ING'S
OPEN (5 ACCESS College
LONDON

King’s Research Portal

DOI:
10.1007/JHEPQ7(2015)043

Document Version
Publisher's PDF, also known as Version of record

Link to publication record in King's Research Portal

Citation for published version (APA):

Assel, B., Cassani, D., Di Pietro, L., Komargodski, Z., Lorenzen, J., & Martelli, D. (2015). The Casimir energy in
curved space and its supersymmetric counterpart. Journal of High Energy Physics, 2015(7), 1-43. Article 43.
https://doi.org/10.1007/JHEP07(2015)043

Citing this paper

Please note that where the full-text provided on King's Research Portal is the Author Accepted Manuscript or Post-Print version this may
differ from the final Published version. If citing, it is advised that you check and use the publisher's definitive version for pagination,
volumel/issue, and date of publication details. And where the final published version is provided on the Research Portal, if citing you are
again advised to check the publisher's website for any subsequent corrections.

General rights
Copyright and moral rights for the publications made accessible in the Research Portal are retained by the authors and/or other copyright
owners and it is a condition of accessing publications that users recognize and abide by the legal requirements associated with these rights.

*Users may download and print one copy of any publication from the Research Portal for the purpose of private study or research.
*You may not further distribute the material or use it for any profit-making activity or commercial gain
*You may freely distribute the URL identifying the publication in the Research Portal

Take down policy
If you believe that this document breaches copyright please contact librarypure@kcl.ac.uk providing details, and we will remove access to
the work immediately and investigate your claim.

Download date: 09. Jan. 2025


https://doi.org/10.1007/JHEP07(2015)043
https://kclpure.kcl.ac.uk/portal/en/publications/40159bbc-5f01-4c89-bc74-5a5aa4af18d5
https://doi.org/10.1007/JHEP07(2015)043

PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: April 21, 2015
ACCEPTED: June 15, 2015
PUBLISHED: July 9, 2015

The Casimir energy in curved space and its
supersymmetric counterpart

Benjamin Assel,” Davide Cassani,” Lorenzo Di Pietro,” Zohar Komargodski,d
Jakob Lorenzen® and Dario Martelli®
@ Department of Mathematics, King’s College London,

The Strand, London WC2R 2LS, U.K.

bSorbonne Universités UPMC Paris 06, UMR 7589, LPTHE,
F-75005, Paris, France

¢CNRS, UMR 7589, LPTHE,
F-75005, Paris, France

4 Department of Particle Physics and Astrophysics, Weizmann Institute of Science,
Rehovot, 76100, Israel
E-mail: benjamin.assel@kcl.ac.uk, davide.cassani@lpthe. jussieu.fr,
lorenzo.dipietro@weizmann.ac.il, zohar.komargodski@weizmann.ac.1il,
jakob.lorenzen@kcl.ac.uk, dario.martelli@kcl.ac.uk

ABSTRACT: We study d-dimensional Conformal Field Theories (CFTs) on the cylinder,
S4=1 x R, and its deformations. In d = 2 the Casimir energy (i.e. the vacuum energy) is
universal and is related to the central charge c¢. In d = 4 the vacuum energy depends on
the regularization scheme and has no intrinsic value. We show that this property extends
to infinitesimally deformed cylinders and support this conclusion with a holographic check.
However, for N = 1 supersymmetric CFTs, a natural analog of the Casimir energy turns
out to be scheme independent and thus intrinsic. We give two proofs of this result. We
compute the Casimir energy for such theories by reducing to a problem in supersymmetric
quantum mechanics. For the round cylinder the vacuum energy is proportional to a + 3c.
We also compute the dependence of the Casimir energy on the squashing parameter of
the cylinder. Finally, we revisit the problem of supersymmetric regularization of the path
integral on Hopf surfaces.
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1 Introduction and summary

The quantum anomalies appearing in the trace of the energy-momentum tensor encode

universal information about Conformal Field Theories (CFTs) in even space-time dimen-

sions. In d = 2 the conformal anomaly ¢ characterizes conformal field theories [1], and

constrains the renormalization group (RG) flows between them [2].

In four-dimensional

CFTs, there are two trace anomaly coefficients, ¢ and a. They appear in many applica-

tions. In particular, Cardy conjectured [3] that there exists a decreasing function along
RG flows, reducing to a at the fixed points [4-6].
Here we will be interested in the following question. Given a conformal field theory in

R?, d = 2n, we can use a Weyl transformation and study the theory on S%~! x R. This is



2

often referred to as “radial quantization.” Denoting the noncompact coordinate by 7, we

can ask about the energy of the ground state Ej, defined as

Ey = /Sd1 A e /g (T) . (1.1)

The expectation value of the energy-momentum tensor is taken in the ground state of the
CFT on the cylinder. We refer to Fy as the Casimir energy.

It is crucial for the analysis below to understand whether Ej is well defined, namely,
scheme independent. In d = 2 the only dimensionless counterterm is

/d%\/gR, (1.2)

where R denotes the Ricci scalar. This vanishes on the cylinder and thus does not shift
the vacuum energy.! In d = 4 there are several dimensionless counterterms. A basis is
given by the Euler density E(y4), the square of the Weyl tensor W2, the Pontryagin density
Tr(R A R), and R% Of those four dimensionless counterterms only [ d*z,/gR* does not
vanish on S3 x R. We could thus add this counterterm to the action with some scheme-

dependent coeflicient b
b
6 =———— [ d* 2. 1.
S = ~ 7 [ dtavar (1.3)

The curvature of the three-sphere of radius r3 is R = T% in our conventions. As a con-
3

sequence, integrating the counterterm above we get 65 = —% J dr. Interpreting the
coefficient of [ dr as the ground state energy we see that Ey is ambiguous. An equivalent
way to understand this ambiguity is to note that (1.3) leads to a scheme-dependent term
in the trace of the energy-momentum tensor

1
(4m)?

(Th) = (aEy — cW? +b0R) . (1.4)
Since (T}/) is modified, this affects the other components of (T),,) and in particular the
vacuum energy. By contrast, in d = 2 no dimension 2 term can be added to the right-hand
side of (Tj) = —5ER.

We see that, without additional assumptions, the ground state energy on S3 x R is not
an intrinsic property of the CFT. It depends on the regularization scheme, i.e. the precise
way in which the CFT is defined (different definitions lead to different values of b). On the
other hand, the Casimir energy on S' x R is an intrinsic observable that does not depend
on the ultraviolet completion.

For completeness, let us quote the results for Fy in d = 2 and in d = 4. In d = 4 below
we use the general scheme with some b. We present a self-contained derivation of these

!'More precisely, since there is the cosmological constant counterterm A7y S an:\/g, the vacuum energy
would generally have power divergent pieces FEo ~ AZy 71 (with 71 the radius of the S' and Ayy the UV
cut-off) which are non-universal. So when we discuss the scheme-independence of the vacuum energy, we
always have in mind the piece that remains finite when the cut-off is removed. In d = 2n dimensions, only
counterterms with d-derivatives of the metric are thus relevant to us.



results in appendix A. The Casimir energy on S! x R is

C

Ey = —
0 12r

(1.5)

where 71 is the radius of the circle. The Casimir energy on S% x R is

3 b
Ey=—(a—2 1.
0 4r3<a 2)’ (1.6)

where r3 is the radius of the three-sphere. In fact, as we show in appendix A, the result
in d = 4 remains ambiguous even if one allows for an infinitesimal deformation of the
three-sphere. By this we mean that the linear response to an infinitesimal deformation is
still proportional to a — g. We also provide a holographic test of this claim, by checking it
against the linearized holographic Casimir energy of the supergravity solution of [7].

The three main points of the present paper are

e There is a natural generalization of the notion of Casimir energy for N' = 1 super-
symmetric field theories on S3 x R.

e [t turns out that this Casimir energy is physical, i.e. scheme independent. We will
give two proofs of this assertion and then we will evaluate the Casimir energy exactly.
One proof is based on [8] and the other is based on ideas related to Chern-Simons
terms in quantum mechanics. The Casimir energy comes out proportional to the
linear combination a + 3¢ of the conformal anomalies.

e When one computes supersymmetric partition functions on manifolds with S x S*
topology, the answer is given in terms of a product of the Casimir factor and the
usual supersymmetric index. This leads to consistent results in various limits of the
partition function.

Let us now briefly explain why it might be useful to understand the Casimir factor for
four-dimensional theories. Recall that in d = 2, in order for the torus partition function

to be modular invariant, it is necessary to include the Casimir prefactor e% (where 8
is the length of the thermal circle). The Casimir prefactor in four dimensions might be
similarly important to manifest various relations between different path integrals such as
those analogous to [9] and e.g. [10]. The Casimir prefactor might be also relevant for a
better understanding of the role of the modular-like transformations in four dimensions
discussed in [11, 12] (and see references therein).

So let us begin by discussing how we put supersymmetric ' = 1 theories on S3 x R.
For theories with an R-symmetry (such as any SCFT) one can follow the procedure of [13]
whereby one couples the theory to background new minimal supergravity. New minimal
supergravity [14] contains the bosonic fields g,.,, A, By, where A, is the R-gauge field and
B,, is a two-form.? The procedure works both in Lorentzian and in Euclidean signature;
here we refer to the Euclidean case for definiteness.

20ne is allowed to discuss the R-symmetry in curved space without any significant modifications because
its gravitational anomaly vanishes under very general assumptions [15].



It turns out that for every complex manifold with a Hermitian metric one can find
appropriate A, and B,,, such that one preserves at least one rigid supercharge [16, 17]. This
can be viewed as a generalization of the notion of twisting [18]. Furthermore, the partition
function is independent of the Hermitian metric; it only depends on the complex structure of
the underlying complex manifold [19]. A particularly interesting class of complex manifolds
are primary Hopf surfaces, which are topologically equivalent to S x S'. In this case, the
relevant branch of the moduli space of complex structures is two-complex dimensional,
parameterized by complex numbers p, q.

For the special case of the round metric on S% x S, the complex structure parameters

are given in terms of the S'-length 3 and the S3-radius 73 as p = ¢ = ¢~ "s. This geometry
preserves in fact four supercharges and in addition to the round metric we need to activate
the background fields A, =V, = %, where V), = %GWMV”BW. The two-form B, couples
to a redundant operator in conformal field theories and is not so important. However, the
flat gauge field A along the Euclidean time direction implies that the Hamiltonian, Hgysy,
is shifted with respect to what we would get from radial quantization according to

1
Hyy =A——R. 1.
y 27,,3R ( 7)

Above A is the time translation operator that is obtained by mapping the dilatation oper-
ator in flat space to the cylinder (equivalently, A is the canonical Hamiltonian for a theory
on the cylinder with A, = %, Vr = %) The Hamiltonian (1.7) commutes with the four
supercharges on the round S% x S' and so the Hilbert space is organized in representations
of the appropriate superalgebra.

The Casimir energy, Egusy, is thus naturally defined from the large 3 limit of the

partition function [20]

Z5usy

M e PEsusy for B — oo . (1.8)

In other words, Egygy is the lowest eigenvalue of the Hamiltonian (1.7). See also appendix B.

This definition can be extended to manifolds Mz x S', with M3 a Seifert manifold (a
Seifert manifold is, loosely speaking, a circle bundle over a Riemann surface). For primary
Hopf surfaces, we will deform the three-sphere with some squashing parameter b, related
to the underlying complex structure parameters p, ¢, and study FEg,sy(b). Our final result

for the round sphere (b = 1) with radius rg is3
4
Esusy = ﬁ(a + 30) ’ (19)
in agreement with [21]. The partition function is therefore given by
28 (q43
Zglg =< 7 (@30T 5y (1.10)

with Zgs, s being the usual supersymmetric index [22-25]. The results of [26-29] are
consistent with (1.10).

3The formula also applies to non-conformal theories by replacing a and ¢ with the appropriate linear
combinations of traces over the fermion R-charges TrR and TrR? (see (2.53)).



Since the Casimir energy is not well defined without supersymmetry, one has to develop
a supersymmetric method to regularize the a priori divergent Casimir energy. As we will
explain in the following subsection, the main idea is that the expectation value of (1.7)
can be related to the expectation value of the R-charge in the vacuum. The latter can be
thought of as a Chern-Simons term in quantum mechanics and this leads to a determination
of the ordering ambiguities (see also [30]).

Let us mention that recovering (1.9) from a holographic computation remains an open
problem. Recall that for four-dimensional SCFTs admitting a weakly coupled gravity dual,
at leading order in the large IV limit, one has a = ¢ and thus we predict Eg,sy = %a ~
O(N?). Therefore this should be reproduced by the on-shell action of an appropriate
supergravity solution. It was noted in [7] that an obvious candidate for such a solution
is AdSs, with the addition of an appropriate flat background gauge field; however, its
renormalised on-shell action is the same as that of pure AdSs, which agrees with (1.6) (with
b =0) [31], and does not agree with (1.9). It is clearly worthwhile to revisit this problem.

In the next subsection we briefly summarize the derivation of (1.9). Section 2 contains
the detailed derivation of (1.9) and section 3 contains the generalization to squashed cylin-
ders. Appendix A contains a study (which is mostly a review) of the non-supersymmetric
Casimir energy. In appendix B we include some details about the identification of Egysy
with the VEV of the Hamiltonian. Finally, in appendix C we reconsider the full partition
function on S® x S'. We revisit the regularization of one-loop determinants and determine
the relation of the partition function and the supersymmetric index for all p,q, a study
initiated in [20] (see also [32]), thereby generalizing (1.10). The correct regularization of
the one-loop determinants leads to results consistent with the Cardy-like formula [26] (see
also [27]), namely

o 1672
Z;;j’sé ~ exp (— 6;57“3 (a — c)) for B—0, (1.11)

as advertised in [26, 30].

1.1 Outline of the derivation

Let us now summarize the main points in the derivation of the supersymmetric Casimir
energy for SCFTs.

In section 2 we consider an N' = 1 theory with an R-symmetry on the conformally flat
background S® x R, with round metric on S®. We work in Lorentzian signature and denote
the real time ¢t = i7. Preserving supersymmetry requires to turn on background fields
of the new minimal supergravity multiplet A; = V; = % Focusing on two supercharges

of opposite R-charge (out of the four preserved by the background), the supersymmetry
algebra on S3 x R takes the form

1 1
1@, Q") = Hausy — T—B(R +2J3),  [Heusy, Q] = [R+2J3,Q]=0. (1.12)
Here R is the generator of U(1)gr symmetry while J3 is a Cartan generator of the
isometries of the three-sphere. The Casimir energy is given by the VEV of the Hamiltonian



appearing in the algebra, Fgusy = (Hsusy). Here, the expectation value is evaluated in the
vacuum of the theory coupled to the various background fields. Since the supercharge is
time-independent, we can then Wick rotate and compactify the time direction on a circle
of length 3, and Eguy gives the dominant contribution to the supersymmetric partition
function for § — oo as in (1.8).

Because of the separation of scales between the radius of the three-sphere and the
radius of the circle, it is natural to study the reduction of the theory on the three-sphere.
The result of this reduction is a supersymmetric quantum mechanics with infinitely many
degrees of freedom. We are thus led to consider a 1d system with Hamiltonian Hgysy, a
global symmetry with charge ¥ and a supersymmetry algebra of the form

Q.01 = 2<Hsusy _ éz) , (Hyneys Q] = [5,Q] = 0 . (1.13)

Unbroken supersymmetry implies that 73(Hsusy) = (). When we reduce to 1d, the effective
action that computes () is given by

WIAT] = (5) /thtE, (1.14)

where A> is the background gauge field for the symmetry generated by ¥. This is a 1d
Chern-Simons (CS) term associated to the VEV of ¥, i.e. the charge of the vacuum.

In quantum mechanics (1.14) can in principle be completed to a supersymmetric coun-
terterm, involving the 1d metric gy as well as other background supergravity fields. Such
a counterterm would reflect the fact that (Hgusy) and (X) can be shifted by an arbitrary
amount, preserving the relation r3(Hgusy) = (X) imposed by the superalgebra (1.13). By
contrast, if the quantum mechanical model arises from a local higher-dimensional model,
the allowed counterterms must descend from local higher-dimensional counterterms. It
easy to see that the quantum-mechanical CS term (1.14) cannot descend from a higher-
dimensional counterterm and thus it is scheme independent. As a consequence, since the
vacuum energy is fixed by supersymmetry to be the same as the 1d CS term, the vacuum
energy is physical. Furthermore, since the CS term cannot depend on continuous coupling
constants, the vacuum energy is also independent of continuous coupling constants. If
we further assume the existence of a weakly coupled point, we can reliably compute the
Casimir energy using a free field theory.

We can then consider a free chiral multiplet. Supersymmetry implies that upon re-
duction on the S? the resulting Lagrangian and supersymmetry transformations must be
organized in terms of 1d multiplets and Lagrangians. In particular, there are two types
of multiplets, that we will call “short.” These are the chiral (¢,1) and the Fermi (A, f)
multiplets. A key point is that the combination of the two multiplets can form a reducible
but indecomposable representation of supersymmetry. Thus they can join to form a “long”
multiplet, with the coupling between the short components controlled by a parameter p.
When p = 0, the short multiplets are decoupled.

The scalar fields of the 1d chiral multiplets arise from “Fourier modes” of the scalar
fields in the 4d chiral multiplet. For example, on the round sphere we can use the spher-
ical harmonics and write ¢ = Y ¢rmnYe,mn - Here £,m,n are the usual SU(2); x SU(2),



quantum numbers. Similarly, one can expand the two-component fermion of the 4d chiral
multiplet in spinorial harmonics, and the 1d fermions ¢ and A\ may be identified with linear
combinations of its components. The deformation parameter p that governs the shortening
of the multiplets is related to the 4d quantum number as p? = (£ —2m) (¢ + 2+ 2m), hence
the shortening condition p = 0 is satisfied if and only if m = ¢/2 or m = —¢/2 — 1.

We will see that in the correct renormalization scheme (whose existence we established
above), the Hamiltonian of a long multiplet exactly vanishes on the vacuum, while for the
short multiplets we find

. l 1
chiral (m = 2) : (Hchiral) = 273(5 +7),
. l 1
Fermi | m = —5 1): (Hpermi) = —T(ﬁ +2—r), (1.15)
3

where r is the R-charge of the 4d chiral multiplet. Thus, given that the long multiplets do
not contribute, the expectation value of the total Hamiltonian is

(Hsusy) = Z (Hechiral) + Z (Hrermi) - (1.16)

chiral Fermi

The two infinite sums can be regularized using different methods, for example using the
Hurwitz zeta function, or a cut-off method, (see also [20] and [30]) yielding in any case the
result?

_ 4
Y27

Using a similar strategy, in section 3 we compute the supersymmetric Casimir energy

(Hyusy) = Es (a+3c) . (1.17)

for an A = 1 theory (with an R-symmetry) on a class of Hopf surfaces with U(1)? symmetry,
considered in [20]. Let us describe this briefly. Again we start from the free chiral multiplet
Lagrangian in four dimensions, and reduce this to an infinite set of fields in 1d, comprising
long and short multiplets. Since the quantized Hamiltonian of long multiplets vanishes on
the vacuum, we can focus on the short multiplets. The shortening conditions are expressed
as first-order differential equations for the eigenstates of the Hamiltonians for chiral and
Fermi multiplets, which are labeled by two non-negative integers n1,ns. This can be seen
using the method of [34] or, equivalently, utilising the variables of [32]. Each chiral and
Fermi multiplet contributes as

1
chiral - (Hoirot) = 5 — (16l + (67 nz + S (6] + [571])) .
2r3 2
Fermi : (HfFermi) = o [blng + |67 |na + 5 (el +1677]) ), (1.18)
3

where b is a parameter deforming the complex structure of the Hopf surface. Again the
two sums in (1.16) must be regulated separately. This can be done using the Barnes double

4In this paper we do not carry out the explicit analysis for the vector multiplets; the results would be
consistent with our conclusions. Additionally, the combination a + 3¢ has an interesting interpretation in
terms of the anomaly polynomial [33].



zeta function, which is a two-parameter generalization of the Hurwitz zeta function. In the
end, we obtain

(Hows) = 5= (B1+1607) (@ = 0) + (6l + 0P Be=2a), (119

which is the expression (5.10) in [20] (with the redefinition b; = 52> and by = g ).

27rs 27rs
2 Supersymmetric Casimir energy

In this section we perform a manifestly supersymmetric analysis of the Casimir energy prob-
lem on S®xR. Our strategy is to reduce to a one-dimensional quantum mechanical problem.
Using the same idea, in section 3 we will discuss the more general case leading to (1.19).

2.1 Definition

Consider an N' = 1 theory with an R-symmetry. The energy-momentum tensor can be
embedded in the so-called R-multiplet (see, for instance, [35]), hence the theory can be
coupled canonically to new minimal supergravity. The bosonic part of the supergravity
multiplet consists of the metric g,, and two auxiliary fields, the R-gauge field A, and a
conserved one-form V),, V,V# = 0, dual to the field strength of a two-form gauge field B, .
Gravity can then be made non-dynamical by taking a rigid limit, so that one is left with an
ordinary field theory on a four-manifold M,. In this limit generically all the supergravity
fields above are turned on, and play the role of background fields. For particular choices
of background fields and manifolds M, one can show that the theory on M, preserves
some rigid supersymmetry. The condition is that there exists a nontrivial solution to the
generalized Killing spinor equation [13]

(Vu—1A,)Ca +iVila + iV (0C)a =0, (2.1)

and its conjugate equation. In Lorentzian signature, these equations admit a solution if and
only if the background admits a null Killing vector [36]. In Euclidean signature, solutions
were classified in [16, 17]. It turns out that a solution exists if and only if the manifold is
complex, with a Hermitian metric. For some special cases (and the cases we analyze in this
paper are of this type) one can naturally Wick rotate from the Euclidean to the Minkowski
solution. Examples of such backgrounds are My = Mz x S', with M3 a Seifert manifold
(examples include spheres and Lens spaces).

An N = 1 theory on a curved manifold M, presents the same short-distance behavior as
in flat space. So in general there will be divergences in the computation of e.g. the partition
function on My, which need to be renormalized. Assuming that the theory is regularized
in a way which respects both supersymmetry and the R-symmetry, we infer that two
different regularization schemes differ by some local counterterm, namely some local action
constructed using the background new minimal supergravity fields, [ d4:c\/§ L(Guvs Ay, V).
This has to respect supersymmetry and gauge invariance. Local terms of dimension four
affect the finite part of the partition function, as they remain finite when the UV cut-off
is removed. In [8] it was shown that when there exist two Killing spinors of opposite



chirality, then all local counterterms of dimension four evaluate to zero. This means that
such partition functions are in fact scheme-independent.”

The results of [18, 19] tell us that ZE?;S},

only depends on complex structure parameters of the underlying complex four-manifold
M3 x S'. The findings of this work are consistent with that.

The partition function can be interpreted as usual as a trace over the Hilbert space

susy
ZM3 X Sé

the Casimir energy is extracted from the large circle limit as

is independent of coupling constants and

= Tr [(—)F e~ BHsusy ], where Hg.sy generates the time evolution along S 1 Then

. d susy
Fousy = — Bh_)ngo @ log ZM3><SL%, . (2.2)
The scheme-independence of the partition function implies that the vacuum energy is
universal (below we will also give a new proof of this fact). This should be contrasted with
the non-universality of the ordinary Casimir energy Fy discussed in the introduction.

2.2 Consequences of the supersymmetry algebra

In this section we make a few observations based on the supersymmetry algebra. In
Lorentzian signature, let us consider the simple case My = S? x R, where S? is a round
three-sphere of radius r3 and R is the time direction parameterized by ¢ (this is related to
the Euclidean time 7 in the introduction by ¢ = i7). By fixing the other background fields
to Ay =V, = %, with all other components vanishing, we can preserve four supercharges®
for any N' = 1 theory with an R-symmetry [13]. In fact one could take any constant Ay

1
T3

for the flat gauge field. However, only in the case that A; = = one gets time-independent
supercharges. So we will make this choice throughout.

The superalgebra preserved by the background is [22]

1 1 2 .
7{Qa7QTﬁ} = 5'804 (Hsusy - R> — —0' ﬁochza
2 T3

T3
[Hsusy7 Qa] =0 y [Ra Qa] - _Qa 5 [ lia Qa] = % Qﬁ Ui '804 s (2'3)

where Hgygy is the generator of translations along the circle, R is the R-charge, the J;,
i =1,2,3, are the generators of the SU(2); C SU(2); x SU(2), isometry of the sphere and
o' are the Pauli matrices. The supercharges Q., a = 1,2, form a doublet of SU(2);, while
the SU(2), subgroup does not appear in the superalgebra.

A first remark is that we assume the vacuum does not break supersymmetry. Suppose
the vacuum were not supersymmetric, in which case either @1, or Q2 (or both) would
not annihilate the vacuum. Then, Q|VAC) is a new state with the same value of Hgysy,
but contributing with an opposite sign to the index or partition function. Therefore if

®As in footnote 1, one should bear in mind that there is a dimension < 4 counterterm that does not
vanish in general, but this contains a positive power of the cut-off. We will use such divergent counterterm
in appendix C to regularize the partition function.

5This requires making a special choice of the so-called x parameter [30]. For generic choices of k, the
background preserves only two supercharges.



supersymmetry were broken, the index on S3 x R would not receive a contribution from
the unit operator. In the case of SCFTs, the fact that supersymmetry is unbroken on
S3 x R is a simple consequence of radial quantization. Indeed, in this case, the spectrum
of Hgygy is identical to the spectrum of A — %R, which has a gap above the unit operator.

Another simple observation is that J? annihilates the vacuum, J?|[VAC) = 0. Indeed,
J? appears with different signs on the right hand side of {Q1, QJ{} and {Q2, Q;} Hence, it
must vanish or one of the @’s does not annihilate the vacuum. (Also, if Jl3 were nonzero
on the vacuum, the vacuum would not be unique.)

It is useful to focus on the algebra of one specific supercharge, say (1. We will also
rescale R and J13 to reabsorb the radius 3 of S3. Then the @Q-algebra reads

{Ql?QI} = 2(Hsusy*R*2Jl3) ) Q%ZOv
[Hsusnyl] = [R + 2Jl3>Q1] =0. (24)

From this we conclude that

(Hsusy) = (R) - (2.5)
However, the algebra (2.4) is invariant under shifting Hg,sy, and the R-charge by some c-
number € so we cannot yet determine the actual expectation value of Hy,sy in the vacuum.
Notice that an equivalent way to express the Ward identity (2.5) is in terms of the vacuum
expectation value of A, defined in (1.7):

(A) = (R) . (2.6)

Equation (2.6) takes the form of the familiar BPS relation. Here we interpret it on the
cylinder, where both sides have nonzero vacuum expectation values.

We will approach the problem of determining (Hgysy) by reducing the theory on the
three-sphere. In this way we get a quantum mechanics (QM) theory with infinitely many
degrees of freedom. The theory has four supercharges, (Q1,Q2 and their Hermitian con-
jugates. The R-symmetry group is SU(2); x U(1) and the supercharges furnish the (2, 1)
representation. SU(2), is a global symmetry in the quantum mechanics theory.

The generating functional of R-current connected correlators discussed in (1.14) is
specifically given by

W[A] = (R) / dt Ay (2.7)

where A; is the component along S' of the four-dimensional R-symmetry gauge field.
This term is a 1d Chern-Simons term fixing the R-charge of the vacuum. Given that
(Hsusy) = (R), this also fixes the Casimir energy. Since the relation (Hg,sy) = (R) is
a consequence of supersymmetry, the one-dimensional local term (2.7) must be part of a
supersymmetric term in a one-dimensional supergravity, obtained by dimensional reduction
of 4d new minimal supergravity on S3. In fact, in the specific case of round S! x S% that
we are discussing here, it is easy to see that a plausible candidate for the completion of the
CS term (2.7) to a 1d supergravity invariant is given by

W = (R) /dt (At + i\/@— ;%) , (2.8)

27‘3
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where gy and V; are simply the components of the respective background fields in four
dimensions. This expression does not depend on the choice of the parameter x and correctly
reproduces (2.6) in a SCFT. However, we leave the systematic study of such terms for the
future.

Equation (2.7) implies that (Hgysy) is physical (i.e. scheme independent) without rely-
ing on the classification of four-derivatives counterterms of [8]. The idea is that if we just
studied a quantum mechanics theory of finitely many degrees of freedom, then there would
be no meaningful way to compute (Hsusy> itself. Indeed, we could always add a counterterm
of the form (2.7) with an arbitrary coefficient, shifting the values of (Hgusy) and (R) at will,
while preserving (Hgusy) = (R).” So without additional assumptions, there is no possible
way to fix (Heusy) itself at the level of quantum mechanics. However, it is crucial that
in the present study the quantum mechanics theory derives from a four-dimensional local
quantum field theory. Then, the Chern-Simons counterterm (2.7) would be admissible only
if it came from a local term in four dimensions. It is easy to convince oneself that there
is no way to derive (2.7) — with its specific normalization — by dimensional reduction of
a four-dimensional counterterm on S® x R. Indeed to get the normalization right for the
Chern-Simons term, it needs to come from a term in four dimensions of mass dimension
four. But then it is straightforward to see that one cannot write anything, regardless of
supersymmetry, that would look like [ dtA; after integrating over the sphere with radius
r3. Therefore, the charge of the vacuum becomes physical and so does the ground state
energy by the relation (Hgusy) = (R).

Another observation that follows directly from (2.7) is that the Casimir energy cannot
depend on continuous coupling constants (and hence on the RG scale). This follows from
the fact that (Hgusy) = (R) and that to compute (R) we need to evaluate the coefficient of
[ dtA;. If the coefficient of A; had depended on continuous coupling constants, we could
have promoted them to time-dependent fields and lose the gauge invariance under small R-
symmetry gauge transformations (and this cannot be accounted for by any anomaly). This
is similar to the arguments in [26] (and references therein). This conclusion is consistent
with the arguments of [18, 19].

An important consequence of this observation is that it is sufficient to calculate the
Casimir energy starting from a free field theory in 4d. We henceforth assume that such a
free point exists in the space of continuous coupling constants. It would be very interesting
to generalize our considerations to non-Lagrangian theories. (It is not currently clear to us
how to do so.)

To summarize, by considering the supersymmetry algebra and reducing to a quantum
mechanical problem, we established that what we need to compute is the coefficient of the
generating functional (2.7) in quantum mechanics. We perform this computation below,
after having introduced some notions of supersymmetric quantum mechanics.

"This freedom is constrained when the R-symmetry is compact. In this case, we can only add (2.7) with
an integer coefficient. Thus, we can only change the R charge by an integer amount, such that e*™*% = 1
on all the states is retained. So if the R-symmetry were compact, then the ambiguity in the vacuum energy

would be only by an integer, even in quantum mechanics.
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Before coming to these issues, let us comment about the case in which two supercharges
are preserved instead of four. This is in fact the generic supersymmetric case, pertinent
to various deformations of S3 (these will be discussed in section 3) as well as to other
topologies. In this case, some of the claims above are valid while some others are not
necessarily true. An important difference is that there is no SU(2); algebra in general,
rather, there is just some U(1) isometry of M3, generated by Js. Thus, a simple argument
that Js vanishes in the vacuum does not exist. The QM algebra, inherited from the
4d deformed algebra [17, 20], now takes the form (1.13), so that in the vacuum we have
(Hsusy) = (2), with ¥ a QM flavor symmetry. A quantum mechanical term like (2.7) would
still exist, with A; replaced by the gauge field A} for the flavor symmetry ¥, and the claims
made below eq. (2.7) still apply. In particular, the vacuum energy is still independent of
the renormalization scheme and of the coupling constants. We will use this to compute
Egusy for N = 1 theories with an R-symmetry on M3 x S 1 where Mj has S3 topology.

2.3 Supersymmetric quantum mechanics

Let us model the situation above, governed by the two supercharges algebra (2.4), with

QY =2H-%), @ =0,

where H generates time translations, while ¥ is some Hermitian conserved charge. At
the formal level, we can just redefine H by ¥. However, in order to be able to connect
more easily to the reduction over S, we will keep the algebra in the form (2.4). Similar
supersymmetric systems were studied in [37, 38].

We can define two types of multiplets: a chiral multiplet (¢,1), and a Fermi multiplet
(A, f), where ¢, f are complex and commuting while 1, A are complex and anti-commuting.
These two multiplets have the following supersymmetry transformations

chiral : 8¢ = V20, o) = —V2i(T Dy,

Fermi : 60X\ =V20f +pvV2CTo,  6f = V2t DX — pvV2(Ty, (2.10)
where on all the fields we define Dy = 0, — io, with ¢ the charge of the field under . The
complex parameter ( is independent of time and uncharged under .. In the variations
of the Fermi multiplet there appears a parameter p. When p = 0, the chiral and Fermi
multiplets are independent of each other. We will refer to each of the decoupled multiplets
as “short.” When instead p # 0 the two multiplets form one reducible but indecomposable
representation of supersymmetry. Thus, for p # 0 we call the combined chiral and Fermi

multiplets a “long” multiplet.
On each component of a multiplet with charge o, the transformations (2.10) give

(01,82} = —2i(¢] ¢ + ¢J¢1) D (2.11)

which is consistent with the algebra (2.9) when H is represented as —i0;.
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The supersymmetric Lagrangian of a long multiplet takes the form
L = D¢ — ip(¢ Dyt — ¢ Dyp) + inpT Dyap — 2puapp!
+ i DA+ |
= P*o* = pOT + D), (2.12)

where p is an additional free parameter, giving a mass to ¢. For p = 0, the first and the

second lines are the Lagrangians of a free chiral and free Fermi multiplet, respectively, and

are separately supersymmetric.®

We now pass to Hamiltonian formalism and quantize the theory. The canonical mo-
menta are

My = (D +ip)pt,  Ty=—ipl,  T=-iAt, TII;=0. (2.13)
The canonical (anti-)commutation relations are

.My =i, {0} =-ife.oly = —i, ALY =i} =i, (214)

together with their Hermitian conjugates.
The Hamiltonian reads

H = [T4]* +i(u+ 0)(Mpd — ¢y ) + 1|61 + (0 + 2p) 0!
+ ot
+ 097 + p(OWT + YAt + @&, (2.15)

where again when p = 0 the first line gives the Hamiltonian of a chiral multiplet, while the
second line is the Hamiltonian of a Fermi multiplet. The field f has been set to zero by its
equation of motion. Note that we have introduced a constant &, parameterizing the usual
ordering ambiguity.

In terms of canonical variables, the charge ¥ reads

S =io(Mp¢ — 'y ) + o (P! + ANT) + a, (2.16)
where o parameterizes the ordering ambiguity in this operator. The supercharge is
Q = V2ip(Ily —ipg') + V2p i, (2.17)

and is free of ordering ambiguities. Evaluating {Q, @'} we find that (2.9) is upheld provided
we take
a=a-—2u. (2.18)

Hence supersymmetry fixes the ordering ambiguity in H —X. Of course, after having solved
for a we still have the freedom to shift H and ¥ by an equal amount, corresponding to

SWhen p = 0 an additional term like §(AW (¢)) can be introduced, in case the total charge under 3
vanishes. We will not need to consider this term.
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the remaining parameter o. Without additional assumptions, this freedom would have
remained in the framework of ordinary quantum mechanics in one dimension.

In order to explain how to fix the ordering ambiguity that is left, it is useful to recall
that we are computing the coefficient of a CS term in the low-energy 1d effective action.
This term takes the form

k/dt AF (2.19)

where Ay is the background gauge field associated to the charge ¥. A single fermion of
mass M and charge ¢ shifts the coefficient of the Chern-Simons term by Zsgn(M) [39]. We
can think about that as if we are starting from some theory in the UV with Chern-Simons
coefficient k,, and then we integrate out the massive fermion leading to a Chern-Simons
coefficient in the infrared ki, (this interpretation was elaborated upon in [40])?

Ky — kuy = —% sgn(M). (2.22)

From the point of view of the quantum mechanics, the arbitrariness in the charge of
the vacuum corresponds to the arbitrariness in the UV coefficient k. However, our theory
arises from a higher-dimensional model. As already observed, it is easy to convince oneself
that a term like (2.19) cannot be generated by dimensional reduction of a four-dimensional
local term. So we must take

kay =0, (2.23)

i.e. no Chern-Simons contact term in the UV generating functional. This key requirement
fixes the ordering ambiguity in H. Together with (2.22), this implies that multiplets
containing pairs of fermions with masses of opposite sign do not contribute to the Casimir
energy. We will see below that as long as the Hamiltonian is bounded from below, a long
multiplet necessarily contains fermions with masses of opposite sign. As a result, the choice
of the ordering coefficient must be such that H and ¥ vanish in the ground state of a long
multiplet. This leads to the conclusion that the correct choice of the ordering constant is

a=—20. (2.24)

9A simple way to derive (2.22) is as follows. First, from dimensional analysis and the fact that M and
k are odd under charge conjugation we infer

kir — kuv = xsgn(M) , (2.20)

where x is a coefficient, independent of M. To fix x we can consider a free fermion with mass M and charge
q with a constant background gauge field AY. This has Hamiltonian H = (M + gAY)(Yy! + &), where &
is an arbitrary ordering constant. The partition function is given by

7 — o B(M+qAY)a (1 I e—ﬁ(M+qA?)) . (2.21)

The idea now is that we can keep the ultraviolet fixed and consider two different RG flows, one with positive
M and one with negative M. By subtracting the resulting Chern-Simons terms in the infrared (which we
will read out from the charge of the vacuum), we will find 2z. If M > 0 then taking M — oo we can read off
the CS term (i.e. charge) in the IR to be g& [ dtAF. On the other hand, if M < 0 we read out the CS term
in the IR by taking the limit M — —oo and we find g(& + 1) [ dtA?. Subtracting these yields 2z = —q.
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We will use this choice in the following and one can verify that in all cases the results

are consistent with (2.23). Incidentally, it turns out that (2.24) also corresponds to Weyl

ordering for the Hamiltonian.!®

2.4 Spectrum of the Hamiltonian

We now study the spectrum of the Hamiltonian and determine the vacuum state.

Long multiplet. Let us start from the bosonic sector of (2.15):
Hyosonic = Tg|> +i(p+ 0)(Tgp — ¢'Tys) + (1 + p°)|¢*| = — o, (2.25)

where we have included half of the ordering constant appearing there (the other half will
enter in the fermionic sector). This ensures Weyl ordering. We can introduce creation
operators al, b' and annihilation operators a, b via

(u? + p?) /4 (P 4 )l
V2 V2
The canonical commutation relations between ¢ and Il (and their Hermitian conjugates)

imply that these satisfy [a,a!] = [b,b] = 1, [a,b] = [af,b] = [a,bT] = [af,b] = 0. Then the
bosonic Hamiltonian can be written as

¢ = (a+bl), I (a' —b). (2.26)

Hyosonic = \//m(éﬁa + bTb + 1) + (O’ + M) (bTb — aTa)

- %\/‘m({“’ al} +{b,b1}) + %(0 + ) ({6, — {a,al}y),  (2.27)

where in the second line we have emphasized that Hyogonic is Weyl ordered. The state
annihilated by a and b has energy /pu2 + p?. Acting on this with (af)™(b)" (with m,n
positive integers) we obtain a state with energy

Hbosonic(m7n) = M2+p2+m( ,u2+p2—u—a)+n(\//m+,u+a). (228)

We see that in order for the Hamiltonian to have a spectrum that is bounded from below we
need to assume /u2 + p? > |u + o|.1! Hence the state of minimum energy in the bosonic
sector is the one with m =n = 0.

Next we address the fermionic sector. The Hamiltonian reads

errmionic = p()\wT + w)\T) + (2,U + O')’lﬂ’(/JT + C)')\)\Jr — M —0

2u+op\ (v
= (v A)( ) U) (AT>—/~L—U, (2.29)

10This explains why our final result is identical to that of [30] for the VEV of H. But, unlike [30], our
result for the VEV of ¥ in the vacuum manifestly respects the BPS condition H = X.

" Allowing for /u? + p2 = |+ o] yields a Hamiltonian bounded from below but introduces a degenerate
vacuum. Let us discard this case.
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where we have kept the ordering constant that ensures Weyl ordering. We can make a
unitary U(2) rotation to diagonalize the above matrix. This preserves the anti-commutation
relations. The eigenvalues are

Ty =p+ot\p?+p?. (2.30)

Denoting the eigenvectors u.y,u_, ui, uT_, the Hamiltonian is thus

Hiermionic = $+U+Ul + x,u,ui —u—0
T xTr_—
= o lup, ul ]+ 5 fumsul ], (2.31)

with {ug, uTi} = 1. The charge operator ¥ takes the form

Y fermionic = U(”«}“i + Ufu-r_ — 1)

=0 [u+,u1] +ofu_,ul]. (2.32)

Starting with the state |0) which is annihilated by both ui_L, we can act with u_, uy or
u—_tu4. The spectrum therefore consists of four states with the following energy and charge:

state |0) u_|0) us]0)  upu_|0)
energy| —p—0  —\/p2+p> Jur+p®?  p+to (2.33)
charge —0 0 0 o

Since we assumed \/p? + p? > |u + 0|, the state of lowest energy is u_|0).

We now combine the information obtained studying the bosonic and fermionic sectors
of the Hamiltonian and identify a state with minimum energy that respects supersymmetry.
Adding Hposonic and Hiermionic, the complete Hamiltonian is

H=+/p2+p*(ala+bb+1)+ (0c+p)(bb—ada)
+$+u+ul +r_u_ul — w—o. (2.34)
One can also check that the full charge operator reads
Y=o (bTb —a'a+ u_,_uj_ Fu_ul — 1). (2.35)
From the discussion above, the state with minimum energy is clearly

IVAC) = |Im=0,n=0,z_), (2.36)

where m = 0, n = 0 indicates that no bosonic oscillators are excited, and by x_ we mean
that we excite one fermionic oscillator with eigenvalue x_. Its total energy is

H=/p2+p>—/p2+p* =0, (2.37)
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and thus vanishes due to an exact cancellation between the bosonic and the fermionic contri-
butions. Since we have just one fermionic oscillator the charge is ¥ = 0, hence the relation
(H —X)|VAC) = 0 is satisfied and supersymmetry is unbroken in the vacuum, as expected.
We conclude that the long multiplets yield a vanishing contribution to the vacuum

energy and charge:
<Hlong> = <Zlong> =0. (2.38)

Note that this is a consequence of our choice of ordering constant, and as argued at the
end of the previous subsection this is the correct choice for a quantum mechanics arising
from a higher-dimensional theory.

If we had a theory of long multiplets only, the vacuum energy would just be zero.
However, if short multiplets are also present, this is not the case, as we now show.

Fermi multiplet. Consider the Fermi multiplet. Then the supercharge identically van-
ishes. The Hamiltonian and the charge generator take the same form,

1
HFermi = z:Fermi = 0<)\)\T - 5) . (239)

The only two states have energy —%0’ and —‘r%O’. The contribution of a Fermi multiplet to
the vacuum energy and charge is thus

<HFermi> = <EFermi> = _|0-2| . (240)

Chiral multiplet. The bosonic sector of the chiral multiplet can be treated as we did
for the long multiplet, setting p = 0. The full Hamiltonian and charge operator can thus

be written as
Henival = |pl(afa + 010+ 1) + (0 + p) (b7 — a'a) + (2u + o)pip — pu — % . (2.41)
Sehiral = O (bTb - aTa) + oyl — %O’. (2.42)
Since p = 0, the condition for the Hamiltonian to be bound from below becomes
il >+ ol (2.43)
In the vacuum all bosonic oscillators are zero. Then we have two possible states:
1. the state annihilated by ¢, with H = |u| — pu — %o and X = —%O’;
2. the state with an oscillator ¢ excited, with H = |u| + p+ 30 and £ = +30 .
Which state has minimum energy depends on the values of p and o. Note that (2.43)

requires 4 and o to have opposite signs. If 4 > 0, 0 < 0, then (2.43) implies —2u < 0 < 0,
and the state number 1 has minimum energy H = —%O’; since H = X, this state is
supersymmetric, while the state 2 is non-supersymmetric. Conversely, if ¢ < 0 and o > 0,
then from (2.43) we deduce 0 < o < —2u, hence the state number 1 now has higher energy

and the state 2 is the supersymmetric vacuum, with H = %a.
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Thus, a chiral multiplet contributes to the vacuum energy and charge as

o]

(Heniral) = (Schiral) = 5 (2.44)

In conclusion, the analysis in supersymmetric quantum mechanics establishes that a
long multiplet yields a vanishing contribution to the vacuum energy and charge, that a
Fermi multiplet contributes as in (2.40) while a chiral multiplet contributes as in (2.44).

2.5 Dimensional reduction of a 4d chiral multiplet

Consider a free four-dimensional chiral multiplet (¢, 1, F) on S% x R. The Lagrangian
and supersymmetry transformations can be found in [13]. The only parameter appearing
in the Lagrangian is the charge r under the background R-symmetry gauge field. Here
we will restrict to 0 < 7 < 2.12 This range is compatible with the inequalities mentioned
in the previous subsection, ensuring that the spectrum of the Hamiltonian is bounded
from below. Expanding in appropriate spherical harmonics, the chiral multiplet reduces to
a one-dimensional theory with infinitely many fields. These organize in one-dimensional
multiplets with different values of the parameters p,p, o introduced above. Some have
p # 0 and are thus long multiplets, while some others have p = 0 and are thus short
multiplets, either chiral or Fermi.

More explicitly, we can expand the scalars in spherical harmonics Y7 ,, ,, transforming
in representations (%, %) of SU(2); x SU(2),. The quantum number ¢ is a non-negative
integer. For a fixed £, the quantum numbers m,n of the scalar harmonic Y;,, , range in
—g <m,n < %. So we can write

¢ = Z (ﬁf,m,nYé,m,na (245)

l,m,n

and similarly for the auxiliary field F'. The fermionic field 7, can be expanded in spinorial
harmonics. A review of spinor spherical harmonics on S can be found in [30, 41]. A

single 4d fermion reduces to two infinite series of 1d fermions furnishing the representation
S5 L) @ (5L, £) of SU(2), x SU(), 12

Integrating over S® and using the orthonormality of the spherical harmonics, the action
of a four-dimensional chiral multiplet gives rise to a one-dimensional action for an infinite
number of fields. These arrange in multiplets of supersymmetric quantum mechanics la-
beled by ¢, m,n, and one can check that the Lagrangian of each of these multiplets takes
the form (2.12). Here we do not need to present all details of the reduction. All we need
to know is how the R-charge r and the quantum numbers ¢, m,n map into the parameters
o,p, i entering in (2.12) and characterizing each multiplet in supersymmetric quantum
mechanics. Actually, the discussion in subsection 2.4 shows that for the purpose of deter-
mining the vacuum energy we just need to know when a multiplet is shortened (namely

when p = 0), if it is a chiral or a Fermi multiplet, and what is the value of its charge o.

2Qutside this range there are complications, see [41]. Here we see additional complications, for example,
the cancelation previously discussed for long multiplets would fail.
13The symmetry between left and right is broken by the choice of spin bundle.
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By comparing the four-dimensional algebra (2.4) with (2.9), we deduce that we must
identify (restoring the S radius r3) ¥ = %(R + 2.J3), and therefore

o= :3(7" +2m) . (2.46)

Moreover, reducing the four-dimensional Lagrangian to one dimension, one finds'4

1
p: = T—Q(E—Qm)(€—|—2+2m),
3
1
p=——02m+1), (2.47)
3

hence the shortening condition p = 0 is satisfied if and only if m = £/2 or m = —¢/2 — 1.
In the former case a chiral multiplet is obtained, with charge o = %(5 + 7). In the latter
case a Fermi multiplet is obtained, with charge o = —%(5 +2—r). Recalling (2.40), (2.44)
we conclude that the respective contribution to the vacuum energy is:

. ¢ 1
chiral (m = 2) : <Hch1ral> - %(ﬁ + 7") )

(2.48)
b

2—17).
. (0 + r)

Fermi <m = —g — 1> : (Hpermi) =

The expectation value of the Hamiltonian is obtained by adding up the contributions of all
chiral and Fermi multiplets:

<Hsusy> — Z <Hchiral> + Z <HFermi>

chiral Fermi
=S L - 2 ) (2.49)
2’1“3 2’/“3 ’
£>0 £>0

where the (¢ 4 1) factor comes from the degeneracy associated with SU(2),.

To regularize the sum, we dress the terms in the sum with some decreasing weights.
To do this in a supersymmetric fashion, we can decompose H as a sum of Hamiltonians
acting on the Hilbert space of a single free 1d multiplet

Hsusy = Z Hf,m,na (250)

Lmn

and regularize the sum with a function of the Hy,, ,, operators, for instance

Hynsy = Z H£7m7n€—2tT3|Hﬂ,m,n" (2.51)

lm,n

M\More generally, one could easily restore the dependence on the parameter . This affects only p but
not p? and o. In the notation of [30] one finds that the parameter u is related with the parameters in the

. . . _ 3 3
four-dimensional Lagrangian as rapu = —2m — 57 — (57 — €).
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with ¢ a positive number. This yields

1 —1(e 1 — (42—
(Hasy) = Z 273(5 + 1) (0 + )t Z 273(3 P10+ 2 - r)e 2T (259)
>0 >0
Taking the small ¢ limit and dropping the diverging term in ¢t =2, we obtain a regularized

result for the vacuum energy that, after recalling the trace anomaly coefficients [42]

a:%[i’)(r—l)?’—(r—l)], c=;—2[9(r—1)3—5(r—1)], (2.53)
reads A
Fausy = (Heusy) = %(a +3c). (2.54)

This is the result advertised in eq. (1.9) of the introduction.

One could consider a supersymmetric regularization with a different function
f(tHgm,n) of the Hy,y, , operators. It can be shown, using an Euler-MacLaurin expan-
sion (see appendix C for a related application) that for all smooth functions f such that
f(0) = 1 (and such that the series converges), one obtains the same result for the finite
piece in the small ¢ expansion. This is in agreement with the fact that the supersymmetric
Casimir energy is unambiguous. The regularization using the Hurwitz zeta function [30]
also reproduces the same result.

It is possible to contrast our results with several previous works in which localization
techniques on S% x S! were utilized. Comparing with [20] (see also [32] and [43] where
similar localization techniques are used in other topologies), one finds agreement regarding
the vacuum energy. However, as we will briefly discuss in appendix C, the regularization
scheme of [20] in fact does not preserve supersymmetry, as it violates certain SUSY Ward
identities in the small circle limit. Our result for the vacuum energy also agrees with that
of [30] (this method is a Hamiltonian version of [21]), but as mentioned in footnote 10 the
result of [30] does not preserve some SUSY Ward identities as well.

3 Supersymmetric Casimir energy on a deformed three-sphere

In this section we study the chiral multiplet on a supersymmetric S® x S background
with more general metric and complex structure. We will use results known from the
computation of the partition function on these spaces, based on localization, to implement
the Hamiltonian approach to the evaluation of the Casimir energy.

3.1 Shortening conditions on chiral multiplets

We start by reviewing some results of [32], where the fermionic degrees of freedom in the
chiral multiplet were conveniently redefined. This made it particularly easy to show that
in backgrounds preserving two supercharges of opposite R-charge, the modes contributing

'5The diverging term can be associated to the four-dimensional Einstein-Hilbert counterterm. We will
discuss this more in appendix C.
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to the partition function solve first-order differential equations that can be interpreted as
shortening conditions.

We work in Euclidean signature and follow the conventions of [20].16 We assume the
existence of at least one positive-chirality spinor (, and one negative-chirality spinor Zé‘
satisfying the Killing spinor equations

(Vyp—iAu) ¢+ iVl + VY0, =0,
(Vo +i4,) ¢ —iViC — iV ,,( =0. (3.1)

These independent equations are the Euclidean version of the supersymmetry condition
given in (2.1). Note that ¢ has R-charge +1 while Z has R-charge —1. In Euclidean
signature the chiral multiplet is made of (¢, vy, F') with R-charge (r,r — 1,7 — 2) and of
the independent fields (5, {Ed, 15) with R-charge (—r, —r + 1, —r + 2). The supersymmetry
transformations are

36 =2¢0, 36 =V2¢0,
51 = V2 F¢ +V2i0" (D¢, 5 = V2F +V2i5"¢D,é
§F =V/2iD,(C5"y), §F =/2i D, (Cotp), (3.2)

where on a field of R-charge g the covariant derivative D, is defined as
D,=V,—iqA,, (3.3)
with V,, the Levi-Civita connection. A supersymmetric Lagrangian is
L = DudD"¢+ V¥ (iDub 6 = i6Du6) + 7 (R+6V,V*) b — FF
+ i 5H D, + %w{/? G, (3.4)

where R is the Ricci scalar on the four-manifold.
Following [32] (see section 5 therein), we decompose the fermion fields 1, ¢ in anti-

commuting scalars as'’
1 ¢hyp 1 eqp(t?
B=—>-, C=v2 o =V2(B—— C, 3.5
V2P VI e = RGBS )
~ 1 (g e (]

~ e ~. -~ 1 ~
LI C =20 o 0 =Vv2iiB- — P, (3.6)
V22 V2 [c?
Note that B has R-charge » — 2 while C' has R-charge r. Similarly, B has R-charge —r +2
while C has R-charge —r. We also introduce the complex vectors

— Cronct L CTore - _Z‘&MCT

TR 2P 2

We could also work in Lorentzian signature, building on the results of [36]. One reason for choosing

B =

KM =Gk, (3.7)

the Euclidean signature is that it allows to make contact with the computation of the partition function
via localization.
'"Note that ¢, and £,5(¢7)? form a basis of chiral spinors.
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which define a complex frame. These satisfy K uf“ = YN?“ = %, with all other contractions
vanishing. The vectors K, K have vanishing R-charge, while Y has R-charge +2 and Y
has R-charge —2. They satisfy

VuKy=0, V,K'=0, DJY!=0, DY"=0, (3.8)
hence K is a (complex) Killing vector. Finally, we define the differential operators
Lx =K'D,, Lz=K'"D,, Ly=Y"D,, Ly=Y"'D,. (3.9)

In the new variables the supersymmetry transformations (3.2) take the form (here we
distinguish between = ¢, and § = 65):

56 = C, Sp=0,

6C =0, 6C =2i Lo,

SB=F, 0B = —2i Ly,

§F =0, OF = 2i (LB + LyC), (3.10)

with similar transformations for the tilded fields. The Lagrangian (3.4) can then be rewrit-
ten as

L= 4£f¢~5ﬁK¢ + 4[,yq~5£7¢ + Zﬁ(ﬁ}(ngb — gﬁqu) —FF
+2iBLKB + 2i CL7C +2i BLyC — 2i CLy B — kCC.. (3.11)
Here, x is a function describing a redundancy in the choice of the background fields [17];
it will play no important role for us as it drops from the final answer.

In [32] it was showed that in a background with two supercharges (, Z , the partition
function of a chiral multiplet reduces to

IS
Z = v (3.12)

whnere s are eigenvalues etermine Y the first-order differential conditions
here \B, \? i lues d ined by the fi der differential conditi
LyB=0, iLxkB=\PB, (3.13)

and
Ly¢=0, iLxd=N0. (3.14)

The equations on the left can be read as shortening conditions for the chiral multiplet.
Indeed, £y B = 0 allows to set C (and ¢) to zero consistently with its equation of motion.
Similarly, ﬁ7¢ = 0 permits to set B to zero consistently with its supersymmetry transfor-
mation in (3.10). In order to set B = 0 consistently with its equation of motion one also
needs /:'70 = 0; this condition is also needed to set F' = 0 respecting its supersymmetry
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variation. Similar considerations apply to the tilded fields. (In [32], the latter were related
to the untilded fields via Hermitian conjugation).

These shortenings are better understood by reducing to lower dimensions, where (B, F)
and (¢, C) define irreducible representations of supersymmetry. In [32], this was done in an
S? x T? background by expanding in monopole harmonics on S? and noting that the afore-
mentioned equations correspond to shortenings of the (0,2) supersymmetry multiplets on
T?. Therefore only modes in shortened multiplets contribute to the one-loop determinant
of the chiral multiplet partition function. The long multiplets lead to paired bosonic and
fermionic eigenmodes and hence yield a trivial contribution.

Similarly, in the following we consider S? x S' with a general metric and reduce on S3
to supersymmetric quantum mechanics. This allows to make contact with the approach to
the computation of the Casimir energy developed in section 2.

3.2 Reduction on deformed three-sphere

We consider the class of supersymmetric backgrounds studied in [20]. These are complex
manifolds with the topology of 5 x S known as primary Hopf surfaces. The complex struc-
ture moduli space is described by two parameters p, ¢. In the notation of [20], p = e~ 2mlonl
g = e 2™%2l and by, by are chosen real. The circle S! is parameterized by 7 ~ 7 + 27. The
three-sphere is described as a torus fibration over an interval: the torus angular coordinates
are p1 ~ @1 +27m and @3 ~ 2+ 27, while the interval coordinate is p € [0, 1]. The metric is

ds? = Q%dr? + ds?(Ms) = Q%d7? + f2dp® + myyderdey , (3.15)
where I, J = 1,2. Supersymmetry imposes the constraint
0% = blmy b7, (3.16)

which ensures Hermiticity of the metric. f and my; are arbitrary functions of p, except
that my; must be positive definite and suitable boundary conditions need to be satisfied
at the extrema of the interval. As p — 0, we require that

f=fe, mu—=mu(0), moz=(fop)* +0(p%), mi=0(p?), (3.17)

where fo > 0 and m11(0) > 0 are constants. Similar boundary conditions are taken at
p — 1. The background field A is given by

_ |bibo|

A_2Q2f

[ der deo 1
(Qy/m) ( o1 ce >+ L, (3.18)

where m = det my;, a prime denotes derivative with respect to p, and
w = sgn(by) p1 + sgn(bs) @2 . (3.19)

We will not need the expression of the remaining background field V.
The class of three-sphere metrics ds?(M3) in (3.15) includes the elliptically squashed
three-sphere S7, first studied in the context of localization in [44]. This is obtained by

— 23 —



setting b; = 25&3, by = %, redefining the coordinate p into a coordinate ¢ € [0, 7 /2]
such that fdp = [b=2sin? ¥+ b cos? ¥]'/2 d¥, and taking mi; = b2 cos® ¥, mgy = b?sin? ¥,

mi2 = 0. With these choices, Q = ( i )2 and the expressions of the background fields also

27rs

simplify. Everything that we will say applies to this particular case.
The complex vectors K and Y defined in (3.7) take the form

K=l [bla bt ia} | (3.20)
¥
(3.21)

JK

where e/X is the antisymmetric symbol, with e'? = 41. In order to evaluate the differential

operators (3.9) it will be useful to record that

i a1 sgn(b1b

YIA, = e [f (log(Qv/m))" — 8}2(\/1%2) blngJngn(bK)] ; (3.22)
1 b b

KMA, = iKuaMw — W _ (3.23)

In principle, the action of the 4d chiral multiplet can be reduced to one dimension by
expanding all the fields in an orthonormal basis of eigenfunctions of the relevant differential
operators, and performing the integral over the three-manifold Ms. This yields a 1d action
for infinitely many 1d multiplets. In practice, carrying out this reduction on a general
background such as the one above is not feasible, as the eigenfunctions are not known.
However, for the purpose of computing the Casimir energy there is no need to perform
the complete reduction. Indeed, comparing the supersymmetry transformations (3.10)
with the one-dimensional ones in (2.10), it is clear that the modes that do not satisfy
the shortening conditions in (3.13), (3.14) are going to produce long multiplets in 1d. As
explained in section 2.4, these do not contribute to the Casimir energy. Therefore we can
focus our attention on the subsector that does satisfy either one of the shortening conditions
in (3.13), (3.14). Let us study the two cases in turn.

Reduction to 1d Fermi multiplets. We start analyzing the conditions (3.13), which
lead to 1d Fermi multiplets. We Fourier expand the dependence of B on the torus coordi-
nates @1, @2 as

B(p,#1,02:7) = Y buyiny (1) By g (p) €~ 91771262, (3.24)

ni,n2

where n1, ny are integer. Recalling (3.21), (3.22) and that B has R-charge r — 2, one can
see that the condition £y B = 0 yields for each choice of ny,na:

Ly [r2tem@um) s,
f ni,ng 9 f Q\/m 1

r—2

m]JSJK <TLK + sgn(bK))] Bnl,ng .

(3.25)
This differential equation determines By, »,(p). The actual solution depends on the form
of the metric functions and is not important. For our purposes it is sufficient to impose
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that the solution is normalizable, and thus find a restriction for the allowed values of ni,
ny. To this end, it is sufficient to study the equation near the extrema of the interval
parameterized by p € [0, 1] and make sure that it does not develop singularities. Recalling
the boundary conditions (3.17), we find that near p = 0 the equation is solved by

Buymy = kpm2sentt2) (3.26)

for some constant k. This is normalizable when ngsgn(be) < 0. A similar analysis of the
behavior near p = 1 leads to require nqsgn(by) < 0. It is thus convenient to redefine
ny — —nisgn(by), ng — —ngsgn(by). After this redefinition, the integers nj, no must take
non-negative values, and the expansion (3.24) becomes

B= 3" buy (1) Buyny(p) €500 rinassnl)za (3.27)

n1,n2>0

Recalling (3.20), (3.23), we can also compute

ExB == 5 Dibay (1) Byl s (35
n1,m2>0
with
Drbny oy = (0 + AL 1) by ins » (3.29)
and
A = ~lbrlms = [balna + 752 (] + ). (3.30)

We are now ready to perform the reduction to one dimension. Setting LyB =0 and
¢ = C = 0, the chiral multiplet Lagrangian (3.11) becomes

L= 2BLgB—FF, (3.31)

and the supersymmetry variations simplify to

§B=F, sB=0,
6F =0, OF =2iLgB. (3.32)
We can expand F' as
F = Z Frrna (T) By s (p) einisgn(b1)e1+inasgn(bz)p2 (3.33)
n1,n2>0

(note that the dependence on p, @1, @ is chosen the same as that of B, so F' also satisfies
Ly F = 0). Similar expansions hold for B and F. The action associated with the La-
grangian (3.31) reduces to an action for an infinite set of Fermi multiplets in one dimension:

S = / dr /M Bz /gL = / ar Y (EmmDTbmm - fmm> : (3.34)
3

ni,n2>0
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This is an infinite set of decoupled 1d multiplets, labeled by n1,no. It is also straightfor-
ward to see that the 4d supersymmetry variations decompose into a set of 1d variations
for the Fermi multiplets:

5bn1,n2 - fn1,n2 ’ gbnl,nz - 07
S friymy =0, 0 frivmg = Drbpymy - (3.35)

From the form of the covariant derivative in (3.29), we see that A7 . should be identified

with the charge ¢ in section 2. More precisely, opermi = %’r)\ffhnz.lg Recalling eq. (2.40),
the contribution of the infinitely many Fermi multiplets to the vacuum expectation values
of 3 and H is thus
m B
<HFermi> = <EFermi> = B Z )\nth . (336)
ni,n2>0

Reduction to 1d chiral multiplets. In the same way we can study the condi-
tions (3.14), which define a reduction to 1d chiral multiplets. With some foresight, we

expand
B(PP1,92:T) = Y bryna (T) Py s (p) € P18 P11 minsen(b)in (3.37)

ni,n2

Recalling (3.21), (3.22), the condition lqub = 0 yields for each choice of nq,ns:

1, _ | r(log(ym))

!
sgn(biba)
T I R N T

r
bImIJEJK (nKSgH(bK) + QSgn(bK))] @iy -

(3.38)
This determines @, »,(p). By studying the equation near p = 0 and p = 1, we see that
normalizability requires n; > 0, ng > 0. We also compute

Lt =0 S Drny a7y p) e Mo inmntales - (3.39)
n1,n2->0
with
D s = (9 + Moy ) G (3.40)
and
N,y = [otlns + [balns + S (1bi] + [bal) (3.41)

Setting EA7¢> = [',?C' = B = F =0, the 4d Lagrangian (3.11) becomes
L=4LrdLrd+in(Lxdd— dLrd) + 2i CLzC — kCC, (3.42)
with supersymmetry variations
5¢ = C, 3¢ =0,

§C =0, 6C =2iLo. (3.43)

8In order to compare with section 2, we must first rescale the S coordinate as 7" = %TOM, so that
2mi )y

it has period 8. Then we implement a Wick rotation ¢ = i7"*". Overall this gives (9- + ) = (0 — =3
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By expanding C' as

C= 3 Cora (1) By (p) e Mo O0)1—imasan(ba)es (3.44)

ni,n2>0

performing similar expansions for 5, C and integrating over the four-manifold, we ob-
tain an infinite set of decoupled one-dimensional chiral multiplets. However, the essential
information that we need is more straightforwardly extracted from the supersymmetry
transformations. For any choice of ny, ns, these read

5¢n1,n2 — cnl,ng 9 g¢n1,n2 - 07
S¢nyms =0, 0Cnymy = Drtbnyms - (3.45)

By comparing with the supersymmetry variations given in (2.10), we see that )\ﬁlm is
proportional to the charge o of the 1d chiral multiplet: ocpiral = %ﬂ/\?{lm. Then using (2.44)
the contribution of the 1d chiral multiplets to the vacuum expectation value of ¥ and H is

™
<Hchiral> = <Echiral> Y Z )\ilﬂ’LQ . (346)

n1,m2>0

The vacuum energy. The VEV of the full one-dimensional Hamiltonian is given by

< susy Z )\nl no + ) Z )‘n1 ng (347)

n1,n2>0 nl,n2>0

with

AD my = |bing + |ba|ng + = (\bl\ + [b2]) 5

r—2
)\B = —|b1|n1 — |b2|n2 + T(|b1| + |b2|) . (348)

These infinite sums are divergent and require regularization. As in subsection 2.5, we will
regularize the two sums separately, using the Barnes double zeta function. For simplicity in
the next expressions we assume by > 0, by > 0; the formulae however hold more generally,
with by, by replaced by |b1], |ba].

The sum (3.47) can be written as

1 T 1
(Hsusy) = 3 G2 (—1; b1, ba, 5(51 + 52)) —3 G2 < 1; 51752, (bl + b2)> ; (3.49)

where (3 is the Barnes double zeta function, defined as

Ca(s;01,b2,2) = Z (biny + bong + )%, (3.50)
n1,n2>0
with by, ba, x real and positive. At s = —1, it evaluates to (see e.g. [45])
by + b2 by bo\ x 1 1Y\ z2 a3
—1;b1,b = — —4 =] =+ =—. bl
Ga(=Lib1, bo ) 24 <3+ by T bl) <b1 * b2> T oo GO

— 27 —



This gives for the vacuum energy

41 47 (b1 + b2)3
Howsy) = — (b1 +0b - — (3¢ — 2a). .02
< y> 3,8 ( 1 + 2) (a C) + 27ﬁ b1b2 (3C (I) (3 5 )
This is the same expression appearing in eq. (5.10) of [20]. Redefining by = 27Br $3 and
by = g?r;;, where 3 coincides with the length of S1, gives the result (1.19) advertised in

the introduction.

Back to the round case. Let us conclude by coming back to the S% x S! background
with SU(2); x SU(2), x U(1) symmetry discussed in subsection 2.5. The round sphere is
just S§ with b = 1. In this case |by] = |bo] = 27rﬁr3 and the result above for the Casimir
energy simplifies to the result in subsection 2.5. In more detail, the sum (3.47) becomes

1 1
<HSUSY>:i Z (n1+n2—|—7‘)—|—? Z (—nl—n2+r—2)
ny,n2>0 ni,n2>0
b (C+1)(+7) LZ(€+1)(£+2 ) (3.53)
27y " 2rg r) .
£>0 £>0

where in the second line we have defined £ = nj + no. So the regularization used above
and the one used in subsection 2.5 are compatible.

It is also straightforward to see that the shortening conditions match. When expanding
the chiral multiplet (¢,C, B, F') in scalar spherical harmonics, the differential operators
discussed above become

. A i
Ly =Ly, Lrc=—3 (L? YV, %R) , (3.54)
where gp is the charge of the field the operator is acting on, and we introduced the SU(2);
generators Lli, Ls. Then the condition [i?qb = 0 is nothing but LZJFYMW = 0, which selects
the harmonics with highest quantum number m, namely Y, » . The condition LyB =0
15

translates into L; Yy, = 0 and thus selects Y, _»
b 2 b
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A Casimir energy in CFTind =2 and d =4

In this appendix we consider a CFT, not necessarily supersymmetric, in d dimensions
coupled to a background metric g,,, with Euclidean signature. We denote the generating
functional of connected correlation functions by W|g] = — log Z|[g]. Derivatives with respect
to the metric give insertions of the energy-momentum tensor

(g =22 (A1)

09w

Under an infinitesimal Weyl transformations g, — (1 +20)g,., the transformation of
W is given by the Weyl anomaly. In d = 2 and d = 4 respectively we get

2 [ —
S W = /d v/go 247TR) (A.2)

5 W =
(

/g O (aE(4) — CWQ) . (A.3)

We have set the coefficient b that appears in (1.3) to zero. The above infinitesimal Weyl
transformations can be integrated to the so-called Dilaton action,'? see e.g. [46-48]:

Wle*?g] — Wlg] = —Sp[~0. 9] = Sp[o,e*g] , (A.4)

where Sp has the following explicit expressions in d = 2 and d = 4

6200 9 = 51— | oG (—oR+ (9,0)) , (A.5)

247
1
S840, 9] = 7(4%2 / d*z/g <JE4 +40,00,0 <RW - 29“”R> — 4(00)*0o + 2(60’)4>

- (4;)2 /d4x goWw? . (A.6)

Taking a derivative of (A.4) with respect to the metric, we find

(T Yoy — (Y = g 205 g1 (A7)

We see that the change in the VEV of the energy-momentum tensor under Weyl rescaling
is fixed by the Dilaton action.

A.1 The cylinder and its infinitesimal deformation

In the case of a conformally flat geometry with metric €24, (such as S9=1 % R) we can
use the fact that the VEV in flat space is unambiguously fixed to vanish, i.e. (T%,)ga = 0.
One then finds for the energy-momentum tensor on this space

_ 1
(T )2 ée*% (Daél’u — 00,0 + 0" 00,0 — 25'/“(30)2) , (A.8)

¥We thank Adam Schwimmer for discussions.
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_ 1 4
VA L [5VH (R”TR,,T - 2R2> — 2RYPR,, + 3RR”M] (A.9)

ple20§ (47r)2

e29§

These results were first derived in [49] using a different method.
Consider in particular the round cylinder S~! x R with the conformally flat metric

2
ds?y 1 g = dr? 72 A2 | = (Tdr‘l) (dr? + r2d03_,) . (A.10)

Here dQ2%_, denotes the metric on a (d — 1)-sphere with unit radius, and r4_; is the radius
of the sphere. Evaluating the energy-momentum tensor in this case, one finds the following
non-zero components of (T%,) in d = 2:

& C
77 = ——— 70 = — A1l
T 24mr?) O 24mr2” (A11)
and in d = 4: 5
a : a :
7= — | T = ———— 6. A.12
T 8m?rj J 8m2ry 7 ( )

Note that (T%,)ssxg = 0, because the Weyl anomalies evaluate to zero on the cylinder.
We can easily reintroduce the b dependence of the result in d = 4 by taking a functional

derivative of the associated counterterm —m / d4x\/§R2. This results in a shift of the

coefficient a — a — g.

Integrating (77 ) over S' and S® respectively gives the Casimir energies quoted in the
text (1.5) and (1.6).

Above we have reviewed how to compute the Casimir energy on a conformally flat

background e2?§

- We will now slightly extend our considerations by taking a geometry
that is a generic small perturbation of a conformally flat one, i.e. g, = €278, + hy,. Let
us compute the change in the ground state energy to first order in h,,. The idea is that we
can infer the ground state energy from the change in the partition function W as a result
of the perturbation.

This can be approached as follows: from the definition (A.1) we have

SW = % / A4/G (T ooy W + O(R?), (A.13)

so we just need to know (7},,)c20, i.e. the VEV in the conformally flat original space.

For instance, consider the round cylinder S? x R with a time-independent perturbation
hij of the metric on the three-sphere. The result for the VEV of the energy-momentum
tensor on the cylinder was given in equation (A.12). Therefore we find that

o (2a b)/ 4 %
W= [ dlaygh, (A.14)

Since the metric perturbation is assumed time-independent, we can interpret this integral as

20— b 2a —b
- (327T2T3) / d*z/gh'; = (3%2 4) / d*z\/g b’ / (A.15)
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and the coefficient of [ dr gives the correction to the energy of the ground state. The final
result for the Casimir energy is
3 1
Ey = (2a —b) ( —

8ry 32m2rs

/d3x\/§hii) +O(h?) . (A.16)

We see that to order O(h) the Casimir energy is still scheme dependent, being proportional
to the same combination 2a — b as the leading order result. However, the ratio of the
leading term and the subleading term is unambiguous (in fact, the ratio is fixed by
imagining a small perturbation that only changes the radius of the three-sphere).

One can speculate that going to second order in the perturbation O(h?) the c-anomaly
will also appear and that some terms will be scheme independent. Notice, however, that
at this order a new counterterm, proportional to [ d4:L“\/§ W2, could contribute.

A.2 The Casimir energy and holography

We now summarize the status of the Casimir energy in the context of the gauge/gravity
duality. We will mainly focus on four-dimensional CFTs admitting a dual description in
terms of solutions of type IIB supergravity of the type AdSs x M5, and their deformations.
Similar considerations can be made for six-dimensional CFTs with AdS; gravity duals.
The comparison of the Casimir energy of a four-dimensional CFT on S® x R with
the expectation value of the holographic energy-momentum tensor was first made in [50],
although in this reference the authors focussed on N' = 4 SYM and its AdS5 x S® dual, and
some of the comments made there apply only to this example. Let us review the discussion
of [50]. Using the holographic energy-momentum tensor, computed in global AdSs, one

obtains for the Casimir energy, defined exactly as in (1.1), the expression?’
3N?
Eple = — . A17
0 16/ (A.17)

It is important to note that this result is obtained using a minimal holographic renormal-
ization scheme, where there are no finite counterterms AS.; added to the on-shell action.
This corresponds to the absence of the CJR term in the holographic trace anomaly (T}).
In other words, it corresponds to the scheme b = 0.

The expression (A.17) is compared with a Casimir energy in a free CFT, comprising
no real scalars, ny/, Weyl fermions, and n; Abelian gauge fields. In particular, the scalar
fields considered are conformally coupled, and the fermions are massless. This results in

the expression

1
free __
EO ee __ 9607-3 (47’1,0 + 17n1/2 + 88”1) 5 (A18)

obtained summing up the contributions of the single fields, which in turn are regularised
using zeta function. For the specific case of the N =4 SYM theory, we have

3(N2-1) 3
free e S A { =4 Al
Ef T 4T3a or N SYM, (A.19)

which agrees with (A.17) at leading order in N [50].

20This was referred to as “mass of global AdSs” in [50]. We have used the standard formula for the

Newton constant G5! = 2ZL327T4V01/(M5), where £ is the AdS radius and in the specific case vol’ (S®) = 7°.
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However, the agreement of E8°l° with E(f)”ee is, in some sense, accidental, and may

be misleading. Indeed for generic ng, n1/9, n1, the expression (A.18) for Eéree 18 not
proportional to the a anomaly: it also includes a contribution from b. In fact, the scheme
leading to (A.18) generically also gives a [JR contribution to the trace anomaly. Once the
particular matter content of N' = 4 SYM is specified, the coefficient b happens to vanish
(see e.g. [46]) and the scheme leading to (A.18) effectively coincides with the scheme b = 0
which was used in the holographic computation.

More generally, one can ask whether the computation of the Casimir energy in a
deformed cylinder can be reproduced by a five-dimensional supergravity solution deforming
AdSs. At least at leading order in the deformation, there exists a holographic counterpart
to the formula (A.13). Consider a one-parameter family of deformations of the boundary
metric, with parameter p. Then by simply applying the chain rule to the renormalised

on-shell action one obtains?!
d 1 dgH”
— Spen = d* — (T, —— A.20
du ren oML $\/§< 2( ;w> du ) ) ( )

where g, is the finite metric on the boundary, and (7)) is the holographic energy-
momentum tensor. Setting g = g(o) + ph, with p infinitesimal, and expanding (A.20)
at first order in p leads exactly to the holographic version of the formula (A.13). Thus, the
holographic Casimir energy on an infinitesimally squashed cylinder is guaranteed to agree
with the field theory result. In the next subsection, we verify this in an explicit example.

For the supersymmetric version of the Casimir energy the situation is different. One
of the main points emphasized in this paper is that on the field theory side, computing
in the free limit gives a reliable result for Fj,s,, valid also at strongly coupled points.
However, how to reproduce this in the gravity side remains an open problem. In [7]
it was suggested that a supersymmetric treatment of holographic renormalization might
reveal the existence of new boundary terms, that would lead to a matching of the on-
shell action of existing solutions with Fg.sy. Another possibility is that there exist other
(Euclidean) supersymmetric solutions, whose on-shell action would match with Egysy, using
the standard holographic renormalization technology. In light of the results of the present
paper, it will be very interesting to revisit this problem.

Let us also mention that there exists a similar open problem in the context of SCFT's on
the six-dimensional cylinder S® x R. A supersymmetric version of the Casimir energy was
discussed in [21], where it was also noted that it does not match the standard holographic
Casimir energy in AdS;. It may be useful to prove that this quantity is physical in 6d
SCFTs by performing an analysis like the one in the present paper, and to investigate the
seven-dimensional holographic dual.

A.3 Holographic check of Ey on a squashed cylinder

Below we will compare the result of the first-order correction to the ordinary Casimir
energy due to a non-conformally flat geometry (A.16), with a corresponding holographic

21n [7] this identity was written to include the variation of the boundary gauge field. However, if we are
not interested in supersymmetry, we can vary the metric independently.
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result, that can be easily extracted from the gravity solution presented in [7]. Although
the solution in [7] is supersymmetric, we can obtain from this an expression for the Casimir
energy, that is valid independently of supersymmetry. In order to make the discussion as
self-contained as possible, we will begin recalling relevant aspects of the solution in [7],
referring the reader to this reference for more details.

This is a one-parameter family of supersymmetric solutions deforming AdSs, con-
structed as an asymptotically locally anti de Sitter (A1AdS) solution of five-dimensional
minimal gauged supergravity.

An analytic continuation to Euclidean signature yields the gravity dual to a class
of four-dimensional N' = 1 supersymmetric gauge theories on a curved manifold with
topology S® x S'. In particular, the boundary metric is that of a squashed three-sphere
preserving SU(2) x U(1) isometry, and there is a non-trivial background gauge field
coupling to the R-symmetry current. So, this is an instance of a Hopf surface, as discussed
in the main part of the text [7].

In a coordinate system, the five-dimensional metric and the graviphoton field take the
following asymptotic form near to the boundary, corresponding to p — co:

ds2,; = dp? + %/ ds%dry + ...,
A5d - Abdry + O(e_p)v (A21)

where the boundary values read

1 0?
A qry = (200)’ [‘ 30+ (oF 03+ v%:)?)} , (4.22)
and
1 dt
Aoy = 572 [+ 02 = D] (A23)

respectively. Here / is the AdS radius, that can be identified with the radius of the S3, and
the left-invariant one-forms o,’s are defined as usual (see [7]). The full five-dimensional
solution is determined in terms of the single parameter v, measuring the squashing of the
boundary metric. For v2 = 1 the solution reduces to AdSs and the boundary metric is con-
formally flat. The parameter 2ag is an overall scale, that can be set to any value by simply
shifting the radial coordinate p.?2 Notice that the background gauge field in (A.23) com-
prises a constant part along dt¢, that is necessary to have well defined supercharges in the
compactified geometry, as discussed around (2.3). However, in order to compare with the
result above, which is valid in the absence of such term?? (and independently of supersym-
metry), we should remove this by shifting the graviphoton field as A5y — Asq— %mdt. It is
simple to check that the solution with this new gauge field is still non-singular, and its rele-
vant properties may be extracted from [7], by following through this simple change of gauge.

*2n [7] the parameter ag is chosen to be a convenient function of v (so that the solution ends at p = 0).
However, this is irrelevant for the present discussion.

Z3This term maps to a gauge field A ~ % that is singular at the origin of R*; this is why we do not
include it in our treatment.
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After Wick rotating to Euclidean signature, and setting v = 1 4 ¢, we have at leading
order the following boundary metric

dsﬁdry = ds?o) + ds%l) + O(€?), (A.24)
with
2 (0) A 2 2
ds(o) = G dztda? = dr° + 1 (01 + 05+ 03) ,
52
ds{yy = hydatde” = e [—2(172 + 203} : (A.25)
and background gauge field
€
Apdry = — 03 + O(€2). A.26
bdry \/g 3 ( ) ( )

In particular, this implies that the contribution of the background R-symmetry current to
the Casimir energy through a term of the type |, g3 d3x\/§ (Jp) A, can only affect the result
at order O(e?). Therefore at linearized order we can neglect the background gauge field.

Using (A.12), (A.13) we can evaluate the correction to the Casimir energy due to the
perturbation in (A.25). We obtain

_ L opy(_ aN__ a
6E0—2(27r£)< 67T2€4)— €5 (A.27)

where the factor 223 comes from the integration over the three-sphere. Thus, the Casimir

energy at first order in the squashing reads

Eo = (i - e> % (A.28)

This can be compared with the result of the holographic computation. The Euclidean
on-shell action of five-dimensional supergravity was computed exactly as a function of the
parameter v in [7], and reads

S8a/ 2 2 13 , 19 , /
_ 8 2 _ 19 A2
=7 (271}2 o7 108" T > ar, (A.29)

where we rewrote the five-dimensional Newton constant in terms of the a anomaly of the
dual CFT. This was obtained in a gauge such that APy # 0, so we should shift the gauge to
AP — 0 and correspondingly the on-shell action using eq. (4.14) therein. In fact, the shift
due to the change of gauge is proportional to €2, so at linear order, this shift is immaterial.
In any case, after doing this shift, we obtain exactly the expression appearing in (4.35)

therein for Ep, times [ dr. The on-shell action (A.29) expanded at first order in €, gives

S = <i e) Z/dT, (A.30)

thus we get perfect agreement with the dual field theory result (A.28). Note that (A.29)
has been evaluated using a holographic renormalization scheme without the [ d4m\/§R2
counterterm, precisely as in the conformally flat background.
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B FEsy and the Hamiltonian

In this appendix we show that the supersymmetric vacuum energy FEgusy, defined within
the path integral approach as

Esusy = — ﬁllrrgo ddﬂ log ZE:B;% , (B.1)
coincides with the VEV of the charge associated to the time translation symmetry. In
other words, Fgusy is the VEV of the Hamiltonian, Egusy = (Hsusy) - This is well-known, in
particular in the context of quantum field theories at non-zero temperature. Nevertheless
in the presence of additional non-dynamical background fields it may be useful to spell out
some details.

Equsy can be expressed in terms of the energy-momentum tensor and the currents
appearing in the R-multiplet in the following way. Consider a background Ms x Sé as in
the main text, then perform a trivial rescaling of the S' coordinate 7 so that 7 ~ 7 + 1
and the background fields g.-, A; and V, acquire a dependence on 3. Applying the chain
rule to the variation of —log Z with respect to 3, Fgusy can be written as

. 1 dg™ o, dA, 3, Y,
By = 10 </ Vi (_2T“” ag gy otk d;>>

1 3
= lim — </d4x\/§ <TTT + IR A = 5Jfs VT>> : (B.2)

where the energy-momentum tensor 7}, the R-current Jf‘é and the Ferrara-Zumino current
J&, are defined as

T, =29 p_ L 0S5 3 105
e /g g R /g0A," 2°F2 gV,

These are components of the R-multiplet, which at the linear level have canonical couplings

(B.3)

to the metric, to A and to V, respectively. However, we remark that we do not set A and
V' to zero after having taken the variation, so these are currents in the presence of sources.

The expression in (B.2) shows that Egygy receives a contribution from the current in the
R-multiplet in addition to the one from the temporal component of the energy-momentum
tensor. This is an alternate way to see that Eg,sy is different from the ordinary Casimir
energy Ej defined in eq. (1.1).

We now construct the charge associated with the time translation symmetry and com-
pare it with (B.2). Recall that in the presence of background fields other than the metric,
the energy-momentum tensor 7}, is in general not conserved, V#T),,, # 0. This can be eas-
ily seen by revisiting the standard conservation proof (see e.g. appendix E of [51]) allowing
for fields that do not satisfy their Euler-Lagrange equation. In particular, this applies to a
supersymmetric field theory defined via the rigid limit of new minimal supergravity. One
can see that the non-conservation equation of the energy-momentum tensor reads

3 3
VAT = (dA)yuJh — i(dV)WJﬁz + §VZ,V“J§Z , (B.4)

where we used that the R-current is conserved, V,J§ = 0, while generically V, Jf, # 0.
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Although 7}, is not conserved, when the background admits a Killing symmetry gen-
erated by a vector &# one can introduce a modified energy-momentum current

3
Y‘gli _ 51/ (Tl,“ + Jf{AV — 2ngvu) , (B.5)

that s conserved, VMYEM = 0. This is easily seen using Le¢g = LcA = LV = 0. One can
show that YSM is just the canonical Noether current associated to the symmetry generated
by €. Thus a conserved charge can be defined in the usual way.

We recall that two such Killing vectors exist in Euclidean backgrounds preserving two
supercharges of opposite R-charge [16, 17]. In Lorentzian signature, at least one null Killing
vector exists [36]. Our M3z x Sé background admits a Killing vector generating (Euclidean)

0

time translations, £ = #-. The associated conserved charge, to be identified with the

Hamiltonian, is

H = Bz /g3 u Y
Ms (3) Yu gzdi;

1

:E My

where u# is the unit time-like vector, that in the second line we expressed as u =

T T 3 T
d4x /g(4) <T -+ JRAT - 2JFZ‘/;') 5 (B6)

uydz” = /g;7d7 (in the second line we also multiplied the three-dimensional integral
by 1 = % S g1 d7; since the charge is constant, this can be rewritten as a four-dimensional
integral). The VEV of the final expression in (B.6) for § — oo is immediately recognized
as the Fgusy given in (B.2), that is what we wanted to show.

Finally, note that the Hamiltonian in (B.6) coincides with the supersymmetric Hg,sy
used in section 2 only for the special choice A, = i/r3, which guarantees time-independent
supersymmetry.

C Regularization of one-loop determinant

In this appendix we reconsider the regularization of the one-loop determinant for a free
chiral multiplet on the Hopf surface M3 x S (with M3 ~ S3) computed in [20]. It was found
in [26] that the partition function on the Hopf surface has a universal behaviour in the small
(3 limit, where 3 is the length of S*. In the case of the round S® x S, this takes the form?*

gousy 167273
S3><S[13 - 3ﬂ

log (c—a)+ 03", (C.1)
where 73 is the radius of S. The result found in [20] are incompatible with this expansion,
as in [20] the order O(5~!) vanishes instead. We propose here an alternative method to
regularize one-loop determinant which on one hand agrees with the small beta expansion
of [26] and on the other hand reproduces the large 5 behaviour leading to the Casimir
energy (1.19). Moreover, we show that this regularization method is equivalent to a

?*Subleading terms in the small 3 expansion were worked out in [29].
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cut-off regularization which manifestly preserves supersymmetry. The main difference
between the procedure discussed below and that in [20] is that here all the Kaluza-Klein
(KK) modes on St are dealt with in a manifestly symmetric way, while in [20] these were
somewhat artificially split and combined with the Fourier modes on the three-sphere, in
the triple gamma functions. However, the precise reason for the discrepancy of the two
methods remains unclear. While we were writing up this paper, [29] appeared, presenting
a similar regularization method of one-loop determinants, leading to the result (1.19) for
the general deformed sphere.

One-loop determinant regularizations are based on the use of multiple gamma func-
tions [52] and generalized zeta functions. The main mathematical tools that we will use
are presented in a convenient way in appendices A and B of [53]. We will also rely on [54].

The one-loop determinant suffers from UV divergences. It is given for a free chiral
multiplet?® by the formal expression

Zi:fllgg%) —7_ H H —5(a1 jaz) —no+ (n1 + 1)ay + (ng + 1)ay ’ (C.2)
o€l n1ma>0 5(a1 + az) + no + n1a1 + noag

where a; = iby, ag = ibe in the notations of [20] and here we consider by > 0,by > 0. 7 is
the R-charge of the chiral multiplet. The analysis of this paper allows to re-interpret each
factor appearing in the numerator of (C.2) as the contribution from a single Fermi multiplet
to the one-loop determinant and each factor in the denominator as the contribution of a
single chiral multiplet. A crucial difference with the Hamiltonian quantization analysis is
that now we have a tower of KK modes on S' with KK level parameterized by ng € Z.

C.1 Two-step regularization

Here we proceed by first regularizing the sum over ny,no > 0 with double gamma functions
for a fixed ng, which corresponds to the one-loop determinant on M3 of the ng-th KK mode
along S', and then regularizing the infinite sum over ng € Z. We start with

Z = H Flu + no

no€Z
Fpl= I = +(m 4 Dar + (n2 + Day (v, a1, az)
v+ niar + noasg Ty(a; + ag —v,a1,a2)
ni,n2>0
= Fh(U,CLl,CLQ) 5 (03)

where u = £ (a1 + a2) and the hyperbolic gamma function is defined by

) 2mi(a1—v)/a2. 2miay /ag
& B(v,a1,a2) (6 ( ) 1 € / )OO

Ip(v,a1,a2) =e (C.4)

(6—27riv/a1 : e—2miaz /a1 )oo

1 a1 + as 2 a% + a%
T 0o = | | 1—z k B al,ag) = — — .
( 7Q) ( q )7 (Ua 1 2) Lz <<U > 1

k>0

25 Adding a gauge interaction with a flat gauge field as in the localization computation of [20] is straight-
forward.
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The hyperbolic gamma function admits also the following representation [53]

. 2mi(v—ag)/a1. ,—2mias/a;
T B(v,a1,a2) (6 ( )/ ) € / )OO

Cn(v,a1,a2) = e 2 (e2miv/az; g2miar/az) (C.5)
Using (C.4) for ng > 1 and (C.5) for ng < 0, we obtain
(& _1 ﬂ)
7 — ZLC(u,a1,a2) €\a2’ a2’ az _ ZC(u,a1,02) ,E D(u,a1,a2) r C.6
=e pEee— e e(u,ai,a2), (C.6)
Fe( @ a—a>—a>
where the elliptic gamma function I, is defined by
1— e27ri(f:v+(n1+1)7+(n2+1)a)
Le(z,1,0) = H R e (C.7)

ni,n2>0

The last equality in (C.6) is obtained from the modular properties of the elliptic gamma
function [53, 54] and the functions C, D are given by

1 2 2 —a? — a2 a? + a2
D _ “r N3 N2 1 2,0 91 2 .
(u,a1,az) s <3(u) + (u')” + o u 5 , (C.8)
1 a? + a? a? + a3
Clu,ay, _ [ / 2 07 2]_ [_/ 2 07 2] . (C.9
(u, a1, az2) . n§>1 (u" +n) B n§>0 (—u'+n) B (C.9)

with o/ = u — 2% = “1(qy + ay). Note that D(u,ay,az) is a well defined function, but
C(u,a,a9) involves an infinite sum over n, which needs to be regularized. We do this using
the standard Riemann zeta function,?® which is compatible with the partial cancellation
of terms between the two infinite sums:

1 a2 + a2 1 a2 4 CL2 u/
Clw,a1,a2) = a1as ~) % Ty )= ajas (W)’ % ~3)
n>1
(C.10)

where we used »_, - n = ((-1) = —2. Notice that despite the formal similarity of the
infinite sums in (C.9) and (2.49), the regularization of the two sums is performed using
two different prescriptions. The final result is

(u)? - ai +a3

7 — eiﬂ\P(wal,az) Fe(u7 ai, a2) , \I’(U, ay, a2) = a1y 120105

(C.11)

This reproduces the supersymmetric Casimir energy (1.19) and it can be shown that is
compatible with the small 8 limit of [26], which is obtained by setting a; = i%b, as =
iy f = b~! and keeping b fixed in the limit. The difference with the result of [20] is only the
absence of the term g u %‘“‘*‘“2 in W(u,ay,as), which affects the small 5 limit, but

a1a2 ai1a2

not the large 8 limit.

?6This is similar to the regularization presented in appendix B of [55].
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C.2 Cut-off regularization

We present now a different method of regularization which uses a cut-off on the momentum
modes. The treatment of the KK modes in this method is more transparent and the result
agrees with (C.11), thus corroborating it.

A reliable way of regularizing the one-loop determinant is to introduce a cut-off on
the momentum of the modes or more generally a smooth truncation of the modes above
a momentum scale A (this means that the contributions of modes above A are counted
with decreasing weights). Note that this preserves supersymmetry since each momentum
in the product carries the contribution of a specific multiplet in supersymmetric quantum
mechanics. The (logarithm of the) regularized determinant can be expanded in powers of
the cut-off at large A. The diverging contributions are expected to be removed by local
supersymmetric counterterms, while the finite piece yields the regularized result, possibly
subject to ambiguities. In the case at hand we compute the partition function on a curved
manifold admitting two Killing spinors of new minimal supergravity of opposite chirality
and it was shown in [8] that there is no ambiguity in the finite result.

For simplicity, we focus here on the case of the round S® x S!, which amounts to setting
a1 = as = a € iR~. In this case, the chiral multiplet one-loop determinant simplifies to

Z:H H —u—no+(n1+n2+2 H H(—u—no—l—(m—i-Q)a)mH
ol mimse U +ng + (n1 4+ n2)a ol S0 u+ ng + ma

no€Z
with u = ra and
log Flvo] = Y (m + 1)[log(—v + (m + 2)a) — log(v + ma)] . (C.13)
m>0
We regularize the sum by introducing a cut-off B —A on the S I KK momentum level ng and
A on the S3 KK momentum level m.2” To 51mphfy shghtly the notations we simply

27r|a|
set § = 27 in the following. The regularization is done by using any smooth decreasing

function f such that f(0) = 1 and going to zero at infinity sufficiently fast to make the
sum converge. The regularized sum over S® modes is

log Flv] = Z(m + 1)[log(—v + (m + 2)a) — log(v + ma)) f <A|;n_1’> : (C.14)

m>0

We make use of the Euler-MacLaurin formula?® to work out the large A expansion
log F[v] = 2A|a™ (1 — val)/ f+0(A%
0

=ciha 2 (v —a) + O(AY), (C.16)

*"The relative factor |a| = 27'rr takes into account the ratio of scales between Sj and S* KK modes.

%8The Euler-MacLaurin formula for a convergent sum reads:

Zg(n):/w (x)dz + (0) +ZC 1*21;) 4@ (0). (C.15)

n>0 0 E>1
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with ¢ = 21 fooo f. The finite part of the large A expansion is complicated as it receives an
infinite number of contributions from the Euler-MacLaurin expansion, however it is easy
to see that it is independent of the function f and we can trust that it will reproduce
the (logarithm of the) hyperbolic gamma function at a; = a9, since this is the well-known
result for the 3d chiral multiplet one-loop determinant. We obtain

Flu+ ng] ~ ecrha? (u—a+no) Tp(u+ ng,a,a), (C.17)

where =~ indicates that we dropped the term O(A~1) in log F|u + ng). The same manipu-
lations as in the regularization above yield the result

7 = %5 Clwea) FD(uaa) Le(u,a,a), (C.18)

with
2

~ 1 a ~ (N
C( —E [ +n)?— — + A + )}f -
U(ZCL 2n2 ’LL n 6 C1 u n (A)

n

122[ (u' —n) +a62+01/\(u/”)} f(K) ; (C.19)

where v/ = u—a = (r—1)a and f is a second regulating function implementing the smooth
cut-off on S' KK modes. Applying again the Euler-MacLaurin formula we obtain

~ _ 1 2 1 U a’
C(u,a,a) = e <02A u —u 3 + g (C.20)
with co =4 fooo yf (y)dy + Sicl fo y)dy. The finite piece reproduces the result (C.10) for

a1 = as = a, so that the cut-off regularlzatlon result Zee will match the regularization
described above. The diverging piece should be removed with a dimension two supersym-
metric counterterm constructed with new minimal supergravity background fields [8]. We
have obtained )

log Z ~ %02 A% (r—1)a™" +10g Zreg - (C.21)

There is a single supergravity term of mass dimension two in new minimal supergravity [8];
it is the usual Einstein-Hilbert new minimal supergravity action, that we can take with
coefficient A2. Its bosonic part is given by

St = A2 / d*z /g (R + 6V, V* — 8BA,VH) . (C.22)

Its evaluation on the S% x S! background [17] yields?”
Sg) x A?a %k, (C.23)

where the constant x parametrizes a freedom in the choice of background. The choice
Kk = a is the most natural, because it preserves the SU(2); x SU(2), isometries of S3. This
is precisely the term needed to remove the divergent piece in (C.21). We conclude that the
cut-off regularization further validates the regularization method presented above.

29Note that the result is in units where the S* radius is fixed to one. To reinstate the 3 dependence, one
can shift A — %A.
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