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Abstract

We determine the high energy asymptotic density of the eigenvalues of the scat-
tering matrix associated with the operators Hy = —A and H = (iV + A)? + V(x),
where V' : RY — R is a smooth short-range real-valued electric potential and
A= (A},...,Ay) : R? — R is a smooth short-range magnetic vector-potential. Two
cases are considered. The first case is where the magnetic vector-potential is non-zero.
The spectral density of the associated scattering matrix in this case is expressed as an
integral solely in terms of the magnetic vector-potential A. The second case considered
is where the magnetic vector-potential is identically zero. Again the spectral density
of the scattering matrix is expressed as an integral, this time in terms of the poten-
tial V. These results share similar characteristics to results pertaining to semiclassical

asymptotics for pseudodifferential operators.
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SPECTRAL DENSITY OF THE SCATTERING MATRIX 1
1. INTRODUCTION

1.1. Introduction. We begin by discussing the Schrédinger operators H and Hy which
we shall consider throughout the remainder of this work. Firstly, let us define an
operator Hy = —A acting in L*(RY) with domain Cg°(R?), where here and throughout
we shall assume that d > 2. Then it is well known that the operator H, is essentially
self-adjoint, that is, its closure in L?(R?) is self-adjoint (see e.g. [4] Theorem 3.1.1). We
define

Hy=-A
to be the closure of Hy in L*(R%).
Next, we let H = (iV + A)?>+V be the operator acting in L*(R%) with domain C{°(R%).
By V we denote the operator of multiplication by a real-valued electric potential V' :
R? — R such that V € L*(R?). By A we denote the multiplication by a magnetic
vector-potential A(z) = (Ai(z),..., Ag(x)) where A; : R — R for all i = 1,...,d and
A € L=(R%). Then again it is well known that the operator H is essentially self adjoint
(see e.g. [18] Section X.2), and we define

H=(V+A?>*+V

to be the closure of H in L?*(R%).

Associated to the pair of operators H and Hy is an operator S(k) = S(k; H, Hy) known
as the scattering matrix (at the energy k> = X\ > 0). Under certain assumptions
on the potential functions A and V', the scattering matrix is a unitary operator, and
further the difference S(k) — I is compact. We briefly discuss here two cases for the
potential functions which we shall revisit throughout this work. The first case is where
the magnetic vector-potential A is non-zero and V and A are infinitely differentiable

satisfying the estimates
(1.1) 07V ()] < Cafa) 7, 0°A(2)| < Cola) 7, p>1,

for all multi-indices c; here and throughout (z) = (1+|z|?)!/2. In this case the scattering
matrix is unitary and the difference S(k) — [ is compact - a proof of this fact may be
found in [31] Proposition 6.2. The scattering matrix S(k) also depends continuously on
k. This point is discussed in Section 1.6.

The second case we consider is when A is identically zero. In this case we assume only

that V' is continuous and satisfies the short-range condition
(1.2) V()| <C)™", p>1

Again it is well known that the scattering matrix in this case is unitary, that the
difference S(k) — I is compact and further that S(k) depends continuously on k (see
e.g. [30] Theorem 1.8.1 for details). A simple corollary of the fact that the difference

S(k) — I is a compact operator is that the spectrum of the scattering matrix consists
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solely of eigenvalues of finite multiplicity (except possibly the point 1), which lie on the

unit circle and accumulate at the point 1. We label these eigenvalues as
(1.3) exp(i6,(k)), neN, 0,(k)¢€[-m ).

The purpose of this study is to determine the asymptotic distribution of the eigenvalues
of the scattering matrix at high energy i.e. as k — oc.

The study of semiclassical asymptotics, and in particular those of the stationary
Schrodinger operator

—R*A+ V(x)

(where A is a semiclassical parameter) is historically well established, with the earliest
results in this field dating back more than one hundred years. In the semiclassical limit,
i.e. as h becomes very small, one derives a correspondence between the purely quantum
objects, such as wave functions and eigenvalues, and the purely classical objects such
as the classical trajectories of the associated classical Hamiltonian Hy e = p* + V(x).
Perhaps the most celebrated result in this area, due to H. Weyl [29], is as follows. Let €2
be a bounded region in R?. We define an operator A%, called the Dirichlet Laplacian,
as the unique self-adjoint operator on L?(2) whose quadratic form is the closure of the

form

a(f.g) = /Q V- Vgde

with domain C§°(R?) (by @ we denote the complex conjugate of u). Let Np(,h)

denote the dimension of the range of the spectral projection Py 1y for —h2A%, that is
Np(, k) = dim Py 1) (—h*A%).

In other words, Np(2, k) is an eigenvalue counting function for the operator —h?A$.
Then Weyl’s result states that

lim RNp(Q, h) = 74(27) " Vol Q,
where 7; denotes the volume of the unit ball in R? and Vol denotes the volume of
the set . Let us discuss this result. To ease the notation, let us use the transform
m := h™2, so instead we consider the asymptotics of the above result as m — oo. Then

the asymptotics of Np(2,m) as m — oo is
ND(Q, m) ~ (Tdmd/Q) Vol Q/(Qﬂ')d

Hence by informally considering Np(£2,m) as the product of two volumes in R,
Np(Q,m) is itself associated with a volume in R??. Indeed, since (7;m%?) = Vol{p €
R?: p? < m}, it follows that

Np(Q2,m) ~ Vol{(z,p) : 2 € Q,p* < m}/(27r)d,
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that is (27)4Np(Q2,m) is asymptotic to the classical phase space volume of a particle
moving freely inside 2 with energy £/ < m. This highlights the correspondence between
the purely quantum and purely classical objects in the semiclassical limit. Further, this
result agrees with the Bohr-Sommerfeld quantization condition, which states that each
quantum state is associated with a volume (27h)? = (2rm~/2)? in R?. Weyl’s re-
sult has far-reaching consequences, for instance it is intrinsic in the famous uncertainty
principle. Weyl’s result is so well celebrated that results of a similar nature are termed
Weyl-type asymptotics.

The more general case of the semiclassical asymptotics of the eigenvalues of the
Schrodinger operator with V' non-trivial have also been well studied for a multitude
of different potentials and in different spaces; see e.g. [10], [20] for many examples of
such results. We shall provide one such simple example here to further illustrate the
characteristics associated with results of this nature. Consider the Schrodinger operator
—h2A +V(z) acting in L?(R?) and let us suppose that the function V' (z) is continuous
with a compact support in RY. We remark here that this result is true for a much
wider class of potential functions V', but we have chosen a simple example for illustra-
tive purposes. Let [a,b] C (—o00,0) be an interval and define the eigenvalue counting
function

N([a,b]; h) = dim Py (—B*A + V(2)).
Then the semiclassical asymptotics of the eigenvalue counting function are given by
lim AN ([a,b]; h) = (27) "4 Vol Qg ,
where
Qap = {(p,2) EREX R a < p? + V(z) < b}

Again here we see the same characteristics as in the previous result, that is the semi-
classical asymptotics of the counting function N ([a, b]; k) are associated with a classical
phase space volume and the number of quantum states is given by this volume divided
by (27)%. The results we shall provide on the distribution of the eigenvalues of the
scattering matrix exhibit characteristics of a similar but not identical nature as the

those of the results just provided.

1.2. The purpose of this study. In this work, we shall study a similar class of
problems to those related to semiclassical asymptotics described in Section 1.1, but
for the spectrum of the scattering matrix S(k), which has been less well studied. We

shall in fact determine the asymptotic distribution of eigenvalues of the scattering ma-

trix S(k) as k — oo associated with the magnetic Schrédinger operators Hy = —A,
H = (iV + A)? + V(z), where V : R — R is a real-valued electric potential and
A= (A, ..., Ag) : RY — R is a magnetic vector-potential. Our results, similarly to

those above, will be expressed in terms of explicit integrals of the potential functions,
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akin to the classical phase space volumes in the Weyl-type results.

We shall consider two main cases of the above problem. The first case is where the
magnetic vector-potential A is non-zero and V and A are infinitely differentiable satis-
fying the estimates (1.1) for all multi-indices . Let us define the eigenvalue counting
measure for the scattering matrix S(k). We denote by arc(ty,f3) an arc on the unit

circle T of the form
(1.4) arc(ty, ty) = {e 1ty < ¢ <ty}, (t1,ts) C (0,27), 1 <ty

Then using the notation (1.3), we define the eigenvalue counting measure py, for S(k)

as

(1.5) pr(arc(ty, ta)) = #{n € N : exp(i0,(k)) € arc(t1,t2)}

where # denotes the number of elements in the set. We shall always count the eigen-
values with multiplicities. The weak limit of uy as k — oo can be expressed in terms of
an explicit integral involving the magnetic vector-potential A as follows. Let w € S}

and let A, C R? be the hyperplane passing through the origin and orthogonal to w:
A, = {r eR*: (x,w) = 0}.

We equip both S9! and A,, with the standard (d — 1)-dimensional Lebesgue measure.
We set -
M(w,§) = / (Altw + &),w)dt, weS™ ¢ecRe

[e.9]

Let us note here that since A4 : R? — R¢, the function M is a real-valued function. We

define a measure ™ (here the m denotes magnetic) on T \ {1} by

" (arc(ty, ta)) = (27r)1_d/ / dédw, 1€ (t1,ts),
Sd-1 w(t1,t2)
where
I, (1, 1) = {€ € A, : €M@ carc(ty,t,)}.
Then our result states that
Kl — p™ weakly as k — oo.

This result is stated in Section 1.6.
The second case we shall consider is when A is identically zero, that is H = —A+V ().
We now suppose that V' is continuous and satisfies the short-range condition (1.2). In

this case, the associated scattering matrix S(k) satisfies the estimate
sup k[|S(k) — I < C(V).
k>1

For a proof of the above estimate, see Lemma 3.3. As a consequence, we see that the

eigenvalues of S(k) are located on an arc of length O(k~') around 1 as k grows large.
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This suggests the following rescaling of the problem: for any interval (¢1,t3) C R\ {0}

separated away from zero, we set the eigenvalue counting measure fiy for S(k) by

(16) ﬂk((tl,tQ)) = #{n €EN: k@n(k) € (tl,tg)}.
The weak limit of fi;, as k — oo is again given in terms of an explicit integral but this
time depending on the electric potential V. We set

X(w, &) = —% /OO V(tw + €)dt

and define a measure u¢ (here the e denotes electric) on R\ {0} by

ity =0 [ e og )

where
Fw<t1;t2> = {5 S Aw : X(w7€> € (tlth)}'
Then

K, — p° weakly as k — oo.

This result is stated in Section 1.4.

We shall also consider an extension to the second case considered above. We shall study
the same problem but with a coupling constant o > 0, that is Hy = —A, H = —A+aV,
where S(k) denotes the scattering matrix associated with these operators. We shall

impose the condition
(1.7) a=0(), 6¢el0,1), k— oo.

In fact this problem is a trivial extension of the problem mentioned above and simply
requires different scaling. We discuss this in Section 1.5. We do not look at the bor-
derline case § = 1 in (1.7) in this work. However we believe a similar result for the case
d = 1 to those stated above can be determined using the results [33] and [34] due to

Yafaev by utilising the methods of proof established for the above two main results.

1.3. Scattering theory. Scattering theory seeks to describe the results of collisions
and interactions of quantum particles after the particles have already diverged a long
way from one another and ceased to interact. We shall look at the particular case of
particles interacting with potential fields, in particular electric and magnetic potentials.
For the case of two particles interacting, one of them (usually the more massive of the
two) can be substituted by a potential field over which the other particle is scattered.

Scattering theory may be thought of as a branch of perturbation theory on the
absolutely continuous spectrum. We begin with a well understood ‘unperturbed’ self
adjoint operator Hj, acting in a Hilbert space H, which we use to draw conclusions
about a more complicated operator H (acting in the same space H), given that H and

H, differ from one another in a certain sense depending on the particular problem. In



SPECTRAL DENSITY OF THE SCATTERING MATRIX 6

a physical description, the operator Hy is the ‘free’ Hamiltonian describing a system
of non-interacting particles, whereas the full Hamiltonian H describes the ‘full” system
including all interactions.

In particular, scattering theory concerns itself with solving two related problems.
The first of these is understanding the long-time behaviour of solutions of the time

dependent Schrodinger equation

0
(1.8) @'8—1; = Hu, u(0)=f,
based on solutions of the time dependent ‘free’ Schrodinger equation
0

ot
The second problem is to determine conditions for the unitary equivalence of the ab-
solutely continuous parts of the operators H and H,. Clearly, (1.8) has the unique
solution
u(t) = exp(—iHt)f.
Under certain assumptions on the perturbation V= H — H, for every f orthogonal to
cigenvectors of H, there is a vector fi orthogonal to eigenvectors of Hy such that

lim_u(t) — uo(t)| = 0

t—=o0

if uo(0) = f5 (here and throughout, the use of + refers to two separate identities). For

more detail on this point, see for example [30]. In this case, we say that u(t) has free

asymptotics as ¢ — +o0. Since from (1.9), uo(t) = exp(—iHyt)f;, using the previous

formula we are led to the following relationship between the inital data f and f:
f= tlirin exp(i Ht) exp(—iHot) fi.

This motivates the following definition of the wave operators. The definition originated

in the physics literature and was defined by Heisenberg and others; we state here the

definition given by K .Friedrichs in [11].

Definition 1.1. For a pair of self adjoint operators H and H,, the wave operators W

are defined by
Wy =Wy(H, Hy) = ts—ljicm exp(iHt) exp(—iHot)P(Hp)

provided the corresponding strong limit (s-lim) exists. Here P(Hj) represents the or-

thogonal projection onto the absolutely continuous subspace Hi¢ of the operator H.

The wave operators are automatically isometric on H3¢, and satisfy the intertwining
property HW, = Wi H, (see e.g. [4] Section 4.1 for a proof of this result). Thus the
range of the wave operators Ran W is contained in the absolutely continuous subspace
‘H?*¢ of the operator H. This motivates the following definition.
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Definition 1.2. The wave operators Wi (H, Hy) are said to be complete if
Ran W, = Ran W_ = H®.

It can easily be shown that the completeness of the wave operators Wi (H, Hyp) is
equivalent to the existence of the wave operators Wi (Hy, H). We provide a proof of
this claim shortly, which is based on the following chain rule for the wave operators (for
a proof see e.g. [4] Proposition 4.1.9)

Proposition. Let Hy, Hy, Hs be self-adjoint operators. If Wo(Hs, Hy) and Wy (Hs, Hy)
exist, then so does the operator Wx(Hs, Hy) and

WL (Hs, H1) = Wi (Hs, Hy)Wy(Ha, Hy).

Let us now prove the above claim. We do this only for the + sign wave operators, it

being trivial to replicate the proof for the — sign wave operators. First suppose that
both W, (H, Hy) and W, (Hy, H) exist. Note that by the chain rule,

P(H) = W, (H, H) = W.(H, Hy) W, (Hy, H)

where P(H) represents the orthogonal projection onto the absolutely continuous sub-
space H? of the operator H. Then for ¢ € H?,

P(H)Y = W, (H, Hy)(W,(Ho, H)v)

and hence H?** C Ran W, (H, Hy) so that W, (H, Hy) is complete.
Now suppose that W, (H, Hy) is complete. Let 1 € H?°, then there exists some ¢ € HE°
such that W, (H, Hy)¢ = . Hence

lim e et — | = 0,
t—oo

and since e e~ ig a unitary operator it follows that

lim ||¢ — e™Hoe="Hqp|| = 0.
t—o00

This is sufficient to conclude that W, (H, Hy) exists, and by repeating the above for the
wave operator W_(H, Hy), the above claim is proved. O
Consequently, if W.(H, Hy) exist and are complete, then the absolutely continuous
parts of the operators H and H, are unitarily equivalent.

Let us now describe the existence and completeness of wave operators for the two

specific cases we shall study. The first result is due to T. Kato [13].

Proposition 1.3. Let Hy = —A and let H = —A + V' be the Schrodinger operators
acting in L?>(R?), d > 2. Suppose that V is the operator of multiplication by a real-
valued potential which satisfies the short-range condition (1.2). Then the wave operators

WL (H, Hy) exist and are complete.

The second result is well-known (see e.g. [30] Theorem 1.10.2).



SPECTRAL DENSITY OF THE SCATTERING MATRIX 8

Proposition 1.4. Let Hy = —A and let H = (iV + A)> + V(x) be the Schrodinger
operators acting in L*(R?), where A = (Ay,..., Ag) : RT — R? is a magnetic vector-
potential and V : R? — R is a real-valued electric potential. Suppose that the functions
V', A satisfy the short-range condition (1.2). Then the wave operators W, (H, Hy) exist

and are complete.

Via the wave operators, we define another important object in scattering theory

called the scattering operator. The scattering operator is defined as
S=S(H,Hy)=WiW_.

The above operator connects the ‘free’ asymptotics of a quantum system as ¢t — 400,
as seen from the relation

Sfo = 1o
Thus the scattering operator allows us to consider complicated interactions by un-
derstanding the ‘initial’ and ‘final’ characteristics of the simpler free problem. For
perturbations V' satisfying the short-range condition (1.2), the scattering operator S is

unitary in H = L?(R%), d > 2, and the commutation relation
(1.10) SHy = HoS

holds (see e.g. [4] Proposition 4.1.7). We now discuss the standard spectral represen-
tation of the self-adjoint operator Hy in the space h = L?(R,; L*(S?"!)), which is the
direct integral of identical spaces L?(S?~1) enumerated by the numbers k2 = A > 0. We
define a unitary operator I'y : H — b by

(1.11) (Dou) (ks w) = 272k Gi(kw), ue CPRY), weSH,

where we understand (Tgu)(k;w) as a function of k with values in L?(S%!) and where

u is the usual (unitary) Fourier transform of w, that is

a(€) = (27)4 / €N y()dr, € € RY
R4
It is clear that we have the following diagonalisation of the operator Hy;
(ToHou)(k;w) = E*(Dou)(k;w), Yu € C5°(R?).

The commutation relation (1.10) implies that I'g(k) also diagonalises the scattering
operator S, i.e.

(ToSu)(k;w) = S(Tou) (k; w)
where S is the operator of multiplication by the scattering matrix S (k) in the space
b= L*(Ry; L*(S™1)).
We end this section by introducing the stationary representation of the scattering matrix
(for more details see Section 3 and e.g. [30] Section 8.1). Let the potential V' satisfy
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the short range estimate (1.2). We shall factorize V as
V = (a2 )

where J = J(p) is the bounded operator of multiplication by (x)?V(z). By T'(z) we
denote the sandwiched resolvent operator

T(z) = (x)~"*(H — 2I) M 2)™"?, Tmz>0.
Next, for k> 0 and p > 1 we define an operator T',(k) : L*(R?) — L*(S1) by
(T, (Mu)() = (Co({x) P2 (ki) we OP(RY, we s

where Iy is defined in (1.11). Then the scattering matrix S(k) may be expressed in the
stationary representation as

S(k) — I = —2mil,(k)[J — JT(k* +i0)J]T ,(k)*.
Let us denote the resolvent operators of H and Hy by
R(z)=(H —=2I)"", Ry(z)=(Hy—=2I)"", Imz>0.
Then as a result of the resolvent identity
R(2) = Ro(2) — Ro(2)VR(z) = Ro(2) — R(2)VRy(2), Imz >0,
and the estimate (3.3), it may be shown the scattering matrix can be written as the
following asymptotic expansion (the Born expansion):

S(k) — I = =2mi Y (=1)"T,(k)[JTo(k* +i0)]" JT, (k)" + G (k)

where for any N € N, the operator G (k) satisfies

IGN (R = O(k™%),  k — oo.
The first term of this expansion i.e.
(1.12) Sp(k) == —2mil',(k)JT ,(k)*

is referred to as the Born approximation to the scattering matrix.

1.4. The case of an electric potential. Let Hy = —A and let H = —A + V be the
Schrodinger operators in L2(RY), d > 2, where V is the operator of multiplication by a
continuous real-valued potential V' : R? — R, which satisfies the short-range condition
(1.2). By S(k) we denote the scattering matrix associated with the operators H and
Hy. The scattering matrix S(k) is continuous in k as are the scattering phases 6,,(k)
defined in (1.3). Let us now explain the definition of the eigenvalue counting measure
fi, for S(k), as defined in (1.6) (some of the material which follows was introduced in

Section 1.2 but we shall restate it here for completeness).
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We begin by recalling the estimate (see Lemma 3.3)
(1.13) IS(k) —I|| =O(k™), k— oo.

This estimate is sharp, i.e. O(k™!) cannot be replaced by o(k™!); this can be seen by
considering the case of a spherically symmetric potential and using the separation of
variables. Thus, the spectrum of the scattering matrix S(k) for large k consists of a
cluster of eigenvalues located on an arc of length O(k™') around 1. This explains the
scaling by k in the definition of ji;, and also why the measure is defined on the real-line
as opposed to the seemingly more natural domain of definition T.

We now describe the weak limit of /i as & — oo as follows. For any w € S9!,
let A, C R? denote the hyperplane passing through the origin and orthogonal to w.
We equip both S ! and A, with the standard (d — 1)-dimensional Lebesgue measure

(=Euclidean area). We set

1 (e e]
(1.14) X(w,€) = —5/ Vitw+6)dt, weS™, ¢e i,
The function X (up to a multiplicative factor) is known as the X-ray transform of

V' in the inverse problem literature. The following elementary estimate is a direct
consequence of (1.2):

(1.15) [X(w, O <CV)A+[ED'™", wesST €A,

with some constant C'(V'). Let us prove (1.15). Let us begin by writing

X(w,§) = —%/OO V(tw + &) (tw + )P (tw + €)7°dt, p > 1.

—00

Note that from the estimate (1.2) we obtain

max |V (z)(x)?] < +o0,

zcRd
and hence
(1.16) | X (w,8)| < (Hé%% ’V(x)<x>p|> /OO (tw + &) ~Pdt.

Using the estimate
(1) <CQA+[z)7, p>1,
together with the Pythagorean identity for orthogonal vectors
lz +yl* = ll2l” + llylI*,  (=,y) =0,

we easily see that the right hand side of (1.16) can be estimated above by

o) / T+ (4 JeD) .
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Evaluating the above integral shows that
X (w,§)] < C(V)(1+1g)

as required.
We define a measure p¢ on R\ {0} by

(117 ity =o't [ ] dsde 0 )

where

Lot to) ={6 € Ay : X(w,§) € (t1,t2)}.
By the boundedness of V', the measure u has a compact support. The measure u need
not be absolutely continuous. The measure p¢ may be weakly singular at zero in the
following sense: u°((0,00)) or u((—o0,0)) may be infinite, but, by the estimate (1.15)

we have
(118) / Hfdpc(t) < 00, V> (d—1)/(p—1).
Indeed, the left hand side of (1.18) can be written as

/ / (w,)|fdédw, weST €€ A,
§d—1

which is finite by the estimate (1.15) for all £ > (d —1)/(p — 1).
The main result of this section is as follows:

Theorem 1.5. Let V : R — R be a continuous potential satisfying the short-range
condition (1.2). Then for the measures fir, and p® defined in (1.6) and (1.17) respec-
tively,

(1.19) ', — p weakly as  k — oo.

More explicitly, we may state (1.19) as follows: for any test function ¢ € C§°(R\{0}),
i 10 [ i) = [ oo

Remark 1.6. In the paper [5], the case of potentials with the power asymptotics at
infinity of the type

V(x) = v(z/[z))[z[7"(1+0(1)), [z] =00, p>1,

was considered. It is assumed that the potential V € L®(R?) and v € C*(S*"!). Using

the notation fig, u¢, the result of [5] can be written as
klidlak«g? OO)) ~ :ue((gv OO))?
kl_dﬂk((_oo7 _E)) ~ ,LLe((—OO7 _E))
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a

b
result determines the asymptotic distribution of the scattering phases 6,,(k) as n — oo

when k£ > 0 is fixed and € — 4+0. Here a ~ b means ¢ — 1. In other words, the above
with k fixed. In the paper [5], their result was also determined by considering asymp-
totics of a pseudodifferential operator but in a different asymptotic regime. Clearly
the result (1.19) is expressed by the same formula as above. However, since uniform
asymptotics of pseudodifferential operators are not available, neither our result nor the

result of [5] is uniform in the other variable (n or k) and so neither implies the other.

Remark 1.7 (Semiclassical interpretation). By the definition of the scattering operator
S, for any ¢ € L?*(R?) we have

d

E (G—ZitHeitH()d}, e—itHo¢)dt

(8=, 0) = Jim (e e Mo, =) P) =i |

— / (Ve_QitHeitHO@Z), €_itH0¢)dt +/ (V€itHO77Z), 62itH€_itH077Z))dt.
0 0

Recall that the potential function V' satisfies the short-range estimate (1.2). Therefore
if 1 corresponds to large energies, the significant contribution to the total energy is
determined by the kinetic energy. In terms of our operators, this means that the
operator Hy dominates the potential energy given by V(x), at least in quadratic form
terms. As a consequence of this and recalling H = Hy + V, the right hand side of the

above can be approximated by the first term in its expansion in powers of V. This

means that we can replace e by €0 in the above expressions, and so
(120)  AS-Du [ (Ve ety b e DR,

which is exactly the Born approximation (1.12) in the time-dependent picture.

In order to write down the classical analogue of the right hand side of (1.20), as-
sume that 1) is concentrated near x in the coordinate representation and near p in the
momentum representation. Then ) represents a particle with the coordinate x and
momentum p, and in the same way e~ 0y represents a particle with the coordinate
x + 2pt and momentum p. Thus, the classical analogue of the right hand side of (1.20)
is

o0 1 oo
/ V(x + 2pt)dt = m/ V(z+wt)dt, (z,p) € R* xR?
—00 Pl J-

where w = |%| € S%!. Note that the above is an integral over the free dynamics. This

calculation explains the appearance of the X-ray transform in the spectral asymptotics
of S(k).

1.5. The case of a coupling constant. Let Hy = —A and let H = —A 4+ aV be
the Schrodinger operators in L2(RY), d > 2 where V : R — R is a continuous electric
potential satisfying the short-range condition (1.2) and « > 0 is a coupling constant.

By S(k) we denote the scattering matrix associated with the operators H and H,. We
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impose upon the coupling constant « the condition
(1.21) a=0(k), 6¢el0,1), k— oco.

The problem constitutes a trivial extension of Theorem 1.5. Similarly to the estimate
(1.13), we have

(1.22) |S(k) —I|| = O(ka™), a=O0(k), §€0,1), k— oo.

A proof of this estimate may be found in Lemma 3.3. The estimate (1.22) motivates

the following definition of the eigenvalue counting measure jiy:

(1.23) fie((t1,t2)) = #{n € N: (ka™")0,(k) € (t1,t2)}.

The weak limit of iy is given in the following result.

Theorem 1.8. Let V : RY — R be a continuous electric potential satisfying the short-
range condition (1.2) and let the coupling constant o = O(k°), 6 € [0,1) as k — oo.
Then for the measures fi, and p¢ defined in (1.23) and (1.17) respectively,

(1.24) K7 — p® weakly as  k — oo.

1.6. The case of a magnetic potential. Let Hy = —A and let H = (iV + A)?> +V
be the Schrodinger operators in L2(R%), d > 2. Here V : RY — R is an electric potential
and A = (Ay,..., Ay) : RY — R? is a magnetic vector-potential. We assume that both
V and A are infinitely differentiable and satisfy the estimates (1.1) for all multi-indices
a. By S(k) we denote the scattering matrix associated with the operators H and Hy.
As mentioned in Section 1.1, the operator S(k) is unitary and the difference S(k) — I
is compact. Further, the scattering matrix S(k) depends continuously on k. In order
to see this, we note that in the work [12], the absence of positive eigenvalues for the
operator H = (iV + A)? +V is established, where A and V need only satisfy the short-
range condition (1.2) with A € C'(R?) and V € C(R?). Using this fact and following
the scheme set out in [30] Theorem 1.8.1 and its preceding discussion, in this case one
can determine the continuity of the scattering matrix in the variable k.

Let us briefly remark here that the scattering matrix S(k) is gauge invariant in the
following sense. Let A be a magnetic vector-potential which is differentiable and satisfies
the short-range condition

A@)| < Cla)?, p>1.
We define a function
(1.25) A(z) = A(z) + Vo(z)
where ¢(z) € C'(R?) satisfies the estimate

(1.26) lim |V¢(z)| =0.

|z|—o0
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Then the scattering matrix S(k) associated with the pair H = (iV+A)2+V, Hy = —A,
coincides with S(k). See [21, 32] for further details.

We now describe the weak limit of the eigenvalue counting measure puy for S(k) as
defined in (1.5). We set

(1.27) M(w,§&) = /OO (A(tw + €),w)dt, weS¥ ¢ecA,,

where A, denotes the hyperplane passing through the origin and orthogonal to w as
before. Note that it is easily seen that M is gauge invariant under the gauge transfor-
mations of the class (1.25) where ¢ satisfies (1.26). Indeed, we need only show

/ (Vo(tw + €),w)dt =0, weST™! ¢eA,.

o0

By definition,

o0 oo d
/_ (Vo(tw +§),w / [Egzﬁ(tw +&) + <§a§q§(tw +§), w>] dt,
where € = £[¢|7'. Then since (£,w) =0

(V6 + it = lim [6(Tw +€) — 6(-Tw+ )] -

o0
as required.

The following elementary estimate is a direct consequence of (1.1):
(1.28) [M(w, &) < CA)A+ )™, weS™, g€l

The estimate (1.28) is derived in an almost identical way to that of (1.15). Using the
notation (1.4), let us define a measure p™ on T \ {1} by

(129)  p™(arce(ty, b)) = (27)—¢ /S / | dede, 1garc(n. o)

where
I, (1, 1) = {€ € A, : €M©@O carc(ty, ty)}.

The measure ™ may be weakly singular at the point z = 1 in the following sense:
p™(T \ {1}) may be infinite, but by the estimate (1.28) we have

(1.30) / |2 — 1fdp™(2) < 400, V> (d—1)/(p—1).
T
The main result of this section is as follows:
Theorem 1.9. Let V : RY — R and let A : R — RY both be infinitely differentiable

and satisfy the estimates (1.1). Then for the measures py, and ™ defined in (1.5) and
(1.29) respectively,

(1.31) Bl — ™ weakly as  k — oo.
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More explicitly, the result (1.31) may be expressed as follows: for any ¢ € C>°(T\{1})
that vanishes in a neighbourhood of the point 1,

lim &' Trp(S(k)) = (2%)1_‘1/ / (M) dedw.
Sd-1 Ao

k—o00

In fact, Theorem 1.9 holds true for a wider class of functions than mentioned above.
For example, by following the proof, it is easy to see that Theorem 1.9 holds true for
any function ¢ € C(T) such that p(2)|z — 1]7% is continuous, where ¢, is the smallest

even integer greater than (d — 1)/m, m = min{1, p — 1}.

Remark 1.10. Our main interest for Theorem 1.9 is in the cases d = 2, 3. In dimension
d = 3, a magnetic vector-potential A satisfying (1.1) can be constructed for any smooth
magnetic field B : R® — R? (B = curl A) such that div B = 0 and

(1.32) 10°B(x)| < Cula)y™?7 7l p>1.

Let us provide details of one such construction (see e.g. [32] for details). Firstly we
define a magnetic vector-potential A" (x) = (A% (z), AY(z), ALY (x)) which satisfies the
short range condition

A (@) < Cla)y™?, p>1,
and the transversal gauge condition

(A™(x),z) = 0.

This is defined by the formula

Al (z) = /o (By(sx)xs — Bs(sx)xs)sds

and the components AY and AY are defined by cyclic permutations of the above. For

a magnetic field satisfying (1.32), then A" (z) admits the representation
A(z) = A% (z) + A (z)
where A% (z) = (A (z), AF(2), AT (2)), A™8(2) = (A*(2), Ay (2), A3®(2)) and

A (z) = |2| 72 /OOO(BQ(si)xg — Bs3(s)xq)sds,

A8 (z) = —|a| 2 /W(Bg(si)mg — Bs(s&)xq)sds.

zl
Again the remaining components of A*(x) and A™(z) are obtained by cyclic permu-
tations of the above formulae. Then A*(z) is a homogeneous function of degree —1

which satisfies the following two equations:
curl A% (x) =0,

(A®(x),z) = 0.
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The function A™8(x) satisfies the short-range condition
A (@) < Cl)™", p> 1

Given a magnetic field B as defined above, we now construct a magnetic vector-potential

A(x) satisfying (1.1). Define the function U(x) for x # 0 as the curvilinear integral
(133 U) = [ 4= (w).dy)
oo

taken between some fixed point zg # 0 and z, where I';, , is a contour which does not
contain 0. Clearly

A (x) = grad U(x)
and further it can be shown that U(x) is homogeneous of degree 1. Now choose Ry >
Ry > 0 and a function n € C*(R3) such that n(x) = 1 for |z| > Ry and n(x) = 0 for
|z| < R;. Then A(x) is constructed as

A(z) = A%(z) — grad(n(z)U ()

which satisfies (1.1) as required.
In dimension d = 2, if the magnetic field B satisfying the estimates (1.32) in addition
satisfies the zero flux condition

0A; 04
(1.34) <I):/R2B(:c)d$:(), B(x):a—xl—a—:@,
then a magnetic vector-potential A(z) satisfying the estimate (1.1) can be constructed
in the same way as above. The necessity for the zero flux condition for dimension d = 2
is to ensure U(z) in (1.33) does not depend on the choice of contour between z, and
z. Let B : R* — R be given which satisfies the estimates (1.32) but the flux ® # 0.
Then any magnetic vector potential A(z) for this field will necessarily fail to be short-
range (i.e. (1.1) fails) but one can construct A(z) with the behaviour A(z) ~ |z|™! as
|z| — oo (here a ~ b means § — 1). In this case scattering theory for the operators
Hy and H can still be constructed, but the difference S(k) — I will not be compact,
see [32] for a detailed discussion and a description of the essential spectrum of S(k). A
particularly well known example of this is the Aharonov-Bohm effect [2]. Thus, in this
case the eigenvalue counting measure (1.5) cannot even be defined and the question of
the spectral asymptotics of the scattering matrix cannot be approached in the same

way as above.

1.7. The method of proof. The proofs of all the results stated above follow a similar
general structure, which we shall outline here. The specifics of each proof we shall
introduce and explain further in the relevant chapters later in the text.

To begin, we note that it is known (see [1]) that off the diagonal w = ', the integral

kernel s(w,w’; k) of the scattering matrix is a C°° smooth function of w,w’ € S¥~! and
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it tends to zero faster than any power of k! as k — oo. Thus, it suffices to describe
the structure of s(w,w’; k) in a neighbourhood of the diagonal w = w'.

Using this fact, we reduce the scattering matrix to a semiclassical pseudodifferential
operator (¥VDO) Op,-1[o] on the sphere in the form (2.1), with semiclassical parameter
h = k~!. The method used to do this is different for each case considered. For The-
orem 1.8 (of which Theorem 1.5 is a special case), we use the Born approximation to
the scattering matrix. For Theorem 1.9, we use an approximation obtained by Yafaev
in [31], which is derived from the eikonal approximation to solutions of the Schrodinger
equation. We remark here that when A = 0, the first term of the eikonal approximation
becomes the Born approximation.

Using the DO calculus (given in Section 2), we compute Tr(Op,-:[0]) (and similar
objects involving adjoints) for natural numbers ¢. This is extended to calculate the
asymptotics as k — oo of Tr(S(k) — I)%(S(k)* — I)* for natural numbers ¢y, £. Then
the results follow in each case by an application of the Weierstrass approximation the-
orem.

We note here that we provide an alternate proof of Theorem 1.5 using the eikonal
approximation. Note that when the magnetic vector-potential A in Theorem 1.9 is
identically zero, the Schrodinger operators (and hence the associated scattering matri-
ces) in Theorems 1.5 and 1.9 are identical. Using this method, we are able to work
directly with the scattering matrix as opposed to the Born approximation. By rescal-
ing by the parameter k, as in Theorem 1.5, we are able to obtain the same spectral
asymptotics as provided by the result (1.19).

We note here that the result Theorem 1.5 appeared in [7], and Theorem 1.9 in [8].

1.8. Overview of related results. The limiting measures ¢ and p™ (defined in (1.17)
and (1.29) respectively) of the corresponding eigenvalue counting measures arise via in-
tegration over straight lines, that is over the trajectories of the free dynamics. Let us
now mention some other works with similar characteristics. The classical result [28] by
A. Weinstein concerns the Schrodinger operator for the Laplace-Beltrami operator on
a compact Riemannian manifold with a smooth potential V. In the unperturbed case
where the Riemannian manifold is chosen to be the unit sphere S!, the spectrum of
the Laplace-Beltrami operator consists solely of eigenvalues, and the p'" eigenvalue is
of the form p(p + d — 1) with multiplicities growing as a polynomial of order d — 1 in
p. Due to the presence of the potential V', the eigenvalues of the ‘full’ operator form
clusters. Weinstein determined the asymptotic distribution of the eigenvalues in these
clusters which is expressed as an integral over trajectories of the free dynamics of the
bicharacteristic flow. The proof relied on the use of pseudodifferential operators on the
Riemannian manifold.

More recent work in this area includes [26], [27] and [16]. In particular, the work [16]
by A. Pushnitski, G. Raikov and C. Villegas-Blas describes the asymptotic density of
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eigenvalue clusters for the perturbed Landau Hamiltonian with a perturbation V' satis-
fying the same conditions as the perturbation V' of Theorem 1.5. The limiting density
obtained in this work is expressed in terms of the X-ray transform of V' (1.14). Their
proof in part relies on the consideration of the asymptotics of a related pseudodiffer-
ential operator, similar in structure to that of the Born approximation. The proof of
Theorem 1.5 is inspired by the method of proof used in [16].

1.9. List of common notation. Here we summarise the common notation that we
use.

C5°(R?) — the set of smooth scalar valued functions with a compact support in R
C(R?) — the set of continuous scalar valued functions on R¢.

LP(RY) — the set of measurable functions f : R — C such that

11 = [ 1o < oo,
R4
L>*(R%) — the set of measurable functions f : R — C such that

| £z = ess-sup | f| < +o0,

where ess-sup f denotes the essential supremum of f.
|| - [|¢ — the usual Schatten ¢-norm as described in Appendix A.
Tr A — the trace of a trace class operator A as described in Appendix A.

Im A — for a bounded linear operator A,

ImA= A _,A )
21
Re A — for a bounded linear operator A,
A+ A*
Re A = Z )

(z) — for z € R, (z) = (14 |z[?)=.
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2. SEMICLASSICAL PSEUDODIFFERENTIAL OPERATORS ON THE SPHERE

For every w € S%71 we identify the cotangent space T*S?"! with the plane A, =
{r € R?: (x,w) = 0} in a standard way via the inner product in R? For a symbol
o € C(T*S%!) and a semiclassical parameter h € (0,1), the semiclassical ¥DO
Opylo] in L2(S%!) is defined via its integral kernel

(2.) Opylo]w.) = (2mh) 441 [ et ),
Au
where w,w’ € S!. This definition can be extended in a standard way to symbols o
satisfying
(2.2) 08000 (w,€)] < Cap(€)™ 7, wes™!, e,

for some m € R and all multi-indices «, 3. For all m < 0, the operator Op,[o] is
bounded (cf. [23]). We will only be interested in the case m < 0, and by the Calderon-
Villancourt theorem (see e.g. [25]) combined with a scaling argument, we obtain the
estimate

(2.3) sup [|Opyfo]|| < (o).

0<h<1

Remark 2.1. If o satisfies (2.2) with m < —(d — 1), then (see e.g. [23, 10]) Op,lo]
is trace class and its trace can be computed by integrating the kernel (2.1) over the

diagonal:

(2.4) Tr(Op,lo]) = (2mh) 4 /S . /A o(w, &)dédw.

Further, there exist constants C' and N such that we have the following estimate on

the trace class norm

(2.5) IOp,olllh <C > /|aaaﬁ o(w, €)|dédw.

latBIEN
Then it follows by using abstract interpolation (see e.g.[18] Section IX.4) on the esti-
mates (2.3) and (2.5) that if o satisfies (2.2) with m < —%, then Op,[o] belongs to
the Schatten class S, and

(26) Op,[olll, < Ch=@7, b e (0,1).

We will also be interested in symbols which depend on h. For m < 0, let S™(T*S%1)
be the class of C*°-smooth symbols ¢ = o(w,&, h), h € (0, 1), satisfying the estimate
(2.2) uniformly in h € (0,1) for all multi-indices «, 3. We will need a standard state-
ment about the leading term spectral asymptotics of a semiclassical YDO. We provide
two propositions here without proof - their proofs may be found in Appendix C. The
first proposition we provide is simply a variant of the composition formula for pseudo-

differential operators (see e.g.[23] Theorem 23.6).
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Proposition 2.2. Let a € S™(T*S41), b e S¥(T*S*1), m <0, k <0, and let p > 1
be such that m + k < —%. Then

| Opyla) Op,[b] — Opylabl|l, = O(h™ 7 +1),  h — +0.

Proposition 2.3. Let a € S™(T*S1), m < 0, and let p > 1 be such that m < —%.
Then
_d-1
1(Opyla))* = Opyalll, = O™ 7 ™), h— +0.

Proposition 2.4. Let o € S™(T*S* 1Y), m < 0, and let {1, ls, be two non-negative

integers such that m < —Z?J_F}Q. Then (Opy[o])® ((Oph[a])*)e2 belongs to the trace class

and
(2.7)
Tr((Op,[0])" ((Opu[0])) ) =

(2mh)~ 4 / / oo(w, &)1 og(w, €)2dédw + O(h™2),  h — +0.
Sa-1 J A,

Proof. Let £ = {1 + {5. By Proposition 2.3,
1(Op,[0])* = Opyfalle = O~ T+1), h — 0.

Next, by Proposition 2.2,

1(Opslo])? = Opylo?]ll2 = O™+, b — 0,
and by repeating this process we obtain

[(Opu[o]) = Opy[o]ly; = O+, h — 40,
for j =1,2,...,¢,. In the same way, we get a similar result for the adjoint operator:

1(Opfo])"Y = Opylo?lleys = O™ T+, h — +0.
Thus, using Proposition 2.2 again,
1(0ps[0]) (Opy[0]))* — Opy [0 6%l = O(h~"V*), b — +0.

It now remains to apply the formula (2.4) for the trace of a pseudodifferential operator.

O

In our construction, the DO will be defined in terms of their amplitudes rather
than their symbols. Thus, we need a statement which is standard in the DO theory
(see e.g. [23]).

Proposition 2.5. Let m < 0, and let b = b(w,w’,&,h) be a smooth function of the
variables (w, &) € T*SY 1, W' € S and h € (0,1). Assume that b satisfies the estimates

(2.8) 1080007 b(w, W', &, h)| < Copy (€)1
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for all multi-indices o, 3, uniformly in h € (0,1) . Then for any N > 0, the operator
with the integral kernel

(2.9) (2mh) =4t / e MW=y (. W € h)dE
Aw

can be represented as Opylo] + Ry (h), where the following conditions are met:

(i) The symbol o can be written as 0 = o + hoy with 0g, 01 € S™(T*S*1) and
oo(w, &, h) = b(w,w, &, h).

(ii) The operator Ry(h) has the integral kernel in C™ (S x S41) with CN-norm
satisfying O(h™) as h — 0.
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3. PROOF OF THEOREM 1.8

We shall here provide the proof of Theorem 1.8 (and as a direct consequence Theo-
rem 1.5). We begin by discussing the limiting absorption principle for the Schrédinger
operator H = —A 4+ oV, where the coupling constant o > 0. We shall then provide
the stationary representation of the scattering matrix together with some important
estimates.

The proof begins by assuming that V € C§°(R?). The scattering matrix is then ex-
pressed (via the Born approximation) as a semiclassical ¥DO on the sphere. We obtain
the leading spectral asymptotics as k — oo for the scattering matrix in this case. The
result is then extended to cover all continuous potentials satisfying the short-range
condition (1.2), and Theorem 1.8 is proved by an application of the Weierstrass ap-

proximation theorem.

3.1. The limiting absorption principle and its consequences. We shall here state
the limiting absorption principle for the Schrodinger operator H = —A + V' where
a > 0. We then provide the stationary representation of the scattering matrix, and
derive some important estimates. Let us begin by defining some notation. Let B, be the
normed linear space of all continuous potentials V' satisfying the short-range condition
(1.2) with the norm

(3.1) Vs, = jélﬂgdl‘/(w)l@y"

By T'(z; ) we denote the sandwiched resolvent
(3.2) T(z;a) = (z)"*(H — 2I)"Yz)"?, Imz>0.

The statement of the limiting absorption principle is as follows (see e.g. [30] Proposi-
tion 7.1.4)

Proposition 3.1. Let H = —A+aV, where V' satisfies the short-range condition (1.2).
Let z € C\ [0,400) with |z| > ¢ > 0. If the coupling constant a satisfies a = o(|z|2) as

|z| — oo, then

(3.3) IT(z;0)|| < Clz|"2, Imz > 0.

In order to give the stationary representation of the scattering matrix S(k) associated
with the operators Hy = —A and H = —A + oV where « satisfies the condition (1.21)

for 6 € [0,1), we shall require some more notation. Let us factorize V' as

(3.4) V = (x) P2 (x) P2
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where J = J(p) is the bounded operator of multiplication by (z)?V(z). Next, for k > 0
and p > 1 we define the operator I',(k) : L*(R?) — L?(S*"!) by

(3.5) (Fp(k)u)(w) = %kz(d_m/?@ﬂ)_dﬂ /Rd u(m)(m)_p/Qe_ik<x’“>dx, we S

(that is, [',(k) is the composition of the operators Iy in (1.11) and {x)~#/2 for a given
value of k£ > 0). We claim that this operator is well defined. To see this, first consider
a map T : L*(RY) — H*(RY) given by

(ﬂMMZéﬂ@WTWfWMaP>l

Next consider the operator of restriction Ty : H?(R?) — H*(S{™!) onto the sphere S{~!
of radius k. It then follows from the Sobolev trace theorem that the operator T5 is a
bounded operator in the space L?(S?™') since p > 1. The operator I',(k) is given by
the composition of operators T} and T; and hence the above claim is justified. Then

the scattering matrix may be expressed in the stationary representation by
(3.6) S(k) — I = —2mial ,(k)[J — aJT(k* +i0; ) JIT,(k)", k>0,

where the limit T'(k? + i0; o) = lim._o T'(k? + ig; o) exists courtesy of Proposition 3.1.
We next provide an estimate in the Schatten norm for the operator I',(k): this result

is well known (see e.g. [30, Lemma 8.1.2]).

Lemma 3.2. For p > 1 and any { > 1 such that ¢ > %, the following estimate holds:

(3.7) sup k™7 [T, (k)[3, < C(L. p,d).

k>1

Proof. Let us first prove (3.7) for £ = 1. From (3.5) and the formula (A.2) for the

Hilbert-Schmidt norm, we see that

Bl = 2722 | (o) e
The above integral is finite exactly when p > d and hence
(38) sup k2 T, ()13 < C(Lp, ), p>d.
We now prove (3.7) for the operator norm i.e. when ¢ = co. From the spectral repre-
sentation of Hy, it follows that
T, (k) fII” = 7~ (Im Ro(k? + i0)(z) "2 f, (x) "2 f),  f € L*(RY).
Hence it follows that
(3.9) IT,(R)II* < CITo (R +i0) | [Lf1

where Ty(z) is the sandwiched resolvent

To(z) = (z)"P2(Hy — 2I)"Yz) "2, Tmz#0.
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Thus combining estimates (3.3) and (3.9) it follows that
(3.10) sup k||, (k)|* < C.
k>1

By using abstract interpolation (see e.g. [18] Section IX.4) on the estimates (3.8) and

(3.10), the estimate (3.7) follows for £ > %=1 as required. O
P

For ease of notation, from here onwards we shall denote by T = Y(«) the quantity
(3.11) T=ka', a=0(k), §€l0,1).

We now give a norm estimate on the difference S(k) — I in (3.6).

Lemma 3.3. For p > 1 and any { > 1 such that ¢ > %, the following estimate holds:

(3.12) supk T | T(S(k) = D)o < C(t, p,d)|[V] 5,

k>1

Proof. From (3.6) and the usual Holder-type inequality for the Schatten norm (see the
Appendix A), we have that

1S(k) = Ille < CallTo(R) [ 171 + all TP (%2 + 40; )]

Since ||.J|| = ||V||B,, we have that

£+1

P I3) [IVILs, + 1T (k2 + i0; @)V I,

IS (R) = Dl < O p,d) (K

and the result follows by applying (3.3) and (3.7) to the above. O

Recall that the spectral asymptotics for the scattering matrix when a = O(k?),

0 €1[0,1) as k — oo are derived from the Born approximation, which is defined as
Sp(k) = I —2mial',(k)JT (k)"

We shall in fact consider the imaginary part of the Born approximation, which is given

by
(3.13) Im Sp(k) = —2ral,(k)JT,(k)*.

Proposition 3.4. Let V € B, with p > 1 and let o = O(k®) for § € [0,1) as k — oo.
Then for any ¢ > 1 such that ¢ > %

(3.14) sup K7 | Tm S (k) < (L p, DV |15,
>1

(3.15) supk || Y2Im (Sp(k) — S(k))|le < C(C, p,d, V),
k>1

(3.16) supk 7 | TIm S(k)|l, < C(C, p,d, V).
E>1
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Proof. Let us prove each estimate in turn. First, by (3.13) and the usual Holder-type
inequality for the Schatten norm (see the Appendix A),

[Im Sp(k)[|e < Carl|Ty (k)30 T]|-
Note that
(3.17) I =1VIs,-

Then the result (3.14) follows from (3.7) and by recalling the value of Y.

Next, it is easily shown that
Im (Sp(k) — S(k)) = =27 (T, (k)JJ)Re T(k* + i0; o) (T, (k) J)*.
Thus
Tm (Sp(k) — S(k)lle < Co?|ITo(k) 13/l T[[[Re T(5* + 0 )

where the result (3.15) follows from (3.3), (3.7) and by recalling the value of T.
Finally, the estimate (3.16) follows by combining (3.14) and (3.15). O

Lemma 3.5. Let V € B, with p > 1 and let « = O(k°) for § € [0,1) as k — oo. Then

for any integer £ > 1 satisfying { > %, one has

| Tr(YIm S(k))* — Tr(YIm Sp(k))Y| = O(k*2%), §€10,1), k— oo.

Proof. We begin by stating the following factorization for linear operators:

{—1
A'=B'=) A(A-B)B"'7.
j=0
Next since | Tr A| < ||A|l1,
/—1
(3.18) | Te(A" = B[ < ) [|47(A = B)B™' ..

Il
o

J
Note that by the Holder inequality for trace ideals (A.1), for £ operators Ay, ..., Ay € Sy,

we have the estimate
|A1As ... Agllr < ||Ad]|e|| Az - .Ag”%
where in (A.1) we have chosen (1 = ¢, {5 = Z_Ll By using this repeatedly we obtain

4
A1 Ay Al < [T 1Al A, ... Ar € Se
i=1

It follows from the above estimate that

(3.19) |47(A = BYB 4 < LA A = Bl B
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Combining (3.18) and (3.19) yields
(3.20) | Te(A’ — BY)| < €] A~ Bllomax{| A, B}, ABeS,.
Thus, it suffices to prove the relation
ITTIm (S(k) — Sp(k))[lex
x max{||TTm S(k) [~ [ TTm Sp (k)| = O(R*), &k — oo

The latter relation follows by combining (3.14)—(3.16) and recalling Y=! = O(k°~!) as
k — oo. 0J

3.2. The Born approximation. We begin by assuming that V € C°(R?) and ex-
pressing the imaginary part of the Born approximaton Im Sz (k) as a semiclassical WDO
on the sphere with semiclassical parameter h = k~! and symbol X (w, £). We then prove,
using Proposition 2.4 that for any ¢ € N,

(3.21) lim &'~¢Tr(TIm Sp(k))" = / tdps(t), a=0(k), §€]0,1),

—
k—oo 00

where the measure p€ is defined in (1.6). By applying an approximation argument we
extend the result (3.21) to all V' € B, with p > 1 and any ¢ > 1 satisfying ¢ > %.

Proposition 3.6. Let V € C°(RY) and let o = O(K?) for 6 € [0,1) as k — oo. Then

the Born approximation may be expressed as

where the following conditions are met:

1)The symbol o can be represented as
(3.23) oc=o00+k oy

where og,01 € C(T*SY) are uniformly bounded in k together with all derivatives.
Here T*S%! denotes the cotangent bundle of the sphere, as discussed in Section 2.

Further, we have the relation

(3.24) oo(w, &) = X(w,§)

with the function X as in (1.14).
2)The operator R(k) has integral kernel which belongs to C°°(S*! x S¥1) and its
C(S* 1 x ST Y -norm is O(k=>°) as k — oo.

Before giving the proof, let us note that we only require the C(S?! x S4~1)-norm for
the operator R(k) and not any of its derivatives since we shall only be taking the trace

of R(k) and not requiring any norm estimates.
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Proof. 1) For ease of notation, we shall write Q(k) = YIm Sg(k). By (3.5) and (3.13),
Q(k) is the integral operator in L?(S?1) with the integral kernel

(325)  QU)(w,w) = —2- k41 (21 / e Y () de, w W € S,
Rd
Let us introduce a function yo € C*(S%1 x S971) such that xo(w,w’) = 1 in a neigh-

bourhood of the diagonal w = w’ and whose support is the set
{(w,w) eST xS§: (w, W) >~}
for some ~ € (‘/75, 1). Denote x; =1 — xo and let
Q(k) = Qo(k) + Qu(k)

where @;(k) is the operator with integral kernel x;(w,w")Q(k)(w,w"). By the fast decay
of the Fourier transform of V', and by the fact that |w —«’| is separated away from zero
on the support of yi, we see that

sup|Q1 (k) (w,w")| = O(k™), k — .

Thus, it suffices to concern ourselves with Qo(k).

2) Let us change integration variables in Qq(k). For fixed w,w’ € S?! such that
w+ W # 0, we define the vector

w + w' d—
(326) vV = V(w,w') = m 1
We set
(3.27) r=tr+¢ E€A, t= (x,w>'
(v,w)

By the orthogonality relation (w — w’) L v, one has
(w—uz)=(w—u,¢§).
Using this change of variables in the definition of Qy(k) yields
Qo(k)(w,w') = k41 (2m)1 4 / e p(w, W' E)dE,  w,w e ST

Aw

where -

b, €) = ~2 ol (i) [ Vit +

and J(w,w’) denotes the Jacobian obtained from the change of variables (3.27). It is
easy to see that J(w,w’) is a smooth function of w,w’ € suppxo. Let us calculate

J(w,w’) on the diagonal w = w'. In this case, the change of variables (3.27) becomes

r=tw+§¢ weST e, t=(rw).
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This is simply an orthogonal change of variables, and it is straightforward to see that
(3.28) J(w,w) = 1.

3) In order to complete the proof, by Proposition 2.5 it suffices to check the estimate

(3.29) |02 000%b(w, &', €)| < Clagy (€)™

for some m < 0 and all multi-indices «, 3,y uniformly over £ > 1, and to check the
identity

(3.30) blw,w,§) = X(w,§).

The estimate (3.29) is almost immediate from the fact that V € Cg°(R?) and since
the amplitude b is smooth in all variables. The identity (3.30) is also apparent from
recalling the definition of the function X from (1.14), the equation (3.28) and noting
that yo(w,w) =1 and v(w,w) = w. O

Lemma 3.7. Let V € C*(RY) and let o = O(k°) for § € [0,1) as k — oo. Then for

any natural number £, we have

(3.31) T KT (Y S5 ()’ = / Pdpe (1)
where the measure p° is defined in (1.6).

Proof. First let £ = 1. From (3.22), we have

(3.32) Tr YIm Sp(k) = Tr Opy-1[o] + Tr R(k).

Since the operator R(k) has an integral kernel belonging to the class C*°(S?~! x §¢1)
with corresponding C'(S9! x S%~1)-norm equal to O(k=*°) as k — oo, it follows that

(3.33) lim &'~ Tr R(k) = 0.

k—o0

Consequently, by applying (2.7) to (3.32) and recalling the equation (3.23) for o,

lim &'~ Tr(YIm Sp(k)) = (27)' / / X (w, &)dédw.
Sd—1 Aw

k—o0

The result (3.31) follows in the case £ = 1 from the above and the definition (1.6) of
the measure p°.
Now suppose that ¢ > 2. Note that by (2.7),

lim K Te(Opya[o])’ = (27)1¢ /S /A X (w, &) déduw.

k—o0

Thus in order to prove (3.31), recalling (3.22) it suffices to prove that

(3.34) lim &'~ Tr(YIm Sp(k))* — Tr(Op,_. [0])¢| = 0.

k—o0
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Applying the binomial theorem and the statement
(3.35) | Te(AB)| < [[All2[|Bl2, A, B € 55,
to (3.34) yields
(3.36) | Te(TImSp(k))" — Tr(Opy [o])] < C(0) max [[R(k)|||Opg— 0] 27"
We easily obtain by direct calculation that
(3.37) |R(k)||2 = O(k™™), k — oc.

The result (3.34) follows from (3.36) together with the estimates (2.6) and (3.37). O

Lemma 3.8. Let V € B, with p > 1 and let a = O(K?) for § € [0,1) as k — oco. Then

for any integer £ > 1 satisfying € > %, we have
(3.38) Tim £ Te(TIn 55 (k)" = / £y (8)

where the measure u is defined in (1.6).

Proof. Let BY) denote the closure of Cg°(R?) in B,. For any ¢ > Z%}, set

g(V) = / " fdue ),

—00

g7 (V) = limsup k'~ Tr(TIm Sp(k))",

k—oo

g, (V) = lim inf k4 Tr(TTIm Sp(k)).

Let us first show that gy, g;t are continuous functionals on B,. We begin by showing
ge(V') is continuous. Let Vi, V2 € B,. Denote by X, (w, £) the function X (w,§) in (1.14)
with V replaced by V;, j = 1,2. By definition,

339 alA) -l =0 [ (X - aw.o)) dd.

We write
-1

(340) [Xl(w7§)}e - [XZ(wvg)]é = (Xl - X2>(w7§) (Xl(w7§))p(X2(w7 5))4—1—;;‘

p

~

I
o

We here note the estimate
(3.41) 1 X;(w,§)] < CVills, (€)', =12
and further since B, is a linear space,

(3.42) (X1 — Xo)(w, )| < C|[Vi = Valls, (€)1
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By inserting (3.40) into (3.39) and applying the estimates (3.41), (3.42),
19:(V1) = go(V2)| < C(d, O)||Vi = V2|3, %

cma (VA5 IVall5 } [ (€ Dae

We note that the integral in the above estimate is bounded above since £(p—1) > d—1,
which suffices to prove that g, is a continuous functional on B,.
Next let us show that g (V) is continuous on B,. Denote by S%(k) the corresponding

Born approximation for the potential Vj}, j = 1,2. Then we may write
(TIm S(k))" — (TIm SH(k))" =

— 3 [Pt 3 [T (1 (5506 - S30)] [T 5309]
=0
Applying the formula (3.20) to the above, we have
| Te(YTm S3 (k)" — Te(YTm S3(k))| <
< 0| TTm (S (k) — S5 (k))lle x max{]| YTm Sk (k)|l;~" [ TTm Sg (k) [
It follows from the above that
|95 (Vi) — g/ (Va)| < Climsup &' ~¢|| YIm (S (k) — SE(K))]|ex
(3.43) ko0
x max{]| YTm S (k)[l;~" [[TTm S (k) [l
Using the estimate (3.14), by the linearity of Im Sp(k) in V' it follows from (3.43) that
95 (V1) = g (Va)| < C(4 p, )|[Vi = Vsl g, max{ [ Vi[5, [ Vall 3,

which suffices to demonstrate the continuity of g,/ (V) on B,. The continuity of g,
follows in a similar manner.
Next, note that by Lemma 3.7 for any V € C§°(R?),

(3.44) 9 (V) =g:(V) =g/ (V);

we would like to extend this to all V' € B,. By choosing some V' € Bg, there exists a
sequence {V,,}2°, C C5°(R?) such that

lim ||V, — V|5, = 0.

By the continuity of the functionals g;, gif and the statement (3.44) for V € C§°(R d) it
follows that (3.44) holds for all V' € B0 Finally, for any V' € B, and a given ¢ > 4

p— 1’
choose p; such that 1 < p; < p Wlth ‘> %. Then B, C Bgl and the previous
argument proves (3.44) for all V' € B} which suffices. O

3.3. From the Born approximation to the full scattering matrix.
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Lemma 3.9. Let V € X, with p > 1 cmd let a = O(k%) for 6 € [0,1) as k — oo. Then

for any integer € > 1 satisfying { > 4 - 1,

;}Eﬁlokl_d/ tfdﬁk(t):/ thduc(t).

Proof. By Lemmas 3.5 and 3.8, it suffices to prove

(3.45) i 11| [ dje(e) — TV ()

k—o00

=0.

Recalling the definition (1.6) of the measure fig, one sees that (3.45) is equivalent to

o

D [(Ba(k) — (sin 6, (k)]

n=1

By (1.22), for § € [0,1) we have 0 < |0,(k)| < 7/4 for all sufficiently large k£ and all
n. From the elementary estimates |,,| < 2|sinf,| and |0,, — sin6,| < C|sin6,|*> which
hold for |6,,| < w/4, it follows that for all sufficiently large k

o /—1
- dTEZI (sinf,)"| < kl_dwz <|0n — sin6,| Z |9n|j|sin9n|€—1—j> <

n=1 7=0

(3.46) lim k!4t

k—o00

=0.

< /fl‘d?f’f(f(f?)zISin@nI‘+2 = KOOI S(k) |15 = k=00 TIm S (k)14

Now (3.46) follows by combining the estimate (3.16) for ||YIm S(k)||s+2 with the result
just obtained and noting that § € [0,1). 0O

3.4. Proof of Theorem 1.8. By the estimate (1.22), for § € [0,1) the supports of ji
are bounded uniformly in £ > 1. On the other hand, by the boundedness of V', the
support of ©¢ is also bounded. Thus, we may choose 7" > 0 such that

suppp® C [-T,T] and supppy C [-T,T] Vk>1, §€]0,1).

Next, fix p € C§°(R\ {0}), and let ¢y be an even natural number satisfying ¢, > ;l%}.
Since ¢(t) vanishes near ¢t = 0, the function (t)/t% is smooth. By the Weierstrass

approximation theorem, for any ¢ > 0 there exists a polynomial ¢q(¢) such that
()t — @o(t)] <&, Vte[-T,T).

Denoting 1 (t) = (po(t) & )t*, we obtain

(3.47) o (1) < plt) < pult), Wte[-TT],

(3.48) o4 (t) — @_(t) = 2et™.

By (3.47), we get

(3.49) JACEC O O AU B ERCEAC)
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By construction, ¢4 (t) are polynomials which involve powers ™ with m > ¢,. Thus,
we can apply Lemma 3.9 to (3.49), which yields

imsup k= [ i) < [ or0die),

k—oo —00 —00

lim inf £'~¢ /_ h o(t)dfn(t) > / h o (t)duc(t).

—
k—oo o0 —0o0

On the other hand, by (3.47), (3.48),

/_ o () < / o (r) < / " ()

[e.9] —0o0 —00

and

/_Oo P ()dur(r) = / T () = 2 / T tdue(r).

By (1.18), the integral in the right hand side of the last estimate is finite; denote this

integral by C'. Combining the above estimates, we obtain

limsup &'~ / " o()din(t) < / oA (t) + 2:C,

k—oo 19 —c0

lim inf 1~ /_ T o) dji(t) > / o) dus () — 2:C.

—
k—o0 o0 —0o0

Since € > 0 can be taken arbitrary small, we obtain the required statement. 0]
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4. PROOF OF THEOREM 1.9

For the magnetic case, that is Hy = —A and H = (1V + A)? + V(z) with A # 0, the
Born approximation is no longer valid, and instead we turn to work by D. Yafaev in
[31], which concerns an approximation at high energy to the corresponding scattering
matrix S(k). The approximation is derived from approximate solutions to the station-
ary Schrodinger equation Hu = k*u. Using Yafaev’s approximation, we express the
scattering matrix as a semiclassical WDO on the sphere with semiclassical parameter
h = k= and symbol "™ «<£) The result of Theorem 1.9 follows by using Proposition 2.4
to prove that for any integers ¢; > 0, 5 > 0 such that ¢, 4+ {5 > %, m = min{1l, p—1},

lim &' Tr[(S(k) — D" (S(k)* — 1)) = /T (z — 1Dz - D2du™(2)

k—oo

where the measure ™ is given in (1.29). The result then follows by an application of

the Weierstrass approximation theorem.

4.1. Approximate solutions to the Schrodinger equation. Here we recall the
construction of approximate solutions to the Schrodinger equation Hu = k?u from [31]
where V' and A are both infinitely smooth and satisfy the estimates (1.1). The solutions

u are sought as functions
uw=u(zx,p), z€RY pecRY |[p|=k.
We denote p = p|p|~! € S¥~1. We set
u(z, p) = e Pu(z, p),

where the functions v and © are to be determined. We note the Schrédinger operator

H is equal to
H=—A+2i{A(x),V) +idiv A(z) + |A(z)|* + V().
We now plug the function u into the Schrodinger equation
Hu = ku.
By direct calculation,
2i{A(x), Viu = —2(A, VO)u + 2ie’® (A, Vv),
—Au = —(iAB)u + |VO|*u — ie’®Vuv — ie’®(VO, Vu) — ¢® Av,
and hence we obtain
IVO]*—2(A,VO) + |A(z)|” + V(z)]u+
+€0[=2i(VO, Vv) + 2i(A, Vv) — Av + (—iAO +idiv A)v] = ku.
As a consequence, we obtain the eikonal equation

(4.1) IVO|? — 2(A,VO) + (V(x) + |A(z)]?) = k?
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for the phase function © and the transport equation
(4.2) —2i(VO, Vv) + 2i(A, Vv) — Av + (—1AO +idiv A =0
for the amplitude function v. We seek the function © in the form

(43) @:i:(x?p) = <l‘,p> + (I):t(xap)

where we solve the eikonal equation by iterations. We set for Ny € N

No

(4.4) Oi(z,p) = L (x,p) = Y _(2k) "% (,p)

n=0

and plug (4.3),(4.4) into the eikonal equation (4.2). By comparing coefficients at the

same powers of (2k)™" n = —1,0,..., Ny — 1, the following solution is obtained:
(4.6) (5, VT) + [V |* — 2(A, Vey) + [A(@)P + V(2) =0, n=0,
(4.7) (B, Vo) + > (Vo Vo ) —2(A,Ver) =0, n>1.
m=0
(No)

The error associated with the approximate solution ®5 " (x,p) is given by

qo(r,p) = > (2k)(VE, Vo) — 2(2k) (A, Vo).

n+m>Ng
The equations (4.5) - (4.7) all have the form
(4.8) (b, Vo5 (2,9)) + fal,) = 0

which can be explicitly solved as
O (2, D) = i/ falz £tp,p)dt.
0

We now solve the transport equation (4.2) by a similar method. For a given N € N, the
approximate solution to the transport equation is constructed as the asymptotic series

(4.9) ve(w,p) = v (2, p) = > (2ik) " 0E (x, p),

n=0
We plug this function into the transport equation and compare coefficients at the same

powers of (2ik)~"™ to obtain the recurrence relations
(p, VUL, ) = 2i(A— VO, ViI) — ADT + (—iA®L +idivA+q)oy, n=0,1,...,N.
Again all the above equations have the form

<ﬁ’ Vf)?f_’_l(x,p» + fn+1<$,p) =0



SPECTRAL DENSITY OF THE SCATTERING MATRIX 35

which may be solved explicitly as

1(1::-)1 (z,p) / fn-‘,—l r + tp, p)dt,
where
) = 2i(A - VoL, Vi) — Ao + (|VPL|? — 2(4, VIL) + Vi —iADL)d ),

and

Vi =V +|A]? +idiv A.

Let us now recall the definition of the function u. We may write u = e®©@Py(z, p)

where
(410) @i(xap) = <fl?,p> + ¢i(x>ﬁ)
The function ¢ (x,p) is just the first term of @, given in (4.4), that is
(411) oule0) = 0¥ (e 0) = | (Al £ 19). P
0

The rest of the terms in (4.4) tend to zero for large k. By expanding the exponential
function containing such terms in a power series, it may be seen that they can be
absorbed into the definition of v (z,p) given by (4.9). Note in particular, vy (z,p) = 1.
This is the form of u we shall consider. When considering the functions ¢+ and v,
we will always exclude a conical neighbourhood of the direction & = —p (for the sign
“+7) or & = p (for the sign “—"). That is, we shall consider them only in the region
[.i(e, R) C R4 x R? distinguished by the following condition: (z,p) € I'+(e, R) if either
|z| < R or £(Z,p) > —1+¢ for some £ > 0 and R > 0. Outside these neighbourhoods,

the functions ¢4 and v, n > 1, decay at infinity in the z-variable and provide good

n?

approximations to the eikonal and transport equations. More precisely, the following
statement is proven in [31]:

Proposition 4.1. [31] Let both the electric potential V' and the magnetic vector-
potential A be infinitely differentiable and satisfy the estimates (1.1). Let (x,w) €
x ST be such that (z,w) € T+(g, R) for some e > 0 and R > 0. Then the functions

qbi and v, n > 1, satisfy the estimates

n’

(4.12) 107050 (2, w)| < Caple, R)(z)' =771,

(4.13) 10700y (2, w)] < Caple, R)(x) "1

Y

for all multi-indices o, 3.

We will write

(4.14) u (@, p) = us(w,p) = 9@ (2 p).
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4.2. Approximation to the scattering matrix. Here we recall the approximation to
the scattering matrix obtained in [31]. It is known (see [1]) that off the diagonal w = &/,
the integral kernel s(w,w’; k) of the scattering matrix S(k) is a C*°-smooth function
of w,w’ € S and it tends to zero faster than any power of k~' as k — oo. Thus,
it suffices to describe the structure of s(w,w’; k) in a neighbourhood of the diagonal
w=w'. Let wy € S¥! be an arbitrary point and for § € (0,1), let Q = Q(wp, ) C S¢!

be the conical neighbourhood of wy given by
(4.15) Qwp,8) = {w € S : (w,wp) > 8}
Let uy be as in (4.14). We set

r=wz+y, z2z€R, yelA,,

and p

(Vupt)(z,p) = 5-ulwoz +y,p).
For w,w’ € Q, define
(4.16)

séN) (w,w's k) = —imk®2(2m) "4

X (/ [uiN)(x,kw)(Vwou(,N))(x, kw') — (Vwoung))(x,kw)u(,N)(x,kw’) dz—
A

-2 xwou(N)x ™ (2, kodx ).
20 [ (4. o k) o,k >d)

wo
The integrals in (4.16) do not converge absolutely and should be understood as os-
cillatory integrals. In other words, (4.16) should be understood as a distribution on
Q2 x Q.

Proposition 4.2. [31] For any q € N there exists N = N(q) € N such that for any
wo € S, the kernel

M (w,w's k) = s(w, 03 k) — 58 (w,w'; k)
belongs to the class C1(Q x Q) and its C?-norm is O(k™9) as k — oc.

4.3. The scattering matrix as a YDO on the sphere. Below we represent the
scattering matrix S(k) as a semiclassical DO on the sphere with semiclassical param-
eter h = k~!. The statements almost identical to Proposition 4.3 can be found in [31,
Propositions 6.1 and 6.4] and [30, Section 8.4]. Note that Proposition 4.3 is similar
to Proposition 3.6 where the imaginary part of the Born approximation for a smooth,
compactly supported potential V' was also expressed as a semiclassical DO on the
sphere with semiclassical parameter A = k~!. There, the explicit form of the Born
approximation was used to obtain the representation, whereas here we use the kernel
function (4.16) derived by Yafaev.
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Proposition 4.3. Suppose that the electric potential V' and the magnetic vector-
potential A are both infinitely differentiable and satisfy the estimates (1.1). Let

m =min{l,p — 1}. Then for any q € N, the scattering matriz can be written as
(4.17) S(k) =14 Opy-1[o] + Ry(k),

where:

(i) the symbol o can be represented as
(4.18) o =00+ ktoy,
where aq, 01 € ST™(T*S 1) and

(4.19) oo(w, &) = exp(iM(w,&)) — 1;

(ii) the operator R,(k) has an integral kernel in the class C1(S*1 x S¥1) and its

C9-norm is O(k™?) as k — oo.

Proof. 1) Let ¢,¢ € C*(S%!) be functions with disjoint supports. Then ¢S (k)¢ has a
C°°-smooth integral kernel which decays faster than any power of k=1 as k — oo. The
same comment applies to ¢ Op,-:[aliy with a € S™™(T*S%1). This shows that using
a sufficiently fine partition of unity on the sphere, one easily reduces the problem to
approximating the integral kernel of S(k) locally in any conical neighbourhood € of the
form (4.15). Thus, we can use Proposition 4.2.

2) Let us rearrange the integrand in (4.16). Denote

(4.20) wi (@, p) = e+ (@, p),
(4.21) @iN)(m,p) = kewi(m’ﬁ)(vi]v)(x,p) - 1),

so that from (4.14),
uiN) (z, kw) = eik<w’“>wiN)(x, kw) = eik<”’w>(ei¢i(z’w) + /{:_lfﬁiN)(x, kw)),

(Vo) (2, kw) = ™59 [ik (wp, w) e ) 1 i(wo, ) E (2, kw) + (Vowi™) (2, kw)].
The variables w and &’ belong to the set (wy, d) for some fixed choice of §. Now some

elementary algebra shows that formula (4.16) can be rewritten as

(4.22) séN)(u),w';k:) = kd_1(27r)1_d/ em kw2 (N (W x)d,
Awg

where

(4.23) a™(w,w’, x) = 27wy, w + ') explio_(z,w) — ity (z,w)] + k' al™ (w, o', 3),



SPECTRAL DENSITY OF THE SCATTERING MATRIX 38

2a§N) (w, ' 1) = (w,w0>(ei¢‘(m’“’/)ﬂ§9) (x, kw) + wiN) (x, kw)ﬂ?(_N) (x, kW)

(4.24) o', wo) (e EO M (2 ko) + B (2, kw)w™ (2, ko))
4.24

+i( V™) (@, kw)w™ (2, kw') — iwl™ (2, kw) (Voo™ (2, ko)

—2(A(), wo)w'™ (z, kw)w™ (z, kw').
Note that the choice a'™ (w,w’,z) = H(w+w', wp) in (4.22) yields a §-function on the

sphere. Thus, we can write

(4.25)
s (w, W' k) — §(w — ') = kdl(Qﬂ)ld/ e M=) (g0 + k™M) (w, o', 2)du,
Awg
where
(4.26) ap(w, W', z) = 27 Hwy, w + ') exp(io_(z,w') —i¢, (v, w)) — 1].

3) Let us change variables in the integral (4.25). In step 2) of the proof of Propo-
sition 3.6, we wrote z € R? in the form (3.30) so that the variable ¢ was orthogonal
to the difference w — w’. This motivates the following change of variables. Instead of
integrating over z € A,,, we shall integrate over £ € A, where

<§> w0>

(4.27) r=£&— —(w )

(w+ ).

Recall that w,w’ € Q(wp,d) and hence the denominator of (4.27) does not vanish. An

easy calculation shows that
(r,w—W) = (w—u).
Thus, we obtain
(4.28) s (w, W' k) = O(w — ') = kL (2m) /A e kW p(w, W, €)dE,

where b = by + k~'b; with
(4.29) bi(w,w' &) = J(w,w)aj(w,w', z(£))

and J(w,w’) denotes the Jacobian of the linear map (4.27) considered as a map from
A, to Ay, Tt is easy to see that J(w,w’) is a smooth function of w,w’ € Q. We shall
need the value of J(w,w’) on the diagonal w = «’, in which case the change of variables
(4.27) is given by

T =tw,w) TwH+E  t=—(& wp).
Let us define a basis for A,,, and A, as follows. Let (z1,...,242) C R92, Let us define

a vector x’ as a projection of w onto A, by

T =w— {w,we) wy
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where we note that (w,wp) > 0. We choose the basis of A,, to be (z1,...,24-2,2).

Next, we define a vector z” as a projection of wy onto A,, by
2" = wy — (w,wp)w

and choose the basis of A, to be (z1,...,24.2,2"). Note that 2/ = —(w,wp) '2".
Then the Jacobian J(w,w) is given by a lower triangular matrix with diagonal
(1,...,1,—(w,we)™1). Since the Jacobian matrix is lower triangular, the Jacobian de-
terminant is given by the absolute value of the product of the diagonal entries, that
is

(4.30) J(w,w) = {w,wy) ™.

4) The right hand side of equation (4.28) is a semiclassical WDO with the amplitude
b, see (2.8). In order to complete the proof, by Proposition 2.5 if suffices to check the

estimates

(4.31) 80080, by, )] < Cay ()71,

for j = 0,1 and all multi-indices «, 3,y uniformly over k£ > 1, and to check the identity
(4.32) bo(w,w, &) = exp(iM (w,§)) — 1.

Let us first check (4.32). Recalling the definition (1.27) of M and the definition (4.11)
of ¢, we get

M(wv f) = Qb*(fu w) o ¢+(£7 w)'
From this and (4.26), (4.29) and (4.30),

bo(w, w, &) = J(w, w)ag(w,w, (£)) = exp(iM (w, x(£))) — 1,

where z(€) is the linear map (4.27). Next, by the definition of the map z(&), for w = &’
it takes the form x(§) = £ 4+ cw, and by the definition of the function M we have

M(w, & + cw) = M(w,§).

Thus, we obtain (4.32).
5) It remains to check that the estimates (4.31) are satisfied. This is essentially a
consequence of Proposition 4.1; let us check this. Recall that m = min{1,p — 1}. In

what follows we make reference to Appendix B, and we denote by o and # multi-indices.
Firstly, it is clear from (4.12) that ¢.(z,w) € S™™(T*S%!), so that

(4.33) 105050 (w,w)| < Cagla) ™™,
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Next let us consider 9%9%wy(z,kw). Tt follows from the fact that ¢i(z,w) €
S=™(T*S% ') and Lemma B.2 that the function e'?+®F) ¢ SO(T*S?1) Further,

N
’U(iN)(J], kw)—1= Z(?ik)_”vf(x, kw)
n=1

where the functions v satisfy the estimates (4.13). As a result, the function

k() (2, kw) — 1) € S~1(T*S%1). Therefore by Lemma B.1,
(4.34) 1020P W (1, kw)| < Cupla) ™™ 1o
We next consider 9295(V,,w+)(r, kw). Again it follows from Lemma B.2 that
(4.35) 10205 (V pywa ) (2, kw)| < Coplx)~m71o0
Finally, we consider the function w4 (z, kw), which we write as
we(z, kw) = @) L G (1) kw).
Since ex@kw) ¢ §O(T*S?-1) by Lemma B.2, it follows from (4.34) that
(4.36) 0500w (2, kw)| < Caplw) ™.

All of the above estimates are uniform in & > 1. It follows from the estimates (4.33) -
(4.36) together with Lemma B.1 that the function a;(w,w’, z) defined in (4.24) satisfies

(4.37) 1090507,ay (w, ', )| < Copla) ™ 1ol

uniformly in k& > 1. Next, we recall that ¢4 (z,w) € S™(T*S%!). Therefore it follows
easily from Lemma B.3 that the function ag(w,w’, ) defined by (4.26) satisfies

(4.38) 1020507, ap(w, ', )| < Coplz)~™ 1ol

uniformly in £ > 1. Now from (4.37), (4.38), (4.29) and (4.27), by an elementary
calculation we obtain (4.31). O

4.4. The case of a monomial ¢.

Lemma 4.4. Suppose that the electric potential V' and the magnetic vector-potential A
are both infinitely differentiable and satisfy the estimates (1.1). Then for any integers
ty >0, b3 > 0 such that 64 + ¢y > (d—1)/m, m = min{l, p — 1}, one has
(4.39) lim EAT[(S(k) — D2 (S(k)* — 1)) = / (z — 1)z — Df2du™(2)

— 00 T

where the measure ™ is given in (1.29).

Remark. This lemma is similar in structure to that of Lemma 3.7. There, similar
asymptotics to (4.39) were determined for Im Sg(k). However here we have to consider
the products (S(k) — I)%(S(k)* — I)®2. This is due to the use of the Weierstrass

approximation theorem and is explained further in Section 4.5.
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Proof. By Lemma 4.3, we have
(4.40)  (S(k) = D)™ (S(k)" = 1)* = (Opy-sfo] + Ry(k)" (O [0])” + Ry(k)*)",

where o, R (k) are as described in Lemma 4.3. Expanding the brackets in (4.40), we

obtain

(4.41) (S(k) = D™ (S(k)* = 1)* = (Opy1[0]) ((Opy-1[0])) " + Qlk),

where (),(k) is the sum of the products of operators, to be estimated below. For the

first term in the r.h.s in (4.41), by Proposition 2.4, we have

Jim. (%) Tr((Opy-+[0])" ((Opy 1[0])*))
— 6'LM(UJ,€) _ Zl e—lM(UJ g
L. /Aw( ) ~1)"dgdo.

Recalling the definition of the measure u™, we see that the right hand side of the above
is equivalent to the right hand side of (4.39). Let us check that by a suitable choice
of ¢ we can ensure that the error term Tr () (k) remains bounded as k — oo; this will
yield the desired asymptotics (4.39). By choosing ¢ sufficiently large, if follows from

Proposition A.4 that we can make sure the estimate (||-||; is the trace norm)
(4.42) |R,(k)|[1 = O(1), k — oo,
holds true. Next, using the estimates

Tr(AB)| < [|A[l[[ Bl and [|C[| < [|C]]x

for trace class operators B and C' and bounded operator A and recalling that Q) (k)
arose as a remainder term in the expansion of the brackets in the Lh.s. of (4.40), we

obtain

(4.43) ITe(Qq (k)| < C (61, L) [ Ry(K)l1 | Opg-[or]* 7471

By (2.3), we have
|Opg-1 o]l = O(1),  k — oo.
Combining the last inequality with (4.42), we obtain that Tr(Q,(k)) is bounded as

k — o0, as required. O

4.5. Proof of Theorem 1.9. It now remains to extend Lemma 4.4 to all permissible
functions . We begin by stating a version of the Weierstrass approximation theorem
concerning polynomials on the circle in the complex plane. We then state and prove a
lemma which uses this result. The proof of Theorem 1.9 is a trivial consequence of this
lemma.

The following result is well known (see e.g. [22] Section 4.24, and in particular Theo-
rem 4.25)
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Proposition 4.5 (Weierstrass approximation theorem). The set of polynomials on the

unit circle is dense in C(T).

Lemma 4.6. Let {y be an even natural number and let v, vy, (k > 1) be o-finite measures
on T\ {1} such that

(4.44) /T\z —1|*dy(z) < oo, /T]z — 1)°dy(2) < oo,

for all k. Suppose that for all integers €1 > 0, lo > 0 such that {1+l > {y, the relation
(4.45) lim T(z — Dz - 1D)2dy(2) = /T(z — 1Dz - 1)2dv(z)

holds true. Then for any ¢ € C(T) such that ¢(z)|z — 1|7% is continuous on T, we
have

(4.46) lim [ oGan) = [ pz)ne).

Proof. Applying Proposition 4.5 to the continuous function o(z2)|z —1|7%, for any ¢ > 0

we obtain a polynomial ¢g(z) in z, Z such that
[p(2)]2 = 117" = po(2)| <&, VzeT.
Let us define p.(z) = (Repg(2) + ¢)|z — 1|, then it follows from the above that

(4.47) v (2) <Reyp(z) < py(z) VzeT,

(4.48) o1 () = p-(2) = 2]z — 1|1,

By the construction of ¢4, it can be represented as a polynomial inw =z2—1,w =2z2-1
involving only products w“w*® with ¢; + ¢, > {y. Thus, by (4.47), (4.48) we can write

(4.49) [e-Grave) < [Regane) < [ @),
(4.50) /T o (2)dv(z) — /T o (2)du(z) = 2 /T 1= — 1%du(2),

where all integrals are absolutely convergent by (4.44). Denote by C' the value of the
integral in the r.h.s. of (4.50). Similarly to (4.49), we get

(451) [e-@ane) < [ Rep:)an) < [ oan(e)

for all £ > 1. Now we can use (4.45) to pass to the limit in (4.51). This yields

limsup/TRegp(z)dyk(z) < A¢+(2)dy(z) < /(p(z)dl/(z)—i—ZeC,

k—oo T

lim inf /T Re o(2)dvg(2) > /

k—o0 T

o_(2)dv(z) > /cp(z)dy(z) — 2¢eC.

T
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Since € > 0 may be taken arbitrary small, we obtain

lim [ Rep(z)dug(z) = /TRe (z)dv(z).

k—oo T

Since the same argument can be applied to the imaginary part of ¢, we obtain the

required statement. 0
Proof of Theorem 1.9. Recall that the measures py and p™ are defined in (1.5) and
(1.29) respectively. Hence the result (4.39) can be expressed as

lim k:l_d/T(z — 1)z - 1)%2du(2) = /(z — 1)%(z — 1)2du™(2).

k—o0 T

Now it remains to apply Lemma 4.6 with v}, = k'~%y;, and v = ™. O

Remark 4.7. As mentioned in Section 4.4, the difference between Lemma 4.4 and
Lemma 3.7 is due to the use of the Weierstrass approximation theorem in Lemma 4.6
and Section 3.4. Note that the set of polynomials {t‘},> are complete in the space
C([-T,T)) for any T > 0, but the polynomials {(z — 1)*},5¢ are not complete in the
space C(T). By using instead the polynomials {(z — 1)*(z — 1)}, 4,50 we do obtain a
complete system in C'(T) and the Weierstrass approximation theorem is therefore valid

in this case.
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5. PROOF OF THEOREM 1.5 USING YAFAEV’S EXPANSION

We here provide another proof of Theorem 1.5 using the methods discussed in the
proof of Theorem 1.9. Note that the Schrédinger operators (and hence the associated
scattering matrices) as defined in Theorems 1.5 and 1.9 are equivalent when the mag-
netic vector-potential A is identically zero. By using the methods of Theorem 1.9, we
may work directly with the scattering matrix as opposed to the Born approximation.
We denote by S(k) the scattering matrix associated with the Schrédinger operators
Hy = —A, H = —A +V where V denotes the operator of multiplication by a real
valued potential function V(z). Let us now provide a statement of the main result of

this section.

Proposition 5.1. Suppose that the magnetic vector-potential A = 0 and the electric
potential V' is infinitely differentiable and satisfies the estimate

(5.1) V(z)] < Colz)= Pl p>1.

Let m = min{1, p — 1}. Then for any q € N, the scattering matriz can be written as
(52) KIS(h) — 1] = i Opy 1 [o] + Ry(k),

where:

(i) The symbol o can be represented as
(5.3) oc=o0+k oy,
where aq, 01 € ST™(T*S* 1) and

(5.4) oo(w,§) = X(w,8);

(ii) the operator R,(k) has an integral kernel in the class CU(S%1 x S¥1) and its
C9-norm is O(k™?) as k — 0.

Indeed, the statement of Proposition 5.1 is the representation of the scattering matrix
as a semiclassical DO on the sphere with semiclassical parameter k, similarly to
Proposition 4.3 and Propositon 3.6.

Then Theorem 1.5 follows from this statement by repeating (with minor modifications)
arguments found elsewhere in the text, specifically Lemmas 4.4, 3.8 and 3.9 together
with the arguments of Section 3.4.

We begin by recalling from Section 4.1 the approximate solutions to the Schrodinger
equation Hu = k?u when the magnetic vector-potential A = 0 and the corresponding
approximation to the scattering matrix. Using this approximation, we express the
scattering matrix as a semiclassical YDO on the sphere with semiclassical parameter
h = k="' and symbol i X (w,§), where X (w,£) is defined in (1.14).
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5.1. Approximation to the scattering matrix. Let us briefly recall from Section 4.1
the approximate solutions to the Schrodinger equation Hu = k*u when the magnetic
vector-potential A = 0. For each N € N, the approximate solution is written as

(5.5) uiN)(a:,p) =us(x,p) = ei@(x’p)UiN)(:z:,p), reRY  peRY Ip| = k,

where the function U(iN) is expressed as an asymptotic series
N
(5.6) v (@, p) = (2ik) "0 (. p)
n=0
and we choose O(z,p) to be just the first term of (4.10) i.e.
O(z,p) = (x,p).

In particular, we note that Proposition 4.1 holds for the functions v= and

vE(z,p) =1

(5.7) vi(x,p) =F /OOO V(z % tp)dt.

By recalling the notation of Section 4.2, we may write the kernel of the approximation

to the scattering matrix as

séN) (w,w's k) = —imk®2(2m) "4

x / o B () (o k) — @) (@ R, k)]

“o

(5.8)
for w,w’ € Q. In particular, Proposition 4.2 holds for the kernel (5.8)

5.2. The scattering matrix as a VDO on the sphere. We now provide the proof

of Proposition 5.1 stated earlier.

Proof. We shall make reference to the proof of Proposition 4.3 wherever possible and
highlight only the significant differences. By repeating the same argument 1) from that
proof, we reduce the problem to approximating the integral kernel of S(k) locally in
any conical neighbourhood €2, and hence we can use Proposition 4.2.

1) We rewrite the integral in (5.8). We rescale by the parameter k, and by a simple
calculation we see that (5.8) may be expressed as

kso™ (w, W' k) = (zi)lkdl(%r)ld/ e D () + w',wo)viN)(a:, kw)v(_N) (x, ko)

Awg

+ ol (@, kw) (0.0™) (2, kw') — 0™ (2, k') (0.0 (2, kw)]da.
Let us denote by g the function

(5.9) gz, kw, k') = ]{72[USFN)(ZE, kw)yo™ (2, kw') — 1 — (2ik) " (7 (2, 0') — v} (z,w))]
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where the functions v are explicitly stated in (5.6). Then we may instead write
(5.10) kst (w, W' k) = kd1(27r)1d/ eT W=D () W x)da

Awg
where

(5.11) a(w,w’,7) = 27 k({w+w', we)[1+ (2ik) " (v] (2, ") — v (7, W) + kL ay (w, W'T),

(512 2a1 (w, ', x) = g(z, kw, kw') + iv™ (2, k:w')(@zviN))(x, kw)—
5.12

- Z'U(+N) (x, k:w)(@zv(,N))(:x, ko).
Note that the choice of a(w,w’,z) = 3(w + ', wp) in (5.10) yields a d-function on the
sphere. Thus, we can write

(5.13)
klsg" (w, o' k) — §(w — w')] = k41 (2m) 1 / e~ M=) (qo + k7 ay) (w, o, ) da
Auwg
where
1
(5.14) ap(w,w', x) = §<w + ' wo)(20) Ny (7, W) — vf (2, w)).

2) By changing variables in (5.10) in the same manner as 3) in the proof of Proposi-
tion 4.3, we obtain

(5.15) K[s (w, 0 k) — §(w — w')] = k1 (27) / e~ () W €)dE,

Au

where b = by + k~'b; with
(5.16) bj(w,w', &) = J(w,w)a;(w,w, 2(€))

and J(w,w’) denotes the Jacobian of the linear map (4.27) considered as a map from

A, to A,,. It is easy to see that J(w,w’) is a smooth function of w,w’ € Q and
(5.17) J(w,w) = {w,wo) .

3) The right hand side of equation (5.15) is a semiclassical ¥DO with the amplitude
b, see (2.8). In order to complete the proof, by Proposition 2.5 if suffices to check the

estimates

(5.18) 1070500bj(w, o, €)] < Cagy (€)™,

r "W w

for j = 0,1 and all multi-indices «, 3,y uniformly over k > 1, and to check the identity
(519) bo(W,w,S) = ZX(W,&)

Let us first check (5.19). Recalling the definition (1.14) of X (w,£) and the definition
(5.6) of vit, we get
iX(w,8) = (2i) oy (§w) —vf (§w)].
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From this and (5.14), (5.16) and (5.17),

bo(w>w>5) = J(wvw)ao(w>w>x(5)) = iX(w>x(€>)a

where z() is the linear map (4.27). Next, by the definition of the map z(§), for w = W’
it takes the form x(§) = £ 4+ cw, and by the definition of the function X we have

X(w, &+ w) = X(w,§).

Thus, we obtain (5.19).
4) Tt remains to check that the estimates (5.18) are satisfied. This is essentially a
consequence of Proposition 4.1; let us check this. Recalling that m = min{1, p— 1} and

using the estimates (4.13), we obtain

1070500 9(x, w,w")] < Cagy ()17,

T Yww!

k|@§3583,vim(x, kw)(@zvgv))(x, kw')| < Clagy ()™l

where all the estimates are uniform in k& > 1. It follows that ay and a;, defined by
(5.14), (5.12) respectively, satisfy

(5.20) |8a8587,aj (w, ', 2)| < Cam@)_m_la‘

rTwTw

uniformly in £ > 1. Now from (5.20), (5.17) and (5.16), by an elementary calculation
we obtain (5.18). O
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APPENDIX A. SCHATTEN-CLASS OPERATORS

We begin by noting that all of the following information may be found in [4] Supple-
ment 1.
Let 'H be a Hilbert space and let 7' : ' H — H be a compact linear operator. By the

Hilbert Schmidt theorem, there exists a countable ordered set
M(T*T) > X(T7T) > --- >0

with A\, (T*T) — 0 as n — oo. The values A, (T*7T') represent the eigenvalues of the

operator T™T'. Let us define the singular numbers
$n(T) = /AN (T*T)

of T. For any ¢ € [1,00), we define the Schatten ¢-norm of 7" to be

IT]le = (Z[Sn(T)]e> :

n>1

The class S, denotes the set of all compact operators on H with the usual norm
I Tlloo = 17| = masx s, (T).

In particular, if 1 < p < ¢ < 400, we have the inclusion S, C S,.
We denote by L(H) the space of all bounded linear operators on H. Let us now describe

some standard properties of the Schatten norm:

IBAlle < || Blll|Alle; A€ Se(H), B e L(H),
IABle < || BI[|Alle: A € Se(H), B e L(H),
[Alle = [[A"]le, A € Se(H).
Next, let £ € [1,00], and let ¢, € [1, 0], £5 € [1, 00] be chosen such that £~1 = ¢;1 + 45
Then we have the following Holder-type inequality:
(A1) IABlle < [Alle | Blle, A € Sn(H), B e S,(H).

We next describe two important Schatten classes. The first is So(H), which corresponds
to the space of all Hilbert Schmidt operators on H. We have the following important

proposition which enables us to calculate directly the Hilbert Schmidt norm.

Proposition A.1. Let H; = L*(M;,doy), He = L*(My,doy), where M; is a measure
space and do; the corresponding measure for i = 1,2. Then T : Hy — Hs 1s a Hilbert-

Schmidt operator if and only if there exists a function

T(mg,ml) € LQ(MQ X M17d0-2 X dO'l)
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called the integral kernel of T such that T is expressed via T(msq,my) in the form

(Tf)(ms) = /M (migy ma) £ (mr)dory.

The function T(mgy,my) is uniquely defined (to within values on a set of (doy x doy)-

measure zero) and
(A.2) ||T||§://|T(m2,m1)|2d02d01.

The second class of note is S;(H), which corresponds to the space of all trace class

operators on H. A trace class operator A is a linear operator of the form
A == Z B]Cj7 BJ,C] € SQ(H),
1<j<N

where N depends on A.

Definition A.2. Let A € S;(H) and let {e,} be an orthonormal basis in H. Then the
trace of A, Tr A, is defined as

TrA= Z(Aea, €a)-

The trace of A is independent of the choice of orthonormal basis {e,}.

We now give a formula for the trace of a trace class operator A in L?(X) where X is
a measure space with measure dx. Note that since A is trace class, A is also a Hilbert
Schmidt operator. Hence A may be expressed in terms of the kernel A(x,y) € L*(X x X)

Autz) = [ Aleuly)dy

Then the trace of A may be expressed as
TrA= /A(x,x)dx.

Next, we state a proposition which describes the relationship between the trace and the

eigenvalues for a self-adjoint trace class operator T

Proposition A.3. Let T be a compact self-adjoint operator with {\, }nen denoting the
set of all its non-negative eigenvalues being repeated the same number of times as its
multiplicity. Then T € S1(H) if and only if

> Al < +o0

neN

TT =) A,

neN

and

where Tr'T" denotes the trace of T.
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We write the trace norm in terms of the trace as
IT, = T (ﬂ) .
We end with a result on the trace norm of an integral operator.

Proposition A.4. Let Q C R? be a cube and let K € L*(Q) be an integral operator
with an integral kernel K(x,y). Let { be the smallest even integer such that I > d/2.
Assume that

(A.3) M = max/ / 109k (z,y)[Pdady < +oo.
RJQ

|al<e
Then K € S and
(A.4) 1Klls, < C(Q)M,
where C(Q) depends only on the dimension d and on the size of the cube Q.

Proof. Consider the operator —A in L?*(Q) with the Dirichlet boundary conditions on
the boundary of ). This operator can be explicitly diagonalised by Fourier series. As
a consequence, it is easy to establish that (—=A)~%2 € S, and the norm ||(=A)~%/2||,

depends only on d and the size of ). Now write
K = (—A)""?(-A)"?K.

By (A.3), the operator (—A)~%?2 belongs to S, and further we have the estimate
I(=2)?K]s, < C(d) M,

This completes the claim. 0

Remark A.5. One can make this proposition sharper by considering non-integer values

of ¢; then (A.3) has to be formulated in terms of Sobolev spaces.

Corollary A.6. Let Q C R? be a cube and let K € L*(Q) be an integral operator with
an integral kernel K (x,y). Let € be the smallest even integer such that £ > d/2. Assume
that C*(Q x Q). Then K € S, and

K5 < CQIIK]lce-

Remark A.7. By using a smooth atlas and a partition of unity, the above corollary can

be extended to the case when @) is a smooth compact manifold, where dim ) = d.

APPENDIX B. SYMBOL CALCULUS

We here define the symbol calculus necessary for Section 4. We begin by defining the
class S™ = S™(T*S%1) as the set containing functions f € C°°(T*S%1) satisfying the

estimates

(B.1) 0502 f (2, 0)| < Clge)™ ™, m eR,
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for all multi-indices o and /3, where Cgﬁ is a constant depending only on «, ( and f.
Lemma B.1. If f € S™(T*S%1) and g € S*(T*S* 1), then fg € S™(T*S41).

Proof. By using the product rule, it follows that

(fo)(r,w)= > wg (D3 F)(029).

B1+P2=

By using the product rule again on the above equation, we obtain

|ﬁ|
B.2 890°(fg)(z,w) = — (94107 f)(8°29
(B2 D) = 3 R Eae)
al1tas=«

Applying estimate (B.1) to the two terms in (B.2) yields
10°0%(fg)(z,w)| < Cf9<x>m—|0¢1|<z>n—|azl _ C'fg<x>(m+n)—|a\

where Cf 9 is a polynomial combination of the constants c’ wp and Cgﬁ. O
Lemma B.2. If f € S~™(T*S% ) for m > 0 then e/ € SO(T*S%1).

Proof. Firstly, note that in the case a = 3 = 0 it is trivial that e¥/ € SO(T*S%1).
So now suppose that |« + 3| > 1. Then by using the chain rule together with the
product rule, it follows that

&l

aﬁ if(zw) _ z fzw) Z H(ang)

(Br++++P)g=B) i=1
Repeating this procedure yields

la+0|
8$8£eif(x’w) — oif(zw) Z H (agzang)
(a1t tajq=a) =1
(B1t++B)5=0)

Since f € ST™(T*S%!) with m > 0, then
20217 < Cf ) 1 < € (o)
so that e/ € S9(T*S%1) as required. O
Lemma B.3. If f € S™™(T*S%1) with m > 0 then e/ —1 € S~™(T*S%1).
Proof. Note first that for the case @« = 8 = 0, we have the estimate
e/ — 1] < C|f| < Cla)™

since f € ST™(T*S%1). Then for the case |o + 8] > 1, we may repeat the arguments
of Lemma B.2 and the result follows. 0
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APPENDIX C. PROOF OF PROPOSITION 2.4

C.1. Semiclassical YDO in R". Let S™ __(R®") be the class of amplitudes A =

comp

A(z,y, &) that are compactly supported in z and y and which satisfy the estimates
020707 A, y,€)| < Copa ()™

for multi-indices «, # and . This is a subset of a more general class defined in [23]
Definition 23.3. In the class defined in [23], there is no assumption of compact support.
For an amplitude function A € S™_ (R3") we define the semiclassical pseudodifferential

comp

operator Op,[A] : L*(R") — L*(R") with semiclassical parameter h > 0 as

Oy Alu)(e) = [ [ DDAy, uty)dpde,

We now state various norm estimates for the operator Op,[A] for A € Si,  (R®™).
Firstly, for m < 0, the operator Op,[A] is bounded (cf. [23]). We will only be interested
in the case m < 0, and by the Calderon-Villancourt theorem (see e.g. [25]) combined
with a scaling argument, we obtain the estimate

sup [|Op,[A]|| < C(A).

0<h<1

Next, for m < —n the operator Op,[A] belongs to the trace class and the trace norm

can be estimated by

| Opp[AllL < CR7", m < —n.

This can be found for example in [23] Proposition A.2.4. Finally, by applying abstract
interpolation to the two estimates above, we have that Op,[A] belongs to the Schatten

class S, for m < —% and

n
(C.1) 104 [Alll, < Ch™™P, m < o

Next, for A € S (R3") we define the left symbol Ay, of A as

comp
AL(xJ xla 5) = A(SE, x, g)
and the right symbol Ag of A as
AR(xa xlu g) = A(xlu xl7 £>

Note that although the left and right symbols no longer enjoy the assumption of compact
support, the operators Op,[AL] and Op,[Ag| are still well defined, see for instance [23]
Section 23. Further, the Schatten p-norm estimates (C.1) are still applicable to these
operators; see for instance [23] Proposition A.2.3 for the operator norm estimate and

[24] Section 3.4 for the trace class estimates.

Lemma C.1. Let A€ ST (R3), m <0, and let p > 1 with m < —2. Then

comp

| Op[A] = Opu[ALglll, = O™ ™), h— 40,
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where the above refers to two separate estimates, one for the left symbol and one for the

right symbol.

Proof. By Taylor’s formula,

n

1
0
A(:Ca xlu g) - A(l’, xz, 5) = Z(x; - xj) /0v 8_%14(:6’ v, €)|l/:z+t(3:’—a:)dt-

j=1

It follows from this formula that the integral kernel of Op,[A]—Op,,[AL] can be expressed

as
l r—x 8
/ J R e R P
= mZ/ / ) L4 )] ndedt
n 8@ v,
= —ihZ/ / e A (1,0 + (2! — ), €)dEdt,
j=170 JR
where
92
Aj(z,z +t(a' —x),&) = 0,8, A2, 0, 8)v—ptt(@—a)-

The result follows by applying the estimate (C.1) to the above. U

Lemma C.2. Let A € S7,
STEE(R3™) be such that

comp

(R*), m < 0, B € S*

comp

(R3™), k < 0 and let C €

Az, z,8)B(z,x,&) = C(z,x,§).

Then forp>1, m+k < —%, we have

1 Op4[A] Op4[B] = Op,[C]l|, = O(h™> ™), h — +0.

Proof. First let

D(z,2',€) = A(x,z,§)B(2, 2, ).
Then by a direct calculation using the Fourier inversion formula (see e.g.[23], proof of
Theorem 23.6)

(C.2) Op,[AL] Opy[Br] = Op,,[D].

Next, notice that D = C. Let r,q be such that r > 1, ¢ > 1, with r! + ¢! = p~!
and m < =2k < —g. Then by (C.2),

Op,,[A] Op,,[B] — Op,[C] = (Op,,[A] — Op,,[AL]) Op, [ Bl+
+ Opy[AL](Op,[B] — Opy[Bg]) + (Op,[D] — Op,[Dr]) + (Op,[CL] — Op,[C]).
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Now, using the Holder type inequality for Schatten norms (A.1), we get using

Lemma C.1:

1(OpA[A] = Opy[AL]) Opy[Blllp < || Opy[A] = Opy [AL][l | Opy[ B,

= O(h="O(h™7) = O(h~ ™),

| OpA[A)(Opy[B] = Opy[Brllly < [ Opy[Aslll-| Opa[B] = Opy[Brlll
=0 )0~ = 0™+,

| Opu[D] = Opy (D], = O(h~# ™),

| Op4[C] = O [Clllp = O(h™> ™).

Combining the above four estimates gives the required result. 0

C.2. Change of variables. We now describe a change of variables for a pseudodiffer-
ential operator Op,[a] with symbol a € S™(T*S%"!) with m < 0, to an operator Op,,[A]
with A € Si2 (A, x A, x A,) for v € Se-1,
Fix v € S%!; we will denote by ¢, : R® — A, the orthogonal projection onto the plane
A,. Explicitly,

¢y (z) =2 — (z,v)v, z€RL
Next, consider the hemispherical domain

H,={weS: (uv)>1/2).

We denote Y, = ¢,(H,); the set Y, forms a ball in A, with the radius v/3/2 centered at
the origin. The map ¢, restricted to H, generates a unitary operator U, : L?(H,) —
L*(Y,),
(U f)(x) = (r,0) P fw), o= ¢,(w).

Let a € S™(T*S*!) with m < 0. Assume that a(w,£) = 0 for w outside a ‘small’
compact set  with Q C H, for some v € S*!. Let x € C5°(S™!) be a function with
support in H, such that y = 1 on €2. Then, by using repeated integration by parts, one
can check that the operator Op,,[a](1— ) has a smooth kernel and all partial derivatives

of this kernel are O(h>). Thus, by the trace norm estimate for integral operators (A.4),
10pu[a](1 = x)[1 = O(h™), h—0.

This reduces our consideration to Op,[a]x. By an explicit calculation, one checks that

(C.3) U, Opy[a]xU; = Op,[A],

where A € S (A, x A, x A,) and

comp

(C4) A(QJ, l’,f) = a’(wa 77)7 T = (bzx(w)? § = %(77)-
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Proof of Proposition 2.2. Let {u;} be a sufficiently fine smooth partition of unity on
the sphere, that is
L=2
J

Writing
a(w, 6) = Z L (w)a(w7 5)7

b(wa 5) = Z Mg (w)b(w, ’5)7

we can reduce the question to the case when both a and b are supported on some
hemispherical domain H,. Now, as above we can choose x such that x € C§°(H,) and
X = 1 on the support of @ and b. With an O(h*) error, we can replace Op,[a] by
Opylalx, Op,[b] by Op,[b]x and Op,[ab] by Op,lab]x. So we need to prove

_d-1
1(Opx[alx) (Op4[b]x) = (Opy[abl)l, = O(h™+ ), h— 0.
This is equivalent to
_d-1
(T, Oy [alxU;) (U, Opy[b]XU) = (U, Opy[ablx U, = O(h™ 7 1), b — 0.
By the explicit formulas (C.3) and (C.4), this follows from Lemma C.2. O

Proof of Proposition 2.3. Clearly, Op,[a]* has the right symbol a. Following the proce-

dure of change of variables in Section C.2 with obvious modifications, we obtain
(1 = x) Opya]*[y = O(h), h—0,
U,x Oppla]*U, = Op,[Ai],
(A, x A, x A,) and
Ai(z,x,6) = Az, z,).

where A; € S™

comp

Thus by Lemma C.1,
0P, [AL] = Opy[A]ll, = O(h™ 7+ 1), h—0,

and the result follows. O
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