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Preface

The purpose of this thesis is to describe some aspects related to the spectral
theory of Hankel operators. Such linear transformations form probably one of the
most important and versatile classes of operators to study spaces of analytic func-
tions. They were introduced by Hermann Hankel in the form of finite matrices whose
entries only depend on the sum of their coordinates. In the sense that given a finite
sequence of complex numbers {o( j)}?f()’ %, he considered the N x N matrix with
constant anti-diagonals:

a(0) a(l) a(2) oo (N =1)

a(l) a(2) a(N)
In(a) = a(2) < a(N+1)
CJ((N.— 1) a(N) a(N+1) ... a(QN —2)

He studied them mainly for the algebraic properties of their determinants. Later
on, D. Hilbert showed that the now called “finite Hilbert matrix”, I'v(3), a finite

N x N Hankel matrix obtained by considering the sequence

B(j) = TG

can be used to give a full answer to a problem of approximation theory. In particular,

j=0, (P.1)

he studied the asymptotics of its determinants as N — oo, see [30]. From then on,
infinite Hankel matrices and Hankel integral operators have been introduced. Infinite

Hankel matrices are defined as operators on (*(Z, ) as

[e.o]

r@e(j) = 300 + k)e(k), ce A(Zy), (P.2)

k=0
where 0 denotes the sequence of Fourier coefficients of the symbol w, a bounded
function on the unit circle T. Similarly, integral Hankel operators are defined as

integral operators on L?(R,) of the form

r@)f(t) = /Oooa(t+s)f(s)ds, (P.3)

where @ is the Fourier transform of the symbol w, a bounded function on R. One
of the first results in the theory of infinite Hankel matrices matrices is due to Kro-
necker. He characterised infinite Hankel matrices of the finite rank as those matrices

ii



PREFACE 1ii

whose entries are given by the Fourier coefficients of a rational function on the unit
circle with poles outside the unit disc. A vast amount of literature is dedicated to
the study of Hankel matrices and operators, because of their many applications in
a wide variety of problems ranging from classical problems of analysis, such as mo-
ment problems, orthogonal polynomials and approximation theory, to more modern
problems, such as stationary processes, control theory and mathematical physics.

To the reader’s convenience, we divide the text into three main Parts:

Part I. introduces the notation for some of the most useful function spaces and
fixes the main concepts that are used in the subsequent parts;

Part II. is the core of the text. We find the spectral density of Hankel matrices
and integral operators with symbols belonging to the class of piece-wise
continuous functions;

Part II1. is a “bonus” section, in which the reader can find two articles that are still
related to Hankel operators, but deal with slightly different topics than the

ones treated in Part 2.

More in detail, our exposition starts with the introductory Chapter 1, where we
fix the notation for the subsequent sections. We introduce the relevant function
spaces (L?, Hardy, BMO, VMO) as well as operator algebras (B(H),S,(H)) on a
separable Hilbert space H. In Chapter 2 we introduce, in fairly general terms, the
Schur-Hadamard multipliers. These are a sub-class of linear transformations of the
spaces B(H) and &,(H), where H denotes either (*(Z,) or L*(R,). We describe
some of their general properties and discuss some examples that will be relevant to
the later chapters. In particular, we look at “truncations” of operators, for example

the mapping that takes a fixed N x N matrix to its upper triangular part as follows:

a1 ai2 13 ... A1 N a1 ai2 @13 ... AainN
Q21 a2 2 Q23 ... A2 N 0 Q22 Q23 ... Q2N
a3;1 a3 2 azs ... A4 N —> 0 0 azsz ... Q2N
ani1 an2 an3 ... AaNN 0 0 0 ... AN N

Using Schur-Hadamard multipliers, we introduce, from an abstract point of view,
the logarithmic spectral density of a bounded operator with respect to a sequence
of multipliers. In particular, we study some of their properties relevant to the later
chapters and present some new abstract results which are useful in the later Chap-
ters. We conclude the Chapter by proving a Theorem contained in Chapter 1, which
highlights the connection between the subject of the Chapter and estimates for the

norms of operators.
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In Chapter 3, we move on to introducing Hankel operators. We do so by present-
ing four unitarily equivalent representations: as “compressed multiplication” opera-
tors acting on the Hardy class of the unit circle, as infinite matrices with constant
anti-diagonals, as “compressed multiplication” operators on the real line and, finally,
as integral operators on the positive half-line. In particular, it will be clear how the
Hankel matrix in (P.2) and the Hankel integral operator in (P.3) are unitarily equiv-
alent. The presentation is kept very informal so that the reader can focus more on
the fact that these four different representations are all unitarily equivalent, as it is
seen on the commutative diagram at the end of the Chapter. Of course, en passant,
we will briefly touch upon the matter of boundedness and compactness of these
objects by mentioning both Nehari and Fefferman’s results.

Part 11, with its two Chapters, is at the core of the text and uses the concepts
introduced in the earlier Part. Specifically, in Chapter 4 and 5, we study the loga-
rithmic spectral densities of bounded Hankel matrices and integral operators whose
symbols are piecewise continuous functions, i.e. symbols that are continuous outside
an at most countable set of jump discontinuities. Our results bring together results
from two distinct fields of study within the theory of Hankel operators: spectral
theory of non-compact Hankel operators and spectral asymptotics of compact ones.

In the non-compact case, our starting point is the formula, proved by S. Power,
[50], characterising the essential spectrum of a Hankel matrix with piecewise contin-
uous symbol in terms of the size of the jumps of the latter. It can be simply stated
for the infinite Hilbert matrix, I'(¥) = {8(j + k)}, k>0, where (3 is the sequence in
(P.1). In this case, its symbol is the function on T given by

() =ate ™ (r —1), ¥ €[0,2m).

It is easy to see that v has a unique jump-discontinuity on the unit circle T at v = 1.
Moreover, the height of the jump is 2¢ and so, Power’s formula, stated in its full

generality in Chapter 4, shows that

spec,ss (1'(7)) = [0,1]. (P-4)

Its N x N truncation, I'y(7), is a compact Hankel matrix. In this case, Widom,
[61, Theorem4.3], showed that its singular values distribute inside spec,,, (I'(7)) at
a rate that is proportional to log(/N) for large values of N. In other words, he showed

that the singular-value counting function, defined as

n(t; In(3)) = #{n s su(Tn () > 1}, >0,

where s, (I'v(7)) denote the singular values of I'y (7, exhibits the following asymp-

totic behaviour:

n(t; I'v(7)) = log(N)(c(t) + o(1)), N — oo, (P.5)
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where c is a function supported on spec,,, (I'(7)), see Chapter 4 for its definition,
and we refer to it as the logarithmic spectral density of I'(@).
Similarly, in the case of Hankel integral operators, Power’s formula, given in
Chapter 5, shows that the Hankel operator
R 00 (1 _ o (s+1)
r@ = [~ E o s
has essential spectrum given by the interval [0, 1]. For the compact Hankel integral

operator
—(s+t))€—(s+t)/N

. [T (-
rv@o = [ (s

the result of [22, Lemma 4.1] shows that the singular values of I' y(@) accumulate

inside the essential spectrum of I'(@) and furthermore:
(t; Ty (@) = log(N)(c(t) + o(1), N = oo, (P.6)

with ¢ being the same function appearing in (P.5). These examples provide the

motivation for the results of Chapter 4 and 5 where we answer the following:

(QUESTIONS.

(a) Can we extend (P.5) and (P.6) to include the case of a general piecewise
continuous symbol?

(b) For which classes of truncations do (P.5) and (P.6) and their generalisations
hold?

(c) For a self-adoint Hankel operator, can we derive similar formulae for the

eigenvalue counting functions?

The answer to these questions is a combination of the material already given in
Chapters 2 and 3. Indeed, the concept of a Schur-Hadamard multiplier provides the
right framework to generalise truncations of an operator and helps us make sense of
the universality of the logarithmic spectral density. On the other hand, the problem
of generalising (P.5) and (P.6) to any piecewise continuous symbol requires one to
delve into the theory of Hankel operators. The results of both Chapter 4 and 5 an-
swer all of the three questions above in the positive. Moreover, the answers both in
the non-selfadjoint and selfadjoint cases can be understood as some sort of superpo-
sition principle, in the sense that each jump-discontinuity of the symbol contributes
independently to the logarithmic spectral density of the associated Hankel operator.
This fact is often seen in the literature on the subject and it is referred to as “Lo-
calisation principle”. We will discuss this in the relevant sections of both chapters.
The universality of the logarithmic spectral density of a Hankel operator should not
be surprising. In fact, one can draw a parallel with what is already known in the

literature for Schrodinger operators and their dentity of states, which is invariant
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under a change of boundary conditions and on the class of regions on which they
are truncated, see for instance the results contained in [14, 35].

Even though the assumptions necessary for (P.5) and (P.6) to hold look very sim-
ilar, the non-discrete nature of (0, 00) makes the process of truncating an integral
operator a much more delicate matter and our assumptions reflect this. Indeed, in
the case of a Hankel matrix, one only needs to truncate the “region at co” to obtain
a compact operator for which it is possible to count singular values. In contrast, for
a Hankel integral operator, we are forced to truncate both the “region at 0” as well
as the “region at co” to ensure compactness. This is because, in the case of a matrix
only the behaviour at oo of its entries may cause the matrix to be non-compact,
while, for an integral operator, the picture becomes more complicated in so far as
the behaviour of its integral kernel in a vicinity of 0 also has a role. The style and
the organization of the exposition in both Chapters is kept as parallel as possible
so that the reader can immediately spot the similarities between the two cases. We
note that a version of Chapter 4 has already appeared on the Journal of Integral
Equations and Operator Theory, [18].

The last Part contains two papers published in collaboration with Dr. Gebert
and Prof. Pushnitski respectively. In Chapter 6, we analyse the asymptotics of the
determinants of matrices of the form Iy — SHy, where Iy is the N x N identity
matrix, |f| < 1 and Hy is the N x N truncation of a Hankel matrix with a symbol
which has finitely many jump discontinuities and some degree of smoothness away
from them. The article in question has been published in the Bulletin of the Lon-
don Mathematical Society, [19], and fits into the broader theory of asymptotics of
Toeplitz+Hankel determinants, see [6, 4, 5, 16, 17]. However, the methods we used
differ substantially from those used in most of the literature cited. Indeed, most of
the authors in the field use the approach of solving a particular Riemann-Hilbert
problem, while ours is more direct as we look at a power series decomposition and
study the rate of decay of the traces of finite Hankel matrices.

Finally, Chapter 7 is the candidate’s first paper, published in collaboration with
Prof. A. Pushnitski, [20], and studies weighted Hankel operators with continuous
spectrum. In particular, using methods of scattering theory with a trace-class condi-
tion, some formulae for the absolutely continuous part of the spectrum are explicitly
derived. Furthermore, the result shows that these not only depend on the asymptotic
behaviour of the kernel, as in the unweighted case, but also depend on the asymp-
totics of the weights. This work is partly based on the works of Howland, [31, 32],
even though our approach is far simpler and does not make use of Mourre’s in-
equality. As a consequence, we are not able to say anything about the presence of

singular continuous spectrum, unlike Howland’s results. However, as a byproduct,
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our methods can also be applied to weighted Hankel matrices to show that similar
formulae hold, generalising the results in [34].

Even though the text is divided into Parts and Chapters, with their sections
and subsections, only the latter are relevant in the ordering of the items appearing.
The numbering of the statements reflects their position within the text. So for in-
stance, Theorem 3.4.5 means the fifth statement of section 4 of Chapter 3. Displayed
formulae are numbered independently, but follow a similar ordering. For example,

equation (7.1.2) indicates the second formula of section 1 of Chapter 7.
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Part 1

Function Spaces, Hankel Operators and
Schur-Hadamard Multipliers.



CHAPTER 1

Introduction and basic concepts

1. Spaces of Functions

This brief section serves only to introduce the notation and terminology for some
of the function spaces that are used later on. We use the customary notation for the
more common ones, such as spaces of k-times continuously-differentiable functions.

We begin by introducing LP-spaces for notational purposes.

DEFINITION 1.1.1. Let X denote either T := {z € C| |z| =1} or Rand 1 <p <
0o. We define the space LP(X) as the space of all functions f : X — C such that

e = [ 1@ dm(e) <oo. 1<p<oc
”fHLOO(X) = €SSSUPgex ’f(.’ﬂ)’ , D= 0Q.

where dm is either the normalised Lebesgue measure of T (i.e. dm(x) =

(2miz)~'dz, x € T) or the usual Lebesgue measure on R.

In the case that p = 2, we introduce two unitary transformations:

(i) the Fourier transform on L*(T), i.e. the operator
F: L*(T) — (*(Z,)
(FH) l/j‘ Fdm(z), jEZy.

(ii) the Fourier Transform on L?*(R), defined formally as

~

o : Je tdx, £ eR.
(@1 = i) = o= [ 1@ ¢
With these at hand, we define the Hardy spaces H2 (X).

DEFINITION 1.1.2. We define the Hardy Spaces on T and R as follows

(i) on T, we define it as the space

={f e LX(T) | (Ff)(j) =0Vj < -1},
W2y = D IFHG)

Jj=0
2
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(ii) on R, we define it as the space
HY(R) = {f € L*(R) | (@ f)(§) =0 V¢ <0},

I = [ (@O e

REMARK 1.1.3. As a matter of fact, one can define a whole scale of Hardy spaces,
denoted by HP(X), for 1 < p < oo. We do not define them here, as we do not make
use of these spaces. For more on this, see [37, 44]. It is also important to note that
the space HZ(T) can be canonically identified with the space of functions of the

form

g(v) = lim g(rv), wveT,

r—1—

where ¢ is an analytic function on the unit disc, D, and moreover

1/2
[z, =sp ([ latro)*dm))
r<l T
Similarly, H% (R) can be identified as the space of functions of the form
flz) = ElgglJrf(x +ie), z€R

where f is an analytic function on the upper half plane and moreover we have

- 1/2
HfHHi(R) = sup </ |f(x+ ia)]2 dw) )
e>0 R

For more on this, one can check [44]. Finally, it is worth mentioning that H?(X) is

a Hilbert space when it is equipped with the usual inner product:
(F Dy = [ S@)glaldmio)
X

We will also mention the spaces of functions of Bounded Mean Oscillation, abbr.
BMO, and Vanishing Mean Oscillation, abbr. VMO, on both T and R. Let us start
by BMO(T). A similar construction defines BMO(R).

Let f € LY(T), and I C T be an arc. Put

1
1= 5 [ Fwydmio),
The space of functions of Bounded Mean Oscillation BMO(T) is
f € BMO(T) <= f € L'(T) and sup(|f — (f):1]); < oc.
I

Similarly, the space of functions of Vanishing Mean Oscillation VMO(T) is

f € VMO(T) <= f € LX(T) and lim ({If = (f)il)r =0
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The construction of these spaces on the real line is identical, once one replaces
the arc I with an interval and, in the case of VMO(R), imposes the extra condition
that the limit vanishes as m(I) — oo.

The works of Fefferman and Sarason, [21, 60], show not only how interesting
these spaces are, but also their connection with the theory of Hankel operators, as

we shall mention later on.

2. Basic notions of Operator Theory

Let X, Y be normed vector spaces with norms || - ||x, || - ||y respectively. We also
denote by X* the dual space of X, i.e. the space of all bounded linear functionals
on X.

DEFINITION 1.2.1. A linear transformation A : X — Y is said to be bounded
if there is a constant C' > 0 such that

[Az]ly < Cllz]lx.

Let ®B(X,Y) be the set of all such linear transformations, then we define the operator
norm on B(X,)) as

Ax
|A]| = sup IAzlly o |Az||lx, A€ BX,Y).
w20 1Zllx jae=
If X =, for simplicity we set B(X, X) = B(X).
REMARK 1.2.2. If ) is a Banach space, i.e. it is a complete normed vector space,

the space B(X,)) equipped with the operator norm is a non-separable Banach

algebra, i.e. it is a complete normed algebra, with no countable dense subset.

DEFINITION 1.2.3. Let A : X — Y be a bounded linear transformation. Then
its adjoint is the unique linear map A* : Y* — X™* satisfying the equality:

(A0)(z) = ((Ax),

for any £ € Y* and any x € X. If X = ), we say that A is formally selfadjoint if
A*=A

x+. If X is a Hilbert space, we say A is selfadjoint if A = A*.

A standard result in operator theory, see [56, Theorem VI.2], gives us that
PROPOSITION 1.2.4. Let X, be Banach Spaces and A € B(X,)). Then
[A]] = [|A™].

We will also need the following useful theorem, see [56, Theorem 1.7]
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THEOREM 1.2.5 (BLT Theorem). Let X be a normed linear space and let Y
be a Banach space. Suppose A : X — Y is a bounded linear transformation. Then A
can be uniquely extended to a bounded linear transformation, A, from the completion
of X with respect to the norm || - ||x to Y. Furthermore ||A|| = ||A]|.

From now on, we will be interested in the case where X = ) = H, where H is a

Hilbert space equipped with inner product (-, -)3. In this case, we have the following

DEFINITION 1.2.6. Let A € B(H), then its spectrum is defined as the set
spec(A) ={A € C | (A - AI)"! € B(H)},
where I is the identity operator. We define its resolvent set as p(A) = C\ spec(A).

With this at hand we have the following simple identities

PROPOSITION 1.2.7 (Resolvent identity). Let A, B € B(H). If A € p(A) N
p(B), then

(A=A = (B-A)"'=(A-MI)"(B—A)(B-AI)""

In the next chapters, we will often talk about the essential spectrum of an oper-

ator, this is defined as follows

DEFINITION 1.2.8. Let A € B(H), then its essential spectrum is defined as
the set of points A € spec(A) such that
(i) either dim Ker(A — AI) = oo,
(ii) or Ran(A — M) is not closed.

Among the bounded operators, we distinguish an important class of them.

DEFINITION 1.2.9. A bounded linear operator A is said to be compact if for
any sequence {x,}°°, C H such that x, — 0 as n — 0 weakly, one has that the
sequence ||Az,|ly — 0 as n — oo. We denote by &,.(H) the set of all compact

operators.

If A is compact, then we can find a non-increasing sequence {s,(A)}5°,; C Ry

and two ortho-normal systems {&,}, {n.} C H such that we can write

A= Z Sn(A)(7 £n)?~lnna

where the sum converges absolutely to A. We call the series the Schmidt expansion
of A and the s, (A) the singular values of A, which can be defined in two equivalent
ways:

(1) sn(A) = M\u(JA|), the eigenvalues of |A| = v/ A*A (A* denotes the adjoint of

A) in decreasing order with multiplicities taken into account;
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(2) sp(A) =inf{||A — B|| | rank(B) < n — 1}, where rank(B) = dim Ran(B).

See [44] for more on the above discussion. Among the compact operators, it is
possible to distinguish a few sub-classes that are characterised by the rate of decay
of the singular values. These are sometimes regarded as the non-commutative analog

of fP-spaces. We define them below

DEFINITION 1.2.10. Let 0 < p < oo, then we define the p-th Schatten class

S,(H) as the (sub-)set of compact operators A whose singluar values s, (A) satisfy:

1AIE = su(A) <00,  p< oo,
n=1

HAHoo = sup Sn(A) < 00, p = 00.
neN

Elements of &;(H) are often called trace-class operators, while elements of Go(H)

are called Hilbert-Schmidt operators.
REMARK 1.2.11. The second definition of s,(A) immediately implies
Al = sup 5a(4) = 51(4) = 4],
so from now on, we will drop the subscript for the norm on &, (H).

For trace-class operators one can define an infinite-dimensional analog of the

trace of a finite matrix as the following theorem shows, see [56, Chapter IV]:

PROPOSITION 1.2.12. Let A € &(H), then for any orthonormal basis
{&.}52, C H the quantity:

TI(A) = Z (Aéna gn)H

n=1

is finite and independent of the orthonormal system chosen. Furthermore, for any

two A, B € &1(H) one has that
Tr(A+ B) =Tr(A) + Tr(B) and |Tr(A)| < ||A]1,

in other words Tr(-) is a continuous linear functional on &1(H). We call Tr(A) the
trace of A.

We have a number of useful statements, see [11], collected in the following propo-

sition:

PROPOSITION 1.2.13. Let H be any separable Hilbert space and let &, =
S,(H). Then:
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(i) for all1 <p < oo, &, is a separable Banach space and the set of finite rank
operators, which we shall denote by §, is || - ||,-dense in &,. Furthermore

one has the equality:
1Al = Te(JAP)?, 1< p < oo;

(ii) for any 1 < p < oo, &) = &, where &} is the dual space of &, and q is
such that ¢t +p~t = 1. For p =1, one has &} = B(H) and &, = S;. In
particular, any linear functional A € &, can be written as:

AMA) = Tr(ABY),
for a unique B € &;

(iii) (Holder inequality for &,) let 1 < r,p,q < oo be such that r~t =p~!t+q7 %
For A€ 6, and B € &,, one has that AB € &, and:

IAB]» < [ Allo]l Bllg-

REMARK 1.2.14.
(i) If p € (0,1), the estimate (see [11, Chapter 11])

1A+ Bl < [[All; + 1B},

shows that || - ||, is not a true norm as it does not satisfy the triangle

inequality. So &, is not Banach space when p € (0, 1). However, it is a

complete metric space when equipped with the metric p(A; B) = [|A— B|P.
(ii) The Proposition above shows that the pairing

(,):6,x6,—C
(A,B) — (A, B) = Tr(AB"), (1.2.1)

with the usual understanding on the indices p and ¢, has the following

properties:

(a) for all p one has: ||All, = sup g, =1 [Tr(AB")[;

(b) for p = 2, the functional (-,-) is an inner product on &, and also it is
easy to check that ||All2 = \/(A, A), and so, since &, is complete, it is

a separable Hilbert space.

Hilbert-Schmidt operators can be easily characterised, as the following theorem
shows, see [56, Theorem VI.23]

PROPOSITION 1.2.15. Let (M,u) be a measure space and let H =
L*(M, ). An operator A € B(H) is Hilbert-Schmidt if and only if there exists
a function k € L*(M?, - ) such that

Af(t) = //vt k(t,s)a(s)du(s).
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Moreover,
JAJ2 = / / Ik(t, ) dpu(s)du().
MIM

Before ending this introductory Section on operator theory, we give two well-

known results, but first we need a definition.

DEFINITION 1.2.16. Let {A,} C B(H) then we say that A, - A asn — o
in weak-* sense if and only if for any B € &;(#), one has Tr(BA!) — Tr(BA*) as
n — oo. We will say that a set R is weak-+ dense in B(H) if any A € B(H) is a

weak-* limit of a sequence in fR.

THEOREM 1.2.17.

(i) Let N > 1, and let By be the set of N x N matrices with complex entries.
Then the set
U By c&,(2(2)
NeN
is || - ||,-dense for any 1 < p < co and it is weak-* dense in B((*(Zy)).
(ii) Let & > 0, then the set

s, 9)

£>0

is weak-* dense in B(L*(R)). Furthermore, the set

Usu(r*(¢ ¢)

£>0

is || - ||,-dense in &, for any 1 < p < co.

2.1. Positive operators. An important sub-space of B(H) is the space of
selfadjoint operators. Their spectral theory tells us that the spectrum of a self-
adjoint operator is a subset of the real line. For this reason, we define a partial

order, similar to the one of real numbers. This is done as follows:

DEFINITION 1.2.18. Let A € B(H). Then A is said to be non-negative, A > 0,
if and only if (Af, f)3 > 0, for any f € H. Similarly, we say A is positive, A > 0,
if and only if (Af, f) > 0.

Moreover, if A, B € B(H) are selfadjoint, then we write A < B (resp. A < B) if
and only if B— A >0 (resp. B— A > 0).

REMARK 1.2.19. It is useful to note that any non-negative operator is selfadjoint.
To see this, first notice that for any A > 0 and any x € H, (Az,x)y = (Ax,x)y =
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(z, Az)y. Now, let z,y € H, then by the polarization identity we have
Az, y)n = (Alz +y),x +y)u — (Alz —y), 2 — Y

—i(A(z +1y), v + 1)y + i(Alx —iy), v — 1Y)y

= (@ +y, Alz+y)n — (z -y, Alz — y))n

— iz + iy, Az +iy))y +i(x — iy, A(x — iy))n

=4(A"x,y)n
and so A is selfadjoint. From this, it also follows that if A < B, then ||A| < || B]|.
A well-known result is the following

PROPOSITION 1.2.20. An operator A > 0 if and only if spec(A) C [0, c0).

We note that any selfadjoint operator can be expressed as the linear combination
of at most two non-negative operators. Indeed to see this, let |A| = v/A2? and let
Ay = (|A| £ A)/2, then using the previous proposition, it is easy to see that A, >0
and furthermore

A=A, —A_.
This decompositon allows us to study selfadjoint operators through positive opera-
tors. For instance, we can see that since AL A_ = O, then Ran(A;) L Ran(A_) and
so we can decompose the spectrum of A into the union of the spectra of A, and A_
as follows
spec(A) = spec(A,) Uspec(—A_).
In particular, for a compact operator A, the eigenvalues of £A4, denoted by \f(A)

respectively, coincide with the singular values of AL, i.e. we have

This fact will turn out to be useful in Chapter 2.
Just as for real numbers, fractional powers of operators are only well-defined for
non-negative operators. For instance, to make sense of A%, for a € (0,1), one uses

the representation
% = ca/ t Mt 4 5)tsdt,  cq = — T,
0

which is valid only for s > 0. To be able to write A* in terms of the integral above we
need to force A > 0 so that (t + A)~! is well-defined almost everywhere. Of course,
one would also like to understand the sense in which the above integral converges
for a bounded operator A. In this case, the convergence is in the strong operator
topology. We will return to this fact later at the end of Chapter 2.

The following theorem shows that fractional powers respect the partial order defined
earlier, see [11, Theorem 2, Chp. 10.4]:
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THEOREM 1.2.21 (Heinz Inequality). Let A, B >0 and0 < a < 1. If A < B,
then A% < B® and
A% < 1B7].

Moreover if B € &, for somep > 1, then A* € &,, and we have a similar estimate
for [[A*|lp/a-

The Heinz inequality is useful in proving the following theorem, [8, Theorem 1]:

THEOREM 1.2.22. Let A,B > 0 be such that T = B — A € &, for some
1 <p<oo. Then for any 0 < a <1 one has B* — A* € &,,, and moreover:

1B* = A%ls,,. < IITg,-

The original paper, [8], containing this result and its proof is in Russian, so we
will provide a translation of the latter at the end of the next Chapter. We choose to
postpone the proof, as the argument refers to the theory of linear maps acting on

B(H), which we are going to discuss in the next Chapter.



CHAPTER 2

Schur-Hadamard Multipliers

1. General setting

In this Chapter, we introduce and discuss Schur-Hadamard multipliers. They
play a central role in the study of spectral densities of Hankel operators discussed
in Part I1. These are a special type of linear transformations acting either on B (H),
where H denotes either (?(Z,) or L*(R,), or on any of its normed subspaces, such

as the 6, classes. Following [25], we use the following terminology:

DEFINITION 2.1.1. Let (R, || - ||:) be any normed subspace of B(#). Then we
call any linear operator Zx : R — R a transformator on JR. We also define the

norm of J as:

7l = sup [[7(A)[.

llAlloi=1
We simply write .7 when it is clear on which subspace of B(H) it acts, and denote
by .# and O the identity and the zero transformators respectively.

ExXAMPLE 2.1.2. Let ‘H be any separable Hilbert space and let A € B(H), then

we can define the transformators of left and right multiplication by A
Zi(B) = AB, #4(B) = BA, B € B(H).

It is easy to verify that [[|-Zallgay = (| %alls@) = IAll- The same holds for any
S,-class, p > 1.

ExaMpPLE 2.1.3 (Main Example and Definition). Let us now define Schur-
Hadamard multipliers first on ¢(Z, ), then on L?*(R,). Any bounded operator A on
(*(Z,) can be regarded as an “infinite matrix” whose (4, j)-th entry with respect to
the standard basis {e;};>¢ of (*(Z,) is:

Ai,j = (Aei,ej), Z,j 2 0.

Let 7 = {7(j, k)}j,kzo be a bounded sequence, then the “Schur-Hadamard multi-
plication” of 7 and A, denoted by T % A, is the (possibly unbounded) operator on
(*(Z) whose (i, j)-th entry is

(T * A)i,j = T(i,j)Az"j.
11
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In particular, any sequence 7 acts as a transformator, ., on B(¢(*(Z,)), via the
identity:
Fr(A) =T1x A,

We call 7 a “Schur-Hadamard multiplier”. A vast amount of literature is dedicated to
determining the main properties of T necessary for .#, to be bounded on B(¢*(Z, ))
as well as on G, as we shall soon see below.

To begin with, suppose that ., acts on &, rather than on B((*(Z,)), then it is
easy to show that [|.7[|s, is finite if and only if 7 is a bounded sequence. Indeed,
for any A € &5 one has

1 (N5 = Y () Aul” < ITlZAI = 17 lls, < 17 lloo-
i,j>0
Let € > 0 be given, by the definition of sup we can find g, jo so that |7(io, jo)| >
| 7|lcc — €. Thus, if B is the operator whose matrix {b; ;}; ;>0 is 0 everywhere except

for the (i, jo)-th position, where it is 1, we see that:
|7 (B) e, = |7(i0, jo)| = [ITlloc — &,

and so we obtain

I+ lls, = 117 lloo-

The above example can be considered a starting point to define Schur-Hadamard
multipliers for bounded integral operators acting on L?*(R,). To do this, let k be
a measurable function on R? and let Op(k) : L*(R;) — L*(Ry) be the (possibly

unbounded) operator given by:
Op()f() = [ MEs)f(s)ds,  f e PR,

Of course, in the next few pages we will only be dealing with bounded integral
operators and we will refer to those measurable functions k& for which the induced
integral operator Op(k) is bounded as an integral kernel.

Then, for a measurable function 7 on R? and any bounded integral operator
Op(k), the Schur-Hadamard multiplication of 7 and Op(k) is defined through the
formal relation:

T+ Op(k) = Op(T - k).
So any fixed 7 induces a transformator, .#,, on the set of bounded integral operator,
via the equality
Z+(Op(k)) = 7% Op(k). (2.1.1)

However, this definition only makes sense for integral operators. To extend Schur-
Hadamard multiplication to bounded, non-integral operators one can use limits. Put

simply, let 7 be a bounded function on R?%. Then for any Hilbert-Schmidt operator
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K, Proposition 1.2.15 shows that K = Op(k), for some k € L*(R%) and so we can

immediately define

7% K = Op(T- k).
Suppose now that we have the estimate
(K| < CIK]l, VK €6,

Since G5 in dense in &, by the BLT Theorem 1.2.5 we obtain that .7, extends
uniquely to the whole of &,,. Once we have defined ., on &, the duality form
in (1.2.1) can be used to extend the action of the transformator .7, to &; and
B(L*(R,)). The argument using the BLT Theorem can also be adapted to properly
define the Schur-Hadamard multiplication on the space of bounded operators on
A(Z,).

In both the case of operators on H = (*(Z,) or L*(R,), extensive studies have
been carried out, see [7, 12, 45] and references therein, to understand the interplay
between the analytical properties of the multiplier 7 and the boundedness of the
transformator .7, acting on B(H) as well as the Schatten classes G, 1 < p < co.
Let us briefly mention, and in one case partly prove, some of these.

We start by setting up some notation. Let 9¥(#) denote the set of all functions 7
such that the induced transformator ., is bounded on B(H). It is clear that 9t(H)

is a normed algebra with respect to the norm

17 llomze) = 1<% Mllsw

Similarly, we denote by 9,(H), 1 < p < oo, the set of all multipliers 7 so that the

induced .7, is bounded on &, and we set

17 llom, 200 = -7l

It is also useful to point out that the map 7 +— 7 induces an involution on 9(#H) as
well as on any 9, (H).

The limiting argument we presented before shows that DU(H), 9, (H) and M. (H)
are all complete. An adaptation of the same, in fact, shows that for 1 < p < oo,
the classes 9, (H) are all complete. Moreover, it implies that 9t,(#) and 9M(H) are

non-separable C*-algebras. From [12], we have the following useful result:

THEOREM 2.1.4 (Duality Principle). Let 1 < p < oo and .7, : 6, — G,,.
Then its adjoint transformator 7 : &, — & satisfies the following identity:

I = S

T

&
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In particular, we have the following identities:

7m0 = [ITllmg3), 1<p<oo, p'4+q¢ =1, (2.1.2)
17 llom 3y = [I7lonc 2 = N7 llomezo)- (2.1.3)
As the last chain of equalities holds, we denote ||T||ame) either of the three quantities.
REMARK 2.1.5. The equality of norms in (2.1.2) and (2.1.3) above immediately
imply that

My (H) = Moo (H) = M(H), (2.1.4)
M,(H) =M(H), 1<p<oo, p'+q'=1 (2.1.5)

Moreover, it also leads to the chain of continuous embeddings

M(H) S Mp(H) S My(H) = L=, 1<p<oo, p#2

from which it immediately follows that

7l = 7l 2) = [ 7] 2oes

where L denotes either £>°(Z2) or L>(R?3) depending on whether H = (*(Z.) or
H = LQ(R+>

EXAMPLE 2.1.6. From the previous discussion, it emerged that 915 is nothing but
L>°(R%) or £*°(Z2) in disguise. Let us now discuss some basic examples of multipliers
T € M(¢*(Z,)). More examples will be presented in the relevant Sections of Chapters
4 and 5. An immediate example of a bounded multiplier is a factorisable multiplier

of the form

T(j, k) = f(5)g(k)
where both f and g are bounded sequences. To see this, let M; and M, be the
operators of multiplication by f and g respectively on ¢*(Z.) and let £}, %, be the
transformators of left and right multiplication induced by them. Then

S1(A) = MAM, = 2,%,(A)

and so, from Example 2.1.2, it follows [|7[lm = [[-£7%l) = Myl Myl =
|l llglloo- In particular, from the Duality Principle 2.1.4 it follows that for any
p=>1

[l = [[f lloollglloo-
We can extend this argument simply by taking {f.}7,, {g.}22, C (*(Z),

such that
>l fullsoll gl
n=0
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is finite. Then the multiplier
n=0

is bounded on the space of bounded operators on ¢?(Z,) because we have that

S(A) =) L, Ry, (A)

and so the triangle inequality shows that
o0
Il < D [ fallsllgnlloo < 0.
n=0

The above example can be taken as the motivation behind the important result,
stated below, that fully characterises the algebra 9t(H) in both the case of H =
(*(Z,) and L*(R,). It was proved in its entirety by the authors of [9, 45].

THEOREM 2.1.7. Let H be either (*(Zy) or L>(R,) and A denote either Z,
or R,. For a function T € L>°(A?), the following are equivalent:
(i) T € M(H);
(i) there exist auziliary measure space (M,v) and v-measurable functions a :
AxM—=C,b: A x M — C such that:

T(A\ p) = /M a(A, t)b(u, t)dv(t), (2.1.6)
and such that
A? ::sup/ la(\, 1) dv(t) < oo, (2.1.7)
A JIM
B? ::sup/ O 8)[2 d(t) < oo, (2.1.8)
A JIM

Furthermore one has that
[7[lonze) < AB.

PRrROOF. The proof of (i7)=-(7i) is rather involved and includes elements of func-
tion and operator theory and it can be found in [45].
Let us concentrate on showing (i)=-(i) in the case of H = L*(R, ). Let us start by
showing that for any Hilbert-Schmidt operator K we have the estimate

|+ (K)| < AB||K].

To this end, let K € G5 and recall that any Hilbert-Schmidt operator is an integral

operator with integral kernel £ € L*(R2) and so we can write

S+ (K) = Op(r - k).
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Now, for f,g € L*(R,),we have

AR D = [ 2N
—-]Q ‘A; (A 1k 1) £ (1) g0 dd
:[;(4<K3av@»@vamx»¢0dww

_ /R (KB(t)z, A*(1)y) s, d(0). (2.1.9)

where in the second equality we exchanged summation and integration because of

Fubini’s theorem. Also in the last equality we wrote for any f € L*(R,)

Notice that for any function f € L*(R,), A(t)f and B(t)f may not make sense for
some values of t, since they are defined up to sets of measure 0 with respect to the

measure v, however we have the estimates:
Aywm%mwwsﬁékmwmewwwst&M,
+

AﬂBwﬂémWWQSWWMWW

Using these, an upper bound for the quadratic form (.- (Op(k))f, 9)r2(r,) is easily
obtained as follows

(AR )| < [ |KBOF A W)0),a60, | vl

< [ NKIBO |49 e o)
< ABK |l ol

where both the second and third inequalities are a consequence of the Cauchy-
Schwarz inequality. In particular, it follows that for any Hilbert-Schmidt operator

K, we have the estimate

|77 (K|l < AB|K].

By the BLT Theorem 1.2.5, ., extends to &, by continuity without increasing its

norm. In particular, for any compact operator K, we have the estimate
|7 (K[| < AB| K| = |77 |l < AB.

The Duality Principle 2.1.4 finally concludes the argument. 0
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ExaMPLE 2.1.8 (Hankel multipliers). A useful sub-class of multipliers is that

of Hankel multipliers, i.e. multipliers 7 of the form
T(j, k) =i+ k), j k>0

where {a(j)};>0 is a fixed sequence of complex numbers. Multipliers of this form
have been studied in the literature. For instance, in [7, Section 9] we find sufficient
conditions that guarantee 7 € 9. In [48, Chapter 6], the author gives an exhaustive
answer to the problem and gives a necessary and sufficient condition for 7 € 9. In
particular, it is shown that 7 € 91 if and only if « is a Fourier multiplier of H'(&),
the Hardy class of &;-valued functions on the unit circle T. In other words 7 € 9

if and only if one has that

> m() € HY(S1) = Y a(i)m(j)v’ € H'(Sy),

JELy JELy

where {m(j)};ez is a sequence of trace-class operators. Finally, in [1, Section 4]
the authors also address the boundedness of the transformator . when acting on
Schatten classes &, for p in the range (0, 1).

Let us now give a concrete example of how one can use Theorem 2.1.7 to show

7 € M. Suppose that the sequence « is of the form

1
ali) = 80) = [ elem)e 0,
0

for some ¢ € LP(0,1),p > 1. Our goal is to show that ||a|jox < ||| Lr(0,1)-

Note that the case of p > 1 follows immediately because of the estimate
lellzron) < llellere)-
So it suffices for us to show this for p = 1. In this case, it is easy to see that
1
| at otk 0)0 = o + b
0

where a, b are the functions
‘ P20 ‘1/2 —27i50
= e y

b(k’,’ﬂ) — 27ru9 ‘90 27ru9 } 1/2 6_27”;]“9.

By Theorem 2.1.7, it is sufficient to show the finiteness of the quantities

—SUP/ la(j,9)|* v,
3>0

—sup/ b(k, 9)|* do.

k>0
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Now, it is easy to see that for A we have

1
A= / (™) b = Il 1r o)

Similarly, for B we have

1
B = [ fe(@ )]0 = el

0

Thus Theorem 2.1.7 shows that

7]l < AB = ||l 21(0,1)-

A similar argument shows that the same holds when ., acts on B(L*(R,)) and

rlt3) = BN+ ) = —= [ el g

for any function ¢ € LP(R) with 1 < p < 2. Note that in this case, we restrict the
range of p to be sure that @(y) is well-defined.

EXAMPLE 2.1.9 (Toeplitz multipliers). Another useful class of multipliers is

that of Toeplitz multipliers, i.e. multipliers 7 of the form

T(J, k) =BG — k),

where [ is a double-sided sequence of complex numbers. Even though we do not
know who did it first, it is a well-known fact that the following are equivalent:

(a) 7 €M

(b) there exists a finite, complex Borel measure p on T such that §(j5) = u(y),

where [1 is the sequence
i) = [ daute), jez
T
(c) B is a Fourier Multiplier of L>°(T), i.e. one has that

Y alw’ € L¥(T) = Y B(ja(j)’ € L=(T).

jez ez
In [28, Theorem 3.6.4] it is proved that (b)<>(c) and so it is sufficient to show that
(b)=(a)=(c).

(b)=(a): Suppose that for some finite, complex Borel measure u, we have 5 = [i,
then

(o k) = /T TR du(v).

By Theorem 2.1.7, we immediately obtain that 7 € 9t and, moreover ||7||om < ||u],

where ||u|| is the total variation of the measure pu.
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(a)=(c): Suppose 7 € M and let T = {t(j — k)};x>0 be a bounded Toeplitz
matrix. Recall that 7" is a bounded Toeplitz matrix if and only if ¢(j) = f( j) for
some f € L>®(T) (see [46, Chapter 3]). Since

S(T) ={B( —F)t(j — k) }jr=0

is also a bounded Toeplitz matrix, then 5(j)t(j) = g(j), for some bounded function

g on T. In other words we have shown that

Dt € L¥(T) = Y B € L=(T),
JEL jEz
i.e. B is a Fourier multiplier of L>(T).
Similar results can be obtained when 7(z,y) = 5(z — y) is a Toeplitz multiplier
on B(L*(R,)). In this case, 7 € M if and only if there exists a finite, complex Borel

measure on R such that § = i, where i is the Fourier transform of the measure .

Although Theorem 2.1.7 gives a full description of the algebra 9M(H), its hy-
potheses are not so easy to check since they rely on finding a factorization of the
multiplier 7. Unfortunately, there are no known necessary and sufficient conditions
relying solely on the smoothness of the multiplier, however some partial results do
exist in the literature, see for instance [12, Section 5.2]. Most of the results given
there rely on 7 having some degree of smoothness, say at least one derivative, or
belonging to some Sobolev space. In the following pages we look at two specific
examples of multipliers which have a discontinuity at some points of their domain
and we shall see how this affects the boundedness of the induced transformator. We
will first study the “discrete” case of H = ¢?(Z, ) and then move on to the “contin-
uous” case of H = L*(R,), in both cases we will only write 9 and 90,, since the

underlying Hilbert spaces are fixed.

2. Discrete Case

2.1. Upper triangular truncation. Let us begin by taking ¢ to be such that

0 j<0,
1 Jj =0,

w(j) =

and define ®(7, j) = ¢(i —j). Then .# is formally defined as the transformator such

that for any bounded operator A one has:

0 i<,

Fo(A)ij=(PxA)i; =
Ai,j i 2 j7
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where A;; are the matrix entries of A. Thus .3 sends A to its upper triangular
part and so it is often called upper triangular truncation and is an example of

a Toeplitz multiplier. We have the following result:

THEOREM 2.2.1. Let 1 < p < oo and consider the operator g : G, — &,
then:
1@ ]|am, = C(p), (2.2.10)
where C(p) > 1 is such that:
(1) C(2) = 1;
(1) C(p) = C(q), where p™' + ¢ 1 = 1.

Furthermore, C(p) — o0 as p — 11 and as p — 0.

The proof of this result can be found in [25], Chapter 3, Section 6. The authors
prove the result by showing that:
(1) forp=2, C(2) = 1;
(2) by letting p = 2", r € N and using an identity which holds for .#4 acting on

the set of finite-rank, selfadjoint operators they show:
[ lom, = C(27),

and furthermore C'(2") — oo as r — oc.
(3) using interpolation between Sy and Ggr+1, they show the result for all
p > 2. Finally, by an application of the Duality Principle 2.1.4 above, they

conclude the proof.

REMARK 2.2.2. As a matter of fact, the constant C'(2") is explicitly found by
the authors of [26], where they show that:

C(2") =cot(27"'7), reEN.
They also conjecture that this also holds for any other p > 2.

EXAMPLE 2.2.3. The behaviour of the constant C'(p) in the result above suggests
that, in fact, .4 is unbounded on B (¢*(Z,.)). This fact is well-known, see for instance
[3], and can be easily proved.

Indeed, notice that ® is a Toeplitz multiplier and so, by Example 2.1.9, to show
that ® ¢ 9, it is sufficient to show that the sequence

. 0 Jj<0,
e(j) = ,
1 Jj =0,

is not a Fourier multiplier of L>(T). To do this consider the function
/ljj
In(v) = Z —, veT.

T
o<pl<n
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It is easy to see that || fy|/ze(m) < 1, for any N > 1. Now, we have

Z w(j)v _ Z U_

™9 e~ 7
0<|jIEN J Jj=1 J

And so it is easy to see that
- ~ 11
0o = — > —log(N +1
1Pl > [T ()] D52 7 s A
Thus showing that ¢ is not a Fourier multiplier of L>(T).

REMARK 2.2.4. The authors of [3] show, by means of an adaptation of the above
example together with some abstract results borrowed from the theory of Haagerup-
type factorisation of matrices, see [3] and references therein, that the transformator

Y% acting on the space of N x N matrices on C, By, is so that
1
I8l = —log(N) + o(log(NV)), N — oo.

2.2. The main triangle truncation. Let us now consider another type of

truncation. For any N > 1, consider the sequence:
1 0<j<N-1,
0 Jj=N,

Un (i) =

and let U (i, 5) = ¥ (i +j). Let us define the transformator .y, via the identity:
IN(A) =Ty x A, AcB(H).

In other words, %y, associates to a matrix A the matrix whose entries are set
to 0 after the N-th cross-diagonal. We call this transformator the main triangle
truncation, following the terminology of [39].

As for the case of .4, we wish to study the properties of the transformator .7y, .

To do so, let us introduce some notation. For N > 1, let Jy be the N x N matrix:

00 ... 01
00 ... 10
In=1: o
01 ... 00
10 ... 00

We can consider Jy as the operator acting on ¢*(Z, ), by considering it as the block

v O
0 0

where O is the zero operator. From now on, we will use the notation Jy without

matrix:

distinction in both cases, its meaning will be clear from the context.
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It is easy to see that, for any N, the operator Jy is a partial isometry onto C

and therefore || Jy|| = 1. We now have the following straightforward

LEMMA 2.2.5. Let #x be the transformator such that #n(A) = AJn. Then,
for any N € N, the transformator Sy, satisfies the following identity:

Fuy = InSs N,

where g is the upper triangular truncation.

With this at hand and together with the observation made in Example 2.1.2, we
have that for any 1 < p < co and any N:

1@xllom, = 105 lls, = 252 2nlls, < I 2xl6, I17lls, = 2], = C(p).

where C'(p) is as given in (2.2.10). This proves part of the following:

THEOREM 2.2.6. For any p € (1,00) and any N € N, one has that:
W, < C(p). (2.2.11)

Furthermore, for any A € &,, we have that Sy, (A) — A as N — oo, in other
words the transformator Sy, — & strongly as N — oo, where 7 is the identity

transformator.
On the other hand, for Sy, acting on &1, and on B((*(Z,)), we have that:

1
I lln = —log(N) + o(log(N)), N — co.

REMARK 2.2.7. We remark that in [39], only a lower bound was given for the

norm of Wy. In particular, they only showed that
7w s, = Clog N,
where C' > 0 is not explicitly given.
ProoF OF THEOREM. The identity presented in Lemma 2.2.5 actually shows

that, when restricted to the space of finite N x N matrices, B, the transformators

Sv, and S are unitarily equivalent, since the transformator ¢y is invertible on
By and _Zy' = Zy. Thus, by the results of [3]:

1
el = ll72lls, = —log(N) +o(log(N)), N — oo.

Also, note that if Py is the transformator such that &y(A) = PyAPy, with Py

the projection from ¢?(Z,) onto CV, then
Loy PN = FLuy-

Therefore one has that
19l = [Pyl YN.
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By the Duality Principle 2.1.4, the equality also holds for &; as well as G.
Let us now concentrate on proving the result on the convergence in the strong

sense to .#. First of all, it is easy to see that for any matrix B € 2 we have that
y\I’N (B) =B

whenever N > 2K + 1.

Let us now consider the case a general A € G, for 1 < p < oo. For any given
e > 0, by Theorem 1.2.17-(i), we can find a B, € Mg, so that |A — B.||, < . Now,
using (2.2.11) and the fact that Sy, (B:) = B., we have:

||‘5ﬂ‘I’N<A> - A”p < ||y\IJN(A) - y\IJN(Be)”p + Hy\I/N(Ba) - Be”p + HBE - AHp
< (Cp) + DIIA = B[, < (Clp) +1)e

for any N > 2K, + 1, thus the result holds. 0

3. The Continuous case

We wish now to study the action of the continuous analogues of the transfor-
mators .%p and %y, studied earlier. In this case, and unlike ¢*(Z,), we restrict
ourselves to the set of integral operators and we will use the definition of multipliers
given in (2.1.1). Of course, our discussion will work in general for any bounded op-
erator A on L?(R,) since one can work with the “implicit” definition of a multiplier

discussed earlier using limits and the duality form (1.2.1).

3.1. The upper triangular truncation. Let 1, denote the characteristic
function of Ry and let O(t,s) = 1,.(t — s), then we we define the transformator,

Yo, formally as
Z6(Op(k)) = © x Op(k)

as the upper triangular truncation. We have an analogous statement to Theorem
2.2.1:

THEOREM 2.3.1. Let 1 < p < 00, then So : &, = &, is such that:
18]|ox, = C(p), (2.3.12)
where C(p) is as in Theorem 2.2.1 and has the same properties.

REMARK 2.3.2. Theorems 2.2.1 and 2.3.1 are just two instances of Matsaev
Theorem, see e.g. [25]. This result finds the norm of a specific chain of projections
and it fits in the broader theory of nest algebras and chains of projections. We will

not go into any detail here, see [15] and [25] for more.
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EXAMPLE 2.3.3. Theorem 2.3.1 does not tell us what happens in the case when
So acts on B(L?(R,)). As before, in all of these cases the transformator in question
is unbounded.

To see this, consider the transformator &2 : B(L*(R.)) — B(L*(0,1)) so that
for any operator A and any f € L?(0,1) we have:

P(A)f = 1ALf
where 1 is the indicator function of (0, 1). Example 2.1.2 gives || 2|y = 1 and so
126 Zlllgn < 6|l

From this, it is sufficient to show the unboundedness of .7 when acting on the
space B(L*(0,1)).

To this end, let ¢ > 0 be fixed and let H® be the “pre-Hilbert Transform”
defined as

H® : 12(0,1) — L*(0,1),

HOfn =L [ 1)y

s Qgt—S

where Q. = {(t,s) € (0,7) x (0,7) : [t —s| > e}. It is known in the literature, see
[26, 47], that we have the estimate

|HO| <1, Ve>0.

Let us now consider H© = Fo(H®) and let f = 1. Then:

HO f(1) = /Otst L, log(e) —log(t)

— S s

Whereby we have the lower bound:
7| > L
176l = 1H]| = —|[log(e) — log(t)l]2
1
> —|log(e) — 1], Vr,e>0
T

In particular this shows that .#g is not bounded on B(L?*(R.)), and by duality on
S, as well as G,,. Furthermore, an adaptation of the above shows that this is the
case on B(L*(0,7)), for any 7 > 0. This is in contrast with the situation we had
for discrete analogue of this type of truncation. In that case we only had that the
norm of the operator restricted to the set of N x N matrices depended on N only,
as illustrated in Remark 2.2.4.
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3.2. The Main triangle truncation. Using the approach illustrated in
(2.1.1), we can also define a continuous analogue of the transformator .y, in the
following way.

Let 1, denote the characteristic function of the interval (0, 7) and let us consider
A(t,s) =1.(t+s), ts>0.
Define .#A_ to be the transformator defined formally by:
Za.(Op(k)) = Az x Op(k).

Let us also define the operator J, : L?(R,) — L*(0,7) to be the operator such that
for any f € L*(R,) one has:

) =1, f(r—1), 0<t<r.

It is immediate to see that for any fixed 7 > 0, J; is a partial isometry onto L*(0, 7)
and so [|J;|| = 1.
Let #. be the transformator defined as

/T(A) = JTA, A€ SB(L2(R+))7

then we see that ||_#;| is a partial isometry onto B(L?(0,7)). The importance of

such a transformator can be seen in the following:

LEMMA 2.3.4. For any 7 > 0, the transformator #a, satisfies:

yAT = jTy@/’ra

where g is the upper triangular truncation. Also note that the above equality implies
that on B(L?(0,7)) the operators S, and Lo are similar.

PROOF. Let k be a measurable function on R, x R, and let Op(k) be the

associated integral operator. Then:
7= Op(k) = Op(L-()k(T — t,-))
whence:
y@/T Op(k) = Op(17<t>ﬂ+(t - S)k(T - t> S))
From this we get:
H=50 J7 Op(k) = Op(1-(t)1,(1 — )L (T — (t + 5))k(t, 5))
= Op(1.(t + s)k(t,s)) = Op(A, - k)
= A, (Op(k)).

Note now that, when acting on the space of operators on L?(0, 7), we have #2 = .%

and so the last claim follows immediately. 0
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From the above we can conclude that .#A_ is bounded if and only if .5 is. In

particular, we obtain that on B(L*(R,)) the norm of .#A_ is not well-behaved since

(log(r) — 1)

Vr,e > 0.
oge) |° °

1
1Al = — [log(e)[ |1 —

A simple duality argument, following that presented in the proof of Theorem 2.2.1,

also shows that the following is true:

THEOREM 2.3.5. Let p € (1,00) and let S», : &, — &,,. Then we have:
1A ]|, < C(p), V7 >0.

Furthermore, A, — & as 7 — o0 and Sn. — O as 7 — 0. In both cases the

convergence is intended in the strong sense.

PROOF. Let k be a function supported on the square [€71 &]?, with € > 0 and
such that Op(k) € &,. Then we have that

7, (Op(k)) =0

if 7 < ¢ and if T > 2¢:
A (Op(k)) = Op(k).

In the general case, given € > 0 and k so that Op(k) € &,, by Theorem 1.2.17-(ii),
we can find a function k. supported on the square [£71,&.], with & > 0, so that

| Op(k) — Op(k:)|l, < e
Whence, we obtain:

|-7a, (Op(k)) — Op(k)ll, < |7A, (Op(k)) — - (Op(k))llp + |-7a. (Op(ke)) — Op(k2)ll,
+ | Op(k.) — Op(k)|[,
< (C(p) +1)|| Op(k) — Op(k.)|l, < (C(p) +1)e

whenever 7 > 2¢.. Similarly we have:

|-ZA. (Op(E)llp < |74, (Op(k)) — ZA, (Op(k))lp + |74, (Op(k:)) I,
< C(p)|| Op(k) — Op(k.)[l, < C(p)e

whenever 7 < 71 O
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4. Schur-Hadamard multipliers and spectral densities

In this section, we study one of the many applications of Schur-Hadamard mul-
tipliers. In particular, through these objects, we will see how one can measure
the “density” of the spectrum of an operator A € B(H), for H = (*(Z) or L*(R,).

To this end, let 7 = {7n}n>1 be a sequence of bounded functions on Ri, then
7 induces a sequence of Schur-Hadamard multipliers on B(H). If H = (*(Zy), T
induces a sequence of multipliers by considering the restriction to Z2 of the function
Tn, this operation is well-defined since we are considering bounded functions, not
essentially bounded ones.

To measure the “density” of A € B(H) we only consider only those sequences T
such that 7y x A € &, for all N. Then the singular values of 7y x A exist and
we can study their distribution for large values of N. In other words, we study the

asymptotic behaviour of the counting function of 7y x A defined as
n(t;mn x A) = #{n: s,(tn*x A) > t}, t>0,

where s, (7y * A) are the singular values of the operator 7y x A.
Similarly, for a selfadjoint operator A and 7x so that 7n (A, p) = 7a (1, A), one can

study the same problem via the functions
ne(t;Tnx A) = #{n: \(ryxA) >}, t>0,

where \X(7y x A) are the positive eigenvalues of 7y * A.
In particular, we want to study from an abstract point of view the functionals

— n(t; 7y * A)

LD.(t; A) :=1i , 2.4.13
- (t; A) msup = N ( )

. .o.n(t; Ty A)
LD (¢ A) := lim inf —2 2.4.14
LD.(t A) := i inf =1 (24.14)

It is clear that the functionals above measure the asymptotic distribution of the
singular values of 7y x A on a logarithmic scale. If for a given 7 both limits exist and
coincide, we denote their common value by LD, (¢; A) and we call it the logarithmic

spectral density of |A| with respect to 7.

REMARK 2.4.1. Of course, one can replace the logarithm in (2.4.13) and (2.4.14),
with, say, N*, for some o > 0. In this way, one can measure the power-like distri-
bution of the eigenvalues. The motivation behind the definition of the functions
LD,, LD, comes from the results of Widom, [61, Theorem 4.3], where he showed
that the logarithmic spectral density of the Hilbert matrix exists and is finite. We
will get back to this fact in Chapter 4.

Similarly, in the selfadjoint case, we do the same for the functions ﬁi(t; A),
LD; (t; A) defined just as in (2.4.13) and (2.4.14) with the functions n. replacing n.
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We denote their common value, if it exists LD;E(t; A). We refer to LD] (t; A) (resp.
LD, (t; A)) it as the positive (resp. negative) logarithmic spectral density of A with
respect to 7.

These functionals can be useful in studying the spectral properties of A. In our
approach to studying the logarithmic spectral density of a Hankel operator, we need
to address some issues related to the abstract properties of the functionals LD, LD, .

In particular, we study:

(a) their behaviour with respect to the sequence 7, most notably their invari-
ance under a change of sequence;

(b) their behaviour with respect to sums of operators;

(c) their behaviour when a selfadjoint operator is almost symmetric with re-

spect to 7.

Of particular interest will be sequences of multipliers 7 = {7y }ny>1 € €>°(IM),

i.e. sequences of multipliers such that

12| g0 oy := sup [|7[lom < oo (2.4.15)
N>1

In this case we shall say that 7 induces uniformly bounded multipliers.
In order to answer (a)-(c), we need a couple of facts regarding the counting

functions first. For a compact operator K, it is clear that
n(t; K) = n(t; K*), (2.4.16)
as the non-zero singular values of K and K* coincide and, furthermore one has
n(t; K) =n(t* K*K), t>0. (2.4.17)
Moreover, if K is selfadjoint we have the identity:
n(t; K) =ny(t; K)+n_(t; K), t>0.
We also need the following simple estimate:

LEMMA 2.4.2. Let K € 6,, 1 < p < oo, then, for anyt > 0 one has

1K1

n(t K) < —

The same is true for the functions ny(t; K) if K is selfadjoint.

An important set of estimates is collected in the following lemma, see [11, Thm.
9, Ch. 9]:
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LEMMA 2.4.3 (Weyl Inequality). Let A, B be compact operators and 0 < s < t,
then

n(t; A+ B) <n(t —s;A) +n(s; B), (2.4.18)

ny(t; A+ B) <ny(t—s;A) +ni(s; B), (2.4.19)

with the last inequality holding for selfadjoint operators.

Before moving on to the next lemma, we introduce the following notation for a

sequence of functions {an(t)}n>1:
an(t) = 0:(1), N — o0 <= ci(t) <lan(t)| < caoft), VN
for some functions ¢ (t), co(t) > 0. We now have

LEMMA 2.4.4. Let T = {7n}n>1 € (°(IM) be such that v — c € C as N — o0

pointwise. Then for any compact operator K on H we have
n(t; v * K) = Oy(1), N — oc.
If K 1is selfadjoint, the same holds for ny(t; Tn x K).
To prove this result, we need the following

LEMMA 2.4.5. Let 7 as in Lemma 2.4.4. For any K € &4, v *x K — cK as
N — oo in the operator norm. If A is bounded, then Ty x A — cA in the strong
operator topology.

PROOF OF LEMMA 2.4.5. We will show the result for H = ¢*(Z, ). The proof
for L?(R,) remains the same once one replaces sums with integrals.

First we note that for any N, 7y x K — ¢K = (7y — ¢) » K and so, without any
loss of generality, we can assume that ¢ = 0.

Let us begin by showing that if K € G,, one has (7y * K) — O in the operator
norm as N — oo. To this end, recall that K € &, if and only if there exists
a sequence k € (*(Z2) such that the matrix entries of K coincide with k& and

furthermore || K[|z = [|k[|r2(z2 ), see Theorem 1.2.15 in Chapter 1. Using the estimate
lrw+ K1 < i % Kl (2.4.20)
we only need to show that

lrn K (13 =D 1w k)P k(G R)P = 0. (2.4.21)

3,k=0

However, an application of the Dominated Convergence Theorem immediately yields

that ||y x K||2 = 0 as N — oo, and so our claim holds.



4. SCHUR-HADAMARD MULTIPLIERS AND SPECTRAL DENSITIES 30

Since Hilbert-Schmidt operators are dense inside the set of compact operators,
then for any K € G, we can find K. € &, so that || — K.|| < € for any given
e > 0. Since 7 € £>°(M), the triangle inequality implies that for N sufficiently large

[7v * K| < [[7w * (K = B)|| + [|7v = B

< Izl @ [|1 K = Bl| + [l % B|

< (L4 lzllese om) )&
For the second part of the statement, suppose A is bounded. Let e, 7 > 0 be the
standard basis vectors of ¢*(Z, ). Since 7y — 0 pointwise, a simple calculation shows
(tn * A)e; = 0 in (*(Z4) and so we obtain that (7ny x A)z — 0 as N — oo for any
finite sequence x € (*(Z,).

For any = € (*(Z, ), the result follows from a standard £/3 argument. In particu-

lar, for € > 0, we find a finite sequence z. so that ||z — x.||;2(z,) < /3. The triangle

inequality and the assumption 7 € ¢*°(91) finally prove the assertion. 0J

PrOOF LEMMA 2.4.4. By Lemma 2.4.5, for a given ¢ > 0, we can find N so
large that ||7n * K — cK|| < e. Whereby it follows that n(e; 7y * K — cK) = 0 and

so Weyl’s inequality (2.4.18) gives the assertion since
n(t+e;cK) <n(t;7y x K) <n(t —e;cK). O

The first of our results addresses the universality of El, LD, . In other words, we
show that the functions ﬁz, LD, are almost invariant with respect to the sequence

of multipliers chosen.

THEOREM 2.4.6 (Invariance Principle). Let 7V 7 be sequences of
Schur-Hadamard multipliers and A € SB(H). If for some finite p > 1 one has that

sup [|(7) = 78) % All, < o0, (2.4.22)
N>1

then

LDT(I) (t =+ 0; A) LDI(z) (t; A) < LDZ(U (t —0; A),
LD (t + 0; A) <L LD

Similarly, if A € B(H) and T](\;)()\,M) = ](\;) (e, \) fori=1,2., then one has that

T

(D) (t+ 0; A) < D (15 A) < [Diyy (£ — 0; A),
LD¥,, (¢ + 0; A) < LD, (t; A) < LD¥, (t — 0; A).

I ~\

With the understanding that if one of the quantities is infinite, then so are the

remaining ones.
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PROOF OF THEOREM 2.4.6. By Weyl’s inequality (2.4.18) we have that for any
0<s<t:

n(t+ 570 * A) < n(t: 7 x A) +n(s; (7 — 77) x A), (2.4.23)
n(t; T](V)*A) <n(t—s; Tz(v * A) + n(s; (7'](\,2) —TJ(VI))*A). (2.4.24)

Using Lemma 2.4.2 as well as out assumption (2.4.22), we obtain that

(s (1) = 7V) % 4) < 57 sup (7 = 7))+ Al

and so dividing through by log(N) and sending N — oo in (2.4.23) and (2.4.24)
gives that

LDT(1)(t + s; A) < LDI(Q) (t; A) < LDI(I) (t S; A),
LD, (t+s;A) < LD 5 (t; A) < LD o) (t — s; A)
The rest now follows by sending s — 0. 0

Next, we study the behaviour of the functionals with respect to sums of operators.
In particular, we show that for any 7, if the function ml(t; A+ B) exists, it is almost
equal to the sum LD, (¢; A) + LD, (¢; B), if both summands are finite, provided A, B
are almost orthogonal in a sense better specified below. The same, of course, can be
said for LD (t; A + B).

THEOREM 2.4.7 (Asymptotic orthogonality). Let A;, with 1 <1 < L, be

a family of operators on H such that for some p € [1,00) one has

sup [[(7v + A;) (v x Ap)llp < 00, # F, (2.4.25)
sup [[(7v + A;) (7 + A)"llp < 00, # . (2.4.26)

Then, for S = Zle A; and for any t > 0 we have:

ZL_ (t+0;4;) < (2.4.27)

L

L (t;9) < Z
L L
Z L(t+0;A;) < LD, (t;5) SZ (2.4.28)
Provided all of terms exist and are finite. If all A; are selfadjoint and Tn (A, p) =

Tn (1, A), then we have

(D (t +0; A;) < LD (1;5) <

H_

D (t— 0; A;), (2.4.29)

VM“
Mh

1 1

.
Il

J

LD (t+0; 4;) < LDy (t:9) < ) LD, (t—0; A4). (2.4.30)

.Mh
Mm

1 1

<
Il

[
Il
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REMARK 2.4.8. Even though the result above is new in the literature, it is easily
comparable to some results available in the literature, especially in [54], see Theorem
2.2, as well as in [55], see Thorem 2.3. In fact, our terminology is borrowed from
them. Both in this thesis and in the cited articles, the basic idea underlying their
proofs date back to [10] and are all collected in [11].

PROOF OF THEOREM 2.4.7. By induction and without any loss of generality,
it is suffient to prove the inequalities (2.4.27)-(2.4.30) for L = 2. In this case, we
put A, = A, Ay = B, moreover, for brevity, we write AN) and B®™) instead of
TN * A, Ty * B respectively. In this framework, the assumptions (2.4.25) and (2.4.26)

can be easily restated as

sup [|AN*BM)||, < 0o, sup ||[BM*AWN)||, < cc. (2.4.31)
N>1 N>1

With these simplifications, we first focus on the non-selfadjoint case and, in partic-
ular, on the proof of (2.4.27), as (2.4.28) follows the same reasoning.

Put X = H @& H and define the block diagonal operator Ay = diag {A(N), B(N)},
such that

Av(f.9) = (AN f,BNg).
Similarly, let A = diag{ A, B}. Since Ay is diagonal, we have the following useful
identity:

n(t; Ax) = n(t; AN) 4+ n(t; BI). (2.4.32)
Define the operator J : X — H as

J(f9)=F+g
Then, the operator (JAy)*(JAn) can be written as an 2 x 2 block-matrix of the

form:

AN A(N) AN B(N)
BW)x A(N) BWN)xBN) |-

Since the operator A} Ay is the block diagonal 2 x 2 matrix

AWN)x A(N) (0)
O BW)xB(N) |7

it is easy to see that the difference (JAn)*(JAn) — Ay An is the 2 X 2 matrix

(0) AWN)* B(N)
Ky = .
BW)x AN) O

From (2.4.31), we immediately get that

sup [|[Kn|l, < oo,
N>1
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and so, the Weyl inequality (2.4.18) and Lemma 2.4.2 gives as N — oo
n(t; T AN) = n(t*; (TAN) (T An)) < n(t* — s; Ay An) + O4(1). (2.4.33)

Just as in the proof of Theorem 2.4.6, we swap the roles of 7 Ay and Ay and use
(2.4.17) to obtain

n(VE2 + 57 Ay) = Os(1) < n(t: TAx) < n(VE = s57.Ay) + O(1).
Recall now that we set S = Zle A;. We have
SN G — A(N) AN AN) pIN)x L BIN) A(N)x . BIN) B(N)*
(TAN)(TAx) = AN AN L ) gV,

Write Dy = AMAW* — (FAN)(TAn)*, then from (2.4.31) it follows that
supys; | Dw|lp < 0o, and so (2.4.17) in conjunction with(2.4.16) and (2.4.18) gives
for N — oo:

n(V2 + 5: TAy) — O5(1) < n(t; SM) < n(VE2 — 5; TAN) + O5(1).  (2.4.34)
Thus, putting together (2.4.33) and (2.4.34) we obtain that
n(VE + s; Ay) — O4(1) < n(t; SM) < n(VE = 55 Ay) + O,(1). (2.4.35)
Therefore, diving through by log N, sending N — oo and using (2.4.32) yields

LD(t; S) < LD(Vt2 — s5; A) + LD(V2 — s; B),
LD(t; S) > LD(V#2 + s; A) + LD(V#2 + s; B),
from which (2.4.27) follows immediately once we send s — 0.

Let us now move to the selfadjoint case. Just as before, we will only prove (2.4.29),

as (2.4.30) follows a similar approach. Our assumption on the multipliers 7, namely

BW)

that 7x(\, i) = 7n(p, A), ensures that the operators A are selfadjoint and

thus so is AN) + B™) Note that in this case (2.4.31) reduces to the following

sup [| AN BW||, = sup || BN AM|,, < oo,
N>1 N>1

because we have (AN BV))* = B(V) A(N)

As before, for a selfadjoint operator T', we define
1
Ty = §(|T| +T).
It is easy to see that \X(T") = s,(T%) from which we obtain that for any ¢ > 0

ni(t; T) = n(t; Tj:) (2436)
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We will use this fact extensively. Put K}, = (AN 4 BW)) | — (ASFN) —l—BSFN)), similarly

define Ky = (A™ 4+ BMY_ —(A™ 1 B™) Then by the Weyl’s inequality (2.4.18)
and (2.4.36), we obtain

ne(t; AN 4 BNy < n(t — s; AN + BIY) 4 n(s; KV, (2.4.37)
ni(t; AN 4 BMY > n(t + 5: AN 4+ BMY — n(s; KV, (2.4.38)
If for the operators K3 we can prove that we have the following estimate
1
sup || K |l2p = 5 Sup H!A(N) + B(N)| - (‘A(N)} + ‘B(N)‘)Hzp < 00, (2.4.39)
N>1 N>1
then from Lemma 2.4.4 and (2.4.36) it follows that as N — oo
ni(t: AN 4 BMY < n(t — 5 AN + BMY + 0,(1), (2.4.40)
ni(t; AN 4 BMY > n(t + s, ALY + B — 0,(1). (2.4.41)

We will get back to showing (2.4.39) later. Now, it is easy to see that the products
ASLN) BiN), AN B and their adjoints are so that

N N N N
sup || ALV BVl = sup || BN ALY, < oo,
N>1 N>1

therefore re-running the same argument presented in the non-selfadjoint case, with

the due modifications in place, we obtain for any 0 < s’ < t/

n(t; AL + BEY) <n(t' — 55 ALY) +n(t — 85 BEY) + 04(1)

=ny(t' — 5 AN p (' — 5; BM) +04(1), (2.4.42)
n(t'; AN + B > 0@t + s AD) 40 + ¢ BEY) — 04(1)
= ni(t’ + S/; A(N)) + ni(t’ + S/; B(N)) — Os/(l) (2443)

Putting everything back together, dividing through by log(N) and sending N — oo
we finally obtain

[D.(t; A+ B) <ID.(t—s—s; A) + 1D, (t — s — &'; B) (2.4.44)

[D.(tA+B) > D (t+s+5;A)+ 1D, (t + 5+ ; B). (2.4.45)

Finally sending both s, s’ — 0 yields (2.4.29).
Let us now show that (2.4.39) is indeed true. We have

QKJJ\E[ — |A(N) +B(N)| _ (’A(N)‘ + ’B(N)D
— Ty sy

where Ty = |A®) —|—B(N)‘2, Sy = (JAM| +|B™])2. From Theorem 1.2.22, with
a = 1/2, it is sufficient to show that

sup [|[ T — Sn|lp
N>1
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is finite. To this end, notice that
Ty — Sy = AN W) - p(V) AV) _ ‘A(N)‘ ‘B(N)| _ ‘B(N)‘ ‘A(N)‘ .

Since we can write |A(N)’ = UyAM), ‘B(N)‘ = VyBW), where Uy, Viy are projections

N)

that commute with A BW) respectively, it follows that

sup [|Ty — Sw |, < 4sup |AN BW,,
N>1 N>1

whereby we obtain the desired estimate

up || K3 2, < sup [| A BV} < oo,
N>1 N>1
This concludes the proof of the assertion. -

Finally, the result below describes the behaviour of the functionals ﬁf (t; A),
Qli(t; A) when the selfadjoint operator A has an asymptotically symmetric spec-

trum, in a sense we specify below.

THEOREM 2.4.9 (Asymptotic symmetry). Let A € B(H) be a selfadjoint
operator and T = {Tnx}n>1 be such that Ty (z,y) = Tn(y, x). Suppose there exists a

unitary operator U for which

sup | U(ry x A) + (v * A)U ||, < 00

N>1

for some p > 1. Then fort >0

HJr

(t; A) < ID_ (t — 0; A),

LD_(t+0;A) < LD .
LD (t; A) < LD/ (t — 0; A),

LD, (t+0;A) <LD

A

provided all of the quantities are finite. Moreover, if all limit exists

LD, (t+0;A4) <2 oD,
LD, (t 4 0; A) < 2LD

(t; A) <D, (t — 0; A),
(t; A) < LD, (t — 0; A).

HH— R

PROOF OF THEOREM 2.4.9. Write
KN = TN*A+U*(TN*A)U.
By assumption supys; || Kn/||, is finite. Furthermore, by Weyl inequality (2.4.19)

ni(t;TN*A) = ni(t; —U*(TN*A)U + KN)
<ny(t—s-U"(tn * A)U) + ni(s; Ky)
=nz(t —s;7n % A) +nyi(s; Kn),
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where 0 < s < t. In particular, this gives that
0 (v  A) > 0 (4 57 % A) — (s, Kix),
ni(t; v *xA) <n_(t —s;7nv * A) +ni (s, Ky).
The result follows once we divide by log(N), send N — oo and use Lemma 2.4.2. [

Although Theorems 2.4.6-2.4.9 are quite abstract, they play a fundamental role
in the study of spectral densities of Hankel operators. We will define such operators

in the next Chapter and study their spectral densities in Chapter 4 and 5.

5. A proof of Theorem 1.2.22

We conclude this Chapter on transformators and Schur-hadamard multipliers
by reproducing the proof, found in [8], of Theorem 1.2.22. We recall its statement

below

THEOREM (1.2.22). Let A,B > 0 be such that T = B — A € &, for some
p>1. Then B* — A* € 6,, for any 0 < a < 1 and moreover

1B = A%yya < 1T

The main idea of the proof is to write

L d
B*— A :/0 (A2 — A de

where A, = A+ €T, for 0 < e < 1. Using the above, we would be done once we find

Of course, in the process we will also have to make sense of the derivative of the

a suitable estimate for

d
Z(AY — A“
7 (A )

p/a

operator-valued function A® — A“. We chose to give a full proof of this result as it is
an interesting example of the interplay between the theory of transformators and the
theory of bounded operators on a Hilbert space H. The result that links Theorem
1.2.22 to the theory of transformators is an interpolation Theorem by Mitjiagin, see
[25, pg.135] and [42, Theorem 1°], which, in fact, can be considered a generalisation
of the Duality Principle 2.1.4 to any transformator.

THEOREM 2.5.1. Let . be a transformator such that both . is bounded
when acting on S and on &;. Then . is bounded on &, for any 1 < p < oo.

Moreover

I lls, < Cmax{||.~ls,, Il llls.. }
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For a bounded operator H > 0 and « € (0, 1), we can represent H*, H* ! in the

form of an integral, namely:

HY = ¢, / BN ) HAE, e = ST (2.5.46)
0 T
H ! = da/ t(t+ H)72dt, do=a 'cq. (2.5.47)
0

The first integral converges in the strong operator topology, while the second in the

operator norm. We can use these representations to prove the following lemma:

LEMMA 2.5.2. Let H > 0,0 < o < 1 and 26 = 1 — . The transformator 7,
defined as

To(X) = ca/ (¢ + H) " "H X H (¢ + H) dt. (2.5.48)
0
is bounded on B(H) as well as on S, for any p > 1 and moreover we have
1y < 00 1 Zlle, < o (2.5.49)

ProOF OoF LEMMA. Notice that the transformator .7, is formally selfadjoint, so
since B(H) is the dual space of &, then the boundedness of 7, on B(H) implies
its boundedness on &;. Similarly, since G; is the dual space of &, then we deduce
that .7, is bounded on &; and &, if and only if it is bounded on B(H). So from
Theorem 2.5.1, we obtain that .7, is bounded on &, for any p € (1, c0).

So it remains to verify [|Za gz < . To this end, for g, h € H, we want to estimate

the quadratic form

(F0(X)g, h) = cq /OOO t* ((t+H)"H°XH°(t+ H) g, h) dt (2.5.50)

= ca/ t* (XH°(t+H) "¢ H°(t+ H)"'h) dt (2.5.51)
0

where in the first equality we used the fact that the integral converges strongly to
put the integral outside the inner product, while in the second we used the fact that
H is selfadjoint. From the Cauchy-Schwartz and the boundedness of X it follows
that:

[(Fa(X)g, h)| < cal X7 (9)J (R). (2.5.52)

where J is the quantity

J(f)? = /OOO tY[HO(t + H)~L f|2dt. (2.5.53)

for any f € #H. So it remains to find an estimate for J(f). Note that as 26 = o — 1

and as H is selfadjoint, we have that
12+ H)7 f|* = (H° (¢ + H) 7 f HO(t+ H) 7' )
= (H"(t+H)*f, ).
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Using the projection-valued measure version of the Spectral Theorem for selfad-
joint operators, see [56, Theorem VIL.8], we can find a finite positive measure sy

supported on spec(H) such that
-«

(H"“(t+H)*f, f) = /OOO (t‘:—s)zdw(s). (2.5.54)

Using Fubini’s Theorem, we finally obtain that

/ / e adtdw()-d;lufn? (2.5.55)

Taking into account the latter representation and (2.5.52), we obtain
(Za(X)g, )| < cady glllIRIIX]
From which the desired result immediately follows. 0

Let us now concentrate on finding an expression for the derivative of the operator-

valued function A% — A®.

LEMMA 2.5.3. Let A, B > 0 be bounded operators, T = B — A and A, = A+ T
for e € (0,1). Then for any 0 < o < 1, the derivative of A® — A% exists in the
operator norm and

d
de

Moreover, if T € &, p > 1, the integral converges in the &, norm.

— (A2 — A%) = ca/ t(t+ A) M (t + At (2.5.56)
0

PrROOF OF LEMMA. Let us show the identity in the operator norm. In this case,

we need to show that

A%, — AY) — (AY — A@ o
}Lm(l)( cth )h (A ) :ca/ t*(t+ A) M (t+ A tdt. (2.5.57)
- 0

To do this, notice that in the strong operator topology, the Resolvent Identity in
Proposition 1.2.7 and (2.5.46) gives
(A2, — A%) — (A2 - A%) A2y, — A2
h h
= ca/ t(t + Acy) ' (t + AL) "Mt
0

-@5+h(T) :

So, at least in the strong operator topology we immediately have
D (T) — ca/ t*(t+ ATt + A7t = 2.(T)
0

as h — 0. We are done once we show that the same holds in the operator norm.

Applying the Resolvent identity, Proposition 1.2.7, once more gives

D (T) — 2.(T) = cah/ t(t+ Ayn) T+ AT (t+ AL) 7 Hdt
0
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Let Z(T) = Dein(T) — 2-(T), then for any f,g € H we have that
[(Fu(T)f,9)| < ca |h|/ | ((t+ Acin) T (E+ A) T T(E+ A) 7 g)
0

Since A, B > 0 then (¢t + Acypn)™ — (t + A.)"'as h — 0 for any ¢ > 0 and so
|(t + Acp) 7Y < C., for some C. > 0 independent of h, therefore the Cauchy-

Schwartz inequality yields the estimate

(Fn(T)f.9) < Cea B |TI7T:(£) J(9)

where for any f € H

Js(f)zz/0 )| (t + A) 7 f]Pat.

Using the projection-valued measure version of the Spectral Theorem, [56, Theorem

()

VIIL.8|, we can find a family of positive measures i}’ each supported on the spectrum

of A., so that

J(f)? = / T+ A)2F )t

Y S )
:/0 /0 T e
Y S )

- _ Y did
I (1 syt (o)

=d,’ / s* Tl dp(s) = dt (ACTUE f)
0

As A, B > 0, so is A. and therefore A%~! is a bounded operator on H. From this we
obtain that J.(f) < ||A2 ||| f|| from which we see that

|70 (T)I| < CallT[* |h] A2~ (2.5.58)

and so the result follows immediately in the case of the operator norm.

Note now that the transformator ., is formally selfadjoint, since it is a linear
combinaton of formally selfadjoint transformators, therefore, by the interpolation
Theorem of Mitjagin, Theorem 2.5.1, we see that the result holds for T' € &, for
any p > 1. 0

We are now eady to finalise the proof of the theorem.

PROOF OF THEOREM 1.2.22. Let us assume for the moment that both A, B >
0, and let T'= B — A > 0. Then we have that

1y
B A _/0 (A7~ A%)de
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From Lemma 2.5.3, we see that with 20 =1 — «

d o
E(A? — A% = ca/ t(t+ ATt + A7t = T (AT AZ0)
0
where 7, is the transformator defined in Lemma 2.5.2 with H = A.. From the same

lemma, it follows that for any p > 1, we have
|1 Ta(AZ°TAZ ) o < @ AZTAZ /o
Note that we have
ATOTAZS = (TP Ay T(T°AZ°).
Since A. > €T, the Heinz Inequality 1.2.21, shows that ||[T7°AZ°|| < &7, therefore
we have that
| T AT T AZ) e < 0T 0 = aco T2,

The last inequality leads to the the desired inequality after integration over e.

To weaken the assumptions of A, B > 0, we can replace A and B with A 4+ ¢l and
B + ol, 0 > 0 respectively and then pass to the limit as ¢ — 0 in the estimates
above.

Finally, let us remove the assuption 7' > 0. To do this, recall that 7" =T, —T_,
where Ty = (|T| £ T)/2 are non-negative operators. Put S = B + T4, then the
Heinz inequality 1.2.21 immediately implies that B — A* < S¢ — A and therefore

we have
« « « « « a/ «@
IBY = A%|pa <1152 = A%pja < I Telly < (1T + 1 T-12)™" = 1T I3

This concludes the proof. 0



CHAPTER 3

Hankel Operators

The next Chapters will focus on Hankel operators and their spectral properties.
For this reason, in this Chapter we define them, give four unitarily equivalent rep-
resentations and review some of their spectral properties. We start with the usual
definition as “compressed multiplication operators” on HZ(T) and then move on
to introducing Hankel matrices, Hankel operators on H2(R) and, finally, Hankel

integral operators.

1. Hankel operators on the unit circle and Hankel matrices

In this setting, we have an orthogonal projection, P, , sometimes called the Riesz

projection, defined as

P, : L*(T) — H3(T)

(Pyf)(v) = 6lircr)l+ : %zdm(z). (3.1.1)

Let w € L*™(T) be fixed. We define

H(w)  H2(T) - H2(T)
Hw)f =P.QJP,f, (3.1.2)
where (2f)(v) = w(v)f(v), while J is so that Jf(v) = f(v).

Since {v"},,>¢ is an orthonormal basis of H2(T), then the operator H(w) can be

represented as an “infinite matrix” as follows
H(w)jr = (H(W>Ujvvk)L2(T) - (Q(Uij)vvk)Lz(T) - (wvvj+k)ll2(71‘) =W(j+ k).

This shows that H(w) is unitarily equivalent to the Hankel matrix I'(&) given by
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In other words, I'(@) is the “infinite matrix” with constant anti-diagonals below
0) &) w(2) wB)
1) ©(2) ©E)
2) ©@B) -
3)

Such a representation shows that Hankel operators depend only on the analytic

&)

&)

r@) = (3.1.3)

&)

~

W

part of the function w. Therefore they are not uniquely determined, in the sense
that H(w) = H(v) if (and only if) w — 1 = 7 is an anti-analytic function of the unit
disc D, i.e. if (and only if) in L*(ID) we can write

-1

n(w) =Y (', veD.

j=—00
They are, however, uniquely determined once we restrict the function w to be ana-

lytic inside D.
2. Transfer to the line and Integral Hankel Operators

Let R be the one-point compactification of the real line, R. The map

u:']T—HR
114 v
== 3.2.4
plo) = 5o (32.4)

is a bijection and induces the following unitary operator:
U: L*R) — L*(T)

2T

Ug)(v) = T— 9(ul(v)), veT.
whose adjoint is given by the operator
u*: L*(T) — L*(R)
* _ 1 -1

With this at hand, we see that H(w) is unitarily equivalent to the Hankel operator

on H3(R) given by:
Hw)=P,.2J
where P, =U*P. U, J =U*JU is so that (Jf)(x) = f(—x) and £2 = U*QU is such
that (£2 f)(z) = w(x)f(x) and w = wo u~ L.
The last representation, as an integral operator is achieved by applying the

Fourier transform @, defined formally as:

-~

(8 )(0) = 7o) = (20 [ e e
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Then 13+ = @ P, &" act as multiplication by the function 1., the characteristic

function of the half-axis. Furthermore, one has that:

Finally one has that

~

Qf(t)= SN & f = (27r)1/2/c3(t —s)f(s)ds.

R

Thus, we see that H (w) is unitarily equivalent to the integral operator on L*(R,)

given by
r@)f)(t) = (27) / &(t + 5)f(s)ds.
Ry
Note that all formulae should be, of course, understood in the sense of distributions.

From now on, we call the functions w and w the symbols of the respective operators.

REMARK 3.2.1. It is clear that from this construction one has that I'() and
I'(@) are unitarily equivalent, with respect to the operator £ = @ U*F*. In other
words, the operator I'(&) can be represented as a Hankel matrix on ¢*(Z, ) using

the Laguerre polynomials

xX dn
Lo(z) =2

=T (e™®z™), n>0,

see [46, Chapter 1] for more on this.

3. Discussion and basic results

We can summarise the above discussion via the following commutative diagrams:

L2(T) -4 L2(R:dz) H%(T) %~ H2(R)
[ Je I e
(2(Z) —5— L2(R;dt) P(Zy) —5— L2(R,)
and
H(w) % H(w) w(v) L w(z)
|7 e = e
I —~£— rw) () —E— (1)

Each of the representations above has its advantages. In particular, (3.1.2) implies

(1) H(w) is bounded if the symbol is bounded and
[1H (W) < [l oo )

Furthermore, it is selfadjoint if w(v) = w(7).



3. DISCUSSION AND BASIC RESULTS 44

(2) If w is continuous on the circle, the associated Hankel operator H(w) is
compact. Indeed, by Weierstrass Theorem, the symbol w is the uniform limit

of trigonometric polynomials p,,. Since H(p,) are finite rank, the estimate

[1H (w) = H(pn)ll < [|w = pnllzee(r),
implies that H(w) € S

Translated into the language of Hankel operators on H?(R), the first condition
implies that H (w) is bounded if w is bounded on R and it is selfadjoint if w(z) =
m. Similarly, the second can be re-phrased to say that H (w) is compact if the
symbol w is continuous on R, i.e. it is continuous on R and it has equal limits at
+o0.

Necessary and sufficient conditions for boundedness and compactness of Hankel
operators as operators on the Hardy classes are known in the literature and are

summarised in the following

THEOREM 3.3.1 (Nehari-Fefferman Theorem). With the notation as

above, one has

(i) H(w) (resp. H(w)) is a bounded operator if and only if w € BMO(T) (resp.
w € BMO(R));

(i) H(w) (resp. H(w)) is compact if and only if w € VMO(T) (resp. w €
VMO(R)).

On the other hand, the realizations as operators on ¢*(Z,) and L*(R,) give
a simple necessary and sufficient condition for H(w), H (w) to be Hilbert-Schimdt

operators in terms of @ and @, i.e. one has:
H(w) € Gy <= {V/(j + 1) B(j)};0 € £(Zy),
H(w) € Gy <= VtO(t) € LQ(]R+).

Necessary and sufficient conditions for H(w), H(w) € &, exist in the literature,
see [46, Chapter 6], but they are expressed in terms of the symbols belonging to
some Besov classes, which are not defined here. The following lemma gives a simple
sufficient condition for H(w) and H (w) to be trace-class in terms of the smoothness

of their symbols:

LEMMA 3.3.2.
(i) If w € C*(T), then H(w) € &y. Furthermore, there exists C > 0 such that:

IH (W)l < llwlloo + Clla” [l 2x)-
(i) If w € C%(R), then H(w) € & and we have the estimate

1H (w)lle, < | lloo + CJ(1+ )72 w"|| g
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PROOF OF LEMMA 3.3.2. Let us prove (i). First, recall two facts:
(a) any w € C?*(T) is the uniform limit of the sequence
wy(v) = Z O, veT.
lj|<N-1

Thus for any N and v € T, the Cauchy-Schwarz inequality together with
Plancherel Identity give:

1/2
w(v) —wn (V)] < [[w”]l2 <2ZJ_4> < Cllw"ll g2y N~

j>N

(b) for A € & one has sy(A) = inf{||A — B|| | rank(B) < N —1}, N > 1,
and, in particular, s;(A) = ||A].
Since rank (H(wy)) < N, the above facts imply for N > 2:
sy(H(w)) = inf{||H(w) — B]| | rank(B) < N — 1}
< [[H(w) = H(wnv-)|
< flw — wy-1lls

HWHHLQ(T)
< (C—
- (N - 1)3/2

Thus H(w) € &; and, furthermore,
1H (@)l = s1(H(@)) + D sn(H(w)) < [|wlloo + Clle" | z2ry
n>2

To prove (ii), recall that H(w) is unitarily equivalent to H(w), where w = w o,
where 4 is the bijection defined in (3.2.4). Thus H (w) is trace-class if and only
if H(w) is and furthermore ||H (w)|s, = ||H(w)||s,. Since u is a smooth bijection
and w € C%(R), then w € C%(T), thus (i) shows that H (w) is indeed a trace-class

operator and we have:

1H (w)lle, < llwllzoem) + Cllw” |l 2ry.

Now it is not so hard to see that

[ [l oo ) = llwl| oo cr)

and furthermore the change of variables 2t = Cot(19 /2) yields

y 1 TANYE
||w"||ia<m=— / o ()i = - wff(gcot@)

_2 [llF /"" k = Ol P [,

dv

r 1+ 4t
Putting all of this together finally gives the desired inequality. O
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One of the many applications of Hankel operators on H?(T) and on HZ(R) is
to study the properties of commutators of multiplication operators and the Riesz

projection, i.e. commutators of the form
[Py, w] = Prw — wPy,
[Py, w]=P,w-wP,
where w and w denote both the functions and the associated operator of multi-
plication acting on H?(T) and on H?(R) respectively. One such application is the
following useful
LEMMA 3.3.3.
(1) If w € C*(T), the commutator [Py,w| is trace-class;

(ii) Similarly, if w € C%(R), then the commutator [Py, w) is trace-class.

PrRoOOF OF LEMMA. We will only prove (i), since the proof of (ii) can be easily
reproduced by switching to boldface characters.
Write P_ = I — P, , where [ is the identity operator. Since P, is a projection and
P,P_ =P P, =0, one has
[Py, w] = [Py, (Py + P_)w|(Py + P-) = PywP_ — P_wP;.
Therefore, the identity P = JP,J — P, JP, leads to
[P,,w]=H(w)J - JH(®)" — P,wP,JP, + P, JP,wP,.

Since P, JP, is a rank-one operator (projection onto constants), [P.,w] is trace-
class if and only if H(w)J — JH(@)* is, which follows immediately from Lemma
3.3.2-(i). O



Part 11

Spectral Density of Hankel operators

with piecewise continuous symbols.



CHAPTER 4

The spectral density of Hankel matrices with piecewise

continuous symbols

1. Introduction

1.1. General setting and first results. As we saw in the previous Chapter,
any (essentially) bounded function w, called a symbol, on T induces a bounded

Hankel matrix, I'(@), on ¢*(Z,), and its “matrix” entries are

where W denotes the sequence of Fourier coefficients

2 ) do
S — 9\ ,—ij9 . 7
w(j) /D weM)e™ o, JEeL

The matrix ['(0) is always symmetric. In particular, it is selfadjoint if and only if &
is real-valued. For instance, this is the case when w satisfies the following symmetry

condition

wv) =w(@), veTl. (4.1.1)

In this Chapter, we shall consider symbols in the class of the piece-wise continuous

functions on T, denoted by PC(T), i.e. those symbols w for which the limits

w(z+) = lim w(ze®), w(z—) = lim w(ze ™), (4.1.2)

e—0+ e—0+

exist and are finite for all z € T. The points z € T for which the quantity

w(z4) —w(z-)
7, (w) = 5 #£0

are called the jump discontinuities of w and s, (w) is the half-height of the jump

of the symbol at z. Due to the presence of jump discontinuities, Hankel matrices
with these symbols are non-compact. The compactness of T and the existence of the
limits in (4.1.2) can be used to show that the sets

Q. ={z €T pe(w)| > s}, >0,

are finite. To see this, one can argue by contradiction. Indeed, assuming €2 is infinite,
then the compactness of T implies we can find z € T and a sequence {z,},>1 € €
such that 2z, — z. The boundedness of the symbol w shows that either of the limits
w(z+) or w(z—) does not exists, thus reaching a contradiction. Therefore, the set

48
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of jump-discontinuities of w, denoted by 2, is at most countable, as one can write
Q0 = Up>1Qyp. If the symbol satisfies (4.1.1), © is symmetric with respect to the
real axis and for any z € ()

sz (w) = —W,

whereby we obtain that [s,(w)| = [sz(w)|, and if 2 = £1 € Q, s, (w) is purely
imaginary.

Hankel matrices with piece-wise continuous symbols still attract attention in
both the operator theory and spectral theory community, see for instance [51, 53]
and references therein. S. Power, [49], showed that the essential spectrum of such
matrices consists of bands depending only on the heights of the jumps of the symbol
and gave the following identity:

8PeCegs (1'(@)) = [0, —iser (W)] U [0, —izey (w)]U

U [—iGe(w)sea(w) 2 i(n (w)se(w) V]
z€Q\{£1}
(4.1.3)

where the notation [a, 0], a, b € C denotes the line segment joining a and b. Assuming
that the symbol has finitely many jumps and, say, it is Lipschitz continuous on the
left and on the right of the jumps, in [51], a more detailed picture is obtained for the
absolutely continuous (a.c.) spectrum of |I'(@)| = /T (@)*T'(&), where the following
formula is obtained
spece (IP@))) = [J [0, [ (@)]]-
z€Q
Furthermore, it is shown that each band contributes 1 to the multiplicity of the a.c.

spectrum.

ExaMPLE. First examples of symbols fitting in this scheme are the following
(™) =ir e (r =), p(e?) =21p(e™), ¥ €0,2n). (4.1.4)

where 1g is the characteristic function of the set E = {¢ € [0, 27) : cosd > 0}.
It is clear that both ~,p € PC(T), and their jumps occur at z = 1 and z = =+i
respectively and s () = 4, s4;(p) = F1. Simple integration by parts shows that

) = ——, pj) = 2/

. >0
w(j+1) TJ J=

with the understanding that p(0) = 1. Power’s result in (4.1.3) in these cases gives

SPECess (F(:)\/)) = [O’ 1]7 SPeCess (F(ﬁ)) = [_17 1] : (415)

The matrix I'(7), known as the Hilbert matrix, has simple a.c. spectrum coinciding

with the interval [0, 1] and a full spectral decomposition was exhibited in [59]. In
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[38], the authors perform a more detailed spectral analysis of I'(p) and show that

its spectrum is purely a.c. of multiplicity one and coincides with the interval [—1, 1].
For N > 1, let I'™)(&) be the N x N Hankel matrix
r@) = {a( + M,
We wish to give a description of the relationship between the spectrum of the infinite

matrix ['(©) and that of its truncation I"™)(%). More specifically:

(i) for a non-selfadjoint Hankel matrix, we study the distribution of the singular
values of I'™)(@) inside the spectrum of |I'(©)];

(ii) in the selfadjoint setting, we study the distribution of the eigenvalues of
I'™)(@) inside the spectrum of I'(@).

To do so, for a non-selfadjoint Hankel matrix I'(0) we study the asymptotic be-

haviour of the singular-value counting function

n(t; I™N@)) = #{n: s(TV@)) >}, t>0,

as N — oo. Here {s,(I"'™(@))},>1 is the sequence of singular values of I'™)(@). In

particular, we study the logarithmic spectral density of |I'(&)|, defined as

. n(t; FMN(@))
LDg(¢; I = lim —————=. 4.1.6
For a selfadjoint I'(W), its spectrum, spec(I'(W)), is a subset of the real line and
so we look at how the positive and negative eigenvalues of I'™)(@) distribute in-
side spec(I'(@)). To this end, we analyze the behaviour of the eigenvalue counting

functions
ne(t; TV@)) = #{n: A (FN(@) > 1}, t>0,

as N — oo. Here {\X(I'™(@))},>1 are the sequences of positive eigenvalues of

+I'WN)(D) respectively. In this setting, we study the functions

LDE( (@) = lim "LV @)

Jim N (4.1.7)

Similarly to the non-selfadjoint setting, we call the function LDZ (resp. LD5) in
(4.1.7) the positive (resp. negative) logarithmic spectral density of I'(w).

The [ appearing as an index in the definitions of the logarithmic spectral den-
sities in (4.1.6) and (4.1.7) has been chosen to stress the fact that, a priori, these
quantities depend on our choice to truncate the infinite matrix I'(@) to its upper
N x N square. Furthermore, the terminology we use for the functions LDy and LD3

comes from the fact that we are only studying a logarithmically-small portion of
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the singular values (or eigenvalues) of the matrix I"™)(&). Their definitions are mo-
tivated by the results obtained by Widom (see [61, Theorem 4.3]) for the Hilbert
matrix I'(7), where he showed that

LDu(: (7)) = <(b), (4.1.8)
LD5(t: (3)) = 0, LDA(6: 1)) = c(). (4.1.9)

Here c(t) := 0 whenever ¢ ¢ (0,1) and
1 1+ V1 —1¢2
— log — ) te

c(t) := % arcsech(t) = - (0,1]. (4.1.10)

We note that a factor of 27 is missing in the statement of [61, Theorem 4.3]. The aim
of this Chapter is to extend (4.1.8) to a general symbol w € PC(T). In particular,

for a non-selfadjoint Hankel matrix, we aim to show that
LDy (8 1(@)) = > c (t[se(w) ™), (4.1.11)
z€Q

where c is the function defined in (4.1.10). Recall that the symbol p defined in (4.1.4)
has jumps at +1 whose half-height is »4;(p) = F1, so for the Hankel matrix I'(p)
the formula (4.1.11) yields

LDo(t; T'()) = 2¢(¢).

For selfadjoint Hankel matrices, we extend the result in (4.1.9) to symbols w €
PC(T) satisfying (4.1.1) and obtain

LDE(t; I'(@)) = c (¢ s (w)| 1) Tu(—izar (w)) + € (¢ |re—1(w)| ) L (—ize_1(w))
+ Z ¢ (t]se(w)] 1), (4.1.12)

where Q7 = {z € Q |Imz > 0}, and 14 is the indicator function of the half-line
(0, £00). Again, the function c¢ has been defined in (4.1.10). In particular, for the
symbol p in (4.1.4), we obtain that

LD5(t; I'(p)) = c(t).

In this Chapter, we not only show that (4.1.11) and (4.1.12) are indeed true, but we
also use Theorem 2.4.6 of Chapter 2 as a starting point for our investigation into
which class of matrix “truncations” leave these identities unchanged. For instance,
the main results of this Chapter, Theorems 4.1.2 and 4.1.3 below, tell us that the
singular values of the matrix I"™)(@) and of the regularised matrix
@) ={e¥o+n} . Nz, (4.1.13)
J:k>0

have the same distribution for large values of N.
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1.2. Schur-Hadamard multipliers and spectral densities. To address
these questions, we use the tools we already developped in Chapter 2, where we
introduced both Schur-Hadamard multipliers and the logarithmic spectral density
of a bounded operator with respect to a sequence, 7 = {7y }ny>1, of multipliers.
Recall that for a bounded sequence (7(j, k)); x>0, called a multiplier, and a bounded
operator A on ¢*(Z, ), the Schur-Hadamard multiplication of 7 and A is the operator
on (*(Zy), Tx A, whose (7, 7)-th entry with respect to the standard basis of ¢*(Z, )

1S
(7% A)jr =70, k) Ajr,  J, k>0, (4.1.14)

We already studied the boundedness of this operation on the space of bounded

operators and the Schatten classes &, in Chapter 2 where we introduced the operator

norms
[7[lox = sup [T All, (4.1.15)
lAl=1
[7[ln, = sup [[7*Als,, 1<p<oo. (4.1.16)
lAlle,=1

For the purposes of this Chapter, take 7 as the restriction to Z2 of a bounded
function defined on [0, 00)?. Then 7 induces a sequence of multipliers 7 = {7y} n>1
given by

(i, k) =T(iN"H ENTY.
If the function 7 is such that the sequence T = {7x}n>1 € (M), i.e. if T satisfies
the following

1]l e oy = sup || [|on < o0, (4.1.17)
N>1

we say that 7 induces a uniformly bounded sequence of multipliers. From now on,
we denote by 7 both the function and the induced sequence of multipliers.
An easy example of such a sequence is the N x NV truncation of an infinite matrix.

To see this take the function

ma(z,y) = 1o(z, y), (4.1.18)

where 1g is the characteristic function of the half-open unit square [0,1)2. For any
bounded operator A, 7y x A is the truncation to its upper N x N block and so for
any N > 1
7 lon = 1.
Some more examples of Schur-Hadamard multipliers of this form will be given below.
Then, in a totally analogous way to (4.1.8), we define the logarithmic spectral
density of |I'(0)| with respect to 7 to be

. . n(t; v+ T'(D))
LD, (t; I'(W)) := ]\}1_13;0 log N :

t>0, (4.1.19)
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Similarly, for a selfadjoint Hankel matrix and a multiplier 7 such that 7(z,y) =

7(y, x), we define the positive and negative logarithmic spectral densities of I'(@) as

t; row

. t>0. (4.1.20)

Note that when 7 = 7 as in (4.1.18), the functions LD, (¢; I'(©)) and LDZ(¢; I'(®))
are precisely those defined in (4.1.8) and (4.1.9).

1.3. Statement of the main results. As anticipated, our main results are not
only concerned with the existence of the limits in (4.1.8) and (4.1.9), but also with
their universality. In other words, for a Hankel matrix I"(&) and a given multiplier
7, we show that under some mild assumptions on 7, see (A)-(C) below, the functions
LD.(t; I'(@)) and LDE(¢; I'(©)) are independent of the choice of 7.

ASSUMPTIONS 4.1.1. Let us state the following assumptions on 7:

(A) 7 induces a uniformly bounded Schur-Hadamard multiplier, i.e. (4.1.17)
holds;

(B) 7(0,0) =1 and for some € > 0 and some /5 > 1/2, there exists Cg > 0, so
that

m(2,y) = 1] < Cgllog(z +y)| 7, VO<z, y<e
(C) for some o > 1/2 one can find C, so that
|7(z,y)| < Colog(z+y+2)"% Vz,y>0.
Then (4.1.11) is a particular case of the following:

THEOREM 4.1.2. Let T be a multiplier satisfying Assumptions 4.1.1-(A)-(C).
Let w € PC(T) and Q be the set of its discontinuities. Then

LD (t; 1(@)) = > _c(t]se(w) ™) (4.1.21)

2€Q
where c(t) is the function defined in (4.1.10).

Analogously for the selfadjoint case, (4.1.12) is a particular case of the Theorem

below:

THEOREM 4.1.3. Let 7 satisfy Assumptions 4.1.1-(A)-(C) and such that
T(x,y) = 7(y, ). Suppose w € PC(T) satisfies (4.1.1) and let QT = {z € Q| Im z >
0}. Then

LD (4 1@) = 3t () ™)
zeQt

+c (t |%1(w)|71) Iy (—is(w))
e (tpeor(w)| 1) Te(—iseq (W), (4.1.22)
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where c(t) is the function defined in (4.1.10) and 1 is the characteristic function
of the half-line (0, £00).

1.4.
(A)

Remarks.

It is clear that Theorems 4.1.2 and 4.1.3 generalise the result of Widom in
[61] mentioned earlier in (4.1.10) to any multiplier 7 and, in both instances,
we only describe the behaviour of a logarithmically small portion of the
spectrum of 7y x I'(0) as most of the points lie in a vicinity of 0.

Both Theorems 4.1.2 and 4.1.3 deal with a rather general class of sym-
bols and for this reason we cannot say more about the error term in the

asymptotic expansion of the functions n, ny. In fact, we can only write

n(t; 7y * 1'(@)) = log(N) Y~ c(t|s.(w)|7!) + o(log(N)), N — oo

2€Q
If, however, we were to restrict our attention to those symbols with finitely
many jumps and some degree of smoothness away from them (say Lips-
chitz continuity), we would obtain a more precise estimate, see Chapter 6,
however the trade-off would be that of making our results less general.
Studying the spectral density of operators is common to many areas of
spectral theory. In particular, our results can be put in parallel to well-
known results in the spectral theory of Schrodinger operators, where the
existence and universality of the density of states is a well-studied problem
for a wide class of potentials, see [14] and [35, Section 5] for an introduction
and references therein for more on this subject.
Both Theorems 4.1.2 and 4.1.3 assume that the multiplier 7 induces a uni-
formly bounded multiplier on the space of bounded operators. However,
this condition can be substantially weakened in two different ways.
Firstly, we can weaken Assumption 4.1.1-(A) on the multiplier 7 by assum-

ing that for some finite p > 1, 7 € £>°(9M,,), i.e. we have

sup ||7'N||gﬁp = sup < sup ||TN*A||GP> < 00. (4.1.23)
N>1 N>1\ ||A]ls,=1

However, as a trade-off, we need to impose more stringent conditions on

the symbol, as the following statement shows:

PROPOSITION 4.1.4. Suppose 7 € (*(IM,) satisfies (B) and (C)

in Assumptions 4.1.1. If the symbol w can be written as

w(v) = —1i Z 7, (w)y(Zv) +n(v), veT, (4.1.24)
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where Q is a finite subset of T, v is the symbol in (4.1.4) and n is a symbol

for which I'(n) € &, then (4.1.21) holds. Furthermore, if 7(x,y) = 7(y, )
and w satisfies (4.1.1), then (4.1.22) holds.

Note that we restricted our range of p to the interval (1,00), because the

Duality Principle 2.1.4 of Chapter 2 implies that
(M) = 02°(My,) = £°°(M).

Secondly, we can assume that 7 only induces a uniformly bounded Schur-

Hadamard multiplier on the space bounded Hankel matrices, i.e. that
sup | sup ||7n * [(@)| | < oc. (4.1.25)
N>L A [|IF@)]=1

In this case, Theorems 4.1.2 and 4.1.3 still hold in their generality and we

have the following

PROPOSITION 4.1.5. Let w € PC(T) and let T satisfy (4.1.25) as
well as (B) and (C) in Assumptions 4.1.1. Then (4.1.21) holds. Further-
more, if w satisfies the symmetry condition (4.1.1) and 7(z,y) = 7(y,x),
then (4.1.22) holds.

We chose to make use of Assumption (A) instead of (4.1.23) and (4.1.25),
because there are no known necessary and sufficient conditions for a multi-
plier to satisfy either of them. We give specific examples of multipliers that

satisfy these conditions below.
1.5. Some Examples of Schur-Hadamard multipliers.

EXAMPLE 4.1.6 (Factorisable multipliers). If the function 7 can be factorised as

m(x,y) = f(x)g(y), x,y>0,

for some bounded function f, g, then it is easy to see that it induces a uniformly

bounded Schur-Hadamard multiplier in the sense of (4.1.17), and furthermore
sup (|7 flon < [ lloollglloo-
N>1

As it was pointed out earlier in (4.1.18), the truncation to the upper N x N square is
an example of such a multiplier. Another example is given by choosing the function
mi(x,y) = e@+) = e7®e7¥ This induces the regularisation in (4.1.13) and it is

immediate to see that

sup [[(71) v lan = 1.
N>1

Furthermore, 7; satisfies the assumptions (B) and (C) in Assumptions 4.1.1, and so
Theorems 4.1.2 and 4.1.3 hold.
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EXAMPLE 4.1.7 (Non-examples). In stark contrast to the square truncation in

(4.1.18), the so-called “main triangle projection” induced by the function

(2, y) = L (2 +y) (4.1.26)

is not uniformly bounded on the bounded operators. Indeed, in Chapter 2 we saw
that

sup |[(m2)n * Al = 7 log(N) + o(log(N)), N — oo.
[|A]=1

However, Theorem 2.2.6 shows that 7 is uniformly bounded on any Schatten class
S,, for 1 < p < oo and so Proposition 4.1.4 holds.

Proposition 4.1.5 shows that (4.1.21) and (4.1.22) still hold in the case that the
Schur-Hadamard multiplier is only uniformly bounded on the set of bounded Hankel
matrices. An example of such a multiplier is given by the indicator function, 75, of

the region
Spy =12,y €[0,1° |2 < By +7}, B, 7ER

Even though 73, does not induce, in general, a uniformly bounded Schur-Hadamard
multiplier, it has been shown in [13, Theorem 1(a)| that this is the case on the set
of bounded Hankel matrices for 5 # 1,0 and any v (at § =1 and v = 1, 7y 1 reduces
to the multiplier 75 considered above). With this at hand, an appropriate choice of
the parameters § and 7 gives (4.1.21) and (4.1.22).

EXAMPLE 4.1.8 (Hankel-type multipliers). Let ¥ C R and suppose that we can

write
TN(ja k) =T (%7 N) = / eizt(JJrk)fN(t)dt, VJ, k>0
by

for some functions fy € L'(X,m) so that supys, || fw|lr1(x) < oo. An adaptation of
Example 2.1.8 shows that 7 induces a uniformly bounded Schur-Hadamard multi-

plier and moreover
sup [|7llon < sup || fvllLis)-
N>1 N>1
With this at hand, it is possible to show that the function
ry(a,y) = (1= (@ +1)) Loy (x +). (4.1.27)

induces a uniformly bounded Schur-Hadamard multiplier, since one has the following

representation
2
(N7 ENTY) = / e MR py(etdt, 4, k>0, (4.1.28)
0

where Fy in (4.1.28) denotes the N-th Fejér kernel and [|Fix| 102+ = 27 for all
N> 1.
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Other Hankel-type multipliers are induced by the functions
m(z,y) = e @),
22, y) = Loy (z +y),
m3(z,y) = (1= (z+y) Loy (2 +y)

and are related to the Abel-Poisson, Dirichlet and Cesaro summation methods re-
spectively and share some of the properties of the operators of convolution with the

respective kernels, see Section 3 for more on the Poisson kernel.

1.6. Outline of the proofs. The proof of Theorems 4.1.2 and 4.1.3 consist of
a combination of the abstract results concerned with the general properties of the
functions LD, LD* (see Chapter 2) and more hands-on function theoretic ones that
are specific to the theory of Hankel matrices, see Section 3.

To prove Theorem 4.1.2, we firstly assume that the set of jump-discontinuities,

Q, of the symbol w is finite and we write

= _ZZ %Z zv —+ 77( ) v E T, (4.1.29)

2€Q
where 7 is the symbol in (4.1.4) and 7 is a continuous function on T. The analysis of
LD, (t; I'(@)) then proceeds with the study of each summand appearing in (4.1.29)
and the interactions this has with all the others. In particular, Assumption 4.1.1-(A)

allows us to disregard the contribution coming from the matrix I'(7), i.e. it gives

that
LD, (t; I'(@)) = LD, ( > (w) )
2€Q
where 7,(v) = —iv(Zv), v € T. The invariance of the functions LD, with respect

to the choice of multiplier, proved in the Invariance Principle Theorem 2.4.6, gives

that
( 3 s(w) ) LD,, <t;2%z(w)F(?z>>

where the multiplier 7, (z,y) = e~ is given in the Example 4.1.6 above, and it
is shown to induce the regularisation in (4.1.13), i.e. (11)ny * I'(0) = I'y(@). For
the multiplier 71, we explicitly show that the operators I'(7,) are mutually “almost
orthogonal” in the sense that if z £ w € €0, then both

I'n(:)"Tn(w), In@)InAw)”

are trace-class. From here, the Almost orthogonality Theorem 2.4.7, gives that each

jump contributes independently, or in other words that we can write

LD,, <t; > xz@)r@)) = LD, (t; 2.(w)I'(3.)).

z€eQ) z€QN
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We note here that the above is another instance of the general fact that jumps oc-
curring at different points of the unit circle contribute independently to the spectral
properties of the operator I'(W). For this reason, we follow the terminology used by
the authors of [54] and we refer to this fact as the “Localisation Principle”.
Finally, using once again the Invariance Principle Theorem 2.4.6, and the result of
Widom in (4.1.10), we obtain the identity (4.1.11) for a symbol w with finitely many
jumps.

The proof of Theorem 4.1.3 roughly follows the same outline. However, instead
of writing the symbol w as in (4.1.29), we make use of the symmetry of the set of

jump-discontinuities, {2, to decompose it as follows

w(v) =271 (v) + 2_17-1(v) + Z w:(v) +n(v), veT, (4.1.30)

zeQt

where QT = {z € Q| Imz > 0}, n is a continuous symbol on T and with ~,(v) =
—iy(Zv) we set

w;(v) = 5. (w)(z) + KZ( )75(2)-
The same strategy used in the proof of Theorem 4.1.2 leads to the following identity

LD (t; 1(@)) = LDZ (1 54 ()T (31)) + LDE (6 51 () (51))
+ ) LDE (4 I (@.)).
zeQt

The fact that the jumps of w are arranged symmetrically around T can be used to

show that the positive and negative eigenvalues of the compact operator
I'y(@,) = (m)n * (@)

are arranged almost symmetrically around 0, in a sense that we will specify in

Lemma 4.3.2-(ii). Using the Almost Symmetry Theorem 2.4.9, we conclude that
N 1 .
LDZ, (1 I'(:)) = 5Ly, (1 1'(@2)). (4.1.31)

Using once again the result of Widom in (4.1.10), we arrive at (4.1.22). It is worth
noting here that (4.1.31) shows that if w has jumps occurring at a pair of com-
plex conjugate points, then the upper and lower logarithmic spectral densities,
LD* (¢, I'(©)), contribute equally to the logarithmic spectral density of |I'(&)], we
refer to this as the “Symmetry Principle”, following the terminology used by the
authors of [55].

Both Theorem 4.1.2 and 4.1.3 are then extended to the case of a symbol with
infinitely-many jump-discontinuities using an approximation argument first pre-
sented by Power in [49] and subsequently in [46, Ch. 10, Thm. 1.10], see Section 4

below.
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2. An abstract result for spectral densities

2.1. Setup. As before, S, denotes the ideal of compact operators. For any p >
0, &, denotes the ideal of compact operators whose singular values are p-summable,
| - ||, denotes the Schatten p-norm and we set &y = N,~0S,. All operators in this
section are bounded operators acting on the space of square summable sequence
~(Z,).

For a bounded 7 on [0, c0)?

we have already defined in the Introduction the
meaning of 7y x A. In this section, we study the action that the sequence 7 induces
on By, defined as the subspace of B((*(Z,)):

1
AeBy <= A;p=0|-— , k — oo. 4.2.32
0 7,k (] + k) ) Js o ( )
Clearly A € B if and only if there exists a sequence a € £*(N?) so that
ajk

= — Vi, k> 0.
T(j+k+1) J

Ay
From the Hilbert inequality one obtains the estimate [|Al| < ||a||g~(n2), and so the
boundedness of A. To see this, consider the quadratic form (Af, g) for f, g € (*(Z,),
then

((Af, 9)e@,| < Z ‘Aj,kf(j)m’

Jk=>0

Gj,kf(f)@‘

chZ07r(j+k+1)

< [lallese ey (LG Lf15 19D 2z,
< lallee@ezy 1 fll 2z, 191l 2z,

with the last inequality following from the boundedness of the Hilbert matrix I"(%)
discussed in the introduction.
If the multiplier 7 satisfies Assumption 4.1.1-(C), i.e. if for some o > 1/2, one

has
Cq

| < 7
log(z +y +2)*
it is not difficult to see that when A € B, one has that 7y x A € &, since we have

-k
T(%’N)AM

: 20 , .
Fr>0 log (]%k + 2) (J+Ek+1)2

(2, ) v, y,

the following estimate

Iy < Al =)

J:k,20

2

< Ca

< 00.



2. AN ABSTRACT RESULT FOR SPECTRAL DENSITIES 60

In particular, 7y * A is a compact operator for any given N and so the func-
tionals LD, (t; A) and LD_(t; A), see (2.4.13) and (2.4.14), are well-defined. If
LD, (t; A) = LD, (t; A), we denote by LD, (¢; A) their common value. Similarly, for a
selfadjoint operator A € B and for 7 such that 7(z,y) = 7(y,z), the functionals
mf(t; A), LDE(t; A) are also well-defined and we denote by LDZ(#; A) their common

value, if it exists.

2.2. Invariance of spectral densities. For a fixed operator A € B, we wish
to study the relation between LD, (¢; A),LD._(t; A) and the Schur-Hadamard multi-

plier 7.

THEOREM 4.2.1. Suppose i, T are multipliers satisfying (B) and (C) in
Assumptions 4.1.1. Then for any A € By,

sup |[(11 — 1) v * A2
N>1

1s finite and so the Invariance Principle Theorem 2./.6 holds.
The assertion follows once we prove the following

LEMMA 4.2.2. Let o satisfy Assumption 4.1.1-(C) and be such that ¢(0,0) = 0
and such that for some € > 0 and some > 1/2, there exists Cg > 0, so that

lo(z,y)] < Csllog(x + y)lfﬂ, VOo<uz, y<e. (4.2.33)

Then for any A € Bg, one has oy x A € Gy and furthermore there exists C' > 0,
independent of N, such that

||0'N *AHQ S C.

ProOF OF LEMMA. We need to estimate the following quantity
, 2
7k
HUN*Aﬂg = Z g <N’ N)

J,k=>0
A modification of the integral test and the assumption that A € 9B, shows that one
can find C' > 0 so that

* All; < C N7N dd
Jox » Al // T dedy

|Jst
dsdt (=1
//Rz G+ttt 1/N2™ (= In),

ikl
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the last inequality follows from the change of variables x = Ns, y = Nt. Let Q. =
{(s,t) e R: | s* +t* < e} and Q¢ = R \ €U, then:

// s|+at8+t1/zv) dsdt (= 1)

// sl+atit1/zv) dsdt (=)

We will show that each summand is uniformly bounded. Since o satisfies (4.2.33),

it follows

1_

// dsdt
log . log ( s2+t2 (52 +12)

< —d
_C'/O FTog (1) r < 00.

The second inequality is a consequence of writing the integral in polar coordinates
and, since 5 > 1/2, the last integral is finite. Using Assumption 4.1.1-(C), it follows

that
dsdt
Jo < C
2 // s+t210gs+t—|—2)

< -
C/ xlog x—|—2)20‘ =

We have thus obtained that Iy is uniformly bounded in N, whereby the assertion
follows. O

PrROOF OF THEOREM 4.2.1. Note that if 7, and 7, satisfy the hypotheses, then

o = 71 — Ty satisfies the hypotheses of Lemma 4.2.2 and so the result follows imme-
diately. n

3. Hankel operators and the Abel summation method

3.1. Hankel operators. In the Introduction, we defined Hankel matrices act-
ing on ¢?(Z,), and in Chapter 3 we saw that they are unitarily equivalent to a
Hankel operator on the Hardy class H?(T). However, by adding the eigenvalue 0
of infinite multiplicity, we can equivalently define a Hankel operator as an integral
operator acting on L?(T), making our computations slightly easier.

Let T be the unit circle in the complex plane, and m the Lebesgue measure nor-
malised to 1, i.e dm(z) = (2miz) 'dz. In Chapter 3, we defined the Riesz projection

P, : L*(T) — L*(T)

(P f)(v) = lim f(z)z

——d T. 4.3.34
L) ey m(z), ve€ (4.3.34)
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For a symbol w, the Hankel operator H(w) is:

H(w): L*(T) — L*(T)
H(w)f = PLw P, f (4.3.35)
where J is the involution J f(v) = f(v) and, by a slight abuse of notation, w denotes
both the symbol and the induced operator of multiplication on L?(T). We can im-

mediately see that if w satisfies (4.1.1), H(w) is selfadjoint. Furthermore, it is easy
to see that

[H (W) < llwllzoe(r)- (4.3.36)
For any non-negative integers j, k, one has
(H(w)zj,zk) = (P+wJP+zj,zk)

= (w . z_j,zk)

L2(T) L*(T)

L2(']T) = @(] + k)?

and so the matrix representation of H(w) in the basis {z"},cz is the block-matrix

0O 0
0 r@))’

with respect to the orthogonal decomposition L*(T) = H2(T) & (H2(T))*, where
H?(T) is the Hardy space defined earlier in Chapter 1. In other words, H(w) and
I'(W) are unitarily equivalent (modulo kernels) under the Fourier transform. It is
clear that all the results of Chapter 3 on the boundedness and compactness of
Hankel operators on the Hardy class HZ (T) hold in this case also.

For 0 < r < 1, let P, be the Poisson kernel, defined as

= 1—r?
P.(v) = Z rilyn = ——— v €T,

= 11— rv|2’
j=—00
For w, = P, x w, we have the identity
H(w,) = C,H(w)C,, (4.3.37)

where C, is the operator of convolution by P, on L*(T). Furthermore, it is unitarily

equivalent (modulo kernels) to the Hankel matrix

r@) = {r* o+ k)} (4.3.38)

Jk=0"
Note that for r = e™¥/¥ the above reduces to the truncation considered in (4.1.13).

We collect some easy-to-prove facts in the following

LEMMA 4.3.1. For 0 <r <1, the map H(w) — H(w,) has the following proper-

ties
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(i) for any bounded Hankel operator H(w), H(w,) € &y. Furthermore, (4.3.37)
and Hdélder’s inequality for Schatten classes (see Proposition 1.2.13-(iii))
give for 1 <p < oo

e H )]

(1— r20)lp ’

(i1) if Hw) € &, for some 1 < p < oo, then (4.3.37) implies || H(w,)|l, <
1H (@) lp-

1H (wr)llp <

3.2. Almost Orthogonal and Almost Symmetric Hankel operators. Re-
call that for a function n : T — C, its singular support, denoted sing supp 1, is defined
as the smallest closed subset, M, of T such that n € C*°(T\ M).

LEMMA 4.3.2. The following statements hold
(i) Let wy,ws € L™(T) have disjoint singular supports. Set (w;), = Pr % w;, i =
1,2. Then
sup [|H ((wo)r)"H ((w2)r)lls < 00, sup [[H((wo)r) H ({(w2)r)" [l < 005
r< r<
(ii) Suppose w € L>®(T) be such that £1 ¢ singsupp(w). Let s(v) =
sign(Im(v)), v € T. Then
sup ||s H (w,) + H(w,)s])1 < oco.

r<l

REMARK 4.3.3. Similar results are already known in the literature, but only from
a qualitative standpoint. Under the same assumptions of (i), it is already known that
both H(wy)*H (wy) and H(w2)*H(wy) € Sp. Similarly for (ii), it is also known that
sH(w)+ H(w)s € &y. For a proof of both facts see [54, Lemma 2.5] and [55, Lemma
4.2] respectively, even though both facts are already mentioned in [50]. In our case,
we need the uniform bounds to be able to localise the logarithmic spectral density

of a Hankel operator on the jump of its symbol.
To prove the statements in Lemma 4.3.2, we need the following lemma:

LEMMA 4.3.4. If K is an operator on L*(T) with integral kernel k € C>(T?),
then K € &;.

PROOF OF LEMMA 4.3.4. The proof of this fact is folklore. It can be proved

by approximating the kernel k by trigonometric polynomials, see for instance [41,
Chapter 30, Thm. 13]. O

We are now ready to prove Lemma 4.3.2.

PROOF OF LEMMA 4.3.2. (i): we will only show the first inequality, as the sec-

ond can be proved in the same way. From the assumptions on wy,ws, we can find
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(1,( € C(T) such that supp (; Nsupp ¢ = @ and such that (1 — (;)w; vanishes
identically in a neighbourhood of sing supp w;. We will repeatedly use the following
two facts:

(a) for any ¢ € L>(T), Young’s inequality holds, see [28, Theorem 1.2.12], i.e
one has the estimate:

| Py * @l zoo(ry < |0l oo (m); (4.3.39)

(b) one has that P, x w € C*(T) and furthermore (P, ¥ w) — w as r — 1—
locally uniformly on T \ singsuppw. The same is true for its derivatives
(P. % w)™. See [28, Theorem 1.2.19)].

We set a =1—¢(;, +=1,2 and use the triangle inequality to obtain

1H ((w1),) H ((w2),) [l < 1H (G(wr)e) H (Go(wa)o) |1 + I1H (G (wn)r) H (Ga(w2),)
+ (| H (Ca(wn)r) H (Ga(w2)r) 1+ IH (G (w1)r)" H (Ga(w2)) I,
from which we see that it is sufficient to find uniform bounds for each summand

above.
Recall that H(w;) = Pyw;JP; and P, is a projection, thus:

H(C(wn)r)"H (Cw2)r) = Py JCu(wi)r Py Ca(wz)r J Py

Since ¢; and ¢, have disjoint supports, the operator ¢, P;(, has a C°°(T?) integral
kernel given by

G(2)G()

v—Zz

v, wv,zeT.

Lemma 4.3.4 shows that {; P, (, € &;. Furthermore, using Holder inequality for the
Schatten classes and (4.3.39), we deduce that

sup 1H (C1(wr)r) H (G (w2)r) |1 < Jlwr || oemy l|lwzl oo m) 1€ PGl < o0
r<

Lemma 3.3.2-(i) shows that H(((w1),) € &; and furthermore:

1H (G (wr)r) H (Ga(wa)) 1 < 1 (Cu(wn)n) I [H (Golw2),) |
< \Goll oo w2l oo ¢y (C (G (wi)r) | 22y + |t | e )
(4.3.40)

for some C' > 0 independent of r. In (4.3.40) we used once more the Holder inequality
for Schatten classes together with the estimates (4.3.36) and (4.3.39).

From (b) and the fact that @wi vanishes identically on sing supp (;, we conclude
that (a(wi)r)” — (Eiwi)” uniformly on the whole of T, and so

sg;l)“@(wi)r) 22y < oc. (4.3.41)
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Using (4.3.41) in (4.3.40) finally gives

sup [|H (i (wn)r)" H (Ga(w2)r) |l < oe.

r<l

Similarly one can show that

sup || H (G (w1),)* H(Go(wa)r) |11 < oo, sup 1 (G (1)) H (Go(ws)) |1 < oo

r<l1
(ii) Since £1 ¢ singsuppw, then we can write w = ¢ + 7 for some n € C*(T) and
some ¢ vanishing identically in a neighbourhood U of +1. With this decomposition

of w, we can see that
H(w:) = H(ey) + H(ny).

Since 7 is smooth, then H(n) € &; and so the triangle inequality and Holder in-
equality for Schatten classes imply that

sup [|sH (wr) + H(wr)sl < 2[H ()l + sup [sH (gr) + H{er)s]lr-
r<

r<l
So it is sufficient to consider those symbols w vanishing on a neighbourhood, U, of
+1.
Fix a smooth function ¢ such that 0 < ¢ < 1, it vanishes identically on some open
V C U sothat £1 € V, ( =1 on T\U and such that ((v) = ((v), v € T. We can
write:
sH(w,) + H(w)s =sH((1 — Qw,) + H(1 = Q)w,)s
+sH(Cw,) + H(Cw,)s (4.3.42)

Let us study these operators more closely. Using the triangle inequality, we obtain
that

sup [[s H((1 = Q)wr) + H((1 = Qs < 2sup I ((1 = Qwr )]s (4.3.43)

r<l

Using (b) and the fact that (1 — {)w = 0 on T, we conclude that ((1 — ()w,)” — 0

on T. Lemma 3.3.2-(i) once more gives
sup [[H((1 = Qwr)lly < sup(|lwfloecm) + ClI((1 = Qwn)llam) <00 (4.3.44)
For the operators appearing in the second line of (4.3.42), write
SH(Ceor) + H(Gwr)s = (5, Pu] Q) wnd Py + Py (C [Py 5]).

Let us now prove that the commutators [s, Py] (, (s, Py] € &;. By our choice of s
and ¢, we have Js = —sJ and J( = (J, whence it follows that

5, Py] ¢ = 8Py( — sCPy +5CPy — PysC =5 [Py, (] + [sC, Py],
Cls, Pi] = (sPy — PysC+ PysC — (Pys = [s¢, Py + [Py, (] s.
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Furthermore, our choice of ¢ gives that the product s¢ € C*°(T), and Lemma 3.3.3-
(i) together with (4.3.39) implies that
sup [|sH (Cwr) + H(Cwr)slly < [|lwl[zoem) (Il [8, Pr] ¢l + [[C [Py, 8] [[1) < o0 (4.3.45)

r<l1

Putting together (4.3.43), (4.3.44) and (4.3.45) and using the triangle inequality on
(4.3.42) gives the assertion. O

3.3. Spectral density of our model operator: the Hilbert matrix. An
important ingredient to the proof of all our results is the model operator for which it
is possible to explicitly compute the spectral density. Following the ideas of previous
works, [49, 51], a natural candidate is the Hilbert matrix, given by the symbol ~y
defined in (4.1.4). Putting together the result of Widom, see [61, Theorem 5.1} and

Theorem 4.2.1, we obtain

PROPOSITION 4.3.5. Let 7 satisfy Assumptions 4.1.1-(B) and (C), then

one has that

LD, (t; I'(7)) = LD, (t: I'(})) = c(t), t>0,

where ¢ has been defined in (4.1.10). If 7(z,y) = 7(y, x), then we also have
LD, (t: (7)) = LD} (t; (7)) = (1),
LD, (' (7)) = LD, (:I'(7)) = 0.

As an immediate consequence of the above, we obtain

COROLLARY 4.3.6. Let z € T be fized and let v,(v) = —iy(Zv). Then the same
result of Proposition /.3.5 holds for the operator I'(7,).

PROOF OF PROPOSITION. Theorem 4.2.1, shows that it is sufficient for the
statement to hold for m4(x,y) = 1n(x,y) defined in (4.1.18). This has already been
done in [61, Theorem 5.1] and it has already been discussed in the Introduction in
(4.1.10). Since the Hilbert matrix is a positive-definite operator, it is easy to see

that 7y = I'(7) is positive-definite and so

— ~ -+t ~ - ~
LD-(; I'(¥)) = LD, (t: I'(5)), LD, (I'(y)) = 0.
The statement can be independently proved using the function 7(z,y) = e~ **¥)

discussed in the Introduction, however we postpone this to the Appendix. 0

A~/ .

PROOF OF COROLLARY 4.3.6. Indeed, note that 7.(j) = —iz/5(j), j > 0.

Hence, for any function 7 one has:

™ x I'(7.) = —iUz(tv x (7)) Uz
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where Uy is the unitary operator of multiplication by 7/, 7 > 0. From this, we

immediately see that
su(tn * (1)) = su(rn * (), Vn>1

and so the statement follows immediately from Proposition 4.3.5. 0

4. Proof of Theorem 4.1.2

The proof of the result will be broken down in two Steps. For brevity, we de-
note by I"™) (@) the operator 7y x I'(@). We also recall that €2 is the set of jump-
discontinuities of the symbol w and c is the function in (4.1.10).

Step 1. Finitely many jumps. Suppose that (2 is finite. Setting v, (v) = —iy(Zv), with
~ being the symbol defined in (4.1.4), write

wv) =Y 7 (w)y=(v) +n(v) (4.4.46)

z€Q

where 7 is continuous on T and let ® denote the symbol

cD(”) = Z %z(w)7z<v)'

zeQ

Weyl’s inequality (2.4.18) shows that for 0 < s < t one has
n(t: PN (@) < n(t - 5 TN(@) + n(s; T (7).
n(t: PN @) 2 n(t + 5 T(®) — n(s: T (7).
Since I'(7) is compact, Lemma 2.4.4 shows that
n(s; ™M (@) = Os(1), N — oo,

and so, using the definition of the functionals LD_, LD, we deduce that for any ¢ > 0

LD, (t; I'@)) < LD (t — 0; I'(®)), (4.4.47)
LD, (t; I'(@)) > LD (t + 0; I'(D)). (4.4.48)
Integration by parts shows that
O(j) =Y .(w)A-())
2€Q
= 7r(j_——il—1) Z%Z(w)zj =0 (]Tll) , J— o0 (4.4.49)

z€Q

thus I'(®) € By. Now, Theorem 4.2.1 gives that for any multiplier 7 satisfiyng
assumptions (B) and (C)

A (t—0; (D)), (4.4.50)
(t; [(®)) > LD, (t 4 0; ['(D)). (4.4.51)
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where 7, (7, y) = e~(@*¥) induces the regularisation in (4.1.13). The Fourier transform
F on L*(T), defined as

B /Jl‘f<2)§jdm(2>, feLXT), j=0,

implies that modulo kernels, see (4.3.38), we have

r™@) = s () I™M@F) =Y se(wW)FH((7:)n)F,

z€Q) 2€Q

where (v,)x = P, 7., with P, being the Poisson kernel with r = e~'/¥. By Lemma

4.3.2-(i) and unitary equivalence, we have that whenever z # w
SUPHF ') TN F)lle, = sup HH((%) ) H((w)n)lle, < oo

Using the Almost Orthogonality Theorem 2.4.7 2, it then follows that for ¢ > 0

D, (t: T(®)) < LDy, (t — 0:5.(w) I'(3.)), (4.4.52)
LD, (; I'(® ) =D LD, (t 4 0; 5. (w) (7). (4.4.53)

Finally, Corollary 4.3.6 together with (4.4.47), (4.4.48), (4.4.50), (4.4.51), (4.4.52)
and (4.4.53) and the continuity of ¢ at ¢ # 0 gives that

LD, (; I'(@)) < Zc(wztw)I)’

z€Q (
LD, (t; I'(@)) > ; (ﬁ)

The obvious inequality LD_(¢; H(w)) < LD,(t; H(w)) proves the assertion.

REMARK 4.4.1. We note that (4.4.52) and (4.4.53) hold if we consider any sym-
bol w which is smooth except for a finite set of jumps discontinuities. These two
together are yet another instance of the Localisation principle we referred to in the

Introduction.

Step 2. From finitely many to infinitely many jumps. Suppose now that € is infinite.
Define the sets:

={z€T| pew)] =27}
Q={zeT |27 " <|(w)] <27}, n>1

As we mentioned earlier, these are finite. Let ¢, be functions such that

sing supp ¢, = Qy, ».(pn) = 2. (w) for any z € Q,, and such that

lonllo = max sz, (w)] .
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-~

Let ® =} ~pn € L=(T). Since w — ® € C(T), the operator I'(& — ®) is compact

and so, by Lemma 2.4.4 once again we obtain

(t; F(@)) <
(t; (@) >

(t —0; (D)),
(t+0; I'(D)).

—

[D, D,

For a fixed s > 0, let M be so that ||® — ®p/lle < s, where $p; = Zano ©n. The

uniform boundedness of 7 then gives
I (@) = @)l < (500 I lon ) 10 = Ol < (510 vl ) 5:= o
N>1 N>1
Letting Q2 = UM Q,, we then obtain that:

0. (s () < 10,0~ st = X e (50,

2 el
, t+ s
LD, (05 () 2 LD+ 53 H(ea) = 3 (5.

The equalities above follow from the Step 1., since ®,; has finitely many jumps.
Finally, sending s — 0 and noting that there are only finitely many z € €2 such that

t < |s.(w)|, one obtains

LD, (t; H(w)) = LD+ (#; H(w)).

5. Proof of Theorem 4.1.3

Just as in the proof of Theorem 4.1.2, we break the argument into two steps,
and use the same notation as before for the operator 7y x I'(w) and for the symbols
7.. We also set QT ={z€ Q| Imz > 0}.

Step 1. Finitely many jumps. Just as before, suppose that the symbol w has finitely-

many jump-discontinuities. Write

w(v) = (%1(@0)%(11) + (@ () + Y wz(v)> +n(v), (4.5.54)

2eQt

where 7 is continuous on T and

wz(v) - %Z(W)’}/Z(U) + %z<w)72(v)'

If w has no jump at £1, the corresponding quantities do not appear in the above.

Denoting by ® the sum in the brackets, Weyl inequality (2.4.19) gives for 0 < s <t
ne(t; TN @) < nit = 5 TV(@)) + n (s T (@),
ne(t; TN@)) 2 ne(t + 5 1™(@)) — ni (s, TV (@)).
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Therefore, using Lemma 2.4.4, we obtain that ns(s; '™ (7)) = O4(1), and so, for
any t > 0, it follows that

[D; (t; (@) < 1D (¢ — 0; (%)),
LDE(t; (@) > LDE(t +0; 1(®)).
Integration by parts once again shows that
@(j):O(j%), j— .
Thus I’ ( ) € By and so Theorem 4.2.1 shows that it is sufficient to prove the result
for the multiplier 7(z,y) = e~@*¥). Since the symbols
s (w)rr, o1(w)y-1, we

have mutually disjoint singular supports for z € QF, Lemma 4.3.2-(ii) and the
Almost Orthogonality Theorem 2.4.7 imply that for ¢ > 0

[N < S IDS(t— 0; 1(@.)) + LD, (t — 0; 5a(w)(31)

zeQt
+mi(t — 0y 5.1 (w) (1)) (4.5.55)
LDE(; 1(@)) > Y LDE(t+ 0; (@) + LDE(t + 05561 (w) T (71))

2eQt

+ LD (t 4 0; 221 (w) ' (F-1)). (4.5.56)
The operators »41(w)I"(741) are sign definite, and furthermore one has that
1 (W) (Fe1) 2 0 (vesp. < 0) if — i34 (w) > 0 (vesp. < 0).

In either case, Proposition 4.3.5 gives that

D (t; 3221 (w) T (Fa1)) = h(—i% <w>>L (t; %ﬂwwﬂ))
= ]l:t w (t |%:i:1 ) (4557)

where 1, is the indicator function of Ry = (0, £00).
From Lemma 4.3.2-(ii), the Almost Orthogonality Theorem 2.4.9 and Theorem 4.1.2
above, we get that for any z € QF

D, (:7/(@.))) = 500 (6.7/(@.)
= ¢ (t]r(w) ). (4.5.58)

Using (4.5.57) and (4.5.58) in (4.5.55) and (4.5.56), the continuity of c at ¢ # 0 gives
that

LDE(t; 1(@)) = LD, ( 1(D))

and so we arrive at (4.1.7).
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REMARK 4.5.1. As we wrote earlier in the Introduction, if the symbol has a
pair of complex conjugate jumps, then (4.5.58) shows that the upper and lower
logarithmic spectral density of I'(W) contribute equally to the logarithmic spectral
density of |I'(@)|. This is an effect of the Symmetry Principle we referred to in the

Introduction.

Step 2. From finitely many to infinitely many jumps. For fixed s > 0, define the set
OF ={2€ Q| |».(w)| > s and Tmz > 0}.

Just as in Step 2. in the proof of Theorem 4.1.2, we can find a symbol w, € PC(T)
so that ||w — wslleo < 8, the set of its discontinuities is precisely QF U {£1} and

s (w) = 5, (w,), VzeQfu{£l1}.

The set QFU{=£1} is finite, thus from Weyl inequality (2.4.19) and Step 1. we obtain

where s’ = (supysq |7 |lm) s. Finally, sending s — 0 and using the continuity of ¢

at t # 0 establishes the result in its generality. 0

PROOF OF PROPOSITION 4.1.4. The same reasoning of Step 1. in both proofs
above applies in this case, with only one minor change. Since we assume that 7
induces a uniformly bounded multiplier on &,, p > 1, i.e. that (4.1.23) holds, in
(4.4.46) and (4.5.54) we need to assume that 7 is a symbol so that I'()) € &,.
Then Lemma 2.4.4 shows that n(s; '™ (7)) = O4(1) and, in the selfadjoint case
ne(s; '™ (7)) = O4(1). The rest follows immediately. O

PrROOF OF PROPOSITION 4.1.5. Exactly the same reasoning of the proofs of
Theorems 4.1.2 and 4.1.3 above applies in this case, with the only difference being
that in this case 7 is no longer inducing a uniformly bounded multiplier on the
whole space of bounded operators, just on Hankel matrices. However, all of the
terms appearing in the arguments just presented are bounded Hankel operators and

so the same arguments apply in this case. 0

6. An independent proof of Proposition 4.3.5

By virtue of Theorem 4.2.1, choose the function 7y (x,y) = e~®*¥) which yields

)N * (@ »k:e_%@quk =TIG) e, =N,
4, j

)

where '™ (@) is the Poisson truncation in (4.3.38). We start our proof with the

following Lemma, similar to [22, Lemma 4.1]:
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LEMMA 4.6.1. For any m € N one has that:

- log(1 — )| 1 " N
Te I'(F)™ = | / d log(1 — 1.
r ' (7) o | coshmn) n+o(|log(1—7)[), r—

PROOF OF LEMMA. Let us define the operator L : L*(0,1) — (*(Z.) as follows

(LNG) = = / f(s)s'ds, =0,

Its boundedness can be established using the Schur test. A simple calculation yields
the identity I'(j) = LL*, from which if follows that, with I'™ (%) = I'(7,)

1
roeE) = L1, L

1

r

(L1,)(L1,)”
where 1, is the characteristic function of the interval (0,r) and so one obtains
™ Tr FO(F)™ = Tr (1,L°L1,)™, (4.6.59)

therefore we only need to compute the latter trace. Recall now that for any
bounded operator X, there is a unitary equivalence between X X* | (xx+) and
XX |ger(x+x)L- Hence, the trace of (1.L*L1,)™ and that of (1,L*L1,)™ coincide.
Note however that the operator L*L is an operator acting on L?(0, 1) whose integral

kernel is:
1

(1 —ts)’

Following the procedure described in [61], define the unitary transformation:

k(t,s) = t,s € (0,1).

U:L*0,1) — L*(R,)

Uf)(x)

1
= Cosh(x)f(tanh(x)), x> 0.

Then we have B = UL*LU* : L*(R,) — L*(R.) is the convolution operator
f(y)
B = d > 0.
B = [ Ay s

In this way, we have reduced our problem to evaluating the trace of the integral oper-
ator (1, B1,)™ , where 1, is the characteristic function of the interval (0, arctanh(r)).
By adding 0 to its spectrum, we also consider 1,B1, as an integral operator acting
on L*(R), with integral kernel

1, ()1, (t)

_— teR.
mcosh(s —t)’ S¢S

We now use the following result:
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THEOREM 4.6.2 ([40]). Let P be an orthogonal projection and B be a bounded
operator such that PB € &,. Let ¢ be such that ¢(0) = 0 and ¢" € L>(spec(B)),
then:

Tr p(PBP) — Tt Po(B)P| < ||| w(epectin | PBU — P (4.6.60)

Note that 1,L*L € &, for any r < 1 so by unitary equivalence 1,B € &,.

Furthermore, the operator B is unitarily equivalent, under the Fourier Transform,
to the operator of multiplication on L*(R) by the function

1
cosh(m&/2)’

Whence we can estimate Tr(1,B1,)™ by:

L= g [ T [ <cosh<irs/2>)md€
- e | (coshl@rs))mdf

[log(1 —r)| / 1 " _
= 7 - log(1 — 1-.
| osnmgy) 6+ oo =D,
We also have that:

¢ eR.

11, B(1—1,)|3 = [I(1.B — BL,)(1 - 1,)[5 < |I[T,, Bll3,

thus we need to find an estimate for the Hilbert-Schmidt norm of the integral oper-

ator [1,, B], which has integral kernel given by:

T.(t) — 1,.(s)
ki, s) = 7 cosh(rm(t — s))’ ts € R.

I8 = ([ # (e sjaras = [ %d

o(2) = / (L= + ) - L(y)dy

= 2min {|z|, arctanhr} < 2]z|.

It follows that

with

Whereby obtaining that

ir,BQ<C/ 12 dz < 0o.
||[ ]”2 — RCOSh2(Z) < 0
Using (4.6.59) and (4.6.60), we obtain:
- log(1 — )|
Tr( (7)™ |— B log(1 —
@y = AL () ek ofog1 - ),

asr — 17. O
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Proposition 4.3.5 now follows from a two-step approximation argument. In the first
stage, using the Weierstrass Approximation theorem and the Lemma 4.6.1, we prove
that for any function ¢ € C°(R,) one has that

o Tel@) _ 1 /R . (;) dn. (4.6.61)

r—1- |log(1 — )| T on cosh(7n)
In the second, we set r = e~/¥ and we note that we can replace |log(1 — e /")

with log(N) in the limits above and that we can write
n(t:; IV F)) = Tr Ly (I (7).
Choose sequences o= € C°(R, ) for which we have
0 <, (@) <Ley(e) <g,(r) <1, Vr,

and ¢ (z) — 1g1)(z) pointwise in = as n — co. From the properties of Tr and
(4.6.61) it follows

0610 < o [ ot (s ) 0
00,576 2 3 [ or (o ) o

Finally, an application of the Dominated Convergence Theorem gives the result.



CHAPTER 5

The spectral density of integral Hankel operators with

piecewise continuous symbols

1. Introduction

1.1. General setting and discussion. Recall that for an essentially bounded
function w on R, called a symbol, the associated integral Hankel operator is the

(bounded) operator

I@): L*(Ry) — L*(R.),

r@)f(t) = / (s + ) f(s)ds, (5.1.1)
Ry
where @ denotes the Fourier transform of w
~ 1 ~
w(t) = — / w(z)e dr, teR. (5.1.2)
27T R

Of course, the above identity is to be understood in the distributional sense.
It is easy to see that I'(@) depends linearly on the symbol w and that it is always
a symmetric operator. In particular, it is selfadjoint when & is real-valued. This is

the case, for instance, when the symbol satisfies the following symmetry condition

w(r) =w(—z), VreR (5.1.3)

In this Chapter, we focus on piecewise continuous symbols, i.e. symbols, w, for which

the following limits

w(v+) = 81_1)I(1)f1+<.u(v +e), w—)= 8l_1>r51+<,a('u —e), |v] < oo, (5.1.4)
w(oo+) = xkriloow(x), w(oo—) = xl_l)IEloow(l‘), (5.1.5)

exist and are finite. We denote the class of all such symbols by PC(R), where R
denotes the extended real line R U {£oo} with the points +oo identified. Those
points v € R for which the quantities

(W) = wlvt) ;w(v—) 40, veR,

are called the jump discontinuities of the symbol, while the associated »,(w) is
called the half-height of the jump.
75
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Since R is a compact set and the limits in (5.1.4) and (5.1.5) exist everywhere
on the line, the sets
Q, ={veR| |s,(w)| > s}
are finite for any s > 0 and so w cannot have more than countably-many jump-
discontinuities. We denote the set of its jump-discontinuities by 2. Moreover, if the
symbol satisfies the symmetry condition (5.1.3), then its jump-discontinuities are

symmetric around 0, i.e. v € € if and only if —v € € and, furthermore, we have

(W) = —2_y(w).

Consequently, it follows that |s,(w)| = |»_,(w)| and, also, at v = 0, 00 it follows
that sz,(w) is purely imaginary. Because of the presence of jump discontinuities in
the symbol, the operator I' (@) in non-compact and has non-zero essential spectrum

depending on the half-heights of the jumps as it was proved by S. Power, [49]:
speCe (I'(@)) = [0, —isep(w)] U [0, —istee (w)] U

U [_i(%v<w>%—v(w))l/2=Z'(%v(w)%—v@’))l/z} )
veQ\{0,00}

(5.1.6)
where the notation [a, b], a,b € C denotes the line segment joining a and b. Moreover,
should one assume that the symbol has only finitely many jumps and, say, Lipschitz
continuity on the left and on the right of the jumps, it is shown in [51] that the
absolutely continuous (a.c.) spectrum of |I'(@)| = /I'(®)* I'(®) has the same
banded structure and

spec,. (| T(@)]) = [J [0, [ ()]l
vEQN
where each band contributes 1 to the multiplicity of the a.c. spectrum.
For N > 1, define the “truncation” of I'(@) as the operator L*(R,)
IY@)F(0) = [ Le((s+ La(s)(5)ds. (517
Ry
where 1y is the characteristic function of the interval (N~—!, N). Just as in the

previous Chapter, our aim is to understand:

(i) the distribution of the singular values of I'™(@), when I'(®) is a non-
selfadjoint operator;
(i) the distribution of the eigenvalues of I'™)(&), when I'(@) is selfadjoint.

To this end, in the first case, we study the logarithmic spectral density of |I'(@)]
with respect to the square truncation, defined as

LDy (t: T(&)) == lim n(t; TV(@))

t>0. 5.1.8
Nooo  log(N) 7 ~ ( )
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In the self-adjoint case, we study the positive and negative logarithmici spectral

densities of I'(w) with respect to the square truncation:

. _one(6T™M(@)
LD5(t: (@) = J\}l—rfclx log(N)

t>0. (5.1.9)

The functions n(t; T™(@)), ny(t; I'™)(&)) are the counting functions and are de-
fined in Chapter 2.

As before, the [J appearing as an index in the definitions (5.1.8) and (5.1.9) is
there to stress the fact that, a priori, the functions may depend on our choice of
truncating the integral kernels of our operators to the square (N—!, N). Our aim in
this Chapter is to show that these quantities are, in fact, universal, i.e. they do not
depend on the “truncation” chosen for their definitions. Let us illustrate the results

we obtain by means of the following example:
ExAMPLE 5.1.1. Consider the symbols
i — 2tan™! 2
Yo(z) = (7 sign(z) 2tan (x))7 YoolT) = = tan"'(z), =z €R, (5.1.10)

i i
here sign(z) := =/ |z|,z # 0 and sign(0) := 0. It is clear that both symbols belong
to PC(R) and are such that vy € C(R \ {0}) and ~. € C(R). It is also very easy
to see that

#0(Y0) = o0 (Yoo) = —i-
The associated integral Hankel operators are well-known in the literature, see [46,

Ch.1], and have the following explicit form:

— o= (s41) s
1“(%)]”(16):/]R u W(SH;JC( )ds, (5.1.11)
et £ (s
R e (5.112)

In fact, in [46, Ch. 1] it is shown that the operators I'(7;) and I' (4 ) are unitarily

equivalent to the Hankel matrices:

r _{ﬂ} r _{;} (5.1.13)
0 TG +k+1) s TG +k+1) )0 o

We saw in the previous Chapter that the distribution of the eigenvalues of the N x N
truncation of the matrices I, [, FéN) and FéoN) respectively, behave asymptotically

as follows:
n(t: TN = n(t; TY) = log(N)(c(t) + o(1)), N — oo, (5.1.14)
where c(t) := 0 for ¢ ¢ (0,1] and

! (H— ”tl_tQ) , te(0,1]. (5.1.15)

1
c(t) == — arcsech(t) = = log
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Since the operators I'(5y) and I'(qs) are unitarily equivalent to the matrices
I'y and I, respectively, it is only reasonable to expect that the distribution of
eigenvalues of their “truncations” '™ (&), I'™) (&) exhibits the same asymptotic
behaviour for large values of N, or, in other words, using the definitions in (5.1.8)
that

LDu(t; T'(@0)) = LDo(t; I'(@u)) = c(t). (5.1.16)

Furthermore, since (5.1.14) holds for other types of “truncations” of the matrix, we

expect to see the same in the setting of integral Hankel operators.

1.2. Spectral densities and Schur-Hadamard multipliers. For us to be
able to state our results in their full generality, we use the concept of Schur-
Hadamard multipliers discussed in Chapter 2. Let us briefly recall this below.

Let k& : R2 — C be a measurable function, called an integral kernel, the integral

operator Op(k) is defined as the operator on L?(R.)
Op(R)F(1) = [ kit.5)f(5)ds.
R4

For a fixed bounded measurable function 7 : [0,00)? — C, called a multiplier, the
Schur-Hadamard multiplication of 7 and Op(k) is the (possibly unbounded) integral
operator on L?(R,), 7 x Op(k), whose integral kernel is given by the pointwise
product

T(t,s)k(t,s), t,se€R,. (5.1.17)

In Chapter 2, we have extended the concept of Schur-Hadamard multiplication to
include the case of a general bounded operator on L*(R,) via a limiting argument.
In the next few sections, we will be referring to such an extension whenever we talk
of the Schur-Hadamard multiplication of 7 and any bounded operator A. We also

studied the matter of finiteness of the operator norms

7]l = sup |7 Al (5.1.18)
Al=1

[7llan, = sup [T *Al,, 1<p< oo (5.1.19)
lAlle,=1

In this Chapter, however, we restrict our attention to multipliers of a specific
form. More precisely, let ¢g, poo € L®(R?%) and let N > 1 be integer. Then we

define the sequence of multipliers 7 = {7x}n>1, where for each N we have
TN (8,t) = wo(t/N, s/N)pso(Nt, Ns), t,s>0. (5.1.20)
If 7 € £>°(M), i.e. if it satisfies the following condition

17l e omy = sup || 7w [lan < oo, (5.1.21)
N>1
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we say that 7 induces a uniformly bounded sequence of multipliers. Since T is com-
pletely determined by the couple (¢g, ¥ ), We will call T a (multiplier) couple. An
easy example of a sequence of multipliers of this form is given by the square trun-

cation of an integral operator. Indeed, let

wo(t:s) = Lio,1)(H)L0,1)(8),  Poolt; 8) = L1,00)(t) L1,00) (), (5.1.22)

where 1) and 1) are the characteristic functions of the intervals (0,1) and

(1,00). Let 7 := (v0, ¥oo)- It is easy to check that T gives rise to the multipliers

TN(t, S) = ]]_(N717N)(t):ﬂ_(Nfl7N)(S>. (5123)

From which the square truncation in (5.1.7) is obtained. More concrete examples of
multiplier couples of this form will be discussed below.
Now, for a Hankel operator I'(@w) we define the logarithmic spectral density of

|I"(@)| with respect to T as

LD, (: (@) = lim "7 *T(@)

t > 0. 5.1.24
N—oo IOgN ’ ( )

Similarly, for a self-adjoint Hankel integral operator and 7 such that 7y (z,y) =
7n(y, x), we define the positive and negative logarithmic spectral densities of I'(@)
to be

s e Nt x T(@))
LD (t; I'(w)) := ]\}eréo Tog N :

Of course, when 7 = 7 as in (5.1.23), the functions LD, (¢; I'(¥)) and LDi(t; r'o))
are precisely those defined in (5.1.8) and (5.1.9).

t>0. (5.1.25)

1.3. Statement of the main results. Just as in Chapter 4, the main results
of this Chapter not only show the existence of the limits in (5.1.8) and (5.1.9), but
also, given some mild assumptions on the couple 7, their universality. Let us now

state the following assumptions on the 7:

ASSUMPTIONS 5.1.2.

(A) 7 induces a uniformly bounded sequence of Schur-Hadamard multipliers,
i.e. (5.1.21) holds;
(B) the limits
ap = lim wol(t,s),  bo= Jim, Poo(t; 5),

oo = lim gt s), boo = lim @uo(t, ),

t,s—00 t,s—00

exist and are finite;
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(C) there exist @ > 1/2 and some positive constants C,, such that for some

e > 0 one has
leo(t, s) — agl < Cqllog (s +1)[7, (5.1.26)
|Poo(t, 8) — bo| < Cy |log (s + 1), (5.1.27)
for all s,t € [0,¢];

(D) we can find f > 1/2 and some positive constants Cp, such that for all
s,t > 0 one has

po(t, ) — ase| < Cillog (s +t+2)]77, (5.1.28)
|Poo(t, ) — boo| < C|log (s +t +2)|77; (5.1.29)

Then (5.1.16) is a particular case of the following:

THEOREM 5.1.3. Suppose T = (o, poo) Satisfies Assumptions 5.1.2 (A)-(D)
with ag = b = 1 and ase = by = 0. Let w € PC(R) and Q be the set of its

discontinuities. Then

LD, (t; T'(@)) = c(t|s(w)™") (5.1.30)

vEN

where c(t) is the function defined in (5.1.15).
Analogously, for the self-adjoint case we have the Theorem below:

THEOREM 5.1.4. Let T = (o, pso) Satisfy Assumptions 5.1.2 (A)-(D) with
ag = b = 1 and a, = by = 0 and suppose that Tv(z,y) = 7n(y,x), for all N.

~

Suppose w € PC(R) satisfies (5.1.3) and let QT = {v € Q|v > 0}. Then
D P@) = 3 ¢ (ta(w) ™)

veQT
+ (t[r0(w)] ) La(—izn(w))
+ ¢ (st (W) 1) T (—istn (w)), (5.1.31)

where c(t) is the function defined in (5.1.15) and 14 is the characteristic function

of the half-line (0, £00).

1.4. Remarks.

(A) Theorems 5.1.3 and 5.1.4 are virtually the same as Theorems 4.1.2 and 4.1.3
of Chapter 4 and both generalise to integral Hankel operator the results of
Widom, [61, Theorem 4.3]. However, upon a closer inspection, the reader
may notice that they rely on a different construction and set of assumptions.
This is because we need to truncate both the regions of R3 close to 0

and “at infinity”, unlike the case of matrices where we only truncated the
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region at “infinity”. This is done to ensure that all Hankel operators with
piece-wise continuous symbols are compact. For instance, if we consider
I'(A~) and only truncate the region at infinity, say by considering the
couple 7 = (e~ 1), then the operator (7y * I'(4) with integral kernel

o~ (141/N)(s+1)

(s +1)
is not compact and so we cannot proceed onto studying the behaviour of its
eigenvalues for large values of N. However, there are a few cases for which
the results of Theorem 5.1.3 and 5.1.4 hold without truncating both 0 and
oo at the same time. The first of these cases is when we only truncate the
region at infinity. However, the trade-off is that we cannot admit symbols

with a jump at infinity, as the following Proposition states

PROPOSITION 5.1.5. Suppose w € PC(R) is so that co ¢ Q and
suppose the couple T = (po,1) satisfies Assumptions 5.1.2 (A)-(D) with

ag = 1 and as, = 0. Then (5.1.30) holds. If ¢o(t,s) = @o(s,t), then also
(5.1.31) holds.

In particular, it shows that for the couple 7 = (e~ 1) one has that
n(t; v x I'(F0)) = log(N)(c(t) + o(1)), N — oo.

It is noteworthy that, except for the fact that oo ¢ €2, we did not make any
assumptions on the finiteness of 2.

Similarly, if we only wish to truncate the region around the origin, the
trade-off is that we can only admit a symbol with a single jump at infinity,

as the following proposition shows:

PROPOSITION 5.1.6. Suppose w € PC(R) is so that = {co} and
suppose the couple T = (1, ) satisfies Assumptions 5.1.2 (A)-(D) with
bp = 0 and boy = 1. Then (5.1.30) holds. Moreover, if gos(t,s) = poo(s, 1),
then also (5.1.31) holds.

In particular, for the couple 7 = (1,1 — e~ (), we have that
n(t; 7v * I'(Fs0)) = log(N)(c(t) + o(1)), N — oo.

Both (e~ 1) and (1,1 — e~™) will be useful later to compute the
spectral density of the model operators.

In a totally analogus way to the case of Hankel matrices, Assumption 5.1.2-
(A) can be weakened by assuming that 7 does not induce a uniformly

bounded sequence of multipliers on the space of bounded operators, but
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rather on a smaller subspace. For instance, we can assume that for some
p > 1 we have
sup 17w |lom, = sup sup |7 * All, < oo. (5.1.32)
Nz 21| Allp=1
In this case we need to make a compromise on the generality of the symbol,

as the following proposition shows

PROPOSITION 5.1.7. Suppose w € PC(R) has only finitely many
Jumps and
=) (@)t = v) + 200 (@)oo (1) + 1(1)
veQ
for some m such that I'(n) € &,. If T satisfies (5.1.32) and Assumptions
5.1.2 (B)-(D) with ag = b = 1 and ax = by = 0, then (5.1.30) holds.
Moreover, (5.1.31) holds if Tn(s,t) = Tn(t,s) and w(t) = w(—t).

Another way to weaken the uniform boundedness condition of (A) is to
assume that the couple 7 induces a uniformly bounded multiplier on the

space of bounded Hankel integral operators, i.e. that the following holds:

sup sup |7y *x I'(@)]| < 0. (5.1.33)
N>1 | P(@))|-1

In this, case we have the following

PROPOSITION 5.1.8. Suppose the couple T = (o, pso) Satisfies
(5.1.33) and Assumptions 5.1.2 (B)-(D). Then (5.1.30) holds. Furthermore,
if Tn(s,t) = T (t, s) and w(t) = w(—t), then (5.1.31) holds too.

We will give some examples of multipliers satisfying (5.1.32) and (5.1.33)

below.

1.5. More on Schur-Hadamard multipliers. As we said earlier, we are con-

sidering multipliers of the form
Tn(t, 8) = @o(t/N,s/N)po(Nt, Ns),

where o and po are two bounded functions on R?. However, the most relevant
examples that the reader should bear in mind are a sub-class of such objects. Let
us describe them. Let pg € L°(R%) be so that

lim @qg(t,s) =1 and hm wo(t,s) =0.

t,s—0+

Then, the couple 7 = (¢g, 1 — o), induces a sequence of multipliers of the form

(L, 8) = @o(t/N, s/N)(1 = po(Nt, Ns)).
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Within this class fall a number of important “truncations” which appear nu-
merous times on the literature on Schur-Hadamard multipliers. It is useful to group

these in two main groups depending on whether ¢ is factorisable or not.

EXAMPLE 5.1.9 (Factorisable ¢g). This is perhaps the most straightforward class
of multipliers to deal with since we can immediately establish the boundedness of

the couple 7. To this class belong multipliers for which g can be written as

olt,s) = f(t)g(s)
where f and ¢ are bounded functions of a real variable. Then, denoting by My,

and Mg, the operators of multiplication by fy(t) = f(t/N) and gn(t) = g(t/N)

respectively, it is easy to see that for any integral operator Op(k) we have
TN * Op(k) = MfN Op(k)MgN - MfNMfl/N Op(k)th/N gN -

From which, we immediately have that the couple 7 induces a uniformly bounded
sequence of multipliers. Moreover, the triangle inequality immediately yields the

estimate
7l < (1 flscllgllos + 111219112

A first example of a multiplier belonging to this class is given by

wo(t,s) = Lo2)(t)L(0,2)(5)-

It is easy to see that the couple 7 = (o, 1 — ¢g) is just a disguised version of the
couple 7 inducing the square truncation in (5.1.23).

Another, easy example of such a multiplier is obtained by taking
@olt,s) = e W) = etes,

Then, by our previous remarks, the couple 7 = (o, 1 — ¢g) induces a uniformly
bounded sequence of multipliers. Since it also satisfies all of the hypotheses of The-
orems 5.1.3 and 5.1.4, then (5.1.30) and (5.1.31) hold.

ExXAMPLE 5.1.10 (Non-factorisable ¢g). In contrast to the earlier case, this class
is far richer since it contains multipliers that can be
(i) uniformly bounded on &,, p > 1 while being unbounded on the space of
bounded operators;
(i) uniformly bounded on the space of bounded Hankel integral operators, and
unbounded on the bounded operators;
(iii) uniformly bounded on the space of bounded operators.

For the first case, let
QO()(t, 8) = ]]_(071) (t + 8).
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The couple T = (v, 1 — o) induces the main triangle projection, discussed in
Chapter 2, where we showed that the induced multipliers are not uniformly bounded

on the space of bounded operators on L?(R. ) since we have

log(d) — 1/
+!og() \

1
> —log(N) |1
I lon = = log(N) ( e

> , VN,6>0.
Thus Theorems 5.1.3 and 5.1.4 do not hold. However, Theorem 2.3.5 shows that
7y is uniformly bounded on the Schatten classes &, whenever p € (1,00) and so
Proposition 5.1.7 holds.

In the second case, the results of [13] show that if we choose ¢y to be the

characteristic function of the region
Ees ={(t,;s) € (0,1)* | y +ex < 8},

then for € # 1 and any 0, the couple T = (¢g, 1 — o) induces a uniformly bounded
sequence of multipliers on the space of bounded Hankel integral operators, albeit
being unbounded when acting on the whole space of bounded operators. Note that
when ¢ = 1 and ¢ = 1, the couple (g, 1 — ¢p) induces the main triangle projection
discussed above. Therefore an appropriate choice of parameters J,e provides an
example of a couple that satisfies the estimate (5.1.33) and Assumptions 5.1.2 (B)-
(D), and so Proposition 5.1.8 holds.
Finally, choosing ¢y to be the function

@olt,s) = (1—(t+s)) Loy(t+s),

we obtain an example of a couple that induces uniformly bounded multipliers, 7y.

Indeed, observe that (¢, s) is the restriction to R? of the function

4 ,
(I=|t+s|) L ipy(t+s) = 5_2 sin? (g) e—zf(t+s)d57
R

and so Theorem 2.1.7 together with the triangle inequality shows that

I llan < [(20) v llom + 1l (wo) v lloml | (90) 1/ om

s 7'('2

< - 4
_2N+4’

thus (¢o, 1 — @) induces a uniformly bounded sequence of multipliers. In addition,
we note that the couple (¢g, 1 — o) satisfies the hypotheses of both Theorem 5.1.3
and 5.1.4, thus (5.1.30) and (5.1.31) hold.

1.6. How the proof works: basic ideas. The proof of the Theorems 5.1.3

and 5.1.4 follows the same strategy used to prove the main Theorems 4.1.2 and 4.1.3.
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Let us explain their main points, starting with the proof of Theorem 5.1.3. As a first

step, we decompose the symbol w with finitely many steps into the sum

= (@) +n), teR,

vEQ
where v,(t) = —iv(t — v) if |v] < 0o and 7, (t) = Y(t) otherwise. Both 7y, Ve
are the symbols defined in (5.1.10) and 7 is some continuous function on R. Once
we have the decomposed the symbol, we proceed onto a term-by-term analysis of
all of the summands and their interactions with one another. The first step in this
direction is to eliminate the contribution coming from the compact operator I'(n).
To do this, we use the fact that for any couple 7 satisfying (A) and (B), Lemma
2.4.4 shows that
n(s;mv x I'(0)) = O05(1), N — oo,
from which the Weyl inequality (2.4.18) gives that

LD, (t; I'(@)) = LD, ( Y s(w) A, >

vE
In this manner we have reduced our problem to studying the logarithmic spectral
density of a finite sum of very well-understood integral Hankel operators. The In-
variance Principle Theorem 2.4.6 can now be used to deduce that for any couple T
satisfying Assumptions 5.1.2 (B)-(D)

o (1 Zernn) i (- T r)

The latter identity now allows us to use a hands-on approach to show that the
products of the square truncations of the operators I'(,) are almost orthogonal, in
the sense that

rYE,) r'"aE,), rYE,) r'E.)
are Hilbert-Schmidt operators uniformly in N whenever v # w, see Theorems 5.3.2

and 5.3.3 below. Finally, using the Asymptotic Orthogonality Theorem 2.4.7, we

arrive at the conclusion that the logarithmic spectral density of the sum
PREACRACH)
ve)

is localised around the jumps, in the sense that we can write:

LD (t;Z%v(w) ) Z LDg (t; 520 (w) (7)) -

veE) vEQN
This is yet another instance of what is known in the literature as Localisation Prin-
ciple, i.e. the fact that the jumps of w located at different places on the real line

contribute independently to the spectral properties of I'(@).
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Following this reasoning, we have now arrived at computing the spectral density
of the operators s, (w) I'(5,) with respect to the couple 7. Using the results of [22]
and, once more, the Invariance Principle Theorem 2.4.6, we easily obtain that for
any v R

LD (t; 5, (w) T'(Fy)) = c(t s (w)| ), >0,

where c is the function defined in (5.1.15). Putting all the pieces together, we finally
obtain the equality in (5.1.30).

The proof of Theorem 5.1.4 roughly follows the same ideas. However, at some key
points of the proof we use the fact that w satisfies the symmetry condition (5.1.3)

to decompose is as follows

w(t) = Y wult) + 20(w)vo(t) + 2o (@) Voo (t) + (t),
veQt
where 7 is some continuous function on R, QF = {v € Q|v € (0,00)}, Yo, Yoo are
the symbols in (5.1.10) and

wy (1) = 22 (W) (1) + 20 (W) 70 ().

With such a decomposition at hand, and following the same steps as before, we

arrive at the following identity:
LD (t; I'(@)) = LD5(#; s0(w) I'(F0)) + LDF(f; 3200 (w) I (Fes))
+ 3 LDE(H I (@)
veQt
From this, we now need to compute the upper and lower logarithmic spectral densi-
ties of the operators I'(@,) as well as s (w) I'(Ys) and s¢(w) I'(5p) with respect
to the square truncation 7. However, an argument based on the fact that the op-

erators I'(4) and I'(5p) are positive definite operators, immediately shows that
LDE(t; 20 (w) T'(F0)) = L (—ismp(w))e(t |20 (w)| ),
LDZ(t; 00 (w) I (Foe)) = L (—istoc (w) et 520 (w)] ),

where 14 is the characteristic function of the half-line (0, £00). Moreover, since the
symbol w, € C“(R \ {£v}) and has jumps symmetrically located at +v, Theo-
rem 5.3.6 together with the Asymptotic Symmetry Theorem 2.4.9 shows that the
upper and lower logarithmic spectral densities of I'(@w,) equally contribute to the
logarithmic spectral densities of |I'(@,)]|, or in other words
- 1 ~ _
LDE(1 T(@,)) = 5LD(: T(@) = clt ()| ).
The last equality follows directly from Theorem 5.1.3. The equality above is, in fact,
another instance of the general philosophy that symmetrically located jumps of w

should contribute equally to the spectral properties of the associated Hankel integral
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operator. This phenomenon has been referred to as the Symmetry Principle, by the
authors of [54]. Putting all of the pieces together, we finally obtain the sought after
equality (5.1.31).

Extending the results to symbols with infinitely many jumps requires a simple
limiting argument, relying on Assumption (A), which reprises the one originally

presented in [50] and, subesequently, presented in [46, Chapter 10].

2. An abstract property of spectral densities of integral operators

2.1. Setup. In this section, all operators are bounded integral operators on
L*(R;) and || - ||, denotes the norm of the &, Schatten class, p > 1. We will make

use of the following subspace of the bounded integral operators:
Op(k) € By <<= |k(t,s)| <C(t+s)"", VtscR,. (5.2.34)

It is fairly easy to chech that if Op(k) € By, then || Op(k)|| < Cm. We also need the

following two subspaces of B:

Op(k) € BY <= Op(k) € B and |k(t,s)| = O ((t+s)%), sx<1,ts5—0,
(5.2.35)

Op(k) € BY® <= Op(k) € B and |k(t,s)| = O ((t+5)77), »>1, 15— co.
(5.2.36)

For the couple 7 = (g, ¢), we have already defined the meaning of 7 x Op(k).
Suppose now that 7 satisfies both (C) and (D) in Assumptions 5.1.2 with ap = by =
1 and by = ae = 0, then 7y x Op(k) € &, for any Op(k) € B, because of the

immediate estimate:

I % Op(k)||2 = // e (t, $)Vh(E, 8)[2 dtds
R2

1
< O// 5 dtds.
r2 log (5 +2)7 (s +1)2

We remark that ||7n x Op(k)||2 may not be uniformly bounded in N. We shall see

below when this is the case. Similar estimates (at least in spirit) show that 7y *Op(k)
is a Hilbert-Schmidt operator if either by # 0 and Op(k) € ‘B(()O), or s # 0 and
Op(k) € B .

With this observation at hand, it is evident that for Op(k) € By, the functionals
LD, (t; Op(k)), LD, (¢; Op(k)) defined in (2.4.13) and (2.4.14) respectively are well-
defined. Similarly, if Op(k) € By is self-adjoint and 7y(t,s) = 7n(s,t) for all N,
then the functionals Ef (t; Op(k)), LD (t; Op(k)) are well-defined too.
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2.2. Invariance of spectral densities. We are now interested in studying
how these functions depend on the sequence of multipliers 7y and, ultimately, on

our choice of functions g, Y. To this end, we have the following theorem:

THEOREM 5.2.1. Let 7V and 7 satisfy (B)-(D) in Assumptions 5.1.2 with
bg) =a =0 and b = ag) = 1. Then, for any Op(k) € By, we can find a constant
C' such that

[(zV = @), *Op(k)]||, < C,

thus the estimates of the Invariance Principle Theorem 2.4.6 hold. Moreover, the

same is true if

(i) Op(k) € %(()0) and a(()i) =¥ =1, ¥ =1 and, if non-zero, we have b(()i) =1;

(ii) Op(k) € ‘Béoo) and a((f) =Y = 1, b((f) = 0, and, if non-zero, we have

@éi) =1.

REMARK 5.2.2. Note that the values of the limits b(()i) and a%) in (i) and (ii), when

non-zero, need not coincide. We can have, for instance, that b(()l) =0 and b((f) =1.
To this end, we need the following

LEMMA 5.2.3. Let Op(k) € By. Suppose o = (@0, voo) Satisfies (B)-(D) in As-
sumptions 5.1.2 with as = by = 0 and either ag = 0 or by, = 0, then ony*xOp(k) € Sy

and furthermore
sup ||loy * Op(k)||2 < oo. (5.2.37)
N>1

Moreover, (5.2.37) holds when:

(i) Op(k) € %(()0) and we have ay = G = boo = 0 and by # 0;
(11) Op(k) € %éoo) and we have ag = by = boo = 0 and a, # 0.

PROOF OF LEMMA 5.2.3. For brevity, set oy x Op(k) = Op(ky), where ky =

TN - k. We need to estimate the following

| Op(hn)|2 = / / Ik(t, o (t, ) dids

2
< C// low(t,s)[ 8)2| dtds.
Ri (t + S)

We will show that the latter integral is finite. To do so, define the set 2 := {(¢,s) €
R? | t+ s < e} and let Q¢ := R2 \ Q. Let us assume, to begin with, that ag =
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0,b0 # 0. Then
// lon(t, ) dtd // [o(t/N, 5/N)pss (Nt, Ns)|” dids
RQ t+8 R2 t+8)
N N
R2

/ |90° dtd (=1,

|900( 73)’ —
+0/QC s, (=1

The inequality in the second line is obtained from the fact that po, € L>(R%), while
the subsequent equality comes from the change of variables t = Nz, s = Ny and
from writing R% = QU Q°. Since ¢ satisfies Assumption 5.1.2 (C) with ag = 0, then

// dtds
]10g ((t+ 8))|* (t + )2

Cy
>~ Ca 20 2a—1
0 Allog( )| (2a — 1) [log(e)|

where the equality on the second line comes from the change of variables A = e™*.

Now, since ¢ satisfies Assumption 5.1.2 (D) with a., = 0, we also have

dtds
n<c [ s
clog(t+s+2)" (t+s)

> 1
< (] ——————dt < 0.
- 5/5 tlog(t + 2)%° >

Since the integrals I; and I, are uniformly bounded, the result holds.
A similar argument shows (5.2.37) when ag # 0, b, = 0.
Suppose that (i) holds, then we can write

| Op(kn)I2 = / / 16o(t/N. 5/ N Yoo (N1, Nk, ) dtds
< 0// oo (N, Ns)k(t, s)|? dtds

(Nt,Ns)
< C'/ oo (Nt N's) dtds (:=J1)
(t 4 s)?

|9000(Nt NS)’ ._
+C/Qc (15 52 dtds, (:=Jo).
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Using the fact that ¢, is bounded, we have that

dsdt
J1 < || Pooll oo
s < el // O

<C/ t274

The finiteness of the latter 1ntegra1 is guaranteed by the fact that s < 1. Also, since

o satisfies Assumption 5.1.2 (D) with by, = 0, we have
dsdt
Jy < C
2= ﬂ//c (s +t)?log(N(s+1t) + 2)%
_C // dsdt
R . (s +1t)?log(s+t+2)%

<C// dsdt
g ¢ 3+t210gs+t+2)

<C _— :
ﬁ/s tlog(t—|—2) =0

Since both J; and J, are uniformly bounded in N, estimate (5.2.37) holds in this
case.

A similar argument to the one just presented shows that (5.2.37) holds when (ii)
holds. U

PROOF OF THEOREM 5.2.1. The estimates contained in the Invariance Princi-

ple Theorem 2.4.6 holds when for the couples 7Y as above one has:

sup [|(Y — 7) 5 % Op(k)||,, < o0,
N>1

for some finite p > 1. However, note that we can write
() = 2®)x x Op(k) = (¢ = a®)n x Op(k),

where US) and 01(5)

oW = (o) - e, o), 0@ = (o, o - ¢@).

Therefore, by the triangle inequality it is sufficient to show that both the quantities

are multipliers induced by the couples

sup [la'y) « Op(k)|l,,  sup g% * Op(k) |,
N>1 N>1

(2)

are finite for some p > 1. Notice, however, that the couples ¢V, g® satisfy the

hypotheses of Lemma 5.2.3, and so for p = 2 we obtain

sup |lc\V x Op(k)]|2 < oo.
N>1

The assertion now follows immediately. 0
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3. Asymptotic orthogonality and densities of model operators

3.1. Model operators and their factorization. We now move on to study-
ing two simple model operators which will be useful later on in the proof of our main
results. As a matter of fact, we already mentioned in the Introduction two different
symbols which have a single jump at 0 and at oo respectively, see (5.1.10). Let us
recall them here:

(msign(z) — 2arctan(x)) _ 2arctan(z)

70(13) = i ) ’Yoo(l’) = T, r € R.

As we mentioned at the beginnning ot the Chapter, both =y and -, have a single
jump at 0 and oo respectively, and (7)) = #00(Yoo) = —i. Furthermore, their
Fourier transforms are well-known to be:

1—et et
Yoo(t) = —, t>0. 5.3.38
— e(t)=— ( )

The associated integral Hankel operators I'(Jy) and I'(¥s) can be used to model

’/7\’0(75) =

two different situations: that of a jump at a finite point for the former, that of a
jump at infinity for the latter. To model a jump at v € R, however, we need to

slightly modify the symbol by defining the following:
Yo() = Yo(z —v), x€R. (5.3.39)
It is easy to check that for any v one has that 4,(t) = e !5, (¢) and so

I'(¥y) = Uy I'(%0) U, (5.3.40)

where U, is the unitary operator of multiplication by the exponential e~®! on

L*(R,). Let now L be the operator on L?(R,) given by
1

T VT,

The Schur test, [29, Theorem 5.2] shows that ||£]| < 1 and a simple computation

shows that

Lf(t) e " f(s)ds.

LEMMA 5.3.1. The operators I'(%y), I'(Ns) have the following factorization:
I'(7o) = L1,L, I'Aw) = L1L, (5.3.41)

where 1o and 1 are the characteristic functions of the intervals (0,1) and (1,00)

respectively.

3.2. Model symbols with jumps at finite points. The representations
(5.3.40) and (5.3.41) can be used to show that the jumps at two distincts finite
points do not interact with each other. In other words, that the following theorem

holds
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THEOREM 5.3.2. Let vy, vy be distinct points on the real line. Then
sup || T (F,,)* T™F,) |2 < oo, (5.3.42)
N>1
sup | T (50,) T (Fr)"[l2 < oo (5.3.43)

Proor. We will only show (5.3.42) as (5.3.43) is proved in exactly the same

way. Note that using (5.3.40) and (5.3.41), we have that
r'™@F,,) TN @) = 1U;, @)U, IvUa, TN (F0) U,
= 1InU, L1,LU; InU,, L10LU,, 1,
and so, it is sufficient to show that

sup H]lgﬁU;kl]lNUwﬁ]lo”g < Q.
N>1

Note now that the operator Ay := 1oLU; 15U,,L1, has integral kernel given by

e—ﬁ(t—i—s—i(m —v2)) _ 2N (t+s—i(vi—v2))

m(t+s—i(vy —v9))

an(t,s) = To(t)

And so we have

1 1
lAn]3 = / / lan(t, )| dsdt
/ / dsdt
<=
(t+5)? + (v — v2)?
= / ( ! (—8 1 > — tan~! (—S )) ds
7T2 |?)1 - U2| |Ul - ,02| |U1 — ?}2|
: ()
e N LI
- o |U1—U2| |1 — vg]

Thus we have that

~ - 4 B 2
sup | T (3,,)* T &, < ———— tan™! <_) o

N>1 772|Ul —U2| |Ul —U2|

To(s). (5.3.44)

O

3.3. Model symbols with jumps at a finite point and infinity. The rep-

resentations (5.3.40) and (5.3.41) can also be put to use in showing the symbol with

a jump at a finite point and one with jump at infinity are asymptotically orthogonal

in the sense specified below:
THEOREM 5.3.3. For any v € R, we have

sup | I'™(3,) T'™ (30 )|z < co.
N>1
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PROOF OF THEOREM. Using the representations (5.3.40) and (5.3.41), we have
that

F(N) (;Y\v) F(N)(:?oo> = :H‘NU’U F('/)\'O)UUILN F(N)(;;’oo>
= INUL10LU A NLL LTy,

and so we will have proved the statement once we manage to show that

sup ||AN||62 < 00,
N>1

where Ay := 10LU,1yL1. As before, this follows from the fact that |£|| < 1 as

well as ||Ly|| = 1 and the estimate
1T @) T Foo) 2 < [1Aw]l2- (5.3.45)

The operator Ay has integral kernel given by

— SR o —2N(sttiv)

e
t,s) = To(t 1o(s), t,s>0. 5.3.46
on(t5) = Lo(t) s La(s), ks (5340
So, explicitly we have
s+t+7/u 6—2N(S+t+i1}) 2
|AN|3 = / / dsdt
(s +t+iv)

< 2// ———dsdt
™ S+t

4 log(2

2

This, together with (5.3.45) gives the result. O

3.4. Asymptotically symmetric symbols. In this section we study Hankel
integral operators whose symbol satisfies the symmetry condition (5.1.3). Our aim
is to show that under certain condition on the symbols, see below, I'(@) is almost
symmetric in the sense of the Almost Symmetry Theorem 2.4.9. To begin with, let

s(t) = sign(t),  £#£0, (5.3.47)

1, t=0.
It is easy to see that the operator of multiplication by s is unitary on L?(R) and so
the operator of convolution by its Fourier transform, Cs, is unitary on L*(R.).
Let us now consider the couple 7 = (1,e~(*+*). With such a choice of multiplier

couple, we have that

n* (@) =e "N T(@)e N = I(pin *w), (5.3.48)
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where e ¥V denotes the operator of multiplication by e */" and p; /N 1s the Poisson

kernel p, with y = 1/N, defined as

_ Y

(2 +y?)’
It is easy to see that from the first equality in (5.3.48), it follows that if I'(@) € &,
then

py(t) y>0,teR.

[+ T(@)]le, < [ T'(@)]ls,- (5.3.49)

Before proving the main result, let us recall the following definition

DEFINITION 5.3.4. For a symbol w, its singular support, sing supp w, is the small-
est closed set, S such that w € C®(R\ S).

We will also need the following lemma:
LEMMA 5.3.5. Let w € L*(R). The following estimate holds
[p1/n WL < |l @ |[Lm)-

Furthermore, pi/n * w — w locally uniformly on singsuppw as N — co. The same

is true for all of its derivatives (p1/n * W)™,
With this at hand, we are now ready to prove the following general

THEOREM 5.3.6. Let w € PC(R) be such that w(z) = w(—x) and such that
0,00 ¢ singsuppw. Then, with Cs being the unitary operator of convolution by s,

we have

sup |Cs T (pi/w *w) + T'(pin *w)Csle, < 0. (5.3.50)

PROOF. For simplicity, let us write wy = py/n * w. As discussed in Chapter 3,
the operator I'(Wy) is unitarily equivalent, under the Fourier transform @ to the
operator

H(wN) = P+CUNJP+,
where Pj is the orthogonal projection from L*(R) — H?(R) and Jf(t) = f(—t).

Thus, showing (5.3.50) is equivalent to proving the finiteness of

sup |sH (wn) + H(wy)s||s, -

Since 0,00 ¢ singsupp w, we can write w = ¢ + n for some 1 € C"”(R) and some
¢ vanishing identically in a neighbourhood U of 0 and co. With this decomposition

of w, we can see that

H(wy) = H(en) + H(ny).
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Since m is smooth, H(n) € &; and so the triangle inequality together with (5.3.49)
imply that

sup |sH(wn) + H(wn)s|le, < 2(H(N)|s, + sup |sH (¢n) + H(pn)s||s, -

So, without any loss of generality, we can assume w vanishes identically on a neigh-
bourhood, U, of 0 and cc.

Fix now a smooth, even function ¢ such that 0 < ¢ < 1, it vanishes identically on
some open V' C U so that 0,00 € V and { =1 on R \ U.Then, we can write:

sH(wy)+ H(wy)s =sH((1 -¢)wny)+ H((1-¢{)wn)s

Let us study this decomposition more carefully. In the first line, the triangle inequal-

ity yields
sup IsH((1—-¢)wy) + H((1 - ¢ wy)s|le, < 2s%p |H((1-¢)wn)|e,. (5.3.52)

Using Lemma 5.3.5 and the fact that (1 — ¢)w = 0 on R, we conclude that ((1 —
¢) wy)” — 0 uniformly on R. Therefore Lemma 3.3.2-(ii) gives

sup | (1= Qwn)lle, < sup(l|w =) + O+ 8321 = ¢ wn) " r2my) < oo
(5.3.53)
For the operators appearing in the second line of (5.3.51), write

sH(Cwy) + H(Cwy)s = ([s, Pr]Q)wy JP. + Prwy J (C [Py, 5]) .

Let us now prove that the commutators [s, P, | ¢, ¢ [s, Py] € &;. By our choice of s
and ¢, we have Js = —sJ and J{ = {J, whereby it follows

s, Py] ¢ = 5P ( —sCPy +5CP, — Pis¢ =s[P,, (] +[sC, Py,
Cls,Py] =¢sP, — Pys¢+ Pys¢ — (Ps = [s¢, P, ]+ [Py, (]s.

Moreover, our choice of ¢ gives that the product s¢ € COO(R), thus Lemma 3.3.3-(ii)
imply that [s, P.| ¢, ¢ [s, P.] € &;. Finally Lemma 5.3.5 and the triangle inequality

give

sup [|sH (Cww) + H(Cwn)slle, < @ llz=m(lls; Pr]Clle, + 1€ 1P 8] fle,) < oo

(5.3.54)
Putting together (5.3.52), (5.3.53) and (5.3.54) and using the triangle inequality on
(5.3.51) gives the assertion. O
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3.5. Spectral density of the model operators. Before moving on to finding
an explicit formula for the spectral densities of the model operators, we introduce

the following terminology:

DEFINITION 5.3.7. We say T = (@0, @) is an admissible couple for I'(7y) if it
satisfies (B)-(D) in Assumptions 5.1.2 with ag = by = 1, ax = 0 and when non-zero,
by = 1.

Similarly, we say 7 = (g, ¥so) is an admissible couple for I'(7,,) if it satisfies

(B)-(D) in Assumptions 5.1.2 with ag = by, = 1, by = 0 and when non-zero, a,, = 1.

PROPOSITION 5.3.8. Let T be an admissible couple for I'(qy), then fort > 0

LD,(t; T'(Ap)) = % sech™(t). (5.3.55)
Furthermore, if 7x(t, s) = Tn(s,t) for all N, we have fort > 0:
LD! (t: T () = %sech_l(t), LD (: T () = 0,1 > 0. (5.3.56)
Similarly, if T is an admissible couple for I'(Y), then
LD, (t; T'(As)) = % sech™'(t), t>0. (5.3.57)
If Tn(t, s) = Tn(s,t) for all N, we have:
LD} (t; T (V) = % sech™'(¢), LD (; I'(A)) =0, t>0. (5.3.58)

PROOF. Let us begin with (5.3.55). The couple ¢ = (e~***) 1) is admissible for
I'(7p). Thus, for any other admissible couple 7, Theorem 5.2.1-(i) gives that

L0, (t + 0: ' (30)) < LD, (1: T(30)) < [D,(t — 0: T'(3o). (5.3.50)

LD, (¢t + 0; I'(5)) < LD, (t; I'(30)) < LD, (t — 0: T'(50)) (5.3.60)

Similar inequalities hold for the upper and lower logarithmic spectral densities of

I'(7o) if 7y (t, s) = 7 (s, t). It is therefore sufficient to find the logarithmic spectral

density of I'(qp) with respect to g. An argument similar to the one presented at the
end of Chapter 4, exploiting [22, Lemma 4.1], shows that

~ ~ 1 _
LD (1 T(R0)) = LD (¢ I'(50)) = — sech™ (1), (5.3.61)
LD, (t; I'(%%)) = 0. (5.3.62)

Similarly, to prove (5.3.57), we choose the couple ¢ = (1, 1 — e~(*%)). So for any

other admissible couple for I'(¥,,), Theorem 5.2.1-(ii) gives that

o(t+0;T'(Yoo)) < LD (4 I'(3c)) <
o (t+0; I'(¥s)) < LD, (£ I'(¥e0)) <

o(t = 0; I'(Vs0)), (5.3.63)

L
L L(t—0: T(Fa)). (5.3.64)

UU

L
L

UU

L
L

|
U U
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The same inequalities also hold for the upper and lower inequalities if 7y(t,s) =
7n(8,t). Therefore, analogously to the case of I'(5p), an application of [22, Lemma

4.1] together with the arguments in the Appendix of Chapter 4 gives

LD, (t; I'(As)) = LD} (t; T'(A)) = % sech™ (), (5.3.65)
LD, (t; I' () = 0. (5.3.66)
O

COROLLARY 5.3.9. Let v € R and let ~,(t) = vo(t — v) and let T be admissible
for I'(Ap). Then identities (5.3.55) and (5.3.56) also hold for I'(7,).

PROOF. If we choose ¢ = (=t 1), (5.3.40) yields

O'N*F(%v) = UH(O'N*F(%O))UIU, (5367)
where U, is the unitary operator of multiplication by the function e~**. Conse-
quently, for the singular values of oy * I'(5,) we have

sp(oy * T'(7,)) = sploy * T'(7p)), n > 1. (5.3.68)

Thus we obtain that n(t; oy *I'(7,)) = n(t; on*I'(F)). So for any admissible couple
7, the result follows at once from the definition of the functions LD,, LD;E, Theorem
5.2.1-(i) and Proposition 5.3.8. O

4. Proof of Theorem 5.1.3

The proof of the result will be broken down in two Steps. We also recall that €2
is the set of jump-discontinuities of the symbol w and c is the function in (5.1.15).
Step 1. Finitely many jumps. Suppose that € is finite. Setting ~,(x) = —ivyo(z —v),
with 7o being the symbol defined in (5.1.10), write

wz)= Y (@)r(®) + (@) ye() + (), (5.4.69)
v\ foc)

where m is continuous on R. Of course, s (w) may be zero, in which case the

corresponding quantity does not appear in (5.4.69). Let ¥ denote the symbol

U(r)= Y (@) r(®) + s (w)vee(@),
v\ (o0}

then using Weyl’s inequality (2.4.18) one obtains the inequalities

~

n(t+ s;7y * L(W)) — n(s; 7w « T'(A)) < n(t; 7y« T(@)),
<n(t—s;7n * L(W)) +n(s; 7 * I'(7)),

n(t; 7y x I'(@))
where 0 < s < t. Since I'(n) is compact, Lemma 2.4.4 shows that

n(s;7y * I'(7)) = Os(1), N — o0
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and so, using the definition of the functionals LD _, LD, we deduce that for any ¢ > 0
LD, (t; I'(@)) < LD.(t — 0; ['(W)), (5.4.70)
LD, (t; I'(@)) > LD, (t + 0; I'(®)). (5.4.71)
By the linearity of the Fourier Transform, one has that

T(t)= > s(@)Fu(t) + 500(w)Tuo(t)

vEQ\{oo}

1—et et

> a(w)e wt+%oo(w)—t. (5.4.72)
veQ\{oo} g

Thus I'(¥) € By. Thus, using the couple 7, = (o, ¢se) defined in (5.1.22), which
induces the square trancution discussed in the Introduction, and Theorem 5.2.1,

applied to the operator I" (‘i’), gives

LDg
D

(t —0; I'(¥)), (5.4.73)
ot +0; (). (5.4.74)

LD, (; I'(¥)) <
LD, (t; I'(®)) >

—

For brevity, set I'™)(3,) = (70)x * I'(3,). Now Theorem 5.3.2 and Theorem 5.3.3,

give that whenever v # w

sup [| '™ (3,)" T (F,)|le, < oo,
N>1

sup | T (3,) T (,)*[ls, < 0.
N>1

Thus the Asymptotic Orthogonality Theorem 2.4.7, implies that for t > 0

LDy (; T'(®)) < Z LDn(t — 05 5¢,(w) T'(Ay))

vEN\{oo}
+ Do (t — 0; 5200 (W) ') (5.4.75)
LDL(t: T(®)) > > LDyt +0;5(w) I'(7)
vEQ\{oo}
+ LD (t + 05 2200 (w) I'(H0)) - (5.4.76)

Finally, since the couple 75 is admissible for both I'(qp) and I'(vs), Proposi-
tion 5.3.8 and its Corollary 5.3.9 together with (5.4.70), (5.4.71), (5.4.73), (5.4.74),
(5.4.75) and (5.4.76) and the continuity of ¢ at ¢ # 0 give that

(6 T@) <3 e (ﬁ) |

(
L. (7@ = Ye ).

(@)) proves the assertion.

H
=
o
o
o
S.
S
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n
=)
o
s
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REMARK 5.4.1. We note that (5.4.75) and (5.4.76) hold if we consider any sym-
bol w which is smooth except for a finite set of jumps discontinuities. These two
together are yet another instance of the Localisation principle we referred to in the

Introduction.

Step 2. From finitely many to infinitely many jumps. Suppose now that {2 is infinite.
Define the sets:

Q={veR| s(w)| >27"},
Qp={veR |27 < |xwW)| <2}, n>1

As we mentioned earlier, these are finite. Let 1),, be bounded functions such that
P, € C'OO(R \ @), 2,(¥,) = 3, (w) for any v € Q,, and such that
190 |0 = max[se,(w)].

Let @ =5 ¥, € L*(R). Since w —¥ € C(R), the operator I'(w — ) € 6,
and so, by Lemma 2.4.4 once again we obtain

L(t: T(@)) < LD (t — 0; (W),

L
(t: T(@)) > LD, (t + 0; I'(®)).

For a fixed s > 0, let M be so that | — ¥ y||o < s, where @y, = S . The

uniform boundedness of 7 then gives
o+ () = P < (09 Irllon ) 19 =~ Wl < (51 vl ) 5= o
N>1 N>1
Letting Qy = UM Q,, we then obtain that:

D, ( (@) <D, (t — 85 T(Fy) = 3 ¢ <t—_3> |

: _ <\ Paw)]
. PPN t+¢
LD, @) 2 LD, (¢ + D) = 3 L1,

M

Since the symbol @,, has finitely many jumps, Step 1. gives the equalities above.
Finally, sending s — 0 and noting that there are only finitely many v € €2 such that
t < |5,(w)|, one obtains

LD, (@) = 0, 1@) = e ().

veQ |%U(w)|
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5. Proof of Theorem 5.1.4

Just as in the proof of Theorem 5.1.3, we break the argument into two steps,
and use the same notation as before for the operator 7y x I'(&) and for the symbols
. We also set QF ={v e Q| v >0, v < oo}

Step 1. Finitely many jumps. Just as before, suppose that the symbol w has finitely-

many jump-discontinuities. Define for v € QF the function

wy(7) = 20 (W) (@) + 20, (W) -0 (2),

then for some n € C (R), we can decompose w as

w(r) = (%o(w)%(ﬂf) + o0 (W) Yoo () + ) wv(x)> +n(z). (5.5.77)

veQt

If w has no jump at 0 and oo, the corresponding quantities do not appear in the
above. Denoting by W the sum in the brackets, Weyl inequality (2.4.19) gives for
0<s<t

-~

ni(t+ sy * I'(W)) = n(s; 7w x (M) < na(t; 7y« (D)),
ne(t;7y * (@) < ny(t — 57y * T(®)) + ny(s;7v * T(7)).

By Lemma 2.4.4, we obtain that ny(s; 7y = I'(77)) = O4(1), and so, for any ¢ > 0, it
follows that

[D, (t; I'(@)) < LD, (t — 0; T(¥)), (5.5.78)
LDE(t; I'(@)) > LDE(t + 0; T'(W)). (5.5.79)
Since the symbol W is so that
“T'(t)( < % t>0,

-~

then I'(W¥) € B, and so, by Theorem 5.2.1, it suffices to prove our result for the
couple 7y = (g, Poo) defined in (5.1.22), which, as we said before, induces the square

truncation. Theorems 5.3.2 and 5.3.3 give that the operators

#0(w) I'(F0), #oo(w) I'(Yec), T'(@0)
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satisfy the conditions of the Asymptotic Orthogonality Theorem 2.4.7 and therefore
we obtain that for ¢ > 0

D5 (t; I'(® <) D (t — 0; T'(@,))

+ D5 (t — 0; 520(w) T'(3p))
+E§(t — 0; 500 (w) T (F0)) (5.5.80)
LDE(H (W) > Y LDA(t+0; I'(@,))

+ LD5(t + 0; 5200 (w) T'(F0))
+ LDF (t 4 0; 590(w) ' (7)) (5.5.81)

Now, for v = 0,00, the operators s,(w) I'(5,) are sign definite, and furthermore

one has that
sty(w) I'(F,) > 0 (resp. < 0) if —isg,(w) >0 (resp. <0).
In either case, Proposition 4.3.5 gives that
LD5 (154, (w) T () = L (=i <w>>ﬁ (t mw) I'(.))
= 14 (—ise,(w))e (]2 (w)| ) (5.5.82)

where 1, is the indicator function of Ry = (0, £00).
Puttin together the results of Theorem 5.3.6, the Almost Symmetry Theorem 2.4.9
and Theorem 5.1.3 just proved, we get that for any v € QF

[0 (1 T(@.) = 5105 ( ()
= ¢ (t e, (w)] ). (5.5.83)

Using (5.5.82) and (5.5.83) in (5.5.78), (5.5.79), (5.5.80) and (5.5.81), and by the
continuity of the function c at ¢ # 0 we finally arrive at the sought-after equality
(5.1.31).

REMARK 5.5.1. As we wrote earlier in the Introduction, if the symbol satisfies
(5.1.3) and has a pair of jumps at 4o, then (5.5.83) shows that the upper and
lower logarithmic spectral density of I'(@) contribute equally to the logarithmic
spectral density of |I'(@)|. This is an effect of what is known in the literature as the

Symmetry Principle, mentioned in the Introduction.

Step 2. From finitely many to infinitely many jumps. For fixed s > 0, define the set

QFf ={ve Q| |»w)| >sand v > 0}.
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Just as in Step 2. in the proof of Theorem 5.1.3, we can find a symbol w; € PC’(R)

so that || w —ws ||o < 8, the set of its discontinuities is precisely QF U {0, 00} and
s, (W) = 5,(ws), Yo e QrU{0,00}.

The set QF U {0,000} is finite, thus from Weyl inequality (2.4.19) and Step 1. we

obtain
D, (t: T(@)) <
LDX(t T(@)) >

where s’ = (supysq |7 |lm) s. Finally, sending s — 0 and using the continuity of ¢

at t # 0 establishes the result in its generality. 0

PROOF OF PROPOSITION 5.1.7. The same reasoning of Step 1. in both proofs
above applies in this case, with only one minor change. Since we assume that the
couple T = (o, Po) induces a uniformly bounded multiplier on &, p > 1, i.e. that
(5.1.32) holds, in (5.4.69) and (5.5.77) we need to assume that m is a symbol so
that I'(7) € &,. Then Lemma 2.4.4 shows that n(s; I''™(%})) = O,(1) and, in the
self-adjoint case ny(s; '™ (7)) = O4(1). The rest follows immediately. O

PROOF OF PROPOSITION 5.1.8. Exactly the same reasoning of the proofs of
Theorems 5.1.3 and 5.1.4 above applies in this case, with the only difference being
that in this case the couple 7 is no longer inducing a uniformly bounded multiplier on
the whole space of bounded operators, just on the space of bounded Hankel integral
operators. However, all of the terms appearing in the arguments just presented are

bounded Hankel operators and so the same arguments apply in this case. 0



Part 111

Asymptotics of determinants of Identity
minus Hankel matrices and weighted

integral Hankel operators.



CHAPTER 6

On determinants of the Identity minus a Hankel matrix

1. Introduction and results
Given a bounded function f on the unit circle T := {v € C : |v| = 1}, the
associated Hankel matrix H(f) : (*(Zy) — (*(Zy), Zy := {0, 1, 2, ... }, is given by
its matrix elements

~

(H(f)G k)= fG+Ek), j+kely, (6.1.1)
where for k € Z,
flk) = QL : f(e)e ™t (6.1.2)
T Jo

The function f is called the symbol of the matrix H(f).

Throughout this Chapter, we restrict our attention to symbols which have
finitely-many jump discontinuities and satisfy sup,cq | f(2)| < 1. We will make more
precise assumptions later on, see conditions (A)-(C). Hankel matrices with jump
discontinuities in their symbols are well-studied [46, 49, 50, 61] and still attract
attention in the operator theory community, see e.g. [51].

Our goal here is to study the large N behaviour of det(Iy — SHn(f)), where
Hy(f) is the N x N restriction of the Hankel matrix H(f), 8 € C so that || < 1
and Iy is the identity matrix. Our assumption on the boundedness of the symbol
ensures that ||H(f)|| < 1andso ||BH(f)|| < |5] < 1. We will compute the first order

term in its asymptotic expansion for large N and show that
det(Iy — BHy(f)) = N7 B)+ol) (6.1.3)

as N — oo, where the exponent 7;(3) depends explicitly on the location of the
jumps as well as their height, see our main result Theorem 6.1.3 for the precise
formulation.

To illustrate our result, consider the following two explicit Hankel matrices

) {m}k . {Sm(:g . zf; = }k (6.14)

with the convention that S(0,0) = 1/2, where the symbols ¢ and n are given in

Example 6.1.2 later on. The matrix H is the Hilbert matriz and is well-known in
the literature. For these Hankel matrices Theorem 6.1.3 states that the asymptotic

104
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formula (6.1.3) holds with

Y (B) = # (marcsin(f) + arcsin®(8))  and  7,(8) = % arcsin? (g) (6.1.5)
The different expressions for v,,(f) and v,(f) in the two cases are related to their
symbols having jumps located differently on T. In the case of H, the symbol has
only one jump located at 1, causing the appearance of both the linear and the
quadratic arcsin term in (6.1.5). In the case of S, however, the symbol has jumps at
the conjugate points 44 and the linear arcsin term does not appear. In general, only
jumps at £1 € T will cause a linear arcsin term whereas an arcsin? term will always
occur if there are jumps at conjugate points on T. We also note that 7, (8) < 0 for
f € (—1,0) and therefore we have in this case power-like growth in (6.1.3).

The problem which we study here fits into the more general framework of asymp-
totics of determinants of Hankel, Toeplitz and Hankel plus Toeplitz matrices. These
are well-studied objects, see for example [4, 5, 6, 16, 17] and references therein.
Exhaustive answers to various questions related to the asymptotics of Toeplitz and
Hankel determinants have been found, however the behaviour of completely general
Hankel plus Toeplitz determinants is not entirely understood yet. In most known
results, the Hankel and Toeplitz matrix are related to the same symbol. We prove
here a first order asymptotic formula for a simple class of Hankel plus Toeplitz de-
terminants which, to the best of our knowledge, does not fall directly in the cases
considered before.

We end the introduction with a word about the proof. The first step in studying
our problem is to make use of the series expansion of the logarithm log(1 — v) =
— > nen v"/n valid for [v| < 1 which implies

log det (Iy — BHN(f)) = Tr log (Iy — BHN(f)) = Z/Bn TrHy(f)"/n.  (6.1.6)

neN
The fact that the series expansion is only valid for |v| < 1 is the reason why we
take | 5| < 1. The asymptotic behaviour of Tr Hy(f)™ is found in Lemma 6.3.1, and
it partially follows from [61, Theorem 4.3], where this was obtained for the simpler
case of the Hilbert matrix with only one jump in its symbol. Surprisingly, the first
order contributions in the asymptotic expansion of Tr Hy(f)™ are the coefficients of

the power series of arcsin and arcsin® times log N, see Proposition 6.2.3.

1.1. Model and results. As we saw earlier on, the Hankel matrix H(f) :
(*(Zy) — (*(Z,) is determined by its matrix elements

~

(H()G k)= fG+EK), jkeZLy, (6.1.7)

where f(k) is defined in (6.1.2) for k € Z,.. It is clear that H(f) depends linearly on
f. Throughout the Chapter, we make the following assumptions on the symbol f:
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(A) for all z € T the following limits exist
f(z7) := lim f(e*z) and f(z7) = lim f(e *2). (6.1.8)

e—0+ e—0+
The points where the limits do not coincide are called jump-discontinuities
and we only assume a finite number of them.

(B) with ©Q denoting the set of all discontinuities of f, we assume that f €
C7(T\Q), for some 1/2 < v <1 and some C' > 0 that for all § > 0 and all

z €}
[f(z%) = f(e?2)] < C&" and [f(27) = f(e *2)| < CF; (6.1.9)
(C) it satisfies the bound
sup |[f(v)] < 1. (6.1.10)
veT

We write f € PD(T) if it satisfies all of the above assumptions. For future reference
we define for z € T ) - F)
2T) = f(z™

and refer to this as the half-height of the jump.

(6.1.11)

REMARK 6.1.1.

(i) Assumption (B) is only of technical nature. It simplifies the proofs and for
most relevant examples these assumptions are satisfied.

(ii) The bound (6.1.10) guarantees |s,(f)] < 1 for all z € T and that the
operator H(f) satisfies ||[H(f)]| < 1, see [46].

EXAMPLE 6.1.2. The most important example of a symbol fitting in our frame-
work is given by

Y(e") =ir e (r —t), t€]0,2n). (6.1.12)

Integration by parts shows that this is a symbol for the Hilbert matrix given in

(6.1.4), i.e. that H = H(v). Another example of a function in this class is given by
n(e") = Licost=0p, t € [0,2m) (6.1.13)
with jump-discontinuities at the points 4. This is a symbol for the Hankel matrix

S = H(n) given in (6.1.4).

As before, let Hy(f) denote the N x N restriction of the infinite matrix H(f),
ie let Hy(f) := IyH(f)ly, where 1 is the orthogonal projection onto the span
of {ej};v:_ol, where e, j € Z,, are the standard basis vectors of (*(Z,.). Setting

DR(f) := det (Iy — BHN(f)), (6.1.14)

our result can be stated as follows
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THEOREM 6.1.3. Suppose f € PD(T). Let Q C T be the set of its jump
discontinuities. For B € C with |B| < 1 we have

log Dy (/) = ~ 147

o2

log N + o(log N), (6.1.15)

as N — oo, where

v¢(B) ::W(arcsin ( - zﬁxl(f)) + arcsin(—iﬁ%_l(f)))

+ 3 " aresin®(—iB(se. (f) () /?). (6.1.16)
2€Q
REMARK 6.1.4. (i) The expression in (6.1.16) is independent of the choice
of the analytic branch of the square root. This follows from the power series
_ 1 o= (m!)* 4my?m
2 —
arcsin®(v) = 3 Z “2mym lv| <1, (6.1.17)

2 is a function of v2.

which implies that arcsin

(i) It is evident that we have a non-zero contribution in (6.1.15) only if both
z and Z are jump-discontinuities of the symbol f. For example, in the case
of selfadjoint Hankel matrices the jump discontinuities only appear in pairs
2,7z and there is always a non-trivial contribution. Moreover, the terms
arcsin (—if41(f)) only appear for jumps at z = +1. This is yet another
manifestation of the subtle differences between jumps at z = +1 compared
to those located at z € T \ {£1}, see for example [50, 54].

(iii) Even though the proof of the theorem relies on || < 1, we believe that
the above asymptotic formula holds for |§| = 1. Indeed, using different
methods, this can be achieved for the special case of the Hilbert matrix H

given in (6.1.4). In this case one can prove
7(1)

logdet (Iy — Hy) = —WlogN—l—o(logN) (6.1.18)
T
as N — oo, see [24], where
Wl 1 : L 201)) = O
52 = 32 (7 arcsin(1) + arcsin®(1)) = 3 (6.1.19)

The authors use the explicit diagonalization of the Hilbert matrix and their
methods cannot immediately be generalized to arbitrary Hankel matrices

with jump discontinuities in the symbol considered here.

Using our methods, one can also consider asymptotics of determinants related

to powers of Hankel matrices. For instance, one can prove the following

COROLLARY 6.1.5. Let 0 < 8 < 1 and, as before, denote by H the Hilbert matriz.
Then as N — 00

1
logdet (Iy — *1yH1y) = S arcsin®(3) log N + o(log N). (6.1.20)
T
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REMARK 6.1.6. Determinants of the above form appear in the study of the
asymptotic behaviour of ground-state overlaps of many-body fermionic systems.
In this context Corollary 6.1.5 gives a partial answers to a question asked in [36,
Rmk. 2.7]. We will not explain the problem here and refer to [22, 23] for a precise
formulation and further reading about the relation of the problem to determinants

of Hankel operators.

2. Proof of Theorem 6.1.3

In the following we denote by &, the standard Schatten-p-class and by || - ||, its
norm for p > 1.

Let f € PD(T) and we write for brevity s, = s, (f). Since the operator norm of
Hankel operators satisfies | H(f)|| < sup,er | f(v)] and we assumed sup,cp | f(v)| < 1,
we obtain for all N € N that

IBHN (Il < 18] < 1. (6.2.21)

Hence using the series expansion

log(1 — v) Z — (6.2.22)

keN

valid for all |v| < 1, we obtain that
—~ o Tr Hy(f)
logdet(Iy — BHN(f)) = — E ﬁk%. (6.2.23)

In the next step we compute the asymptotics of Tr Hy(f)* when N — oo. This

is the main part of the proof.

THEOREM 6.2.1. Let f € PD(T) and Q the set of its jumps discontinuities.
We denote by B the Beta function. Then, for k € N odd, we obtain

k k
kT El
Tr Hy(f) =53 (—1) B<2 2>logN+0(logN) (6.2.24)
as N — oo and for k € N even we obtain
by e (21
TrHy(f)" = 53 (—1)"B 55 log N + o(log N) (6.2.25)

z€Q

as N — o0.

In particular, it follows that for any k£ € N the following limits exists

Tr HN(f)k

]\}131)0 log—N =t i ([f) (6.2.26)

where p(f) € C is given in (6.2.24), respectively (6.2.25). Moreover, we need the

following proposition.
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PROPOSITION 6.2.2. Let f € PD(T). Then

: [ Hx ()13
1 —_— . 2.2
1]r\?_§olip Tog N < 0 (6.2.27)

We prove Theorem 6.2.1 and Proposition 6.2.2 in Section 4. Theorem 6.2.1 might
be of independent interest. We also need one more proposition to prove Theorem
6.1.3.

PROPOSITION 6.2.3. Let |[v| < 1, then the series

= (s = B(n})
m B 2 ' 2 o 2m '3
mE:1U 5z and  T(v):= mgﬂv P

are absolutely convergent and the following identities hold
1 ) 1 9 1 . 9
S(v) = o arcsin(v) + 53 arcsin (v) and T(v)= 53 arcsin (v).  (6.2.28)

REMARK 6.2.4. The series S(v) can also be written as an integral. A computation
shows that

T om2 272

Hence, Fubini’s theorem implies for |v| < 1 that

—S(v) = —% Z /000 Mdu _! /000 log (1 — vsech(mu)) du. (6.2.30)

1 /000 sech™ (um) du = LB<T 1) (6.2.29)

™

PROOF OF PROPOSITION 6.2.3. We split the sum S(v), |[v| < 1, in two parts,

one corresponding to the odd terms and the even ones. The odd contribution is

o) g LSS Bt LAl s e
v -
272 — 2m +1 2 — 4m m') 2m—|—1)
1
= — 1 ) 6.2.31
o arcsin(v) ( )
The even contribution to the sum is
1 OOB(ml)vm - )? 4mp?m
[(even) - )
() 272 mzzl 2m e mZ:1 2m Im?2
1
=53 arcsin®(v). (6.2.32)

Here, we used the power series expansions for arcsin and arcsin? stated in [27, (1.641)
and (1.645)] which is absolutely convergent for |v| < 1. This gives the result where
we note that T'(v) is the same as 1(€Ve™) (). O

Given Theorem 6.2.1, Proposition 6.2.2 and Proposition 6.2.3, we are in position

to prove Theorem 6.1.3.
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PROOF OF THEOREM 6.1.3. Since by assumption ||SHy(f)|| < 1, we use the
series expansion (6.2.23) and obtain for any M € N that

Tr H - Tr H
log det(Iy — BHN(f Zﬁk d g - Y B d N<f ) . (6.2.33)
k=M-+1
First, we focus on
> Tr Hy(f)*
lim sup Z BkrTN(f)‘ (6.2.34)

N—oo IOgN k=M

To do so, we use ||Hy(f)|| < 1 to obtain the inequality
| Te Hy ()" < [ Hx (DI IHN (NI < HN (I (6.2.35)

valid for £ € N and k£ > 2 which yields for M > 1 that

> T H 0 H 2 M+2
k=M-+1 k=M-+1

Proposition 6.2.2 implies that limsupy_,. [|Hn(f)||3/log N = p for some p € R

and therefore since || < 1 we have that

i Bkw < p lim sup bl = 0. (6.2.37)

lim sup lim su ’ =
P P logNk:M . k M—oo 1=

M—oco N—oo

Plugging this into (6.2.33) and recalling that limy .o Tr Hy(f)%/log N = ux(f),
k € N, by Theorem 6.2.1, we obtain that

M
lim sup log det(ﬂlj:;g_NﬁHN(f)) <lim sup ( Z % )

N—oo M—oo 1

i ﬁkTrHN(f)

+ lim sup lim sup

M—co N—oo OgNk Yam) k
M
. 3"
—1 S Z . 6.2.38
im sup ( 2.5 Nk(f)) (6.2.38)

k=1

Since |s,5¢:| < 1 for all z € Q by assumption, the sum ).~ , %uk(f) for |[B] < 1is

absolutely convergent, see Proposition 6.2.3. This implies that

© ok
lim sup — Z k“’“ Z%,uk(f) (6.2.39)

M —o0

Along the very same lines we also obtain that

log det(Iy — BH = B
i og det( ljzf)gNﬁ ~(/f)) > _Zﬁ () (6.2.40)
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and therefore we end up with

. logdet(Iy — BHN(f)) = Bk
1 =— E — 6.2.41
N log N — k () ( )
and the power series in Proposition 6.2.3 below give the result. 0

PROOF OF COROLLARY 6.1.5. To prove Corollary 6.1.5 one uses the expansion
(6.2.23) and obtains for 0 < g < 1
Tr(ILNHQIIN)k

logdet (Iy — IyHLy) = — ) _ p* ;

keN
For the rest of the proof we use the abbreviations A := 1yH?1y and B := H%.
Then

(6.2.42)

k—1
TrA* — TrB* =) Tr AY(A— B)B*' (6.2.43)
=0
and Holder’s inequality implies
| Tr A/(A — B)B* 7| < |A|P||A — B|1||B||* . (6.2.44)

From the definition of H we obtain ||A|], ||B|| < 1. Moreover, by the positivity of
A — B, we obtain

|A—= Bl = Tr IyH(I - 1y)HLy = [IyH(I - 1y)[5 = O(1) (6.2.45)

as N — oo, where the last inequality follows easily from the explicit matrix elements
of H. Equations (6.2.43)—(6.2.45) imply

Tr(lyH?*1y)" = Tr H3 + O(1). (6.2.46)

For the latter we computed the first order asymptotics as N — oo in Lemma 6.3.1.
Then the assertion follows from Propostition 6.2.3 along the very same lines as
Theorem 6.1.3. O

3. Analysis of the model operator

To prove Theorem 6.2.1, we first investigate a family of model operators related
to the Hilbert matrix introduced in [46, Chap. 10.1]. We recall the Hilbert matrix
H := H(¢) introduced in (6.1.4) with symbol

. 1 )
P(et) = —ie " (r —t), tel0,2m). (6.3.47)
T

In particular, one has ||H|| = 1. We define the following model symbols for z € T

b6 = Tp(Eet), e (0, 21). (6.3.48)

i
For any z € T this function satisfies

V() —1ha(27) = 2. (6.3.49)
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Furthermore, the corresponding Hankel matrix H(v,) admits the representation
1
H,) =-UHU, (6.3.50)
1

where U, : (*(Z,) — (*(Z,) is the unitary operator given by (U,x)(j) := 27z(j) for
v e€l*(Z,), € Tand j € Z,. In particular, one can compute the matrix elements

explicitly and one obtains for z € T
1 Itk

(H (¥:)) (), k) = N (6.3.51)

The large N asymptotics of traces of powers of the model operators can be computed

explicitly:

LEMMA 6.3.1. We denote by B the Beta-function. Let k € N. Then, for a € C

we obtain that

k()
Tv Hy (ar),)* = %B(g’ %> log NV 4 oflog V), =2 € £1 (6.3.52)
o(log N), ze T\ {1}
as N — oo while for z € T \ {£1} and a,b € C we obtain that
Tr Hy(ath, + bis)F = O(l.);l k2 b odd
’ ’ %B(g,%) log N +o(log N), keN even

(6.3.53)

as N — oo.

We prove Lemma 6.3.1 in Section 5.

4. Proof of Theorem 6.2.1

Let f € PD(T) and let Q be the set of its jump discontinuities and we define

U= .. (6.4.54)

z€Q

The definition of ¢, in (6.3.48), the identity (6.3.49) and the definition of s, = s, (f)
in (6.1.11), imply that the jumps of f and W are located at the same points and the
heights of the jumps are the same, i.e. s, (f) = 5, (V) for all z € T. Moreover, by
assumption (B), f € C7(T \ Q) for some 1/2 < v < 1 and clearly ¥ € C*(T \ )

which implies
f—=v e (T). (6.4.55)

We first prove Proposition 6.2.2.
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PROOF OF PROPOSITION 6.2.2. We first note that the definition of Besov
spaces By*(T) given in [46, eq. (A.2.10)] implies that C7(T) C BY/*(T) for
1/2 <~ < 1. Hence, [46, Chap. 6, Thm. 2.1] and (6.4.55) imply that

H(f)— H(T) € &, (6.4.56)

for all v > 1/2. Hence, using the above and Jensen’s inequality we obtain

IHy (N2 < 21H (W)l + O(1) (6.4.57)
as N — oo. The explicit representation of the matrix entries of H(¥) in (6.3.51)
implies
N-1N-1 1
HW|2<C — 6.4.58
|H ()]} < ;;UMH)Q (6.4.58)

for some constant C' > 0. Estimating the latter double sum by the corresponding

integral, we obtain

~1N-1

= O(log N 6.4.59

ZO; G k Ty = Ollog ) (6.4.59)

as N — oo. This, together with (6.4.57) and (6.4.58), gives the assertion. O

LEMMA 6.4.1. Let k € N. Then the asymptotic formula
Tr Hy(f)" = Tr Hy(¥)* + o(log N) (6.4.60)
holds as N — oc.

PROOF. As before, by (6.4.55) we obtain H(f)—H(¥) € Sy forall 1/2 < v <1,
see (6.4.56). Moreover, (6.4.55) also implies that the Fourier coefficients of f — W
are absolutely summable, see [43, Thm. 1.13].

We write H(f) = H(¥) + A, where A :== H(f — V) and set Ay := 1yAly. For
k = 1, using the absolute summability of the Fourier coefficients of f — ¥, we obtain
that

N—-1
T Hy(f) = Te Hy (9)] < 3 [(Hx(f — 9))(,9)| = 0(1), (6.4.61)
5=0
as N — oo. For k > 2, the identity
k—1
Tr Hy(f)* = Tr Hy(9)" + > Tr Hy(f) Ay Hy (¥)' (6.4.62)
=0

holds. To control the error, we use A € G,. The cyclicity of the trace and the Holder
inequality for &, classes, implies for 1 < j <k —1
| Te Hy (fY AvHy (9) 19| < [ An ol Hy (%) Hy (f) 2
< C* | Alla | Hy ()2, (6.4.63)
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where we used that ||Hy(V)|| < C for some constant C' > 0 independent of N,
|Hn(f)]] < 1 and the standard inequality [[CD||2 < ||C||||D]|2 valid for compact

operators C' and D. Proposition 6.2.2 implies that
|Hy ()]l = Oflog N)2 = o{log N) (6.4.64)

as N — oo. For j = 0 we use in (6.4.63) the bound
| Tr ANHy ()" 1| < C* 27| Allo|[Hy (%) |- (6.4.65)

The asymptotic formula ||[Hy(¢)|l2 = O(log N)/? = o(log N) holds as well for
N — o0, see (6.4.71) and (6.4.59). This together with (6.4.63) gives the result. [

In view of Lemma 6.3.1 we divide the set of discontinuities as follows
Q=0 UQ,, (6.4.66)
where 2; and {2y are the sets defined below
Q={£1}U{z€Q: 2¢Q}, Q:i={2€Q: Imz>0, 2€Q}. (6.4.67)
With this notation at hand we show
LEMMA 6.4.2. Let k € N. Then

Tr Hy(0)* = Y TrHy(se0.)" + ) Tr Hy (560, + se2)F + O(1)  (6.4.68)

z€0 z€Q2

as N — oo.

Proor. We first prove that
Tr Hy(U)F = Tr 1y H(V) 1y + O(1). (6.4.69)
From [40, Thm. 1.2] we infer that for some constant C} > 0 depending on k
| Tr Hy (V)" — Tr InH(9)*1y| < Crl|InH(P)(T - 1n)5. (6.4.70)

The explicit representation of the kernel of H(v,) in (6.3.51) implies for some con-
stant C' > 0 that

N—-1 oo
1
INH(O)(I - 1y)|5 < C < 0. 6.4.71
D D) DY o e (64.7)
To prove the assertion we note that for z,w € Q with z £ w and z # w
H(y.)H () € S, (6.4.72)

which is proven in [54, Lem. 2.5]. This implies

TrinH(9) Iy = Y TrinH(e.) Iy + > TriyH(ew, + 22 1y + O(1).
z€M z€Q

(6.4.73)
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The same argument as in (6.4.70) yields

TrInH ()" 1y = Tr Hy(1.)" + O(1) (6.4.74)

and
Tr I xH (5,00, + se02) 1y = Tr Hy (32,0, + 3e:902)* + O(1). (6.4.75)
This gives the assertion together with (6.4.69) and (6.4.73). O

PrROOF OF THEOREM 6.2.1. The theorem follows directly from Lemma 6.4.1,
Lemma 6.4.2 and the asymptotics deduced in Lemma 6.3.1. 0

5. Proof of Lemma 6.3.1

PROOF OF LEMMA 6.3.1. The statement for z = 1 follows directly from [61,
proof of Thm. 4.3|, see especially [61, eq. (12)], where it is proven that
(=% k1
as N — oo. As before, B denotes the Beta function. We remark that the result

Tr Hy(21)" =

in the paper cited above has been corrected to take into account a factor of 1/2w
missing in the computations of [61, proof of Thm. 4.3]. Similar results to the above
are true in greater generality, see [18].

As we mentioned earlier on in (6.3.50) , we have
H(y_,) = U_HU_,,

where U_; is the unitary and selfadjoint operator of multiplication by the sequence
(—1)" on (*(Z, ). Therefore, the result of [61] gives

ik k1
Tv Hy(_1)F = (272 B<§,§> log N + o(log N). (6.5.77)

This and (6.5.76) give the first part of (6.3.52).

Next we consider the case z € Q\ {£1} and note that the second part of (6.3.52)
follows from (6.3.53) with b = 0. Therefore, we only prove (6.3.53). Let a,b € C. First
we note that the unitary U, and the projection 15 commute. Using representation
(6.3.50), we expand Hy(a, + byz)* = (—i)k(aUzHNUZ + bUEHNUz)k in 2¥ terms

and obtain
Hy/(ay, + bip2)* = (—i)* (aU.HyU, + bUsHyUz)"

—i)*(ab) D2 U,HE U, + (ab)*V2p U;HE U + Ay, k odd

(—7) N N

—1 a z z + Uz z) + Ao, even

(—i)*(ab)¥/?(UHKUs + UHK U,) + A k
(6.5.78)
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for some operators A; and A,. We first deal with the errors A; and As. The operators
A; and A, consist of a sum of 2% — 2 terms and each summand has at least one factor

HyU.2Hy or HyU;2Hy. More precisely, any factor of A; is either of the form
a"b’UHNU, - -UHNU,-HyU, - - - HyUs (6.5.79)

for some r,s € N with s + r = k or the adjoint of the latter. Since Im z # 0, we
have from [46, Chap. 10, Lem. 1.2] that the matrix elements of HyU,:Hy satisfy
2 1
HyU.2Hy(j,k))| < , :
((HNUHN G 0)| < i ya s

Using this and the pointwise bound on the matrix elements of U, HxU, of the form
[(U.HNU.)(j, k)| < m , Jj, k € Z,, we estimate

(6.5.80)

| Tr1yUHU, - - UHNU 2 H\U, - - - UsHy Uz 1 v |

=| Y (UHNU.) (i, do) -+ (HNU2HN) (s dpn) - -+ (UsHNU=) (i 1)
JiyeJe=1
2 k—1
< m ‘(vaN 55)}
2 2

for some p € N, where we defined x € (?(Z,) with z(j) := 1/(j +1). Writing out all
terms of Tr A;, i = 1, 2, explicitly in terms of its matrix elements and using a bound
of the form (6.5.81) implies for i = 1,2 that, as N — oo,

| Tr 4;] = O(1). (6.5.82)
For k € N odd we obtain
| Tr ((ab)*~V2aU.HY U, + (ab)*V/26U-HE Us) |
=|ab| V2| Ty (aU,HY U, + bU-H}, U2)"|

N-1 N-1
k—1)/2 ; - _9j -
<[ab] "/ <|ar > AHE ()| + (o] | ZHE (G, ) ) . (6.5.83)
=0 n=0
From the explicit matrix elements Hy (j, k) = m we obtain for all j € Z, that

0 <HY(G+1,7+1) <Hk(j,j), i.e. the sequence a; := HX (4,7), j € Zy, is strictly

monotonously decreasing. Now Lemma 6.5.1 below gives, as N — oo,
(6.5.83) = O(1). (6.5.84)
In the case k € N even the definition of U, yields

(—i)*(ab)* Tr (UHYU; + UHKU,) = 2(—i)"(ab)*? Tr HY, (6.5.85)
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but this is just the asymptotics of the Hilbert matrix which was discussed in the

first part of the proof. This gives the assertion. O

LEMMA 6.5.1. Let z € T\ {1} and (ay)nez, be such that 0 < a1 < a, for all

n € Zy. Then

< ag—2 (6.5.86)
_0,0’1_2’ L.

N
E Z2"a,,
n=0

and, in particular, ZQLO 2"a, = O(1) as N — 0.

PrOOF. The lemma follows directly from Abel’s summation formula
N N-1
Z 2"a, = Byay + Z Bi(ap — ag_1) (6.5.87)
n=0 k=1

k
where By = Y, 2%



CHAPTER 7

Weighted integral Hankel operators with continuous

spectrum

1. Introduction

The aim of this Chapter is to consider some variants (perturbations) of the
following simple integral operator:
Ay ARy = LA(Ry), a>—1/2,
t%s*

)0 = [ s, f e PR (7.1.1)

Since the integral kernel of A, is homogeneous of degree —1, this operator can be

explicitly diagonalised by the Mellin transform
1 .
M :——i/tﬁﬂftﬁ, € R,
f(&) Nor ) f(t) 3

which is a unitary map from L*(R.,dt) to L*(R,d¢). Mellin transform effects a
unitary transformation of A, into the operator of multiplication by the function
(here I' is the standard Gamma function)
PG +a+ig)|

I'(1+2a)

R3¢

in L?(R, d§). The spectrum of A, is given by the range of this function. Observe
that this function is even in ¢ and monotone increasing on (—oo,0); we denote its
maximum, attained at & = 0, by
(3 + a)?
To = M (7.1.2)
I'(1+2«)

With this notation, we can summarise the above discussion by
PROPOSITION 7.1.1. For a > —1/2, the operator A, of (7.1.1) in L*(R,)

is bounded and selfadjoint, and has a purely absolutely continuous (a.c.) spectrum

of multiplicity two given by
SpeCqc (AOé) = [07 Wa]'

This includes the well-known case o = 0 of the Carleman operator; in this case
g = T.

118
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In [32], Howland considered integral Hankel operators on L?*(R,) with kernels
whose asymptotic behaviour is modelled on that of the Carleman operator. For a
real-valued function a = a(t), t > 0 (we call it a kernel), let us denote by H(a) the
Hankel operator in L?*(R,) defined by

(H(a)f)(t) = / a(t+s)f(s)ds, t>0.
0
Howland considered kernels a with the asymptotic behaviour

Qg t— 0,
ta(t) — (7.1.3)
sy t — 00.

Among other things, in [32] he proved

THEOREM 7.1.2. [32] Let a € C*(R.) have the asymptotic behaviour (7.1.3)

and satisfy the reqularity conditions

Ot=2¢), t—0,
O(t=27¢), t— oo,

(ta(t))"(t) =

with some € > 0. Then the a.c. spectrum of H(a) is given by
spec,. (H(a)) = [0, mag] U [0, ma], (7.1.4)
where each interval contributes multiplicity one to the spectrum.

We pause here to explain the convention that is used in (7.1.4) and that will be
used in similar relations below. Relation (7.1.4) means that the a.c. part of H(a)
is unitarily equivalent to the direct sum of the operators of multiplication by A in
L*([0, wag],d)\) and in L*([0, Taw], d)\). We also assume that if, for example, ay = 0,
then the first term drops out of the union in (7.1.4); and that if, for example, a,, < 0,
then the interval [0, may] should be understood as [ra, 0].

Theorem 7.1.2 makes precise the intuition that for the Carleman operator Ay,
corresponding to the kernel a(t) = 1/t, both t = 0 and ¢t = co are singular points
and each of these points contributes multiplicity one to the spectrum. The aim
of this Chapter is to show that the above intuition is also valid for operators A,
with all & > —1/2. We do this by considering weighted Hankel operators. These
operators generalise A, in the same manner as the operators H(a) with kernels as
in Theorem 7.1.2 generalise the Carleman operator Ay.

For a real-valued kernel a(t) and for a complex-valued function (we will call it a
weight) w(t), t > 0, we denote by wH (a)w the weighted Hankel operator in L*(R,),
given by

(wH (a)wf)(t) = / T wt)alt + syw(s) f(s)ds, | € LA(R.).
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Under our assumptions below, this operator will be bounded. Since a is assumed
real-valued, the operator wH (a)w is selfadjoint. Here and in what follows by a slight
abuse of notation we use the same symbol (in this case w) to denote both a function
on R, and the operator of multiplication by this function in L?(R,).
We fix @ > —1/2 and consider a, w with the asymptotic behaviour
ag t—0, by t—0,

tHH2eq(t) — tw(t) — (7.1.5)
s t —> 00, boo Tt — 00.

The aim of this Chapter is to prove

THEOREM 7.1.3. Fiza > —1/2. Let a € C*(R.) be a real-valued kernel such

that for some ag, as € R and for some ¢ > 0, we have

Zf—m(tmo‘a(t) —ag) = O(t™™"), t—0, (7.1.6)
Z—m(t1+gaa(t) — ) =O0(t™"7F), t— oo, (7.1.7)

with m = 0,1,2. Assume further that the complex valued weight w(t) is such that
t—w(t) is bounded on Ry and for some by, by, € C,

/1 (&) 472 — [bof2| £t < oo, /oo w2472 — bol?| ¢ < o0, (7.1.8)
0 1
Then the a.c. spectrum of wH (a)w is given by
spec,. (wH (a)@) = [0, Taaq |bo|”] U [0, Tatss |boo|’],
where each interval contributes multiplicity one to the spectrum.

REMARK.

(1) Howland in [32] uses Mourre’s estimate and proves also the absence of sin-
gular continuous spectrum in the framework of Theorem 7.1.2. Here we use
the trace class method of scattering theory. This method is technically sim-
pler to use but it gives no information on the singular continuous spectrum.

(2) Conditions on a and w in Theorem 7.1.3 are far from being sharp. For
example, it is not difficult to relax conditions (7.1.6), (7.1.7) by replacing
t* by |logt|™' "%, see [52] for a related calculation.

(3) Howland’s results of [32] for unweighted Hankel operators were extended
in [52] to kernels a(t) with more complicated (oscillatory) asymptotic be-
haviour at t — oo.

(4) An important precursor to Howland’s work [32] was Power’s analysis
[49, 50] of the essential spectrum of Hankel operators with piecewise con-

tinuous symbols. In this context we note that the essential spectrum of



2. PROOF OF MAIN THEOREM 121

the weighted Hankel operators considered in Theorem 7.1.3 is easy to de-
scribe. By following the method of proof of this theorem and using Weyl’s
theorem on the preservation of the essential spectrum under compact per-
turbations instead of the Kato-Rosenblum theorem, one can check that if
both t172%q(t) and ¢t~®w(t) are bounded and satisfy the asymptotic relation
(7.1.5), then the essential spectrum of wH (a)w is given by the union of the

intervals
SPEC, ., (WH (a)W) = [0, maag |bo|*] U [0, Tatieo [bos|’].

(5) Boundedness and Schatten class conditions for weighted Hankel operators
with the power weights w, () = t* have been studied by several authors;
see e.g. [58, 33] and the references in [2, Section 2.

(6) In [34], interesting non-trivial discrete analogues of the operators A, are
analysed. These operators act in £?(Z, ) and are formally defined as infinite

matrices with entries of the form
w(i)a(j + Kyw(k), k€ Zy. (7.1.9)

For each o« > —1/2, the authors of [34] describe some families of sequences
{a(j)} and {w(j)} with the asymptotic behaviour

7a(i) =1 5w() = 1§ = oo,
for which the operators (7.1.9) are explicitly diagonalised. It turns out that
the spectrum of each of these operators is purely a.c., has multiplicity one

and coincides with the interval [0, 7,], where 7, is the same as in (7.1.2).

2. Proof of main Theorem

2.1. Outline of the proof. Let a, w be as in Theorem 7.1.3. First we identify
two suitable “model” kernels g and ¢, in C°°(R,.) such that g (t)+pu(t) = t7172
and

dm ™m

dt—mgoo(t):O(e*W), t — o0, and dt—mgooo(t):O(l), t—0 (7.2.10)

for all m > 0. Then we write the kernel a as
a(t) = appo(t) + aoopoo(t) + error,

where the error term is negligible in a suitable sense both as t — 0 and as ¢t — oo.

Similarly, we write

[w(t)|* = |bo|® Lo(£)t2* + |bao|® Lo ()t2* + error,
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where 1y and 1, are the characteristic functions of the intervals (0,1) and (1, 00)
respectively and the error term is again negligible in a suitable sense. With these

representations, denoting w, (t) = t*, we write
wH (a)w = ag |bo|” LowaH (©0)Wa Lo + oo [bss|” LootwWa H (Poe)Walss + error (7.2.11)

and prove that the error term here is a trace class operator. By the Kato-Rosenblum
theorem (see e.g. [57, Theorem XI.8]), this reduces the problem to the descrip-
tion of the a.c. spectrum of the sum of the first two operators in the right side of
(7.2.11). Observe that these two operators act in the orthogonal subspaces L%(0,1)
and L?(1,00). This reduces the problem to identifying the a.c. spectra of

TowaH(po)waly and  1oowaH (poo)Waloo- (7.2.12)

We are unable to identify the spectra of these operators directly and therefore we
resort to the following trick. We observe that the operator A,, whose spectrum
is given by Proposition 7.1.1, can also be represented in the form (7.2.11) with
ao [bo|* = oo |bo|* = 1. This allows us to conclude that the a.c. spectrum of each
of the two operators in (7.2.12) coincides with [0, 7,] and has multiplicity one. Now
we can go back to (7.2.11) and finish the proof.

2.2. Factorisation of A,. For « > —1/2, let L, be the integral operator in
L*(R,) given by

La
. m/
The boundedness of L, is easy to establish by the Schur test. It is evident that L,

is selfadjoint. A direct calculation gives the identity

t*s%e " f(s)ds, t>0. (7.2.13)

Ay = L2
This factorisation is an important technical ingredient of the proof.

2.3. Trace class properties of auxiliary operators.

LEMMA 7.2.1. Let L, be the operator (7.2.13) and let u be a locally integrable
function on R,. Then the operator uL, is in the Hilbert-Schmidt class if and only if

| R <o

PRrRoOOF. A direct evaluation of the Hilbert-Schmidt norm:
dt

1 Y 2004200, —2t 2 —-1-2 / > 2
_— s¥ e u(t)|" dt ds = 2 @ u(t)|"—. O
ey A u(t) [
A necessary and sufficient condition is known (see [58]) for w,H (g)w, to belong
to trace class in terms of g being in a certain Besov class. For our purposes it suffices

to use a simple sufficient condition expressed in elementary terms.
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LEMMA 7.2.2. Let g € C*(R,) be such that for some € > 0 and for m = 0,1, 2,

one has
dm 4142 B O@t—™%¢), t—0,
) =
Oot—™°), t— 0.

Then woH(g)w,, is trace class.

PROOF. Lemma 2 in [58] asserts that w,H(g)w, is trace class if the function
k(t) = t**22¢(t) satisfies the condition

/ / k(x + iy) dydx<oo,

k() = /Ooo k(t)e“tdt, (=z+iy, y>0.

Let us check that this condition is satisfied under our hypothesis on ¢. First note

where

that under our hypothesis, we have
KMt =o@m), t—=0, k™) =0@""""F), t— . (7.2.14)
Next, integrating by parts once and twice in the expression for l;:, we get

2 —_l OO/ it g 1 = " iCt
KO =~ [ ke dt_(w/o F(0etdt, Tm¢ > 0,

i

and therefore we have the estimates

o= [ Wl \Mo\s# [ Wl @2

for ¢ = x 4 dy. For |¢] < 1 we use the first one of these estimates, which together
with (7.2.14) yields

) ) o 14yt
k(¢ ‘_ / evigr+ & [ gy < 02TV
q s Iq

The right side here is integrable in the domain || < 1,Im( > 0,if 0 <e < 1.
For (] > 1 we use the second estimate in (7.2.15), which yields

A 00 —e —y
Iq ¢I* iq

and again the right side is integrable in the domain |(| > 1, Im( > 0,if 0 < e <
1. [

The following lemma allows us to get rid of the cross terms that are hidden in
the error term in (7.2.11).

LEMMA 7.2.3. The operators 1oLo1g and 1Lyl are trace class. Further, the

operators 1gAy,ls and 1o AnLg are trace class.
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PROOF. Let us prove the first statement. We will regard 1yL,1, as acting on
L*(0,1) and 1Lyl as acting on L?(1, 00). Consider the unitary operators

Uy : L*(1,00) = LA(Ry), (Upf)(z) =e*2f(e?), x>0,
U_:L*0,1) = L*(Ry), (U_f)(z)=e*?f(e®), x>0,
A straightforward calculation shows that
UplooLoloUY = H(py)  and  U_10L, 10Ul = H(y-),
where the kernels v4 are given by
o (t) = ety () = e7HaF DT 5,

As both functions 1. are Schwartz class, using Lemma 7.2.2 we find that the un-
weighted Hankel operators H (14 ) are trace class.
To prove the second statement of the lemma, we write 1 = 1y + 1., and use the

factorisation A, = L2 to obtain
ToAale = 1oL 1o = ToLa(Lo + 1) Lalo = (LoLale)Lalo + LoLa(loLalo).

Now observe that both terms in the right side are trace class by the first part of
the lemma. Thus, 19A, 1l is trace class and by a similar reasoning 1., A,1g is also

trace class. O

We note that a more careful analysis of the kernels 14 shows that the operators
IoLalo and 1 Lol belong to the Schatten class &, for any p > 0.

2.4. Kernels ¢y and ¢,,. Recall the notation w,(t) = t*. By a direct calcula-

tion of the integral kernels, we have
La]]-ooLa = waH(SOO)wom LozI]-OLa = waH(SOoo)wom

with

1 > 1 !
)= —— 20 _xtd - )= —— 2a —a:td )

Using the integral representation for the Gamma function, we obtain
o(t) + poo(t) =t 172* £ >0.

Further, it is straightforward to see that the estimates (7.2.10) hold true for all
m > 0. The following lemma gives a description of the spectra of the two operators
(7.2.12).

LEMMA 7.2.4. We have
spec,e (ToLalooLaly) = spec,, (looLaloLales) = [0, 74], (7.2.16)

with multiplicity one in both cases.
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PROOF. First let us consider the operators 1gA,lg and 1, A,1.. We claim that

these two operators are unitarily equivalent to each other. Indeed, let
U:L*Ry) = L*(Ry),  (Uf)(t) =1/ f(1/t), t>0.
Then it is easy to see that U is unitary and UA,U* = A,. It follows that
UlwAa1U* = 19AL L. (7.2.17)

Next, write

Aa - ]10Aa]10 —+ ﬂooAa]loo -+ (ﬂooAa]lo —+ ]10Aa]100)

By Lemma 7.2.3, the two cross terms in brackets here are trace class; thus, we can
apply the Kato-Rosenblum theorem. Recalling Proposition 7.1.1, we obtain that the

a.c. spectrum of the sum

LoAaLy + LocAalo (7.2.18)

is [0, m,] with multiplicity two. Now observe that the two operators in (7.2.18) act
in orthogonal subspaces L?*(0,1) and L*(1,00) and, by (7.2.17), they are unitarily

equivalent to each other. Thus, we obtain
spec,. (1oAaTly) = spec,, (1ooAals) = [0, T4,

with multiplicity one in both cases.

Finally, write
loAally = 1oL2 1o = ToLaloLalo + ToLaloLalo.

By Lemma 7.2.3, the second term in the right side here is trace class. Thus, by the

Kato-Rosenblum theorem, we obtain
spec,. (LoLalowLaly) = [0, m.],

with multliplicity one, which gives the description of the a.c. spectrum of the first

operator in (7.2.16). The second operator is considered in the same way. U

2.5. Concluding the proof. First we prove an intermediate statement. We

denote v(t) = w(t)t~* and use the notation &; for the trace class.
LEMMA 7.2.5. Under the hypothesis of Theorem 7.1.3, we have

spec,, (v1gLalo LaloD) = [0, 74 [bol’], (7.2.19)
specy, (Voo LaloLala®) = [0, 7a |boo|’], (7.2.20)

with multiplicity one in both cases.
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PROOF. We prove the first relation (7.2.19); the second relation is proven in a

similar way. First we write
’U]]_()LOCI]_OOLQ:H_()@ = TT*, T = ’UI]_()L(XI]_OO

and recall that for any bounded operator T', the operators (T7*)|xe rr+)+ and
(T*T)|(ker =)+ are unitarily equivalent. Thus, it suffices to describe the a.c. spec-
trum of the operator

T*T = Loo Lo [0 Lo Lol o,

Next, by the hypothesis (7.1.8), we can write
1 2 2
~ O + |ga(t
|U<t)’2 = ’b0‘2 + q1(t)g2(t), with / 1 (2))] |ga(1)]
0

t
This yields

dt < oo.

ﬂooLoz ‘U|2 ILOLoz‘ﬂoo = ‘bO|2 IL<><>ch]10Loz]1oo + (ﬂooLaIlOQI)((b]lOLa]loo)-

By Lemma 7.2.1, both operators in brackets here are Hilbert-Schmidt. It follows

that the product of these operators is trace class, i.e.
LooLo [0]* 19Lalee = |bo|* 1o LaloLoles +T, T € &y.

Lemma 7.2.4 gives the description of the a.c. spectrum of the first term in the right

side here. Now an application of the Kato-Rosenblum theorem gives
spec,e (looLa |v)? loLals) = [0, 74 |bo|?],
with multiplicity one. This yields (7.2.19). O
ProOOF OoF THEOREM 7.1.3. We would like to establish the representation
wH (a)w = agv(1oLalooLalo)T + oV (LlogLoloLalo)v+ T, T € &y, (7.2.21)

Observe that the first two operators in the right side act in orthogonal subspaces and
their a.c. spectra are described by Lemma 7.2.5. Thus, applying the Kato-Rosenblum
theorem, we will have the required result as soon as the representation (7.2.21) is
proven.

As a first step, let us write

a(t) = agpo(t) + aspoo(t) + g(t), t >0,

and examine the error term g. We have, using og(t) + 0o (t) = 7172,

2 (t) = (t77%%a(t) — ao) + ao(1 — t7pp(t)) — oot ™ Poo(t)
= (t""2a(t) — ag) + (ap — aso )t TP (1).
Thus, by the hypothesis (7.1.6) and by the second estimate in (7.2.10), we obtain
dm

T (%) = O™ ) + O™ = O@t™™*), & =minfe, 1+ 20},
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as t — 0. Similarly, we have
1420 (1) = (1220(8) — ) + (a0 — a0 (1),
and so, by the hypothesis (7.1.7) and by the first estimate in (7.2.10), we get
CZ—Z(thg(t)) =0t ™), t— 0.
Thus, g satisfies the hypothesis of Lemma 7.2.2 and so we obtain
woH(g)w, € 61, andso wH(g)w € &;.

This gives the intermediate representation
wH (a)w = agwH (o)W + asewH (o)W + T"
= aguLolooLo¥ + oL 1oL, v+ T, T € &1, (7.2.22)
Consider the first term in the right side of (7.2.22). We can write
LolooLo = 19LolooLlolo+ (leoLalooLalos + looLalooLalo + LoLolooLals)-

By Lemma 7.2.3, all terms in brackets here are trace class operators, and so we
obtain
’ULaI[OOLa@ - ’UﬂoLaﬂooLa]loﬁ € 61.

In a similar way, we obtain
ULQ:H_()LQU — UﬂooLaﬂ_oLalﬂ_oo@ c 61.

Substituting this back into (7.2.22), we arrive at (7.2.21). O
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