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Abstract

The morphology of a multicomponent polymer melt within Self-Consistent Field Theory

(SCFT) is completely characterized by the spatial density distribution of the components.

SCFT therefore assumes that the molecular conformations are fast variables that adopt

their equilibrium statistics with respect to a given density distribution. There are multiple

situations – e.g., the early stages of structure formation – where this assumption breaks down

because the densities evolve significantly on the time scale of the single-chain relaxation. Here

we develop a SCFT that uses as slow variables both, densities and the variance of the first,

most slowly relaxing Rouse mode, and design a numerical scheme for its solution based on

single-chain propagators. Applications to diblock and multiblock copolymers are presented.

Introduction

In the theory of multicomponent polymer melts, the local variation of segment densities is typically

employed to provide a faithful characterization of the state of the system in and out of equilibrium.
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Self-Consistent Field Theory (SCFT)1–10 associates with each density distribution a free energy,

F , and the concomitant chemical potential is employed, e.g., in Dynamic Self-Consistent Field

Theory (D-SCFT)11–15 or Minimum Free Energy Path (MFEP)-calculations16–18 to investigate the

kinetics of structure formation or the mechanism of morphology transformations, respectively.

By using the free-energy functional of SCFT in nonequilibrium situations, one tacitly assumes

that the densities are the only slow degrees of freedom, whereas all other characteristics relax

on a significantly faster time scale.19 This separation of time scales, however, breaks down in

nonequilibrium processes where the large-scale chain conformations evolve on the same time scale

as or even more slowly than the densities. Nonequilibrium molecular conformations may give rise

to a significant process-dependence of material properties.20–22 There are several examples of this:

(i) Spinodal phase separation after a quench of a disordered system initially occurs on the scale of

the molecules’ end-to-end distance, Re, and proceeds over a time scale comparable to the time,

TR = R2
e/D (with D being the self-diffusion coefficient of a macromolecule), that the molecules

require to diffuse the distance Re. This time, however, scales like the Rouse time, τR = TR/3π
2,

which characterizes the longest relaxation time of the macromolecular conformations. Thus, there

is no time-scale separation between the initial structure formation and the relaxation of chain

conformations.13,23 (ii) In the course of processing, a rapid change of thermodynamic state, e.g.,

pressure quench or mechanical deformation, can transfer an initial equilibrium state to an unstable

starting state, from which the relaxation towards a stable or metastable state proceeds.24,25 In the

unstable starting state both the density distribution and the molecular conformations are out of

equilibrium. Furthermore the nonequilibrium molecular conformations differ from those that the

molecules would relax to if the densities were constrained. (iii) Nonequilibrium molecular conforma-

tions also occur in steady extensional or shear flows26–31 and affect, e.g., concentration fluctuations

in blends and copolymer solutions32,33 or the alignment of block copolymer morphologies.34–39 (iv)

Finally, in multiblock copolymers that form loops and bridges40–43 between microphase-separated

domains, structure formation of the density is faster than the relaxation of the fraction of loops

and bridges because the required single-chain dynamics is associated with free-energy barriers that
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substantially exceed the thermal energy, kBT .44 These examples motivate the need for a free energy

as a functional of the local densities and collective quantities that characterize the slowly relaxing

chain conformations.

Which quantity characterizes the slow relaxation of molecular conformations? A single-molecule

conformation is completely characterized by the positions, {r(s)}, of its segments, where 0 ≤ s ≤ 1

denotes the contour variable along the macromolecular backbone. We are looking for a collective

quantity that characterizes the slowly relaxing, large-scale shape of macromolecules. There are

several options: (i) From the point of view of rubber elasticity or fluid dynamics, it is natural to

characterize the chain conformations by the elastic, single-chain stress or the conjugate strain.6

Even in the Rouse model45 for a spatially homogeneous homopolymer melt, however, the stress

relaxation is not simple.46 The stress involves all Rouse modes, and its autocorrelation function

decays like a power law in time. Phenomenologically, deformations on all length scales contribute

to the stress but the relaxation on the shortest length scale of a bond is faster by a factor N2 (with

N being the number of segments) in the Rouse model than the relaxation of the overall shape, as

quantified, e.g., by the second-rank tensor of the end-to-end vector.27 (ii) From the perspective of

polymer dynamics, a focus on quantifying the overall shape of the macromolecule suggests itself.

In the context of flowing polymer melts, Mavrantzas and Theodorou used the second-rank tensor

of the end-to-end vector27 as a slow, structural variable, while Ilg, Öttinger, and Kröger employed

the mean tensor of gyration.30 Also models that account for multiple conformation tensors have

been devised.47 In a similar spirit, we choose the mean second-rank tensor, X2
1, formed by the first

Rouse modes, X̂1. The Rouse modes, X̂p with p = 0, 1, . . . are the normal modes of the Edwards

Hamiltonian that describes the unperturbed Gaussian chain conformations

X̂p[r̂] ≡
∫ 1

0

ds r̂(s) cos(πps) and r̂(s) = X̂0 + 2
∞∑

p=1

X̂p cos(πps) (1)

In a spatially homogeneous melt of unentangled homopolymers, the first Rouse mode exhibits a

single-exponential decay and the concomitant time scale characterizes the longest relaxation time

3
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of the macromolecular conformations, i.e., it is the slowest structural variable.45,46 This variable

also has a simple behavior under deformation or flow. For instance, a steady state shear flow of a

homopolymer melt with rate γ̇xy gives rise to26

X2
1 ≡ 〈X̂1X̂

T
1 〉 =

R2
e

6π2




1 + (γ̇xyτR)2

2

γ̇xyτR
2

0

γ̇xyτR
2

1 0

0 0 1




+O
(
[γ̇xyτR]3

)
(2)

where Re denotes the end-to-end distance of the Gaussian chains in the absence of flow. Moreover,

we will show that in lamellae-forming multiblock copolymers, the number of loops and bridges is

approximately related to X2
1 (see below, Equation 114).

Since the second Rouse mode relaxes only a factor of 4 faster than the first one, there is no

pronounced time scale separation between the first few Rouse modes.30 Thus, we consider our

approach as a first, systematic step towards incorporating the slowly relaxing polymer conformations,

and the theory could be extended further by incorporating additional higher-order Rouse modes as

arguments of the free-energy functional.

0 1 2 3 4
t/τR

0.0

0.1

0.2

1-
6〈

R
gx2 〉/〈

R
ex2 〉

Rouse dynamics
1st Rouse mode only

0 1 2 3
t/τR

10-3

10-2

10-1

1-
6〈

R
gx2 〉/〈

R
ex2 〉

2λe-2t/τR/[π2(1-λ)]

Figure 1: Relaxation of the ratio
1− 6〈R̂2

gx〉/〈R̂2
ex〉 after an affine stretch with

λ = 0.9. The solid line presents the prediction of
the Rouse model according to Equation 3 and
Equation 4, whereas the dashed line shows the
result when keeping only the relaxation of the
first Rouse mode, thus assuming that all higher
modes equilibrate instantaneously. The inset
highlights the exponential decay at long times,
1− 6〈R̂2

gx〉/〈R̂2
ex〉 ≈ 2λ

π2(1−λ)
exp (−2t/τR).

To illustrate the effect of scale-dependent relaxation, we consider a homogeneous melt of

unentangled Gaussian chains with mean-squared end-to-end distance, 〈R̂ex〉 along the x direction.

At time t = 0, the chains are affinely stretched by a factor 1√
1−λ > 1, and we consider the relaxation

4
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of the chain conformations back to their Gaussian equilibrium conformation. Within the Rouse

model, the pth Rouse model relaxes exponentially on the time scale τR/p
2, and we obtain the time

dependence of end-to-end distance and radius of gyration along the stretching direction

〈R̂2
ex〉 =

R2
e

3
+

8R2
eλ

3π2(1− λ)

∑

odd p

e−2p2t/τR

p2
(3)

〈R̂2
gx〉 =

R2
e

18
+

R2
eλ

3π2(1− λ)

∞∑

p=1

e−2p2t/τR

p2
(4)

One hallmark of Gaussian chain conformations is the ratio 6〈R̂2
gx〉/〈R̂2

ex〉 being unity. In Figure 1 we

present the time evolution of this ratio. Clearly, the affinely deformed initial and the equilibrated

final conformations are Gaussian but on the time scale τR there are distinct deviations, i.e., the

relaxation from a stretched Gaussian conformation to an equilibrated Gaussian configuration

proceeds via nongaussian configurations. These configurations cannot be described by a Gaussian

chain model with a time-dependent, anisotropic statistical segment length. Figure 1 also shows

the time evolution of this ratio under the assumption that all Rouse modes but the first relax

instantaneously. Note that that this description is accurate for t & τR.

In this manuscript, we derive the free energy for dense, multicomponent polymer melts as

functional of the local segment densities and the symmetric, mean, second-rank tensor, X2
1, formed

by the first Rouse modes. Thus the system out of equilibrium is described by φA and X2
1 and all

other variables are assumed to equilibrate given the constraints on φA and X2
1. The values of these

constrained quantities have to be worked out for specific nonequilibrium situations –if on the other

hand the system did reach full equilibrium, these constraints would be absent. In the following

section, we derive the formalism. Then, we describe its efficient, numerical implementation for

lamellae-forming diblock and multiblock copolymers, using single-chain propagators in conjunc-

tion with a pseudospectral algorithm.48,49 The subsequent section illustrates the results for two

macromolecular architectures, diblock and multiblock copolymers. The manuscript closes with a

summary and outlook towards further developments.

5
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Constraining the variance of the first Rouse modes

Model and self-consistent field theory (SCFT)

We consider a dense melt of n copolymers in a volume, V . The copolymer is comprised of two

segment species, A and B. Let r̂i(s) denote the molecular conformation of polymer i = 1, . . . , n.

The hat superscript denotes that a quantity depends on the explicit molecular coordinates. The

dimensionless segment density of A segments takes the form

φ̂A(r) ≡ 1

ρp

n∑

i=1

∫ 1

0

ds γA(s)δ [r− r̂i(s)] (5)

where ρp = n/V denotes the number density of polymers, and γA(s) = 1 if the segment at contour

position s is of type A, and zero otherwise. A similar definition holds for the B density. Moreover,

we assume incompressibility, i.e., φ̂A(r) + φ̂B(r) = 1 at all points in space. Unlike segments repel

each other with a strength proportional to χN , where χ denotes the Flory-Huggins parameter and

N the number of segments per polymer, respectively.

The variance of the first Rouse modes at position r is defined by the symmetric, second-rank

tensor

X̂2
1(r) ≡ 1

ρp

n∑

i=1

X̂1[r̂i]X̂
T
1 [r̂i] δ (r−Π[r̂i]) (6)

where Π[r̂i] assigns the conformation of the ith polymer to a position in space. In the following, we

will simply assign the variance of the first Rouse mode of a chain to the position of its first segment,

i.e., Π[r̂i] = r̂i(0). Note that the first Rouse mode characterizes the entire macromolecule, and thus

alternative assignments of this chain property to a spatial position can be envisioned. The specific

form of the assignment will become important if gradients of X2
1(r) or its thermodynamically

conjugate variable are significant on length scales smaller than Re. In the following, however, we

assume that the given variance of the first Rouse modes varies only on length scales that are much

larger than Re.

6
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The goal is to compute the free-energy functional, F [φA,X2
1],

e
−F[φA,X

2
1]

kBT ≡ 1

n!

∫ n∏

i=1

D[r̂i]P [r̂i] e
−χNρp

∫
dr φ̂Aφ̂Bδ(φ̂A + φ̂B − 1)δ(φA − φ̂A)δ(X2

1 − X̂2
1) (7)

for a given collective density, φA, and symmetric variance of first Rouse modes, X2
1 (within a mean-

field approximation). D[ri] sums over all conformations of macromolecule i, and P [r̂i] denotes the

Boltzmann weight of the bonded interactions along the Gaussian chain, i.e., P [r̂i] = e
− 3

2R2
e

∫ 1
0 ds

∣∣∣dr̂ids

∣∣∣2
.

The third and fourth factors represent the nonbonded interactions, giving rise to microphase

separation into A- and B-rich domains and a uniform total density, respectively. The last two

factors constrain the microscopic density and variance of first Rouse modes that are computed

from the polymer configuration, {r̂i(s)}, to the given, slow collective variables, φA and X2
1.

In analogy to the well-known procedure of SCFT, we utilize the Fourier representation of

the δ-functions,3,4 introducing integrals over auxiliary fields ΩA and ΩB that are conjugate to

the segment densities and a symmetric 3× 3 matrix � – a tensorial orienting field27,47 – that is

thermodynamically conjugate to the symmetric, second-rank tensor X2
1:

e
−F[φA,X

2
1]

kBT =
1

n!

∫ i∞

−i∞
D[ΩA,ΩB,�]

∫ n∏

i=1

D[r̂i]P [r̂i] e
−χNρp

∫
dr φA(1−φA)

e
ρp
∫

dr{ΩA(φA−φ̂A)+ΩB(1−φA−φ̂B)− 3π2

R2
e
�:(X2

1−X̂2
1)}

(8)

=

∫ i∞

−i∞
D[ΩA,ΩB,�] e

−ρp
∫

dr

{
χNφA(1−φA)−ΩAφA−ΩB(1−φA)+ 3π2

R2
e
�:X2

1

}

1

n!

∫ n∏

i=1

D[r̂i]P [r̂i] e
−ρp

∫
dr{ΩAφ̂A+ΩB φ̂B− 3π2

R2
e
�:X̂2

1} (9)

=

∫ i∞

−i∞
D[ΩA,ΩB,�] exp

(
−F [ΩA,ΩB,�|φA,X2

1]

kBT

)
(10)

with

F [ΩA,ΩB,�|φA,X2
1]

kBT
√
N̄V/R3

e

= ln
n

eV Z0

− ln
Q[ΩA,ΩB,�]

V Z0

+

∫
dr

V

{
χNφA(1− φA)− ΩAφA − ΩB(1− φA) +

3π2

R2
e

� : X2
1

}
(11)

7
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where N̄ = (ρpR
3
e)2 is the invariant degree of polymerization, and Z0 ≡ 1

V

∫
D[r̂]P[r̂] denotes

the partition function of polymer conformations in the absence of external fields or nonbonded

interactions. The functional integral over the symmetric, tensorial orienting field, �(r), runs over

the 6 independent component fields. Similar tensorial fields are employ in field-theoretic treatments

of Maier-Saupe interactions in liquid-crystalline polymers.50–54 At the saddlepoint of the integral,

the auxiliary collective fields ΩA, ΩB, and � are real such that we recover the canonical-ensemble

form within a mean-field approximation (see below). The coefficient 3π2/R2
e has been chosen such

that � is dimensionless and the eigenvalues of � at the saddlepoint of the integral are smaller than

1. 1 Q denotes the partition function of a single chain subjected to the auxiliary fields, ΩA, ΩB,

and � that couple to the segment densities and variance of the first Rouse modes, respectively:

Q[ΩA,ΩB,�] =

∫
D[r̂]P [r̂] e−

∫ 1
0 ds {γA(s)ΩA(r̂(s))+[1−γA(s)]ΩB(r̂(s))}

e
3π2

R2
e

∑
αβ �αβ(Π[r̂])

∫ 1
0 ds1

∫ 1
0 ds2 r̂α(s1)r̂β(s2) cos(πs1) cos(πs2)

(12)

=

∫
D[r̂]P [r̂] e

−
∫ 1
0 ds Ω(r̂(s),s)+ 3π2

R2
e

X̂T
1 �(Π[r̂])X̂1

(13)

with Ω(r, s) ≡ γA(s)ΩA(r) + [1− γA(s)]ΩB(r) (14)

The functional integral over the auxiliary fields in Equation 10 is difficult to perform and, like

in SCFT for Gaussian chains, we approximate it by its saddlepoint value.3,4 This approximation

is accurate for large values of N̄ . The saddlepoint values of the auxiliary fields are denoted by

lower-case letters. They depend on φA and X2
1 and are implicitly determined by the self-consistent

1Since
∫
D[r̂]P[r̂] e

+ 3π2

R2
e
X̂T

1 �X̂1 · · · =
∫

dX0 dX1 e
− 3π2

R2
e
XT

1 (1−�)X1 ∏∞
p=2

∫
dXp e

−
∑∞
p=2

3π2p2

R2
e

X2
p · · · (see Equa-

tion 92) the symmetric matrix 1− � must be positive. Positive eigenvalues of � give rise to a larger variance of the
first Rouse mode than for a Gaussian chain, i.e., the chains are stretched along this eigendirection. Conversely,
negative eigenvalues of � characterize eigendirections, along which fluctuations of the first Rouse mode are restrained,
i.e., the chain conformations are compressed.
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set of equations

φA(r) = −V δ

δωA(r)
lnQ[ωA, ωB, �] (15)

1− φA(r) = −V δ

δωB(r)
lnQ[ωA, ωB, �] (16)

3π2

R2
e

X2
1(r) = +V

δ

δ�(r)
lnQ[ωA, ωB, �] (17)

Adding spatially constant values to the interaction fields, ωA or ωB, alters neither the saddlepoint

equations, Equation 15 and Equation 16, nor the value of the free-energy functional, Equation 11,

of the canonical ensemble. Therefore, we additionally impose

∫
dr

V
ωB(r) = χNφ̄A = χN

∫
dr

V
φA(r) and

∫
dr

V
ωA(r) = χN(1− φ̄A) (18)

Inserting the resulting saddlepoint values into Equation 11, F [φA,X2
1] ≈ F [ωA, ωB, �|φA,X2

1], we

obtain the mean-field approximation of the free-energy functional

F [φA,X2
1]

kBT
√
N̄V/R3

e

≈ ln
n

eV Z0

+

∫
dr

V
χNφA(1− φA) +

3π2

R2
e

�[φA,X
2
1] : X2

1 (19)

− ln
Q[ωA[φA,X2

1], ωB[φA,X2
1], λ[φA,X2

1]]

V Z0

−
∫

dr

V

{
ωA[φA,X

2
1]φA + ωB[φA,X

2
1](1− φA)

}

as a function of the slow, collective variables, φA(r) and X2
1(r). The different terms correspond to

the ideal-gas term, the energy of AB repulsion, the free-energy of constraining the variance of the

first Rouse modes, and the conformational entropy of the nongaussian polymers in the spatially

modulated morphology.

If we minimize the above free-energy functional with respect to X2
1(r), we relax the constraint on

the variance of the first Rouse modes. Using Equation 15, 16, and 17, we determine the saddlepoint

value of X2
1(r) (i.e., the unconstrained, equilibrium value) from

�X2
1
≡ R3

e

kBT
√
N̄

δF
δX2

1(r)
=

3π2

R2
e

�
!

= 0 (20)

9
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i.e., X2
1 relaxes such that the tensorial orienting field, �, vanishes. Using � = 0 in Equation 11 and

Equation 13, we recover the standard free-energy functional of SCFT, as expected.

If we only constrain X2
1 but allow the density, φA, to relax, we have to minimize F [φA,X2

1] with

respect to φA. Then, we recover the saddlepoint relation between interaction fields and densities of

equilibrium SCFT:

µφA ≡
R3

e

kBT
√
N̄

δF
δφA(r)

= χN(1− 2φA(r))− (ωA(r)− ωB(r))
!

= 0 (21)

Calculating the single-chain partition function, Q[ωA, ωB, �]

Introducing the contour-position-dependent, pairwise potential between chain segments,

ν(r1, s1, r2, s2) ≡ −6π2

R2
e

rT
1 �(Π[̂r])r2 cos(πs1) cos(πs2) (22)

we can rewrite the single-chain partition function, Equation 13, in the form

Q[ωA, ωB, �] =

∫
D[r̂]P [r̂] e−

∫ 1
0 ds ω(r̂(s),s)− 1

2

∫ 1
0 ds1

∫ 1
0 ds2 ν(r̂(s1),s1,r̂(s2),s2) (23)

Whereas the saddlepoint values of the auxiliary fields, ωA and ωB, act like external fields on a

single chain, the tensorial orienting field, �, creates a pairwise interaction between segments at

contour positions s1 and s2. This pairwise interaction among segments along the same chain

breaks the Markov property of the chain conformations that is commonly exploited to rewrite the

problem of a single chain in external fields in terms of a modified diffusion equation for single-chain

propagators.1,3,4

To overcome this complication, we use a Hubbard-Stratonovich transformation to decouple the

pairwise interactions along a chain by an auxiliary variable, η. We write accordingly

exp

(
3π2

R2
e

X̂T
1 �X̂1

)
=

∫
dη

e−
ηT�−1η

12π2√
det(12π3�)

exp

(
ηT X̂1

Re

)
(24)
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This version of the transformation applies if all eigenvalues of the real, symmetric matrix � are

positive. In the limit that an eigenvalue tends to zero, λα → 0, the first term smoothly converges to

δ(ηα), i.e., the integral over ηα collapses, and we obtain the standard SCFT in this eigendirection.

If � has negative eigenvalues, we use, for those eigendirections α that have eigenvalues λα < 0, the

analog of Equation 24 with a purely imaginary ηα = iη̄α:

exp

(
3π2

R2
e

λαX̂
2
1α

)
=

1√
12π3|λα|

∫
dη̄α exp

(
− η̄2

α

12π2|λα|
+ iη̄α

X̂1

Re

)
(25)

In the following we assume that all eigenvalues are positive, i.e., the macromolecular conformations

are stretched. The expressions for negative eigenvalues can be obtained by formally substituting

ηα = iη̄α, as follows by comparing Equation 24 and Equation 25.

Inserting the Hubbard-Stratonovich transformation into the single-chain partition function,

Equation 13, and explicitly using the choice Π[r̂] = r̂(0), we obtain

Q =

∫
dr0

∫

r̂(0)=r0

D[r̂]P [r̂] e−
∫ 1
0 ds ω(r̂(s),s) 1√

det(12π3�(r0))

∫
dη e−

ηT�−1(r0)η

12π2
+ηT X̂1

Re (26)

=

∫
dr0

∫
dη

exp
(
−ηT�−1(r0)η

(12π2)

)

√
det(12π3�(r0))

∫

r̂(0)=r0

D[r̂]P [r̂] e−
∫ 1
0 ds ω(r̂(s),s)+ηT X̂1

Re

≡
∫

dr0

∫
dη W (r0,η) Qr0

η with W (r0,η) ≡
exp

(
−ηT[�−1(r0)−1]η

12π2

)

√
det(12π3�(r0))

(27)

where

Qr0
η ≡ e−

ηTη

12π2

∫

r̂(0)=r0

D[r̂] e
− 3

2R2
e

∫ 1
0 ds |dr̂ds |2 × exp

(
−
∫ 1

0

ds

[
ω(r̂(s), s)− ηT r̂(s)

Re

cos(πs)

])
(28)

= e−
ηTη

12π2

∫

r̂(0)=r0

D[r̂] e
− 3

2R2
e

∫ 1
0 ds |dr̂ds |2 × exp

(
−
∫ 1

0

ds

[
ω(r̂(s), s) +

ηT

πRe

dr̂(s)

ds
sin(πs)

])
(29)

denotes the partition function of a single chain, starting at r̂(0) = r0 and subjected to a contour-

position-dependent, external field. Here we use the minimum-image convention to evaluate the

displacement, r̂(s), with respect to the starting position, r0, in a periodic system. In the last line

11
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we have used partial integration to indicate that the additional interaction gives rise to a preferred

orientation of bond vectors parallel (for s < 1/2) or antiparallel (for s > 1/2) to η.

Note that in the case of compression, where at least one eigenvalue, λα, of � is negative,

this contour-position-dependent, external field is complex, ηα = iη̄α, and the propagators are

complex-valued functions. The prefactor e−
ηTη

12π2 is included in the definition of the single-chain

partition function, Qr0
η and the weight, W (r0,η), so that the former takes the simple form e−ε̄

(with ε̄ = 2χNφ̄Aφ̄B being the interaction energy per chain) in a spatially homogeneous system

(see below Equation 69) as in SCFT of Gaussian chains. Thus, the weight W (r0,η), which is not

normalized, describes the change of the non-interacting single-chain partition function due to the

orienting field, �, whereas Qr0
η quantifies the influence of nonbonded interactions on the oriented

chains.

Qr0
η can be obtained by the standard technique, i.e., one defines two single-chain propagators,

qr0
η (r, s) and q†η(r, s). The first propagator describes the probability of a chain fraction of length s

that starts at position r̂(s = 0) = r0 and terminates at r̂(s) = r. The second propagator quantifies

the probability of a chain fraction of length 1 − s whose terminal end, s = 1, is located at an

arbitrary position, propagates backwards and reaches r̂(s) = r. They obey Edwards’ modified

diffusion equations

∂qr0
η (r, s)

∂s
=

(
R2

e

6
4−

[
ω(r, s)− ηT r

Re

cos(πs)

])
qr0
η (r, s) (30)

−∂q
†
η(r, s)

∂s
=

(
R2

e

6
4−

[
ω(r, s)− ηT r

Re

cos(πs)

])
q†η(r, s) (31)

with the contour-position-dependent interaction field

ω(r, s) ≡ γA(s)ωA(r) + [1− γA(s)]ωB(r) (32)

and initial conditions

qr0
η (r, 0) = R3

eδ(r− r0) and q†η(r, 1) = 1 (33)
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The potential term linear in r in the propagator equations is awkward as it can become large

and is difficult to continue across periodic boundaries. We show next that it can be eliminated by

an appropriate rescaling of the propagators. For the forward propagator we write

pr0
η (r, s) = qr0

η (r, s) exp
(
f(s)Tr + g(s)

)
(34)

From Equation 30 it follows that this obeys

∂pr0
η (r, s)

∂s
=

(
R2

e

6
4−

[
ω(r, s)− ηT r

Re

cos(πs)

]
+ f ′(s)Tr + g′(s) +

R2
e

6
f2(s)− R2

e

3
fT∇

)
pr0
η (r, s)

(35)

To eliminate the terms linear in r and the s-dependent constant we therefore require

η
cos(πs)

Re

+ f ′(s) = 0, g′(s) +
R2

e

6
f2(s) = 0 (36)

Together with the initial condition f(0) = g(0) = 0, which ensures that pr0
η (r, s) has the same initial

condition as qr0
η (r, s), this yields

f(s) = −η sin(πs)

πRe

, g(s) = −ηTη

4π2

[
s− sin(2πs)

2π

]
(37)

This scheme can be generalized to alternate slow variables of the form X̂[r̂] =
∫ 1

0
ds r̂(s)w(s). For

instance, w(s) = cos(πps) corresponds to the pth Rouse mode or w(s) = δ(s− 1)− δ(s) represents

the end-to-end vector.

The appropriate rescaling for the reverse propagator can be found similarly, with the rescaling

factor now fixed to be unity at s = 1. In summary we have

pr0
η (r, s) ≡ qr0

η (r, s) exp

(
−ηT r

Re

sin(πs)

π
− ηTη

12π2

[
s− sin(2πs)

2π

])
(38)

p†η(r, s) ≡ q†η(r, s) exp

(
+ηT r

Re

sin(πs)

π
+

ηTη

12π2

[
s− 1− sin(2πs)

2π

])
(39)
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60



Note that

pr0
η (r, s)p†η(r, s) exp

(
ηTη

12π2

)
= qr0

η (r, s)q†η(r, s) (40)

for all r and s. The modified diffusion equations for the rescaled propagators take the form

∂pr0
η (r, s)

∂s
=

[
R2

e

6
4+

Re

3π
sin(πs)ηT∇− ω(r, s)

]
pr0
η (r, s) = L(s) pr0

η (r, s) (41)

−∂p
†
η(r, s)

∂s
=

[
R2

e

6
4− Re

3π
sin(πs)ηT∇− ω(r, s)

]
p†η(r, s) = L†(s) p†η(r, s) (42)

with the initial conditions

pr0
η (r, 0) = R3

eδ(r− r0) and p†η(r, 1) = 1 (43)

Comparing to Equation 30, we have managed to eliminate the potential linear in r in the above

modified diffusion equations, as was our aim. Therefore it is not necessary to apply the minimum-

image convention in periodic systems and numerical inaccuracies due to large external fields are

avoided.

To solve the modified diffusion equations we use a pseudospectral algorithm based on the

Trotter decomposition

pr0
η (r, s+ δs) = exp

[∫ s+δs

s

dt L(t)

]
pr0
η (r, s) = e

∫ s+δs
s dt

(
R2
e
6
4+Re

3π
sin(πt)ηT∇−ω(r,t)

)
pr0
η (r, s) (44)

≈ e−
δs
2
ω(r,s+δs)+ω(r,s)

2 · eδs
R2
e
6
4− Re

3π2
{ cos(π[s+δs])−cos(πs)}ηT∇ · e− δs2 ω(r,s+δs)+ω(r,s)

2 pr0
η (r, s)

p†η(r, s− δs) = exp

[
−
∫ s−δs

s

dt L†(t)
]
p†η(r, s) = exp

[∫ s

s−δs
dt L†(t)

]
p†η(r, s) (45)

≈ e−
δs
2
ω(r,s)+ω(r,s−δs)

2 · eδs
R2
e
6
4− Re

3π2
{ cos(π[s−δs])−cos(πs)}ηT∇ · e− δs2 ω(r,s)+ω(r,s−δs)

2 p†η(r, s)

where the middle factor is evaluated by Fourier transform. The additional term, proportional

to η, corresponds to a contour-position-dependent drift and the propagators are real-valued for

positive definite �. Otherwise, if the chains are compressed, the propagators, pr0
η (r, s) and p†η(r, s)
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are complex-valued.

These propagators allow us to compute the partial, single-chain partition function, Equation 28;

here the Gaussian factor in η that we included in the definition of Qr0
η is canceled exactly by the

corresponding factor in the rescaled propagators, Equation 40:

Qr0
η

Z0

=

∫
dr

R3
e

pr0
η (r, s)p†η(r, s) for all s (46)

=

∫
dr

R3
e

pr0
η (r, 1) = p†η(r0, 0) (47)

Using Equation 27, we obtain the single-chain partition function

Q
V Z0

=
1

V

∫
dr0

∫
dη W (r0,η) p†η(r0, 0) (48)

The saddlepoint value φA, given by Equation 15, can be separated into

φA(r) = −VQ
δQ

δωA(r)
= −VQ

∫
dr0

∫
dη W (r0,η)

δQr0
η

δωA(r)
(49)

where the latter term is evaluated via the single-chain propagators

δQr0
η

δωA(r)
=

δ

δωA(r)
e−

ηTη

12π2

∫

r̂(0)=r0

D[r̂]P [r̂] exp

(
−
∫ 1

0

ds

[
ω(r̂(s), s)− ηT r̂(s)

Re

cos(πs)

])
(50)

= −Z0

R3
e

∫ 1

0

ds γA(s)qr0
η (r, s)q†η(r, s)e−

ηTη

12π2 = −Z0

R3
e

∫ 1

0

ds γA(s)pr0
η (r, s)p†η(r, s) (51)

In summary, we obtain

φA(r) =
V

R3
e

∫
dr0

∫
dη W (r0,η)

∫ 1

0
ds γA(s)pr0

η (r, s)p†η(r, s)
∫

dr0

∫
dη W (r0,η) p†η(r0, 0)

(52)

and a similar expression holds for the B density. In particular, Equation 52 yields for the spatial

average of the density

φ̄A ≡
1

V

∫
dr φA(r) =

∫ 1

0

ds γA(s) (53)
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as it should be.

Finally, we use Equation 17 to obtain an implicit relation between the saddlepoint value, �, of

the tensorial orienting field and the given variance, X2
1, of the first Rouse modes

X2
1(r) =

R2
e

3π2

V

Q
δ

δ�(r)

∫
dr0

∫

r̂(0)=r0

D[r̂]P [r̂] e
−
∫ 1
0 ds ω(r̂(s),s)+ 3π2

R2
e
�(r0):X̂1X̂T

1 (54)

=
V

Q

∫

r̂(0)=r

D[r̂]P [r̂] X̂1X̂
T
1 e
−
∫ 1
0 ds ω(r̂(s),s)+ 3π2

R2
e
�(r):X̂1X̂T

1 (55)

=
VQr

Q
〈
X̂1X̂

T
1

〉
r̂(0)=r

(56)

where Qr is the partition function of a single chain that starts at r and 〈· · ·〉r̂(0)=r denotes the

average over all those single-chain conformations. Thus, the saddlepoint value, �(r), is determined

by the condition that the given X2
1(r) coincides with the single-chain average of the variance of

the first Rouse modes of chains starting at r̂(0) = r, weighted by the probability, VQr/Q, that a

chain starts at r̂(0) = r. This probability and the corresponding partition function, Qr, can also

be expressed in terms of the rescaled propagator:

φ0(r) ≡ VQr

Q =
V
∫

dη W (r,η) p†η(r, 0)
∫

dr0

∫
dη W (r0,η) p†η(r0, 0)

(57)

In order to evaluate X2
1(r) from Equation 56 we also need to compute the single-chain average

of the variance of the first Rouse modes. This can be obtained from the generating function, Gr,

of the distribution of X̂1

Gr(σ) ≡
〈

exp

(
σT X̂1

Re

)〉

r̂(0)=r

=
1

Qr

∫

r̂(0)=r

D[r̂]P [r̂] e
−
∫ 1
0 ds ω(r̂(s),s)+ 3π2

R2
e

X̂T
1 �(Π[r̂])X̂1+σT X̂1

Re (58)
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Using the Hubbard-Stratonovich transformation, Equation 24, we obtain

Gr(σ) =
1

Qr

∫
dη W (r,η)e−

ηTη

12π2

∫

r̂(0)=r0

D[r̂]P [r̂] e−
∫ 1
0 ds ω(r̂(s),s)+(η+σ)T

X̂1
Re (59)

=
1

Qr

∫
dη′ W (r,η′ − σ)e−

(η′−σ)T(η′−σ)

12π2 e
η′Tη′

12π2 Qr
η′ (60)

=
Z0

Qr

∫
dη W (r,η − σ)e−

σTσ−2ηTσ

12π2 p†η(r, 0) (61)

The variance of the distribution is given by

〈
X̂1X̂

T
1

〉
r̂(0)=r

= R2
e

∂

∂σ

∂

∂σ

T

Gr(σ)

∣∣∣∣
σ=0

(62)

= R2
e

Z0

Qr

∫
dη

∂

∂σ

∂

∂σ

T

W (r,η − σ)e−
σTσ−2ηTσ

12π2

∣∣∣∣
σ=0

p†η(r, 0) (63)

=
R2

e

6π2

Z0

Qr

∫
dη W (r,η)

(
1

6π2
�−1(r)ηηT�−1(r)− �−1(r)

)
p†η(r, 0) (64)

=
R2

e

6π2

∫
dη W (r,η) p†η(r, 0)

(
1

6π2 �−1(r)ηηT�−1(r)− �−1(r)
)

∫
dη W (r,η) p†η(r, 0)

(65)

Instead of adjusting � according to the saddlepoint condition, Equation 56, we can alternatively

consider the tensorial, orienting field, �, as a thermodynamic variable. Since X2
1 and � are

thermodynamically conjugate variables, we obtain the corresponding free energy, G[φA, �] by

Legendre transformation

G[φA, �]

kBT
√
N̄V/R3

e

≡ F [φA,X2
1]

kBT
√
N̄V/R3

e

−
∫

dr

V

3π2

R2
e

� : X2
1 (66)

= ln
n

eV Z0

− ln
Q
V Z0

+

∫
dr

V

{
χNφA(1− φA)− ωAφA − ωB(1− φA)

}
(67)

This free energy per chain is used to determine the lamellar spacing for a given strength of the

orienting field, �.
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Results

Spatially homogeneous system

It is instructive to consider a spatially homogeneous system, where the slow, collective variables,

φA and X2
1, do not depend on the position, r, in space. This corresponds, e.g., to a system

above the order-disorder transition temperature, χN < χODTN , and a homogeneous deformation.

Equation 53 yields φA = φ̄A =
∫

ds γA(s). According to Equation 18 the field can be set to

ω(r, s) = ω̄(s) = χNφ̄B if γA(s) = 1 and ω̄(s) = χNφ̄A otherwise. Thus, the interaction energy of

a chain in a system with translational invariance is given by ε̄ =
∫ 1

0
ds ω̄(s) = 2χNφ̄Aφ̄B. However,

X2
1 can adopt nontrivial values.

In a homogeneous system, Equation 41 takes the simple form −∂p†η(r,s)

∂s
= −ω̄(s)p†η(r, s), and

the initial condition, Equation 43, yields

p†η(r, s) = e−
∫ 1
s ds′ ω̄(s′) = e−ε̄+

∫ s
0 ds′ ω̄(s′) (68)

Using Equation 47 and Equation 27, we obtain for the single-chain partition function

Qr0
η

Z0

= p†η(r0, 0) = e−ε̄ (69)

Q
V Z0

=
1

V

∫
dr0

∫
dη

exp

(
−ηT[�−1−1]η

(12π2)

)

√
det(12π3�)

e−ε̄ =
e−ε̄√

det(1− �)
(70)

This expression also allows us to explicitly illustrate that, in contrast to integrals over the collective,

auxiliary fields, ΩA, ΩB, and �, in Equation 10 for the free energy, the integral over the auxiliary

field, η, in Equation 27 for the single-chain partition function cannot be accurately evaluated by a

saddlepoint method because there is no analog of the Ginzburg parameter, 1/N̄ .

We obtain the variance of the first Rouse modes as a function of � from Equation 56 and
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Equation 65 2

X2
1 =

〈
X̂X̂T

〉
r̂(0)=r

=
R2

e

6π2

(
1

6π2
�−1
{

6π2
[
�−1 − 1

]−1
}
�−1 − �−1

)
=

R2
e

6π2
(1− �)−1 (71)

� = 1− R2
e

6π2

(
X2

1

)−1
(72)

� = 0 corresponds to the equilibrium of a spatially homogeneous system, where X2
1 = R2

e

6π21. Inserting

these results into Equation 11 and Equation 67, we obtain the free energy per chain in units of

kBT as a function of the given orientational field, � or the given variance of the first Rouse modes,

X2
1 , in a spatially homogeneous system

Ghom[�]

kBT
√
N̄V/R3

e

= ln
n

eV Z0

+ χNφ̄A(1− φ̄A) +
1

2
ln det(1− �) (73)

Fhom[X2
1]

kBT
√
N̄V/R3

e

= ln
n

eV Z0

+ χNφ̄A(1− φ̄A)− 1

2
ln det

(
6π2

R2
e

X2
1

)
+

1

2
tr

(
6π2

R2
e

X2
1 − 1

)
(74)

For a system where the first Rouse modes are relaxed, � = 0 and X2
1 = R2

e

6π21, we recover the

standard expression. In the nonequilibrium case, the expression corresponds to previous work using

the (first) Rouse mode(s)55–57, and the second-rank tensor of the end-to-end vector.27,47

Additionally, we can compute other conformation properties, e.g., the mean-squared end-to-end

distance. In general, the conditional probability, P r0(r, s) that a chain that starts at r0 reaches the

position, r, after a contour fraction, s, can be expressed via the rescaled propagators

P r0(r, s) =
1

R3
e

∫
dη W (r0,η) pr0

η (r, s)p†η(r, s)
∫

dη W (r0,η) p†η(r0, 0)
(75)

2Using Equation 72 in conjunction with Equation 2 to first order in γ̇xyτ , we relate the tensorial orienting field �
to the rate-of-strain tensor of a homogeneous, stationary flow,

� =
γ̇xyτR

2




0 1 0
1 0 0
0 0 0


+O

(
[γ̇xyτR]2

)

in accord with Ref.47
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Thus, the spatial profile of the mean-squared end-to-end distance is given by

〈
R̂2

e

〉
r̂(0)=r0

=

∫
dr P r0(r, 1) [r− r0]2 =

∫
dη W (r0,η)

∫
dr
R3

e
pr0
η (r, 1) [r− r0]2

∫
dη W (r0,η) p†η(r0, 0)

(76)

To evaluate this expression for the spatially homogeneous system, we also need the rescaled

propagator pr0
η . 3

pr0
η (r, s) =

(
3

2πs

)3/2

e−
∫ s
0 ds′ ω̄(s′) exp

(
− 3

2s

[
r− r0

Re

− η

3π2
{cos(πs)− 1}

]2
)

(77)

Using Equation 76 we obtain

〈
R̂2

e

〉
=

∫
dη W (r0,η)

∫
dr
R3

e

exp
(
− 3

2 [ r
Re

+ 2η

3π2
]
2
)

(2π/3)3/2
r2

∫
dη W (r0,η)

(78)

=

∫
dη W (r0,η) R2

e

(
1 + 4

9π4η
Tη
)

∫
dη W (r0,η)

(79)

= R2
e +

4R2
e

9π4
tr
(

6π2
[
�−1 − 1

]−1
)

= R2
e + 16 tr

(
X2

1 −
R2

e

6π2
1

)
(80)

This result agrees with the well-known formula
〈
R̂2

e

〉
= 16

∑
odd p

〈
X̂2
p

〉
= R2

e+16
(〈

X̂2
1

〉
−R2

e1/[6π
2]
)

.

3Using the Fourier transform

p̃r0η (k, s) ≡ 1

V

∫
dr pr0η (r)e−ik

Tr and pr0η (r, s) =
∑

k

p̃r0η (k, s)eik
Tr

we rewrite Equation 41 in the form

∂p̃r0η (k, s)

∂s
=

[
−kTkR2

e

6
+
Re

3π
ηT sin(πs)ik− ω̄(s)

]
p̃r0η (k, s)

This equation has the solution

p̃r0η (k, s) =
R3

e

V
exp

(
−
∫ s

0

ds′ ω̄(s′)− kTkR2
e

6
s− ikT

[
r0 +

Re

3π2
η {cos(πs)− 1}

])

that also satisfies the appropriate initial condition.
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Lamellar phase of symmetric diblock copolymers

Spatially constant tensorial orienting field �

In the following, we ignore the spatial dependency of the variance of the first Rouse mode, i.e.,

we do not adjust the saddlepoint value of the auxiliary field, �(r), so as to fulfill Equation 56 at

each point in space. Instead, we assume that � does not depend on the spatial position. Thus,

the weight W (r,η) is also independent of r, and the saddlepoint condition, Equation 56, and

Equation 65 are replaced by

X2
1 =

〈
X̂1X̂

T
1

〉
(81)

=
1

V

∫
dr φ0(r)

R2
e

6π2

∫
dη W (η)

(
1

6π2 �−1ηηT�−1 − �−1
)
p†η(r, 0)

∫
dη W (η) p†η(r, 0)

(82)

=
R2

e

6π2

∫
dη W (η)

∫
dr
R3

e
p†η(r, 0)

(
1

6π2 �−1ηηT�−1 − �−1
)

∫
dη W (η)

∫
dr
R3

e
p†η(r, 0)

(83)

=
R2

e

6π2

∫
dη W (η)Qη

(
1

6π2 �−1ηηT�−1 − �−1
)

∫
dη W (η)Qη

with
Qη

V Z0

≡
∫

dr

V
p†η(r, 0) (84)

=
R2

e

6π2

(
1

6π2
�−1
〈
ηηT

〉
�
�−1 − �−1

)
with 〈· · ·〉� ≡

∫
dη W (η)Qη · · ·∫

dη W (η)Qη

(85)

This equation provides an implicit relation between the given, slow, collective variable X2
1 and the

saddlepoint value of the auxiliary variable, �[ωA, ωB,X2
1].

The assumption that � does not vary in space also simplifies the saddlepoint condition, Equa-

tion 52, that relates the interaction fields, ωA and ωB, to the given density, φA(r):

φA(r) =

∫
dη W (η)

∫ 1

0
ds γA(s)

[∫
d r0
R3

e
pr0
η (r, s)

]
p†η(r, s)

∫
dη W (η)

∫
dr0
V
p†η(r0, 0)

(86)

We therefore define the integrated single-chain propagator

p̄η(r, s) ≡
∫

dr0

R3
e

pr0
η (r, s) (87)
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which satisfies the modified diffusion equation, Equation 41, with the initial condition p̄η(r, s) = 1.

In contrast to pr0
η (r, s), the integrated propagator, p̄η(r, s), is a periodic function in space, like the

interaction fields, ωA and ωB, as well as p†η. This periodicity allows us to confine the computation

to a single unit cell of the periodic structure.

Using this definition of p̄η(r, s), we obtain

φA(r) =

∫
dη W (η)

∫ 1

0
ds γA(s) p̄η(r, s)p†η(r, s)

∫
dη W (η)

∫
dr0
V
p†η(r0, 0)

=

〈
V Z0

Qη

∫ 1

0

ds γA(s) p̄η(r, s)p†η(r, s)

〉

�

(88)

and the single-chain partition function, Q, in Equation 48 takes the form

Qη = e−
ηTη

12π2

∫

r̂(0)=r0

D[r̂] e
− 3

2R2
e

∫ 1
0 ds |dr̂ds |2 × exp

(
−
∫ 1

0

ds

[
ω(r̂(s), s)− ηT r̂(s)

Re

cos(πs)

])
(89)

Q
V Z0

=

∫
dη W (η)

Qη

V Z0

=

∫
dη W (η)

∫
dr

V
p†η(r, 0) =

∫
dη W (η)

∫
dr

V
p̄η(r, 1) (90)

Since � does not depend on position, r, and is symmetric, there is a coordinate system in which

the matrix is diagonal, � = diag(λx, λy, λz). In this coordinate system, Equation 27 simplifies to

W (η) =
∏

α=x,y,z

exp
(
− 1−λα

12π2λα
η2
α

)

√
12π3λα

=
∏

α=x,y,z

1√
1− λα

N
(
ηα

∣∣∣∣0,
6π2λα
1− λα

)
(91)

where N (η|η̄, σ2) is a Gaussian distribution of the variable η with average η̄ and variance σ2.

Often the given density, φA(r), is symmetric under spatial inversion, r→ −r (after suitable

choice of the coordinate origin). In this special case, also ω(r, s) = ω(−r, s). The modified diffusion

equations for p̄η(r, s) and p†η(r, s) as well as the initial conditions remain invariant under the

transformation, r → −r and η → −η. Equation 89 asserts that Qη remains invariant under

η → −η, and also the weight W (η) does not change under η → −η. Therefore, we have to

compute η-dependent properties only for ηx > 0. In the case of chain compression, i.e., λα < 0 and

ηα = iη̄α being purely imaginary, space-inversion symmetry also guarantees that Qη is real-valued.
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Random-Phase-Approximation (RPA)

The Random-Phase Approximation (RPA)58 provides an approximate, analytical description of the

lamellar phase by expanding around the spatially homogeneous system, see Spatially homogeneous

system. For a given �, the sum over all single-chain conformations takes the form

∫
D[r̂]P�[r̂] · · · ≡

∫
D[r̂]P [r̂] e

3π2

R2
e

X̂T
1 �X̂1 · · · =

∫
dX̂0 dX̂1e

− 3π2

R2
e

X̂T
1 [1−�]X̂1

∞∏

p=2

dX̂p e
− 3π2

R2
e
p2X̂T

p X̂p · · ·

(92)

and, in particular, we recover ∫
D[r̂]P�[r̂] =

V Z0√
det(1− �)

(93)

in agreement with Equation 70.

Defining the single-chain densities, ρ̂A(r) ≡
∫

ds γA(s)δ [r− r̂(s)] and similarly for ρ̂B, we

expand Equation 13 with respect to the interaction fields, ωA and ωB, up to second order

Q[ωA, ωB, �]
√

det(1− �)
V Z0

=
〈
e−

∫
dr[ωAρ̂A+ωB ρ̂B ]

〉
�

=
〈
e−V

∑
k[ω−k,Aρ̂k,A+ω−k,B ρ̂k,B]

〉
�

(94)

≈ e−ε̄−
1
2

∑
k6=0[|ωk,A|2g�k,AA+2ω−k,Aωk,Bg

�
k,AB+|ωk,B |2g�k,BB] (95)

and obtain the standard expression of the RPA with �-dependent, partial single-chain structure

factors

g�k,AA = V 2 〈ρ̂k,Aρ̂−k,A〉� =

〈∫
ds1γA(s1)

∫
ds2 γA(s2) e−ik

T[r̂(s1)−r̂(s2)]

〉

�

(96)

=

∫
ds1γA(s1)

∫
ds2γA(s2) e−

kTkR2
e

6
|s1−s2|−

R2
e

3π2
kT[�(1−�)−1]k [cos(πs1)−cos(πs2)]2 (97)

Similar expressions hold for the other partial single-chain structure factors.

The anisotropy of the distribution of single-chain conformations subjected to the tensorial

orienting field, �, gives rise to an anisotropy of collective composition fluctuations. Within RPA,

the inverse collective structure factor of composition fluctuations of a melt of diblock copolymers is
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Figure 2: Collective scattering factor of a symmetric block copolymer for different
� = diag(λ, λy, λz) in the disordered phase.

a) Inverse collective structure factor, N/[2S(kx, 0, 0)], as a function of kx

√
3〈R̂2

ex〉 at χN = 0.

Note that for an isotropic Gaussian chain,

√
3〈R̂2

ex〉 = Re. The minimum of the inverse collective
structure factor yields the critical value of χN at the spinodal and the periodicity, L, of the
emerging lamellar phase.
b) Critical incompatibility, χsN , and lamellar period, L, measured in units of the stretched chain

extension,

√
3〈R̂2

ex〉, as a function of λ. The alternate abscissa shows the deviation of the variance
of the first Rouse mode from its equilibrium value according to Equation 72.
c) Inverse scattering factor, N/[2S(kx, ky, 0)], for � = diag(0.675,−0.754116, λz) as a function of kx
and ky.

given by58

N

S(k)
=
g�k,AA + 2g�k,AB + g�k,BB
g�k,AAg

�
k,BB − g� 2

k,AB

− 2χN (98)
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Since � is a symmetric 3×3 matrix, its eigenvalues are real and the eigendirections are orthogonal.

Here we choose the coordinate system such that the eigendirections coincide with the Cartesian

coordinates, x, y, and z. In Figure 2a we present the collective structure factor for wavevectors,

k = kxex, along an eigendirection, eλ = ex of � with eigenvalue λ. The spinodal instability of the

homogeneous phase against spatial modulations of the composition along eλ at incompatibility

χsN is signaled by the zero of the inverse structure factor, i.e.,

χsN(eλ) ≡
1

2
min
k

g�keλ,AA + 2g�keλ,AB + g�keλ,BB
g�keλ,AAg

�
keλ,BB

− g� 2
keλ,AB

(99)

The order-disorder transition (ODT) occurs at χODTN = mineλ χsN(eλ), and the eigendirection,

e∗λ, for which the minimum is attained, is the thermodynamically preferred direction of lamella

normals. Figure 2a illustrates that this instability shifts to smaller values of incompatibility,

χN , as we increase the strength of the orienting field, λ. The characteristic wavevector of the

emerging lamellar phase, in turn, slightly increases when measure in units of the inverse chain

extension,

√
〈R̂2

ex〉, cf. Equation 80, in the disordered phase with constrained variance of the first

Rouse mode. The location of the ODT and the ratio of the emerging lamellar spacing in units

of the nonequilibrium chain extension in the disordered phase is presented in Figure 2b. Upon

increasing (X2
1)xx, we observe that the critical incompatibility decreases to about χODTN ≈ 6.5.

This values agrees with the result of a partial-enumeration calculation59 for λ = 1− 1
6π2 ≈ 0.983.

The length scale of the emerging lamellar phase at the ODT approaches L∗ ≈ 0.97

√
3〈R̂2

ex〉 in the

limit of strong stretching, λ→ 1, i.e., the lamellar spacing increases with λ but less so than the

corresponding component of the root mean-squared end-to-end vector.

Figure 2c presents the inverse, collective scattering factor N/[2S(k)] in the disordered phase,

χN = 0, for an anisotropic orienting field, �. The chosen orienting field corresponds to a system

that, starting from an equilibrated melt of symmetric Gaussian copolymers, has been affinely

stretched along the x-direction by a factor ε = 1/
√

1− λ with λ = λx = 0.675 and compressed in

the y-direction by a factor 1/
√
ε corresponding to λy = 1− 1/

√
1− λ = −0.754116. As expected,
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fluctuations along the stretching direction are enhanced and the maximum of the scattering occurs

at a smaller wavevector along the stretching direction, x, than along the orthogonal one.

One-dimensional density variation

In the following, we consider a lamellar phase formed by symmetric diblock copolymers or multiblock

copolymers. In this case, the density φA(r) varies only in a single spatial direction, x. The same

holds true for p̄η, p†η, and the saddlepoint fields, ωA and ωB.4 Equation 41 also implies that p̄η and

p†η only depend on the x component, ηx, of η.

Given ωA(x), ωB(x), and �, we obtain the single-chain partition function, Equation 48,

Q
V Z0

=

∫
dηxWx(ηx)Qηx =

∫
dηxWx(ηx)

∫
dx

Lx
p†ηx(x, 0) =

∫
dηxWx(ηx)

∫
dx

Lx
p̄ηx(x, 1) (100)

and the normalized density of A segments

φA(x) =

∫
dηx Wx(ηx)

∫ 1

0
ds γA(s)p̄ηx(x, s)p

†
ηx(x, s)∫

dηx Wx(ηx)
∫

dx0
Lx

p†ηx(x0, 0)
(101)

where Lx is the system size in the x direction and

Wx(ηx) =

∫
dη⊥ W (η) =

∫
dη⊥ exp

(
−ηT[�−1−1]η

12π2

)

√
det(12π3�)

(102)

Simultaneously inverting Equation 101, a similar equation for the the density of B segments,

1− φA, and Equation 85, we obtain the saddlepoint values, ωA, ωB, and � of the auxiliary fields,

ΩA, ΩB, and �. The insertion of the so-determined saddlepoint values in Equation 19 yields the

free energy, F [φA,X2
1], as a functional of the two slow variables, density and variance of the first

Rouse modes.

In the following, we additionally assume that the density relaxes to its equilibrium for the given

4In a one-dimensional system, the propagator pr0η is given by

pr0η (r, s) = px0
ηx(x, s)×

(
3

2πs

)
exp

(
− 3

2s

[
r⊥−r0⊥
Re

− η⊥
3π2 {cos(πs)− 1}

]2)
.
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variance of the first Rouse modes, X2
1. Using the corresponding saddlepoint equation, Equation 21,

we rewrite the free energy in the simple form

G[�]

kBT
√
N̄V/R3

e

= ln
n

eV Z0

− ln
Q
V Z0

− χN
∫

dr

V
φA(1− φA) (103)

F [X2
1]

kBT
√
N̄V/R3

e

=
G[�]

kBT
√
N̄V/R3

e

+
3π2

R2
e

� : X2
1 (104)

depending on whether � or X2
1 is used as the independent thermodynamic variable. In the latter

case, the value of the tensorial, orienting field, �, is implicitly given by Equation 85.

In the following, we consider the important special case where the x-direction, i.e., the lamella

normal, coincides with one eigenvector of the matrix �. We denote by λ = λx the corresponding

eigenvalue of �. Working in the eigenbasis, where the other eigendirections are y and z, the variance

of the first Rouse modes is then given by

X2
1 =

R2
e

6π2

∫
dηx e

− 1−λ
12π2λ

η2xQηx
∫

dηydηz e
− 1−λy

12π2λy
η2ye
− 1−λz

12π2λz
η2z
(

1
6π2 �−1ηηT�−1 − �−1

)

∫
dηx e

− 1−λ
12π2λ

η2xQηx
∫

dηydηz e
− 1−λy

12π2λy
η2ye
− 1−λz

12π2λz
η2z

(105)

= diag

((
X2

1

)
xx
,

R2
e

6π2(1− λy)
,

R2
e

6π2(1− λz)

)
(106)

with the nontrivial component being

(
X2

1

)
xx

=
R2

e

6π2

∫
dηx e

− 1−λ
12π2λ

η2xQηx
(

η2x
6π2λ2

− 1
λ

)

∫
dηx e

− 1−λ
12π2λ

η2xQηx
(107)

Moreover, we obtain a simple expression for Wx(ηx) from Equation 102

Wx(ηx) =
exp

(
− 1−λ

12π2λ
η2
x

)
√

12π3λ(1− λy)(1− λz)
(108)

In Figure 3a we present numerical data for Qηx ≡
∫

dx
Lx

p̄ηx(x, 1) in the lamellar phase of a

symmetric diblock at χN = 20, λ = 0.675, and its optimal lamellar spacing, L = 2.399Re. Figure 3a

shows Qηx as a function of ηx. For the inversion-symmetric lamellar phase, Qηx = Q−ηx , and only

27

Page 27 of 47

ACS Paragon Plus Environment

Submitted to Macromolecules

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



0 20 40 60 80
ηx

0.00

0.01

0.02

Q
η x

Nηx
=8192

Nηx
=32

Nηx
=16

0.0 0.5 1.0 1.5 2.0
x/Re

0.0

0.2

0.4

0.6

0.8

φ A(x
)

a)

8 12 16 20 24 28 32 36
χN

0

1

2

3

4

5

fre
e 

en
er

gy
 p

er
 c

ha
in

 [k
BT]

-∆g for λ=0.675

-∆f for (XX1
2)xx=0.0519596

8.0 8.5
χN

0.0

0.1

χNODT

(-∆g)1/2

(-∆f)1/2

b)

Figure 3: a) Single-chain partition function, Qηx = Q−ηx , from Equation 100, as a function of ηx.
Sample points used to evaluate integrals over the auxiliary variable, ηx, for Nηx = 16 and 32 are
marked; Nηx = 8192 gives an effectively continuous line. Parameter values: λ = 0.675, χN = 20
and L = 2.399Re. Inset: Equilibrated φA(x), for the three different Nηx , showing that even
Nηx = 32 is large enough here to obtain effectively converged results, characteristic for Nηx →∞.
b) Free energy differences per chain – ∆g for a given λ = 0.675 or ∆f for a given
(X2

1)xx = 0.0519596R2
e – of a symmetric diblock copolymer as a function of incompatibility, χN ,

with respect to the disordered phase. The inset presents the square root of the free-energy
differences. The arrow marks the ODT as predicted by RPA.

nonnegative values of ηx are presented. 5

The integral over ηx is discretized into a finite number of sampling points, Nηx , as also illustrated

in Figure 3a. The actual dependence on Nηx appears to be rather weak, however, so that quite

moderate values of Nηx are sufficient (cf., inset of Figure 3a).

In the general case, the computationally heavy part of the calculation is the solution of the

modified diffusion equation, Equation 41, for the different sampling points of η and r0. These

calculations can be performed independently and are well suited for parallel computers. Only the

partial results for the single-chain partition function, Equation 48, and the densities, Equation 52,

at fixed sampling points of η and r0 have to be combined in each iteration that adjusts the fields,

ωA, ωB, and �, towards the saddlepoint, Equation 15–17. Thus, in the case where the densities vary

in three dimensions but the molecular conformations are uniformly deformed in two dimensions x

5In calculations of the density one can explicitly enforce φA(x) = φA(−x) and restrict the integral in Equation 101
to only ηx ≥ 0.
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and y (e.g., planar elongation or shear flow), the calculation is a factor of NηxNηy ∼ O(102) slower

than an equilibrium SCFT calculation but the calculations can be straightforwardly distributed

over NηxNηy processors. If, however, the molecular conformations, X2
1(r), vary in space also the

integral over r0 needs to be discretized, adding significantly to the computational cost.

In Figure 3b we plot the difference between the free energy, G, per chain in units of kBT and the

corresponding quantity of the disordered phase, for λ = 0.675 as a function of the incompatibility,

χN . The free-energy difference vanishes quadratically at the ODT, as expected for a second-order

phase transition of the symmetric copolymer melt within a mean-field approximation. The graph

also depicts the free-energy difference ∆f = F−Fhom

kBT
√
N̄V/R3

e

at fixed (X2
1)xx = R2

e

6π2(1−λ)
≈ 0.0519596R2

e

as a function of incompatibility, exhibiting a similar quadratic dependency. Since the value of

the variance of the first Rouse mode, (X2
1)xx is related to λ = 0.675 via the constitutive relation,

Equation 72, of the disordered phase, the ODTs of the two systems coincide.

8 12 16 20 24 28 32 36
χN

0

2

4

6

6π
2 (XX

12 ) xx
/R

e2

λ=0.675

8 12 16 20 24 28 32 36
χN

0.0

0.2

0.4

0.6

λ

(XX1
2)xx=0.0519596Re

2

Figure 4: top: Variance, (X2
1)xx, of the first

Rouse mode as a function of χ at fixed λ = 0.675.
bottom: Saddlepoint value, λ, as a function of
χN at fixed (X2

1)xx.

The constitutive relation between λ and (X2
1)xx for the homogeneous phase is given by the

simple analytic expression, Equation 72. The lamellar ordering will modify this relation. In the

top panel of Figure 4, we plot the variance of the first Rouse mode, (X2
1)xx, in the lamellar phase as

a function of the incompatibility, χN , at a fixed value of λ = 0.675 and the optimal, χN -dependent

value of L. As we increase χN , the stretching of the molecular conformations along the lamella

normal increases and so does the variance of the first Rouse mode, (X2
1)xx. In the bottom panel
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of Figure 4, we plot λ as a function of the incompatibility, χN , in the lamellar phase for a given

(X2
1)xx = 0.0519596R2

e . Since the block copolymers stretch for larger χN , a smaller value of λ is

required to achieve the given value of (X2
1)xx >

R2
e

6π2 .

0 2 4 6 8 10 12 14 16
λ/(1-λ)

0

4

8

12

16

20

6π
2 (XX

12 ) xx
/R

e2

0 4 8 12 16
λ/(1-λ)

1.2

1.5

1.8

L/
〈3

^ R
ex2 〉1/

2

given λ
given (XX1

2)xx
at ODT

χN=20

Figure 5: (X2
1)xx as a function of λ at fixed

χN = 20. The dashed line is the prediction for
disordered phase, Equation 72. Inset: Lamellar
spacing, L, as a function of λ at fixed χN = 20.
The dashed line depicts the lamellar spacing at
the ODT predicted by RPA.

In Figure 5 we compare the constitutive relation that relates (X2
1)xx and λ, between the lamellar

phase at χN = 20 and the disordered phase. The figure depicts two data sets. First, we fix λ,

calculate the properties of the lamellar phase by minimizing G with respect to the lamellar period,

and then calculate (X2
1)xx according to Equation 107. Second, we fix (X2

1)xx by adjusting λ and

then calculate the properties of the lamellar phase by minimizing F with respect to the lamellar

period. Gratifyingly, both procedures agree and the corresponding values for the optimal lamellar

spacing, L, are shown in the inset of Figure 5. The ratio L/
√

3〈R2
e,x〉 is nonmonotonic in the

vicinity of the ODT, i.e., λ ≈ −4.5853 at χN = 20; in units of Re, however, the lamellar spacing

increases. The value L ≈ 7.71Re for λ = 0.983 is compatible with the result L ≈ 7.6Re obtained by

the previous partial enumeration calculation59 using 99 840 000 chains of 64 beads, each. The latter

calculation, however, required orders of magnitude more computational resources. The constitutive

relation in the lamellar phase and the disordered phase are qualitatively similar. At a fixed λ, the

variance of the first Rouse mode is always larger in the lamellar phase than in the disordered one,

because of the chain stretching along the normals of the internal AB interfaces. For λ→ 1, (X2
1)xx

diverges in both phases.
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Figure 6: Lamellar spacing, L, as a function of
χN at fixed λ = 0.675 (open squares) or
(X2

1)xx = 0.0519596R2
e (filled circles), cf.,

Figure 4. Since the fixed values of λ and (X2
1)xx

are related by the constitutive equation of the
disordered phase, the ODTs of both systems
coincide. The arrow marks the lamellar spacing
at the ODT, predicted by the RPA .

Figure 6 presents the lamellar spacing, L, as function of incompatibility, χN . At a given

λ = 0.675 we minimize G to obtain the lamellar spacing, L, and find that L increases with

incompatibility. Fixing λ, we basically alter the underlying distribution of chain conformations, i.e.,

we use a nongaussian, stretched copolymer architecture in the absence of nonbonded interactions.

In the lamellar phase, the behavior is qualitatively similar to that of an unconstrained copolymer,

where the lamellar spacing is dictated by a balance of the free energy of the internal AB interfaces

and the entropy loss due to molecular stretching at large χN . Thus, the lamellar spacing, L,

monotonously increases with incompatibility, and it is always larger than for a Gaussian chain,

λ = 0.

The χN -dependence of the lamellar spacing at fixed variance, (X2
1)xx, of the first Rouse mode is

qualitatively different. In the strong segregation limit, χN � χODTN , the interfacial tension, γAB

between A and B domains is not expected to be significantly affected by the constraint on (X2
1)xx

and increases with χN , similar to that of a Gaussian diblock copolymer because γAB is determined

by the small-scale statistics of short loops of A blocks in the B domain and vice versa. Fixing

(X2
1)xx, however, we effectively prevent the large-scale chain conformations from responding to an

increase of incompatibility, i.e., the constraint of the variance of the first Rouse mode does not

allow the chains to stretch and thereby increase L. Thus, L increases only very weakly with χN at

large incompatibility.
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In the vicinity of the ODT, the system with fixed (X2
1)xx behaves similar to an unconstrained

system of copolymers that are characterized by an underlying nongaussian, λ-dependent copolymer

architecture in the absence of nonbonded interactions. The size of these corresponding unconstrained

copolymers, however, shrinks with χN because λ decreases with χN , as shown in Figure 4. The

lamellar spacing upon increase of χN is determined by an increase of L in units of the λ-dependent

end-to-end distance of the corresponding unconstrained copolymers and a decrease of this unit

because of the dependence of λ on χN . The interplay between these two counteracting effects

largely cancel to keep (X2
1)xx independent of χN , resulting in a minor, nonmonotonic variation of

the lamellar spacing in the vicinity of the ODT.

Lamellar phase of symmetric multiblock copolymers – Relation between fraction

of bridges and the variance of the first Rouse mode

11−block, M=5

diblock

triblock, M=1

Figure 7: Illustration of diblock copolymer,
triblock copolymer (M = 1) and 11-block
copolymer (M = 5) with Ndb = 10.

In the following we consider a melt of symmetric multiblock copolymer with architecture

(ABBA)M , as illustrated in Figure 7. Each multiblock copolymer is comprised of 2NdbM segments.

The equilibrium phase behavior is analogous to that of symmetric diblock copolymers of length

Ndb. In the limit M →∞, the melt will form a lamellar phase for χNdb > 7.5540 with a lamellar

period that is proportional to the spatial extent of a block, L ∼ b
√
Ndb = Re/

√
2M . Again, we
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study a one-dimensional variation of the density, φA(x).

The conformation of a multiblock copolymer in a lamellar phase can be conceived as a sequence

of loops and bridges. A loop consists of a block whose two end segments are located on the same

internal AB interface. A bridge, in turn, straddles a domain and the end segments of the block

are located on neighboring interfaces. Since converting loops into bridges or vice versa requires a

block to move across the domain of the opposite species, it involves a large free-energy barrier,

∆F ∼ kBTχNdb, for the single-chain dynamics. Thus, the relaxation of loops and bridges in a

segregated lamellar phase is extremely slow. Simulations indicate that the bridge fraction, νB, is

determined in the course of microphase separation and often remains below its equilibrium value

predicted by SCFT.44 This nonequilibrium behavior is expected because the formation of the

microphase-separated morphology occurs on the Rouse relaxation time of a block, whereas the

relaxation of the overall chain conformation (and thereby the equilibration of loops and bridges) is

dictated by the Rouse time of the entire multiblock, which is a factor M2 longer. Thus, strongly

segregated multiblock copolymers are likely not to reach equilibrium, being characterized instead

by a nonequilibrium value of νB. The latter is then a slow, collective variable that characterizes

the nonequilibrium chain conformations. In the following, we explore the correlation between the

bridge fraction, νB, and the variance, 〈X̂1xX̂1x〉, of the first Rouse mode.

A multiblock is comprised of 2MνB bridges on average. We associate with each bridge a spin

variable, σi = ±1, depending on the sign of the distance, x̂(s+δs)− x̂(s) ≈ ±L/2 with δs = Ndb/N .

The alternating structure of lamellar domains in space and the alternating sequence of A and B

blocks along the chain contour gives rise to a correlation between the direction of neighboring

bridges, i.e., the spin variable of neighboring bridges will have the same sign, if they are separated

by an even number of loops. Conversely, σi+1σi = −1 if the two bridges are separated by an odd

number of loops. In the limit of many blocks, M →∞, this gives rise to an Ising-like, exponential

correlation44

〈σiσj〉 M→∞=

(
νB

2− νB

)|i−j|
(109)

Conceiving the conformation of multiblock copolymers as a persistent one-dimensional random
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walk, we derive an approximate relation between the variance of the first Rouse mode, 〈X̂1xX̂1x〉,

and the fraction of bridges, νB in the limit M � 1. Ignoring fluctuations of the position of a bridge

along the chain contour, we associate the ith bridge with contour position si = i
2νBM

. If we let x̂(0)

denote the starting position of the multiblock, then the spatial position, x̂i ≈ x̂(si) of the ith bridge

is given by x̂(si) ≈ x̂i ≈ x̂(0) + L
2

∑
n<i σn. Using Equation 109, we compute the correlation of

bridge positions

〈[x̂(si)− x̂(0)][x̂(sj)− x̂(0)]〉 =
L2

4

∑

n<i

∑

m<j

〈σnσm〉 ≈
L2

4
min(i, j)

∞∑

δ=−∞

(
νB

2− νB

)|δ|
(110)

=
νBML2

2(1− νB)
min(si, sj) (111)

In particular, we obtain for the mean, squared end-to-end distance 〈R̂2
ex〉 ≈ νBML2

2(1−νB)
.44 The spatial

correlation of the bridge positions also allows us to compute the variance of the first Rouse mode

〈
X̂1xX̂1x

〉
≈

∫
ds1

∫
ds2

νBML2

2(1− νB)
min(s1, s2) cos(πs1) cos(πs2) (112)

=
νBML2

2(1− νB)
2

∫ 1

0

ds1 cos(πs1)

∫ s1

0

ds2 s2 cos(πs2) =
νBML2

4π2(1− νB)
(113)

i.e., by specifying the variance of the first Rouse modes, X2
1, we can control the fraction of bridges

and drive νB away from its equilibrium value. Using Equation 81 to identify 〈X̂1xX̂1x〉 and (X2
1)xx,

we obtain

νB ≈
(X2

1)xx
(X2

1)xx + ML2

4π2

(114)

Within this approximation, the variance of the first Rouse mode and the mean, squared end-

to-end distance of the multiblock copolymer in the lamellar phase have the same dependence

on the fraction of bridges, i.e., 〈R̂2
ex〉 ≈ 2π2

〈
X̂1xX̂1x

〉
. This relation indicates that 〈R̂2

ex〉 at

constrained
〈
X̂1xX̂1x

〉
= (X2

1)xx is slightly larger than in a spatially homogeneous system, 〈R̂2
ex〉 =

16
〈
X̂1xX̂1x

〉
+
(

1
3
− 16

6π2

)
R2

e , according to Equation 80. The increase of the prefactor arises from

correlations along the persistent random walk; in the limit a rod-like polymer the prefactor rises to
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〈R̂2
ex〉/〈X̂1xX̂1x〉 = π4/4 ≈ 24.35.
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Figure 8: Comparison of the lamellar spacing, L, for a symmetric 11-block copolymer (M = 5) at
χN11−block = 140 and 400, a symmetric triblock (M = 1) at χN3−block = 28 and 80, and a
symmetric diblock at χNdb = 14 and 40. L is always measured in units of the size,Redb, of the
corresponding diblock copolymer i.e., Re for the diblock copolymer and Re,M−block/

√
2M for the

multiblock copolymers. Inset: Nonmonotonic dependence of optimal lamellar spacing on the
strength of the orienting field, λ, for the triblock system.

In Figure 8 we compare the lamellar spacing of symmetric diblock copolymers, symmetric

triblocks, M = 1, and symmetric 11-block copolymers, M = 5, for χNdb = 14 and 40, of the

diblock copolymer and a factor χN11−block

χNdb
= 2M larger for the multiblocks. For the diblock with

χNdb = 14, the lamellar phase transitions to the disordered phase around λ = −1.275.

For the diblock and the 11-block copolymers, the lamellar spacing, L, increases with λ. The

response to stretching, λ > 0, or compression, λ < 0, however, is much less pronounced for the

11-block than it is for the diblock copolymer. Qualitatively, increasing λ stretches the overall chain

conformations but larger length scales are affected more strongly than shorter ones. In a diblock

copolymer, increasing λ directly affects the spatial extent of a block and thereby the lamellar

spacing, L. In a multiblock copolymer, however, λ, chiefly affects the statistics of loops and bridges,

i.e., the arrangement of blocks in space rather than the spatial extent of an individual block. 6

6The situation for λ > 0 is reminiscent of the Pincus blob picture60 of a stretched linear chain with a constrained
end-to-end distance Rc > Re. Inside a blob of size ξ, the chain statistics remains Gaussian and isotropic, whereas
the blobs are arranged linearly in space. Upon increasing the spatial extent Rc, the blob size, ξ = R2

e/Rc, which
characterizes the fluctuation perpendicular to the constrained end-to-end vector, decreases, and only once it reaches
ξ ∼ L is the lamellar spacing affected significantly.
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The inset of Figure 8 reveals a slightly nonmonotonic dependence of the lamellar spacing, L, on

λ for compressed triblock copolymers, i.e., the lamellar spacing decreases as the compression of the

triblock copolymers is reduced. We attribute this behavior to the observation that compressed chains

form more loops and fewer bridges than stretched chains and that bridges, which straddle lamellar

domains, tend to shrink the optimal lamellar spacing. This behavior is qualitatively compatible

with particle simulations that suggest that systems prepared by spray coating (corresponding to

highly compressed initial single-chain configurations) form lamellae with a slightly larger spacing

than systems that have been prepared by solvent casting.44

0.0 0.5 1.0 1.5 2.0 2.5
x/Re

0.0

0.2

0.4

0.6

0.8

1.0

1.2
λ=0.5, νB=0.76

5th AB junc. (s=9/20
6th BA junc. (s=11/20)
int. density of 6th junc.

Figure 9: Illustration of calculation of the
fraction of bridges of the middle B block of an
11-block copolymer (M = 5) at χN = 400,
λ = 0.5, and L = 0.6946Re. The 5th junction is
constrained within the period between
1.0419 ≤ x/Re < 1.7365

Using a system that is comprised of 4 lamellae, we calculate the fraction of loops and bridges.

To illustrate the calculation, we focus on the B block between the 5th and 6th junction of an

11-block copolymer, M = 5. The probability that this block forms a loop is given by the conditional

probability that the starting point of the B block, r(s = 9/20), is located in the unit cell VA of

thickness L centered around a specific A lamella, i.e., 1.0419 ≤ x/Re < 1.7365 in Figure 9, and

that the end point of the B block, r(s = 11/20), is located in the same unit cell. Following Matsen

and Thompson,42 we define the conditional propagator

p̄Lη(r, s = 9/20) = p̄η(r, s = 9/20)ΘVA(r) with ΘVA(r) =





1 for r ∈ VA
0 otherwise

(115)
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Using p̄Lη(r, s = 9/20) as initial condition in Equation 41, we compute p̄Lη(r, s) for s > 9/20, and

obtain the density, φL(r, s), of segments, s > 9/20, of 11-block copolymers whose 5th junction point

is located in VA. The density profiles for the 5th and 6th junction point are presented in Figure 9,

as well as the integrated density
∫ x

dx′ φL(x′, s = 11/20).

The loop probability for the B block between the 5th and 6th junction point is given by

1− νB =

∫
VA

dr φ̄(r, s = 11/20)∫
V

dr φ̄(r, s = 11/20)
(116)

The results of this calculation for symmetric triblocks and 11-block copolymer are presented in
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Figure 10: Bridge fraction, νB, of a symmetric
11-block copolymer (M = 5) at χN = 400, a
symmetric triblock (M = 1) at χN = 80, and
comparison to Equation 114 for the 11-block
copolymer (dashed line). The solid line
additionally shows the bridge fraction of the
middle block of the 11-block copolymer. Inset:
Lamellar spacing, L, in units of the end-to-end
distance of the corresponding diblock
copolymer as a function of the bridge fraction,
νB.

Figure 10. As expected, the number of bridges increases as the chain extension increases with

λ. Varying the strength of the orienting field, λ, we are able to tune the bridge fraction of the

triblock copolymer over the entire range, 0 < νB < 1. For the 11-block copolymer, chain stretching

(λ > 0) remains quite effective in increasing the bridge fraction, however, the average bridge fraction

cannot be reduced below 0.37 even for strongly compressed multiblock copolymers, λ = −1000 or

6π2 (X2
1)xx /R

2
e ≈ 0.001. Moreover, the middle block of the 11-block copolymer is more likely to

bridge a lamellar domain than the average block if the multiblock is stretched, λ > 0, whereas

it is more likely to form a loop in case of compression, λ < 0. Taken together, the control of the

overall, large-scale chain conformations by constraining the variance of the first Rouse mode directly

correlates with the bridge fraction of multiblocks that are comprised of few blocks and where each
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block is a sizable fraction of the entire chain. In the limit of many blocks, M � 1, however, the

properties of a block correspond to a small-scale property that correlates significantly less with

X2
1. Accordingly, the simple prediction for copolymers with many blocks provides only a rough

qualitative description for the bridge fraction of the 11-block copolymer. It tends to underestimate

the number of bridges for small and large values of λ for the 11-block copolymer.

The inset of Figure 10 plots the optimal lamellar spacing, L, as a function of the bridge fraction,

νB. Upon stretching the chains, λ > 0, both, νB and L, increase with λ – the more extended chains

give rise to a larger lamellar spacing and to a higher fraction of bridges. Thus νB increases with

the optimal spacing, L.7

For compressed (λ < 0 and νB small) triblock copolymers, however, we observe that the optimal

spacing, L, decreases with an increasing number of bridges because the bridges add to the entropic

penalty of chain stretching in the lamellar structure (see also insets of Figure 8). We hypothesize

that this effect is not observed in our calculations for the 11-block copolymer because the control

of X2
1 does not allow us to reduce the number of bridges sufficiently.

Conclusion and outlook

In summary, we have developed a SCFT for nongaussian molecular conformations that does not

resort to the computationally expensive, partial enumeration over explicit chain conformations59,61

but instead uses single-chain propagators that obey a modified diffusion equation, similar to SCFT

for Gaussian chain molecules.1–10 The constraint of the variance of the first Rouse mode gives

rise to an additional integral over an auxiliary variable, η, in the single-chain partition function.

This integral cannot be evaluated by a saddlepoint approximation but can be treated efficiently by

numerical discretization.

We have studied the behavior of symmetric, lamella-forming diblock and multiblock copolymers.

Upon increasing the variance of the first Rouse mode, the diblock copolymers become more extended

7Note that this relation is just the opposite of what occurs upon expanding the lamellar spacing beyond its
equilibrium value (for Gaussian chains, λ = 0), where the fraction of bridges decreases.
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and “polarized”. This results in a decrease of the incompatibility χODTN at the phase boundary

between the disordered and lamellar phase and an increase of the optimal lamellar spacing, L.

These effects are less pronounced for multiblock copolymers because the size of individual blocks is

less affected by constraining the variance of the first Rouse mode. Instead the constraint on X2
1

controls the arrangement of blocks in space, which in turn impacts directly the fraction of bridges

that the blocks form across the lamellar domains. Thus, by constraining the variance of the first

Rouse mode we can describe systems with a nonequilibrium fraction of bridges. This situation is

rather typical because the equilibration of the bridge fraction in strongly segregated lamellae is

extremely slow.

Our approach has focused on constraining the variance of the first Rouse mode but the strategy

can be generalized to quantities of the form X̂ ≡ r̂(s)f(s) with an arbitrary function, f(s). This

set of variables includes all the different Rouse modes as well as the end-to-end distance.27

In general, the variance of the first Rouse mode relaxes slowly towards its equilibrium value

and therefore it will be important to study the kinetics of this slow, collective variable.29 In a

spatially homogeneous system of unentangled macromolecules, we expect the variance, X2
1, to decay

exponentially in time according to the Rouse model.45 Moreover, it would be interesting to derive

a stress-composition coupling for inhomogeneous systems.6,32,33

As mentioned in the introduction, even steady flow will deform the molecular conformations,

see Equation 2 for shear flow. The general form of the constitutive relation between incompressible,

steady flow and molecular conformations in spatially homogeneous systems as well as specific

expressions for unentangled chain molecules have been obtained by Ilg and Kröger57 and are

very useful to connect nonequilibrium conformations to the forces that drive the system out of

equilibrium.

Acknowledgement

We acknowledge Q. Tang and J. Tang for stimulating discussions in the early stages of the project,

39

Page 39 of 47

ACS Paragon Plus Environment

Submitted to Macromolecules

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



and thank K. Ch. Daoulas for critical reading of the manuscript. Financial support by the Deutsche

Forschungsgemeinschaft (DFG) under grant Mu1674/15-2 is gratefully acknowledged. We thank the

von Neumann Institute for Computing (NIC) for access to the supercomputer JUWELS at Jülich
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