w) .

Proof. Fix e > 0. Then for all z € R™ and |y| < ¢,

w+y) _ exp(c(|z] +¢)%)
w(z)  — exp(clz]¥)

= exp (c((|x| +e)* — \a:|°‘)) <exp (cM(a,¢)),
where, by the mean value theorem,
M = @ —p® .
(a,e) = max ((p+e)% —p%) <+o0

Then w satisfies condition (8.5). There exists j € N such that the function g; € C§°(R") given
by (2.2) satisfies supp o; C B(0,¢). Put a := Fp;. By Theorem there exists a constant
C > 0 such that for all u € S(R™) NY (R™, w), one has

IF~ aFully®ew) = [0 * ully @ w) < Cllojllze @ lully @ w)-

Therefore, a € My (gn y)- O
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