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ZEROS OF LARGE DEGREE VOROB’EV-YABLONSKI POLYNOMIALS VIA A
HANKEL DETERMINANT IDENTITY

MARCO BERTOLA AND THOMAS BOTHNER

ABSTRACT. In the present paper we derive a new Hankel determinant representation for the square of
the Vorob’ev-Yablonski polynomial Qn(z),z € C. These polynomials are the major ingredients in the
construction of rational solutions to the second Painlevé equation uzz = xu + 2u3 + . As an application of
the new identity, we study the zero distribution of O, (z) as n — oo by asymptotically analyzing a certain
collection of (pseudo) orthogonal polynomials connected to the aforementioned Hankel determinant. Our
approach reproduces recently obtained results in the same context by Buckingham and Miller [3], which
used the Jimbo-Miwa Lax representation of PII equation and the asymptotic analysis thereof.

1. INTRODUCTION AND STATEMENT OF RESULTS
Rational solutions of the second Painlevé equation
Upy = vu + 20+, «a€C, (1.1)

were introduced in [16, 17] in terms of a certain sequence of monic polynomials {Q,,(x) }n>0, henceforth gen-
erally named Vorob’ev-Yablonski polynomials. These polynomials are defined via the differential-difference
equation

Qu11(2)Qu1(2) = 2Q3(2) — 4| QU (1) Qu(a) - (Q4(@))’], n=1 zec

with Qp(x) =1, Q1 (x) = x. It was found that rational solutions of (1.1) exist if and only if « =n € Z. For
each value n > 1 they are uniquely given by

u(z) = u(z;n) = % {m {Qg";(liﬂ } o ou(z0) =0,  u(z;—n) = —u(z;n). (1.2)

The Vorob’ev-Yablonski polynomial Q,,(x) for n > 0 is a monic polynomials of degree 5 (n + 1) with integer
coefficients. In the literature it is known [13] that Q,,(z) admits two determinantal representations; our first
result will be a third representation.

Of the pre-existing formulee we first state a formula of Jacobi-Trudi type: let {gx(z)}r>0 be the polynomials
defined by the generating function

Fi(t;z) = exp { + t:c} qu (1.3)

and set in addition gx(x) =0 for k < 0. Then

n—1

= [ @k + 1) det [qn 2o (2 )L . =L (1.4)
k=1 =

Date: October 31, 2014.

2000 Mathematics Subject Classification. Primary 33E17; Secondary 34E05, 34M50.

Key words and phrases. Vorob’ev-Yablonski polynomials, Hankel determinant representation, asymptotic behavior of
(pseudo) orthogonal polynomials, Riemann-Hilbert problem, Deift-Zhou nonlinear steepest descent method.

The first author is supported in part by the Natural Sciences and Engineering Research Council of Canada. The second
author acknowledges support by Concordia University through a postdoctoral fellow top-up award.

1



ZEROS OF LARGE DEGREE VOROB’EV-YABLONSKI POLYNOMIALS VIA A HANKEL DETERMINANT IDENTITY 2

Secondly one can compute Q,(x) from a Hankel determinant: let {px(z)}r>0 be the polynomials defined

recursively via
k—1

poe) =z, pi()=1, prr1(@) =p(@) + Y pm(@)Pr-1-m (@), (1.5)

in particular
pa(z) =% pa(x) =4z,  pa(x) =22° +5, ps(x) =162,  pe(z) = 5z (2° +10).
Then

Qn(z) = o531 Jet {pﬂj,g (mﬁ)h , n>1;, k= —9-%, (1.6)
=1

Although this identity expresses Q,,(z) as an exact Hankel determinant, the polynomials {py(x)}x>0 cannot
be derived from an elementary generating function as it was the case for {qx(x)}r>0 in (1.3).

Our first major result is a seemingly new Hankel determinant representation for the squares of 9, (z),
which indeed results from an elementary generating function. Let {ux () }x>0 be the collection of polynomials
defined by the generating function

3 o0
Fs(t;2) = exp [_t3 + tx} = Zuk(x)tk. (1.7)

k=0
These polynomials satisfy the four-term recurrence

apa() ()

= E>0 1.8
prs3() k+3 k13 > (1.8)
with po(z) =1, 1 (2) = = and po(z) = 2. Moreover
3 -2 z(x3 - 8) 22 (2% — 20 x5 — 4023 + 40
Mg(.’lﬁ) = 31 /J4(-T) = T, M5($) = T)7 'LLG([L‘) = T’

and in general
pr(—kz) = qr(z)(—r)*,  E>0.
The relation to the Vorob’ev-Yablonski polynomials is as follows

Theorem 1.1. For any n > 1, we have

: @ =W L] [(2:!)!]2 dot [uess-a(@)]) . (L9)

where |y| denotes the floor function of a real number y.

The proof of Theorem 1.1 is found in Section 2. Theorem 1.1 can be put to practical use in the analysis
of the distributions of the zeros of Q, (z) when n — oo. This very same asymptotic problem was very
recently addressed in [3] where Buckingham and Miller have analyzed the large degree asymptotics of Q,,(z)
in different regions of the complex z-plane. Their approach uses a specific Lax representation of (1.1) and
corresponding Riemann-Hilbert problem, which is completely different than the one we derive here (Sec. 3),
and then they proceed to an asymptotic resolution of the RHP as n — oo.

Indeed, a direct consequence of Theorem 1.1 is that we can frame the same analysis in the relatively

familiar context of large-degree asymptotics of orthogonal polynomials with respect to a varying weight in
the spirit of [8]; recall that

1 dk 1 dw %
pr(z) = E@Fz(t;x) o= T 2m Fz(ww)w = —j{C dv(¢; ) (1.10)
where the line integrals are taken along the unit circle S* = {¢ € C : |¢| = 1} in clockwise orientation and
1 . dC 1 T
dv(¢x) = —e 9D =2 9(Gr) = = - 5. 1.11
V(C’ .'I;) 27_[_26 C I <<7 :C) 34—3 C ( )

In this setting we now introduce (pseudo) orthogonal polynomials
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Definition 1.2. The monic orthogonal polynomials {1n((;x)}n>0 of exact degree n are defined by the
requirements

Com ) _ ho(x), m=n
FonGorcmanca) = { S (112)
Un(Gz) = ("+O((Y), (oo (1.13)

Also here, the line integral is taken along the unit circle S in clockwise orientation.

For any fixed n € N, the existence of ¥, ((; ) amounts to a problem of Linear Algebra and rests upon the
nonvanishing of the Hankel determinant of the moments (1.10) of the measure dv((; )

det [Wﬂ»,g(x)}:j:l £ 0.

,

Recall also that the normalizing constants are related to the Hankel determinants by

det (e p—2()]y 1L
I () = — etpetn 2(1’)}“_1. (1.14)
det[perk—2(2)]} k1

Now combining (1.14) with (1.9) and (1.2), we obtain for n > 1

s 5] () wan-

Hence zeros of the n-th Vorob’ev-Yablonski polynomial Q,,(z), respectively poles of the n-th rational solutions
u(x;n) to (1.1), are in one-to-one correspondence with the exceptional values of the parameter x for which
the n-th orthogonal polynomial ¥, ({; ) (1.12),(1.13) ceases to exist.

In this perspective, our second result confirms an analog one in [3], namely it shows that the Vorob’ev-
Yablonski polynomials of large degree (after a rescaling) are zero-free outside a star shaped region A ¢ C
defined as follows

Definition 1.3. Let a = a(x) denote the (unique) solution of the cubic equation

1+ 2xa® —4a® =0 (1.16)

subject to boundary condition
a= §+(’)(m_2) , T —00. (1.17)
The three branch points xj = —%e2gik,k =0,1,2 of equation (1.16) form the vertices of the star shaped

region A = AUOA depicted in Figure 1 below which contains the origin and whose boundary OA consists of
three edges defined implicitly via the requirement

R {—21n (1_ ”1+2a3> —V1+2a® <4“§a; 1>} = 0. (1.18)

av2a

Here, all branches of fractional exponents and logarithms are chosen to be principal ones.

The topology of A is discussed in Section 3.2. In terms of the latter definition, our second main result
shows that the region C\A does not contain any zeros of Qn(n%x), provided n is large enough. We have

Theorem 1.4 (see [3], Theorem 1). Let x € C : dist(x,A) > § > 0, then the orthogonal polynomials
Un(Cnix), ¢ € ST defined by (1.12) and (1.13) ewist if n is sufficiently large. Equivalently, the (rescaled)
Vorob’ev-Yablonski polynomials Q,,(x) = Qn(n%z) for large n have no zeros in the same region of the complex
x-plane.

We point out that while the final result overlaps (see Remark 6.2) with the result of [3], the method is
substantially different since we start from the new determinantal expression of Q,,(z) obtained in Theorem
1.1.

At this point we decided to perform asymptotic analysis only in the interior and exterior of the region A;
hence we shall not address issues related to the asymptotic behavior when z is on the boundary (or vicinity)
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FIGURE 1. The star shaped region A = A UdA. The boundary 0A is given as the union
of the three black solid curves.

of A, presumably the result would only confirm those of the forthcoming paper [4]. We are also focusing on
the location of the zeroes of Q,(z) = Q,(n3z) inside of A (hence, location of the poles of u(z;n)) rather
than the asymptotic behavior of the rational solution u(x;n) itself, not to unnecessarily duplicate the results.

There are interesting differences in the methods of our analysis inside A, compared to the one in [3]!
although the end result is the same. In [3] the author need to introduce an elliptic curve (of genus 1)
dependent on the value of z in A; in contrast, we need to introduce a hyperelliptic curve of genus 2 of the
form

X = {(z,w) cw? = P (2%) } (1.19)

where P3(¢) = (¢ + a?)(¢ + b?)(¢ + ¢?) is a polynomial of degree 3 with distinct roots given implicitly in
(3.34) and (3.36). In [3], the authors introduce an exceptional set of discrete points in order to complete
the Riemann-Hilbert analysis inside the star shaped region A, compare equations (4-96) and (4-97) in the
aforementioned text. In our case the corresponding exceptional set is first defined in terms of the vanishing
of a Riemann Theta function of genus 2 (see App. (B)); however, given the high symmetry of our curve X,
we will eventually reduce the appearance of O(z|7) in the definition of the corresponding exceptional set
(4.34) to a condition which involves only a theta function ¥(p) = ¥(p| s) associated to an elliptic curve. In
order to explain in detail the condition, let us set

do(z) = 7”}:34(22) dz (1.20)

and recall that the parameters a, b, ¢ (i.e. the branch points of X) all depend on z implicitly via (3.34) and
(3.36). Our analog to (4-96), (4-97) in [3] reads as follows.

Theorem 1.5. Let Z,, C A be the discrete collection of points {x, 1} defined via

n LI n |
I — d d = — 4+ —| ] =0 1.21
(27Ti|:81 ¢+%2%41 v +2|:a1A22+ 2 (1.21)
where ¥(p) = ¥3(p| 202) = 3,z explimm?sey + 2wimp) is the Jacobi theta function and we put
zdz f n2
Ne=—, Ap= % M, = (1.22)
w Az 3342 2

IIn loc. cit. the region A is termed the “elliptic region”.
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FIGURE 2. The lines expressing the quantization conditions (1.24) and the zeros of the
polynomial @Q,,(x) computed numerically, for n = 2,6, 12,24 (from left to right). As can be
seen, the zeros of @, (x) form a regular pattern, a feature which was first observed in [5].

for a specific choice of homology basis {Aj,Bj}?:l shown in Figure 13. Uniformly for x belonging to any
compact subset of A\ Z,, the polynomial d)n(C;n%z),C € St exists for n sufficiently large. Moreover, for x
in the same compact set, Qn(x) # 0 for n large enough.

The condition (1.21) is equivalently formulated as

+1 07’]2 %) _1—|—%2
2 [Jo, Ao 2] 2

n

| f a0 d 0
211 By Ay
The integrals fB] 4, d¢ are purely imaginary (see (3.36)) and since Ssp > 0, any complex number p can

be uniquely expressed as o + ¢ o0, € R. Thus the condition (1.23) can be expressed as the pair of
quantization conditions

+k+0l, kUEZ (1.23)

n 1 n 1
b dp==-+k I d dp== 42 1.24
o Bl¢ g ThTo, 5o Al‘b i Here (1.24)

where k,{ € Z and 0+ 302§ = & fl 72 The lines of the quantization conditions (1.24) are shown in Figure 2
for different values of n. We note that the agreement is remarkably much better - even for very small values

of n - than what Theorem 1.6 below leads to expect.

The outlined reduction of the appearing Riemann theta function to a Jacobi theta function combined with
an application of the argument principle to smooth functions yields the following Theorem that localizes the
zeros of @, (z) within disks of radius O(n™1).

Theorem 1.6. For each compact subset K of the interior of A, and for any arbitrarily small ro > 0 there
exists ng = no(K, 1) such that the zeros of Qu(x) = Qn(niz),n > ng that fall within K are inside disks of
radius ro/n centered around the points of the exceptional set Z,.

The paper is organised as follows: we first prove Theorem 1.1 in Section 2 by applying identity (1.4). After
that preliminary steps for the Riemann-Hilbert analysis of the (pseudo) orthogonal polynomials {,(¢;z)}
are taken in Section 3. This includes a rescaling of the weight and the construction of the relevant g-functions
which are used outside and inside the star. The g-functions reduce the initial RHP to the solution of model
problems and we state their explicit construction in Section 4. Section 5 completes the proofs of Theorems
1.4 and 1.5. In the end we compare our results obtained outside and inside the star to [3], this is done in
Section 6 which also gives the proof of Theorem 1.6.

2. PROOF OF THEOREM 1.1

The identity (1.9) follows from several equivalence transformations. First we go back to (1.4) and notice
that go(z) = 1, the convention g (z) = 0 for k < 0 as well as the empty product imply
n
n

Qn(a) = [T @k +1)"* det [guzess(@)], . n>0.
k=1 e
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Thus (1.9) is in fact equivalent to the identity

n n

2
} = (—)Ll812(=D% gt [ug+j_2(l‘):| , n>1 (2.1)
0,j=1

{det [qn—2é+j (33)}

£,j=1

Since
Fi(t;2)(Fi (@) £ Fi(—t;x)) = Fa(2t;2) £ 1

holds identically in ¢t and x, we have from comparison

k
1)
2k_1uk($)+§ = mZ:O(Jk72m(x)q2m($)7 k>0, (2.2)
5 k
2 n(a) - 57 = z_joqk_zm_mz)quH(x), k> 0. (2.3)

Now back to the left hand side of (2.1) with n > 1. We first shift indices, then permute columns and rows
in the second factor, transpose the first matrix and then evaluate the product

n 2 n—1 2 n—1 n—1
{det [qn_gg+j(x):| Z,j:l} = {det |:qn_1_24+j(x):| Z,j:o} = det |:qn_1_25+j(l‘):| £.5=0 det |:q24_j($)} 0j=0
n—1 n-1
n—1 n—1
= det |:Qn7172j+f($)] ~det {CI%fj(x)} _=det [Z qn12m+z(x)q2mj(x)]
£,5=0 £,j=0
m=0 £,j=0
Now use (2.2) and (2.3) to evaluate the entries. In the first row
n—1 )
Z Qn—l—Qm(x)qu—j (x) = QH_Q_JMH—I—j (.13), j=0,....n—-2
m=0
ke wol@) 1 5 =0mod 2
n—1-2m\Z)q2m—(n—-1)\T) = 2 v B
mz_:oq 1-2 ( )QQ ( 1)( ) {/,l,()?(w)_’_%’ n=1mod 2.
For the second and subsequent rows
n—1
Z Qn—1—2m+f($)CI2m—j($) = 2n_2_j+€,unflfj+f($)7 .7 = 07 sy 1u = 17 sy 1
m=0
which shows that
n 2 . n—1 " . n—1
{det [qn,geﬂ- (x)] } = det [2”—2—3“,1”,1,#4(;5)] = (—)L8) det [29 iy (@)
4,j=1 £,j=0 £,j=0

where we permuted only the columns (j — n — 1 — j) in the last step and introduced

0, n=0mod 2,

[l = k > 1' [l =
(@) = p(), - fio(@) {2, n = 1mod 2.

Notice that we have suppressed the dependency on 7 in the notation of iy (x). Factoring out common factors
we continue
n—1

{det [qn,ggﬂ- (x)] }2 = (_)L%J2(n71)2%det {ﬂngj (x)]e

and therefore, compare (2.1), are left to show that

n n

n 21 N
= (—)Lzla=D) 5 det [umfz(x)}

£,j=1 ,J=0 £,j=1

n

— 2det [Wﬂ,g(x)}“:f n>1. (2.4)

n

det [[LHJ'*Q(:E)} 0,5=1

This identity is definitely satisfied for n = 1, hence let us assume that n > 2. By multilinearity

det [ﬂeﬂ%(@]z = det [uujfz(ff)}

s,

n—1

+ (=) det [,ueﬂ' (95)} =1’

n

£,j=1



ZEROS OF LARGE DEGREE VOROB’EV-YABLONSKI POLYNOMIALS VIA A HANKEL DETERMINANT IDENTITY 7

thus we need to verify that

n

n—1
(=)7L det [Mﬂ(x)} = det [WH_Q(:C)} ) (2.5)
l,j=1 £,j=1
Both sides in the latter equation are polynomials in x € C, hence if we manage to establish equality in (2.5)
outside a set E C C of measure zero, it follows by continuation for all z € C. In our case, we will verify (2.5)
for x € C\E with

m
E= {xE(C: det {ujJrk(ac)} . =0, m:l,...,n—Q}

jik=1
using the following algorithm: we start (1) on the right hand side of (2.5) and add appropriate combinations
of rows to subsequent rows, starting from row n and continuing with row n—1, etc. Formally with p(z) =0

for k<0

TUEe—-1)+5—2  HE—3)+j—2
Hetj—2 MEIJ)ZMZ*FJ?_{ (67)1j - (gjlj }7 624,...,71

1 TH(L—1)+5—2
Patj—2 > /«M(z]) = fetj—2 — {(Z—)lj} , =23

for any j € {1,...,n}. Recalling (1.8) this step implies
M1

%:—M4—7~

In the next step (2) we add an a;-multiple of the second row to the third row and then an as-multiple of
the second column to the third column, where

(1) (1)
a = M2 “‘UB’ g = Ms2 +H37
k2 M2

provided ps # 0, which is satisfied for z € C\E. Using again the recursion (1.8), this move leads to the
replacement

1

)

1 1 1
ué,l):ﬁ'g}:(L 622,,7’7/, Mé’e):_lj/2€727 6227,7’1,6753, :ui(’,

(1) (2) 1. (1) (2) (1. (1) 2 _ (1),

P j 7 By s =g i Mo B = Hoii Mo P o =Hees Li=4....n
as well as
1 2 1 1 1 2 1 1 .
i) o ) = ) el g o ) = i +aopfl), Lj=4,...n

and most importantly

1 2 1 2 1 2 1 2
HeD o sy = —Hz, M5 bR = —Ha,  pS e pSh = —ps,  psh e pig = —pe (26)

Hence step (2) shows that

w0 0 0 .- 0
2 2
0 —p2 —ps u%f e u%f
n 0 —ps —pa ps) o uy)
d t[ . ] — det o, 0.
et | petj—2(7) T R R C : p2 #
: 3 1
T T A —2n—2]

In step (3) we add a f11-multiple of the second column and a (21-multiple of the third column to the fourth
column, followed by then adding a S12-multiple of the second row and a [Sso-multiple of the third row to the
fourth row. Here {3;,} are determined from the linear system

p2 p3| (B Prz| _ psy pa )+
w3 pal P21 P2

2 2
u:(»,4) + Us uig) + U5
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provided the determinant of its coefficients matrix, i.e. det [Mj+k]§k:1 does not vanish, which again is
guaranteed for z € C\E. In terms of the recursion (1.8), this leads us to

[0 0 0 0 0 S 0
3 3
0 —pe —ps —p4 ,uég;) T Ngn)
0 e e e 4@ O
M3 —p4  —H5  H3s H3n
n 0 _ _ _ (3) e (3) 2
det [W+j—2(x)] = det Ha M5 M6 M5 Han . det [,uj+k] vy 7 0.
tj=1 ® © ® : e
0 Mgy Mgy Hsd  —Hs
IO T T S ~Hzn—2]

Step (3) is then followed by step (4) in which we add appropriate combinations of the second, third and
fourth column/row to the fifth column/row, and so forth. After (n — 1) steps in this algorithm, we end up
with the identity

Lo 0 0 0 0
n—1
0 —pe o~z o —paer g,
0 - — - (n—1)

3 Ha Hn /’(’3'”
n . . . . n—3
det [w+j—2($)]”:1 = det | : S Co |, det [uig] ;D #0.

0 —Hn—-1 —Hn —H2n—4 .ugn__ﬁzl

L0 Hq(g_l) Ngg,_l) Tt Ngznr:i —H2n—2]

In the final step (n) we add combinations of the second, third, fourth,...,(n — 1)** row/column to the n'!
row/column according to the system

-1 -1
M2 3t o1 711 Y12 Ng:z )+ Hn /«Lg; )+ Hn
Hn—1 Hn - Hon—4a Tn—2,1 Yn—2,2 Mg:l,)l + Wton—3 ,ufzn,:_l)l + pon—3

and establish (2.5) from the recursion (1.8) after extracting (n — 1) signs, provided that det [;LjJrk]?;il #0,
which holds for x € C\E. This verifies (2.5) by analytic continuation and tracing back all equivalence
transformations completes therefore the proof of Theorem 1.1.

3. RIEMANN-HILBERT ANALYSIS - PRELIMINARY STEPS

It is well known that orthogonal polynomials can be characterized in terms of the solution of a Riemann-
Hilbert problem (RHP), first introduced by Fokas, Its and Kitaev [11]. In present context of (1.11), the
relevant RHP is defined as follows:

Definition 3.1. Let v be a simple, smooth Jordan curve encircling the origin in clockwise orientation.
Determine the 2 X 2 matriz-valued piecewise analytic function T'(z) = T'(z;x,n) such that

e I'(2) is analytic for z € C\y

o The boundary values on vy are related via

I'i(z) =T_(2) {(1) w(i’ x)] ., ZEM; w(z;z) = %e‘e(zw)l (3.1)

T z

with 6 as in (1.11).
e As z — 0o, we have

I(z) = (1 L Lilan) g (ﬂ)) s (3.2)
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The solvability of the T-RHP is equivalent to the existence of the orthogonal polynomial v, (¢; ), in fact
[6]
1/%((7«@ = Fll(c;z7n)a (33)
and in addition
hy(x) = =27 lim z(F(z;x,n)zf"US - I) !

Z—00

7
_ : . —noz __
=3 lim z(F(z,x,n)z I)Ql. (3.4)

(hn_l(z)) T 2—00
We will solve the latter RHP as n — oo for rescaled = € C outside and inside (there subject to an additional
constraint) the star shaped region described in Definition (1.3). Our approach uses standard methods from
the Deift-Zhou nonlinear steepest descent framework (cf. [9],[7],[8]) and consists of a series of explicit and
invertible transformations. In terms of the solution of the RHP 3.1 the solution of the Painlevé equation

u(x;n) is obtained as specified below.

’
12

Proposition 3.2. The rational solution u(z;n) of the Painlevé II equation (1.1) given by (1.15) is also

expressible as
Lhy(x)  1T11(0;2,n)T12(0;2,n)

oy L 3.5
wEn) = 3@ 2 Tin(n) (8:5)
where T'1(x,n) is the matriz appearing in the expansion at z = oo (3.2).
The expression is an immediate application of the following Lemma
Lemma 3.3. We have
Ozhp(x) = 2miT12(0; 2, n)T11(0; x, n) (3.6)

Proof. The matrix valued function ¥(z;z,n) = I'(z;z, n)e*%(’(zw)“z*%”, z € C\y solves a RHP with jumps
that are independent of z and, most importantly, of z. Thus the matrix W (z;z,n) = 0,V (z;x,n)V " (2;2,n)
is analytic in C\{0}, in fact

Wiz z,n) = 0,T(z;2,n)T " (z;2,n) + %I‘(z; z,n)o30 " (z;2,n).
z

From this, a local analysis near z = co and z = 0 shows that W(z;z,n) = O (2_1), hence by Liouville’s
theorem we have that W(z;z,n) = % for a matrix C that is constant in z. In order to compute C explicitly
we notice that the first term in the sum above is bounded at z = 0, thus

1
Wz z,n) = 2—1"(0; x,n)o30 (0, 2,n).
z

On the other hand, by the same argument, looking at the expansion near z = oo, we have that

1 o
W(z;x,n) = ;6301“1(95,71) + i

Choosing the (1,2) entry yields with unimodularity of T'(z),
9:T'112(w,n) = —T'11(0;2,1n)T12(0; 7, n). (3.7)
O

3.1. Rescaling and the abstract g-function. In order to study the polynomials Q,(z) = Q,(niz) we
consider the following change of variables

W0 (za) = N3y, (N—%z; N’x) , R (z) = N% h,, (N’x) . (3.8)
Consequently, the measure of orthogonality of these new orthogonal polynomials is
1 dz
dv(z; dvo(z2) = s—e NEP = NeN 3.9
v(z;x) — dv°(z;x) 576 o € (3.9)

Under the scaling (3.9), the initial T-RHP is replaced by a RHP for the function I'°(z) = I'°(z; 2, n, N) with
jump
of .. 1 . 1
[ (2) =T72(2) B v (f’x)} ,  RE; w(z;w) = %‘fw(m);
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and asymptotic behavior (3.2). As we are interested in the large n asymptotics of the normalizing coefficients

hyn(x), we will solve the I'°>-RHP for I'°(z) = I'°(z; z,n,n).

Construction of the g-function. The purpose of the so—called g-function is to normalize the RHP at

infinity. This function is analytic off B C C which consists of a finite union of oriented smooth arcs, whose

endpoints and shape depend on x € C. We shall present the requirements here and then prove the existence.
Suppose that there is a positive density p(z)dz on B of total mass 1 such that (the parametric dependence

on x is understood):

g(z) = /Bln(z —w)p(w)|dw|, z e C\B g+(2) +9-(2) =0(z;2) + L+ iej, z€B; (3.10)

where B; denote the connected components of B and £ € C,«; € R can only depend on x. At infinity we
have thus (since the total mass of p is unity)
9(z)=lnz+0(z7"), z— o0 (3.11)

and g(z) has a jump g1 (2) — g—(z) = 27 on a contour that extends to infinity. Assuming temporarily the
existence of g(z), differentiating in (3.10) with respect to z and applying the Plemelj formula, we have

(9/(2))3r = (g/(z))Q_ +2mif,(z;2)p(2), 2z € B, ()= %
which is solved as
(9/(2))2 = /B de =0.(z;2)4d () +/B ew(w;‘fj:fz(zéx)p(w)dw_ (3.12)

The last integral defines a meromorphic function in z € C with its only singularity being a fourth order pole
at the origin, thus (3.12) implies for y(z) = ¢/(z) — 30.(2; x) that

)2 = (@)2 +/B O (w3 ) —9z(z;x)p(w)dw _ Bs(z2) (3.13)

2 w—z 28

with a polynomial Ps(z;z) = 25+ O (25) ,z — oo. All together
1 z 1
g9(z) = 59(2;1‘) +/ y(N)dA + 3 2 € C\B (3.14)
where ia is one of the endpoints of one of the smooth arcs of which B consists.

The complex effective potential and its characterization. It is convenient to introduce the complex

effective potential
z

p(z) =0(z;2) —29(2) + £ = —2/ y(N)dx, zeC\B (3.15)

1a
The following properties of ¢ are equivalent to the existence of the g-function and characterize ¢ (the proof
of these statements is simple if not already obvious)

e Near z = 0 the effective potential has the behavior
1
p(z) =0(z2) +O0(1) = y(z)=—50:(52)+0Q),  O(z2) =575~ —. (3.16)
while near z = oo it behaves as

o(z) = —2Inz 4+ O(1) (3.17)

e Analytic continuation of ¢(z) in the domain C\B yields the same function up to addition of imaginary
constants; in particular, the analytic continuation of ¢(z) around a large circle yields ¢(z) + 27i;
e For each component B; of B we have that (compare (3.10)),
o+(2) +p_(2) = —2ia;, z€Bj, a; €R

e The effective potential ®(z;z) = Rep(z;x) is a harmonic function in C\B (one verifies from (3.15)
that all possible jumps of ¢(z) are purely imaginary) and <I)(z)|B =0.
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e Inequality 1. The fact that the density p(z) is a positive density is equivalent (via the Cauchy
Riemann equations) to the statement that ®(z) decreases as we move from a point of B in the
transversal direction. To put it differently, the sign of ®(z) on the left and right of B is negative.

e Inequality 2. We can continuously deform the contour of integration = to a simple Jordan curve
(still denoted by <) such that B C v and such that @(z)‘fy\g > 0.

From (3.13) we observe that ¢(z) and g(z) are related to the antiderivative of the differential y(z)dz which
is defined on a Riemann surface X of genus between 0 and 2 and given by the equation w? = Pgs(z). Since
®(z) = Rp(z) is zero on B, it also follows that B is a (subset of) its zero level set; therefore, 5 consists of an
union of arcs defined locally by the differential equation R(ydz) = 0. In the following, we shall prove that
for any value of z € C, the polynomial Ps(z;x) is even and that it has only one of two possible forms below

2

ol P+ e?) (2’2—20)2, x e C\A
y(z) = 24 Po(z2) Po(zsw) = {(22 +a?) (22 4+0?) (2 +?), zeA (3.18)
where A is a simply connected region containing z = 0 that will be described en route, it is depicted in
Figure 1. The parameters appearing in (3.18) are completely (for © € C\A) or partially (x € A) specified
by the requirement (3.16), see Sections 3.3 and 3.4.
The overall logic is to show that there exists a differential w(z) = — 2% \/Ps(z) dz whose integral defines a
function ¢(z) with the required properties. Clearly, w is a differential defined on the Riemann surface

X ={(w,2) €C*: w? = Py(2)}.

which is of genus between zero and two. The first necessary condition is that
j{ w €iR (3.19)
.

for all closed loops v on the Riemann surface X (i.e. a loop in the z—plane containing an even number of
zeros of Pgs, counted with multiplicity). The following lemma is of immediate proof, which is left to the
reader

Lemma 3.4. Suppose that condition (3.19) holds and let ia be one of the odd-multiplicity zeros of Ps; then
the expression F(p) = §Rf£w yields a harmonic function of p = (w,z) € X minus the two points above
z = 0. The values of F(p) at two points (fw,z) differ only by a sign and the zero level set of F is well
defined on the z—plane. Moreover all branch points of X belong to the zero level set of F.

We can realize X as a two—sheeted cover of the z—plane by placing cuts (here denoted by B) between the
branch points (i.e. the zeros of Ps(z)), and this can be done in infinitely many ways. Then +/Ps(z) becomes
a single-valued analytic function on C\B and the evaluation of F at the two points above z € C\B yields
two harmonic functions on C\ (BU{0}) differing by a sign; assuming that B is chosen not to extend to co we
denote by ®(z) the determination that behaves like —21n |z| near z = co. For a general placement of B the
function ®(z) is discontinuous across B. Since the zero level set of F(p) is well defined in the z-plane (given
that the two determinations differ only by sign), if we can place B so that <I>(z)|B = 0, then the resulting
®(z) is also continuous across B and thus defines a function which is continuous on C\{0} and harmonic
on C\(BU{0}); as a result, for any zy € B there? is a small disk ., on which ®(z) is either nonnegative or
nonpositive. In order to fulfill Inequality 1 we must see under which circumstances it is possible to place
B C {®(z) = 0} so that ® is nonpositive when restricted to small disks mentioned above. Then we must also
verify also Inequality 2.

3.2. The inequalities of the effective potential ®(z) and shape of A. We shall use a deformation
argument by first proving that the required Inequality 1,2 for ®(z) (and thus the g-function itself) exists
for > 0 and large, and then “propagate” the result to all values of x. It is very helpful if the reader keeps

Figure 4 in front while following the description.

Preliminaries. The quadratic differential (w)? = % Pg(z; z)dz? is precisely of the type studied by Jenkins

and Spencer [12], that is, of the form R(z)dz? with R(z) a rational function; the following statements are

2For a topological space Z, Z is the set of interior points. Thus B is the subset of all points that are not endpoints.
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proved ibidem. Let the set £, consist of the union of the second order poles on the Riemann sphere and all
“critical trajectories”: these are all solutions of Rw = —2Ry(z)dz = 0 that issue from each of the zeros (and
simple poles of R(z), but in our case there is none). In the little vignettes of Figure 4, these are marked
in red, blue and green. In our case the zeros are +ia and +zyp = j:\/%, see (3.22) for genus 0 or (3.33),
(3.34), (3.45) for genus 2. Also [14], there are 2k 4+ 1 branches of §, issuing from each of the points of
order k of R(z), k = —1,0,1,... (the case k = —1 corresponds to simple poles, and all others to zeros).
Consider now the connected components of C\$), = LI; Kj; it is a simple
argument in analytic functions (see [12]) that each simply connected com-
ponent K is conformally mapped by ¢(z) into a half-plane or a vertical
strip & < ® < f; each doubly connected component K; is mapped to an

annulus (or a punctured disk) A, ,_ = {r_ <|w| <ry} by w = e Pl
where p = §,y dyp and v is a closed simple contour separating the two
boundary components of K. It is also shown in [12] that these are in fact
the only possibilities for the topology of the connected components K.
Moreover, there is a one-to-one correspondence between annular domains
(including the degenerate case of a punctured disk) and free homotopy
classes of simple closed contours v C C\$,, for which f,y w # 0. Further-
more each double pole with positive bi-residue of the quadratic differential
corresponds to domains conformally equivalent to a punctured disk (with
the pole at its center); in our case z = oo is a second order pole of w?
(i.e. a simple pole of w) with positive residue and thus there is one disk
domain which we denote by K., with z = oo at its (conformal) center.
General properties for arbitrary z. The equation (3.17) shows that
z = oo is at the center of a conformal punctured disk via the conformal
map w = e2%(); the level sets C, = {z : ®(z;2) = —2Inr} thus are
foliating a region around z = oo in topological circles if r is sufficiently
large. Thus none of the hyperelliptic trajectories issuing from +ia,+zg
(genus 0) or the branch points aq,...,as (genus 2) can “escape” to infinity; they either connect to z = 0
or amongst each other. Let ry be the infimum of the r > 0 for which C, is smooth; this means that C,,
contains at least one zero of d,¢ (in our case, given the symmetry, it contains then two zeros). The annular
(punctured disk) domain K is then (see Figure 3)

Keo= ] Cn (3.20)

r>ro

FI1GURE 3
Illustration of the conformal
punctured disk K., foliated by
the trajectories C.. The comple-
ment Dy contains the other crit-
ical trajectories.

We denote also Dy = C\ K, which is thus a simply connected, symmetric region containing the origin.

Sufficient condition for the correct inequalities in genus zero. We now argue that ro = 0 is a
sufficient condition. To put it differently, the “first encounter” of the level sets C,. as r decreases must be with
the two branch points +ia rather than +z3. We shall then verify that this occurs for x > 0 large enough.
Thus suppose now that 7o = 0 and thus +ia € K and +2z¢ € Int(Dy); in particular ®(z) is negative in
K, and zero on its boundary. Then the simple, closed loop 0K is separated into two components by +ia
and each of them is a hyperelliptic trajectory. We know that there must be three trajectories from each
+ia and two of them are already accounted for and form the boundary of Dy (these are the red curve and
its reflection around the origin (thin, black) in Figure 7, for example); thus the third trajectory is entirely
contained in Dy, which is compact.

Now let us turn our attention to Dy; the points £z9 € Dy. In Dy each branch of y(z) (3.22) is single
valued (the branch points are on the boundary of Dg). Only one of the two branches of y(z) has the behavior
y(z) ~ —36.(z;2), 2 — 0; integrating this branch from ia coincides with ¢(z;2) in Do. The value of the sign
of ®(z) in the interior of Dy close to the boundary Dy determines which of the two parts of dDo\{£ia} is
the branch cut B: this is the part which has ®(z) < 0 on both sides (i.e. in Dy and K;). At this point we
have a candidate for ® that already fulfills Inequality 1. Now, on B we have that ®(z) is continuous but
not harmonic, while on 0Dg\B it is continuous and harmonic. We now need to show that there is a path
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connecting +ia and lying within ®(z) > 0, i.e. Inequality 2. This follows from the topological description
of the possible regions K; discussed in the previous part “Preliminaries”. Indeed let K; be the region in
Dy and adjacent to the arc dDo\B where ¢(z) is conformally one-to-one. Since ® is negative on K, zero
on 0Dp\B and harmonic across it, then ® must be positive in K; and from the discussion of signs thus
far, this is either a half-plane Rw = ®(z) > 0 or a strip 0 < ®(z) < € (the only annular domain is K).
The two points +ia are mapped on the imaginary axis fow = ®(z) = 0; thus there is a path connecting
p(ia) to ¢(—ia) in the w-plane lying in the right half plane. The preimage of this path £ in the z-plane
connects thus +ia and ®(z) restricted to the interior points of this path is strictly positive. Note also that £
is homotopic (at fixed endpoints) to ODo\B in C\ {0} and hence the concatenation of v = BU L is (freely)
homotopic to Dy which is a simple loop around the origin. Thus both, Inequality 1,2 for ®(z) are fulfilled.

Sufficient condition for the correct inequalities in (symmetric) genus two. With the same
general setup as in the previous case, we claim that a sufficient condition is that all branch points a; lie
on 0Dy = 0K . In this case 0K is broken into 6 arcs (see for example the vignette for z = 0 in Figure
5). There is only one branch of y(z) that behaves as y(z) ~ —10.(z;x) near z = 0; the integral of this
branch with base point ay is single-valued in Dy = C\K because the region contains no branch points
and the residue of y(z) at z = 0 vanishes; this integral then defines ¢ (and ®) within Dy. The level curves
of ®(z) that issue from a; and do not connect to other branch points must connect to the origin because
®(z) changes sign exactly six times when going around the origin. The regions where ¢(z) is now one-to-one
within Dg are six half-planes because their boundary has only one connected component. Necessarily in
three of them ®(z) < 0 and three of them ®(z) > 0. The arcs of 0K \{a1,...,as} bounding the three
regions where ®(z) < 0 are the cuts and the other are simply zero level sets separating regions where ® has
opposite signs. The possibility of connecting two branch points that are connected by an arc of these level
sets follows exactly by the same argument used in the previous paragraph.

Occurrence of the sufficient conditions. See Proposition 3.5 for genus zero and Proposition 3.9 for
genus two.

Continuation from genus zero to (symmetric) genus two. These types of transitions are analyzed
extensively in [1, 15] but we repeat here the essential points. The condition for the validity of the genus-zero
assumption fails when +2z¢ € 0K (recall that 0K is part of the zero level set of ®(z) and it is made of
trajectories from +ia). Let us say that —zy falls on B and zp on the other branch of the zero level set; in
Figure 6 the point —z (pane 1) is sinking (®(z9) N\, 0) and at the critical point the shaded region is pinched,
leaving no room to the contour of integration: it is necessary then to split the double zero of (dy)? into two
simple zeros, thus creating a new branch cut. The details of this transition are analyzed in Section 3.4.1.
Symmetrically for —zy. This forces to open a new cut near zg and break the cut at —zg, thus “generating”
four new branch points; their dependence on z is then dictated implicitly by the equations (3.34), (3.45),
both of which are symmetric under z — —z and thus the symmetry z — —z is preserved. Now we need to
argue that, as  moves in the genus two region, no further transitions can occur. But this is simple (see again
[1, 15]) because there are no other saddle points of ®(z) that can interfere with the topology of the zero-level
set. Thus the only other transitions are when two (or more) branch points coalesce; but these occurrences
are already described above. Thus we conclude that in the phase-diagram we only find the genus zero and
the (symmetric) genus two regions.

Topology of the discriminant locus. By discriminant locus we refer to the locus in the z—plane where
the inequalities fail for the genus zero ansatz; from the discussion above it follows that this can occur for x
within certain branches of the locus (3.28), which expresses the fact that ®(z;x) = 0, i.e., the saddle point
of ®(z) lies on the zero level set. However the locus described by (3.28) contains “spurious” solutions, as we
now explain (these are the solid blue rays and the two thin blue arcs from each xg 12 in Figure 1).

We have discussed that in the genus zero region, two of the three trajectories from each branch point +ia
connect to the other branch point, and the third connects (generically in z) to the origin. The condition
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(3.28) states that 4-zg are connected by one of the three trajectories connecting to one, or both, +ia. Given
the Zy symmetry, there are thus two, qualitatively distinct situations:

(1) Each of the point £z are connected to both +ia, i.e., they belong to 0K, and thus the required
inequalities are violated for certain perturbations of x.

(2) The points +z belong to the zero level set and are connected to +ia by one trajectory (each) and
to 0 by another trajectory.

We can use the parameter o = Sp(zg) to parametrize the position of zy along the trajectory connecting to
+ia; note that o is the distance from ia measured in the (flat) metric |dg|?. It is a simple consequence of
the explicit form that the coincidence of zy with ia corresponds to o = 0 while the coincidence of zy with
—ia corresponds to 0 = . For these two extremes, we have the degenerate situations corresponding to the
three vertices of the region A and 2% = *3%/5 (3.30).

Summarizing we have just proved that there is a branch of (3.28) that connects the three critical points
x0,1,2 and can be parametrized by o = Sp(zp) € [0, 7]. We now show that the union of these is topologically
a circle. Indeed, it follows from the discussion that points on JA must parametrize the position of zy on the
boundary 0K . The latter is topologically a circle and thus so is A. A local analysis (left to the reader)
of (3.28) near ay = fe"%/\?/i, k =0,1,2 (corresponding to the points z 1,2) will also show that there are
five branches of the locus that issue from each x> at angular separation %’T, as shown in Figure 1. Two
of them have just been described. A third one corresponds to the situation (2) above. These configurations
too can be parametrized by o = Jp(zp). Since zg is connected to one of +£ia and zero, the distance o from
the branch point can be arbitrarily large: indeed the point z = 0 is at infinity in the metric |[dp|?. On this
branch of the locus (3.28) the parameter a tends to infinity because +z9 — 0 and thus z — oo; therefore
these branches fall outside of A, exactly as the numerical picture in Figure 1 shows; in fact they are the
straight rays (solid blue in Figure 1). This is proven by considering the situation a < ag: in this case the
saddle points £z belong to the segment [—ia,ia] C iR and it is simple to verify that (3.28) holds. The
other two rays issuing from a; o (or z1 2) follow from the Z3 symmetry, which is an easy consequence of the
explicit equation (3.28) together with (1.16).

The remaining two branches of (3.28) issuing from the vertices of A do not correspond to any particular
configuration that can be achieved within the genus-zero assumption. Now, of the 5 branches at xy we know
that the ray extending to —oo corresponds to the configuration (2); the two branches that correspond to

4

(1) are those forming an angle < (and not %”) with said ray. This is proved as follows: for a ~ ag (setting

da =a — ap) a direct computation (left to the reader) shows that (with z — ia = £()
2. 5.5 5. 3 z
w(z;a) = (1 4+ O(da)) (526C2 +2250a (2 + O(CZ)) . (3.21)

Thus the saddle point is approximately (sadale ~ 30a and Rp(zo;a) ~ 15—2\/32%3?((5@%); this vanishes for
da < 0 (corresponding to the branch of (3.28) giving the straight ray) and then the closest trajectories are

da € ¢’ R. Since the map z = z(a) = 4%221 given by (1.16) behaves like © — 29 ~ —3+/2(da)?, this means
that the angular separation is doubled and our statement is proved. The Z3 symmetry allows to use this
result also for the other vertices z 2.

To complete we have still to rule out the possibility of other (disconnected) branches of (3.28); this could
conceivably happen if +zq are on the zero level set of ®(z), but on a different connected component than
the one +ia belonging to. However, an easy argument shows that this is impossible; if it were the case
there would be two connected components of ®(z) = 0. On one we find +ia and on the other we find +z.
But then there should be at least one saddle point in the region separating the two connected components
(because ®(z) is harmonic and there cannot be a maximum). However the only saddle points of ®(z) are

precisely £z¢. This concludes the discussion.

3.3. The concrete g-function for genus zero. Using the top expression in (3.18) for Ps(z;x), and
imposing (3.16), after simple algebra we obtain

y(z) =4¢'(2) = L <22 — 21a> (22 + aQ)% , z€C\B, B=][—ia,ia]. (3.22)

24
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where the parameter a = a(x) is determined in terms of z by the condition (3.16) and translates to the cubic
equation (1.16). It is however more expedient to think of x as a function of a and discuss the properties of
©(z) in terms of a directly. An elementary integration yields the following expressions for g(z) and ¢(z),

g@)Z;ﬂmx%+m(z+w&2+aﬂ—k¢%44ﬂ(2%1_&ﬁ%“f>—dmm)+§, (3.23)

6a323
with the Lagrange multiplier equal to

1 52
62&ﬁ+m(£f>, (3.24)

and the complex effective potential

o(z) = —Q/Zy()\)d)\ _ _om (

La

2 2 2 3_1 _ 2
s VE > AT (Z<6a>a) (3.25)
a

3a32z3

Here, the branch cut B is an arc extending from ia to —ia to be discussed shortly and the branch for v/22 + a2
is such that v/22 + a2 ~ z for large z.

Proposition 3.5. The effective potential ®(z;a) = Rp(z;a) from (3.25) has the following properties:

(1) The function ®(z;a) is defined up to a sign depending on the choice of determination of v/ 2% + a?
(provided the same choice is made in the whole expression).

(2) The level sets {z € C: ®(z;a) = 0} are well defined independently of the choice of determination
and they are invariant under the reflection z — —z.

(3) Asa — o (i.e. © — o0) there are two smooth branches of the level set {z : ®(z;a) = 0} that connect
+ia, symmetric under z — —z.

Proof. (1) Changing sign in front of v/22 + a? and taking then the real part gives the opposite sign overall;
for this one must notice that

(z—i—\/zQ—l—aQ) (z—\/ZQ—i—aQ) B P —

i i =1. (3.26)
(2) This follows immediately from (1) and inspection for the symmetry.

(3) From the expression (3.25) it is clear that ®(ia;a) = 0 and so ia belongs to the zero level set. To show
that there is a smooth branch as claimed for large a rescale z +— a z and send a — oo; this maps +ia to +i
(and of course co — 00). The claim thus reduces to verifying that +i belong to the boundary of a punctured
disk domain with oo at its center. We obtain

vlaz;a) — Q(z) = —2In (M) + %\/ 22+1= —2/2 V14+ A2 i—;\ (3.27)

a——+0o0

and the limit is easily seen to be uniform in any compact set of the Riemann sphere not containing z = 0
(which is sufficient for us because we want to discuss the topology of level sets that avoid zero). It is
straightforward to verify that the sign of RQ(z) behaves like that of R2~! near z = 0 and hence changes
only twice around a loop. Thus at most one trajectory from each +i connects to zero. The other two must
connect the two branch points together (they cannot escape to infinity and do not connect to zero). This
proves that, for x — +o00, there is a connecting trajectory (in fact, two by symmetry) between +ia. Thus
+ia belong to 0K and the condition is verified. ]

We now address the position of B = B(a); let a > 0 and sufficiently large so that Proposition 3.5 applies.
We claim that the correct choice is the branch of ®(z) = 0 that intersects R4 (whose existence is guaranteed
by point (3) of Proposition 3.5); then this choice fixes, by deformation, the cut for all z ¢ A. To see this,
consider the behavior of y(z) on z € Ry : the behavior near z = 0 must be y(z) ~ —16.(z;x) ~ 7.7 and thus
must tend to +oo for z | 0, which requires that v/22 4+ a? ~ —a for z — 0. On the other hand near z =
we must have y(z) ~ L which means that v/22 + a® ~ 2. Therefore the determination of the root in (3.22)
must change as we move from z = 400 to z = 04 and thus the proper placement of the cut must be the one
that intersects R .
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Remark 3.6. As a consequence of this choice for the cut we have that vz%2 +a? ~ —a in the region
Dy = Int(BU —B) (the interior of the Jordan curve B U (=B)). Thus, in particular the evaluation of

VzZ+a? at z = kzg gives —4/ ﬁ + a? where this last expression is meant to behave as —a for large a, i.e.

the root is principal and positive for a > 0. The cuts of this last expression are chosen as three segments
that run from each of the roots of 2a® = —1 to a = 0.

Equation for the boundary of A. Following the discussion of Sect. 3.2 the boundary JA of the star
shaped region A as introduced in Definition 1.3 are determined by the condition that the real part ®(z) of
©(z) at one of the saddle-points vanishes, i.e.

L/ + 2 _
o(2) = 4R{ 2 | Y22 V2 \/2a,/ (4a 1> =0.  (3.28)
=t E

Here® the determination of signs in front of the roots follows from Remark 3.6. In particular, if z., belongs
to the set (3.28), then the normal direction in the z—plane is

2,/% + a2 T
V. ®(20) = —T = —2204/25 +a (3.29)

where the complex number on the right side is to be interpreted as a 2D vector as usual. Notice that the
only branch points of the cubic equation (1.16) are given by the three points

3 21rik
zp=—|—=—4=]e3" k=0,1,2 3.30
’ <¢é> 330

or equivalently, these points (in the complex z-plane) correspond (via (1.16)) to the critical situation (in the

complex z-plane) when the branch points z = +ia collide with one of the saddle points z = + \/1271

Remark 3.7. At the saddle point —zy = f\/% of ®(z) the directions of ascent in the z—plane are given by

1 >
— (1 ’ . s 1
?,,(—20) = £2i (zg\/zg + a2> = +2i ((2@)3 2 T a2> (3.31)

with the root ,/i + a? to be intended as principal for a > 0 (and continuation thereof for other values of

a). In particular, for a > 0 and large we have ®(—z9) > 0 and the directions of ascent are in the imaginary
direction. This remains true also at the boundary of A, which is where ®(—zq) = 0.

Remark 3.8. In [3] (equations (3-8),(5-5) and (3-22)), the conditions for the boundary edges in the complex
&-plane are stated as

359 — 4 395 —4¢ 2 .

35% +4£5 +8

Il
o

and the latter system, under the identifications

3\ 3 2\% 1
= (3) = s=-(3) %

is identical to (3.28),(1.16). Hence the star shaped region of Figure 1 is, up to a rescaling, identical to the
one shown in Figure 16 in [3].

-1
3We use that % (\/% - i + aQ) = (% (— \/1271 - 1/% + a2>> , which explains the + in front of the R.
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v = 1288 402,233
£ = 0594+ 11970
3 P E 0008 66
¢ = 0,949+ i1.207 /
R 52
044 +i0

FIGURE 5. We plot the branch
cut B in red for several choices

FIGURE 4. We plot the branch cut B in z € C: dist(z,C\A) > § >
red for several choices z € C : dist(x, A) > 0. The level sets ®(z) = 0 are
6 > 0. The level sets ®(z) = Rp(z) = shown as solid blue lines and
0 are shown as solid blue lines and the the shaded regions indicate were
shaded regions indicate were ®(z) > 0. In ®(z) > 0. In the white regions
the white regions we have ®(z) < 0 and we have ®(z) <0.

_1

along the green lines ®(z) = ®(£(2a)~2).

We finish our discussion of the genus zero case by depicting the branch cut B and various sign properties
of ¢(z): To this end assume that z € C : dist(z, A = AUJA) > > 0, i.e. = is chosen from the unbounded
domain and we stay away from the edges and vertices. In Figure 4 the branch cut B is indicated in red for
several choices z € C : dist(z, A) > § > 0 in the complex z-plane. The orientation is such that the (—) side

extends to the unbounded component.

3.4. The concrete g-function for genus two. In this case we have Ps(z;2) = R(z) = H2:1(z — ag)
where a; # ay, for j # k. This means we are working with the hyperelliptic curve

3
X={(zw):w” =R} B=|Jlazk-1.02] (3.32)
k=1
for which we use the representation as two-sheeted covering of the Riemann sphere CP!, obtained by gluing
together two copies of C\B along B in the standard way. For future purposes, we let \/R(z) ~ 2% as z — oot
on the first sheet, and \/R(z) ~ —z3 as z — oo~ on the second sheet. As our subsequent analysis shows,
we can consider the symmetric choice

R
y(z) = Z4(Z), z € C\B a1 =ia, ag=1b, az=1dc; agy3 = —ag, k=1,23. (3.33)
Here, the points a = a(x),b = b(x),c = c(x) € C are partially determined from (3.16), i.e. they satisfy
1
Js = a®b’c® = T Jo = a?b? + a®c? + b2 = 7% (3.34)
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so that

1
R(z) = 25 + g, — 22 (£> +=, Sh=d 40+ (3.35)

2 4
Together with the algebraic equations (3.34) we require that

%(}ald@)o, %(yﬁld@)o. (3.36)

which provides two additional (real) equations which, together with (3.34), determine implicitly J;. These
conditions guarantee one of the requirements for ¢(z), that is, that analytic continuation along a closed
curve in C\B yields the same function up to imaginary additive constant. The corresponding g function is
then given by

g(z) = %H(z; x) + /: y(A)dA + g, z € C\B (3.37)

1
with the Lagrange multiplier equal to

+

(=2Ina; — 2/:0 (y(/\) - i) dA. (3.38)

Proposition 3.9. For x = 0 the solution to the system (3.34),(3.36) is given by

a0 = iao = ——¢e % R az,0 = ibo = ——¢ y as,o = iCo =

V2 V2

namely the vertices of a hexagon and we have that R(z) = 25 + %.

1
—elE
V2

1 5m 5m
6

M)

Proof. Boutroux condition. The integral between branch points is computed explicitly
aj+1,0 d R 1 aj+1,0 aji1,
R ( VR(2) Zf) =R (— 3;) + (2 + 2\/R(z))> — R <lnz - ) —0.
z=aj0

a;,o z=aj,0
Connectedness of the level curves. First of all, the set {z € C\{0} : ®(z) = 0} consists of one
connected component alone; this is so because there are no saddle points and if there were two or more
connected components, there would have to be a saddle point in the region bounded by them. We shall now
verify that the level curves satisfy the conditions specified in Section 3.2. The critical trajectories must

(1) connect all six branch points
(2) obey the Zg symmetry because of obvious symmetry.

A simple counting then shows that the only possibility is that exactly one trajectory from each branch point
(in fact a straight segment) connects the branch points to 0 because the sign of ®(z) changes six times around
a small circle surrounding the origin. The other two trajectories must then connect the branch points. This
is depicted in the center of Figure 5. Then, the discussion on the condition for the correct inequalities of
®(z) in genus two applies. O

The determination of the square root that we use has the property that \/R(z) ~ 23 for z — oo and

VR(z) ~ Va2b?c® = § for z — 0.

3.4.1. Modulation equations. We use the terminology of [15]; the same idea was also used in [1]. Consider
the derivative of y(z;x) w.r.t. z; here we need to be careful because the dependence on x is not analytic
(i.e. y(z;x) depends on both = and Z). To be explicit, let = z(¢) be a smooth curve parametrized by the
parameter t € R; then

2y — d d
y(za) = =12 y=25J(abc), n= Sa). (3.39)

_ d
ylza(t) = o ENE) T

t
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We see that y(z; 2)dz must have zero residue at z = oo, and, given the Boutroux condition (3.36), purely
imaginary periods. The constant y(x) is thus completely determined by this requirement; it boils down to

o ndz 0
det Ay 22 V R(Z) A '
R ndz ?{
B, 22/ R(2) 31771 dz
] — s m= . (340)
20 (fAl T fgl 771)
1

We now study the behavior of y(a, b, ¢) when two of its parameter collide, say b, c — izg with 23 = 5-.

y(a,b,c) =

2a
Lemma 3.10. As b? — —22 and ¢ — —2¢ we have
n_p SR e ) ER/ : — (3.41)
=5 —p— o(1)), e = _— .
K 23 P |b— ¢ r ia  42822V2% +a?

where* e = +1.

Proof. We leave it to the reader to verify that (A; is the contour surrounding ia,ib and being “pinched”,
and By is the contour surrounding b, ic ~ zg)

ndz nln(b—c¢) +Cy+o(1) ?{ In(b—¢) + Oy o(1)
= 0 5 - o 9
A, 22/ R(z) 23/ + a? ! A, n 200/ 78 + a? 2

and
ndz 2min 271

= +O00b-c y % m=——7
B, 22/ R(z)  2z23:\/2% + a? ( ) B 220/ 28 + a?
where the constants C, Cy are not immediately important, although they could be computed. Plugging the
latter expansions into the determinant formula (3.40) immediately yields

Cs

— (1 1 b,c — izg. 3.42
1n|b—c|( + o( )), ,C— 129 ( )
We now compute the constant Cs by the following argument; the expression y(z,x(t)) must have purely
imaginary periods; inserting (3.42) yields

+0(b -0,

_n+
'Y—Zg

2% — 23 Cs 1

n4z(2)z2\/R(z) * 4In|b—c| \/R(2)

iz (1)) = (1+0(1)).

Then we have, for b — ¢ — 0,

/ZO y(z,z(t))dz = L/ZO dz + Cs b )
i 423 Jiw 221 a2 Alnfb— 220/ + a2
n [ dz Cs

423 Jia sz—F&OWjLO(I).

The real part of this integral must be identically zero and thus

(140(1))

5 Cs _ g /zo dz
820/ 28 + a? 428 Jia 22V22+ a2

On the other hand, taking a small loop around z; that includes ib, ic in the limit, we obtain

f (2, 2(t))dz = 2mi Oy
vE In|b— | 2z0+/23 + a?

(1+0(1)) +O(b—c) (3.43)

and since this must be purely imaginary as well, we conclude that W € R. In other words we have
n  8z/z2+a®, [ ndz
Y==-——7 T R ﬁ(l +o(1)). (3.44)
2 In|b— ¢ ia 42522V22 +a

4Although the writing (3.41) may seem to depend on ¢, in fact it does not since the value of pe changes sign as well with e.
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FIGURE 6. The transition as x traverses the discriminant from genus zero (pane 1) to genus
two (pane 2). The direction of the split of the two branch points is along the direction of
steepest ascent of ®(z) at the saddle point —zy = —\/% (panes 1-2) and zy (panes 3-4).
The value of ®(z) at the saddle point —zy decreases from the top left to the top right pane
and symmetrically decreases from pane 3 to pane 4. As before, in the white region we have
®(z) < 0, opposed to that in the shaded ones, ®(z) > 0. Also we depict the branch cut B
in red and along the green lines ®(z) = ®(+(2a)"2).

O

At this point we have the system of differential equations for the symmetric polynomials Jy, Jo, J3 (3.34)
i 02 12 2
in a®,b%, ¢

4)=-2 : (3.45)

The integration of this system from an initial condition that satisfies the Boutroux condition (3.36), will
preserve (by construction) that condition. The topology of the critical trajectories cannot change except when
two or more of a, b, c coalesce and the properties of the effective potentials remain valid under deformation
if they are obeyed at the initial point.

Direction of splitting of branch points. Let z. € 0A and z = x(t) = x. + nt, for ¢ € R in a
neighborhood of 0, with |n| = 1. In [1] it was shown that the double roots £z split each into two roots that
behave as

t

o (1+0(1)) 2)=—2+KO L(l +o(1)) (3.46)

zg) =20+ K ™
n

with K(+) a constant that we are going to compute now (giving us the direction of splitting): Using (3.45)
we have by Taylor expansion that

t 4200/ 28 + a3 t 2 1
R(zx(t)) = Z6+Z4<a(2)223+ntp52020+a0+0( ))Z(x+nt)+4

222 In |¢| Int 2
9 o nta? 5 nt 2 14200/ 28 + ad 9
= (Frat oo oy |\ - ey ) e O
225(25 + ag) 425 + ag) In [¢|
From this, we find that, the roots near ezy with ¢ = £1 behave as follows:
4 5 /.2 2
R(zz(t) =0 = (2 —ez)?422(22 +ad) = etpe%otr%(l +o(1)),
n
K

1
3 z ¢
Z4 ~€zp £ <p5620> — (3.47)

V22 +ad In [¢]
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Now note that with Lemma 3.10,

R / T nde Lo (i a(t)) (3.48)
e = ————=—-0(x;2 .
P ia 42322\/m 2 z=€zo

where we used that

n
)(z;x(t)) = —————.
500 = s
Note that K+ = K() from their explicit expressions and the symmetry of ® (which implies p_ = —p;).
We now focus on the saddle —zp = _\/%Tz which, according to our convention, is the saddle point that
intersects the zero-level set of ®(z) not on the branch cut (while zg, by symmetry, is on B). Thus, with
e = —1, p— > 0 means that the value of ®(z) at —zg is decreasing and hence we are moving towards the

genus two region, i.e. n points towards the inside of A. Hence, for ¢ > 0 the two roots in (3.47) move in
the direction of steepest ascent (3.31) as expected and depicted in panes 1-2 of Figure 6 , and the required
properties for the effective potentials are preserved across the transition. Symmetrically, when zg € B the
first inequality for ®(z) (see (3.16) and following) fails; a small gap must be created by allowing the saddle
point 2 to split into two new branch points (see panes 3-4 of Figure 6).

At this point we have enough information to move on to the next transformation in the nonlinear steepest
descent analysis.

4. RIEMANN-HILBERT ANALYSIS - CONSTRUCTION OF PARAMETRICES

The g-functions derived in Subsections 3.3 and 3.4 are used to normalize the RHP for I'°(z; z,n,n) in the

spectral variable z at infinity, depending on whether x lies outside the star shaped region or inside. This
eventually reduces the global solution of the RHPs to the construction of local model functions (parametrices)
which are standard near the branch points.
4.1. Genus zero parametrices. Let z € C : dist(z,A) > § > 0, i.e. away from the edges and vertices of
the star shaped region. Before we employ the g-function transformation, we first deform the original jump
contour  to a contour which passes through the branch points +ia, which on one side follows B and on
the other side lies inside the shaded region and again connects the two branch points. We denote the latter
part of the jump contour with £, see Figure 7 below for one possible choice. Such a contour deformation is
always possible since w°(z; z) is analytic away from the origin.

FIGURE 7. Deformation of the jump
contour v to the union of BU L. The

branch cut B is indicated in red and FIGURE 8. Opening of lenses in
L in black. The picture corresponds genus zero. The contours BE are
to one possible choice of z € C : given the same orientation as 5.

dist(z,A) > § > 0 with Rz < 0 and

S > 0.
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Now introduce

Y (2) = exp [—T;gag} T°(2) exp [—n (g(z) - 5) 03] , 2eC\B (4.1)

where g(z) is given in (3.23) and the Lagrange multiplier in (3.24). Recalling (3.10) (here in genus zero case
with o = 0) we are lead to the following RHP

e Y (z) is analytic for z € C\ (BU L)
e On the clockwise oriented contour £ U B as shown in Figure 7
—n(g+(2)—g-(2)) (2miz)~!
e Tz
Yi(z) = Y-(2) { 0 en<g+<z>g<z>>} , Z2€B

Vi) = Y.(2) [é (2“”_;6%(”], cer

e As z — oo, we see from (3.11) that
Y(z)=1+0(z7")

As we have Rp(z) > 0 in the shaded regions around B (Figure 8, i.e. Rp > 0 in the whole white region in
Figure 7), one concludes

0 1

where the convergence is exponentially fast for z € £ away from the branch points z = +ia. On the other
hand

[1 (27riz)le”“’(z)] N S, (4.2)

G(z) =9+(2) —g-(2), z€B (4.3)
admits local analytical continuation into the bounded and unbounded white regions (compare Figure 7). In
fact with (3.10) on the (F) side

G(z) = (0(z;2) — 295 (2) + 0) = o5 (2), z€B

These continuations allow us to factorize the jump on B

e "CE) (2miz)~l] 1 0 0 (2miz)~1 1 0
0 enG(2) T |2mizemre-(3) 1| | —2miz 0 2mizene+(2) 1
= SL,(2)5p(2)5L,(2)
and open lenses: We depicted the contours BT in Figure 8 and introduce
Y(2)Sr,(2), z€Ly
S(z) = Y(z)ng1 (2), z€Lsy (4.4)
Y (z), else.
This opening leads to jumps on the lens boundaries B+

1 0
S1:) = S-2) | yrronets §] - FEB

as well as on the contours BU L
0 2miz) 1
51 =5-0)|_ypi, O

Coris 0 ] , z€B; Si(2)=5_(») [O 1 , z€L.
However Re(z) < 0 in the white regions, thus

1 0

|:27T’1:Z€n@(z) 1:| — I, n — oo (45)
again exponentially fast for z € B* away from the branch points z = +ia. The latter (4.5) combined with
(4.2), we therefore have to focus on the local contributions arising from the contour B and the neighborhood
of the branch points z = +ia.
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Define the outer parametrix M = M (z;x) as
a

M(z) = @m0 (5) 7 (6) D) eri)ie, 2eC\B (4.6)

where the scalar Szego6 function is given by

V22442 [T In(w) dw V22 +a?—a
— =Vo| ———-
271 ia u}2—|—a2+’w—2 \/Z2+a2—|—z

[SIE

D(z) = exp

with principal branches for all fractional power functions and
1

g\ £
0(z) = (Z ?a) —1, z—00
zZ+1a

is analytic on C\B. One checks readily that (4.6) is analytic on C\B, square integrable up to the boundary
and
0 (2miz) 1

My () = M(2) [—27?2'2: 0

Hence the outer parametrix M = M(z;z),z € C\B exists for all z € C : dist(z, A) > § > 0.

], z € B; M(z) — 1, z— 0.

The inner parametrices near the branch points are standard objects in the Deift-Zhou framework since they
are constructed out of Airy-functions, see e.g. [8]. We briefly state the final formulae in this subsection and
summarize other necessary details in Appendix A. All constructions are motivated from the local expansions

w(z) = colz— ia)% (1+0(z —ia)), z—ia, z€BTUB” (4.7
o(z) = —=2mi+é(z+ ia)% (1+O(z+ia)), z-——ia, z€BTUB~ (4.8)
where the function (z + ia)? is defined for z € C\(—o0, —ia), i.e. with a branch cut to the left of —ia and
(z —ia)? for z € C\[ia, 00), i.e. with a branch cut to the right of ia. Specifically the parametrix U(z) near
z = —ia is given as
U(z) = By (2)( — ivm) AR (¢(2)) e3¢ ()95 (2miz) 595 |2 +ia| <7 (4.9)
where AT (() is defined in (A.2), we use the locally analytic (compare (4.8)) change of variables

2
3

C(2) = (351\[>§ (—2g(z) +0(z;x) —|—€—|—27ri) . lz+idal <

and the multiplier By (z) equals

Bu(2) = M) i) 4 [ ] g,

By construction, By (z) can have at worst a singularity of square root type at z = —ia, however for z € B
close to z = —ia,
0 (2miz)~t Cloa |—1 0| =l LiTo
(Bu(), =M-2) | . PTG | emizy i |71 1@ E < (B,()

Thus the singularity has to be removable and By (z) is in fact analytic in a neighborhood of z = —ia. We
now easily check that the behavior of A% ((), see Figure 19, implies jumps as depicted in Figure 9 for U(z).
Here the jump contours can always be locally deformed to match the local contours in the S-RHP near the
branch points.

Also, as n — oo (hence |{| — o0), the two model functions M(z) and U(z) satisfy the desired matching
condition, i.e.

U(z)

M(e)(2miz) {I A R s }<2mz>%"3

(I+0(n"))M(z), n—oo (4.10)
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1 0 1 0
2mizen??) 1 omize™®) 1

0 (ZWiz)’l} /

—2miz 0

1 (2riz)lemmel)
0 1
10
[2m;ﬁ"~°(1> 1] [ ! 0]

2mize™?() 1

FIGURE 9. .Jump behavior of U(z) FIGURE 10. Jump behavior of V (z)

near z = —ia near z = ia

valid for x € C : dist(z, A) > § > 0 and for all z € C such that 0 < 7 < |z +ia| <7y < g.

The remaining parametrix near z = ia is introduced along the same lines. We take
V(2) = By (2)iyT AR (((2)) €327 (2mi2) 393 |2 —ia| < r
with the multiplier
T —1

By (2) = M(2)(2miz)~#73 {—1 _J (¢,

the change of variables

((z) =€ (351\[)3(—29(2')—&—9(2;@—&—6)%, |z —ia| <7

and the function A% is given in (A.4). Also here By (z) is analytic near z = ia since

(Bv(2)), = M_(2) [_2(7)”2 (oriz)

i —1

ia(2) 1 (2miz) e

[ miay i [T D] ey e = (e

(4.11)

but the singularity can be at worst of square root type. Thus V(z) has jumps as in Figure 10 and we have

the matching relation

48¢3/2
= (I+0(n"))M(z), n—oo

V(z) = M(»z)(zmz)—%“s{ui {g; 61’] +o(<—6/2) }(%n)%ag

(4.12)

valid for z € C : dist(z, A) > § > 0 and for all z such that 0 < r; < [z +4a| < 72 < $. This completes the

construction of all relevant parametrices in the genus zero case.

4.2. Genus two parametrices. Let x € C : dist(x, C\A) > § > 0 throughout, i.e. we are inside the star
shaped region but stay away from the edges and vertices. Again, we first deform the original jump contour
7 to a contour which passes through all branch points z = a;,j = 1,...,6, which on one side follows along
the branch cut B and on the other side lies inside the shaded region, see Figure 11 for a possible choice

We will denote the segments of the deformed contour as follows
(1) The branch cuts (agj—1,a2;),j = 1,2,3 whose union equals B are denoted by ~;
(2) The gaps (azj,a2j+1),J = 1,2 are denoted by ¢;
(3) The gap (ag, a1) is denoted by e

With these, the g-function transformation

oo [ e e [ (s £) ] secim

with (3.37) and (3.38) transforms the initial RHP to the following one

Riemann-Hilbert Problem 4.1. Find a 2 X 2 matriz valued function Y (z;x) such that
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5

FIGURE 11. Deformation of the jump
contour v to the union of BU L. The

branch cuts B are indicated in red
and £ in black. The picture corre-
sponds to one possible choice of z €

FiGURE 12. Opening of lenses
in genus two. We give l'j’ji the
same orientation as ;.

C : dist(x, C\A) > § > 0 with Rz >
0,z > 0.

o Y (2) is analytic for z € C\(BU L)
o We have jumps

e "G (2riz)leinei )
I O P TS AF R Y
e "G (27iz) e ¥(2) .
Yi(z) = Y_(2) [ 0 onG(2) , 2z€¢, j=0,1,2
where we use once more
G(2) =g+(2) —g_(2), z€BUeUe Ueo; G(2) =0, z€¢

and ag = 0,a1,a0 € R
e As z— oo,
Y()=1+0 (z_l)
Since in all shaded regions R¢(z) > 0, we obtain for the jump matrix Gy (z) in the latter problem
Gy (2)enCPs T zee, j=1,2 (4.13)
as n — oo and the convergence is exponentially fast away from the branch points z = a;,7 = 1,...,6. In
the white regions one uses again the analytical continuation of G(z) combined with matrix factorizations.
These techniques allow us to split the original contours 71, v2,7v3 as shown in Figure 12. Without listing all
formal steps, compare (4.4) in genus zero case, we are lead to a RHP for a function S(z) with jumps
0 (2miz) leinai-a
—2mize Y1 0 ’

S—'F(Z):S—(Z) Z €5, .7:1)273

on the branch cuts. The jumps on the corresponding lens boundaries are again exponentially close to the
unit matrix in the limit n — oo, hence we need to focus on the construction of the parametrices.

In order to formulate the model RHP we neglect the entries in the jumps of S(z) that are exponentially
suppressed and use that G(z) = g4 (z) — g—(2) for z € ¢; is piecewise constant

G(z) = —irQ;, j=1,2
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We then are lead to the following model RHP

Riemann-Hilbert Problem 4.2. Find a 2 X 2 matriz valued piecewise analytic function M(z) = M(z;x)
such that

o M(z) is analytic for z € C\(BU €1 Ues)
e The boundary values are connected via the jump relations

0 2miz) " leini-1 .
_27.‘_2'26—1’710@',1 ( ) 0 5 S Yis J = 17273

Mi) = M) |
Mi(\) = M_(Nem™ 4% sce;, j=1,2
e M(2) is square integrable at the branch points, more precisely for j € {1,...,6}
M(z):(’)(|z—aj\_1/4), z—=aj, 2 € BUe Uey
o We have the normalization
M) =I+0(z""), z—-00
In Figure 13 we depict schematically the jump matrices of the RHP 4.2. Next we introduce the cycles

[7 0 (27?’[:4)’1}

2miz 0
. \\uz
ae

Fz'nazo';z, 0 (27‘_142)7l
) —2miz 0

FIGURE 13. The jump contour for M (z) on the left and on the right the homology basis for X

{A;,B;}3_, as indicated in the same Figure 13 on the right: these cycles form a homology basis for X (cf.
[10]). The values of ; = L(g.(2) — g—(2)), 2z €¢; and aj_1 = (g4(2) +g-(2) — 0(2) — €), z € 75 (cf.
(3.10), (3.14)) can then be expressed in terms of the periods of the meromorphic differential d¢ = y(2)dz as
follows

1 1 1 1
w=ifan m=t(faorf as) w=Lfaw m=-Lfw
(3 B (3 B A, 1T Aq i Bs

4.3. Period matrices and normalized differentials. We are now going to construct an explicit solution
to the RHP 4.2 in terms of theta functions, however this requires some preparation. Recall the homology
basis {Aj,Bj}?:l as shown in Figure 13 on the right. Introduce two holomorphic one forms on X and
respective periods

dz zdz
m= o M= = A'k:% M55 B‘k:f ;. (4.15)
R(z) R(2) ! A ’ B
Recalling the symmetry of the branch points agr3 = —ar, k = 1,2, 3 the reader verifies immediately that

%771:7{ 1, j{n1=j{ n1; j{m:—?{ 2, %7722—}{ 2. (4.16)
Ay Ao B1 Bo 1 As B B2
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It is well-known (cf. [10]) that the A-period matrices A = [Ajk]?,kzlv resp. B-period matrix B = [Bjk]?,kzl
are non-singular, in particular from (4.16)

_ | A Ap o o
A= {—Azz Agz ]’ Aas = A; T J=12
This allows us to introduce the normalized (first kind) differentials {w;}5_,
1/ m 72 ) 1 ( m 72 ) 7{ .
P (/ISR 0 DR n : Wi =0, jik=1,2. 417
1 (Au A *T2\An A 2T (417
The corresponding matrix of B-periods, 7 = [Tjk]j’kzl with 7, = fB‘ wg, 1s computed as
1 sl + ) X1 — M9 1 Bjj .
== = -— =1,2. 4.18
T3 [%1 — 3y m + |’ % A Js K Aj;7 J ’ ( )

Finally we define the Abel map® by
u:CP'\ (BU¢e Uey) — C?, zr—>u(z):/f15

ai
where the integration contour is the same for both components and it is chosen in the simply connected
domain CP' \ (BU €; U €z). We summarize the following properties

Proposition 4.3. The Abelian integral uw(z) is single-valued and analytic in CP*\(BU €, U es). Moreover

0, ZEM 0, Z € €
uy(z) +u_(2) =47, 2 €79, up(z) —u_(z)=<e, z€¢
€+ T, ZE73 —T2, ZE€e€

where e; denotes again the standard basis vector in C? and T; = Te;. Also u(a1) =0 and

u(az) = ser, u(az) = %(81 +71), u(as) = (11 —72), ulas) = %(ﬁ —TyFe2), u(as) = %(7’1 +e)

2 2(
where all values are taken from the (4) side.

4.4. Szegd function. Next we define a scalar Szego function D(z) for z € CP'\(BU¢€; U €)

Inw 2t g dw
D = 4.1
(2) = exp 22 Z/%l p— Z/az] Rw). EE (4.19)

5= (61,62)" = 2[11,e2] " (u(00) — u(0)). (4.20)
One checks directly that D(z) has the following analytical properties
e D(z) is analytic for z € C\([a1, az] U [ag, as] U [as, a4] U [aq, as] U [as, as))
e The following jumps hold, with orientation as indicated in Figure 13

where

Di(2)D_(2) = 2z z€v;, j=12,3
Di(z) = D_(2)e ™, Aeg, j=12
e The function is bounded at inﬁnity thanks to the following identities
2 a2;41 k 1 0o k—1
de— dw—m/ v dw, k=12,
jz:; az; VR Z azj-1 F 0 R(w)

which we can rewrite as a system

(5] 5., )H (o f o d ) bl v L L e

5To be precise, we are defining the Abel map only of one sheet of the Riemann surface. In the present setting, the Abel map
of the other sheet is obtained by simply changing the overall sign u(z) — —u(z).
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Indeed, multiplying the above by A~! we obtain

61721@'-{—52%42@':2/000@:2@(00)—u(O))

5171 + daea = [T, €2]8 = 2(u(c0) — u(0)) (4.21)

where e; denotes the standard basis vector in C? and 7; = Te;. Hence (4.20) ensures the required
normalization D(co0) < co.

and therefore

4.5. Intermediate Step. Keeping the properties of D(z) in mind, introduce

™

U(z) = 393 (27) 272 (D(00)) * M (2) (D(2)) "7 (2m) " 2%%e 5%, 2 € C\(BUe1 Ues)
and obtain the following RHP with the jumps schematically depicted in Figure 14.

aq

ag

einaz0s iO‘l

FIGURE 14. The jump contour for ¥(z).

Riemann-Hilbert Problem 4.4. Find the 2 x 2 matriz valued function V(z) such that

e U(2) is analytic for = € CP"\(BU ¢ U €)
o The jumps are as follows

U, (z) = U_(2)e™%ig), ze€v;, j=0,1,2
Uy(z) = U_(2)e™9%, z€¢, j=1,2
where we introduced the abbreviations
¢ =nQy+0;, j=12 dj:%aj, i=1,2 do=0 (4.22)
e As z — o0,
U(z)=1+0 (271) .

The construction of ¥ is the last step in the construction of M (z). To this end we introduce the function
—————, 2eC\(BUeg Ue)

with the branch fixed by the requirement %(z) ~ 1 as z — co. The boundary values of h(z) satisfy
hi(z)=h_(2), z€e; hy(z)=—-h_(2), z€€e1; hy(z)=h_(2), z€e (4.23)
hi(z) =ih_(z), z€v; hy(z)=—ih_(2), z€y2 hi(z)=ih_(2), z€ 3. (4.24)
We now construct the solution to the model problem in terms of the Riemann theta function

2
0()=0(Z|r) = > exp [W<ET7E> + 27ri(/;,3>}7 7eCh  (@e) =) aj
j=1

kez?



It is convenient also to introduce the theta function with characteristics &, ,5 eC?
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a | 1., . | Lo 1z 1
(] {ﬁ—l (Z]T) = exp {2712’ (8<a7',04> + §<a,z> + 4(01,,6))} © (z—|— §ﬂ+ JTa T) .
The reader will find in Appendix B all the main properties that are used below. Since we are dealing with
a hyperelliptic Riemann surface X, the vector of Riemann constants K (cf. [10]) is given by

IC:

2
1
u(agj1) = 5(61 + ey —1)mod A (4.25)

j=1

where A = Z? + 772 is the period lattice. Recall also (cf. [10]) that

£ (2) = © (u(2) F u(o0) — u(ag) - K) (4.26)

does not vanish identically, since the divisor of the points co®, ag is nonspecial on the hyperelliptic Riemann

surface X (compare again Appendix B for a short summary of the relevant theory). This observation allows
us to introduce the functions P*)(z) = P*)(z; &, B) with

o|5] e Fuc -x) 05| (~ue) Fute) - 1)

PH)(z) = h(z)eimu(2)s,

O (u(z) Fu(oo) —u(ag) — K£)” O( — u(z) F u(co) — u(ag) — K)

where we use u(z) = (u1(2),us (z))t The following Proposition is crucial in the construction of the outer
parametrix.

Proposition 4.5. Both functions, P\*)(z) and P\7)(z), are single-valued and analytic in C\(B U e; U €3)

with
Pf)(z) = Pfi)(z)(ial), zE€m
Pii)(z) = PEi)(z) exp -iﬂ<d’,el>03}, zZ €€
PE(z) = PE @) exp fimfer, B)os| (—ion), =€
P_f_i)(z) = Pﬁi)(z) exp -iﬁ(l + <e2,,§>)03] , Z €€
Pii)(z) = PEi)(z) exp -—iw((&,e2> - <el,5>)0'3:| (io1), z € 7s.

Proof. As the Abelian integral u(z) is single-valued and analytic on C\(B U ¢; U €3) and £f+)(2) does not
vanish identically, we first obtain (cf. [10]) that P*)(z) is single-valued and meromorphic on C\(BU¢; Uey).
Moreover, general theory (see Theorem B.3) asserts, that f(+)(z) has precisely two zeros on X, both on the
first sheet at z = co™ and at 2 = ag. However h(z) has zeros at the same points and its local behavior
matches the vanishing behavior of f(+)(2), hence we obtain analyticity of the first column in P*)(z) for
z € C\(BUé€; Uez). The second column can be treated similarly using the parity of the theta-function. The
stated jumps follow now directly from Proposition 4.3 and (4.23),(4.24) using that

—

S [g] (2 F u(oo) — K|7)

O(ZF u(oo) —u(ag) — K|7)

im(Z,e1)

F(z) =

formally satisfies

—

F(z+ji+7X|7) = exp [im (i, e1) = (X e2) + (i i) — (X

D1
N
|
—~
31
=
>

m
N
. [\v]
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We now compare the jumps of P#)(z) to the ones stated in Figure 14 for ¥(z). This in turn leads to the
following system in Z/27Z for the yet unknowns &, 3

— — —

(a,e1)=c1, (e,B)+1=d;, (e,B)+1=c2, (e1,8)—(e2,a)=d>
and we take as solution in C?
- [dl N 1} . (4.27)

62+1

Qi

- C1

* T di—dy— 1)
With the latter choice (4.27) and P (2) = (Pl(i)(z), Péi)(z))
Proposition 4.6. (1) The function

P (z) Py(z)

Q(z) = Q= a,8) = POG) PO

] . 2eC\(BUe Ue) (4.28)

with &, ,5 as in (4.27) is single-valued and analytic in C\(BUey Ueq). Its jump behavior is depicted in Figure
14. Moreover, as z — 00,

imu (00)o 62 Q — k

where
Cyt = (VO(~u(ag) — K)A ! es) #0
and
a
A 0|5 (2 -K
21 _ Cy lePrim(e) [6} (2u(c0) ) (4.30)
21— _ — .
9(2u(oo) - u(aﬁ) - IC) [e) |:O_‘,:| ( _ IC)
B

(2) As a function of the characteristics &, 3, the matriz Q(2) is periodic

Q% a,8)=Q(za+20,8+20), Vi,i7 el’ (4.31)

The property (2) in Proposition 4.6 follows from Proposition B.2. Note that the dependency on n is only

in the linear dependency of the characteristics &, ,5 (4.22). Collecting the results we have completed the
construction of ¥ which we summarize hereafter for reference.

Corollary 4.7. (1) The solution of the RHP .} is given by

U(2) := Q H(00)Q(2) (4.32)
with Q(z) as in Prop. 4.6 and
Q(o0) = Cyoze’™1(=)osg [g] (-K) (4.33)
and the solution exists if and only if © [g] ( — IC) # 0.

(2) For each compact subset of its domain of analyticity in z, the entries of U(z) are uniformly bounded with
respect to the characteristics in any closed subset of the domain

—

& 06 cRr?: '@[g](—m)’m (4.34)

Note that the condition (4.34) is well defined because the absolute value of the Theta function involved

is a periodic function of the characteristics (compare with the second property in Prop. B.2). The condition
(4.34) can be made more transparent in terms of the data of our problem (we use (4.25))

@{ }(K)M@<;B+;T&K>

@ Q&
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where the proportionality is by a never-vanishing term. Replacing the expressions (4.22), (4.14), (4.18),
(4.21) in the above formula yields

1- 1 1(d T| ¢ n |1
2ﬂ+27an2[é}+2{%deQm[;J(ﬂfw+%gﬁfw)+wmﬂwm.

We can further simplify the expression (all values are taken from the (+) side of the branch cuts):
woy @0 L[ P 1] P L) LT1) [0 me
2 J A 2 -1 o A 2 (1] 20 2 (1), Ag

_ 1 07]2 o 1 1|1
- ‘z(mm‘z)[—l]"“z{l]'

Thus we get

u(o0) — u(0) = ;(/Og;ﬁf) [_11] —i—u(oo)—i—lC—%(%z—i-l) {_11} e

which implies all together

-8B+ %TO_Z -K = py [_11:| + u(o0) + K — %(%2 +1) |:_11] et (4.35)

n 1 0 N2 Mo
m( Bld“m?ﬂld‘b%z( mﬁz)'

Thus the non-solvability condition of the RHP 4.4 can be written in any of the following equivalent forms

(i (f ) o) (o =) [ )

(4.36)
This in turn defines implicitly a discrete set Z,, = {z, } of points inside the star shaped region A which
eventually shall be identified with the zero set of the Vorob’ev-Yablonski polynomial Q,(z) for sufficiently
large n (compare Corollary 1 on page 65 in [3] in the setting of the poles of rational PII solutions). From
now on we stipulate to stay away from the points of Z,, (4.36). Once this additional constraint on = € C :
dist(x, C\A) > § > 0 is in place we complete the construction of the outer parametrix.

S
3
|

Proposition 4.8. Let x ¢ Z, and x € C\A; then the model problem for the outer parametriz M(z) =
M (z;z) depicted in 13 is solvable. The solution is given explicitly by

M(z) = e_i%US(ZM)_%U‘“" (D(oo))_o3\11(z) (D(z))og(Qﬂi)%"L"ei%"s, 2 € C\(DU¢€ Ues).

with D(z) as in (4.19) and U (z) as in Cor. 4.7. For any closed subset of the domain of analyticity in z the
entries of M(z) are uniformly bounded in any compact subsets of (n,x) € R X A where (4.34) holds.

The remaining six local parametrices near the branch points are defined in the disks
D(aj,r)={2€C||lz—qj|<r}, j=1,...,6

with r > 0 sufficiently small. The construction follows the standard lines using again Airy functions and we
will not give details here. We only list the relevant matching relations between parametrices P;(z) and the
outer model function M (z), in fact

Pi(z)=(I+0(n ")) M(z), n—o (4.37)

which holds for z € C : dist(z, C\A) > § > 0 away from the zero set Z,, and uniformly for z € U?:l 0D(a;,r).
This completes the construction of the parametrices in the genus two situation.
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4.6. Reduction to Jacobi theta function of genus 1. We now show that the expression on the left hand
side of (4.36) is expressible as a square of the ordinary Jacobi theta function

_Bn s
Ay §, Mo

V(z) =9(2|22) = Z exp [ink?se + 2mikz], s
kEZ

(4.38)

Lemma 4.9. (1) Let K = 1(e1 + ez — 1) be the vector of Riemann constants (4.25) and T as in (4.18).
Then we have

z %2

o <>\ [_11} u(z) + K- %(%2 +1) [_11}) — ()9 ()\ - Aim - 2) (4.39)

identically for A € C and z € X, where C(2) is independent of A and is a nowhere zero function of z on the
universal cover of X. (2) In particular if z = co®, we obtain

e ()\ [_11] + u(oo®) + K — %(%2 +1) [_11}) = C(00F)e?™ 92 ().
Proof. (1) Define for A € C and z € X

o ()\ [_11} Fu(z) + K = Lo + 1) [_ﬂ)
TONI+ (=)

) = f(A 2loe2) =

Using the periodicity properties of the Theta functions involved the reader may verify that

FO+1+350) = f(\) exp [27ri(c(z) + AL/Z n2 + %2)}

22 Ja, 2

and therefore with c(z) = fﬁn f;l ne — % the function f = f(A) is elliptic. The Jacobi elliptic function

¥(A) as in (4.38) has a simple zero at A = 2(1 + 55), hence f()\) can have at most two simple poles in the
fundamental region R of the quotient C/(Z + sZ) If we substitute A = (1 + 52) then the numerator of

ag

az

>—
1 as
FiGURE 15. The fundamental region R FIGURE 16. The signature function
E(Z) _V R(=2)

3

R(z

f(X) becomes @(u(z) + IC)7 which vanishes since the argument is the image of a divisor of degree g — 1 =1
(see Corollary B.4). Hence f(A) can have at most one simple pole in R, i.e. f is an elliptic function of order
one, and therefore a constant. We have thus established (4.39) with a A independent term C' = C(z). We
now have to show that C(z) does not vanish. To this end consider the behavior of

S) (A [11} +u(z) + K- 106 +1) [HD

- I (A= 75 5w - %)
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as z varies over X. Once more, the periodicity properties of the Theta functions involved give the following
behavior under analytic continuation along a closed contour ~:

z >z, along Ay 1 C(zy) = C(2); z+ 2y along Ay: C(zy) = C(2)
2+ 2, along By : C(z,) = C(2)e™2™2(2); 25 2 along By:  Of(z,) = O(z)e 2mm =) Fime,

If we assume that C(z) is not identically zero (we shall prove this later), we can count the zeros of C = C(P)
on X by integrating d In C'(P) along the boundary of the canonical dissection X, i.e. we compute

1 1 2 Po+A; Po+Aj;+B; Po+B; Py
— ¢ dInC(P) — Y / +/ +/ +/ dIn C(P)
21 Jox 2mi =1 Py Py+A; Py+A;+B; Py+B;
1 2 Py+A; Po+A;+8B; Py Po+A;
b - + / - dInC(P)
2mi ; /Pg »/P()+Bj Po+B; Py+A;+B;

Po+Ay Po+Az
= / wa —|—/ w1 =0
Py Py

and the last equality follows from the normalization § 4, Wi = Oji of the canonical differentials. Hence C(2)
is either identically zero or it has no zeros at all. We now show that it cannot be identically zero; if this were
the case, we would have

e <a {_11} +u(z) + /c> =0, VaeC, VzeX. (4.40)
The Riemann surface under consideration has an involution j : X — X with

i(z,w) = ( - z,s(z)w)

where s(z) 1= Y R(j:) € {£1}; specifically s(z) = —1 on the outside of the region bounded by U?:1 v U
U?Zl(—l)fyj, and s(z) = 1 inside (see Fig. 16). The function s(z) accounts for the fact that y/R(z) : C\B —
C, with R(z) as in (3.35) and the cuts of the square root as stipulated, is neither an even nor odd function.
For any point P € X

%

P iP iP
u(P) = / G = / i@ = —al/ & = —ou(jP) + oru(ayg),
al jai ay4
and therefore

w(P)+u(GP) = (I —o1)u(P) +u(ag) = b {_11} , beC. (4.41)

Now back to (4.40) choose z = a1 so that u(z) = 0. Equation (4.41) shows that vectors of the form [a, —a]’
are images of symmetric divisors of degree 2. However (compare Definition B.5) the special divisors of degree
2 on X are those that are invariant under the hyperelliptic involution and the only one that is also invariant
under j is the divisor of the two points above z = 0. Thus generically vectors of the form [a, —a]’ are images
of nonspecial divisors and the theta function therefore not identically zero. Combined with the previous
argument principle computation this shows that C(z) # 0 for any z € X. The second statement [2] follows
from —A%Q f;lo ne = —%2 and the periodicity of the Jacobi theta function. |

Now we go back to (4.36) and obtain with Lemma 4.9

e [%] (—IC) — C(Oo-l-)eQﬂ'i(pn—&-%(d-r,&)—%(&,)C>+%(d’,§>)192(pn) (442)

in other words the zeroset Z,, (4.36) is equivalently determined by the requirement

n 1 O ny b2
n L I 4.4
(g |, 90 f, 0o+ 3| [ %) -0 (9

which only involves a Jacobi theta function corresponding to a Riemann surface of genus one.
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5. COMPLETION OF RIEMANN-HILBERT ANALYSIS - PROOF OF THEOREMS 1.4 AND 1.5

We combine the local parametrices and move on to the ratio problems. These are solved by standard
small norm arguments and Neumann series expansions.

5.1. Proof of Theorem 1.4. Recall the explicit construction of M (z),U(z) and V(z) in genus zero and
define
~1

1

(Uz), |z+ia <r

E(z)=5() 3 (V(2) ", |z—idl <r (5.1)
(M(z))il7 |z £+ ia| > r.

This function has jumps on the contour 3¢ shown in Figure 17, jumps which are given as ratios of paramet-
rices

Ei(z) = E,(Z)U(z)(M(z))_l, z € Cy; Ei(z) = f,',(,z)V(z)(M(z))_l7 z€Cy
as well as conjugations with the outer model function
1 0 -1 54
E1D) = ELME) [yt 5| (M) e B
(2miz) "t~ e (2) -1 4
1 (M(2)) *, z€L.

FIGURE 17. Jump contours in FIGURE 18. Jump contours in the
the ratio problem for £(z) as solid ratio problem for £(z) as solid black
black lines - genus zero situation lines - genus two situation

Also the function £(z) is normalized as
E)=1+0(z""), z— .
In terms of the previously derived estimates (4.2),(4.5),(4.10) and (4.12), we conclude for the jump matrix
Gg(z) in the latter ratio problem,

c
HGsffHLszoo(zg) < w n — o0, ¢>0 (5.2)
which is uniform with respect to z € C : dist(z,A) > § > 0. Hence (cf. [9]) we can iteratively solve the

singular integral equation

1 dw
5_(,2)—[4—% 258_(w)(G8(w)_I)w—z,’ z € Xg
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in L?(X¢) which is in fact equivalent to the &-RHP. Moreover its unique solution satisfies

€. = T|l12(se) < % n— 00, ¢ > 0. (5.3)
As we have employed a series of invertible transformations

I'(z) » T°z) = Y(2) = S(2) — E(2), (5.4)
the unique solvability of the &-RHP as n — oo for x € C : dist(z, A) > § > 0 implies Theorem 1.4 through
(3.3).

5.2. Proof of Theorem 1.5. Fix z € C : dist(z,C\A) > § > 0 away from the zeroset {z)} defined in
(4.36). Now combine the outer parametrix M (z) and the local ones P;(z) into the ratio function
~1
P; D(a; j=1,...
£(z) = S(2) ( J(Z))_lv z € D(aj,r), j ooy 0
(M(2)) 7, |z—aj|>r

with 7 > 0 sufficiently small. The ratio solves a Riemann-Hilbert problem with jumps on a contour as shown
in Figure 18 below and is normalized as

E)=1+0(z""), 22— .
Since M(z;x) is bounded on 0D(a;,r) we use (4.13) and (4.37) to conclude
c
HGg*IHLZFTLO"(Eg) < Ea n — o0, c>0

which once more leads to the unique solvability of the ratio problem in the given situation. Tracing back
the invertible transformations we get Theorem 1.5.
6. ASYMPTOTICS FOR NORMALIZING COEFFICIENTS: PROOF OF THEOREM 1.6

In this section we extract expansions for h,(z) as n — oo and compare the results to [3].

6.1. Expansions outside the star. We go back to (3.8) and trace back the transformations

hy(z) = —2mi lim Z(Fo(z)z_”"3 - I) I'°(z)z7 "% = eLi‘e‘73S(Z)M(z)e”(g(z)_%_lnZ)"B7 z — 00.

)
12

Z—r00
For x € C : dist(x,A) > § > 0 we have
_ x -2 _ a -1 (ami)”! —2
g(z)—lnz—2z—|—(’)(z ), M(z)—I—|—2Z [—am' 1 +0(27?)

as z — oo and this combined with

E(Z):I+L E_(w)(Ge(w) —I) dw + O (27?)

2rz Jy,
leads us to
nt
- ez? )al -1 (ami)™'] o3
o nos __ — - _ VS
ro(2)2mm — : {2 [W i } ’
tom [ & @)(Ge(w) 1) dw+ O (=) }
2w Se
Thus
o ené .
Fl;m(%”):%(l‘*‘o(n ), n—oo (6.1)

where we used (5.2) and (5.3) and which is uniform with respect to z € C : dist(z, A) > § > 0. The latter
expansion leads us to
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Corollary 6.1. Let x € C : dist(x, A) > & > 0. Then for sufficiently large n the rational solutions u(x;n)
to PII equation (1.1) satisfy

ol

w(ndzin) = _2a(3 ;140 () (6.2)

where a = a(x) is the unique solution to the cubic equation (1.16) subject to the condition (1.17).

Proof. We use Proposition 3.2 and the scalings (3.8), (3.9), i.e

u(n%x,n) _ ﬁfﬁ(o;x,no, n)'95(0; 2, n,n) (63)
2 F1;12($7”)
In order to give an approximation of the right side of (6.3) we combine (4.1) and the expression (4.6),
nt
PR 0: 2 m, )G 05, mm) = < (52(0) ~ 572(0)) (140 (n))
With 6(0) = €‘% and (6.1), this leads to
1
u(n§x7n>:722(‘;) (1+O( ))
]

Remark 6.2. The rational solutions P (&) (to a rescaled PII equation) in [3] are shown to satisfy the
following large m-behavior (compare (3-61) in loc. cit.)

P <(m— ;>§§> =m3 {Pm(f) +0 (m_l)}, m — 00 (6.4)

outside the corresponding star shaped region in the complex &-plane, compare Remark 3.8. Here P(f) =
—15(8), where S = S(€) solves the cubic equation

35% + 465 4+8=0, S(g):—§+(’)(§‘4), £ = .

The relation between Py, (&) and u(z;n) is as follows

o= (2) P, = (2)'x

Thus, using the previous identification S = 7(%)%%, we get from (6.4) that

1«@¢fwg:(3%4@f@_g%gzvim+mw»

which should be compared to (6.2).

6.2. Expansions inside the star. For x € C : dist(z, C\A) > § > 0 away from the zeroset Z,, (4.36) we
have as z — oo

g(z)zlnz—%—l—@(z_Q), M()—I—i-%—&-(’)( ?)
involving
My = e "0 (27ri)*%‘73 (D(oo))fgSQl (D(oo)) (2mi)2 LEPELE
Since

2] a2i+1 5
D(c0) =exp |— Z/ WY qw— Z/ imdw? ———dw || #0
azj—1 a

27
we can continue with

nt

My — —+ — 8_(w)(G5(w) —1) dw+(’)(z_1)}e_2‘73

I(z)z7"% — 1 =
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and thus obtain the following analogue to (6.1) inside the star (recall the change of orientation in genus two)
( 271(30))_1 = ie_”e(D(oo))Q{ T+0Mn™h }, n — oo, (6.5)

where Q%' is given in (4.30). Here the leading coefficient Q3! is written in terms of theta functions on a
genus two hyperelliptic Riemann surface.
Using Lemma 4.9 and along the same lines as (4.42) we rewrite Q3! as

il 2millertau(eo) S) <pn [_11] +3u(00) + K — 252 + 1) [_11}>
O (2u(oc0) — u(ag) — K) o (pn { 1 } u(00) + K — L3 1) { 1 D

Q-
-1 -1
and therefore in (6.5)

_ _ A - T(pn) +0O (n~t
(hz_l(z)) T _ je— (C(oo+)) 100—1627”(Pn+<e1+a’u(00)>) { (p 39:_( )(n ) } (6.6)
Pn
as n — oo away from the zeroset Z,, determined in (4.43). We introduced
1
e <(pn -zt {_1] + 3u(c0) + IC)
T(ﬂn) = <67)

O (2u(o0) — u(ag) — K)

The formula (6.6) is our fundamental pivot to analyze the location of the zeroes of @n(x) = Qn(n%x); indeed

we remind the reader that )
(ho_1(z)) " = (Qﬁ‘l(x)) : (6.8)

The error term in the numerator of (6.6) prevents us from localizing the zeroes of Qn,l; however we can
detect those of @, because they appear as poles of h®_,(z). In particular the poles of h°_,(z) must be of
second order, which is automatically guaranteed in our approximation (6.6) by the fact that the denominator
is a square.

We shall thus verify (Proposition 6.3 below) that the zeros of the leading approximation T'(p,) never
coincide with the denominator’s. Then, using the argument principle on a small circle around a point of Z,
we shall see that indeed the function (h2_;(x))~! has a double pole within the enclosed disk.

n—1
Proposition 6.3. The functions 9(z),z € C and T(z), z € C have no common roots.

Proof. The roots of ¥(z) are located at 2* = (1 + s2) mod (Z + 557Z), or equivalently (compare Lemma 4.9

and Corollary B.4), we have for some Py € X
w(Py) =u(oco™) + K mod (Z* + 17Z7).
But at the points z = z* the numerator in (6.7) is proportional to
O (u(Py) + K + 2u(c0)) = O (u(Pp) + u(oo™) — u(co™) + K)
and vanishes precisely if Py = co~. But then we would have
u(co”) =u(oo™) + K & 2u(co”) =u(as) +u(as) mod (Z? + 7Z?)

and in the last equality both sides are equal to the Abel map of a nonspecial divisor of degree 2. However
the genus of X is two and the Abel map is one-to-one on the set of nonspecial divisors of degree two, hence
both sides cannot be the same. Thus J(z) cannot be zero at the same time as T'(z). O

o 1)~ in (6.6) we shall use the argument principle by tracking the increment
of the argument as x makes a small loop around a point of the zeroset Z,, (4.43). There are two salient
points worth mentioning here;

In order to detect poles of (h?

(1) the approximation (6.6) is a uniform approximation of the holomorphic function (h%_;)~!(z) by a
smooth function of x;
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(2) the circle used in the detection of the poles must not contain any zero of the leading term approxi-
mation.

The first point follows from the fact that the conditions (3.36) that determine the branch points of the
Riemann surface X are real-analytic constraints. Nonetheless the argument principle can be used because
the approximation is uniform.

In regard to the second point, the strategy is as follows; we shall prove that p,(x) given by (4.35) is a
locally smooth function from C ~ R? to C ~ R2. Therefore, if 2 makes a small loop around a point z,, then
so does p,(x) around p,(x,). If the loop is chosen sufficiently small around a point of Z,, we can exclude
the zeros of T'(p) because by Prop. 6.3 the zeros of T'(p) and J(p) never coincide and thus the argument
of (6.6) has the same increment as the argument of the denominator 9¥?(p), thus proving that (hS_;(z))*
(which is a priori a meromorphic function) must have a double pole within the loop in the z-plane.

We thus now recall that (4.43) holds iff
n 1 0 2 o 1
P = pn() 27”[81 ¢+%2?€‘1 ¢:|+2|:a1A22+2 2(+%2) mod (Z + s Z)

in other words iff we choose © = x,, j 1 in such a way that

n 1 0 72 9 + 2
— d d - — — =3 k, j k€.
9 {fgl ¢+%2%41 ¢:|+2|:a1A22 5 J+ ok, j
We aim at showing that p,(x) makes a loop around p, (2, ;i) as « makes a loop around z, ;. For this fix
reC:x—x,;r = <,ec Cwith |¢] > 0 sufficiently small and consider

_ 1 0 72 o + 2
= :(l‘) = pn(x) - pn(xn7j;k) + 5 |: Agy

n

T 2mi [ ” oy Az 2
i.e. we need to show that = makes a loop around the origin. This will be achieved by evaluating the Jacobian
of the mapping = = Z(u,v) with = u(Re, Se) + iv(Re, Je), u,v € R at e = 0. Put

A= ¢ . Ble)=_. fi dé

C2mi fy, ©2mi

d¢+%2%41d¢

and notice that A, B € R. Now any point in the complex plane can be written as b + ass,a,b € R, hence

== (B0 +2(0A) = (5+ 5 +0)) = (k+ ] +a(0) safe)

We recall (compare Section 3.4) that the differential d¢ is the unique meromorphic differential on X such
that

%(%dqﬁ) =0 Vye Hi(X,Z); d¢(z) = :I:% (;;Jr(?(l)) dz, z—0F
gl
do(z) = :I:% (z'+0(z7?)dz, z— oot

Hence, 9,,d¢ and 9, d¢ are the unique meromorphic differentials on X with a double pole at z = 0%, vanishing
residues, purely imaginary periods and behavior O (2*2) as z — oo™, In order to construct them explicitly,
we consider (as a function on the universal covering of X)

G(z) = Aumélnm (/0 ALL ‘m> .

As z varies on X, notice that

z >z, along A; 1 G(zy) = G(2); z > 2z, along A : G(zy) = G(2);
z+> 2z, along By : G(z,) = G(z) — 2mi; z > 2z, along By : G(zy) = G(z) — 2mi,
and thus
pup= I0E) Lo SA m GG, R

% ’ 9% '
Ay S A Ay S Ang
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We also compute

1 (AT 1 _ 1\ Jn
— ¢ Oydp = —11 — ¢ Oudo=—-RA) + AL )=—
2mi J 4, ¢ QP 2mi Jp, ¢ (Ar) + (A )%%1

1 RAT 1 _ 1\ Jn
— Bpydp = ——117 — pddd = S(AT! RATH —
omi fo ) S, omi Jy ¢=S(A) +R(AL )%%1

and obtain therefore -
det [GUA &,B} = 3o > 0.

The Jacobian of the mapping

equals
1 O NZE Oy RE
Jle) = g det [ausa avsa]'

Hence at € =0,

J(O) = det ({

B, + AR B, + Av%%g] 1 |:bu + a Ros by + aﬂ%%ﬂ)

AL S Aoy n Ay 19 Ay S2to
B, B, _ 149 S _
= S det |:Au Av] +0(n") =—|Ay |2%7%1(1+O(n ‘)

which shows that we can find a sufficiently small 79 > 0 which is n independent such that the small circle
ro .
T =Ty + —€, a€l0,27)
n

is mapped smoothly onto a curve in the =-plane, around the origin with a diameter that is bounded with
respect to n. By choosing 7 sufficiently small we can thus guarantee that no zeroes of T'(p) are included.
Then the total increment of the argument in the leading approximation (6.6) is solely determined by the
denominator ¥2(p); this proves that indeed the function (h%_;)~!(x) has a pole in a 1/n neighborhood of
the zeroset Z,, (4.43) and completes the proof of Theorem 1.6.

APPENDIX A. AIRY PARAMETRICES

Our constructions in Subsection (4.1) make use of certain piecewise analytic functions which are con-
structed out of a Wronskian matrix. On the technical level (we use here the identical construction of [2]),
introduce

Ao(C) = 2e ) , CeC (A1)

Ai(¢Q) e Ai (e‘iTC

where Ai(¢) the solution to Airy’s equation

uniquely determined by its asymptotics as ( —+ oo and —7m < arg ( < 7

. M s 5 372, 385 g2 —9/2
= 3 1—-—— .
e N 1 qgat o ()

Next assemble the model function

AO(C)a arg C € (07 2%)’
4@ |1 Y| amce ),

ARH (¢) = 1] A.
D=1 a0} Y ascezo, (A2
0
1

—1 21)

AO(C) 1| arg ¢ € (7,"—3 -3
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which solves the RHP with jumps for arg{ = —, —%’T, 0, 2?” as depicted in Figure 19. Besides the indicated
1 0
kN

o 1 b

FIGURE 20. Another jump behavior
which can be modeled in terms of
Airy functions

FIGURE 19. A jump behavior which
can be modeled explicitly in terms of
Airy functions

jump behavior we also have an expansion as ( — oo which is valid in a full neighborhood of infinity:

o3/4 [_ ; ; 2 3/2
ARH () — <2ﬁ [11 i] {I+ 4823/2 {612 Ezl] +O(§*6/2) }e3< 2y (A.3)

Next we construct out of (A.1) the function

Ay(¢) = -9 6]03140(671.”003, ceC

and then assemble

Ao |, ﬂ arg (€ (0.7),

AO(C) (1) 1:| ) arg C € (%aﬂ-)7

AO(C)?_ arg ¢ € (7775%);
wo) ] awcecrom,
5

This model function solves again a RHP with jumps on the rays arg( = 0, %, 7, % (indicated in Figure 20)
and we have the uniform expansion

—im o\ —03/4 . . . -
Apu(Q) = (le/)Tr E Z.Z} {I+ 48§;3/2 [611 611 +0 (C76/2) }egi( Pos ¢ oo (A.5)

ARH(Q) =

APPENDIX B. SOME BASIC FACTS ABOUT THETA FUNCTIONS AND DIVISORS

The reference for all the following theorems is [10], we quote here certain results about general Riemann
surfaces of the genus g € N.

The Riemann theta function, associated with a symmetric matrix 7 that has a strictly positive imaginary
part, is the function of the vector argument z' € CY given by

—

o(zIr) = Y exp [mu‘ér,m +2mi(k, 2))| . (B.1)
kezs

Often the dependence on 7 is omitted from the notation.

Proposition B.1. The theta function has the following properties:
(1) ©(Z|7) = ©(=Z|7) (parity);
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(2) For any X, i € 79 we have
O(F+ i+ TA|T) = exp { —2mi(X, Z) — in (i, X)] o(Z|r). (B.2)

In addition to (B.1) we also use the theta function with characteristics &, 8 € C9

o |%] (z1r) = exp |2mi é(d’r,d’)+%<d’,5>+i(d’,5> o7+
B8

Proposition B.2. The theta function with characteristics 62,5 € C9 has the properties

o [g} (F+ i+ TA|T) = exp [2m’ (;(@,m - <X,ﬁ>) — (N2 — ;<XT,X>>} e {‘g] (Z|7), f ez

T> (B.3)

o[58 err=onoiaa]o[§ . akes
For the case of a hyperelliptic Riemann surface X
2g+2
X = {(z,w) cw? = H (Z—aj)}
=1

with fixed homology basis {A;, B; }?Zl, let {w; }§:1 denote the collection of holomorphic one forms on X
with standard normalization
7{ wkzéjk, j,kZI,...,g
A;

and B-period matrix 7. We denote with J, = C9/(Z9 4+ 77Z9) the underlying Jacobian variety. If

P
u(p):/ &, u:X—=1Jr

ai

is the Abel map extended to the whole Riemann surface then

Theorem B.3 ([10], p. 308). For f € CY9 arbitrary, the (multi-valued) function ©(u(z) — f|7) on the
Riemann surface either vanishes identically or it vanishes at g points p1,...,pq (counted with multiplicity).
In the latter case we have

£F=S ulp;) + K. (B.4)

g
)

J
where the vector of Riemann constants equals

K=) u(azj1).

M-

1

J
An immediate consequence of Theorem B.3 is the following statement.

Corollary B.4. The function ©(e|T) vanishes at e € J, iff there exist g — 1 points p1,...,pg—1 on the
Riemann surface such that

o= u(p;) + K. (B.5)

j=1

On a Riemann surface of genus g a divisor is a collection of points (counted with a multiplicity). We are
going to consider here only positive divisors, namely, with positive multiplicities.

Definition B.5. A (positive) divisor of degree k < g is called special if the vector space of meromorphic
functions with poles at the points of order not exceeding the given multiplicities has dimension strictly greater
than 1. (Note that the constant function is always in this space).

As the definition suggests, generic divisors of degree < g do not admit other than the constant function
in the above-mentioned vector space. The other fact that we have used is that a divisor D = p; + -+ - + pg
(k < g) on the hyperelliptic Riemann surface X is special if and only if at least one pair of points are of the
form (z,£w) (i.e. the points are on the two sheets and with the same z value).
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