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On negative eigenvalues of two-dimensional
Schrodinger operators with singular potentials

Martin Karuhanga* and Eugene Shargorodsky’

Abstract

We present upper estimates for the number of negative eigenvalues
of two-dimensional Schrodinger operators with potentials generated by
Ahlfors regular measures of arbitrary fractional dimension a € (0, 2].
The estimates are given in terms of integrals of the potential with a
logarithmic weight and of its Llog L type Orlicz norms. In the case
o = 1, our results are stronger than the known ones about Schrodinger
operators with potentials supported by Lipschitz curves.

Keywords: Negative eigenvalues; Schrodinger operators; Singular poten-
tials.

1 Introduction

1
loc

Given a non-negative function V' € Li (R?), consider the Schrédinger oper-

ator on L?(R?)
Hy=-A-V, V>0 (1)

where A := ZZZI %. This operator is defined by its quadratic form
k

sl = [ Vu@) do = [ Vi)ula) o,
Dom(Eyra) = {u € W (RY) N L*(R?, V(z)dz)} .
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Denote by N_(&yga) the number of negative eigenvalues of Hy counted ac-
cording to their multiplicity. An estimate for N_(Eyga) in the case d > 3 is
given by the celebrated Cwikel-Lieb-Rozenblum inequality:

N_(Eyge) < Cy / V(x)¥? dz (2)
R4

(see, e.g., [3, 4, 38] and the references therein). If V € L%?(R%), then this

estimate implies that

N—(SAV,Rd> = O ()\d/2> as A — “+00. (3)

The estimate is optimal in the sense that (3) implies that V € L¥2(R?) (see,
e.g., [37, (127)]).

It is well known that (2) does not hold for d = 2. In this case, the Schrédinger
operator has at least one negative eigenvalue for any nonzero V' > 0, and no
estimate of the type

N_(Evg2) < const —i—/ V(z)W(z)dx
R2
can hold, provided the weight function W is bounded in a neighborhood of at
least one point (see [16]). Most known upper estimates for N_(Eyg2) involve
terms of two types: integrals of V' with a logarithmic weight and Llog L
type (or L,, p > 1) Orlicz norms of V' (see [16, 27, 29, 30, 40, 41] and the
references therein). The following inequality is an example of such estimates

N_(Eygz) <1+ const </ V(z)In(1 4+ |z]) dz + HVHB,W) , YV >0,
R

2

where || - ||5r2 denotes the Orlicz norm (8), (10). It was proved in [40], where
it was also shown to be equivalent to the estimate conjectured in [24] and
weaker than the one obtained in [41] (see [40] for stronger estimates). Ideally,
one would like to have an optimal estimate of the type

N (Eyge) < 1T+E(V), (4)

where = is a combination of certain norms, Z(AV) = O()) as A — +o0, and,
most importantly,

N_(Exvrz) =0 (N) as A — 400 (5)

implies that Z(V') < oo. Unfortunately, even the strongest known estimates
for d = 2 are not optimal in this sense (see [40]). Finding an optimal estimate
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of type (4) seems to be a difficult problem. The estimates for N_(Eyg2) with
V supported by Lipschitz curves obtained in [21, 39] show that (5) may hold
for singular potentials supported by lower-dimensional sets. We believe that a
better understanding of Schrodinger operators with such singular potentials
(supported by fractal sets) might shed some additional light on the above
problem. This was the main motivation for the present work, although the
results obtained here might be of some relevance to the study of fractal
antennae, apertures, screens, and transducers (see, e.g, [8, 9, 10, 15, 32,
47] and the references therein), especially in the case of impedance (Robin)
boundary conditions (see [19, 33, 34, 35]).

In this paper, we deal with the operator

HV;L = _A_VM7 Vzov (6)

on L?(R?), where V € L] (R? u) and p is a o-finite positive Radon measure
on R? that is Ahlfors regular of dimension « € (0, 2] (see (26)). We provide a
unified treatment of potentials locally integrable with respect to the Lebesgue
measure on R? (a = 2), potentials supported by curves (o = 1), and poten-
tials supported by sets of fractional dimension « € (0,1) U (1,2). In the case
a = 2, we get the same estimate as in [40, Theorem 6.1], which is stronger
than most other known estimates that use isotropic norms. (Anisotropic
norms like the ones used in [40, Section 7] and [26] are not available in the
case o < 2 and hence are not treated here.) In the case « = 1, our Theorem
3.1 and Corollary 3.2 are stronger than the results obtained in [21] and [39]
as we are now able to cover Ahlfors regular curves rather than just Lipschitz
ones. In the case o € (0,1) U (1,2), our results seem to be completely new.

The proof of our main result, Theorem 3.1, follows the same blueprint as
in [41] and [40], but dealing with measures supported by sets of fractional
dimension causes quite a few difficulties. Some of them are listed below.

1) One of the key technical ingredients in [41] (and in [40]) was a result say-
ing that the Orlicz norm of the potential over a square of the side length
t > 0 with a fixed centre is a continuous function of ¢t. This is no longer
true for potentials of the form Vu (see (6)) if the measure p is supported by
an a-dimensional set with a € (0, 1] and hence can charge the sides of the
square. Lemma 2.13 allows one to choose the directions of the sides of the
square in such a way that this difficulty is avoided (see Lemma 2.15).

2) The Birman-Laptev-Solomyak method (see Section 4) used in this paper
(and in [41], [40]) splits the problem into the radial and non-radial parts.
The former is essentially a one-dimensional problem and is usually easier to
handle than the latter. If the measure p is supported by an a-dimensional
set with a € (0,2), then the radial operator corresponding to (6) is a one-
dimensional Schrodinger operator whose potential is a measure that may be
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supported by a set of a fractional dimension and may even have atoms if
a € (0,1]. Hence one needs to extend to such operators appropriate es-
timates known for Schrodinger operators with potentials locally integrable
with respect to the one-dimensional Lebesgue measure ([42]). This has been
carried out in [23].

3) The Birman-Laptev-Solomyak method allows one to obtain spectral esti-
mates for the non-radial part of the problem mentioned above by splitting
R?\ {0} into homothetic annuli centred at 0, getting an estimate for one
of those annuli, and then extending it by scaling to all other ones. Getting
an estimate for an annulus usually involves covering it by carefully chosen
squares, and an additional difficulty in the case of operator (6) is that one
has to distinguish between squares that are centred in the support of the
mesure 4 and those that are not. Obviously, this complication does not arise
in the standard case where p is the two-dimensional Lebesgue measure. Ex-
tending an estimate to all annuli by scaling is also not entirely trouble free
for operator (6) as the measure p does not have to be homogeneous. Scaling
leads to a change of measure, and one needs explicit information on how the
constants in the estimates depend on the underlying measure. More pre-
cisely, one needs to show that those constants depend only on ¢; /¢y and «
from (26). Again, it is clear that this complication does not arise in the case
where p is the two-dimensional Lebesgue measure.

The paper is organised as follows. Auxiliary results on Orlicz spaces and
measures are collected in Section 2. The main results are stated in Section
3. In Section 4, we describe the Birman-Laptev-Solomyak method and then
apply it in Section 5 to the proof of Theorem 3.1. Corollary 3.2 is proved
in Section 6. The (non)optimality of our main estimate (32) is discussed in
Section 7. We show that

N_(Exvurz) =0 (X)) as A — +oo

implies that the first sum in the right-hand side of (32) is finite. Unfor-
tunately, this is not the case for the second sum. However, we show that
the Orlicz Llog L norm, the B norm (see (8)) to be more precise, cannot
be substituted with a weaker Orlicz norm. Finally, we prove in Appendix
some simple asymptotic results that are needed to justify the applicability
of a suitable endpoint trace theorem ([28, Theorem 11.8]; see Theorem 5.1
below) in our setting (see the proof of Lemma 5.2).



2 Auxiliary material

We start by recalling some notions and results from the theory of Orlicz
spaces (see, e.g., [1, Ch. 8], [25], [36]). Let (£2,%, 1) be a measure space and
let ¥ : [0,4+00) — [0,400) be a non-decreasing function. The Orlicz class
Ky (9, ) is the set of all of measurable functions f : @ — C (or R) such that

/Q (1 () )du(x) < oo (7)

If W(t) =1tP, 1 < p < oo, this is just the LP(€2, u) space.

Definition 2.1. A continuous non-decreasing convex function W : [0, +00) —
[0, +00) is called an N -function if

limw =0 and limw =00
t—0+ ¢ twoo

The function ® : [0, +00) — [0,4+00) defined by

O(t) :=sup (st — V(s))

s>0
15 called complementary to .

Examples of complementary functions include:

tr 1 1
U(t)=—, 1<p<oo, ®t)=-—, —+=-=1,
p ¢ p q

A(s) = el =1~ s, B(s)=(1+[shI(L+[s]) ~[s], seR. (8)
We will use the following notation a := max{0,a}, a € R.

Lemma 2.2. ([40, Lemma 2.2]) 1 sIny s < B(s) < s+ 2slny s, Vs > 0.

Definition 2.3. An N-function V is said to satisfy the global As-condition
if there exists a positive constant k such that for every t > 0,

U(2t) < k(). 9)

Similarly ¥ is said to satisfy the As-condition near infinity if there exists
to > 0 such that (9) holds for all t > t,.

Definition 2.4. A pair (V,Q) is called A-regular if either VU satisfies a global
Ag-condition, or V¥ satisfies the Ag-condition near infinity and p(2) < oo.



Lemma 2.5. ([1, Lemma 8.8]) Ky (£, ) is a vector space if and only if
(¥, Q) is A-regular.

Definition 2.6. The Orlicz space Ly (2, 1) is the linear span of the Orlicz
class Ky (Q, 1), that is, the smallest vector space containing Ky (2, ).

Consequently, Ky (2, u) = Lg(Q, p) if and only if (U, Q) is A-regular.

Let ® and ¥ be mutually complementary N-functions, and let Le (€2, 1),
Ly (92, 1) be the corresponding Orlicz spaces. We will use the following norms
on Lg (€, 1)

1l = [l = p{\ / fgdu’ R 1} (10)

||f||(\11,u):||f||(w,ﬂ,u)=iﬂf{/’v>03/Q ('f’)d <1} (11)

These two norms are equivalent

and

[ llwy < W Nl <20l VI € Lu(€), (12)
(see, e.g., [25, (9.24)]).
Note that
W gp<cy coz1 = Iflww<C (13)
Q 0 0, 0= (w,pn) = CLoko

(see [40]). Indeed, since V¥ is convex and increasing on [0, +00), and ¥(0) = 0,
we get for any k > Cyko,

Jor ()= oo () e g v (5)mesr 0o

It follows from (13) with o = 1 that

Il < max {1, [ () (15)

We will need the following equivalent norm on Ly (€2, ) with pu(2) < oo,
which was introduced in [41]:

115 = ||f||$§m—sup{\/g fgdu‘: [ taba< e} o)



Proposition 2.7. ([25, Theorem 9.3]) For any f € Lg(Q,u) and g €
L@(Qalu>

] / fgdu‘ < I lwulgllon. a7)
Q
In particular, fg € L*(, p).

The above is called the Holder inequality for Orlicz spaces. The following is
referred to as the strengthened Holder inequality:

\ / fgczu\ < I lowarmllglosn (18)

for all f € Ly(, 1) and g € La(2, 1) (see [25, (9.27)]).

Lemma 2.8. ([41, Lemma 3]) For any finite collection of pairwise disjoint
subsets Q. of 2

Z 1150, . < IFIS S, (19)
Let
LA = sup{\ / fsodu‘ [ #llehdn < mm)}, rs0 ()
Lemma 2.9. For any 7, 72 > 0
min {1, 2 LIS < U160 < ma {1 2 b U107, o)
Proof. Let

Xim o+ [oeban<nu@ . X {o o [ alehin < mu}.

(av),m1

Suppose that 7 < 7. Then, it is clear that || ||y, < HfH\I,‘;2 - Now, since
® is convex and ®(0) = 0, then

v E Xy = :—;go € Xy, (cf (14)).

Hence,

/fsodu‘ < sup

peX1

s (—¢) \ = 27

IFIS = sup



On the other hand, suppose that 7 > 7. Then
I < A0SR < 21507
Hence,
min {1, 2 LI < 11607

and

1A < max{ } T

As a result of the above Lemma, we have the following:

Corollary 2.10. ([40, Lemma 2.1])

min{L, w( D} | f w0 < /150, < max{l u(Q} £ .0

Let (£21,%;) and (9, X3) be a pair of measurable spaces and £ : (€4,%;) —
(£22,333) be an isomorphism, i.e. let & be a bijection such that both £ and ¢!
are measurable. Let p be a finite measure on (€29, 3) and V : (y,3,) — C

be a measurable function. Then V := V o £ is a measurable function on
(€4,%4) and fi := p o,

(E) = pE(E), EeXy

is a mesure on (€2;,%;). For any ¢ > 0 and any mutually complementary
N-functions ® and ¥, one gets using (16) and the change of variable formula
(see, e.g., [46, Lemma 5.0.1])

vie, = sup{ / QVfdu' o 2@(!f|)du§u(92)}

- wft|f lvgd@)\ : Ql@<|g|>d<cmsm<m>}
1 (av)

\11791,(;[6

(22)

Cc

Hence, by Corollary 2.10

1
7

~ (av) C
<
H H\Il,Ql,cﬁ - mln{l,Cﬂ(Ql)}

= V(av 23
U1t min{l,cﬂ(Ql)}H w0z - (23)

Lemma 2.11.
1f s cogn < OIS,
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Proof. Clearly, one only needs to consider the case 0 < () < oo. Let
p = ﬁ,u. Then 11(2) = 1, and using (17), [25, (9.11)], and (22) (with
c= ﬁ, (Q21,31) = (02, X2) = (2, %), and {(z) = ), one gets

/|f )| dpa() = (92 /|f ) dpn () < Q]| Fllwgon 1] 0.000
()HfoEBm 1) = <>||f||mﬂ H1) = [|Fl5e, T ).

[
Lemma 2.12. ([40, Lemma 2.5]) Let p(€2) > 1. Then

av 7
1570 < s+ 10 (5 ) 1l

Lemma 2.13. Let u be a o-finite Borel measure on R* such that u({x}) =
0, Vz € R%. Let

Y :={0€[0,m) : Iy such that u(ly) > 0}, (24)

where ly is a line in R? in the direction of the vector (cos0,sin®). Then ¥ is
at most countable.

Proof. Let
Yy :={0€[0,m) : Il such that u(ly N B(0,N)) > 0},
where B(0, N) is the ball of radius N € N centred at 0. Then
> = N%NZN‘

It is now enough to show that ¥y is at most countable for VN € N. Suppose
that Yy is uncountable. Then there exists a 6 > 0 such that

Yns:={0€[0,m) : Ty such that u(ly N B(0,N)) > d}

is infinite. Otherwise, ¥ = UNE n,1 would have been finite or countable.
ne

Now take distinct 64, ...,0%, ... € ENV(;. Then
w(lp, " B(O,N)) >0, VkeN.

Since lg, Nlg,, j # k contains at most one point, then

1% (jgk(lej N l@k)) =0.
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Let

l@k = l@k\ jgk (lgj N l@k) .

Then Iy, N1y, =0, j # k and I, N B(0, N) C B(0,N). So

S u (z})k n B(0, N)) _ (ngdek n B(0, N))) < 1(B(0,N)) < oo.

But
u (zgk n B(0, N)) = 1 (lg, N B(O,N)) > 5,

which implies

Zu(igkﬂB(O,N)> >3 6 = oo

keN keN

This contradiction means that Xy is at most countable for each NV € N.
Hence ¥ is at most countable. ]

Corollary 2.14. There exists 0y € [0,7/2) such that 6y ¢ X and 0y + 5 ¢ X.

Proof. The set

Z—g::{ﬁ—g :GEE}

is at most countable. This implies that there exists

By < [0,7/2) \ (zJu (¥ — g)) .

Thus 6y, 00+ 5 ¢ X. O

Let () be an arbitrary unit square with its sides in the directions determined
by 0y and 6y + F in Corollary 2.14. For a given x € Q and t > 0, let Q,(t) be
the closed square centred at x with sides of length ¢ parallel to those of Q.

Lemma 2.15 (Cf. Lemma 4 in [41]). Suppose that VU satisfies the Ay-
condition (see (9)). Then for every f € Ly(Q, i), the functiont — J(t) :=
||f||$,gz(t),# is continuous and J(04) = 0.

Proof. Let t >ty > 0. Take any measurable function g on @, (t) such that

/ D (lg()]) du < u(Qu(1))
Qz(t)

10



and consider hg := pg, where p = % < 1. Then

/Qz(m Pl dr = /Qg;(to) Pllpgl) dp < /Qz(t) ®(|pgl) du
= p/ O(|g|) dp < pu(Q.(1)) = (Q.(to)).
Qx()

Hence

0 < A5G, 00 = 115 00

= sup { fgdu|:
Qa(t)

/% . fhdu‘ /M (1A dys < (@t ))}
fgdu' [ e < Q)

{
UL,
. sup{p' / o] /Q ol o < (.00}
{
{

B(Jg)) du < u(Qx(t))}

Qa(t

IN
wn
=
T

IA
wn
=
T

7 du' iy \ [ 1 du' JR e Q.0

Qu(t)

\
\ / s du' |/  wll < M(Qz(t))}
+a —p)sup{\ / o du\ g eI Qo) }

IN
0
e
T

For every interval I C @ parallel to the sides of @, pu(I) = 0. Then

1(Qu(t) \ Qulto)) — 1(0Qu(to)) = 0 as t — t.
Using the Holder inequality (see (18)), we get,

| [ s du’ [ #lo < Q)

< sup £l Q. t1\@u (o)) | 9|8, @0 (0@ (10) o
fo(t) 2(lg(2)]) du<p(Qz(¢))

<l w.@u(01\Qa(t0). )2 max{ 1, u(Q(¢)) }

(see (12) and (15)). Since V¥ satisfies the Ay condition, it follows from [25,
Theorems 9.4 and 10.3] that

t—to

11



Further,
_ MQx(to)) 1 (Qx(t) \ Qa(to))

p=ee 0 g — 1 as t —> 1.

1(Q(1)) 1(Qx(1))

Hence
(1 p)sup {] / o du‘ g RUCITE Qo) 0

as t —»> tg. The case ty >t > 0 is proved similarly.
Finally, the equality J(0+) = 0 follows from [25, Theorems 9.4 and 10.3]. [

We will use the following pair of mutually complementary N-functions
A(s) =€l —1—1s|, B(s)=(1+|s)In(1+|s|) —|s|, seR. (25

Definition 2.16. Let p be a positive Radon measure on R2. We say the
measure i is Ahlfors regular of dimension o € (0,2] if there exist positive
constants ¢y and c¢; such that

cor® < pu(B(x,r)) < cr® (26)

for all 0 < r < diam(supp p) and all x € supp u, where B(x,r) is a ball of
radius r centred at x and the constants cy and c; are independent of the balls.

If the measure p is a-dimensional Ahlfors regular, then it is equivalent to the
a-dimensional Hausdorff measure (see, e.g., [13, Lemma 1.2] ). If supp p is
unbounded, (26) is satisfied for all » > 0. For more details and examples of
unbounded Ahlfors regular sets, see for example [13, 20, 45].

Suppose that u is the usual one-dimensional Lebesgue measure on a horizon-
tal or a vertical line. Then (26) holds with o = 1. This implies u(I) # 0 for
every nonempty subinterval I of that line. Hence the need of Lemma 2.13
and Corollary 2.14 for the validity of Lemma 2.15 in this case.

Throughout the paper, we consider integrals and Orlicz norms with respect
to p over closed rather than open sets. This is because the p measure of the
boundary of a set may well be positive.

3 The main result

Let H be a Hilbert space and let q be a Hermitian form with a domain
Dom (q) C H. Set

N_(q) :=sup{dim L| q[u] < 0, Vu € L\ {0}}, (27)

12



where £ denotes a linear subspace of Dom (q). The number N_(q) is called
the Morse index of q. If q is the quadratic form of a self-adjoint operator
A with no essential spectrum in (—o0,0), then by the variational principle,
N_(q) is the number of negative eigenvalues of A repeated according to their
multiplicity (see, e.g., [5, S1.3] or [7, Theorem 10.2.3]).

Assume without loss of generality that 0 € supp p and diam(supp p) > 1.
Let

2711

Jo=1[e¥"",e¥], n>0 Jy:=le e, J,= [e_zln‘,e_w‘_l], n <0,

G LleJn\1n|x||V(x)du(x), n£0, Go ::/ Viz)du(z). (28)

|z|€Jo

If supp i is bounded, there exists m € N such that

m—1 m
«

(22> T < diam(supp p) < (22)
Co Co

Then there exists i such that

_1 m
(20—1) <n<1 and diam(suppu) =7 (22—1) . (29)

If supp i is unbounded, we just take 7 = 1. Then we set

n—1

Qn = {xER2 : n(2ﬂ> ) s|x|Sn(2ﬁ)°‘},neZ (30)
Co Co

= VI, (31)

and

(see (25)).
Define the operator (6) by its quadratic form

Ev el / V(e ]2dq:—/ V(@) (@) du(z),
Dom(Ey,r2) = Wy (R?) N L*(R?, Vdpu).
Let N_(Ey,g2) denote the number of negative eigenvalues of (6) counted

according to their multiplicities, i.e. the Morse index of &y, g2 defined by
(27). Then we have the following result.

13



Theorem 3.1. Let 1 be a positive Radon measure on R? that is Ahlfors
reqular and V' > 0. Then there exist constants A > 0 and ¢ > 0 such that

N_(Evupe) <1+4 Y /G, +AY D, (32)

Gp>1/4 Dn>c

Corollary 3.2. Under the conditions of the above theorem, there exists a
constant B > 0 such that

N-(Erus) <14 B ([ Vo) dule) + Vlasos) - (3

The proofs of the Theorem and the Corollary are given in sections 5 and 6
respectively.

4 The Birman-Laptev-Solomyak method

Our description of the Birman-Solomyak method of estimating N_(&y) fol-
lows [6, 40, 41, 42].
Let (r,0) denote the polar coordinates in R? r € R, # € [, 7] and

wr(r) : L /Tf w(r,0)dd, wp(r,0) :=w(r,0) —wr(r), (34)

:% »

where w € C(R*\ {0}). Then

/ wy(r,0)dd =0, Vr >0, (35)

—T

and it is easy to see that
/ wruy dy =0, Yw,ve C (R*\ {0}).
RQ

Hence w +— Pw := wg extends to an orthogonal projection P : L? (R?) —
L? (R?).
Using the representation of the gradient in polar coordinates one gets

B Owr Ovn 1 OQwgr Oun
R2 Vvadey— /R? ( or Or +ﬁ o0 00 ) d

B Owg vy, ow ov B o (12
~ Jg2 Or Or dy_/Rz(E)r>R(5T)Ndy_07 v € G (REA{0)).

Hence P : Wy (R?) — W) (R?) is also an orthogonal projection.

14



Since

/\Vw]de:/ ]VwR\de—l—/ |Vwy|? d,
R? R? R?

/ Viw du(z) < 2 / Viwnl? du(z) + 2 / ViexP du(z),
R2 R2 R2

we have
N_(Evurz) < N_(Eravy) + N-(Enavy) (36)

where Ex ov,, and Ey oy, are the restrictions of the form &y, g2 to PWy (R?)
and (I — P)W;(R?) respectively. Therefore to estimate N_ (Ey,g2), it is
sufficient to find estimates for N_ (Eg v ,) and N_ (Enavy)-

On the space PW,(R?), a simple exponential change of variables reduces
the problem to a one-dimensional Schrédinger operator, which provides an
estimate for N_ (g 2v,) in terms of weighted L' norms of V' (see (41), (42)).
Theorem 7.1 shows that this estimate is optimal in a sense (see also (86)).
On the space (I — P)Wy(R?), one gets an estimate for N_ (Ex2v,) in terms
of Orlicz norms of V' (see (78) and (31)). The variational principle (see, e.g.,
[23, Lemma 3.2]) implies that

N_(Evava) €Y N (Evavua.) (37)

neEL

where @, are the annuli defined in (30),

Exavnool = [ [Vu@de=2 [ Vi)l dus),

Qn n

Dom (Enpvug,) = {w € (I — PYWy(Q,) N L* (Qn, Vdp)} .

The main reason for introducing the space (I — P)W3(R?) is that

/ w(z)de =0, Yw e (I— PYWQ) (39)
(cf. (35)), which allows one to use the Poincaré inequality and ensures that
not all terms in the right-hand side of (37) are necessarily greater or equal
to 1.

The Ahlfors condition (26) allows one to obtain estimates for N_ (Ex2v,.0,.)

n—1

from those for N_ (Exrov,,0,) by scaling z — z (2%) . So it is sufficient
to find an estimate for N_ (Enxrov 0, )-
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5 Proof of Theorem 3.1

We need to find an estimate for the right-hand side of (36). We start with
the first term. Let I be an arbitrary interval in R,. Define a measure on R
by

v(l):= Vi(z)du(x). 39
0= [ Vidutz) (39)
Then (see (34

[ lun@ PV dnte) = [ wao)Pavir),
Let w € PW}(R?), r = ¢, v(t) := w(z) = wr(r) (see (34)). Then

|Vw(z)Pdr = 27?/ [ (t)|dt
R? R

and
[ V@@ = [ uee)Pae) = [ loeePane)
R2 R, R
= [ o ane
R
Let 1 1
Gn ::—/ it|dv(e’), n#0, Gy:= /dl/( n, (40)
271— 1, 27(
where
L, :=[2""12", n>0, Iy:=[-1,1], I,:=[-2" —2"=1 n <.
Then
N_(Era) S1+761 Y VG, (41)
Gn>0.046
where

Er vV /|v |2dt—/|v (t)]* dv (e

Dom(Ero,) = Wy (R) N L*(R, dv)

(see [23]). It follows from (28), (39) and (40) that G, = 27G,, and thus (41)

implies
N_(Epavy) <1+4 Z VG, (42)

Gn>1/4

16



Now, it remains to find an estimate for the second term in the right-hand
side of (36) (see (78)). We begin by stating some auxiliary results.

Let ¢ be a nonnegative increasing function on [0, +00) such that to(¢t!)
decreases and tends to zero as t — oco. Further, suppose

+o0o
/ to(t)dt < cuo(u), (43)
for all u > 0, where
1
o(v) = vp (;) (44)

and c is a positive constant.

Theorem 5.1. [28, Theorem 11.8] Let U and ® be mutually complementary
N-functions and let i be a positive Radon measure on R%. Let ¢ be the inverse
function of t = t®~L(t™) and suppose it satisfies the above conditions. Then
the best, possibly infinite, constant Ay in

[w?llw e, < Aullwllysgey, Y € Wy (R*) NC(R?) (45)

1s equivalent to

By = sup {| log r|ju(B(z, 1))~ (m) 2 ERL0<r< %} ,
(46)

where B(x,r) is a ball of radius r centred at x.

Let G C R? be a bounded set with Lipschitz boundary. Then there exists a
bounded linear operator

To : W;(G) — W;(RQ) (47)
such that

(Tew)le = w, Yw e Wy(G),
Tew € W3 (R*)NC(R?), Yw e Wy (G)NC (G)

(see [43, Ch.VI, Section 3]).

Lemma 5.2. (cf. [28, Corollary 11.8/2]) Consider the complementary N-
functions B(t) = (1 +t)In(1 +¢) —t and A(t) =e' —1—t. Let G C R? be

17



a bounded set with Lipschitz boundary. If a positive Radon measure u on G
satisfies the following estimate for some o > 0

_ 1
w(B(z,r)) <r*, YxeG and Vr € (0, 5) , (48)

then the inequality
Il az, < AllTelPlwli e, Yo €Wy (G)NC(G)
holds with a constant Ay (see (45)) depending only on «.

Proof. First let us check that the conditions of Theorem 5.1 are satisfied.
Let o(t) := tB~' (1) and 1 = B(s). Then o(t) = Byy- Since <4 <®> =

t ds s
—%In(1+s)++ >0 for s > 0, the fraction (s 1s a decreasing function of
s. It is also clear that 75 — 0 as s — oo. Hence o(t) is an increasing
function of ¢t and o(t) — 0 as t — 0+. Further,

o(t) =tB7! (%) =V2t(1+0(1) as t — o0 (49)

and

olt) = B! G) - lnil (1+0(1)) as £ —0 (50)

(see (A.1) and (A.4) in Appendix).
Let ¢(7) := ¢7'(7). Then ¢ is an increasing function. Let = ¢~ (7). Then

x is a decreasing function of ¢, and ¢t = @. Hence

1 x 1
to(t )y =to ' () = =
o=t (1) = o =

is a decreasing function of ¢.
For small values of 7,

(1) = re~ 7P (51)
(see (A.5), (A.8)). Hence
to(t™) =e M — 0 as t — o0
and (see (44))

“+o0o +oo 1 +oo
/ to(t) dt:/ 2 <¥) dt:/ te~teOW gt

“+o00
< O te~tdt = OV (u+1)e ™ < 2e°Mye <

u

1
< 60(1)u2g0 (

—> = PWDug(u) as v — 400
u

18



(see (51)).

For large values of 7,
2

o(r) = (L +0(1))

(see (49)). Hence
to(t) = t2p (1) = % (14+0(1)) as t— 0+,

1 too
uo(u) — 3 and / to(t)dt — constant as u — 0+.
Thus (1) satisfies condition (43) for all values of w.
Extend p to R? by u(E) =0 for £ = R?\ G. It is easy to see that then (48)
holds for every x € R?, and one has the following estimate for the constant

By in (46)

B, = sup {I In7r|p(B(a,r)B™! (m) [0<r< %}

1
[Inr] (14 0(1)) < const sup

|Inr|  const

= sup

o, Tt p(Ble, )| ]~ a

(see (50) and (48)). Thus one can take A; ~ 1 in (45). It follows from
Theorem 5.1 that

1wl az,. = I(Tew)*lage, < AillTowlliy @ey < AllTel*llwliy )
for all w € W3 (G) N C (G). O
We will use the following notation:

wp = ﬁ/Ew(x) dx, (52)

where F C R? is a set of a finite Lebesgue measure |E]|.

Lemma 5.3. Let G C R? be a bounded set with Lipschitz boundary and p
be a positive Radon measure satisfying (48). Then there exists a constant

Ay(G) > 0 such that for any V € Lg(G,u), V >0,

| Viut)Pdu(o) < @V ls,, [ [VuPds (53)
G G
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for all w € Wi(G) N C(G) with wg = 0. One can take
A3(G) = Ai||T6|* (1 + Ce) (54)

where A1 is the constant from Lemma 5.2 and Cgq is the optimal constant in
the Poincaré inequality for G. In particular, in the case when G = Q) is a
unit square with sides chosen in any direction, one can take

Ay = A(Q) = ATl (1 +777), (55)
which depends only on «.

Proof. The proof of (53), (54) follows from the Hélder inequality for Orlicz
spaces (see (17)), Lemma 5.2, and the Poincaré inequality (see, e.g., [11, Ch.
IV, §7, Sect. 2, Proposition 2]). Formula (55) follows from the fact that the
best constant in the Poincaré inequality equals 1/\y, where ), is the smallest
positive eigenvalue of the Neumann Laplacian (see [11, Ch. IV, §7, Sect. 2,
Corollary 3]) and that the latter equals 72 for the unit square @ (see, e.g.,
[12, Ch. VIIL, §2, Sect. 8, (2.398)]). O

Lemma 5.4. Suppose u satisfies (26). Let Q be a square centred in the
support of p with sides chosen in any direction. Then there exists a square
Qo C Q with the same centre such that for any V € Lg (ﬁ, u), V >0 the
following estimate hiolds

& o av
[Vlwia < sl ewig, [ vewra 6
O o /o

Jor all w € W3(Q) N C (Q) with wg, = 0 (see (52)). Here, A, is the same

constant as in (55).

Proof. Let R be the side length of €. It is sufficient to prove (56) in the case
% < diam(supp p). Indeed, if % > diam(supp p), then there exists a square
), with the same centre as | Q) and with tEe side length R; such that R; < R,
A1 < diam(supp ), and € Nsupp p = 2 N supp p. Then (56) would follow
from a similar estimate for {2, since

/QV(y)Iw(y)qu(y):/ﬂV(y)IW(y)IQdu(y) and [V[59 = V[5y -

Below, we show that in the case £ < diam(supp p), (56) holds with Qy = Q.
There exist an orthogonal matrix U € R?**? and a vector xy € R? such that
Q = £(Q), where ¢ is the similarity transformation £(y) = RUy + xg, y € R?.
Let V := Voéand fi := poé&. Take any x € Q Nsupp i, i.e. any = € Q
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such that () € supp p. Since £(B(x,r)) = B({(x), Rr) for any r > 0, (26)
implies

co(Rr)* < a(B(x,r)) = p(E(B(z,r))) = p(B(E(x), Br)) < ci(Rr)*  (57)

for any positive r < }%diam(supp w). It is clear that the latter restriction
is not needed for the upper estimate in (57), since p (B(&(x), Rr)) does not
change as r increases beyond %diam(supp w). If x € @ \ supp fi, then, obvi-
ously,

a(B(z,r)) =0, Vr <dist(x,suppfi).
If r > dist (z,supp j1), then there exists x; € supp & such that |z — x| < r.
Hence B(z,r) C B(x,2r), and it follows from (57) that

f(B(x,r)) < i(B(x1,2r)) < ci(2R)"r".

Let
1
c o=

01(2R)a .
Then Lemma 5.3 applies to the measure cfi. Using (23) and the equality

V(wo &) (x)|?dx = Vw 2d,
/Q!( £)(x)| /Q\ (v)2dy

we get
1
VPt = ¢ [ Vo) Pdeus(e)
1 ~ .
=1 | V@lewo i)
1. -
< Al gy | [0 €)(o) s
1 c
<-A — v(“)/v 2dy. 58
= . 2 min{l, C/l (Q)} H HB,Q,/L a ’ UJ(y)’ Y ( )
But
- 1~ — = max 1,% =max < 1, CI(QE)
min{1, ¢/ (Q)} ¢t (Q) p (%)
< max 1,% = Ay, (59)
(%) €0
In the inequality above, we have used (26) and the fact Q contains a disk
of radius £ centred in the support of x. Now, (56) follows from (58) and
(59). O
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Remark 5.5. Estimate (56) may fail if € is not centred in the support of
(see [22, Example 3.2.11]).

Let G C R? be a bounded set with Lipschitz boundary such that (@) > 0.
Let Gy be the smallest closed square containing G' with sides chosen in the
directions 6y and 0y + 5 from Corollary 2.14. Since p (@) > 0, there exist
x € supp p such that € G C Gy. Let Gy be the closed square centred at
with sides chosen in the same directions as for Gy and the side length twice
that of Gy. Then G; D Ggy. Finally, Let G* be the closed square with the
same centre and the same directions of sides as G, and with the side length
3 times that of GGy. Then

EQG()CGl c G”. (60)

Since G, is centred in suppu, Lemma 5.4 can be applied to it. On the
other hand, an advantage of G* is that it does not depend on the choice
of x € supp i and is uniquely defined by G once the direction 6, has been
chosen. Hence one can define the following quantity

G*
(@) = 1)
1 (G)
Further, let
V(z), ifzred,
Vi(z) =
0, ifré¢d.
Then
av av av),ko(G av
IVillg e < IVillgeh o = IV @ < ko @IV IIga,  (61)

(see Lemma 2.9).
Using the Poincaré inequality (see, e.g., [11, Ch. IV, §7, Sect. 2, Proposition
2]), one gets the following estimate for operator (47)

1Tewlivye) < I1Tewllivy e < ITewli g

< ITalPluliy e < I1TalP(1+Co) [ [Vul@Pde (@)

for all w € W3 (G) with wg = 0.

Lemma 5.6. Let pu be a positive Radon measure on R? that is Ahlfors a—
reqular and let G C R? be a bounded set with Lipschitz boundary such that
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1 (6) > 0. Choose and fix a direction satisfying Corollary 2.14. Further, let
Q. (1) be the square with sides of length r > 0 in the chosen direction centred
at x € suppuNG. Then for any V € Lg(G, ), V >0 and any n € N there
exists a finite cover of supp uNG by squares Qup, (12,), 72, >0,k =1,2,....m9

such that ng <n and

/G V(@)w()Pdue) < A V]S / Vu@)Pde  (63)

for all w € W3(G) N C(G) with (Tew)q,, (r.,) = 0,k =1,...,n9 and wg =0,
where

c
A = C’aiﬂTGHQ(l + Cg)ko(G)? (64)
and the constant C,, depends only on .

Proof. Let N € N be a bound (see, e.g., [31, Theorem 2.7]) in the Besicovitch
covering Lemma (see, e.g., [17, Ch. 1 Theorem 1.1]). If n < ko(G)N, take
no = 1 and let Q,,(r,,) be the square Q from Lemma 5.4 with Q = G;.
Then it follows from (56), (61), and (62) that for all w € W (G)NC(G) with

(TGw>Q9¢1(W1) =0 and wag = 0,
/ V(@) |w(z) [ du(z) = / V. (@) [Tow () dp(x)
G G1

2V, / IV (Tow) ()2 da

§A20—4am0(G)Nn 1||V|yg‘2* / |V (Tqw)(z)|* dv
0 *

C
< A20—14%0(G)Nn‘1/<;0( )||V|| ||T 17(1 +CG)/ [Vw(x)]? da

0 G
:an1\|V\|227M/G|Vw(:c)|2dx, (65)

where By 1= Ay NTa|*(1 + Cq)ro(G)*N.
Now assume that n > ko(G)N. Lemma 2.15 implies that for any x € supp uN
G, there is a closed square Q). (r;) centred at = such that

IVallg o e = Fo(GINRTH V[ (66)

Since ro(G)Nn™! < 1, it is not difficult to see that Q.(r,) € G*. Consider
the covering = = {Q,(r,)} of supppu N G. According to the Besicovitch
covering Lemma, = has a countable or a finite subcover =’ that can be split
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into N subsets =%, j = 1,..., N in such a way that the closed squares in each
subset are pairwise disjoint. Applying Lemma 2.8 and (61), one gets

Ro(GINn T [VIlga) cardZ) = > |Villgo. gy < IValEC-
Qq (7’1)6_

< m(@VIgD

Hence card Z; < nN ~1 and
N
ng := card =’ = E card Z; < n.
=1

Again, using (56), (62) and (66), one gets for all w € W3(G) N C(G) with
(Tow)q,, (ra,) = 0,k =1,...,n9 and wg = 0,

[v@l@Pan = [ viPde)
G supp pNG
sZL()wm&wmwm

< A2_4°é Z | Vs ||BQ% (ray), / IV (Tqw)(z)|*dx

ay (ry,)

c ) O
:A20—14“/£0(G)Nn 1HVH( Z/ V(Tew)(z)|? da
0 T»'"k

— AN V) Z 3 / IV (Tew)(2)|? da
Quy (Ta,)

J=1 sz(rzk)EH
(&1 o — av
SAQfﬁmmanw@m§:/|VﬂW) (@) de
& av
< A26—14a/<;0(G) nHTel*(1+ Cg) HVH,(BG#/ \Vw(z)|* dx
0
= Con” VIS, [ 1Vulo)ds,
where C 1= 4,4 T |*(1 + Ca)ro(G)N?. Tt is now left to take

Ay = max { B, Oy} = A24°‘N|]TG|]2(1+CG)%/-@O(G) max {ko(G), N}. (67)
0
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Lemma 5.7. Let i and G be as in Lemma 5.6. Then

/ V(@) lw(@)Pdu(z) < AdVS2 / V()P de (68)

G
for all w € W5 (G) N C(G) with wg = 0, where

o 2 “y 871(1)
Ay = 2ATelP(1 + Co) ( - ) kolC). (69)

Proof. 1t follows from (62) that

2

|(Tow)g, | (Tow)(z) dz 1TewllZ, @)

1
\G |
||TG|| (1+Cg) /|Vw |2dx

'|G1| Gl

!G |
Using Lemma 2.11, one gets, similarly to (65),

[ V@@l ) = [ V@ TP aute)
G el
<2 [ V@) Tau() - (Tow, Fduta)
G1
+2/G Va(@) [(Tew)g, | dp(x)
§2A22—14ay|vu§;gw/ 1V (Tew)(x)? d

2B IVAGS, g I1Tell 0+ Co) [ [Vuta)f da

< AV / V(z) de,

where Ay is given by (69). O

Remark 5.8. If u satisfies (26), then the measure é,u satisfies (48). Ap-
plying Lemma 5.3 to éu and using (23) (with ¢ = é, 0 =Q =G, and
£(z) = ) one gets a version of (68) with the following constant

A Tg|* (1 + Cg)
min {1,240 (G) |

in place of Ay. The terms in (69) and in (64) that depend on the measure
L are z—; and ro(G). The latter can often be estimated above by a quantity

A, = (70)
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(&1

that depends only on £ and a (see Examples 5.9 and 5.10 below). On the

other hand, (70) contains the term - (G). Although (70) would also work
for us (see (72)), we prefer to use (69) as it matches (64) better than (70).

Example 5.9. Let €2 be a square centred in the support of p with sides of
length R chosen in any direction. Then the side length of 2* does not exceed

3v2 R, and
pO) < e (3v2 R)a

If £ < diam(supp p), then

1 (Q) > co (g)“ and ko(Q2) = R < 2—; (6\/§>a

If £ > diam(supp p1), then g (Q) = (%) and £o(2) = 1.

Example 5.10. Let G be a circular annulus centred at a point z in the
support of p with the radii » and R such that

1
R > (26—1) and R < diam(supp p).
c

r 0

Then the side length of the square G* equals 6 R, and

1(G) = (Bl B) = (Bl 1)) > coR* = err®

1 Co
> R — ¢~ 2R = D Re
Ot Tag s 2

WG < c1(6R)”.

Hence,
C1 (6R)a C1

< =2—=6" 71
w(C) < U =276 (1)

Note also that

1 1 C1 _
—— < :max{1,2—R o‘} : (72)
min{l,éu(G)} mln{ o RO‘} o

As above, let u be a positive Radon measure on R? that is Ahlfors a-regular
and let G C R? be a bounded set with Lipschitz boundary such that p (G) >
0. Let

Exv il / V(o) Pdr — 2 / V@)@ Pdu(z),  (73)
Dom (&wv ) = {w c Wy (G)N L? (G Vd,u) | wg = O}
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Lemma 5.11. (cf. [40, Lemma 7.7])
N_(Evpa) < AsllVIIge +2, ¥V >0, (74)
where As := 2As and As is the constant in Lemma 5.0.

Proof. Let n = [Ag,HVH;;%) J +1 in Lemma 5.6, where [a] denotes the largest

integer not greater than a. Take any linear subspace £ C Dom (&2v,,¢) such
that o)
dim £ > [A;[V][E2 ] +2.

Since ng < n, there exists w € £\ {0} such that wgq, () =0,k=1,...,n0
and wg = 0. Then

Ewvpcl] = /G V() P — 2 / V(@) w(o)Pdp(z)

> /|Vw(x)|2dx— BG“ /|Vw )2de
o [A HVH

> /G|Vw(x)|2dx—/G|Vw(a;)| dz = 0.

Hence
N-(Ewue) < [AslIVIES, | +2 < AsIVISD , +2
]
Lemma 5.12.
N_(Evpa) < AllVIge . ¥V >0, (75)

where Ag = 2A3 + 4A,, and Az, Ay are the constants in (64) and (69)
respectively.

Proof. By (68),
2 [ Vodu) < 240V, [ [Vuto)Pds
for all w € W2 (G) N C(G) with wg = 0.

If V)& < 5i then N_(Ewpe) = 0. If HvH(*‘V
5.11 1mphes

5 A , then Lemma

N_(Ewvnc) < As|VISED, +2 < AVIED .

where A@ = A5 + 4A4 = 2A3 + 4A4 L]
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Assume that 0 € suppu. Let Z, := Z if supp p is unbounded and Z,, :=
Z N (—oo, m] if supp p is bounded (see (29)).

Lemma 5.13. There exists a constant Ag > 0 such that
N_ (Exavpa,) < AsllVIgs, .. YV >0, VneZ, (76)
(see (73) and (30)).

Proof. We start with the case n = 1. It follows from Lemma 5.12 and
Example 5.10 that

N_ (Enavia) < AIVIED, ., ¥V >0, (77)

with

C
AS = 20a6_1||TQ1“2(1+CQ1 <2_6a)
0

B!
+8]| T, |12(1 + Co,) (A2—4°‘ TeN )2—6a

3
= sc,0 (2 a0+ Co)

B7(1
+16]|To, |I*(1 + Co,) <A2Z_14a i ( )) a go
0

As far as the dependence on the measure p is concerned, Ag depends only
on the ratio 2—(1)

n—1

Let £ : Q1 — @, by given by &(z) :=x <2§—(1)) L LetV:=Vof, i :=pof

n—1

and @ := w o &. Since {(B(z,r)) = B (5(;5), (22—;)
satisfies the following analogue of (26) (cf. (57))

r) for any r > 0, [

cor® < a(B(x,r)) < ér®

n—1 n—1
for all 0 < r < diam(supp fi), where ¢y = cq (22—;) , 0L =0 (22—;) ,

and £ Cl = 21 Now,

/IVw(y)IQdy—2/ V(y)|w(y)Pduly)
n Qn
Vi ()P — 2 / V()i (x) Pdila).

Q1 1
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It follows from (77) that
N (Exovian) = N- (Enavaa,) < AsllVIED, 2 YV >0,
It follows from (22) with ¢ = 1 that V|50, 2 = [[V]|§0, .. Thus

N_ (Exavia,) < AlVIIED, .. WV >0.

n—1

o

Hence the scaling ©z — = <22_(1)>
n € Z, to the case n = 1. 0

allows one to reduce the case of any

We are now in position to derive an estimate for the second term in the right-
hand side of (36) from the variational principle (see, e.g., [23, Lemma 3.2]).
Note that supp p \ {0} C Upez, @Qn and p({0}) = 0, and that (38) implies

w|Qn € Dom(gVN7Qn)7 Vw € Dom(gN,wu)

Hence, the above Lemma implies, for any ¢ < Ai,
8

N_ (Enovy) < Ag Z D,, YV >0 (78)

Dn>c

(see (31)). Thus Theorem 3.1 follows from (36), (42) and (78).

6 Proof of Corollary 3.2

It is easy to see that

Y VG < > 2G,<2) G (79)

Gp>1/4 Gn>1/4 nez

Let ©_; be the closed disc B (0,e~!) and 8 € (0,«). Then using (18), (26),
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and Fubini’s theorem one gets

Y G, < 2/ V()| In |zl dp(z) < 2[[Via ol [l aae

Ammmnwms/mﬁ%QWMS/ L du(a)

lz|<1 |z|?
LG
_5/ 51/x|<r dr+/x|<1ldu(a:)

= [ O B, < 8 [ e,

_Cl<a_6+1>—clagﬁ:3149

(We have 3=, o Gn <2 [, <y, -~ rather than 37, Gy = [, - in the
first inequality above because G,, are integrals over domains with intersec-
tions that may have positive measure p (see (28)):

12 ({:E € R2| |z| € Jn_1} N {l‘ € R2| |x| € Jn}) = ({w c R2| |z| = e_an\}>

may be positive. A similar situation occurs in (84) and in the proof of Lemma
6.1 below.) Hence

1
] Mgy < 5 max{l Ao} = Aug
(see (13)) and
ZGn <2A10||VBa i < 2410||V ] BR2 - (80)
n<0

Further,
Gy = Vi(x)du(x
LRWQ () du(x)
< e § le 1) /1<| p V(z)In(1 + |z|) du(x)
< Eaiggégmwmu+mmmm (81)
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and

ZGn§2/

V(z)In|z|dp(z) < 2/]R2 V(z)In(1 + |z]) du(z).  (82)

It follows from (79)—(82) that
5 VG <u ([ VIOl duto) + Vs ) (6
Gp>1/4 R?

where

1
A =2 2A1, —— =+ 2.
H max{ (1 +e 1) i }

Let €2y be the closed unit disc B(0,1). It follows from Lemma 2.8 and
Corollary 2.10 that

an = ZD% + ZD%A < QHVHSBO,“

n<0 k<0 k<0
< 2max {1, ()} |V [5.00 < 2masx {12 (Q0)} [V, (84)

We need the following lemma to estimate ), ., D,.

Lemma 6.1. (cf. [40, Lemma 8.1]) There ezists A2 > 0 such that

> IVlsgue < A (IVlsznaon+ [ Vio)n+nfe)duto))
n=1

|z[>1
for any V> 0.

Proof. Suppose first that ||V'||(zr2\5(0,1),,) = 1 and let

an:Z/ B(V(2))du(x), kn = VIBQuw neN

Then

kn < VlsraB01)0 =1,

Yo=Y [ BVE@mE@ <2 [ BV dutr) =2
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and it follows from Lemma 2.2 that

= 52 (28 )

1 2 1
< = (V(z) +2V(z)Ing V(2)) du(z) + — In— V]| £1(Qun.p)
K;TL Qn K/n K/n
4 1 1
< —n oy + /‘f_n <1 +2In /{—n) V|21 (@)
Hence 1
kn < 4oy, + (1 +2In li_) V|21 (@)
and

vanm u<22m_2 S k2 S

R <1/n? Kim>1/n2

1
< ZZE +82an+22<1 + A )|V |1y (o
n=1 n=1 n=1

w2 =
<™ 16125 (14 41nn)/ V(@) du(z)
’ ; (23) © <wi=(28)"
S — —|— 16 + A3 Z/ a1 )7 V(z)In(2 + In|z|) du(z)
@ <\x|< o “

2

< % 16+ 2A13/ V(2)In(2 + In|z|) du(z)
|| >1

< Ay (HVHB,RQ\B(OJ),M + /| V(x) In(2 + In[z]) du(x))

z|>1

(see (12)). The case of a general V' is reduced to ||V||(zr2\B(0,1),,) = 1 by the
scaling V +— tV t > 0. O
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Using Lemmta 2.12 and 6.1 (see also Corollary 2.10), one gets

ST, =Y IVIED, .,

n>1 n>1

i:j IVl s + Zm fon (Fu@)} [ vraut

< i 1V lisgun + Zmax {O,ln (; (22—1)n)} / V(&) du(x)

<3 Wlsau+ Au Y Jus . V(@) duo)
1 L (22)®
< Zuvnwmmsz / ey VO D)
" <x< “
< Ao (IVllszn o0 + / | V<a:> In(2 +In fol) du(z)
z|>1

+ Ax V(z)In(1 + |z|) d,u(x))

< Ayr <||V||B,R2,p, +/ V(z)In(1 + |z|) d,u(x)) , YV >0.
RQ

Hence it follows from (84) that

S0 < s (Wl + [ Vi + e duto) ). (59

nez

Estimate (33) now follows from Theorem 3.1 and (83), (85).

7 Conluding remarks

For a sequence of numbers (a,),ez, let

[(an)nezlly o == sug (s card{n : |a,| > s}).
5>

It is easy to see that

||(an>n€ZH1oo < [[(an)nezll, = Z |@n).

nez

Also,

> Vel < H tn)nezlly co (86)

lan|>c
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and

Y. Va=00)) as v — +oo = |(@n)nezll o <00 (87)

Ylan|>c

(see [40, (49), (77), (78)]).

Theorem 7.1. Let V> 0. If N_(Ey,r2) = O(vy) as v — o0, then
1(Gr)nezll o0 < 00

Proof. This follows by replacing the Lebesgue measure with p in the proofs
of [40, Theorems 9.1 and 9.2]. O

The above theorem and (86) show that the term } ¢, _, VG, in (32) is opti-
mal in a sense. Although the same cannot be said about the term ) S, _ Dy,
the following theorem shows that it is optimal in the class of Orlicz norms.
More precisely, no estimate of the type

N_(Ev,r2) < const + / V()W (x) dp(z) + const||V |y g2, (88)
R2

can hold with a norm ||V||g 2, weaker than ||V gz, provided the weight

function W is bounded in a neighbourhood of at least one point in the support

of u.

Theorem 7.2. (cf. [40, Theorem 9.4]) Let W > 0 be bounded in a neigh-
bourhood of at least one point in the support of u and let ¥ be an N-function

such that (s)
s

I
B B(s)

Then there exists a compactly supported V' > 0 such that

=0.

/Rg V(@)W (x) du(z) + [V wre < 00

and N_(Ey,gr2) = 00.

Proof. Shifting the independent variable if necessary, we can assume that
0 € supp p and W is bounded in a neighborhood of 0. Let ro > 0 be such
that T is bounded in the open ball B(0, ry).

Let _—
B(s) := sup %

Then [ is a non-increasing function, f(s) — 0 as s — oo, and ¥(s) <
B(s)B(s). Since ¥ is an N-function, W(s)/s — oo as s — 0o (see section 2).
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Hence there exists sy > ea > 1 such that ¥(s) > s and 8(s) < 1 for s > 9.
Choose pi € (0,1/s9) in such a way that

S k) <o

k

It follows from (26) that ¥r > 0, the disk B(0,r) contains points of the
support of y different from 0. Let 2 € supp v\ {0} be such that

2
|2V| < min {57’0, 2/)1} :

One can choose z®), k € N inductively as follows: suppose =M, ..., z®) ¢
supp  \ {0} have been chosen. Take x**+1) € supp p \ {0} such that

. 1
2] < min {§|x<k>|, zpkﬂ} |

Since |z**V] < L|z®|, it is easy to see that the open disks B(z™, 1|z®)|),
k € N lie in B(0,ry) and are pairwise disjoint. Let rj := 1[2®|. Then
re < pr, k € N. For a constant A9 > 0 to be specified later, let

ty = A—lj 7"];2a

In
Tk

_f te, 2€B(W,r}), keN,
Viz) = { 0, otherwise.
1

Since the function r +— r¢ ln% has maximum equal to —-, one can choose
Aqg > 0 such that Ajgae > 1 and

Ay Ay 1 1
tk:l ?7“]6_204: 91T;a>—>—a>3326.
n

Tk
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Then

/R2 WV () dp(x) = S Wt (Bl <3 Ut

k=1
<Clzm B(te) < er > ri®B(t) (1 + t) In(L + )
k=1

A19 A19

In i r,%a InL
Tk Tk

<4Clz7"k, ﬁ iy tklntk—élchB tk

1 Ty In P T
< constZﬁ (—) < constZﬁ (—a> < 00
k=1 k=1 Pk

Thus [|V|wre, < oo (see (15) and (12)). Since t; > = > s, one has
k
tk S \I/(tk> and

/R V() du(r) < / V() dp(r) < oo

Since W is bounded in B(0,ry),

/R? V(z)W(x)du(z) < oo.

Let ) ) ,
17 |LE - | S Tk;a
n z—z(F)
wy(z) = { mlwlle=e ) (len/(ll/rk) D, r2 < |z —2®| <y,
0, lz —2®)| > ry

\

(cf. [16]). Then
2m

ln(l/rk) .

/ ]Vwk(:v)|2 do =
RQ

Further,

Vel dute) > [ V@) =t (8 ()

> theori® = ¢

R2
Aig

InL’
Tk
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Hence for any A9 > i—g,
Evppre[wi] <0, VEkeN

and N7<8VM,R2) = Q.

8 Appendix: Proofs of (49), (50) and (51)

Let B(s) = (14 s)In(1+s) —s = 1, then s = B~ (7). For small values of s
(large values of t), using

2 3

_s_ 2 45 4
In(l+s)=s 2+3+O(S),

we have )

(1+S)1H(1+S)—S:%+O<S3) :%.

One can write this in the form

Tl = Logo=0
s 1
5 I+29(5)) = -,

S(LHh(s) = (/2. hO) =0,

where g and h are C*° smooth functions in a neighbourhood of 0. Let f(s) =
s(1+4 h(s)). Then f(0) =0, f(0) =1 and (f')’(0) = 1, which means that
both f and f~! are invertible in a neighbourhood of 0, and

() o (h).
B! G):\/g(uou)) as £ — o

tB~! (%) =V2t(1+0(1)) as t — oco. (A1)

Thus

and

For large values of s (small values of t), let p =1+ s and r = 7, then

plnp—p+1=r.
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Let p = €7, then
zef —r—e*+1=0.

This implies

(z—1)e* = r—1,
r—1

Let w:=2—-1 v::%. Then

The solution of (A.3) is given by

Inlnw Inlnov)?
w=Inv—Inlnv+ +0
Inv Inwv

(see (2.4.10) and the formula following (2.4.3) in [14]). So

z = 1—|—lnr_

Since

In(r—1)=Ilnr+0 (1),
,

In(In(r — 1) — 1) = 1n1m~+0< ! )

Inr

we get

z = lnr—lnlnr%—hlllnr%—O(L)
1 lnln—

1
= lng—lnlnt—i— ( %>

This implies




Hence

implying
1 1
B ) =5 (1+0(1)) as t —0. (A.4)
t In ;
Let 1
=B (?) ' (A.5)
Then . 1
g = 2 (A.6)
-
From .
1 nin - 1
In 3 In 1 In T
we get
ln - = t n <A7)
-
Now (A.6) implies
In 140(1) _
1 _ U i+ 0 (i)
In- =
t T
1+ (I4o(1)rInt +O(7)
= . |
Substituting this into (A.7), one gets
In 14+(1+0(1))7 In %J,-O(.,—)
L+ Taremyrmrom” T O
In- =
t T
S O(1)
p— R n )
- T
Hence 1
t=7e eV as T — 0. (A.8)
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