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Abstract

Cylindrical Lévy processes provide a unified framework for different kinds of infinite-
dimensional Lévy noise considered in the literature. In the recent papers by Jakubowski
and Riedle, the integral with respect to cylindrical Lévy processes was defined. The aim of the
thesis is to prove the existence and uniqueness of solutions to the stochastic differential equa-
tions driven by such processes. Equations with specific kinds of noises have been considered
for many years, motivating the study of this generalised equation.

To be precise, we are considering the equation dX (¢) = F(X(t))dt+ G(X(t)) dL(t). Here
L is a cylindrical Lévy process from U to L°(2). Typically, F' contains some differential
operator. We assume that F' and G satisfy monotonicity and coercivity assumptions and
solve this equation in the so-called variational approach. We cover the case of non-square-
integrable noise of diagonal structure. We derive conditions when the behaviour of jumps of
the cylindrical Lévy process enables the use of the interlacing construction.

In another approach, we construct an integral with respect to cylindrical Lévy process
integrable with some power p, 1 < p < 2, in the Banach space setting. We show existence of
solutions in the semigroup approach.

Thirdly, we consider a canonical stable cylindrical Lévy process. Assuming that the func-
tions appearing in the equation map between domains of certain powers of a generator of a
strongly continuous semigroup we prove existence and uniqueness of solutions using tightness
arguments and the Yamada—Watanabe theorem. In the proofs we make use of tail and moment

inequalities, which are new in the case of cylindrical noise.
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Chapter 1

Introduction

Stochastic PDEs

There are at least two ways to formulate stochastic partial differential equations (SPDEs) and
various concepts of solutions. The first approach is through the random fields considered by
Walsh, see e.g. [105]. He considered PDEs perturbed by a space-time Wiener process, for

instance the heat equation on some domain @ C R
du(t,z) = Au(t, z) + dW (t, z), t>0,ze0 (1.1)

with a two-parameter real-valued Gaussian process W. A separate question that arises apart
from the existence and uniqueness of solutions is about the regularity of solutions, that is: in
what function space do the functions u(t,-) live and in what sense one can get the continuity
of t — u(t,-)? Results of Walsh were generalised in many directions. The case of Lévy stable
noise was done by Balan [5] and Chong [22]. They proved the existence of solutions for various
equations e.g.

du(t,z) = Au(t, z) + o(u(t, z))dL(t, x), t>0,ze€0 (1.2)

where 0 : R — R.
The second approach is to consider the equation (1.1)) in function spaces from the very

outset and to solve it using techniques from functional analysis. Instead of (1.1]) one writes
dX(t) = AX(t) + dW(¢), (1.3)

where X and W are Hilbert or Banach space-valued processes. More generally, one considers



the following non-linear evolution equation driven by Lévy noise
dX(t) = (AX(t) + F(X(t))) dt + G(X(t)) dL(¢), (1.4)

where X is an unknown process taking values in a Hilbert space H satisfying the initial
condition X (0) = Xy, L is a Lévy process in a Hilbert space U, A is a generator of a strongly
continuous semigroup (S(¢) : ¢ > 0) on the Hilbert space H, F': H — H and G: H — L(U, H)
maps into the space of linear operators from U to H.

Inside the functional setting, we can identify a semigroup and variational formulations of
the evolution equation which lead to various definitions of the concept of a solution. The
first one, the semigroup approach, was developed by Da Prato and Zabczyk, see e.g. [26].
Equations with Lévy-type noise were considered, for instance by Peszat and Zabczyk [74] who
proved the existence and uniqueness of solutions to driven by a U-valued Lévy process.

There are many concepts of a solution to . When applied to a specific SPDE, it turns
out that one cannot hope for the solution X to be in the domain of the generator A. For this

reason one either considers a weak solution satisfying
t t
(X (1), h) = (Xo, h) + / (F(X(s)), A*h) ds + / G*(X(s)hdL(s),  he H,
0 0

or a mild solution satisfying

X(t) :S(t)Xo+/0 S(t—s)F(X(s))ds+/0 S(t — $)G(X (s)) dL(s).

Moreover, the solutions can be weak or strong in the classical probabilistic sense: X construc-
ted on an arbitrary probability space or X constructed together with a probability space and
the noise L. The standard argument to prove the existence and uniqueness of solutions to
such equations, assuming the operators F' and G are Lipschitz as functions of X, uses a fixed
point argument in a suitably chosen function space.

Solutions to the evolution equation in the functional formulation can also be con-
structed without an explicit reference to the semigroup. Another approach is the so-called
‘variational formulation’. Under some assumptions, equation can be rewritten as follows.

Assume that there is a Banach space V' densely and continuously embedded in H and consider

dX(t) = F(X(t)) dt + G(X(t)) dL(t), (1.5)



with F: V — V* and G: V — L(U, H). Typically, F equals to some differential operator e.g.
the Laplacian. The conditions imposed on F and G and techniques of constructing solutions
are quite different than in the semigroup approach: it is assumed that F and G satisfy the
so-called monotonicity and coercivity conditions. The solution is obtained as a weak limit
of solutions to the equation projected onto n-dimensional subspaces. It requires careful
analysis of the norms of those solutions in each of the spaces on which F and G are defined
and the use of a special version of the It6 formula.

In the thesis we pursue SPDEs both in the variational formulation (Chapter [4) and in the
semigroup approach (Chapters [5| and |§[)

Models for the noise

The second modelling choice one needs to make apart from the precise mathematical formu-
lation of the evolution equation, which we described above, is to choose some model for the
noise. As already pointed out above the first two options are either Wiener or Lévy processes.

Perhaps the simplest process one can think of in the context of is a Wiener pro-
cess taking values in a Hilbert space. This leads also to the concept of a cylindrical Wiener
process: given a separable Hilbert space U it seems natural to define a process evolving
like independent standard real-valued Brownian motions along the basis vectors and satisfy-
ing E[(W(t),u)(W(s),v)] = (t A s)(u,v). Such a process would need to be constructed as
o0

> wp(t)en, where (ey,) is an orthonormal basis and (wy,) is a sequence of independent stand-
g?& Wiener processes. It turns out that such sum does not converge in U. However, one can
define a cylindrical process with similar properties, the term ‘cylindrical’ referring to the fact
that it does not take values in the Hilbert space U under consideration. Instead, W (t) maps
from the Hilbert space into the space of real-valued random variables W (t): U — L%(Q;R)

and is given by

Wt =Y wn(t)(u,en), uel. (1.6)
n=1

In the thesis we consider the cylindrical counterpart of Hilbert-space valued Lévy processes.
Cylindrical Lévy processes were studied in a systematic manner by Applebaum and Riedle in
[2]. They are families of continuous linear mappings L(t): U — L°(),R) from a separable
Hilbert space into the space of real-valued random variables satisfying the following: for all
n € N and uy,...,u, € U the finite-dimensional projections (L(t)u1,...,L(t)u, : t > 0) are

Lévy processes in R™. In some cases we we will more generally, take L defined on a dual of a



separable Banach space.

This definition builds on the well-established theory of cylindrical measures and cylindrical
random variables. The research in the field was carried out in the 70s in France by Schwartz,
Badrikian, Chevet, Maurey and others, see e.g. [3, [ 64, 7]. In the following years some
research was carried out on cylindrical local martingales and stochastic integration with respect
to cylindrical processes, e.g. Métivier and Pellaumail [68], Kurtz and Protter [58], Brzezniak
and Zabczyk [18].

The abstract definition of cylindrical Lévy processes stated above includes various classes
of processes. In particular it extends the notion of the cylindrical Brownian motion by allow-
ing non-Gaussian infinitely divisible distributions possibly with infinite moments and having
discontinuous paths. Moreover, one can show that cylindrical Wiener processes are necessarily
of the diagonal form with independent terms (the Karhunen-Loéve Theorem). On the
contrary, a general cylindrical Lévy processes cannot be written in the form , since that
would mean that its Lévy measure is concentrated only on the set of multiples of the basis
vectors (ey), that is on {Xe, : A € R;n € N}.

Nonetheless, processes of the form (|1.6)) with independent one-dimensional Lévy processes
£, instead of w,, are cylindrical Lévy processes and have attracted considerable attention. For
instance as shown in Priola and Zabczyk [78], equation with such diagonal noise, F' = 0,
diagonal operator A and additive noise can be reduced to an infinite system of independent
equations in one dimension. This model was investigated in the last 10 years by many authors.
It was shown that as soon as the noise is a cylindrical process, the solution can be very irregular,
for instance it may have no cadlag modification, see Brzezniak et al. [12] and Liu and Zhai
[61].

Also as shown in Dalang and Quer-Sardanyons [27] for the Gaussian case and Griffiths
and Riedle [40] for the Lévy case, the noises used in the random field approach (see ([1.2)) can
also be reformulated as a cylindrical Lévy process. In contrast to the Gaussian setting, the
correspondence holds only for a subclass of cylindrical Lévy processes. In another approach,
Balan [6] considered spatially correlated Lévy noise on nuclear spaces of test functions by

means of the Fourier transform.

Our objectives

In the thesis we show the existence and uniqueness of solutions to the evolution equations
(1.4) and (1.5 in the case when L is a cylindrical process without weak second moments i.e.



E “L(t)u\g] = oo for some u € U. Distributions with infinite moments are important from
the point of view of applications due to their fat tails, see e.g. [80] for a discussion of data
networks modelling.

The usual approach to the construction of solution to a stochastic differential equation
driven by a Lévy process requires the use of the Lévy-It6 decomposition, that is separating
the small and the large jumps. For a classical Lévy process L one writes L = L1+ Lo, with I
having jumps bounded from above and Lo being of bounded variation and having only finitely
many jumps on any compact interval. It follows that L; has all moments finite and therefore
the equation driven by L; can usually be solved using a fixed point argument in some L?-space.
In this way, one solves the equation up to the stopping time 7 of the first jump of Ls. The
second step is to include the jumps of Lo by re-defining the solution after time 7. Cylindrical
processes do not take values in a vector space, in contrast, they are families indexed by time
and a vector space, so there is no natural way of defining the above decomposition nor the
notion of the first ‘large’ jump. Therefore the usual technique does not work for cylindrical
Lévy processes.

We propose two ways to address the problem of no semimartingale decomposition. For
the processes of the diagonal form (1.6) one can in fact derive a decomposition using the
decompositions of the one-dimensional components. However, as shown in Chapters [3] and
[] it turns out that one needs to choose a different cut-off level in each dimension to ensure
convergence. Secondly, for general cylindrical Lévy processes one cannot avoid the problem
and needs to deal with the process ‘in one piece’, that is, without separating the ‘small’ and
the ‘large’ jumps. Often the use of non-standard techniques is required, see for instance in
Jakubowski and Riedle [49], where the stochastic integral was constructed using tightness by
decoupling, or Chapter [6]in this thesis, where we derive existence of solutions to the evolution
equation driven by an a-stable noise using moment estimates for p < a.

In the thesis, we present existence and uniqueness results in three settings: a variational
solution for , a mild solution for formulated in Banach spaces and thirdly, a mild
solution for driven by a stable cylindrical Lévy process. We now describe the structure of
the thesis. The literature and details about our contribution will be presented at the beginning

of each chapter.
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Outline of the thesis

We start with the preliminary Chapter [2| where we give the precise definition of the cylindrical
Lévy processes. We review the attempts to define a stochastic integral with respect to cyl-
indrical Lévy processes and similar cylindrical processes. Some preliminary definitions and
formulas are recalled also at the beginning of each chapter.

In the following Chapter [3| we extend some auxiliary results from the papers of Applebaum
and Riedle. We improve the decomposition into a drift and a cylindrical martingale and,
more importantly, improve the definition of the integral from Riedle [83]. We define certain
stopping times describing the jump times of the cylindrical Lévy processes and show their
irregular behaviour. We prove that the formula for the angle bracket process of a stochastic
integral holds also in the cylindrical case. Those results, which in some cases are counterparts
of the results from the classical stochastic analysis, are needed later in the construction of
solutions to SPDEs.

The three main chapters which follow all lead to an existence and uniqueness results for
equations of the form or .

In Chapter [] we consider the equation in the variational setting assuming the standard
monotonicity and coercivity conditions. We start with the case of the noise with finite second
moment. The existence of a solution in the non-square-integrable case is established for the
subclass of diagonal cylindrical Lévy processes using a Lévy—Itd decomposition and stopping
time arguments. We derive conditions on the Lévy characteristics, which guarantee that
there is a Lévy—It6 decomposition. We show that in the case of the most common non-
integrable processes, that is stable processes, one can construct stopping times suitable for the
construction of a solution.

Chapter [5]is devoted to the construction of a Banach space-valued integral and existence of
a mild solution to . Dealing with Banach space-valued processes poses some difficulties and
requires geometric assumptions about the spaces. In earlier chapters a special role was played
by the Hilbert-Schmidt operators acting between Hilbert spaces, because they map cylindrical
random variables into classical vector-valued random variables. In the Banach space setting,
we propose to consider integrands taking values in the space of p-summing operators, p € [1, 2],
which generalise to Banach spaces the notion of Hilbert-Schmidt operators. By a famous result
of Kwapien and Schwartz they have the same crucial property of mapping cylindrical random
variables into classical vector-valued random variables. In order to prove the continuity of

the integral operator, we need to assume certain geometric properties for the Banach spaces,
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p-integrability of the cylindrical Lévy process and that it has paths of bounded p-variation.
The crucial part of the proof is an application of an inequality by Schwartz on moments of the
cylindrical measures. Existence and uniqueness follow in a standard manner by the Banach
fixed point theorem assuming that the coefficient of the equation are Lipschitz.

Chapter [0] is devoted to the existence of a mild solution to the equation with an a-stable
cylindrical Lévy process, a € (1,2) i.e. a cylindrical process with the characteristic function
E [eiL(t)“] = e tl” for uw € U. We start by proving tail and moment estimates for the
stochastic integrals with respect to a stable cylindrical Lévy process. We construct a cadlag
solution as a limit of the Picard iterations using tightness arguments in the Skorokhod space.
Since we use the Skorokhod representation theorem, we obtain a weak solution defined on a
different probability space. The most intricate part of the proof is the identification of limits,
which requires estimates of p-th moments of approximations, p < a. We get the existence of

the strong solution from the pathwise uniqueness and the Yamada—Watanabe theorem.
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Chapter 2
Notation and preliminaries

Throughout the thesis, F and F' denote separable Banach spaces with duals £* and F*, U and
H denote separable Hilbert spaces, (€2, F, P) is a probability space with a filtration (F;)i>0
satisfying the usual conditions, and L°(£2, F, P; E) denotes the space of equivalence classes of
FE-valued random variables, which will be always equipped with the topology of convergence
in probability. Finally, LP(2, F, P; E) is the space of equivalence classes of random variables,
which are Bochner integrable with power p, for p > 1. If 2* is a functional on E, we often
denote its value on = by (z*,z) = (x,2*) = 2*(x). The closed unit ball of F is denoted by B
and the ball of radius r by Bg(0,r). Sg is the sphere of radius 1 in E. We write P for the
predictable o-algebra on [0,7] x © and B(S) for the o-algebra of Borel sets of a topological
space S. The Lebesgue measure is denoted by Leb.

If 4 is an operator from F into F', we denote its operator norm by |[¢||, or if we want to
make it clear what the domain and codomain of 1 are, by ||| L(B,F)- The space of Hilbert-
Schmidt operators from U to H is denoted by Lps(U, H) and the norm in this space by
[ gy~ The symbol Ly (H) denotes the space of nuclear operators on H. (P(R) is the
space of p-summable real-valued sequences, P(R.) is the subset consisting of non-negative
sequences.

Let T > 0. The space of E-valued cadlag functions on [0, 7] is called the Skorokhod space
and is denoted by D([0,T]; E'). We equip it with the Skorokhod topology as specified in [8], [48§].
Similarly, D_([0,T]; E) is the space of caglad functions.

We say that a sequence of E-valued processes ¥,, converges to ¥ on [0,7] uniformly in

13



probability (ucp) if for any € > 0

P ( sup |0, (t) — ¥(t)| > 5) =0 as n— oo
t€[0,T]

2.1 Cylindrical Lévy processes

For z7,...,z}, € E* and a Borel set B € B(R") a cylindrical set is defined by
C(zy,...x};B)={x € E: ((z3,2),...,{(z),x)) € B}.

The algebra of all cylindrical sets such that z3,...z), € I' C E* is denoted by Z(E,T"). The
algebra of all cylindrical sets is denoted by Z(FE) = Z(E, E*). If T is a finite set, then Z(E,T")
is a o-algebra. A function p: Z(E) — [0,00] is a cylindrical measure if its restriction the
o-algebra Z(E,T") is a measure for every finite I' C E*. If u(F) < oo we call it finite and if
u(E) =1 we call it a cylindrical probability measure.

Let p > 0. A measure p on B(E) is said to be of order p if

/ el u(de) < oo.
FE

Similarly, a cylindrical measure p is said to be of weak order p if
/ (2", 2)|P p(dz) < oo, z* e B
E

For any operator ¢: E — F the pushforward cylindrical measure is denoted with ¥(u) =
pop=t ie. (v(p))(C) = p(p=1(C)) for any C € Z(F). An operator v is called p-Radonifying
if for every cylindrical probability p on E of weak order p, 1(u) extends to a measure on F'
of order p. It is well known that for any p > 0 an operator acting between Hilbert spaces
¥: U — H is 0-Radonifying if and only if it is p-Radonifying and if and only if it is Hilbert-
Schmidt, see [101, Th. VI.5.2].

A cylindrical random variable is a linear and continuous mapping

X: E* = LYQ, F, P;R).

14



Many classical notions from probability theory have their cylindrical counterparts. Cylindrical
distribution of X is defined by

i Z(E) = [0,1],  w(C(al,..., w5 B)) = P((Xa},..., Xah) € B).
The characteristic function of a cylindrical random variable X (resp. cylindrical probability

measure p) is defined as a function ¢: E* — C

px(a®) =B [eX], (resp. o) = /

i) ,u(d:v)) )
E

A cylindrical random variable is said to be induced by a classical random variable if there

exists a random variable Y: 2 — E such that
Xz* = (z*)Y), x* e B

An operator ¢: EF — F is p-Radonifying if for every weakly p-integrable cylindrical random
variable X : E* — LP(Q, F, P) the variable Xv¢*: F* — LP(Q, F, P) is induced by a classical
p-integrable random variable.

The following definition was given in [2], but we make two changes: we allow an arbitrary
filtration satisfying the usual conditions and we required above the cylindrical random vari-
ables to be continuous as the mappings to L°(Q, F, P;R) equipped with the convergence in
probability.

Definition 2.1. A cylindrical Lévy process is a family of cylindrical random variables (L(t) :
t > 0), where L(t): E* — L°(Q, F, P;R) such that for any n € N and z},...,2} € E* the
n-dimensional process

((L(t)z7,...L(t)xy) : t > 0) (2.1)
is a Lévy process in R™ with respect to the filtration (F;)¢>o0.

The characteristic function of a cylindrical Lévy process is characterised by a triplet
(p,q,v), where b: E* — R is a continuous function, ¢: E* — R is a quadratic form and

v is a cylindrical measure on Z(FE) such that

/ ((z*,2)* A1) v(dz) < oo, z* e E*
E

15



see |2, Th. 2.7] and [82, Th. 3.4]. We have

pr(e”) = exp (t¥(z7)) (2.2)

U(2*) = ib(z*) — %q(a:*) + /E (ei@f*»ﬂﬁ> —1- ILBR((x*,x>)(a;*,x>) v(dz).

Cylindrical Lévy process L is said to be weakly p-integrable (p > 0) if E[|L(t)x*|"] < oo
for all * € E* and all (or equivalently some) ¢ > 0. We will frequently make use of the
fact that if L is weakly p-integrable then by the closed graph theorem for each t > 0 the
mapping L(t): E* — LP(Q, F, P) is continuous. We say that a weakly integrable (i.e. weakly
1-integrable) cylindrical Lévy process L is weakly mean-zero if E [L(t)xz*] = 0 for all ¢ > 0 and
x* € E*. In that case we also say that it is a cylindrical Lévy martingale because then all
projections are martingales. If L is weakly square-integrable (i.e. E [\L(t)x*\Q] < oo for
all x* € E*), the covariance operator Q: E* — E** of L is defined by

Q2% y") =E[(L()z" - E[L(1)2"]) (L(W)y" —E[L(MWy"])], 2" y" € E".

If L is defined on a Hilbert space U, then the operator Q: U — U is non-negative and
symmetric and therefore has a unique non-negative square root, which we denote by Q/2, see
[88, Th. 12.33].

2.2 Examples of cylindrical Lévy processes

The following examples of cylindrical Lévy process were studied in [84] [85]

Example 2.2. Every classical E-valued Lévy process L in F induces a cylindrical process by
the formula
L(t): E* = L°(Q, F, P;R), L(t)z* = (z*, L(t)).

Example 2.3. Let (e;) be an orthonormal basis of a Hilbert space U. A cylindrical Lévy

process is called diagonal if
Lityu=Y G(t)(u,ex), t>0ucl, (2.3)
k=1

where ({) is a sequence of independent, real-valued Lévy processes. Conditions for the a.s.

convergence of the series and continuity of L(t) are given in [84, Lem. 4.2|. Denote the

16



characteristics (with respect to the standard truncation function 1p,) of ¢ by (bg, sk, px) for
each £k € N. The sum converges and defines a cylindrical Lévy process if and only if the
characteristic functions of ¢ are equicontinuous at 0 and the following three conditions are
satisfied for every (ay) € £2(R):

(i) ; 15, ()| a| |br + /1<x|§ak|_1 z py(dzr)| < oo, (2.4)
(il) (sk) € £*(R), (2.5)

(iii) E/R (|ak:1;|2 A 1) pr(dx) < oo. (2.6)

SPDEs with additive noise of this type have been studied by various authors, see e.g. [12} [78|
77, 611, [75], [62].

Example 2.4. Let N be a Poisson process and let (Xj) be a sequence of independent identic-

ally distributed cylindrical random variables on E*. The process

N(t)
L(t) =) X
k=1
is called a cylindrical compound Poisson process.
Example 2.5. A cylindrical Lévy process W on a Hilbert space U with characteristic function
ewp(w) =e M > 0ueU

is called a standard cylindrical Wiener process.

Example 2.6. If the characteristic function of a cylindrical Lévy process L is o) (z*) =
e t="I1* for 2* € E*, then L is called a canonical a-stable cylindrical Lévy process. If E=U
is a Hilbert space with an orthonormal basis (eg), then the Lévy measure v according to [85]

Lem. 2.4| satisfies

o 1
vor! . (B)= 2 /S /0 () s dr (), BEB®Y),  (2)
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where 7, ¢,: U — R" is given by m, ., (u) = ((u,e1),...,(u,ey)), the constant ¢, is
defined as

o e —acos(G)(—a), fora#1, (2.8)
N for a =1,
and the measure )\, on Sgr is uniform with the total mass
L(x)0(™*)
A (Sgn) = —25 -2 (2.9)
" D(5)T (%)

Example 2.7. Let O C R? and let N be a Poisson random measure on B(R; x O) @ B(R)
with intensity Leb ®v and

1 1
dx) = dx.
) = ST cos (58 oo

A canonical stable Lévy space-time white noise on Ry x O is a function Y: B(Ry xO)xQ — R
v(B)= [ uN(dsdy).
BxR
A cylindrical Lévy process on L(t): L*(Q) — L°(, F, P) is defined by extending the following
L(t)14 =Y (]0,t] x A)

for all bounded A € B(0O).

2.3 Stochastic integration with respect to cylindrical Lévy pro-

cesses

There have been several attempts to define stochastic integration with respect to cylindrical
Lévy processes. Métivier and Pellaumail [68], following an earlier article [37], present an
integral with respect to weakly square-integrable cylindrical martingales in Banach spaces
using the Doléans measures. Their integral is also a cylindrical process. They obtain a
vector-valued integral in the setting of Hilbert spaces. In [67] the authors include also the
case of cylindrical square-integrable local martingales. Since every Lévy local martingale is a
martingale, this extension does not cover non-integrable cylindrical Lévy processes, see [79,
Ex. 29, p. 49].
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The integral constructed by Kurtz and Protter in [58] introduce the integration with
respect to the cylindrical semimartingales (called H#-semimartingales in that publication).
They impose a certain boundedness condition on the integrator (calling them special H7-
semimartingales), which guarantee continuity of the integral mapping. The integrands are
predictable, H-valued and attain values in a compact set with high probability. Since the
integrands are vector-valued rather than operator-valued, the integral is a real-valued process.

In [I8] Brzezniak and Zabczyk considered processes of the form Y (t) = W (£€(t)), where £ is
a subordinator and W is a cylindrical Brownian motion on a separable Hilbert space H, taking
values in a Banach space U, such that H is embedded in U with a v-Radonifying embedding.
If £ is $-stable, then Y is a canonical stable cylindrical Lévy process on H, see [18, Rem.
2.5(4)]. In order to define the integral the authors use the fact that Y is U-valued and rewrite
the integral with respect to Y as an integral with respect to a Poisson random measure.

In [84] Riedle defined the integral for general L as in Definition and deterministic
integrands by mimicking Pettis’ idea. The integrability criteria are expressed in terms of the
characteristics of the cylindrical Lévy process, similarly to Chojnowska-Michalik [20]. This
theory was sufficient to consider equations with additive noise, see [54], [55].

A novel approach to stochastic integration is presented in [49] by Jakubowski and Riedle.
In that paper the integrator is a general cylindrical Lévy process as defined in Definition [2.1
The integrands are caglad adapted processes. The proofs are based on tightness arguments

and decoupled tangent sequences. The following is a direct consequence of [49, Th. 5.1]
Theorem 2.8 (Jakubowski-Riedle). If U, converge to W in probability in the Skorokhod space
D_([0,7T); Lus(U, H)), then for every t € [0,T]

/Ot U, (s) dL(s) — /Ot W(s) dL(s),

in probability.

Often it is not known a priori if the solution of an SPDE has a caglad modification. For
that reason we will present ways to define the integral for predictable (not necessarily caglad)
integrands and in this way extend [49]. However, our result will require some additional

structural assumptions on the cylindrical Lévy process.
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Chapter 3

Extensions of the existing theory of

cylindrical Lévy processes

3.1 Lévy-Itdé decomposition

In this section we improve the Lévy—Ito decomposition of [2, Cor. 3.12] by relaxing the moments
assumption and showing that the continuity of L(¢) implies the continuity of the components

in the decomposition.

Proposition 3.1. Suppose that L is weakly integrable. There exists a linear functional

B: EF* — R, a cylindrical Wiener process and a cylindrical Lévy martingale M such that
L(t)z* = B(z™)t + W (t)z* + M (t)z", t>0,2" € £,

where M is given by
M(t)a* = / B N, (£, dB) (3.1)
R\{0}

and N+ is the compensated Poisson random measure associated with (L(t)z* : t > 0).

Proof. The characteristics of the Lévy process (L(t)z* : t > 0) are (b(z*),q(x*),z*(v)), cf.
(2.2) and its Lévy—It6 decomposition is

L(t)z* = b(a*)t + q(z* )W () + [ B Nue(t,dB) + / B Ny (t,dB), (3.2)
Bg Bg
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where W+ is a one-dimensional standard Wiener process. Let Bx* := E[L(1)z*]. Then
B =pla*)+ [ Bvo(a*) 1 (dB)
By
and (3.2) can be rewritten as
L{t)a" = tBa" + q(a"War (1) + [ 5o (8.09)
R

Let M be given by (3.1) and W be defined as W (t)x* = q(z*)Wy=(t) for t > 0 and z* € E*.
We show that each component of the decomposition is continuous. Continuity of B follows
from the continuity of L(1) as a mapping into L!(Q, F, P;R):

|Bz*| <E[IL(D)2"[] < [LW)l gy l27]]-

Thus L(t) := L(t)—tB = W (t)+ M(t) is also continuous. According to [I0T, Prop. IV.3.4] the
continuity of a cylindrical random variable is equivalent to the continuity of its characteristic
function. A close inspection of the proof reveals that in fact the continuity of the characteristic
function at 0 guarantees continuity of the cylindrical random variable. We show that if 27 — 0,
then @y (75,) — 1 and ppr)(25,) — 1. Suppose for contradiction that for some ¢ > 0 there
is a subsequence (ny) such that @y ) (z;, ) <1 —¢e. We have

* 1 *
ow () (T*) = exp <—752€I(37 )> > 0.

Hence @y p) (z*) = ‘gow(t) (:L‘*){ Then

which is a contradiction. This finishes the proof of the fact that ¢y () (z},) — 1. Secondly,

. PLt) (x7)
@ Ty) = ———=x —1
w0 () ew (@)
as n — oo, which finishes the proof of the continuity of M(t). O

Remark 3.2. The decomposition (3.2) is obviously still valid for general (not necessarily
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integrable) cylindrical Lévy processes. As pointed out in [2] the components are not linear in

x*, so the only decomposition into cylindrical Lévy processes one can have in general is into
W (t) and b(x™)t + q(z™ )Wy (t) + B Ny (tdp) + / B N+ (t,dS).
Br Bg

By the same method as above one can show that both components are continuous.

Remark 3.3. The same reasoning gives the following more general result. Let Z, X, Y : E* —
L°(Q, F, P;R) be linear mappings. Assume that ¢y > 0 in some neighbourhood of 0.
Moreover, assume that X and Y are independent and that Z = X + Y. If Z is continu-
ous, then X and Y are. Note that the assumption that ¢x is real in a neighbourhood of 0
cannot be dropped as the following deterministic example from [101, Ex. 2(c), p. 403] shows:

let f be a discontinuous linear function on E* and
Xz* = f(z"), Ya* = —f(a¥), for x* € E*.

In this way X 4+ Y = 0 is clearly a continuous cylindrical random variable but neither X nor

Y are.

3.2 Stochastic integration with respect to weakly square-inte-

grable processes

In this Section we improve the results of Riedle [83]. The construction of the integral in
that paper is correct but far from optimal as the space of admissible integrands is small and
unnatural. The construction consists of two steps and we only alter the second step. This
integral will be used in Chapters [3] and [4]

Suppose that L is a weakly square-integrable cylindrical Lévy process with the covariance
operator denoted by (). We now define a reproducing kernel Hilbert space associated to L;
see e.g. [74, Def. 7.2 or [I0I], Sec. 111.1.2 and 111.1.3], where a more general case of variables
in Banach spaces is considered. In our setting, we define the reproducing kernel Hilbert space
associated to L as H = Q'/2U. Let Q~'/2 be the inverse of Q'/?: (Ker QY/?)+ — H, see |76}
App. C]. The space H is equipped with the scalar product

(u, vy = (Q Y 2u,Q V),  w,veH.
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Since for u € H

lully = [1QV2Q7"2ull, < [|@"Z|[|Q72ully, = IQ"*[lllull

the embedding H C U is continuous. Thus L restricted to H is still a cylindrical Lévy process.
Let (ex) be an orthonormal basis of (Ker Q'/2)L. Then (Q'/2e;,) is an orthonormal basis
of H, see [76, Prop. C.0.3]. Thus for a linear operator ¢): H — H we have

||¢||%HS(H,H) = ZHd’Ql/zekHz = H@Z’QI/QHiHS(U,H)'
k=1

In particular v € Lys(H, H) if and only if $Q'/? € Lyg(U, H).
In the first step we define

T
/ U(s)dL(s)
0
for simple integrands ¥ of the form
N—-1
W(t) = Volop(t) + D Vilyp,(t), €[0T, (3.3)
k=1

where each Uy: Q — Lus(H, H) is Fy-measurable and 0 =t <ty < --- <ty =T is a
partition of [0,7] and each Wy takes only finitely many values. The space of such processes
is denoted by Aj. Let ¢»: H — H be a Hilbert-Schmidt operator. Then (L(t) — L(s))1* is
induced by an H-valued random variable, which we denote J;(v) or simply (L(t) — L(s)) ¥*.
In this way (Js (), h)g = (L(t) — L(s)) (¢*h) for all h € H. Let

mp
\Ilk = Zwk,j:ﬂ-Akﬂ'v (34)
j=1
where for each k the sets Ay 1,..., Apm, € Ft, form a partition of Q. Then we define

my,
st (W) = Z Ly, Jst(Vr,j)
=1
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and finally
N—

T
/ th,tk+1 \Ijk
0 k=0

H

Lemma 3.4. Suppose that L is weakly mean-zero weakly square-integrable cylindrical Lévy

=& [ e,

ds] .
LHS(UﬂH)

process. Then for W € Ag we have

T 2
/ U(s)dL(s)
0

Proof. The result follows from [83, Cor. 4.3| by observing that, if Qy denotes the covariance

E (3.5)

operator of the Gaussian part of L, then

(Qu,v) = (Qwu,v) + / (u, z) (v, z) v(dz), u,v € U. O

U

Let A2(0,T; Lus(H, H)) be the space of equivalence classes of processes taking values in
the space of the Hilbert-Schmidt operators from H to H, which are predictable and satisfy

s [[leore;

Lus (UvH)

ds} < 00.
It is naturally equipped with the norm

1/2
W], = </ [H\II QW‘ LHS(UH)] ds) '

By Proposition 4.22 in [26], A5 is a dense subspace of A%(0,T; Lus(H, H)). The It6 isometry
in Lemma [3.4] shows that the mapping

AS S W / ) e L2(Q, F, P H) (3.6)

is continuous, if A§ is equipped with the norm |[|-||[,. We extend the mapping (3.6) to
A2(0,T; Lus(H, H)) by continuity. One obtains by repeating the proof of [83, Cor. 4.4] the

following:

Theorem 3.5. For any weakly square-integrable cylindrical Lévy process L and for any ¥ €
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A2(0,T; Lus(H, H)) the process

(1@) = /0 t U(s)dL(s) : t € [o,:r]>

has a cadlag modification and if L is a cylindrical martingale, then the process I is cadlag,

mean-zero, square-integrable martingale and (3.5) holds.

The above construction is straightforward and natural. It was however pointed to us by
the referee of [52] that in the case when @ is diagonal one can reduce the problem of defining
the integral with respect to weakly square-integrable cylindrical Lévy process to the case of
integration with respect to a classical process. Let (e,) be an orthonormal basis consisting of

eigenvectors of @) with the corresponding sequence of eigenvalues () i.e. Qe, = Yynpe,. Let

Pt =3 — (Lt)en)en:

n=1

9

Note that the series converges in L?(Q; U) since

2 m m m
1 1 1
’ - [E Mem] =Y sl el < Q7Y o
k=n

k=n k=n

];IJIQ»k(L(t)ek)ek

which converges to 0 as n,m — co.
Let Q be the covariance operator of L and let H be the reproducing kernel Hilbert space

associated to L. We have

(Qep en) =B [<E(1)’ek><i(l)’6”>} - \/;WE [L(t)erL(t)en] = 211ch

It follows that Qe, = Q%Pynen. For ¢ € Lys(H, H) define

<Q6k> €n>-

:

lz(u) = Z<U,€n>@¢(€n) (3.7)
n=1

for u € H. We have

s o o] 1 ~
19Q 11} iy = DN9Q 2 en]|” = D7 mllien) I
n=1

n=1
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[ee] 1 o) 0o
=2 gVl = S nleenl” = 3w enl = 0@ o.my

which shows that the series in (3.7) indeed converges for u € # and that ¢ € Lys(H, H) if
and only if ¢ € Lys(H, H) with equal norms.
We have for h € H

n=1

(WDL(0),h) = S L), )V (), h) = 3 L(t)en((en), h).
n=1

On the other hand -
(o), h) = L&) ($*h) = D L(t)en(t*h, en).
n=1

Thus ¥(L(t)) = Ji(¢) and it follows that

T T~ N
/0 W(s) dL(s) = /0 B(s) dL(s).

for simple processes ¥ € Ag . By continuity, both integrals coincide for any process ¥ €
A*(0,T; Lus(H, H)).

3.3 Jumps of cylindrical Lévy processes

Usually, constructing a solution to a stochastic differential equation with a non-integrable
noise requires one to carry out an analysis of jumps of the noise, see e.g. [74], Sec. 9.7| or [47,
Th. IV.9.1]. In what follows we show that the behaviour of the jumps of a cylindrical process
is much more irregular than those of a classical process. This is due to the fact that their
jumps accumulate at zero, or more precisely that the stopping times used in the interlacing
technique are equal to 0 a.s. A similar phenomenon was observed by Balan [5, Rem. 6.7] in
the random field setting, which arose due to the unboundedness of the domain.

For a bounded sequence of positive real numbers ¢ = (c¢;) we define the sequence of stopping

times by

Ten(k) := inf {t >0: Z (AL(t)ej)2 c? > k:2} for each & > 0,n € N.
j=1
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The stopping time 7 (k) is the first time that the n-dimensional Lévy process

(L(t)(cre1), ..., L(t)(cnen)) : t > 0)

has a jump of size larger than k. Since 7 ,(k) is non-increasing in n, we can define another

sequence of stopping times by

To(k) :== lim 7., (k) for k > 0. (3.8)

n—oo

In what follows we show that the distribution of the stopping time 7.(k) depends on

neN

me(k) == Supu<{u eU: i<u,ej>2c§ > k2}> for k > 0, (3.9)

j=1
where v is the cylindrical Lévy measure of L.
Proposition 3.6. Fix a cylindrical Lévy process L and ¢ € (>°(Ry).
(1) We have for each k > 0:
(i) me(k) =0 < 7.(k) = 00 P-aus;
(ii) me(k) € (0,00) < 7.(k) is exponentially distributed with parameter m.(k);
(iil) me(k) = 00 & 1.(k) =0 P-as.

(2) We have: lim m.(k) =0 < klim Te(k) = 0o P-a.s.
—00

k—o0

Proof. (1) Define the mapping
n
Ten: U — U, Ten(u) = ch<u,ej>ej.
j=1

Then 7. ,(k) is the time of the first jump of size larger than k of the genuine Lévy process L,
defined by

n

Len(t) = ciL(t)(ej)e;, > 0.
j=1

As the Lévy measure v, of L., is given by v, = (y o (7rc7n)_1) |U\{0}, the stopping time
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Ten (k) is exponentially distributed with parameter

Aen(k) = ven({u € U ||lul| > k}) = V({u el : f:c?(u, ej)? > kQ})

=1

We see that A, (k) /7 me(k) as n — oo.

(i): Clearly, m.(k) = 0 if and only if A\,,(k) = 0 for all n € N. Equivalently, L., has no
jumps larger than k for all n € N. This means precisely that 7., (k) = oo a.s. for all n and
consequently that 7.(k) = oo a.s.

(i), (iii): the characteristic function ¢ () of 7c.(k) is given by

Prom(k): R = C, Pron(k)(T) = )\()\n)(k_)m

n

The characteristic function ¢, (x) converges to the characteristic function either of the expo-
nential distribution with parameter m.(k) (in the case (ii)) or of the Dirac measure in 0 (in
the case (iii)).

For establishing (2), note that monotonicity of k +— 7.(k) yields

P(kli}n;OTc(k) - oo) = P< N U N0 > t}) = lim lim P (7.(k) > 1).

—00 k—o00
teNkeN >k
Since P(7.(k) > t) = exp(—tm.(k)), the proof of (2) is completed. O
Note that if v is a Lévy measure of a Hilbert space-valued Lévy process, then
me(k) = 1/<{u eU: Z(u, ej>2032- > k}) (3.10)
j=1

For ¢; = 1,j € N, we get an even simpler representation: m.(k) = v(U \ By(0,k)). In this

case it is well known that the time of the first jump of size larger than k
o(k):=1inf {t > 0: [JAL(t)|| > k}

has exponential distribution with parameter m.(k), see [92] Th. 21.3]. Moreover, since the
Lévy measure is finite outside any neighbourhood of 0 one obtains that m.(k) — 0 as k — oc.

This shows that (k) — oo a.s.
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On the other hand, if the noise is cylindrical the stopping times 7., (k) may accumulate

at zero, i.e. 7.(k) = 0 P-a.s. Also, when v is a cylindrical measure we must use the formula

(3.9) rather than (3.10]) as the set {u eU: Zl<u, €j>2C? > k} is not cylindrical.
J:

Example 3.7. The most natural, that is constant, truncation level is not suitable for most
non-integrable processes. For instance let L be the canonical stable cylindrical Lévy process
on U from Example 2.6l Then as stated in [85] (see the proof of Th. 5.1)

. Ny ez o2\ oy L DGR
i ({u et Yt > 1)) = i oo ey = oo
J=1 2

An example where ¢; can be taken constant will be presented in the Example

Remark 3.8. A similar technique was used in [22] in the random field formulation to deal
with the unboundedness of the domain O on which an SPDE is considered. Let N be a random
measure on Ry x O x R. The author adjusts the threshold for the size of the jump according

to its location:

t ~
7(k) := inf {t >0: / / / Lz > kh(z)} NV (ds, dz, d2) # 0} )
0 JOJR

for h(z) = 1 + |z|", This enables the author to obtain a sequence 7(k), which converges to

+o00 as k — oo.

3.4 Diagonal cylindrical Lévy processes

A typical case of a diagonal Lévy process of Example|2.3|is when the components ¢, have same
distribution up to constants i.e. when ¢ = ophy for (o) C R and a sequence of independent

identically distributed Lévy processes (hy).

Lemma 3.9. Let

o

L(tyu =Y (u,ep)orhi(t), uel,
k=1

where hj, are independent identically distributed symmetric square-integrable non-trivial Lévy

martingales in R with characteristics (0, sg, p).

(i) L is a weakly square-integrable cylindrical Lévy process if and only if the sequences (o)

and (si) are bounded.
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(ii) L is induced by a U-valued Lévy process if and only if (o) and (s) belong to £2(R).

Proof. The Gaussian case has been considered in [84, Ex. 4.3]. Therefore we consider only the
case when hy are purely discontinuous non-trivial Lévy processes.

(i): Suppose that (ak) is bounded. In order to show that L is a cylindrical Lévy process
we verify conditions . Condition is satisfied due to symmetry. We only need
to verify condition (2.6} . Note that the Levy measure of ohy, is given by p; = po mgjl, where
Mg;: R — R is defined by mg, (z) = ojz. Then

S us ) utan) =3 [ (lourisf 1) e = [ o2t 3 <.

k=1

The characteristic functions of o;hi(1) satisfy
Poph)(T) = E [ei“"”“h’“(l)] = pn,1)(oxx), forieNandzeR.

Since ¢y, (1) is continuous at 0, for any € > 0 we can find 6 > 0 such that ‘1 On (1) (@ )‘ <e
for |z| < 8. Then for |z| < & := 6/||o]|se We have |1 —@g.p.1)(@)] = |1 = op, ) (0ix)| < €
for |z[ < ¢’. This proves the equicontinuity of ¢, p, (1) at 0. Thus L(t) is well defined and
continuous by [84] Lem. 4.2]

Secondly we check that it is weakly square-integrable. Fix u € U and let

Sn = ng(t) <u, 6k>, S = ka u 6k
k=1

Then

n

E[S] =Y B[R] (wen)® =E [130)] Y (u,ex)’op < E [13(#)] Y_(u,ex)’0} < .
k=1 k=1 k=1

3

Therefore the sequence (S,,) is uniformly integrable and by the Vitali theorem S is square-
integrable and E [|Sn - S|2} —0
Conversely, if (o) is unbounded then there exists a subsequence (o, ) such that (1/0y,)

belongs to £2(R). For a sequence defined by

L if { = ny, for some k,
Qy =

0, otherwise,
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we have

g/R <|akx\2 A 1) pr(dz) = g/R (Ioznkankgd2 A 1> p(dz) = g/R («® A1) p(de) =

(ii): Applying Priola and Zabczyk [77, Lem. 2.3], L is is induced by a U-valued process if
and only if

- 2
;/R (2% A1) pr(dz) < +oo.

Now, if o € £2(R), then we estimate

Z/x/\l pr(dz) = Z/ oK) /\1 p(dx) Si /xpdx

which proves that L is induced by a U-valued process. Conversely, suppose that (o,) ¢ ¢?(R)
and let a > 0 be such that p(Bgr(0,a)¢) > 0. We have

Z/ On) /\1 p(dx) Z Ona) /\1) p(Br(0,a)°).

Now observe that either there is a subsequence (o, ) with |0y, | > L, in which case

oo oo
Z/ ont 2 A1) pldz) > S ((0mea)? A1) p(Br(0,0)%) > 3 p(Br(0,a)%) = oo,
k=1 k=1

or there exists N € N such that for all n > N we have |o,,| < 1, in which case

Z ((O‘nl’)2 A 1) p(dx) > Z (ona)*p(Br(0,a)) = oo
n=1"R n=N
because o ¢ /2(R). O

Lemma 3.10. If L is a diagonal cylindrical Lévy process on a Hilbert space U, then its

cylindrical Lévy measure v uniquely extends to a o-finite measure on B(U) and is of the form

A)=> " prom(A)  forall A€ B(U), (3.11)
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where me, : R = U is given by me, (v) = xey.

Proof. Tt is shown in [84) Lem. 4.2| that the cylindrical Lévy measure v of L is given by
(3.11) but as a finitely additive set function restricted to the cylindrical algebra Z(F). In
order to show that v is c-additive, let Aj, As,--- € Z(F) be pairwise disjoint sets with

A:= |J Ax € Z(U). The Tonelli theorem implies

k=1
v (A) = Zpkom;,j<UAi) — Y ppomz ()
k=1 =1 k=1 i=1
=SS promat(Ag) = 3 w4y
=1 k=1 =1

By the Carathéodory extension theorem (see [94, Th. 6.1]) v extends to a measure on the

o-algebra generated by Z(U), which is equal to B(U) by [101, Th. I.2.1]. O

3.5 Angle bracket process

Recall that for a square-integrable cadlag martingale M in H, the angle bracket process
((M, M)(t) : t > 0) is defined as the unique increasing, predictable process such that (|| M (t)||*—
(M,M)(t) : t > 0) is a martingale; see e.g. [66, Sec. 20]. The operator-valued angle bracket
((M, M)) is defined as the unique increasing, predictable process taking values in the space of
non-negative, nuclear operators such that (M (t)®@M (t)—((M,M))(t) : t > 0) is a martingale.
The formula for the angle brackets of an integral with respect to a genuine Lévy martingale is
well known, see e.g. [74, Cor. 8.17| or [66]. Now we establish the same result for the integral

with respect to the cylindrical Lévy martingales.

Proposition 3.11. Let L be a weakly mean-zero, weakly square-integrable cylindrical Lévy
process. Take W € A%(0,T; Lys(H, H)) and let

I(t) := /Ot\I'(s) dL(s), for t € [0,T].

Then

0 = | e

2
ds for all t € [0,T] P-a.s.
LHS(UuH)
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(i) ((1(®),1(¥)))(t) = /0 U(s)QW¥(s)"ds for all t € [0,T] P-a.s.

Proof. Note that [ is a cadlag, mean-zero, square-integrable martingale by Theorem and
thus the angle brackets exist. We now prove part (i).
Let U € A§ be given by (3.3) and (3.4). Our aim is to verify that the process X defined

by
[

is a martingale. We first show that for any h € H,

<</Ot\11(s) dL(s),h>1 —/OtHQl/Q\II(s)*h

is a martingale. Fix 0 < s < ¢ < T and assume without loss of generality that s = tj, for

X(t):= ‘ /0 U(s)dL(s) ds, t€10,77,

2
Lus (UvH)

‘st te [O,T]) (3.12)

some ko and ¢t = ty, for some Ny. We have

2

</Otx1/(s) dL(s),h>H

No—1 my ?
= ( Z Z La,, (L(tgs1) — L“k))(%ﬁ,ﬂ))
k=1 =1
No—1 mg my

=33 14, a, (E(tkga) — LtR)) (W5 sh) (L(tisr) — L)) (457 ;h).

kl=1 i=1 j=1

We have

B (L4, La,, (L) = L)) (F h) (L(tir) — L(0)) (47 ;) ]

Lay, Lo, ; (L(tkt1) — L) (Y ;2 (L(Gig1) — L(6)) (W7 h), ko 1< ko,
= Q Ly, (trgr — ) QU w1 ) k=1 ko andi=j,
0, otherwise.

Thus
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mg my

= > > aLa, (Lltrsr) — Lite) (5 :0) (L(tir) — L(t)) (W7 ;1)
kl<kg i=1 j=1
No—1 my

T Z Z Lay,, (b1 — ) (Qug shs Yp sh)u

k=ko i=1

= </05\Il(r) dL(r),h>: + /:<Q\If(r)*,\lf(r)*>v dr,

which can be rewritten as

</0t\11(7’) dL(r),h>jI - /OtHQV%I/(r)
_ </0811/(u) dL(r),h>jI - /OSHQW\IJ(?«)
iLe. is a martingale.

Let (f;) be an orthonormal basis of H. Substituting h = f; in (3.12) we obtain that

E

2
h’ dr‘fsl
U

2
h( dr
U

X, (t) ;:Zn:<</0t (s) dL(s) > /HQ1/2\II fJHUds>

=1

defines a martingale. Moreover, by the Parseval identity for each t € [0,7T], almost surely
X, (t) converges to X (¢). Note that X, is dominated by

t
[ woare| « [|eoer]

which is integrable. By the Lebesgue dominated convergence theorem X is a martingale.
Take ¥ € A2(O T; LHS(H H)) There exists a sequence (V,,) C A5 such that | ¥ — U, ||, —
0 and fOT U,(s) ) — fo in L2(Q, F, P; H). Fix 0 < s <t. We know that for

v, the integral process is a martmgale ie.

|[ eoraseo], - [ Q”\
| e

E dr|F,

Lus(U,H)

Q1/2

dr. (3.13)
LHS(U H)
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Taking n — oo gives that (3.13]) holds with ¥,, replaced by W.
We now show (ii). Taking h = f; + f; and h = f; — f; in (3.12)), gives that

R(fi, [;)(t)

=1 ([ veaze.n+5)' - [ s+ o)

! <</Ot\p<s> AL(s), fi — i) /Otchl/%ms)(fi - fj>(]2Uds)

t t t
= </ W(s) dL(s),fi> </ W(s) dL(s),fj> —/ (QY2W(5)" f;, QW (s) f;)u ds
0 H \Jo H Jo
defines a martingale. Define for each n € N a martingale M,, by

n

My(t):= Y R(fi, f)(0fi® f;  forallte[0,T].

i.j=1

We show that M,,(t) converges to M(t) in L*(; L1(H)) for each t € [0, T], where

M(t) == I(D)(t) @ T(T)(¢) — /0 () QU (s) ds.

Observe that the following operators are non-negative

A=hoh=> (hfiulh. fufi®fi= > (h.fulh. f;)ufi® f,
i,j=1 i,j=n+1

B = W(s)QU(s) — > (QV2W () 1, QYW () fj)u fi @ f;

i,j=1
= 3 QYU ()£ QYY) f)u i .
1,j=n+1
Indeed for x € H
i,j=n+1
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where 7= is the projection onto Span(e; ..., e,)*. For the second operator we have
<B.’L’, x>H = Z <\P(8)Q\Ij*(3)flv f]>H<flv x><fja .’IJ>
ij=n+1
= <Q1/2‘I’*(s) S foahufi, QYR (s) Y <fj,as>Hfj>
i=n-+1 j=n+1

= ool

> 0.

Thus the operators in the definition of M, (t) and M (t) are non-negative and we have by [25]
Th. 18.11(d)|

IM(E) = Mo, a1

< Hmf)(t) S IW)(t) — S L) )y 0. )y i@

i,j=1

L1(H)

t t
/o V(#)QW(s) ds _/0 (Q2W(s)" fi, Q'PW*(s) fj)u dsfi @ f

°

L.(H)

~Tr (I<w><t> @ 1)) — S W), £)a{I(0)@), fi)ufi @ fj>

,j=1

t n t
. s *(s)ds — 1/2*8'1/2*8' sf: )
21 [eeere - 3 [@Q P ©ne oL asse )

ij=1

_ i <(I(\11)(t),fk>?{+/OtHQ1/2‘I’*(5)f’“HzQJdS>'

k=n+1

The Lebesgue theorem shows that E [HM (t) = Mn ()|l L, ( H)} converges to 0, which establishes
that (M(t) : t € [0,T7]) is a martingale. O

Recall for the following result that I(¥) defines a square-integrable martingale in H for
each ¥ € A2%(0,T; Lus(H,H)). Stochastic integration with respect to such martingales is

introduced for example in [66] or [74].

Lemma 3.12. Let L be a weakly mean-zero, weakly square-integrable cylindrical Lévy process
with covariance operator Q and let ¥ € A2(0, T; Lus(#H, H)). If V is another separable Hilbert
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space and © is an L(H, V)-valued stochastic process for which the stochastic integral

t

N(t) == / O(s)dI(¥)(s) for t € [0,T7,
0

exists in the sense of [74], Sec. 8.2], then we have

! 1/2(2

(N, N)(t) = /O 10(s)(@QU () (2, 1 ds.

Proof. Since I(V) is an H-valued martingale, Theorem 8.2 in [74] guarantees that there exists

the so-called martingale covariance of I(¥), that is a predictable stochastic process (C(t) : t >

0) in the space of symmetric, non-negative, nuclear operators on U, such that
t
((1(R), 1(0))) (1) = / C(s)d(I(¥), I(¥))(s)  for all t € [0,T] P-as.
0
By Part (i) of Proposition we conclude that
t
2112
(IO = [ IR, s

By comparing with the formula in Part (ii) of Proposition we obtain

Clo) = MHRT ()

= , i (s)QYE#0
1w ()QV2]13, . o

and C(s) = 0 otherwise. Applying |74, Th. 8.7(iv)| and Part (i) of Proposition results in

. . 1/2)2
vy = | @<s>< P(5)QT(s) ) a(I(T), 1(2))(s)

2
H‘I’(S)QWHLHS(U,H) Lus(H,V)

; \I/< )Q\Ij*( ) 1/22
:/0 ®(s)< : S ) )R 000y 05

2
H\IJ(S)Ql/QHLHS(U,H) Lus(H,V)

- /0 10 (T(5)QW ()2 411 5.

which completes the proof. O
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3.6 Stopping times

In the proof of existence of solution we will need the following lemma concerning the stochastic

integral with respect to cylindrical Lévy processes and stopping times.

Lemma 3.13. Let L be a weakly square-integrable cylindrical Lévy process and let ¥ € U €
A2(0,T; Lus(H, H)). Let 7 be a stopping time with P(1 < T) = 1. Then

/MT U(s)dL(s) = /t U(s)l{s<rydL(s) for all t € [0,7T] P-a.s.. (3.14)
0 0

Proof. The proof follows closely [76, Lem. 2.3.9], where the case of Hilbert space-valued Wiener
process is considered.
Step 1. Suppose that ¥ is simple given by (3.3) and that the stopping time is simple i.e.

takes only finitely many values:
m
T = Z a; ]lAj,
j=1
with A; = {7 = a;} € Fu;. Then

t/\(l]' m

tAT m N-1
/ U(s)dL(s) = > 1a, / U(s)dL(s) = > 1a; > Jiatrastpintna (Tr).  (3.15)
0 . 0
7j=1 k=1

j=1

Proving first for simple and then passing to the limit we get that for any process ¥ €
A2(0,T; Lus(H, H)) and any bounded, real-valued, F-measurable random variable ® we have

almost surely . .
/ QU (r)®dL(r) = <I>/ U (r)dL(r). (3.16)

Using this we obtain

0
N-1 .

= Jtmummt(‘l’k)—/ U(s) > Ta,lgg,<sydL(s)
k=1 0 Jia;<t
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2

th/\ttkﬂ/\t V) — Z / s)14, dL(s)

k=1 Jiai<t
N—-1
= Tintteont(Tr) — > g,
k=1 Jia;<t
N-1 m N—-1
= th/\t tp1 Nt \Ijk‘ § ]lAj Z th/\t \/a],(thrl/\t)Va] (\II’C)
k=1 j=1 k=1
N—-1 m
= Z :H-Aj (th/\t,tk+1/\t(\11k) - J(tk/\t)\/aj,(tk+1/\t)vaj (\I]k)) .
k=1 j=1

Comparing with (3.15)), must prove that

th/\t,tk+1/\t(\1lk) - J(tk/\t)\/aj,(tk+1/\t)\/aj (\Ilk) = th/\tAaj,tk+1/\t/\aj(\Ilk)-

For a; <t At it simplifies to

th/\t,tk+1/\t(\Ijk) - th/\t,tk+1/\t(qjk) - J(Z]',(Ij (\I/k)

For ) Nt < a; < tp41 At it simplifies to

thAt,tk+1At(\Ilk) - Jaj,tk+1/\t(\1]k:) = th/\t,aj (\Pk’)

For a; > t+1 At it simplifies to

th/\t,tk+1/\t(\yk) - Jaj,aj (\Ijk) = th/\t,tk+1/\t(\llk)'

Step 2. Take simple ¥ and a general stopping time. Then there exists a sequence of simple

stopping times (7,,) decreasing to 7; see [26] Sec. 3.5]. By Step 1

/ " W(s) dL(s) = / ()1 sy, y AL(s). (3.17)
0 0

Since the stochastic integral is cadlag, it follows that
Tn A\t TAL
/ U(s)dL(s) — / U(s)dL(s) P-as.
0 0
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i.e. the left-hand side of converges. Since L, ¥ converges to 1jg ¥ in the space
A%(0,T; Lus(H, H)), it follows that the right-hand side of converges.

Step 3. Now suppose that ¥ € W € A?(0,T; Lus(H, H)) is general.

Take a sequence of simple integrands ¥,, converging to W. Application of Proposition

gives that the process L can be decomposed as
L(t)u = tB(u) + M(t)u, t>0,ueUt>D0.

Recall from Section [2.3| that for stochastic integration we consider L restricted to H. It follows
from the continuity of the embedding H C U that the operator B is continuous on H. By the
Riesz theorem, there exists hg € H such that B(u) = (u, ho)y for all u € H. Then

/Ot W(s) dL(s) = /Ot U(s)ho ds + /Ot (s) dM(s)

and the stochastic integral on the right-hand side is a martingale by Theorem [3.5] By the
Doob inequality

2

E[sup /0 W, (s) dM(s) — /O W(s) dM(s)

0<t<T

H

T

4B ||| | wa(s) () aM ()

2
|
— & | / 0 6) = QI 9]

which converges to 0 as n — co. For the Bochner integral we estimate using that ||| 5y <

H.HLHS(?'LH)

t t 2
E | sup / U, (s)hods — / U(s)hods <TE | sup / |(W U(s)) hOHHds]
0<t<T||Jo 0 H 0<t<T

~1z| | T||<\Pn<s> Oy
Sy () — U, e ).

which converges to 0 as n — oo. Therefore there is a subsequence (ng) such that outside a
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null set:

/t U, (s)dL(s) — /t U(s)dL(s) for all t € [0, T
0 0

and finally that almost surely

tAT tAT
/0 U, (s)dL(s) — /0 U(s)dL(s)

Since 1jg )Wy — LV in W € A*(0,T; Lus(H, H)) it follows that

/\Ifn(s)ﬂ{SST}dL(S)—)/ \I’(S)R{SST}dL(S),
0 0

which finishes the proof.
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Chapter 4

Variational solutions

In this chapter we deal with existence and uniqueness of solutions for an SPDE in the vari-
ational setting assuming the monotonicity and coercivity conditions. We start by discussing
the literature related to our work and then describe the difficulties coming from the cylindrical
noise and our techniques.

The variational approach to stochastic equations was developed by Krylov and Rozovskii
[53] who considered an equation with a U-valued Wiener process. This was later generalised
in various directions. Equations in Banach spaces driven by semimartingales were studied
in a series of papers by Gyongy and Krylov 41l 42| [43]. Equations with locally monotone
coefficients were considered by Liu and Rockner [60] in the Gaussian setting. Brzezniak, Liu
and Zhu [16] proved existence and uniqueness of solution to an equation driven by a cylindrical
Brownian motion and Poisson random measure also under the local monotonicity assumption.
These more general conditions imposed on the operators in the equation allow the authors to
extend the class of SPDEs covered by this approach and include for instance the 2D Navier—
Stokes equation.

The precise formulation is as follows. Let V be a Banach space embedded in H and

consider

dX(t) = F(X(t)) dt + G(X (1)) dL(t), (4.1)

where F': V. — V* and G: V — L(U,H). In this thesis we assume the simplest version of
monotonicity on F and G but consider cylindrical noise L. We start with presenting the

equation driven by a cylindrical Lévy process with weak second moments. The solution is the
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limit of the standard Galerkin approximation

¢ ¢
X, (t) = P,Xo + /0 P,F(X,(s))ds + /O P,G(Xn(s=))P, dL(s),

where P, and P, are projections onto n-dimensional subspaces. We obtain the a priori estim-
ates of the L?-norm of X,,. The Banach-Alaoglu theorem implies the weak convergence of a
subsequence of (X,). Identifying the limit as the solution requires the formula for the angle
bracket process of the stochastic integral with respect to a cylindrical process from Section
and a special version of the Ito formula for || X (¢)||3; from Gy6ngy and Krylov [43], which
takes into account that the drift F' in equation is V*-valued.

The situation is rather different without finite weak second moments. We obtain the result
for the diagonal cylindrical Lévy processes of Example 2.3 For L with this structure it is
possible to derive a cylindrical decomposition from the one-dimensional decompositions. We
identify the conditions on the Lévy characteristics, which make the processes resulting from this
decomposition well-defined. However, the standard stopping times used in the construction of
solutions driven by a genuine U-valued process L defined by 7(k) = inf {t > 0: ||AL(¢)|| > k}
make no sense for cylindrical process. Instead we use the stopping times already introduced
in Section [3.6] which are a limit of the corresponding stopping times for the n-dimensional

projections scaled down in higher dimensions:

n—o0

(k) := lim inf {t >0: ) (Al(t)e;)? cf > kZ}.
j=1

Intuitively, the weights (c;) compensate for a too slow decay of the mass of the Lévy measures in
higher dimensions. Choosing the right convergence rate for (¢;) as the dimension n increases to
infinity is crucial and enables us to consider for example the a-stable noise as well as processes
with regularly varying tails.

4.1 Square-integrable case

Let (V,]|-|;;) be a separable reflexive Banach space with the dual V*. Assume that V is
densely and continuously embedded into H. That is we have a Gelfand triple

VCH=H"CV™
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Further, denote with v« (-, -)y the duality pairing of V* and V. We have
ve(h,v)y = (h,v)g, forallhe HveV

and without loss of generality we may assume that |[v||; < [|v|l,, for v € V and ||h||y. < ||R]|g4
for h € H.

We consider the equation with the initial condition X (0) = X for a square-integrable,
Fo—measurable random variable Xy. The driving noise is a cylindrical Lévy process on a
separable Hilbert space U. We assume that L is a weakly mean-zero and weakly square-
integrable. The coefficients in equation are given by functions F: V — V* and G: V —
Lus(U, H). We assume (and do not repeat it later on in this section) that: there are constants
a, A\, B,c > 0 such that:

(A1) (Coercivity) for all v € V' we have
2v+(F (), 0)v + [|GIQY|[} ) + llollf < AllollZ + 5;
(A2) (Monotonicity) for all v1,vy € V, we have
2y« (F(v1) — F(v2),v1 — v2)v + ||(G(v1) — G(vz))Q1/2HiHS(U7H) < Mjvr — va|| g3

(A3) (Linear growth) [|F'(v)|y« < (14 |Jv]ly,) for all v € V;

(A4) (Hemicontinuity) the mapping R > s +— y«(F(v1 + sv2),v3)y is continuous for all
vy, V9,03 € V.

(A5) The cylindrical Lévy process L is weakly mean-zero and weakly square-integrable. Its

covariance operator () has eigenvectors (e;) forming an orthonormal basis of U.

Conditions of this form appear in most of the papers mentioned in the introduction. We now
give the definition of a solution to (4.1), similarly as in Prévot and Rockner |76, Def. 4.2.1] or
Brzezniak, Liu and Zhu [16, Def. 1.1].

Definition 4.1. A variational solution of (4.1)) is a pair (X, X) of an H-valued, cadlag adapted
process X and a V-valued, predicable process X such that

(i) X equals X almost everywhere-Leb ®P;
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T
(ii) P-as. / X)), dt < oo;
0

(iii) X(¢) = Xo + /Ot F(X(s))ds + /Ot G(X(s))dL(s) for all t € [0,T] P-a.s. (4.2)

We say that the solution is pathwise unique if any two variational solutions (X, X) and (Y,Y)
satisfy
P(X(t) =Y(t) for all t € [0,T]) = 1.

Since we later consider the case of a driving noise without finite moments and thus the
solution cannot be expected to have finite moments, we do not require finite expectation of
the solution in Definition [4.1] in contrast to most literature.

The main result of this section is the following theorem.

Theorem 4.2. Under Assumptions (A1)—(Ab), equation (4.1), with an Fy-measurable initial
value Xo such that E [||X0||§{} < 00, has a unique variational solution (X, X). Moreover, the

solution satisfies

/OTE [HX(S)H%/] ds < oo.

The proof of 4.2]is given in a series of lemmas. Before proceeding to the proof we first give
some preparatory results on the It6 formula for the square of the norm.

The It6 formula in infinite-dimensional spaces is discussed for example in Métivier [66, Th.
27.2]. The It6 formula for the square of the norm is of particular interest. It is discussed for
instance in Peszat and Zabczyk [74, Lem. D.3]. We need however a more general result taking
into account the Gelfand triple. The problem is that the integrand of the Lebesgue integral in
is V*-valued. This version of the It6 formula was given in Krylov and Rozovskii [53], Th.
1.3.1] and can be seen as a stochastic version of an earlier result by Lions, see e.g. [100, Lem.
II1.1.2]. See Prévot and Rockner |76, Th. 4.2.5 and Rem. 4.2.8] for a more modern treatment.
These formulas work for the Wiener integrals, because of the path continuity assumption.
More general theorem can be found in Gyongy and Krylov [43]. We present here without
proof, Theorem 2 of [43].

Theorem 4.3. Let M be an H-valued, cadlag, square-integrable martingale, ® be a progress-

wely measurable V*-valued process, Xog be an Fg-measurable H-valued random variable and
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define .
X(t) = Xo + / O(s)ds+ M(t) forallt € [0,T).
0

If there exists a V -valued process X such that X and X are equal Leb ® P-almost everywhere,
then X has P-a.s. H-valued cadlag trajectories and satisfies

IX (012 = 1 Xoll% +2 /0 Vo (@(s), X (s))y ds + 2 /0 X(s—) dM(s) + [M, M](t).

Note that in this result, the integral fg X (s—)dM{(s) is real-value since we identify H =
Lus(H,R); see e.g. [66] or [74].

We now apply this important result in the case when M is an integral with respect to a
cylindrical Lévy process. We obtain a formula for the expectation of the square of the norm
multiplied by an exponential function. This will allow us to complete certain estimates of the
second moments using the monotonicity below.

Corollary 4.4. Let ® be a V*-valued predictable process and ¥ € ¥ € A%(0, T; Lus(H, H))
T
E U 19(5)]]- ds] < 0. (4.3)
0
If the stochastic process X defined by
t t
X(t) = Xo —I—/ O(s)ds —I—/ U(s)dL(s) for ¢ € [0,T]
0 0

has a Leb ® P-version X, which belongs to L([0,7] x Q; V), then

E [ sup ||X<t>|r%1] < 0, (4.4)
te€[0,T]

and for each A > 0 we have
E e M) X @))% (4.5)

—E [||X0||12q} 1 E |:/Ot€_>\s <2V*<<I)(s),X(S)>v+ H\Ij(s)Ql/QHiHs(U,H)_ A||X(3)H§I) ds] :

Proof. Define a martingale I by I(t) := fg U(s)dL(s) for t € [0,7]. The Ité formula for
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real-valued processes together with Theorem [£.3] imply

d(e M X @)IF) = e Ml X @)IIF — re X (8] dt
=M (2p+(®(t), X (1))y dt + 2X (t—) dI(2))
+ e ML T](1) — Ae M| X (1)]|3 dt. (4.6)

For establishing (£.4), define the stopping time 7% := inf{t > 0: || X (¢)||; > R} AT for some
R > 0. Taking A = 0 in (4.6 we obtain

E

sup uxw?q] <E[I1X%)%] +2E

t<Ti
sup/X
t<Ti

t<Ti

sup/ V*(@(S),X(s))vds]
’ (4.7)

+2E +E

sup [I,I](t)] .

t<Ti

We have

QE[sup /Otv*@(s),X(s))Vds] SE[/OT (\|<1>( W2+ | X ()|} ) } (4.8)

t<TR

By inequality (14) in [46] for p = 1 we derive

2 s [ wiooyaro] s ({ [t fxio-saren o) .

Applying Lemma and identifying H = Lyg(H,R) yields

R
</X )ydI(s /X >(R):/ X (s—) (W(5)QU*(5)) 2|7, ds.
0
Taking into account that pathwise X (s—) = X (s) for almost all s € [0,7] we conclude

= | [ x| <oz ([

Since we have

R

<3E

1/2
1X (s) 13| (@ (s)QE™(5) ”2HiHs<H,H>dS> ]

1) QU ()27, = 1@ Y )} arn = ¥ OQ2T, vy
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we obtain by the inequality vab < %a + %b for a,b > 0, that
sup / X(s
t<rh
1/2
< 3E sup || X 2 / H\I/ 1/2‘ ds
> ((KTP X (s )HH) )Q Luss (U.H)
+EUH@ Q2|

<lg [sup 1X(s)1% (4.9)

2 s<TR

ds} .
Lus(U,H)

Proposition yields
R g 1/2|2
E[[I,I](T )] < E[[I,J}(T)} :E[u, I)(T)} —E [/0 1R}, v ds} . (4.10)
Applying (4.8]), (4.9) and (4.10) to (4.7) and rearranging, we obtain

E

sup || X ( )%
t<TR

<o [xl] + 22 [ [ 1ok + 1% as]

+11E U |wis) 1/2‘
Taking R — oo gives 1D
For establishing (4.5) we use some ideas from [0, Rem. 4.2.8]. Let (1) be a sequence
of increasing stopping times such that the process (ft/\ﬂ“ e X (s—)dI(s):t € [O,T]> is a

ds] .
Lys(U,H)

martingale for each k € N. Taking expectation in ) for the stopped process results in

E [e—mﬂ«HX(t A Tk)ug} (4.11)

tATE

= E[IxalE + [ (2000 XDy MK )1 ds+ [

0

e M d[I,1] (s)] :
Note that we could have changed X into X, because they are equal Leb ® P-a.e.

We now consider the integral with respect to the quadratic variation of I. Firstly, we show

that for all deterministic, Lebesgue—Stieltjes-integrable functions ®: [0,7] — R and for all
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stopping times 7 we have

E [/OTATé(s)d[I,I](s)} _E [/OTM@(s)dg, 1(s)| . (4.12)

Note firstly that by [66, Th. 18.6(2)] we know that ||I||3;, — [I,I] is a martingale. Secondly,
1 Hi] — (I, 1) is a martingale by definition. Combining it with the Optional stopping theorem
[81, Cor. I1.3.6] we have also

(M (s A5 = [I,1)(s A7) : s €[0,T]) and (||[I(s AT)||3 — (I, I)(s AT):s€[0,T))
are martingales. Thus for any s € [0, T
E[[L,1)(s A7)] = E || 1(s AT)I% | = B[, D(s A 7).

Equation (4.12)) follows for simple ® given by (3.3]) for which we obtain

TAT N-1
B[ 20)dn 6] = X B (10 A7) - 110 A7)]
0 k=1
N-1
= Y E[E[@k (L.t A7) — LDtk A ) [ Fipne] ]
v
- E[®LE[[L, I|(tg1 A7) = [I, I|(te A7) Fpnr]]
v
= > E[OJE[[L, I)(te1 A7) — (1, 1](t A T)]
v
= N E[®LE[(L, 1) (tygr AT) — (I, 1) (tx AT)]
N
= 3" E@UE[T 1) (b1 A7) — (L D)t A7) Fopnr]
N
= S E[E[@((L 1) (trss AT) — (L) (te A )| Fipnr]]
N
= N E[@((I, D) (ther AT) — (L T)(tx A T))]
k=1
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_E [/OTAT@(s)dg, s .

Note that both integrals in (4.12)) are defined pathwise. Therefore (4.12]) follows by approx-

imation for integrable function.

From Proposition we conclude for (4.11) that
B [ )X (¢ A )1

tATY _
_E @\xo@ + /0 e (20 (@(5), X()v + [ SRV, sy~ X)) ds] -

An application of the Lebesgue theorem completes the proof. O

Let (e;) be an orthonormal basis of U consisting of eigenvectors of @) and denote with P,
the projection onto Span(ei,...,e,). Let also (f;) C V be an orthonormal basis of H and
denote with ]5”, the projection onto Span(fi,..., f,). The operator P, extends to a mapping
P,: V* = V by defining

n
Pov* = ve(o", filvfj, v eV
i=1

Lemma 4.5. Let L,(t): Q@ — U be given by

Then

(i) Ly is a classical Lévy process satisfying

/\P(S)PndL(s):/ U(s)dLy(s). (4.13)
0 0

(ii) The covariance operator @y, of L, is given by Q,, = P,QF,, = P,,Q = QP,.

Proof. (i) The integral on the LHS is understood in the sense of Subsection whereas the

integral on the RHS is the standard stochastic integral (as defined for example in Peszat and
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Zabezyk [74]). For t > 0 and u € U

L(t)(Pau) = Y L(t)(ej)(u, ¢5)u = {La(t), u)u.

Jj=1

Thus for h € H and ¥ of the form W(u) = 141, 4,)(s)y with 0 <#3 <t2 <t and A € F

([ werpasenn) = (L) - L)@ b
0 H

= (Ln(t2) — Ln(t1),¥"h)ula
= (Y(Ln(t2) — Ln(t1)), h)ula

_ </Ot\y(s) dLn(s),h>H.

We then get - 4.13)) for simple functions of the form (3.3} . by the linearity of the integrals
and finally for general ¥ € U € A%(0,T'; Lys(H, H)) by the continuity of both integrals.

(ii) The result follows from the calculation

(Qna,y) = E[(Ln(1), 2){(Ln(1),y)] = E[L(1)(Pnz)L(1)(Pny)]
= <Q(in)7 Pny> = <PnQPn$7 y)

and the assumption that @ is diagonal. O

Lemma 4.6. The solutions of

Xo(t) = ]5nX0+/0 BoF(Xn(s ))ds+/0tP G(Xn(5—))Pp dL(s) (4.14)

T
obey sup E [/ ||Xn(t)||%/dt] < 0.
n 0

Proof. Tt follows from standard results, see e.g. [42, Th. 1] that for each n € N equation
has a unique cadlag strong solution in V. For the stopping times 7.2 := inf{t > 0 : | X,,(t)/, >
R}, for n € N and R > 0 denote the stopped process by X, The coercivity assumption (A1)
and growth assumption (A3) imply that

|G(v QWHLHS . S ~2v-(F ), v)v —alolp+A[v] 748 < (de—atN)|o]lf+5+2¢, (4.15)
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for all v € V. Therefore, condition is satisfied and Corollary implies
2
B[l x5 ]
- 2 ¢ - -
—E “ PnXOHH} +E [ /0 (zv* (B F(XE(s)), XE(s))y + HPnG(Xf(s))Q}Z/QHEHS(U’H)) ds} .

Since X,,(s) belongs to the space spanned by fi,... f, we have

Moreover, ) )
HPnG(Xf(S))Q}/QHLHS(U,H) = HP”G(Xr?(S))Ql/QPnHLHS(U,H)

(4.17)
< GETENQ (g wam

and ||P,Xo|;, < [ Xoll3- Thus

I
E[|IX20)]3]
<E || Xol] +E [ /0 (2 (PO, KRy + [ GEREDQIE, ) ds} -

Adding the expression E [ fot ozHX,]f(s) H‘Q/ ds] to both sides and using the coercivity assumption
(A1), we obtain

E || XE0|5] +E Uot o XE(s)|[5 ds] <E|lIXoll}] + 8t + AE {/OtHXf(s)Hst} (4.18)
and consequently skipping the second term on the left-hand side and taking supremum yields
E[|x)%] < BIXol + 6t + )\/Ot sup B[ ()3 .

It follows that

sup E [Hx,f(r)\ﬁ{] <E [HXOH?LI} + Bt + A/ot sup [HX;}(T)HZ} ds. (4.19)

r<t
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The Gronwall inequality implies

t
2 -5
supE [||X50)]5] < B [1003] + 60+ [ (B [IXol] +55) Xe-ads.
r< 0
As the RHS does not depend on R, we can take R — oo to obtain the bound for processes

which are not stopped at Tff

sup sup E [||Xn(t)\|12q} < 0.
n te[0,T]

We conclude that the right-hand side of (4.18)) is bounded, from which the claim follows. [J

Lemma 4.7. For the solution X,, of (4.14)) define X (¢) := X,,(t—). Then there exists a
subsequence (ny) € N such that:
(i) X,

ng

converges weakly to a predictable process X in L2([0,T] x Q; V);
(i) ]SnkF(ng) converges weakly to some predictable process & in L2([0, 7] x Q; V*);

(iii) ]5nkG(X,jk)Pnle/2 converges weakly to 7Q'/2 in L2([0,T] x €; Lus(U, H)) for some
predictable process n € L%([0,T] x ; Lus(H, H));

iv) f, PnkF(ng (s)) ds converges weakly to [;&(s)ds in L2([0,T] x Q; V*);
(v) fO I:’nkG(Ynk (s)) Py, dL(s) converges weakly to fo n(s)dL(s) in L2([0,T] x ; H).

Proof. By combining Corollary 111.2.13 and Theorem IV.1.1 in [30] we conclude that all the
spaces in the Lemma are reflexive.

(i) A cadlag function has at most countable number of discontinuity points, hence X,
and X, are equal for Lebesque-almost all ¢ € [0,T]. It follows from Lemma [4.6 that (X, ) is
bounded in L2([0, T]x€; V) and thus by the Banach-Alaoglu theorem has a weakly convergent
subsequence.

(ii) Note that each F'(X,,) is predictable, because X, is and F'is measurable. By the linear
|BF (X )]y < 1P ()]l < el + X5 (1)), Hence, we

growth assumption (A3),
get (ii) from part (i).

(iii) We have since P, and () commute:
| PG )P 101 = 11X ()R Pall 0
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= S|P C X (0)QY Pue [
k=1

<36 )@Y Paci
k=1

— |laCx, (0)Q'2P, (4.20)

2
HLHS(H,U)

= HPanmG(X?; (t))*HiHS(H?U)
< lQ2 G (X )" |3y a1

= |G QY]] 0y

It follows from ({4.20)), and part (i) that the sequence P,G(X;)P, is bounded in
L2([0,T] x Q; Lus(H, H)). Again by the Banach-Alaoglu theorem it converges weakly to
some 77, which is our claim.

(iv) We will use the fact that a bounded operator maps weakly convergent sequences to

weakly convergent sequences. Thus it is enough to show that the mapping
t
K: L*([0,T] x Q; V*) — L*([0,T] x Q; V*), K(U) = (/ U(s)ds:te [O,T]>
0

is continuous. By the Cauchy-Schwarz inequality

E[/OT /Ot\IJ(s)ds SE[/OTt/OtH\II(s)H%,*dsdt}
<TE UOT /OTpr(s)H?V* dsdt]

~T?F [/OTH\IJ(S)H?V* ds] |

2

dt
V*

(v) Similarly, for part (v) define the mapping

K: W e A 0,T; Lus(H, H)) — L*([0,T] x Q; H),  K(¥)= </t U(s)dL(s):t € [0,T]> .
0
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By the Ito isometry in Theorem [3.5]

r

2

T t 2
= [o [ 19600 ] 0

T
<TE [/0 (MOToRE ds} ‘ -

E /0 U(s)dL(s)

Proof of Theorem (exzistence). Using the notation for the limits in Lemma we define

X(t) = Xo —|—/0 &(s)ds —i—/o n(s)dL(s), fort e [0,T]. (4.21)

Since both V' and H are embedded in V*, the expressions in Lemma i), (iv) and (v)
also converge weakly in L2([0,7] x Q;V*). The process X is V*-valued as the limit of the
right-hand side of . On the other hand, the left-hand side of is Leb ® P-almost
everywhere equal to X,. By Lemma (1) it converges weakly to the V-valued process X.
Hence, we obtain that X = X almost everywhere-Leb ® P and Theorem guarantees that
P-almost surely X is H-valued and cadlag.

It is left to show that ¢ = F(X) and nQ'/? = G(X)Q'/2, Leb ® P-almost surely, which
will be accomplished in two steps.

Step 1. We conclude from Corollary using estimates similar to (4.16)) and (4.17)) that

E [e 1 X0 ()13 — 1 Xoll3]
<E [/0 o <2V* (F(Xn(s)), Xn(s))v + HG(X,L(S))Ql/zHiHS(U’H)— )\HXn(s)H%{) ds] :
By adding and subtracting an arbitrary process ® € L%([0,T] x Q; V) we obtain
E[e1Xa(0)13] < E [IXoll}]
t
B| [ (2P 6) ~ (), Xalo) - 20l
#(GX) = GOy ~ N Kalo) = B s
- E[ /0 e (20 (F(X(5)), @(s))v + 20+ (F(®(5)), Xa(s) — @(s))v + A|8(5)]3

+2(G(Xa(9))QY2, G(®()QY) s ) — |G @())Q? |}, vy
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— N Xn(s), <I>(s)>H) ds} .
Using the monotonicity condition (A2) the first integral is non-positive and thus we obtain

E[e X3 — 1% %] (1.22)
t
< JE[/O e~ NS (ZV* (F(Xn(5)), ®(8))v + 2v+(F(D(5)), Xpn(s) — B(s))v + A|D(s)| 1%
* 2<G(X"(S))Q1/2’ G(2(s ))Ql/2>LHs UH) — HG Ql/QHLHS (UH)

— (X (s), <I>(s))H>ds] .

On the other hand, since & € L2([0,T] x Q; V*) and nQ'? € L*([0,T] x ; Lys(U, H)), we
obtain from Corollary [4.4] that

t
s > 2
[ [ (2 (69, XDy + 1)@y~ XN )]
E e X (1)1 - E [I1Xl%] - (4:23)
Now we multiply (4.23)) by a non-negative ¢» € L>°([0,T]; R,) and integrate from 0 to 7. We

get

2 [ 00) [ e (20- (€6 KOW + [060Q Iy ~ NX G aset]
= [ [ v (xR - 1%l o
0 H OllH :

By the Fatou lemma and the fact that X = X and X,, = X, a.e-Leb®P

E [ / e xR, dt] —E [ / Tw@)e”\\X(t)HHdt}

:i {/w R0,y

o0

Z;mE[/ B (0, |
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<1ﬂ£fZE[/ ¥(t) er) dt}

IR TI )\t 2
~liminfE [/ bt)e | X5 (¢ HHdt}
= liminf E [/ WY(t)e M| Xn(1)]|3 dt]

n—oo

Hence by
E [ /0 ") /0 e (20606 KD+ QY ~ MIX () ) dt]
<t [ w0 (101 - 1ol ) o
< timinf [ [ 00 [ (20 (P0G, 0y + 20 (F0(6)) Xal) ~ 25y
2O )QV GO i) — [ GEEDNQ

— N X (s), ®(s))mr + )\||<I>(s)||H>ds dt} .

Using the weak convergence of X,,, F'(X,) and G(X,,) we get

T t
E[/O ¢(t)/0 e—As(2v*<§(s),X(s)>v+Hn(s)Ql/ZHiHS(Uﬂ)—/\]]X(S)H%I)dsdt}
T t
§E[/O w(t)/o e*>\3<2v*<§(s),@(s)>v—|—2V*<F((I)(3)),X(3)_q)(s»v_i_/\Hq)(S)HiI

+2(0(s)Q"2, G(®()Q") Ly — [G(@)Q? |1}, v

— oMK (s), <I>(s)>H)ds dt] :

Moving the terms from the right-hand to the left-hand side we arrive at

B [ o0 [ (2v-t69) - Fl@(6). X(6) ~ ool

+ [[n(s) = G@NRQ2IL, M X (5) = B(s)][, ) ds dt] (4.24)
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Step 2. Taking ® = X in , we get
T t
s S 2
B | [0 [ 00 - GERENQYyumysa| <0

which shows that nQ'/? = G(X)Q'/? almost everywhere-Leb ®P. Moreover, taking ® =
X — edv for some ® € L®([0,T] x ;R), v € V and € > 0 in ([#24) and neglecting the only

non-negative term, we obtain

E UOTW)/;@—AS (26‘5(8)‘/*(5(5) ~ F(X(s) — ed(s)v),v)y — Ae2\ci>(s)12||v||§[) ds dt] <0.

Dividing by ¢, taking the limit ¢ — 0, applying the hemicontinuity assumption (A4) and the

Lebesgue theorem we get that

T t
—As9 g — X (s)). v s . .
E[ /0 () /0 92 (s)y- (€(s) — F(X(s)),0)y d dt} <0 (4.25)

Indeed, if we recall that v« (F(u),v)y < [|[F(u)|y-|lvlly, < e+ ||ully)]|v]l,, we can estimate
for e € (0,1),

e (28(s)r-(€() = F(X(s) = ed(s)v), vy = Aeld(s) vl )|

< &)y Rl + ¢ (14 [ X () — c@s)o] ) ol + A (esssup |21) ol

V=

which is integrable.

Now we claim that ¢ = F(X) almost everywhere-Leb ® P. Changing the order of integrals

in (4.25) we get
T t _ B
/ W(H)E [ / 328 (5)y- (£(s) — F(X(5)), v}y ds} dt <0 (4.26)
0 0

for all ¢» € L=([0,T];Ry) and ® € L=([0,T] x Q;R). Let A denote the set of all t € [0, ]
such that

E [ /0 t e 2B (5) 1+ (£(s) — F(X(5)),v)v ds} = 0.
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We prove that A has full Lebesgue measure. Let

>

At = {t c[0,7]:E [/Ot NP (5)y - (E(5) — F( (s)),v>vds} > 0} ,

A" = {t €[0,7]:E [/Ot e 2 (s)y+ (E(s) — F(X(s)),v)v ds} < 0} .

Assume for contradiction that either A™ or A~ has positive measure. If Leb(A™") > 0 we can
take ¢ = 14+ and get a contradiction with (4.26)). If Leb(A™) > 0 we take 1) = 1,- and —P
instead of ®. This again gives a contradiction with . Thus A has full Lebesgue measure.

Similarly taking ®: [0, 7]xQ — R, given by ®(s) := sgn (v+(&(s) — F(X(s)),v)v) Lpg(s)
for s € [0,7] and t € A, we obtain that y«(£(s) — F(X(s)),v)y = 0 a.e. in [0,¢] x Q. If we
consider t,, 1 T,t, € A we get that y«(£(s) — F(X(s)),v)y = 0 a.e. in [0,7] x Q. This gives
¢ = F(X) almost everywhere-Leb @ P. O

Uniqueness of the variational solution can be derived exactly as in [I6] and is given for the

sake of completeness. We first show the following lemma.

Lemma 4.8. Let X and Y be variational solutions of (4.1]) with initial conditions Xy and Yy,
respectively. Suppose that Xy and Y are square-integrable. Then for ¢t > 0,

E[IX(t) - Y(0)I%] < E[I1X0 - Yoll}] -
Proof. We have
X(t) - Y(t) = Xo— Yo+ /0 (F(X(s)) — F(Y(s))) ds + /O (G(X(s)) — G(Y(s))) dL(s).

Let
t t
o ::inf{tZO:/ X asv | HY(S)HZVdSZR}.
0 0

We have by Lemma [3.13
¢
X(@EATR = Y(EAT" = Xo = Yo+ [ (FOX() = FT ()L sz ds
0 <

+ [ (G = G ()1 rrmy AL
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The assumptions of Corollary are satisfied by (4.15)) and |(A3), By Corollary we get

E[|x@Ar™ - v@Ear®|}]

+[[(G(X () - G<Y<s>>>@”2HiHS<U,H>) Lsrny ds} -

By monotonicity (A2)

E[[[x( AR - ¥ Ar®)5] <E[1X - Yol3 ] + A UOtHX(s) Y ()% oy ds} .
It follows that
E [HX(t AT Y (A TR)HZ} <E [HXO - Yonz] Y [/OtHX(s ATRY Z V(s A TR)Hst] .

Similarly to (4.19) we get

supE “|X(r ATy =Y (r A TR)HZ}

r<t

t
<E [HXO — Y0||§{] + )\/0 sup E [HX(T/\TR) -Y(r /\TR)HE} ds.

r<s

By the Gronwall inequality

swpE [ X(r A7%) = Y(r ATR) || < VB [1X0 — Yoll}] -

r<t
Taking R — oo we get the assertion by the monotone convergence theorem. O

Proof of Theorem (uniqueness). From Lemmawe get that if X and Y are two solutions
to (4.1) with the same initial condition, then X and Y are modifications of each other. Since
both of them are cadlag it follows that they are indistinguishable. O
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4.2 Non-square-integrable case

4.2.1 Assumptions and a special Lévy—It6 decomposition

For the remainder of this chapter we assume that the cylindrical Lévy process is diagonal i.e.

it is given by (2.3). The function m,, defined in (3.9)), reduces to
(o]
me(k) = ij ({ZL‘ eER:|z| > %}) for all & > 0, (4.27)
j=1

see Lemma

We showed a Lévy-Ito decomposition for weakly integrable cylindrical Lévy processes in
Section For general, non-integrable cylindrical Lévy processes, one can decompose the
one-dimensional processes (L(t)u : t > 0) but this does not lead to a Lévy-Itd decomposition
into a sum of cylindrical processes. However, the specific form of the diagonal cylindrical Lévy
processes allows to derive a proper Lévy-Ito6 decomposition using the decomposition of ¢;. For
c=(¢;) € £*(Ry) and k > 0 we obtain £;(t) = p((:],z(t) + mgjll(t) + ?"ff;i(t) for all ¢ > 0 where

p) = (bj +/ xﬂj(d$)> t, (4.28)
1<|z|<k/c;

mlle)y = W0+ [ () (1.29)
T|ISK/Cy
= [ ot (4.30)
|lz|>k/c;

Here, the process W; is a real-valued standard Brownian motion, N; is a Poisson random
measure on [0,00) X R with intensity measure Leb ®p; associated to ¢; and Nj denotes the
compensated Poisson random measure.

In the next Lemma we show that under the following assumption the stopping times 7.(k)
defined in do not accumulate at zero and the decomposition of /; leads to a decomposition

of the cylindrical Lévy process:

(A6) there exists a sequence ¢ = (¢;j) € £*°(R4) such that

: () 2 .
(i) <pc’k(1)>j€N € (“(R) for each k > 0; (4.31)
(ii) sup/ z? pj(dz) < oo for each k > 0; (4.32)
JEN J|z|<k/cj
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(iil) lim m.(k) = 0. (4.33)

k—o0

Lemma 4.9. Assume that L is a diagonal cylindrical Lévy process satisfying [(A6), Then L
can be decomposed into L(t) = P, (t) + M.x(t) + R.x(t) for each t > 0 and k > 0, where
P.i, M.} and R, are cylindrical Lévy processes defined by

oo
P, i( u—Zp N u,e5), Mei( u—Zm ) (u,ej), Rex(t :Z[(:lz t)(u, €j).

The process M, is a weakly square-integrable cylindrical Lévy martingale and the stopping
times 7.(k), defined in (3.8)), satisfy 7.(k) — oo P-a.s. as k — oo.

Proof. We write M (t) = X(t) + Y. ,(t) for each k > 0 with

o

X(tyu:=>_ /5W;(t)(u,¢5),  Yor(thu ::Z/| N x N (t,dx)(u, e;),
j=1 z|<k/c;

J=1

for all w € U. Since condition ([2.5) implies
E[IX(0uf] = Zw (use5)? < sl ]l

we obtain that X (t): U — L°(Q;R) is well defined, continuous and weakly square-integrable.
We have

JEN

E [\Yck } Z / 2% pj(dz) < tHuH2sup/ 2% pj(dr) < oo
- |z|<k/c; €N Jlz|<k/c

by ([4.32). Consequently, Y. (t) and thus M(t) are well defined, continuous and weakly
square-integrable. By , the deterministic process P,y is well defined. Since R.j; =
L—M. — P, it follows that the series in the definition of R, ; converges and that R, (t): U —
LY(£%;R) is continuous for all + > 0. O

Remark 4.10.

(i) All the terms in the series (4.27) converge monotonically to 0 as k — oo. Therefore
assumption (4.33)) holds by the Lebesgue dominated convergence theorem provided that
the series in (4.27) converges for some k > 0.

62



(ii) For a square summable sequence (c;), condition (4.33) is automatically satisfied. Indeed,
we get by (2.6 that for k = 1 the series in (4.27) converges.

(iii) If ¢; is constantly equal to 1, then condition (4.32)) holds. Indeed, we observe that
([2.6) must hold with Ak? instead of Al. Suppose for contradiction that the sequence
(flw\<k 2? pj(dz) : j € N) is unbounded. Then there exists a sequence (a;) € ¢*(R) such

that
o0
Sat [ apldn) =,
j=1 |z|<k

which contradicts (2.6) because then for (a;) € ¢2((0,1))

Z/R(ajm)2 A k% pj(dz) > Za?/|< . 2% pj(dz) > Za?/ 2? p;(dzr) = oo.
j=1 j=1 =TT j

‘Qj‘ j=1 |z[<k

The integration theory developed in Section [3.2] relies on finite weak moments of the cyl-
indrical Lévy process. In the following, we extend this stochastic integral to the class of diag-
onal cylindrical Lévy processes under Assumptionwithout requiring finite weak moments.
For this purpose, by fixing a sequence ¢ € ¢>°(R; ) such that Assumption is satisfied and
by using the notation — we define L.y := P.j + M.y, for each & > 0. Lemma
yields that it is a square-integrable cylindrical Lévy process. Denote by Qi the covariance
operator of M., (for simplicity we omit the dependence on c). Let Aj,. denote the space of

predictable processes U: [0,T] x Q@ — L(U, H) such that fOTH\I/(s)Ql/2

2
K HLHS(U,H) ds < oo for
all £k € N.

Theorem 4.11. Assume that L is a diagonal cylindrical Lévy process satisfying ((A6)| and let
U be in Ajoe. Then there exists an increasing sequence of stopping times (o(k)) with o(k) — oo
P-a.s. as k — oo such that U(-)Lg o) (-) € ¥ € A*(0,T; Lus(Hy, H)) for each k € N and

(/Ot\If(S)]l{sgg(k)} dL.k(s): t € [0,T]>

keN

is a Cauchy sequence in the topology of uniform convergence in probability and its limit is
independent of the sequence c satisfying Assumption |(A6)
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This Theorem enables us to define for each ¥ € A}, the stochastic integrals

/0 W(s)dL(s) = lim | W(s)Lg00(5) dLek(s),

k—o00 0
where the limit is taken in the topology of uniform convergence in probability.

Proof. Since ¥ € Ay, the stopping times

t
7(k,n) := inf {t >0: /0 | (s) i/ZHiHS(UvH) ds > n} ,

increase to infinity as n — oo (we take inf @ = +o00). For every k there is nj such that
P(7(k,nk) < o0) < 2% By the Borel-Cantelli Lemma

k—o0

P <lim sup{7(k, ny) < oo}> = 0.

Consequently, the stopping times g.(k) := 7.(k) AT(k, ng) converge to 400 a.s. by Lemma
Note that if T' < g.(k), then L., = L. on [0,T] and

t t
| 6 a0y ALe(s) = [ W)L ey AL

for all ¢ € [0,T]. Consequently, we obtain for each £ < n and ¢ > 0 that

P | sup > e
te[0,7 H

t t
< P (/ \Ij(s)l{sggc(k)} dLQk(S) 75 / ‘l’(s)ﬂ{sgge(n)} chyn(S) for some t € [O,T})
0 0

< P(T > oc(k)) =0 as n, k — 00,

t

t
/() \I[(s)ﬂ{sggc(k)} ch,k’(s) _/0 qj(s)l{sggc(n)} ch,n(s)

which establishes the claimed convergence.

The limit of the Cauchy sequence does not depend on the choice of the sequence c satisfying
because if d is another sequence satisfying then L., = Lg, for all t € [0,7] on
{T < 7c(k) AN 1q(n)} and

t t
/0‘y(s)l{ngc(k)}ch,k(S)Z/o U ()1 {s<ry(n)} ALan(s),
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which completes the proof. O

4.2.2 Existence of a solution for the diagonal noise

Convergence of the sum in the definition of the diagonal cylindrical Lévy process depends
on the interplay between the drift part b; and the Lévy measure p; of the real-valued Lévy
process, see condition . For this reason, we consider the general case of a cylindrical
Lévy process with a possibly non-zero drift part. This part can be moved to the drift part
of the equation under consideration. Furthermore, instead of the standard coercivity and
monotonicity requirements, we introduce assumptions for each truncation level £ € N. They
involve the operators @y, which are the covariance operators of M, ;. Assumptions of this form
were introduced in Peszat and Zabczyk [74] Sec. 9.7] in the semigroup approach. Assume that
there are constants ag, Ak, Bk, ¢k > 0 such that

(A1l’) (coercivity) For every k € N and v € V we have
X 1/22 2 2
2 (F(v) + PG (0), )y + [GOIQL. oy + arlloll < Aol + B
(A2") (monotonicity) For every k € N and v1, vy € V' we have

2y« <F(U1) — F(Ug) + Pc,k(l)(G*(Ul) — G*(Ug)),’ul — U2>V
+ ||(G(v1) — G(v2)) ,1/2”;8([]7]{) < Agllvr — val| 5

(A3') (linear growth) ||F(v) 4+ P.x(1)G*(v)|l\. < cr(1+[v]ly) for all v € V;

(A4’) (hemicontinuity) the mapping R 3 s + y«(F(v1 + sv2) + P.(1)G*(v1 + sv2), v3)v is

continuous for all vy, v9,v3 € V.

Theorem 4.12. Assume that L is a diagonal cylindrical Lévy process satisfying |(A6)| If the
coefficients F' and G satisfy then equation (4.1) with an Fo-measurable initial

condition X (0) = Xo has a pathwise unique variational solution (X, X).

Proof. We reduce the case of the general initial condition to the square-integrable one as in
[1, Th. 6.2.3]. For k € N let Q, = {||Xo|| < k}. Using the decomposition L(t) = P.(t) +
M. ,(t) + R x(t), Lemma guarantees that M, is a weakly square-integrable cylindrical
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Lévy martingale with a diagonal covariance operator @y, and thus condition |(A5)| holds for
M. .. According to Theorem there exists a unique variational solution (Xc ks Xe k) of

dX(t) = (F(X (1) + Per(1)G™(X (1)) dt + G(X(t)) dMc (1),
with the initial condition X (0) = Xolg, .

Step 1. We first show that for each k£ < n we have X = X, P-a.s. on {T < 7.(k)} N Q.
For each t € [0,T] we have

t
Xen(t) — Xen(t) = —Xolg, 0, + /0 (F (Xew(s)) = F (Xem(s))) ds
+ /0 (Por(1)G (Xen(s)) — Pon(1)G* (Xen(s))) ds
+ /0 G (Xun(s)) dM.4(s) - /0 G (Xon(s)) AMon(s).

Define a cylindrical Lévy process Y. 1, by

Yekn(t)u == Rep(t)u — = Z (/k/ e, Nj(t,dx)> (u,ej)

for all ¢t > 0 and v € U. The cylindrical martingale M., can be rewritten as

Mepn(tu =Y <m§j,1(t) + / x Nj(t, dx)) (u, e;)
’ k/cj<|z|<n/c;

j=1

= x N;(t,dx) — x p;i(t,dx U, €;
; ( /k/cj<|w<n/cj (o) /k/cj<|x|<n/cj il )> )
= M) u~+ Yepn(t)u — (Pep(l)u — Pep(l)u)t. (4.34)

Applying this we get

Xew(t) — Xen(t) = —Xola,\q, + /0 F (Xck(s) — F (Xen(s)) ds

+ /0 Por(1)G (Xen(s)) = Pan(1)G" (Xem(s)) ds
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+ [ (6 (es) = G (Xen(s))) dMes(s)
0

_ / G (Xon(s)) dVorn(s) + / (Pon(1) = Poy(1)G* (Xen(s)) ds
0 0

= —XoﬂQn\Qk —|—/0 F(chk(s)) - F (Xc,n(s)) ds

4 / Por(1) (G* (Ku(s)) — G (Xem(s))) ds
0

+ / (G (Xe(5)) — G (Xen(s))) dMp(s) — / G (Xen(5)) dYepn(s).
0 0

We introduce new notation

10) = [ 6 (Xar(9) = G (¥enls)) aMes(s)
)= [ (o) = Xeals)a1(5)
We have
A() = ~Xolg g, + /0 (P (Run(s)) — F (Son(s))) ds (4.35)

t
4 [ Pl (6 (Xeals)) = 6 (Xenls) ds + 1(0)
0
On {t < 7.(k)} we have A(t) = X, p(t) — Xcn(t). Theorem 1 in [43] applied with v(t) =
Xk (t) — Xen(t) and h(t) = I(t) implies existence of an H-valued, cadlag process h, which is

equal to X, — X, almost everywhere-Leb ® P on {(t,w) € [0,T] x Q :t < 7(w)}. We show
that X., — X., and h are indistinguishable. We have that

o (k) (@)
/Q /0 L 1) (X e =X (i) U P(Aw) = 0.

This implies that there exists 7 C Q with P(Q;) = 1 such that for all w € Oy
7e(k)(w)
/0 Phtt) (X p=Xem) (1) 40 = 0-
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We obtain that for every w € € there is a subset A, ; C [0,7.(k)(w)) with Leb(Ay ;) =
7.(k)(w) and such that h(t,w) = (Xex — Xen)(t,w) for all t € A, ;. Note that X.p — Xep
is a cadlag process in V*. Fix w € O and t € [0, 7.(k)(w)). Let (t,) C Aws be a sequence
decreasing to t. Tt follows from h(t,,w) = (Xex—Xen)(tn, w) that h(t,w) = (Xep—Xen)(t,w).
Thus h(t,w) = (Xep — Xen)(t,w) for all t € [0,7(w)) and for all w € Q.

Thus, in what follows, we assume that for ¢t < 7.(k) the process X ., — X¢n, is H-valued,

cadlag and, and by [43, Th. 1] the It6 formula for the square of the norm holds on {t < 7.(k)}:

1Xe(8) = Xen (O
t

= [1Xol% a0 + 2/0 v F (Xen(s)) = F (Xen(s)) s Xew(s) — Xen(s))y ds

+2 /0 ve(Poi(1) (G (Xek(s) — G (Xem(s))) s Xew(s) — Xem(s))v ds (4.36)
+ / Xep(s—) = Xen(s—)dI(s) + [1,1](t).
0
We show that

JA(E A 7e(B)) |1

tAT: (k) B B B
= ||X0||§‘I:[]'Qn\9k + 2/0 v (F (Xc,k;(s)) - F (XC,n(S)) ,qu(s) - XC,n(5)>V ds

_— (4.37)
2 /0 Ve (Pop(1) (G* (Xen(5)) — G* (Xen(s))) s Xen(s) — Xem(s)hy ds
+ J(tATe(k)) + [, I](t A Te(k)).
It follows from by taking the left limit at ¢ A 7.(k) that
X ((E A Te(k)) =) = Xen((EATL(R) )5
tAT: (k) B B 3 B
= ||X0||§{ﬂﬂn\9k + 2/ v (F (Xc,k;(s)) - F (XC,n(S)) ,qu(s) - XC,n(5)>V ds
0 (4.38)

tAT (k) B B
+ 2/0 v+ (Pei(1) (G* (Xc’k(s)) - G* (Xcm(s))) y Xeg(s) — Xen(s))vds

+ J((tANT(R)=) + [LI]((EATe(R))—).

By definition of A, A(s) = X x(s)—Xen(s) for s < 7.(k). Taking the limits as s 7 t A1.(k) we
get that A((tAT(k))—) = Xep((EAT(k))—) = Xen((EAT(E))—). Since the only discontinuous
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processes in (4.35) are A and I, it follows that AA(t A 7c(k)) = AI(t A 7.(k)). Thus

1At A e(k)) 17 = 1A A Te(R))— )+AA(MTC(/<¢))H?1

= | Xk ((E A 7e(k))=) = Xem((t A 7o(R))=) + AI(E A Te())II3,
= [1Xo k(A Te(R) =) + Xen((E A Te(k) =),
+ (AI(E A Te(k)), Xe((t A e(R)) =) = Xen((t A Te(R)=))m
+ ||AI(t A rc(k)H

Applying (4.38)) we obtain
|A(E A Te(R) 17

tATe(k) _
— X0l % Ia, 0, +2 /0 Ve lF (Xok(5)) = F (Kon(5))  Xor(s) — Kan(s))y ds

tAT(K) _ _
+ 2/0 v (P (1) (G* (Xc,k(s)) -G (Xc,n(s))) s Xek(s) — Xen(s))vds (4.39)
+ J(E A Te(k)=) + [LI((E A Te(k))—)
(ATt ATe(R)), Xeg((EA Te(k)) =) = Xen (A Te(R)=))a + | AI(EAT(R)) |
The jump of the stochastic integral J at ¢ A 7.(k) equals to

AJ((tNAT(R))) = (ATt A Te(k)), Xex((EAT(k)) =) = Xen((EAT(R)=)) H, (4.40)

see [66, Prop. 24.3 and Sec. 26.4]. Similarly, the jump of the quadratic variation of I at t A7.(k)
equals

AL It A Te(k)) = HN(MTc(k))II?{’ (4.41)

see [66, Th. 20.5(4)]. Applylng and (| in finishes the proof of ([4.37).

We multiply both sides of (4.37] by ]le and take expectation. For the term involving the
quadratic variation, we use the fact that E[[Z, I](t A 7.(k)] = E[(I,I)(t A 7c(k)] and Proposi-
tion Recall for the following that the martingale property is invariant under multiplica-
tion by 1g,, since Q is Fo-measurable. Thus E [J(t A 7.(k))1q,] = 0. We obtain

E[I1AG A (k) 1o,
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tAT(k) B ~ B )
=E 2/0 Ve F (Xen(s)) = F (Xen(s)) s Xen(s) = Xen(s)v dS]le]
tATc (k) B - ) )
+E |2 /0 Ve (Por(1) (G (Xe(3)) = G (Xem(5))) s Xen(5) — Kem(s))v ds]lgk]
tATc(k) _ ~
+E /0 (G (Xex(s) = G (Xen(s))) QllcﬂHiHs(U,H) dsﬂgk] :

This implies by the monotonicity |(Al") and the fact that X.j and X.j are equal Leb ®@P-

almost everywhere

tATe(k) _
E[IIAG A7) 10, ] < ME / | X es(s) - Xcm(s)HiIdsILQk]
0

tATe (k) )
_ \E / 1Xei(5) = Xen(s)|2 dslo,
0

- t
< ME /||A(5Afc(k))||§]dsngk].
L/ 0

It follows by the Gronwall inequality that

2
Lo, | =0.
H

tATc (k) _
E | [[Xcr(tAT(k)) = Xen(t ATe(E)) + /0 G (Xen(s)) dYepn(s)

Thus

<Xc,k:(t A Te(k)) = Xew(t A Te(k)) + /0 e G (Xen(s)) dYCvkvn(s)> lg, =0 as.
In particular we obtain that
Xer(t) = Xen(t) =0as. on {t < 7(k)} N Q.
Step 2. The first part enables us to define
X=X, and X :=X.4 on {t < 7.(k)}. (4.42)

This definition does not depend on the choice of the sequence c: for, if d is another sequence
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satisfying then one can show similarly as in Step 1, that X ., = Xg, on {t < 7e(k) A
Ta(n)}.

Since for each k € N we have Leb ® P-almost everywhere

X jcrminoy, = Xepliarina, = Xeklit<rmina, = X Ljr<r.(b)3noy

we obtain X = X almost everywhere-Leb ® P by taking k — oco.
Step 3. We show that (X, X) defined in (4.42) satisfies (4.2). Note that

X)L ppcrotnno, = Xek(O)Liar.(k)1n0y, (4.43)

t t
= Xoljter.(k)ynos T Lit<ra(k)}n0 /0 F(Xe k() ds + Liger, (k) 1n0y /O G(Xck(s)) dLey(s).

From the very definition (4.42)) it follows

¢ t
lim ﬂ{t<rc(k)}m9k/0 F(X.k(s))ds :kli_{glo ]l{t<Tc(k)}ﬂQk/o F(X(s))ds

k—00

= /0 t F(X(s))ds. (4.44)

The last term in (4.43) can be rewritten as

t 3 tATe (k) _
]l{t<rc(k)}ﬂ(2k/(; G(Xek(s) dLer(s) = ]l{t<rc(k)}ﬂ(2k/0 G(Xen(s))dLeg(s).  (4.45)

From Lemma|[3.13]and the definition of the stochastic integral with respect to L after Theorem

it follows that

tAT: (k) t

lim G(Xek(s)) dLck(s) = lim G(Xc,k(s))]l{ngc(k)} dLck(s)
k—oo 0 k—o0 0

t
= lim [ G(X(5))L{s<r.(k)} ALek(5)

k—o0 0
t

= / G(X(s))dL(s). (4.46)
0

By taking the limit & — oo in (4.43)), equalities (4.44]) and (4.46) show

X(t):X0+/O F(X(s))ds+/0 G(X(s))dL(s),
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which finishes the proof of the theorem. O

4.3 Examples

Example 4.13. [Two-sided stable process| Suppose ¢; = o;h;j, where h; are identically dis-

tributed, symmetric a-stable Lévy processes with the characteristic function
en(@) =7, zeR, (4.47)

and o; € R; see [77, [78]. In this case, ¢; has Lévy measure p; = p o m;jl, where m, : R — R
is given by m,, (z) = oz, the measure p is defined as p(dz) = ﬁ|x|_1_a dz and ¢, is defined
in (2.8). By [84, Ex. 4.5, formula defines a cylindrical Lévy process on U if and only if
o= (o) € o= (R). Moreover, L is induced by a classical process if and only if o € (%(R).

Corollary 4.14. Suppose that L is a diagonal process of Example@with l; = ojhj, where h;
are identically distributed, symmetric a-stable Lévy processes with the characteristic function
and (o) € E%(R). If the coefficients F and G satisfy |[(A1")H(A4’)| then equation (4.1))
with an Fp—measurable initial condition X (0) = Xy has a pathwise unique variational solution
(X, X).

Proof. The result follows by Theorem once we show that Assumption is satisfied
for the sequence (c;) € (*(Ry) defined by ¢; := |0j\ﬁ. Condition (4.31)) is trivially satisfied

because each h; has no drift and the Lévy measure is symmetric. Since

2—a 2—a
2 2 2 g ak a—2 ok
z° pi(de :0»/ z“ p(dx) = 0f ———|cjo; =—)
/|1S£ J( ) J le|< % ( ) JCQ(2—OZ)| J J| Ca(2—04)
J

lejes]

X

J

condition (4.32) is satisfied. We have
oo oo 20,
3= St <o
j=1 j=1
i.e. (¢j) € (*(Ry). Application of Remark [4.10(ii) establishes condition (4.33)). O

Note that choosing ¢; = 1 is not possible unless the process is U-valued. Indeed when
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c 1
] ¢y — k = — —l-a = ——|o;|*
pi(Br(0,k)) =p <BR (O, |Uj‘> ) o /k/aj| x dx cako“gﬂ

and we get
1 o= o«
me(k) = ke Z;‘Uﬂ =
]:

In such case 7.(k) = 0 a.s. for all k& by Proposition By introducing the weights (c;) we

compensate the fact that the mass of the span of the higher nodes decays too slowly.

Example 4.15. [One-sided stable process| We choose ¢; = ojh; with o; € R and h; a strictly
a-stable Lévy process with a € (0,1) U (1,2) and with no negative jumps. Note, that we
exclude a = 1, since a 1-stable Lévy process is strictly stable if and only if its Lévy measure

is symmetric. The characteristic function of h;(1) is given by

gohj(l)(a:) = exp (—]a:| (1 — ¢tan T& sgna:))

see [92, Th. 14.15]. According to [92, Th. 14.7(iv),(vi)| the drift (corresponding to the trun-
cation function constantly equal to 0) of h; equals to 0 in the case a < 1 and the center of h;

equals to 0 in the case & > 1. Thus the characteristic function of h;(1) equals
_ Jep (fp (¢ = 1) p(dy)) a € (0,1),
Sphj(l)('r) - izy .
exp (f (¥ =1 —izy) pldy)), @€ (1,2),

where p is given by
1 1
p(dx) = T 1(p,00) () d.

Transferring back to our usual truncation function 1p, we get

n ():{exp((fua(ewy—l—m?ﬂlBR( y)) p(dy) + iz [ yle,(y) p(dy))), a€(0,1),
W exp ((J5° (e =1 — iwyl s, (1)) p(dy) — iz fo vl () p(dy))) , o € (1,2).

We calculate b;, which is the drift of o;h; corresponding to the truncation function 1p,. When
a € (0,1) it is equal to

o Y 11 o
b—/ylsk(y)pom (dy) = *J /M dy = —7— Uj\(fj\ !
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and when a € (1,2)

1 e —a 1 1 a—1
bj = — RyﬂBﬁ( y)pomg, (dy)_—;%‘ LY do = —1——0;loj]

«

It follows that the Lévy process ojh; has characteristics (bj,0, pj) given by

1 o
bj:mffﬂaﬂ Lo pilde) = (pomy ) (de).

We claim that L is a cylindrical Lévy process if and only if o € Ve (R). Indeed, condition

(2.4) reduces to
oo
> lal|b; +/ z(pom,)(dz)
j=1 1<|z|<1/]ay]

whereas condition ([2.6) reads as

Z/ \aja;\ /\1 pj(da:) Z\ajajl < 0.

1
z : «
— ST < 00
Ca|1 - a| j71|OéJO'J| )

2a
Both are equivalent to o € £2-a (R).

Corollary 4.16. Suppose that L is a diagonal process of Example [2.3| with ¢; = o;h;, where
(o) € = (R) and hj is strictly a-stable Lévy process with o € (0, 1) U (1,2) and with no
negative jumps. If the coefficients F' and G satisfy then equation (4.1) with an

Fo-—measurable initial condition X (0) = Xy has a pathwise unique variational solution (X, X).

Proof. As explained in Example under the assumptions of the corollary the sum ([2.3)
converges and defines a cylindrical Lévy process. We show that Assumption [(A6)|is satisfied
with ¢; = |O’j|ﬁ, since condition (4.31) can be calculated as

o0

2 1—
k —a 2a
[ o) = (Y S
Z(J 1<fol< £ pj(dz) 1-a Z’ J’
J

j=1

Conditions (4.32) and ([.33)) follow by the same arguments as in Example [£.13] Thus the
result follows by Theorem O
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Example 4.17. Choosing a constant truncation level i.e. ¢; = 1 is possible only in some very
special cases. It is easy to construct an example of a non-integrable diagonal cylindrical process
whose jumps do not accumulate at 0 if we take the process ¢;, which are not identically dis-
tributed. Assume that L has finitely many non-square-integrable components, say £1,...,¢xy.
For instance ¢; could be a standard symmetric a-stable process for j = 1,..., N. Assume that
lj = ojhj for j = N +1,.... Take h; as in Lemma i.e. symmetric square-integrable Lévy
martingales and assume additionally that the Lévy measure p of h; has bounded support.

We verify with ¢; = 1 for j € N. Observe that holds due to the symmetry.
Condition implies that for any (a;) € £2(R) with |a;| < 1 we have

oo > Z /ozj /\k:QpJ dz) Z / z? pj(dx) Z /|<k

j=N+1 J=N+1 J=N+1

Therefore (4.32)) holds. Finally for (4.33]), we have

N 00
me(k) =Y pj (Br(0,k)) + Y p(Br(0,k/|0;])) < oo
j=1 J=N+1

because the second sum equals to 0 for & sufficiently large so that Br(0, k/|o;|)¢ is outside the
support of p.
4.3.1 Processes with regularly varying tails

Recall that a measure p concentrated on (0,00) is said to have a regularly varying tail with

index « if

fim AT e p s 0;
z—o0 p((r,00))

see [91 35].

Proposition 4.18. Let

’LL—ZO'] (u,ej), t>0,uel, (4.48)

with a sequence of independent and identically distributed Lévy processes h; with no negative

jumps and having tails of regular variation of index a € (0,1) U (1,2). Suppose that
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(i) if @ € (0,1) that the characteristic function of h;(1) is given by
Pn;(1)(2) = exp ( /0 (€Y =1 —izylp, (y)) p(dy) + iwb) (4.49)
(ii) if @ € (1,2) that the characteristic function of h;(1) is given by

¢n,1)(x) = exp </000 (emy -1- z':cy) p(dy)> . (4.50)

If either (i) or (ii) holds and if (o;) € = (R) for some ¢ < a, then (4.48]) defines a cylindrical
Lévy process.
Secondly, if the coefficients F' and G satisfy [(A1")H(A4"), then equation (4.1 with an Fo—

measurable initial condition X (0) = X has a pathwise unique variational solution (X, X).

Proof. Step 1. Proof of convergence of .

Measure p restricted to the complement of the unit ball is finite and we can write p| Bg =
M) for a probability measure p(!) concentrated on Bf. According to [32, Prop. 0] the Lévy
measure of an infinitely divisible distribution with regularly varying tails has regularly varying

tails as well. We obtain that p() has regularly varying tails of index a.. For z > 0 define

Vitw) = [ Y10y () p(dy) = A / 0 () 0D (dy),
Ue(z) := /f y¢ p(dy) = A/lx y¢ p (dy).

In order to show that the sum in (4.48]) verifies the conditions (2.4) and (2.6)), we prove that
for any () € £2(R)

(0.0

Sy = Z\aj\ bj + 0 /1<| ) x p(de)| < oo, (4.51)
j=1 7 <zl <y——
(o.)

So 1= Za?ajz-/ z? p(dz) < oo, (4.52)
=1 < ]

277

oo

- Sol(re)) < o
j=1

76



We verify condition (4.51) in two cases separately
Case 1: a < 1. Recall that in (4.51)) b; is the drift corresponding to the truncation function

1p,. The characteristic function of ojh;(1) can be written as

s%jhj(l)(x)

= exp </ (ei:pojy —1- ixajyllBR(y)) (dy) + w]b:v>
R

= exp </R(ei~’vy_1_i;py]lBR(y)) pj© dy +izo; | y(1p,(yoj) ]lBR(y))p(dy)—i—iajbx) :

%\

The drift is thus given by

b; =0 <b+/Ry(1BR(ij) - Ile(y))p(dy)> :

Assume without loss of generality that |o;| < 1. Then
bj = o <b + / yp(dy)>- (4.54)
1<y<
]0]]
Thus

)

b+ / z p(dz)
I<z<

‘aa J‘

oo
S1=> |ajol
j=1

which implies that
s < me n mem (ws): (4.55)
J

We show that Vj is regularly varying with index — (6 — «). Let X be distributed according
to Px = p() and let = > 1. We obtain

5/ ¥’ oW (y, 00) y—é/ Tl p(X > y)dy

_5/ 51/ Px(dz)d
_5/ / 121 dy Px(dz)

_/x 20 — 2% Px(dz2)
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—E [X‘SHXZQC} — 2°P(X > )

= V:S(x) - xép(l)<$7 OO)

Thus -
Vi) =5 [ o000 dy + %90, )

Theorem 1.5.11 in [9] implies that the function z — [ 121 pM (y, 00) dy is regularly varying
with index —(§ — «). Combining [98, point 3%, p. 18] with [0, Th. 1.4.1(iii)] one sees that
the sum of two regularly varying functions is regularly varying. It follows that for § < « the
function Vj is regularly varying with index —(6 — «).

It is easy to see that Uj(oco) = co. Applying |35, Th. I11.9.2] with ¢ = 1, n = ¢ gives that

Moreover, from the proof it follows that if Vj is regularly varying with index —(0 — «), then
¢ =122 €(0,00). There exists M > 0 such that for all z > M

[0}

'~V ()

= (@)

(4.56)

o

This enables us to estimate (assuming ﬁ > M for j € N)
7177

0 1 2 & 1 1 2 ¢ 1
oi|Up | —— ) < = 0 \% =- 0|V
D_lajoilth <\aj0j|> - CZMJU]‘ 1= 6<|04j0j’) szgﬂ 6<|04j0j’)

=1 = |ajo|

Applying this in (4.55)) we get

> 2 1
51S|b\2|ajaj\+2\ajajr%( | ) (457)
= ¢ia o]

The first sum is finite since for 6 < a < 1 we have (0;) € K%GR) C ?(R). The second sum
. . . . 1 .
in (4.57) is finite since Vj (W) — 0 as j — oo and

Jj=1

o0 o0 (2-6)/2 3/2
Z|Oéj0'j|5 < <Z]0j\25/(25)> <Zaj2> < 0. (4.58)
j=1 j=1
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This finishes the proof of (4.51)) in the case a € (0,1).

Case 2: a > 1. The characteristic function of o;h;(1) can be written as

o)) = exp ( /0 (e =1 iyl () py 0 my L (dy) — i /R ylpe(y) poms <dx>> .

Thus we have

bj=—/Rylch( )pomy: (dy)=—0j/y>lyp(dy)-

/.

| - Z'“J"J'Vl (o)

By [9, Th. 1.4.1] we can write p(z) = x~*I(z) with a slowly varying function {. By [35, Lem.
2, p. 277] with e = a — § there exists M > 0 such that

Therefore

Z’%Uﬂ

‘“JE’J‘

px,00) < z79F =70 (4.59)

for z > M. We have -
Vi) = [ p(,00) dy + g . 00).

For x > M we estimate

Vi(z) < / yOdy + 220 = 5 i 11'1_6.

Assuming o] > M for j € N we get 1 <|a 010 < 6%51|ajaj\6_1 and finally,
o0

26 5
51 < 5-1 Z;|ozjaj| < 0.
]:

We prove (4.52)). Suppose without loss of generality that |ojo;| < 1. We have

o0

So = Z ajzaf/ x? p(dx) + a?a?/ 22 p(dz)
|z[<1 I<|z|<

J=1

“"J J‘
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oo
2 2
= oo’ dLU + o’ < )
jz; ’ ]/|:r|<1 Z lajoj

By the same arguments as above we get the counterpart of (4.56)):

c 2?7 Vs(x)

Co W\ s M. 4.60

2= ) or x (4.60)
Since both (a;) and (o) tend to 0 we can assume without loss of generality that o] > M

for all j € N. We obtain
s, < azgz/ |aJ|V5< )
; A R Z 7 |ajorj]

The first sum is finite because (0;) is bounded. Since Vj <ﬁ> — 0 as j — oo we get using
V)
(I58) that if (o;) € £275 (R), then S < oo.
We now show (4.53)). Applying (4.59)

o0
S3 < Z‘O‘jgj‘da
j=1

which is finite by (4.58)).

Step 2. Equicontinuity of the characteristic functions follows exactly as in the proof of
Lemma where we only used the boundedness of (o).

Step 3. Verification of m with the sequence c defined by ¢; = |O'j ] 2= 5

We prove - Suppose that o < 1. Recall that b; is given in . Then

z p(dz) )) < szZo— +2ZU2U1 <|c]cr]|>2

(4.61)
> M for j > N, we

o

> (0) =X (o [

j=1 j=1

|ejos]

Again, we have that ( - ) holds for > M. If N is chosen so that

have

TGl

o0 2 29268 ] 2
k 2k k
2 25 . 26—2
o:U; < ) < o:c; Vs ( )
Z J ‘Cj0j| 2 Z J“i |Cj0j’
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2k2-20 2 25 Eo\?2
= |23V, .
c? 2 logl Vs <|ijfj|>

j=N+1

It follows that the sums in (4.61) converge. We get the result for a € (1,2) similarly. For
(4.32) we estimate using (|4.60))

k
2 2 _ 2 2 2
73 /O<z< et pldz) = 7 /0<x§1 v plde) + 7l <Cj0j>

‘U'C‘
2420 _ k
< 0]2-/ 22 p(dz) + \ajcj|‘S 2y ( )
0<z<1

J J|
c |05
2420 _2
ot [ aptan) + 20 (ko).
0<z<1 c

Both terms are clearly bounded in j. Since (¢j) € ¢*(R) condition (4.33) follows by Remark
1.10(i). O

Remark 4.19. The assumptions (4.49)) and (4.50) involving the characteristic function can

be alternatively formulated as follows: the processes h; have no Gaussian part and in the case
a € (1,2) the centre is 0. This is corresponds to the requirement of strict stability in the stable
case. In the case o € (0,1) we allow the processes to have a common drift b. The fact that
the truncation function needs to be chosen differently for the cases a € (0,1) and a € (1,2)
can be clearly seen in the case of the one sided stable noise. If h; has characteristics (0,0, p)

corresponding to the truncation function 1p,, then
e if &« € (0,1), then L is a cylindrical Lévy process if and only if (¢;) € = (R).
e if « € (1,2), then L is a cylindrical Lévy process if and only if (0;) € £2%(R).

This means that for @ € (1,2) the summability condition on o changes if we do not require
the center to be 0.

Remark 4.20. Note that the conclusion in Proposition [4.48] is not optimal if applied to a-
2
stable noise. For, in Example we can choose o € £2=a (R) whereas here we have to choose
26
o € (25 (R) for 6 < a.
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Chapter 5

Stochastic integration in Banach
spaces and Stochastic Evolution

Equation

In this chapter we consider the stochastic evolution equation with coefficients acting on
Banach spaces; the most complex issue is however the construction of a stochastic integral.
Stochastic integration in Banach spaces is only possible in some subclasses of Banach spaces.

Dettweiler [28] defined an integral in p-uniformly smoothable Banach spaces using estim-
ates of moments of the Lévy process, the p-variation and moments of the Lévy measure. Van
Neerven, Veraar and Weis developed a stochastic integral in a different class of Banach spaces,
that is UMD spaces, see [103]. They integrate with respect to a cylindrical Brownian motion
and the integrands consist of y-Radonifying operators, that is operators which Radonify the
standard Gaussian cylindrical measure into a genuine measure. Outside the Gaussian setting,
in Veraar and Yaroslavtsev [L04] the integral is defined for cylindrical continuous local mar-
tingales. The integrands take values in the space of linear operators from a Hilbert space into
a UMD Banach space. The authors use the notion of y-Radonifying norm, which is possible
because according to the Dambis—Dubins—Schwarz theorem every continuous local martingale
is a time changed Brownian motion. Another approach to integration with jumps is through
Poisson Random measures. An integral in another class of spaces called martingale type p
spaces, was considered by various authors see e.g. Riidiger [87] or a survey article by Van
Neerven, Veraar and Weis [102].
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As shown in the aforementioned works, already the definition of the integral requires
assuming some geometric properties of the Banach spaces involved. Let E and F' be separable
Banach spaces and suppose that F' is of martingale type p for some p € [1,2]. Our space
of admissible integrands consists of predictable p-integrable processes taking values in the
space II,(E, F') of p-summing operators equipped with the p-summing norm 7,; see page
below for the precise definition. These operators are a generalisation of the Hilbert-Schmidt
operators to Banach spaces (recall from the preliminaries that for Hilbert spaces U and H one
has IL,(U, H) = Lus(U, H) for all p with equivalent norms). They seem to be a natural choice
also because according to the results of Kwapieri and Schwartz the p-summing operators are
p-Radonifying, which means that ¢ € II,(E, F') map weakly p-integrable cylindrical random
variable (L(t) — L(s)) into (L(t) — L(s))¥* and the latter is induced by a genuine vector-valued
random variable with finite p-th moment.

We show that if the cylindrical Lévy measure v of L satisfies

/\x|p (vo(z*) 1) (dz) < oo (5.1)
R

for all x* € E*, then the stochastic integral is continuous as a mapping between the spaces
LP(Q2 x [0,T);1I,(E, F)) and LP(€; F') or in other words that

for any predictable II,(E, F')-valued integrand W. The idea of utilising the continuity between

p

E /OT\II(s)dL(s) <CEUOT7T,,(\1/(S))pds] (5.2)

certain LP-spaces to construct the integral and solve SPDEs goes back to Saint Loubert Bié
[90] who considered equations driven by the Poisson random measures. This construction was
further generalised to integrals taking values in martingale type p spaces by Brzezniak and
Hausenblas [I3, App. C]. We present a similar result for integrals with respect to cylindrical
Lévy processes, where the difficulty is to obtain the integral as a genuine Banach space-valued
random variable.

The main ingredient in the proof of the continuity is a result by Schwartz [97], which
gives a bound of the p-th moment of a Radonified measure by the weak p-th moments of the

cylindrical measure: if y is a cylindrical measure on F and u: £ — F, then

</Fl|x|p (poul) (dx))l/p < mp(u) sup (/Rlxl’” (po(z*)™h) (da:))l/p. (5.3)

IE*GBE*
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This Schwartz inequality can be viewed as a generalisation of the Pietsch factorisation theorem,
which asserts that for any p-summing operator u there exists a measure p on B(Bpg+) such
that

ful < w0 . |x*<x>rpp<dm*>)1/p, ek

Note that the right-hand side of (5.2]) does not depend on the integrator, which does not

match the weakly square-integrable case in Hilbert spaces, where the optimal bound is by

T 1/2]|2
B[ [ 160 ]

with @ the covariance operator of L. In the future work we plan to generalise the construction
so that it depends on the cylindrical characteristics of the cylindrical Lévy process.

We prove existence and uniqueness of mild solutions for the equation (1.4) with F': E — F
and G: F — II,(E, F) under the standard Lipschitz and linear growth assumptions on F and
G, this time requiring that G is Lipschitz as a mapping to II,(E, F'). The result follows in
the same manner as in Peszat and Zabczyk [74, Th. 9.29], however the proof of the stochastic
continuity of the stochastic convolution requires certain auxiliary result about the convergence

of operators in the p-summing norm.

Preliminaries

We recall some notions on the Banach spaces theory from [89, 103], which we need in this
chapter. Let p > 1. A Banach space is of martingale type p if for some constant C and for

any discrete E-valued martingale (Mj)7_, one has

n
k:le}.?,nE [l M 1] < Cp;E [l My, — M1 1",
with the convention that My = 0.
A Banach space F has the approximation property if for every € > 0 and for every compact
set K C F there exists a finite rank operator ¢): E — E such that ||z — z|| < e for all z € K.
The space F has a metric approximation property if one can find operators ¢ as above with
Il < 1. E has the Radon—Nikodym property if for every probability space (£2, F, P) and an

absolutely continuous E-valued measure p on F, there exists a measurable function f: Q@ — E
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such that
u(A) = /A f@)p(dw), AcF.

It is well known that every reflexive Banach space has the Radon—Nikodym property; see [101]
Cor. 2, p. 219].
An operator ©: E — F is p-summing if there exists a constant C' such that for all n € N

and all finite sequences z1,...,T, € F
n n
SNzl <7 sup S ) P,
b1 z*€Bgx =1

see [29]. The p-summing norm of ¢ denoted as m,(1)) is the smallest constant C' such that the
above condition holds. If E and F' are Hilbert spaces, the space II,(E, F') of p-summing oper-
ators coincides with the space of Hilbert-Schmidt operators; see [29, Th. 4.10 and Cor. 4.13].
Moreover, the p-summing norms and the Hilbert-Schmidt norm in Lyg(E, F') are equivalent.

The p-Radonifying operators were defined in Section 2.1} We recall the following well-
known characterisation from [10I, Th. VI.5.4 and Th. VL.5.5].

Theorem 5.1. Assume that either
(i) p>1or
(1)) p=1 and F has the Radon—Nikodym property.

Then the classes of p-Radonifying and p-summing operators from E to F coincide.

5.1 Some results on p-summing operators

Our approach to stochastic integration with respect to a cylindrical Lévy process is based on
a generalisation of Pietsch’s factorisation theorem, which is due to Schwartz; see [97, p. 23-28§]
and [95]. For a measure p on B(E) and p € [1,2] we define

Il = ( /. ||:cupu<dx>)1/p,

and say that p is of order p if [|u[|, < oo. For a cylindrical measure p on Z(E) we define

lully = sup [lz" ()]l
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and we say that p is of weak order p if [|u||; < occ.

Theorem 5.2. For p € [1,2], assume either that p > 1 or that F has the Radon—Nikodym
property, and let p be a cylindrical probability measure on Z(E). If u: E — F is p-summing
then

lu(ll, < mp(w)llpl, (5.4)

Proof. See [97] or [95], 96] or Appendix A. O

For establishing continuity of the integral operator in the next section, we need a result
on the convergence of p-summing operators between Banach spaces. In the case of Hilbert

spaces, this convergence result can easily be seen:

Lemma 5.3. Suppose that U and H are separable Hilbert spaces and let ¢: U — H be a
Hilbert-Schmidt operator. If (¢,,) is a sequence of operators ¢,,: H — H converging strongly

to 0 as n — oo, then the composition 1 converges to 0 in the Hilbert-Schmidt norm.

Proof. Let (ey) be an orthonormal basis of U and write

o0

ol s w,mn = D _llenterll”.

k=1

Every term in the above sum converges to 0 as n — co due to the strong convergence of ¢,.

Let M := sup||¢nl||, which is finite because every strongly convergent sequence is bounded.

neN
Since
o0 o0
2 2 2
> llenterl® < MY |lperl|* = M7, o w.m),
k=1 k=1
it follows by the Lebesgue dominated convergence theorem that ||90n¢||%HS(U ) — 0. O

The following result extends this conclusion in Hilbert spaces to the Banach space setting

by approximating p-summing operators with finite rank operators.

Theorem 5.4. Suppose that E is a reflexive Banach space or a Banach space with separable
dual and that E** has the approximation property. If ¥: E — F is a p-summing operator and
(¢n) is a sequence of operators o : F' — F converging strongly to 0 then we have m,(pn1) — 0

as n — o0.
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Proof. We first prove the assertion for finite rank operators ¥: £ — F', in Which case we can

assume that ¢ = E xy ® yi, for some x7 € E* and y, € F'. Then pp9) = Z xf @ (nyr) and
k=1 k=1
since my(z* ® y) = ||a*||||y]| (see [29, p. 37]), we estimate

N N
molpnt)) < 3 mp(ak @ (pum)) = Sl gyl — 0.
k=1 k=1

because [|@nyk| — 0 for every k € {1,...,N}.

Consider now the case of a general p-summing operator ¢). Under the assumptions on F
and F', by Corollary 1 in [91], the finite rank operators are dense in the space of p-summing
operators. That is, there exists a sequence of finite rank operators (1) such that m, (v —1) —
0 as k — oo. It follows that

Wp(@nw) < Wp(SOnwk) + Wp(@n(w - 1/%)) for all k, n € N. (5'5)

Fix € > 0 and let ¢ := sup{||¢,| : n € N}. Choose k € N such that m,(¢ — ) < 5. Since 9y,
is a finite rank operator, the argument above guarantees that there exists ng € N such that

for all n > ng we have m,(¢ntx) < 5. Inequality (5.5 implies for all n > ng that

=c. O

mp(pnth) < o +

| ™

Remark 5.5. The proof of Theorem relies on the density of finite rank operators in the
space of p-summing operators. This holds under more general assumptions than assumed in
Theorem see [91, p. 384 and 388|.

However, the result of Theorem does not hold in the case of arbitrary Banach spaces
as the following example adapted from [29, p. 38-39] shows. Choose E = ¢1(R) and F = /?(R)
and equip both spaces with the canonical basis (e,,), where e, = (0,...,0,1,0,...). We take
¢ = 1d: E — F, which is 1-Radonifying by the Grothendieck theorem; see [29, p. 38-39|.
Furthermore, we define ¢, = e, ® e,, ie. p,(zr) = z(n)e, = (0,...,0,2(n),0,...) for a
sequence x = (z(n)) € £1(R). Then ¢, converges to 0 strongly as n — oo, but since @, is
finite rank we have 71(vnt) = |len]||len]] = 1 for all n € N. This counterexample shows that

the assumptions on the space E in Theorem cannot be dropped.
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5.2 Radonification of increments and stochastic integral

In this section we fix p € [1,2]. Fix 0 < s <t < T. An Fy-measurable random variable
U: Q= II,(E, F) is called simple if it is of the form

U =>" 14, (5.6)

for some disjoint sets Ay,..., Ay € Fs and n,..., ¢y € II,(E, F). Assuming that p > 1 or
for p = 1 with F' having the Radon—Nikodym property, each p-summing operator ¢y: £ — F
is p-Radonifying, it follows that the cylindrical random variable (L(t) — L(s))} is induced by
a classical, F-valued random variable, which we denote by Js+(¢): Q@ — F, that is

(L(t) — L(s)) (Wpa*) = *(Js ¢ () for all z* € F™.

This enables us to define the F-valued random variables
m
=D LaJoa(tn). (5.7)
k=1

Lemma 5.6. (Radonification of the increments)

Assume that the cylindrical Lévy process L has finite p-th weak moments. We also assume
that if p = 1, then F' has the Radon—Nikodym property. For fixed 0 < s <t < T, the random
variable J, (V) defined in is satisfies

(E {15 (OIPD'P < IL(E = 8)l| (e, 1o (camy) (E (o)D) (5.8)

Proof. Let ¥ be of the form ([5.6)). Since the sets Ay are disjoint it follows that

Z]lAk st(Wp)|| | =E Z]lAkHJs,t(W)Hp] :

k=1

E{[|Js,:(W

Using the fact that each Ay is Fs-measurable and that J,;(¢) is independent of F, we can

calculate further

m

E[|[Jse(0I7] = > E[E[1a, s (wi)IPIF]] = D PADE[IJse(i)[P]. (5.9)
k=1

k=1
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In order to estimate E [||J5(¢x)]|?] we apply Theorem m to obtain that
(B ([0t () "D < mp(ei) | L) = Ls)l]. (5.10)
Since stationary increments of the real-value Lévy processes yield
(E[|(L(t) = L(s)a PP = (E[|L(t = s)a* PP for all 2* € B,
it follows that

* * 1
IL@) — L) = sup (EBIL(E— )2 PDY? = 1T - oo iy (11
.T*GBE*
Note, that by the closed graph theorem and the continuity of L(t — s): E* — L%(Q, F, P;R),
the mapping L(t —s): E* — LP(Q2, F, P;R) is continuous. This shows that the last expression

in (5.11) is finite. Applying estimates ([5.10]) and (5.11)) to (5.9) results in

m 1/p
(B [[|7: ()PP < <Z P(Ak)ﬂp(wk)pHL(t—S)II’Z(E*,LP(Q;R))>

k=1
= ||L(t - S)”L(E*,LP(Q;R)) (E [Wp(‘l’)p])l/pv

which proves (5.8). O

For defining the stochastic integral, let AP(0,T;II,(E, F')) denote the space of equivalence
classes of predictable processes ¥: [0,T] x Q@ — II,(E, F') such that

], = (E [ / (W) dle/p <o,

that is AP(0, T 11, (E, F')) = Lp([O, T x Q,P,Leb®@P;11,(E, F)) A simple stochastic process

is of the form
N-1

U(t) = Tolyop(t) + Y Trlisy 4,y (1), (5.12)
k=0

where 0 = tgp < t; < --- < ty = T, and each Uy is an Fy, -measurable, II,(E, F')-valued
random variable with E[m,(¥;)P] < co. We denote with A5 (0,7;1L,(E, F)) the space of
simple processes of the form ([5.12]) where each ¥y is a simple random variable of the form
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(5.6)), i.e. taking only a finite number of values.

Since for stochastic processes in A (0, T;10,(E, F)) the Radonification of the increments

is defined by the operator J,; according to Lemma @ , we can define the integral operator
by

N—

I: AS(0,T;10,(E, F)) — LP(Q, Fr, P; F), Tt s (T). (5.13)
k=0

H

Lemma 5.7. The space A5(0,T;1L,(E, F)) is dense in AP(0,T;I,(E, F)) with respect to
[Nl
Proof. The result follows from the construction in the proof of [26, Prop. 4.22(ii)]. O

Theorem 5.8. (stochastic integration)

Assume that the cylindrical Lévy process L has the characteristics (b,0,v) and satisfies
/ |z*(2)|F v(dx) < oo, for all z* € E* (5.14)
E

Suppose also that F is of martingale type p and that if p = 1, then F' has the Radon—Nikodym
property. Then the integral operator I defined in (5.13) is continuous and extends to the

operator

I: AP0, T11,(E, F)) — LP(Q, Fr, P; F).
Proof. Let W in Ag(0,T;11,(E, F)) be given by (5.12) where Wy, is of the form
my
U= la, Ve,
i=1

for some disjoint sets Ap1,...,Agm, € Fi, and Yp1,...,Ypm, € I(E,F) for all k €
{0,...,N}.

By Proposition the cylindrical Lévy process L can be decomposed into a sum of a
deterministic drift and cylindrical Lévy martingale . = B+ M. Both B and M are cylindrical

Lévy processes, and we can integrate separately with respect to B and M:

I(V) = Ip(0) + I (D). (5.15)
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For the first integral in ([5.15)) we calculate

v ([ wiase)

By Holder’s inequality with g = z% and ¢ = oo if p = 1 we obtain

p

= sup
y*EBF*

p

Hp(W)[[" = sup
y*EBF*

T
/0 B(1) (W (s)y) ds

T
I Ip(0)|P < sup TP/ / B(1)(W*(s)y*) P ds
Yy*EBpx 0

T
§Tp/q’B(1)HIZ(E*,R)/O H\I/*(S)HIZ(F*,E*)ds.

Since || (s)|| oo ey = ¥ (5)|l £, ) < Tp(¥(s)) according to [29, p. 31], it follows that

115(®)||P < TP/9||B(1) NE (- R)/ mp(¥(s))" ds. (5.16)
For estimating the second term in (5.15]), define the Banach space

1
R, = {X: (0,T] x Q@ — H : measurable and sup T(E[\\X(t)ﬂp] )l/p < oo}
te(o,1) t /p
with the norm [|X||p = supyc g1y ﬂ% (E [HX(t)Hp])l/p. Note that the the Lévy measure of
M(1)x* is given by v o (z*)~!. By standard properties of real-valued Lévy martingales, e.g.
[74, Th. 8.23(i)], it follows that there exists a constant ¢ > 0 such that

E[|M(t)z*"] <ct/\5|p vo (z*)71)(dp) for all z* € E*.

It follows that we can consider the map M : E* — R, defined by Mxz* = (M (t)z* : t € (0,T)).
To show that M is continuous we use the closed graph theorem: let x converge to z* in E*
and Mz}, to some Y in R,. It follows that M(t)z;, — Y (¢) in LP(Q; H) for every t € (0,T].
On the other hand, continuity of M(t): E* — L'(Q,F, P;R) implies M (t)x — M(t)z* in
LO(Q; H). Thus, Y (t) = M(t)z* for all t € (0,T] a.s., and the closed graph theorem gives that
M: E* — R, is continuous. It follows that

1M (b = ) e gy < (Bt — BIM oo - (5.17)
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Let Ji, 1, denote the operators defined in ([5.7)) with L replaced by M. Since F'is of martingale
type p here exists a constant C), > 0 such that Lemma and inequality (5.17)) imply

E ([ (W)[P] = E [

N-1
Z thikﬂ (k)
k=0

< CE

N—-1
> Tt ()7
k=0

IN

N-1
Cp S UM (bt — 1) [ e oy E [ (057
k=0

T
= CPHMHL(E*,RP)E [/0 mp(¥(s))? ds] .
Together with ([5.16), this completes the proof. O

By rewriting condition ([5.14)) as
/ 1B (vo(z*)"1)(dB) < 0o and 1BIP (vo (z*) 1) (dB) < 0o for all z* € E*,
Bg§ Bg

it follows that condition (5.14)) is equivalent to
(L(t)z" : t > 0) is p-integrable and has finite p-variation for each z* € E*,

see [10]. This is a natural requirement if we want to control the moments, see [90, [63] and
Remark below. The interplay between the integrability of the Lévy process and its

Blumenthal-Getoor index was observed also in [21], 22].

Example 5.9 (Gaussian case). Note that if p < 2, then L cannot have the Gaussian part for
the assertion to hold. Indeed, let W be a one-dimensional Wiener process and suppose for

contradiction that
P

E /OT\I/(t)dW(t) <CE[/OT]\I/(t)\”dt} (5.18)

for some constant C' and every real-valued predictable process ¥ with E [ fOT | (t)|* dt} < 0.
Choose for each n € N the stochastic process Wy, (t) = 11/, (t) for ¢t € [0,T]. By [39, Sec.
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3.478| we calculate

p
E

p} ) <1>g 25T (fjgl)

T
/0 U, (1) AW (1) _ N

-+[p 2

But on the other side, since E [f(;f|\11n(t) P dt} = 1 solving (5.18) for n yields

cym
o ()

which results in a contradiction by taking the limit as n — oo.

SIS

nl7z <

Example 5.10 (Stable case). The canonical a-stable cylindrical Lévy process has the char-
acteristic function @rq)(2*) = exp(—|[[z*[|*) for each z* € E*; see [85]. It follows that
the real-valued Lévy process (L(t)z* : ¢ > 0) is symmetric a-stable with Lévy measure

(vo(z*)™1) (dB) = cw'ﬁdﬂ for a constant ¢ > 0. Condition ((5.14) fails to hold since

I8P (u o (x*)_l) (dB) = o for p < a, I8P (1/ ) (:c*)_l) (dB) = oo for p > a.
Bg Bg

One can observe in a similar way as in the Gaussian case that the stochastic integral operator
with respect to the a-stable cylindrical Lévy process L is not continuous. For simplicity, let

L be a one-dimensional stable Lévy process. If W,,(t) = 1jg 1/, (t), then in the inequality

p

E /OT%@) dL(t) SCE[/OTPI!n(t)\pdt}, (5.19)

the left-hand side is infinite for p > « so we assume that p < a. Using the self-similarity of

-ofh(3)

I
- E[LMPT

stable processes we calculate

p

E

/OT () dL(t) p] —E [npl/a L(1)|p] .

Solving (5.19) for n yields

nle—p)/a
which results in a contradiction by taking the limit as n — oo. Therefore, the stochastic
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integral mapping with respect to the a-stable process cannot be continuous as a mapping
from LP([0,T] x Q,P,Leb®@P;R) to LP(Q2, Fr, P;R) for any p > 0. A moment inequality
with different powers on the left and right-hand sides was proven in the case of real-valued

integrands and vector-valued integrators in [86]. They prove for any a-stable Lévy process L

(25 >,, < /0 s dt)p/a] . (5.20)

We devolop this topic further in Chapter [0}

and p < « that

E < CE

/0 " B(s)dL(s)

Example 5.11. In the case of a diagonal cylindrical Lévy process, we claim that condition
(5.14)) is satisfied if and only if

S ( / !ﬁ\”pk(dﬁ)> .

k=1

where py is the Lévy measure of ¢;. Indeed, by Lemma condition (|5.14]) simplifies to
[l vtds) =3 [ 1w ea)l (e o me)a8) = Sl call” [ 187 pu(as) < o0
E k=1"R k=1 R
for any y € E. This is equivalent to
Soaw (18P md) <o for any () € (R,
k=1 R

which results in ( [|8[" pk(dﬁ))keN € (2/P(R)* = 2/2=P)(R).
Example 5.12. Another example are cylindrical compound Poisson processes
N(t)
Lt)z* = Xpz* 2" € E*t>0,
k=1
see Example[2.4] Let X be the intensity of the Poisson process N and let p denote the cylindrical

distribution of Xj. Since the Lévy measure of (L(t)z* : ¢ > 0) is given by X (po (z*)71), it
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follows that condition ([5.14) is satisfied if and only if

/\x*(x)|pp(da:) < 00 z* € E*
E

i.e. if and only if p is of weak order p.

5.3 Existence and uniqueness of solution

In this section we apply the developed integration theory to derive the existence of an evolution

equation in a Banach space under standard assumptions. For this purpose, we consider

dX(t) = (AX(t) + B(X(t))) dt + G(X(t)) dL(¢),

X(0) = X0, (5.21)

where X is an Fp-measurable random variable in a Banach space F' and the driving noise L is
a cylindrical Lévy process, L(t): E* — LY(Q, F, P; R), t > 0, with finite weak p-th moments.
The operator A is the generator of a Cy-semigroup (S(¢) : ¢ > 0) on F and B: F — F and
G: F — 1I,(E, F) are some functions.

Definition 5.13. A mild solution of (5.21)) is a predictable process X such that

sup E[[|X(2)[]"] < oo
te[0,7]

for some p > 1, and such that, for all ¢ € [0, 7], we have P-a.s.

X(t) = S(t)Xo + /0 S(t — s)B(X(s))ds + /0 S(t — $)G(X(s)) dL(s).

We assume Lipschitz and linear growth condition on the coefficients F and G and an
integrability assumption on the initial condition:
Assumption 5.14. For fixed p € [1,2] we assume:
(A1) there exists a function b € L([0, T]; R) such that for any z,x1, 72 € F

1S@)B ()]l < b(t)(1 + [l]),
[1S@)(B(21) = B(a2))[| < b(t)[lx1 — w2
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(A2) there exists a function g € LP(]0,T]; R) such that for any =, x1, 29 € F

mp(S()G () < g(t)(1 + [|=])),
mp(S)(G (1) — G(22))) < g(t)[lw1 — 22|
(A3) Xo € LP(Q, Fo, P; F).
Theorem 5.15. Let p € [1,2]. Suppose that the Banach spaces E and F satisfy that
(a) E is reflexive or has separable dual,
(b) F is of martingale type p and E** has the approzimation property,
(c) if p=1, then F has the Radon—Nikodym property.

If L is a cylindrical Lévy process such that (5.14)) holds, then conditions (A1)—(A3) imply that
there ezists a unique mild solution of (5.21]).

Proof. The proof follows closely the proof of |74, Th. 9.29]. We define the space

Hp = {X: [0,7] x Q — F is predictable and sup E[|| X (¢)|]"] < oo},
te[0,7

and a family of norms for 5 > 0:

1/p
1 X |7 = (fflp 6_BtE[\|X(t)!!p]> :
€

)

Define an operator K: Hr — Hr by K(X) := Ko(X) + K1(X) + K2(X), where
Ko(X)(t) := S(t) Xo,
K00 = [ 86 BX() s,
K00 = [ 80 - )G () L)
For applying the Banach fixed point theorem, we first show that K indeed maps to Hp. The

Bochner integral and the stochastic integral above are well defined because X is predictable
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and for every t € [0,7T] the mappings

[0,t] x F3 (s,z) — S(t — s)B(x), [0,¢t] x '35 (s,h) — S(t —s)G(x)

are continuous. The appropriate integrability condition follows from ([5.22)) and (5.23)) below.
There exist constants m > 1 and w € R such that ||S(t)|| < me“ for each t > 0; see |74,
Th. 9.2|. It follows that

sup E[[[S(t) Xo|[”] < mPe?“ITE [ Xo|[”] < oo.
te[0,7

By Assumption (A1) and Holder inequality, we obtain with ¢ = 1% that

/OtS(t — $)B(X(s)) ds p]

< s = [( [oe-o0+1xGNas) ]

te[0,7

=i [</o e ds)m [ e+ iy d«J
</0Tb(s) d8>p/q2p1(1+|yX|y;0) sup /Otb(t—s)ds (5.22)

te[0,7

T 1+p/q
— (/ b(s) ds) 221+ 1 X [150)
0

< oQ.

sup E H
te[0,7)

IN

Similarly, we conclude from Assumption (A2) and Theorem that there exists a constant
¢ > 0 such that

p] <csup E Uotwp(S(t—s)G(X(s)))pds]

te[0,7

sup E H /Ot S(t—s)G(X(s))dL(s)

te[0,7

<c o & gt — PO X)) s

t€[0,7) (5.23)

T
< (14 |XIhy) [ oo ds
0

< Q.
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Next, we establish that the process K(X) is stochastically continuous. For this purpose, let
€ > 0. For each t > 0 we obtain

E (K1 (X)(t + &) — Ka(X)(8)]]

r t+e

|

S(t+e— s)B(X(s))ds + / (S(e) — 1d)S(t — 5)B(X(s)) ds

0

S(t+ e — $)B(X(s)) ds — /0 S(t— $)B(X(s)) ds
t+e t

|

0
r t+e t
<E /t HS(t—i—s—s)B(X(s))Hds] +EUO H(S(z-:)—Id)S(t—s)B(X(s))Hds]

=11+ 5.

t

Since || X (s)]] < 1+ [|X(s)|? for all s > 0, it follows, for ¢ — 0, that

£

t+e
I <E U b(t + e — s)(1+ |X(s)||)ds] < (2+ ||X|y§’0)/ b(s) ds — 0.
t 0
Similarly we obtain

I(S(e) — 10)S(t = $)BX ()| < (1+mel!) bt = )(1 + | X(s)]) o1
< @+ X)) (1+me) bt - s), '

which is Leb ® P-integrable on [0, ¢] x Q because

E [/Ot 2+ [|X(8)|P)b(t — s) ds} < (2 + HXH%O) /Ot b(s)ds < oc. (5.25)

Since the integrand in I5 tends to 0 as € — 0 by the strong continuity of the semigroup, the
Lebesgue dominated convergence theorem shows that Iy tends to 0 as ¢ — 0. For Ky we
obtain by Theorem that there exists a constant ¢ > 0 such that

E [ K2(X)(t +€) — Ko(X) (0[]

t+e

:E[

S(t+ e — s)G(X(s)) dL(s) + / (S(e) — Id)S(t — 5)G(X (s)) dL(s)

t 0

0
t+e

S(t+¢ — s)G(X(s)) dL(s) /0 S(t — $)G(X () dL(s)

|
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p

|

r rt+e t
< 2 E / 2 g(t 4+ — sPP(1+ | X(s)[7) ds + /0 ((S(e) = 1)S(t — 5)G(X (5)))" ds}

< Qp_lE[ /t St e - 9G(X(s) dL(s) /0 (S(e) —1d)S(t — 5)G(X (5)) dL(s)

t

l

t+e
< 2 'E /t mp(S(t +e—s5)G(X(s)))Pds + /0

mp((S(e) —1d)S(t — s)G(X (s)))? ds]

= 02p—1(2p—1J1 + J2),

where

t+e t+e
S =E U glt+e— P+ | X(5)]P) ds] < (1 + HXH;O) / glt+e—sPds —0
t t

as € — 0, and

Jy =E [/Ot (1 —S(e))S(t — 5)G(X (5)))? ds} .

By Theorem the integrand m,((Id —S(g))S(t — s)G(X(s)))P converges to 0 pointwise on
[0,1] x Q. Moreover, it is bounded by (1 + mel“\?g(t — 5)P(2 4 || X (s)||), which is Leb ®P-
integrable. Thus, the Lebesgue theorem on dominated convergence implies that Jy — 0 as
e — 0. This completes the proof of stochastic continuity of K(X) from the right. Similarly,
we have for 0 < e <t

E [ K1 (X)(t =) = Ki(X)(@)]]

:E‘

|

S(t—e—s)(Id—S(c)) B(X(s))ds+ [ S(t—s)B(X(s))ds
0 t—e

0
t—e

S(t—e—s)B(X(s))ds — /0 S(t—s)B(X(s))ds

:E‘

|

<[ [ 1st-spocenas] v [ [ s - -9 ta-s) Bx)) a5

LS t—e

=1 + b.

The first integral converges to 0 by the same argument as above. For the second one we

estimate

I1S(t = = s) (Id=5(c)) B(X(s))]| < me“IT||(1d =S (e)) B(X (s))|| = 0
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as € — 0 almost surely thanks to the strong continuity of S. Arguing as in (5.24) and ([5.25|) we
see that we can apply the Lebesgue dominated convergence theorem to get that I converges
to 0 as € — 0. One similarly obtains stochastic continuity of K2(X). Thus the process K(X)
is stochastically continuous.

In particular, stochastic continuity guarantees the existence of a predicable modification of
K(X) by [74, Prop. 3.12]. In summary, we obtain that K maps from Hp to Hp. For applying
Banach’s fixed point theorem it is enough to show that K is a contraction for some 5. We

have
1K (X1) — K(X2) |5 < 27 (HKl(Xl) — K1(Xo)|75 + [1K2(X1) — Kz(Xz)W:Dr,g) :

We estimate each term on the right-hand side separately.

For the part corresponding to the drift we calculate

1K1 (X1) — K1(X2) 175

< e (/ bt — )1 Xa(s) — Xa(s)] d)}

— sup e PR [(/t b(t — ) /9b(t — )7 X1 (s)) — Xa(s)]| dsﬂ

t€[0,T] 0
T p/q t
< < / bt — s) ds) I / bt — $)E [[| X1 (s)) — Xo(s)[”] ds
0 +€[0,T] 0
T p/q t
- < / b(s) ds) sup et / b(t — 5)eP e PR [|[ X1 (s) — Xo(s)|] ds
+€[0,T] 0
</ b(s ) X1 — Xo|[7,5 sup / b(t — s)e P=9) ds
t€[0,T]
(B)1X1 — Xall7

/
with C(8) = (fOT b(s) ds)p ! fOT b(s)e P¥ds — 0 as B — oo. In the following calculation for
the part corresponding to the diffusion we use in the first inequality the continuity of the

stochastic integral formulated in Theorem [5.§]

|K2(X1) — Ko(Xo)|lf 5 < ¢ sup e PR [/ Tp(S(t — 5)(G(X1(s)) — G(X2(s))))P ds
te[0,T] 0
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t
<c sup e M'E [/ g(t — s)P| X1(s) — Xa(s)||? ds}
te[0,7] 0

t
=c sup e P'E [/ g(t — s)PePe P3| X1 (s) — Xg(s)des]
t€[0,7] 0

t
<c|| X1 — X2||%5 sup / e PU=9)g(t — s)Pds
tefo0,1]J0

= C'(B)1 X1 — Xall7 5

where C'(8) = chT e P3g(s)Pds — 0 as B — oo. Consequently, the Banach fixed point
theorem implies that there exists a unique X € Hyp such that K(X) = X which completes the
proof. O

Remark 5.16. Note that if E and F' are Hilbert spaces, then they satisfy assumption (ii) in
Theorem see e.g. [93, Cor. 1, p. 109]. Thus if p = 2 and if L has covariance equal to the
identity we recover |74, Th. 9.29].

The following example shows that the p-summing norm of certain operators coming from

specific SPDEs can be explicitly estimated.

Example 5.17. Let (O;, A;, 1;), i = 1,2, be measure spaces and take F = L" (01, A1) and
F = LP(Os, As, p2). Define the operator K: E — F

K(6)(y) = /O ke p)d(@) m(ds),  ye Oy,

where k: O1 x O2 — R is measurable. It follows from the proofs of Proposition 4.4 and
Corollary 4.5 in [I7] that the p-summing norm of K satisfies

p(r—1) P

< | [ 2<01|k($,y)|*:1m(dﬂf)> ()

Even more specifically it is shown in [I7, Prop. 4.8] that, under some assumptions on the
weights, the heat semigroup S(¢) on R? is p-summing as a mapping between the weighted
spaces LP(RY, p(x)dz) and LP(E?, 5(z)dz) provided

o(x)
/Rd o) dz < oo.
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5.4 The case of diagonal noise

For diagonal processes (see Example the integrability assumption can be relaxed
to include for instance stable processes in the same way as in Subsection [£.2.2] where the
existence of variational solutions was demonstrated. We show the details of the proof for
completeness. In fact, here we assume that the coefficients are Lipschitz, which allows us to
follow |74, Th. 9.34]. Recall that P, M. and L. were defined in Lemma and that Q)

denotes the covariance operator of M. ;. We have

Theorem 5.18. Suppose that for a diagonal cylindrical Lévy process L there exists a se-

quence (c;) satisfying (4.31)-(4.33). Assume that for every k € N there exist functions
a,ag,bi: [0,T] — Ry such that for every h,g € H and 0 < s <t < T we have

15( = s)(B(h) = B(g))|| < a(s)l[h =gl
15t = 5)B(R)|| < a(s)(1 + [|A]),

T
/ a(t)dt < oo,
0

1Pex(1)(G™(h) = G™(9))S™(t = s)|| < ar(s)][h = gll;
1Pex(1)G™(R)S™(t = 8)|| < ar(s)(1 + [[A]]),

T
/ 0 () dt < oo,
0

HS(t—s)(G(h) —G9) ,1/2\ < bi(s)llh — gll,

LHS(UvH) B

< bi(s)(1+ ||R]]),
e < B D)

|eme”)

T
/ bz (t) dt < oo.
0

Then (5.21) has a mild solution, which is unique up to modification.

Proof. The equation driven by L. x(t) = P, (t) + M, x(t) has unique mild solution by a slight
generalisation of [83] Th. 5.1] (one needs to replace the constants in the Lipschitz conditions
by functions a¢ and b depending on ¢ and also use the [t6 isometry from Theorem in the

estimates). We denote this solution with X,
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Xonlt) = S4%+/5%—$(X(W+RMD@MQ@WW—$®
(5.26)

/ St — $)G(Xun(s)) My (s).

Similarly, for another sequence d = (d;) satisfying (4.31)-(4.32) and n € N let X4, be the

solution of an equation driven by Lg,. We claim that
Xek(t) = Xgn(t) P-as.on {t <7.(k)A7q(n)} (5.27)

for k,n € N. We have

Xen(t) = Xanlt /srw k() = B(Xan(s))) ds
+Af@ﬂﬂ%&ﬂ@ﬁ%—ﬁ—RmmG%mawy@—ﬁw
+Aswwm< o(5)) dMo(s) /SVﬂWMMUNMmU

Note that on {t < 7.(k) A 74(n)} we have calculating as in (4.34) Mg,(t)u = M.p(t)u +
(Pei(t) — Pypn(t))u. We have

(Xek(t) = Xan ()L t<re (k) ara(n)}
/St—s k() = B(Xan(9)) dsLisr, (kyms(m)
+ /0 Pep(D(G*( Xk (8)S™(t = 8) — G*(Xan(8))S™(t — 5)) dsLgp<r, (k) rrg(n)}
+ /Ot S(t = s)(G(Xcp(s) — G(Xan(s))) AMek(8) L frer, (k) Ary(n)}-
It follows that

E [ IXer(t) = Xan ()P Lg<r.trmato
2

< 3E Aﬂw@@@mm—m&wmﬁ

ﬂ{t<rc(k)/\7d(n)}]

2

+3E f&MM@Mm®WW—®—@MM@WW—w®

0

]l{t<7'c(k)/\7'd(n)}]
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t 2
+ 3E /O St —s)(G(Xek(s) — G(Xgn(s))) dM, k(s) Il{t<‘rc(k)/\7-d(n)}]
—3(L + I + Iy). (5.28)
Note that
_— )
I=E /0 S(t — s)(B(Xcx(s)) — B(Xan(s)))ds ]]-{t<Tc(k)/\Td(n)}]

- 2
<E ( /0 1S(t — 8)(B(Xex(s)) — B(Xd,n(s)))H]l{s<7_c(k)/wd(n)}ds) ]

S ,
<E (/0 ar(8)| Xek(5) = Xan(8) 11 {s<ro (k) Ara(n)} d8> ] (5.29)

t t
< /0 a(s)dsE[ /0 a(s)HXc,k<s>—Xd,n<s>|12ﬂ{s<n<km<n)}ds},

where we have used Hélder’s inequality for \/a and v/al[Xcx — Xan |l Ljo,r. (k) Ary(n))- Similarly,

t t
I < /O ak<s>dsE[ /0 ak<s>||Xc,k<s>>—Xd,n<s>Hzn{m(M(n)}ds]. (5.30)

Note that

2

(t = s)(G(Xew(s) — G(Xgn(s)) AMer(8)|| Litre (k) Ara(n)}

2

Y

/0 S(t = s)(G(Xek(s)) = G(Xan($)) L s<re(kynran)y AMer(s)

since the left-hand side is 0 on {t > 7.(k)} and both sides are equal on {¢ < 7.(k)}. Thus by
the Ito isometry in Theorem [3.5]

2
I3<E / S(t —s)(G(Xck(s)) — G(Xd,n(s)))ﬂ{sgfc(k)/\m(n)} dMek(s) ]
=F [/ HS (t—s) ek(8)) — G(Xagn(s UQH Lys<ro(k)Ara(n)} ds} (5.31)
/ BR(SE [ Xan(s) - Xc,kxs)||2ﬂ{sgfc<k>m<n>}} ds.
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Combining (5.28), (5.29), (5.30), (5.31) we obtain

E [ IXer(t) = Xan(IPLie<r, (i rmato)]
t t
=5 [ a(6) s | [ a1k (6) ~ X)L scrynmon
t t
+ 3/ ar(s) dsE [/ e (8) | X (8) = Xan(8) P Ls<re(k)rra(n)y dS}
0 0
t
+3 [ B [1X0k9) = Xan() P pacrnraon] ds.
which implies
2
E|[[Xe(t) = Xan® L. gormatony |

<3 </0Ta(s)—|—ak(s)ds+1)

[ (0ls) + ax(s) + BB [ Xen(s) = Xanl)Liriimnrson] ds
0

It follows from the Gronwall inequality that E |:”Xc,k (t) — Xan(t) HQ]l{t<rc(k)/\rd(n)}} = 0, which
proves the claim. Property enables us to define X (t) := X (t) on {t < 7.(k)}. This
definition makes sense because for fixed ¢ and w, if we used another sequence d and another
constant n to define X (¢)(w) we would obtain the same value for almost every w.

In order to show that X is a solution we prove that for every k € N

t
X(8) Ltarok)y = Lparan)yS ()Xo + ﬂ{t<‘rc(k)}/0 S(t —s)B(X(s))ds

. (5.32)
+Lngy [ S0 - 9GX () AL(s).
It is clear from ([5.26)) that
t t
Xex(t) = S(t)Xo + / S(t—s)B(Xck(s))ds + / S(t—5)G(Xer(s))dLek(s).
0 0
The result follows by repeating the calculations (4.44)—([.46). O
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Chapter 6

Equation with the canonical stable

cylindrical Lévy process

The approach taken in the previous chapter is restricted by the requirement that the integral
map is continuous as a mapping between LP spaces. This does not hold if the noise is the
canonical stable cylindrical Lévy process whose characteristic function is given by ¢r,)(u) =
e tul® for w e U , see Example Note in particular that the integral in is infinite for
every p > 0.

SPDEs with stable noise have attracted a lot of attention in recent years. Having tails
fatter than the normal distribution, stable processes are a good candidate for modelling various
phenomena. Infinite variance of those distributions makes many techniques that apply to
the Brownian motion or square-integrable martingales unavailable. Notwithstanding, due to
explicit formulas e.g. for the Lévy measure, they are quite tractable and allow for direct
calculations.

So far equations with stable noise have been mostly considered in the random field ap-
proach, see Balan [5]. Her results were improved by Chong [22]. In a subsequent work Chong,
Dalang and Humeau [23]| characterised negative Sobolev spaces in which the solutions live.
Equations with non-Lipschitz coefficients were considered by Mueller [71] for o« < 1, Mytnik
[72] for 1 < a < 2 and Xiong, Yang and Zhou [107, [I08]. Brzezniak and Zabczyk [18] proved
existence and regularity of solutions with a cylindrical noise as ours but of additive type by us-
ing the construction of stable cylindrical Lévy process as a subordinated cylindrical Brownian
motion i.e. L(t) = W (£(t)), where W is a cylindrical Brownian motion and £ is an §-stable

subordinator.
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In the preparatory Sections and [6.2] we generalise the tail inequality for stochastic
integrals from Giné and Marcus [38] to the case of the integral with respect to the canonical

stable cylindrical Lévy process on Hilbert spaces, that is we prove that

sup’r’aP< sup /0 U(s)dL(s)

r>0 t€[0,T]

T
> r) < C.E /0 IS, s (6.1)
H

This immediately implies an inequality for the p-th moment of the integral. For p < « one

<Cu (2| [ I o s )/ (62)

We note that Rosiniski and Woyczyniski [86] use time change technique to get a sharper bound in

has
P

E | sup

t€[0,T]

/0 " B(s)dL(s)

the case of real-valued integrands and non-cylindrical noise whereas Brzezniak and Hausenblas

[13 Cor. C.2] obtain a similar inequality for integrals with respect to Poisson random measures.

We construct a cadlag solution to the SPDE ((1.4]) with a canonical a-stable cylindrical

Lévy process L, a € (1,2) as a limit of the Picard iterations

Xa(t) = S(t)Xo + /0 St — 8)F(Xn_1(s)) ds + /O St — 8)G(Xn_1(s—)) dL(s).

Firstly, we show tightness of the approximating sequence by verifying the Aldous condition
and a version of the compact containment condition. For this to work we must assume that
the functions F' and G in map between the domains of the fractional powers of (—A).
We employ similar estimates of the norms in the domains of fractional powers of (—A) as
Hausenblas [44], where she considered equations driven by Poisson random measures. Secondly,
the almost sure convergence of the sequence (on a different probability space) follows by the
Skorokhod theorem. In order to apply this result we must rewrite the cylindrical Lévy process
as a metric space-valued random variable. Thirdly, we identify the limit as the solution of the
SPDE. Since we do not have the decomposition into large and small jumps at hand, we need to
use careful estimates of the p-moments for p < « using the moment estimate . Pathwise
uniqueness follows from a version of the Gronwall inequality due to Willet and Wong [106].
Finally, by Kurtz’s generalisation of the Yamada—Watanabe theorem, see [56], this gives also
existence of a solution on any given probability space i.e. existence of the strong solution.

In future research we are planning to investigate if some assumptions taken in this chapter
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can be relaxed, in particular the boundedness of ' and G and the assumption that they map
into the domains of the fractional powers of (—A). Also our Holder condition for S(t)G, see

(A3)| holds also for ¢ = 0. This is less general than the condition in Peszat and Zabczyk
[74] Ch. 9], where the authors assume a Lipschitz condition for S(¢)G and allow the Lipschitz
constant to depend on ¢ possibly exploding at t = 0.

Preliminaries

In this chapter we work solely in the setting of Hilbert spaces (denoted by U and H). We
end this short introduction by recalling some facts about stable measures from Linde [59]. A
probability measure p on a Hilbert space H is called stable if for every n € N there exists
Yn > 0 and z, € H such that

u(h)™ = @u(ynh)el@mh), h e H. (6.3)

For every stable measure there exists a unique number « € (0, 2] such that +, in the above
formula can be chosen as v, = n'/®. For a@ = 2 the measure p is Gaussian. In what follows
we consider a € (0,2).

Each stable measure is infinitely divisible and its Lévy measure v can be written as

v(B) =c;! /OOO/S 1p(tx)o(dx)t~'"Pdt, B e B(H),

where o is a finite measure on Sy and ¢, is defined in (2.8). The measure o is called the

spectral measure of u and is given by the formula
o(A) = acav ({x e H: |z > 1, H%H € A}) . AeB(Sk). (6.4)

By [59, Prop. 7.5.4(iv)| for every Hilbert space there exists a constant ¢ > 0 such that for

every stable measure 4 on H

supr®u(|lz|| > r) <c lim r“u(||z| > r). (6.5)
r>0 =0

6.1 Tail estimate

We start with the following lemma:
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Lemma 6.1. For any real-valued non-negative random variable X and r > 0 we have
T
E[X?L{x<n] = 2/ tP(t < X <r)dt.
0

Proof. Similarly to |26, Lem. 4.38] we obtain

E[X*1x<] =E [/O 2tdt] =2E UO tLie X1y ey dt}

—2 [ 4B [Liaxsoy Jdt =2 [ P <X <ra m
0 B 0

Let ¢ € Lus(U, H). Then the cylindrical Lévy process (L(t)y* : ¢t > 0) on H is induced
by a classical process denoted by (Ji(¢) : t > 0). In that case the cylindrical Lévy measure
vo~lof Jy(1) extends to a classical Lévy measure, see [I01, Th. VI1.5.2.].

Lemma 6.2. For any canonical a-stable cylindrical Lévy process L on U and ¢ € Lyg(U, H)

we have
Sup r*P(| ()] > ) < et (voip™) (Bfy) < crat |97 o) (6.6)
where .
ol _ Cr(i)
' caF(HTa)

and c is the constant (depending on «) appearing in (6.5)).

Proof. In the proof we use ideas from [85, Sec. 4]. Note that the characteristic function of

Ji(v) is given by ¢,y (h) = e~ tI¥" " for h € H and thus it is a stable random variable, cf.

(6.3)). It follows by (6.5)) that

supr® P(IA)]| > 1) < e lim rP(I(0)] > 7). (6.7

The Lévy measure of the infinitely divisible random variable Jy(¢*) is ¢ (o). Let o
denote the spectral measure of v o 1~!. Combining [59, Cor. 6.7.3] and formula (6.4) we get

tim PR > 1) =170 —y (yoy) (B, (6.5)

(67

Now the first inequality in follows from (6.7) and .
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We now prove the second inequality in . The operator i has the decomposition

o)
Y= Z'}’nen & fm
n=1

where (ey,) is an orthonormal system in U, (f,) is an orthonormal system in H and (v,) C R,
see |29, Th. 4.1|. Note that

1017 ey = D Ienll® = > A2, (6.9)
n=1 n=1

Let P,: H — H be a projection onto Span(fi,..., fn).

00 2

> LW )

Jj=n+1

—0

[t (Path) — J(y)||* =

o0
almost surely because the series ||Ji(1)[|> = . L(t)(¥*f;)f; converges a.s. It follows from
=1

[59, Prop. 6.6.5] that the spectral measure (J)f J1(Pyy) (denoted by oy,) converges weakly
to the spectral measure of Ji(¢) (denoted by o). By the Portmanteau theorem o, (Sg) —
o(Sy) as n — oo. It follows from that o(Sg) = aca (vo™') (BY) and 0, (SH) =
acq (voyp™' o Pyt) (BY) and thus

(vo 1/)_1) (Bf) = li_}rn (voyto Pn_l) (Bf). (6.10)
We calculate

(vouv™toP ) (By) =v({ucU:¢Puc Bi})

(frer St -1

Jj=1

n
= yowe_j_”en <{x eR": 27]2:6]2 > 1})
j=1
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By (27)

Q@ & - 1
(vouy~ Lo ) (Bf) = / / 1 7"2236?7]2 > 1 mdr/\n(dx)
Ca JSgn JO = r

Oé/ n —1/2 d’l”)\ (d.%')
SRn > 2

a/2

SRn<Z:L~ ) An(dz).

Denote )\7(11) = m)\n. By the Jensen inequality

oo ms) o < 5 </Swzx wian)”

Y sRn ( / )aﬂ
S]Rn .

> / 22 AV (dz) =1 (6.12)
Sgrn

j=1

(6.11)

Note that

n
because ) a:? =1 on Sgn. Since all the terms in the sum in (6.12) are equal it follows that

j=1
/ x? AW (dz) = =
Sgn

for all j =1,...,n. Applying this in (6.11)) we obtain

2
n o/

(vou o PY) (B < 2nE) Sz (6.13)

a/2
Cam =

Recall that (( )B@) — 1 as £ — oo. It follows from ) that as n — oo

An(Ser) _ TE)T (%) ()
ne/2 _F(%)F( aypa/2 F(Ha)




and finally taking the limit in (6.13]) and using and (6.10) we obtain the second inequality

in . O

Lemma 6.3. Suppose that ¥ is a simple Lyg(U, H)-valued process taking only finitely many

values. Then

suprO‘P< sup /0 U(s)dL(s)

>0 t€[0,T]

T
> r) < [/0 ”\II(S)H%HS(UJ{) ds (6.14)

with c2.o = c10 (1 + %)
Proof. In the proof we follow [38, Lem. 3.3] and [5, Th. 4.3|. Denote for ¢ € [0, T]

I(t) ::/O U(s)dL(s).

Suppose that the simple process W is based on the partition {si,...,sx}. Let {t1,...,tn} be
a partition of [0, 7] containing {s1,...,sx}. We first show that

30y

T
P < r?aXNHI( Dl > r) <cgar %E [/0 H\P(S)H%HS(U,H) ds} . (6.15)

Fix n € N and write ¥ as

N-1 m;
V=Wolgy+ Y Wil i=) Lla, i,
i=1 Jj=1

where for each ¢ =1,..., N the sets A;1,..., A;m,; form a partition of {2. We have

P (l_r?ax 11(t:)] > r) < Z P (|| T 042 (W) || > 7)

EEREE)

i (W {HJt tipr (Wa)ll<r}

) (6.16)
>r
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We estimate each term on the right-hand side separately. We have

m;
Z :H‘Ai,j Jti b (vi5)

j=1

P (H‘Itutwrl(\l'i)” > 7’) = P(

> )
= ZP(AZ’] N {Ht]ti,ti.»,_l (ww)H > T})

j—l

= ZP HJtz,tH—l wl,] H > T)

where the last step follows from the fact that each A;; is F3,-measurable and J, 4, (i) is
independent of F;,. From Lemma [6.2] we obtain

P(HJti,tiH(\I’i)H > 7”) < crar *(tis1 — ti) ZP i,j ||¢Z,JHLHS(UH)

=crar “(tip1 — 4)E {”\Ili”LHs(U,H)} :

T
01 < 10O [ PRI e ds} -

We estimate the second term on the right-hand side of (6.16). By the Doob inequality

This proves that

2

i1 ()| L, e, (wolI<r}

i)

Note that for any s < t and ¢ € Lys(U, H) we have

G oy (h) = e~ (=)W Rl — o=(E=s)l—d"(MI* — @1 0(—uy(R), heH.

Thus ['(Js,t(d})) = [,(Js,t(—’(ﬁ)) = ,C(—J&t(@[))) and consequently L (‘]3775(1/])ﬂ{HJs,t(l/J)HST}) =
L (_J87t(¢)1{“J5,t(w)||§r})' It follows that E [JS,t(w)H{HJs,t(t/))HST}] = 0. It follows by condi-
tioning on F;, that for i <1

E [<Jti,ti+1 (W) Lg)g1, 05y, woll<rd Tt (YO L gy, (xpl)ngr}ﬂ
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mg; My

- Z ZE [<Jtlvtl+1 (wlyj)]l{”‘]tiati+1(d}i,j)HSr}’ I |:Jtlvtl+1 (wl:k)ﬂ{”n]tl,t“rl(\I/l,k)||§7'}:|> Loy, ]lAl,k]

j=1 k=1
—0.
Thus
N—-1 )
er<4r > E [HJti,tm(‘I’z‘)H ﬂ{||Jti,tm<%>||sT}] : (6.17)
=1

We write using the independence of Jy, 4, (¢;;) from F,

E [HJti,tm(\I/i)H?ﬂ{”Jti,tm(\yi)ngr}}

= 3B ([t i) Ly, 101 L

j*l

(6.18)
= ZP DB It i) L 17 50103 )
By Lemma
B [ et i) I Lty 50050 2/0 EP (8 < [[Jriis (W) || < 7) e
< 2/ tP (< || oo (1)) dt
0
Thus by Lemma we estimate further
2 " 1
E U\Jti,tm(wz’,j)H 1{\\Jti,ti+1(wi,j)||gu}} < 2¢1,0(tig1 —ti)Wi,jHCLYHS(U,H)/O o de 6,19
6.19
261’ 2
T 9 Z (tit1 — ta) || %Hs(U,H)T “
Combining (6.17]), (6.18]) and (6.19) we get
N—-1 m; T
Cl,0 . 8Cla
—a & (tiv1 =) PA) Vil g™ = 5= 7 E Uo 1 () g 07,11 ds]
i=1 j=

This finishes the proof of (6.15]).
The process (I(t) :t € [0,T]) is cadlag and thus separable. It follows that there exists a
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sequence of partitions 0 =7 < ... <t} =T such that

P sup |[I(t)|| >r ] = lim P< max |[1(¢])] > r> ,
t€(0,7] n—00 i=1,....kn

Combining this with (6.15)) gives the result. O]

We now proceed to defining the integral. The class of integrands will be called A(«).

Definition 6.4. We define the space A“(0,T; Lus(U, H)) as
T
{\IJ: [0,7] x 2 — Lus(U, H) : ¥ is predictable, E [/ H‘II(S)H%HS(UH) ds} < oo}
0 K

with the metric defined by
T o .
E [fo 1W(s) = ()| Ly (0, 10) ds} ; if a <1,
T 1/ )
(B [16) = @@ e ds]) s ita>1.

Furthermore, let Ag(0,T; Lys(U, H)) denote the subspace of A“(0,7T; Lus(U, H))) consisting
of simple processes of the form (3.3) and let A5 (0,7T; Lus(U, H))) be the subspace of simple
integrands for which additionally each ¥; takes only finitely many values like in (3.4)).

do (U, ®) :=

Note that for o > 1 the space A%(0,7T; Lus(U, H)) is in fact a Banach space.
Lemma 6.5. The space A5 (0,T; Lus(U, H)) is dense in A%(0,T; Lus(U, H)).
Proof. For a given ¥ € A*(0,T; Lus(U, H)) we construct an approximating sequence (¥,,) C

Ao(0,T; Lys(U, H)) like in |26 Prop. 4.22(ii)]. By construction, the range of each ¥, is finite
and thus we conclude that ¥,, € A5 (0,T; Lus(U, H)). O

We are now ready to construct the integral. For ¥ € A%(0,7; Lus(U, H)) take ¥,, €
AS(0,T; Lus(U, H)) converging to ¥. By Lemma

sup r*P ( sup /0 (Un(s) — Wpn(s)) dL(s)

r>0 t€[0,T]

T
” T) = CE |:/0 H\Pn(s) — \Pm(S)H%Hs(U,H) ds|,

which converges to 0 as n,m — co. Thus

/t U, (s)dL(s),n € N
0
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is a Cauchy sequence in the uniform convergence in probability. There exists a unique limit
and it is denoted by fg U(s)dL(s). The integral also satisfies ((6.14)):

Theorem 6.6. The inequality (6.14) holds for any predictable process W € A“(0,T; Lus(U, H)).

Proof. We have by the Portmanteau theorem

t ¢
P | sup / U(s)dL(s)|| > r | <liminf P | sup / U, (s)dL(s)|| >
te[0,7111J0 n—00 t€[0,7711J0
T
.. —« a
<timintorE | [ 101 0005
T
= B [ [ 10O 2]
Moving 7~ to the left-hand side and taking supremum over r > 0 we get the claim. ]

6.2 Moments of the stochastic integral

A moment inequality with different powers on the left and right-hand sides was proven in the

case of real-valued integrands and vector-valued integrators in [86], see ([5.20) above. By the

Jensen inequality (5.20)) gives also
p T p/a
) <c <IE [/ ()| dtD . (6.20)
0

sup
t<T

In the following proposition we provide ((6.20]) in the more general case when L is cylindrical

E /0 W(s) dL(s)

and VU is operator-valued. Unlike [86] we are not using the time change technique. A counter-
part with analogous proof for the integrals with respect to square-integrable martingales can
be found in [74, Th. 3.41, Th. 9.24].

Proposition 6.7. For p < «

t P T p/a
2| swp | [ w()dze)| | <Ca, (E [/ ||\1J<s>||%HS(U,H)dsD ,
te[0,7711J/0 0
where
C Baa 6.21
o= 220 (621



t
Proof. Let X := sup / U(s)dL(s)
tefo,7]11Jo

that Theorem [6.6] implies that

and also let & := ¢y o E |:f0T”\II(S)H%HS(U,H) ds|. Note

P(X >r) <1A(r <.

Therefore we obtain

t p
E | sup / U(s)dL(s)|| | =E[XP]
te[0,7711J/0
:p/ P P(X > r)dr
OOO
< p/ rP1 (LA (r=®¢))dr
0
51/04 0o
:p/ Pt dr + p€ rPrlmaqr
0 ﬁl/a
= 1 —+ p >£p/a
a—p
cg/aoz T p/a
== (E (s)||7 d
o0 (e[ [ 196 wmas])
where in the second equality we use [51), Lem. 3.4]. O

6.3 Tigthness criteria in the Skorokhod space

Recall that a sequence of random variables (X,,) with values in a Polish space S is called
tight if for every € > 0 there exists a compact set K C S such that for all n € N one has
P(X, € K) > 1—¢e. We say that a sequence of cadlag processes (X,,) satisfies the Aldous
condition if for any €, > 0 there exists d > 0 such that for all sequences of stopping times
(7n) such that 7, + d < T one has

sup sup P([| Xy (7 +0) — Xn(m)|| = 1) <e.
neN 0<0<5

The classical Prokhorov theorem asserts that a sequence of random variables is tight if
and only if their laws L£(X,) are relatively compact in the weak topology in the space of

Radon measures on S, see [101, Th. 1.3.6]. We formulate and prove yet another version of the
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well-known result, which says that if a sequence of cadlag processes (X,,) satisfies the Aldous
condition and for every fixed t it attains values in compact sets with high probability then it is
tight in the Skorokhod space D([0,T]; H). Detailed exposition of this method is presented in
[34] Sec. 3.7 and 3.8]. Criteria specifically useful in the context of SPDEs are given in [69, [70],
which we build upon here. These references include also some more straightforward tightness
criteria based solely on various moment estimates. The reason for formulating another version

is that the following one is especially easy to verify in our setting due to the tail estimate in
Theorem [6.6

Theorem 6.8. Let X,, be a sequence of H-valued cadlag adapted processes. Assume that there

exists a subspace I' with a norm ||-|| compactly embedded in H such that
Ve >03R >0Vt e [0,7)NQ, neN:P(X,(t) el and | Xp(t)[|f <R)>1—-¢  (6.22)

and such that the Aldous condition holds. Then (Xy,) is tight in D([0,T]; H).

Proof. Fix e > 0. We arrange [0,7]NQ in a sequence (t). For every k € N we choose Ry, > 0
such that for all n € N

€
P (X, (ty) € T and || Xy (te)|lp < Rp) > 1 — Y=y
Let
B={xe D([0,T);H) : z(ty) € I and ||z(t;)||p < Ry for all k € N}.
Then

(@

P(XngéB):P(

k=1

{Xn(te) € T and [ Xn(te)llpr < Rk}c>

M

P({X,(ty) €T and || X, (tr)||p < Ri}°) (6.23)

e
Il

1

e
9k+1
1

M

m\mﬂ“

By [69, Lem. 7 and 8] the Aldous condition implies that there exists a measurable set A C
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D([0,T]; H) such that

P(X,€cA)>1- %

and
lim sup w(zx,d) =0, (6.24)
§—0 r€EA

where w is the usual modulus of continuity in D([0,T]; H), see e.g. [8, Ch. 3]. We show that
the assumptions of Theorem 1 in [69] are satisfied for the set AN B:

(i) there exists a dense subset J C [0,7] such that for all ¢ € J the set {z(t) : x € AN B}

is relatively compact,

(ii)) lim sup w(z,0) =0.
6=02cANB

Note that condition (i) holds because of the choice of B and the fact that each closed ball
Br(0,Ry) = {h € T : |h||p < Ry} is relatively compact in H. Condition (ii) is satisfied by
(6.24). Thus we get that A N B is relatively compact and thus AN B is compact. By (6.23))

we have that

P(XneAﬂB)zP(XneAmB)zP(XneA)—P(XneBC)21—%—%:1—5.

This proves that (X)) is tight. O

6.4 Stochastic evolution equation

We consider the problem of existence of a mild solution for
dX(t) = (AX(t)+ F(X(t)) dt + G(X(t—)) dL(t) (6.25)

with an Fp-measurable initial condition X (0) = Xy. Suppose that A is a generator of a
strongly continuous semigroup S on H, F': H — H and G: H — Lps(U, H). Assume that L
is a canonical a-stable cylindrical process on U with « € (1,2). We prove existence of a mild

solution.

Definition 6.9. A filtered probability space (2, F, P, (F;)), a cylindrical Lévy process L and
a cadlag process X is a weak mild solution to (6.25)) if

X(t) = S(t)Xo + /0 S(t — $)F(X(s)) ds + /0 S(t — $)G(X (s—)) dL(s). (6.26)
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holds P-a.s. for all ¢t € [0,7]. The solution is said to be strong if it can be constructed for
arbitrary probability basis and canonical stable cylindrical Lévy process. We say that pathwise

uniqueness holds if for any two cadlag processes X7 and X5 defined on the same probability
space and satisfying (6.26)) we have

P(Xl(t) = Xg(t) for all t € [O,T]) =1.

We list all the assumptions that we need to prove existence of solutions:
(A1) The semigroup S satisfies the following additional conditions:

(i) S is a semigroup of contractions i.e. ||S(¢)|| <1 for ¢t > 0,
(i

(iii

0 belongs to the resolvent set p(A),
{AeC:0<w< |arg)| <7} C p(—A) withw < 7.

)
)
)
(iv) The embedding D(A) C H is compact.

(A2) There is a constant My such that for all ¢t € (0,7] and z € H

IS F (@)l p((—ays) < Mo,
[S)CG (@)l £y (0, D((— a)5)) < Mo,

for some 6 > 0.

(A3) Assume the following Holder condition holds for any g € (1 —§,1) for some 6 > 0
IS@OF (@) = FW) Lysw.my < erlle =yl forallae,y € H,t €[0,7].
and

ISE(G () = G s,y < cellz =yl forall z,y € H,[0,T].

(A4) The functions G: H — Lus(U, H) and F': H — H are continuous.

By [73, Th. 2.5.2] bounedness and {A € C': 0 < w < |arg\| < 7w} C p(—A) with w < 7

implies that the semigroup is analytic.
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Remark 6.10. For any ¢ € Lys(U, D((—A)°)) we have
- 512 —512
H@H%HS(U,H) = ZH‘P@nHZ < H(—A) 5H ZHSOQnHQD((—A)‘S) = H(—A) 6” HSOH%HS(U,D((fA)‘S))'
n=1 n=1

Thus |(A2)| implies
(A2") There is a constant My such that for all ¢ € (0,7] and x € H
|S(&)F(z)]| < Mo,
1SOC) | oo < Mo.
Proposition 6.11. The boundedness condition implies that the Holder condition is
equivalent to the following Lipschitz condition:
(A3") There exist constants Cr and C¢g such that

1S@)(F(z) = Fy)l < Crllz -yl
ISNG(2) = G g (v, my < Callz = yll-

Proof. See [30, p. 3]. We deal with F' only, the proof for G being completely analogous. The
implication [(A3)| = |(A3')| follows simply by taking ¢ , 1. We prove [(A3") = |(A3)l If
le —y|| <1, then ||z —y|| < |z —y||?. If |z —y| > 1, then we estimate using

[S@)(F(x) = F(y) < Mo < Mol|z — yl|-

Thus we may take cp = Cp V M. O]
Remark 6.12. In [50] it is assumed that

(i) G: D((—A)%) — Lus(U, D((—A)%)) satisfies the linear growth condition and

(i) G: H — Lus(U, H) is Lipschitz.

Condition (i) is weaker than our assumption [(A2)| because we require that a bigger space (H
rather than D((—A)?) is mapped into Lys(U, D((—A)%)). The verification of condition (i) is

delicate and requires using a characterisation of D((—A)°) as a fractional Sobolev space.
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6.4.1 Pathwise uniqueness

We prove pathwise uniqueness using a special version of the Gronwall inequality from Theorem
2 in [106], which we recall without proof. We also need a generalisation of Lemma for the

stopped stochastic integral with respect to the stable cylindrical Lévy process.

Theorem 6.13 (Willet, Wong, 1964). Suppose that the functions v, w, vu and wuP defined

on [0,T] are integrable and non-negative. If

t t
u(t) g/o U(s)u(s)ds+/0 w(s)uP(s) ds, t€0,77,

with some p € [0,1) U (1,00), then

u(t) exp (- /Otv(s) ds> < <q /Otw(s) exp (—q /Osv(r) dr> ds)l/q, te0,T]

with g =1 —p.
Lemma 6.14. Let ¥ € A%(0,T; Lys(U, H)). For any stopping time 7

/ T\IJ(S)dL(s):/ U(s)Lys<ry dL(s).
0 0

Proof. Note that the random variable on the left-hand side is understood as the cadlag process
(fg U(s)dL(s) :t €0, T]) evaluated at ¢ A 7. For the integral introduced in Section [6.1| the
proof can be done exactly as in Lemma changing the convergence of the integrands in L?

into the convergence in L and convergence of the integrals in L? into the ucp convergence.
O

Proposition 6.15. Suppose that

1
T'< ———. 6.27
acg 0 2%cg, (6.27)

Condition |(A3)|implies that the pathwise uniqueness holds for equation ((6.26). More generally,
if X and Y are two solutions with initial conditions Xy and Y{, then X and Y are a.s. equal
on {Xo = Y()}.

Proof. Suppose that X and Y are two solutions of (6.26)). Then
t
X(0) = Y () = SO0 = Yo) + [ S(t—5) (FX(5) = FY(5)) ds
0
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+/ S(t =) (G(X(s—)) = G(Y(s—))) dL(s).
0

Let
T, =Inf{t>0: || X@)||VI|Y@)| =n}AT.

By Lemma

(X(EAT) =Y (EAT)) L x0=vo}

2/0 S(t =) (F(X(5)) = F(Y(5)) Lis<rpn{xo=vo} 5
+/0 S(t =) (G(X(s-)) = G(Y(5-))) Ls<r, yngxo=vo}y dL(s)-

By the Holder and Jensen inequalities we have for a measurable function f: Q x [0,¢] — H
anda>p>1

5| (/Otuﬂs)nads)p/ ] <ot (&[] ) TS

We estimate by |(A3)| with ¢ = £

) ds

P D
] <P R

E [IX(®) = YOI Lie<rynixo=vo)]
<E[XEAT) = Y (EAT)PLxo=vs)]

p
o] |

/ S(t - 5) (G(X(s-)) — G(Y(5))) Lsrnixoysy dL($)

/ S(t—s) (F(X(s)) = F(Y(5))) Lis<rin{xo=vo} ds

p
+ 2P~ 1E[ ]

9”‘1”‘5( [/ (¢t = 5) (F(X(s) - F<Y<s>>>||an{s§mm{xoYo}dsD”a

#2071y (£ [ 10 - ) (GOX(5-) = GV (=D e o pntxomny 85 )p/a

p/a
< op-1 (T”“c” + Capchy ( [/ 1X(s) s <r3n{xo= Yo}dSD ’

where the last equality follows from the fact that both X and Y are cadlag and therefore for
each w € Q the integrands X and X (-—) differ only for countably many s. Since the constant
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Ca.p defined in (6.21]) converges to +o0o0 as p /' «, there exists pg such that if p € [pg, o), then
Tp_gc% < Capcly. For such p, the previous inequality implies that

E[1X () = YOI frcrynixo=vo} )

p/a
< 2pCap < |:/ HX ” I]-{s<7'n}ﬂ{Xo =Yp} d8:|> ’

8]

Raising this inequality to the power 5 we obtain

EIXE) = YO IPLenynixo—yor]) "
t
< 2“0345’0%/0 E[I1X(s—) = Y (s=)II"L{s<rinxo=vs}] ds.
Let
up(t) = (B [1X (1) = Y () Lprynpxomyey]) "

We apply Theoremvvlth v=0w= QQCQ,/ppcaG and 2 instead of p. Then ¢ = 1—-2 = ==L,

We obtain o
up(t) < (a —p/ 2°‘Co‘/pcG ds> o
« 0

Inserting the formula for Cy, ) from ([6.21]) we get

o

— Co a/p %_p _a I e oy
up(t) < (a P <2a> 2%t =(a—p) » (a 1+P02,a2acgt> "

a—p
Since (« —p)_% <(a—p)~% and a P <o we get
up(t) < (o = p)~* (ac2,a2% )=

Take p  a. We have substituting z = %_p, c3 = e o2% T < 1 and applying the L’Hospital

rule twice
o 1 1 2z
lim (0= p) (aeaa2®eG) ™ = o5 lim %l = o5 Jim, — =
2 1
=————— lim ———— =0. (6.29)

—log(c3)a? a—+co —log(cs)cy
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Thus li/r(n uy(t) = 0. Fix e € (0,1). There exists p < a such that u,(t) < *1*+®) which
p
implies that

E[|X(t) — YOI Lienynixomyy] < eP0F <elte,

By the Markov inequality
1
P(IX(®) =Y (#)l = &,t < 7, Xo = Y0) < SE[IX (1) = YOI L jrarynixo=riy] <&

Since € was arbitrary it follows that X (¢) and Y (¢) coincide on {t < 7,} N {Xo = Yy }. Taking
n — oo proves that X and Y are modifications of each other on {Xy = Yp}. Since they are
both cadlag, it follows that X and Y are indistinguishable on {Xy = Yp}. O

6.4.2 Analytical lemmas

We prove some results concerning the composition of a strongly continuous semigroup and
Hilbert-Schmidt operators. We consider continuity of the semigroup considered as a mapping

on the Skorokhod space.

Lemma 6.16. If K C Lus(U, H) is compact, then sup [|(S(t) — D ||ygw,m) — 0 as t — 0.
LS ’

Proof. In the proof we use a method similar to the proof of [73, Th. 3.2]. Let M = sup ||S(t)]|.
te[0,7)

Take €1 = m and choose covering of K consisting of the balls B(v;,e1) fori =1,...,N.

By Lemma it follows that [[(1 — S())¥ill pq, 1) — 0 @s s — 0 for every i. There exists

such that for s < ¢é and i =1,..., N we have [[(I — S(5))ill,,g,mr) < 5- For any s <4 and

1 € K we find the closest center v; and estimate

1T = SNl g < I = SNl + 1T = SE)E = 00l pe
% + 1+ M)ey

A

=€. O]

Lemma 6.17. Assume that G: H — Lys(U, H) is Lipschitz, that is there exists a constant
¢y, such that

15@) (G(2) = G ysw,m < crllz =yl zy e H.
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Then the mapping
©: D([0,7); H) - D([0,T): Lus(U, H)),  ©()(s) = S(T — 5)G(x(s)).

1s continuous.

Proof. We use the notation ||z||,, = sup [|z(s)| when z € D([0,T]; H) and similarly [|j|| ., =
s€[0,T]
sup |j(s)| when j: [0,7] — [0,7]. Recall that the Skorokhod topology on D([0,T]; H) is
s€[0,7T
induced by the metric

d(z,y) = inf ([x —yojloVId=jls),  zyeD(0,T];H),

inf
Jell
where II is the set of all increasing bijections of [0,7] and Id: [0,T] — [0,T] is the identity
mapping, see [8, p. 124]. By the elementary inequality

aVb<a+b<2aVhb), a,b >0,
we see that the metric d is equivalent to the following one:

d"(z,y) = inf (Jz —yojle +Id—jle), 2y € D(0,T]; H).

inf
J€EIL
Let M := supycpo [ S(1)]]-

Fix z,,2 € D([0,T]; H) such that z,, converge to z and fix ¢ > 0. By [31, Prob. 1, p.
146], the image of [0,7] by z is relatively compact in H. By the continuity of G the set
K = {G(z(s)) : s € [0,T]} is relatively compact in Lyg(U, H). By Lemma we obtain
that for some § > 0

g
I- <. .
Sup sup I =Sy, < 537 (6.30)

15
cg+1°

There exists ng such that for all n > ng we have d* (z,, z) < g. By definition of the metric,

Without loss of generality we assume that ¢ <
for each n > ng there exists j, € II such that

. . )
120 = 2 © jnllog + 1d —jnll o < @™ (n,2) + 5.
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Thus for each n > ng there exists j, € II such that

[0 = 2 0 jnlloo + I1d —jn[| < 6. (6.31)
Since G composed with the semigroup is Lipschitz
d™(8(zn), O(2))

= inf < sup [|S(T' = 5)G(xn(s)) = S(T = 5(5))G(x(5(s))I + [11d _jHoo)

JEIL \ sefo,1]

< sup [[S(T = 5)G(zn(s)) = S(T = jin(s)) G2 (Gn ()| + [[1d —jnl

s€[0,T

< sup [[S(T = s) (G(zn(s)) = G(@(in(S)) (0.1

s€[0,T]

+ :{%I)T]H(S(T =) = S(T = jn(5)) G(@(n()D g0y + 1A =Jnll

<cg sup ||zn(s) — x(jn(s))|
s€[0,T]

+ sup [[S(T = (jn(s) V 8))(S(in(s) V s = 8) = S(jn(5) V 5 = jn(s))) G(z(jn(s)

s€[0,7] HLHS(U H)

+ [11d —Jin | - (6.32)
By we have |s — (jn(s) V s)| <0 for all n > ng and s € [0, T]. Note that
(s s) — 5) — (s s) — i (s)) = Id_S(S_jn(S))v ifjn(8)§57
S(Uns) V'$) = 8) = ((ja() V ) = 1n(5) {S(jn(s) S,

Then by
sup ||S(T = (ju(s) V 8)) (S((Gn(5) V 5) = 5) = S((jn(s) V 5) = jn(s))) G (2(jn(s)

s€[0,T]

< M sup [|(S((a(3) V 8) = 5) = S((als) V 5) = Gu(5)) Glain(s)

s€[0,T7]

HLHS (U,H)

M s 0

< M sup sup ||(Id =S())¥ |l 1,11
s<d YpeK

<

w\m
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Now (6.32)) gives for n > ng
4 (O(zn), O(x)) < ccd + % 6= (cg+1)5+

6.4.3 Proof of tightness

Lemma 6.18. Consider the Picard approximating sequence defined by

Xo(t) = 5(t)Xo,
t t
Xn(t) = S(t)Xo + / S(t—s)F(Xp-1(s))ds+ / S(t—s)G(Xn-1(s—))dL(s) (6.33)
0 0
for n > 1, where the stochastic integral is understood as in Jakubowski and Riedle [49], see

also Theorem If the assumptions [(A1)} |(A2)} [(A4)[ hold, then the sequence (X,,) is tight
in D([0,T]; H).

Proof. We prove tightness in 3 steps. Firstly we show that the definition of X,, makes sense and
that they are cadlag, secondly we verify the Aldous condition and finally we verify condition
(16.22)).

Step 1. The Dilation Theorem was for the first time used to show existence of a cadlag
modification of a mild solution by Hausenblas and Seidler [45]. By the Dilation theorem [99,
Th. 1.8.1], since we assumed there exist a Hilbert space H> H, a projection P: H—H
and a group of unitary operators S such that S(t) = PS(t) for t > 0. We now prove by
induction that X,, is well defined and has a cadlag modification. Suppose that X,,_; is cadlag.
Write

X, (t) = S(t)Xo + PS(t) /0 S(=s)F(X,_1(s))ds + PS(t) /0 S(=5)G(Xp_1(5—))dL(s).

The Lebesgue integral is clearly well defined by the continuity of F' assumed in |(A4)l Thus the

second term on the right-hand side is a continuous process. We prove that that the integrand

~

s S(—8)G(Xn_1(s—)) (6.34)

is caglad. Fix sg < s <t. We show that the right limit exists. We have

S(=8)G (X1 (5=)) = S(=50) G (X1 (s0))|

Lus (lezl)
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= H (S(=5) = S$(=s0)) G(X"*(s_))’ L (U.1)

. (6.35)
+|[$(=50) (G (Xam1(5-)) = G(Xma(50))

LHS(U7H)

The second term on the right-hand side tends to 0 as s \ sg by and the right-continuity
of X, _1 and the continuity of the embedding H C H. For fixed w € Q it follows from
and [31, Prob. 1, p. 146] that the set {G(X,—1(s—)(w)) : s € [0,t]} is relatively compact in
Lys(U, H ). Therefore, by Lemma applied for H instead of H the first term on the right-
hand side of tends to 0 as well. Similarly, one shows that the limit of S(—s)G/(X,_1(s—))
from the left equals S(—s0)G(Xn_1(so—)). This proves that the mapping is caglad.
Thus, the integral in is well defined according to [49] and X, has a cadlag modification.

Step 2. Fix e,7 > 0. We have for any 6 > 0 and a sequence of stopping times (7;,) such
that 7, + 0 < T

Xn(mn +0) — Xpn(m0)

Tn+6
=S(mn +0)Xo+ / S(Tn+0 —s)F(Xp—1(s—))ds
Tn+0 ’
+ /0 S(tn + 0 — 5)G(Xp—1(s—))dL(s)
— S(m) XO—/ S(rn — s)F(Xy, ds—/ S(mn — $)G(Xp—1(s—))dL(s)
= () (S(6) = )Xo+ [ (7 = 9SOF (X,1(5-)) ds
Tn+6
/ S+ 0 — 8)F(Xn_1(s—)) ds

Tn+0
+ [ 8- WM’()NM)L/ S(7 + 0 — 5)G(Xo_1(s)) dL(s)

/5 — ) ds—/ S(7n — 8)G(Xp_1(s—)) dL(s)

— S() (S(6) — I) Xo + / St — 8) (S(8) — I) F(Xn_1(5—))ds
T Tn+0
+A S(r —@@@—)&x~<>mu>b/ S(r+0— 5)F(X,_1(5—)) ds

Tn+6
+ / S (40— )G (X1 (s—)) dL(5).

n
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Thus

P([| Xn (7 +0) = Xn(m)|| 2 m)
< P (18(ra) (5(0) = D) Xol| = 1)

4P < /OT” (5(8) — I) S(1n — 8)F(Xn_1(5)) ds
+ P

1
> 1)

Tn+0
/ S(mn +60 —s)G(Xp—1(s—))dL(s)

+ P

(
+P < /:w S(rn 40— ) F(Xp_1(s)) ds
(

=:e] +eg+e3+eq+es5.

Let M := sup ||S(t)||. For e; we have
te[0,7)

er = P (I8(r) (56) ~ 1) Xoll = 7) < P(I(S0) = DXoll = 70 )

By the strong continuity, e; tends to 0 as 6 tends to 0. By the Markov inequality we have

< 5

r T
[ 20 (560) = D505, = )P (a6 s
r pT

&
I
o

/0 " (S(8) = 1) S(7 — ) F(Xn_1(5)) ds

IN
=

|

/0 Ljo,r, 1 (8)[[(S(0) = ) S(70 — 8) F (X1 (s)) dS] :

&=

I ot I |

We estimate

1(S(0) = 1)S(7n — ) F(Xn-1(s))l 1
< 1500) = Il 2p(—aysy,m 15 (T — ) F(Xn-1(5)) || p(— aysy-  (6.36)

Theorem 2.6.13(d) in [73] states that for all 6 € (0, 1] one has for some C' > 0

1S(t) — IHL(D((_A)&),H) < Ot (6.37)
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By (6.36) and [(A2)| we get ea < C0°My. For the third term we get

5%C2 o T o
e3 < nj E[/O Lo,7,,) ($)1(S(0) = 1) S (70 = 8) G (X1 (s=)) L5011y A5 -

We estimate as in (|6.36))

1(5(0) = 1)S (10 = 8)G (Xn1(5=)| Ly 0,10

< 15€0) = Il op(—aysy,m 15 (mn = )G (X1 (sl s, D((— 2)5))-

Using (6.37)) and the boundedness|(A2)| we get e3 < 5263’“ CMSTO°. By|(A2')| and the Markov

inequality

Tn+0 n
es =P < / S(Tn+0 —s)F(Xp_1(s))ds|| > 5>

5 T o

<28 || [ a5+ - PG o) as|
LIIJO

5 r T
<] [ IS 0~ F O ()] ]
=

n

Note that by and tail estimate from Theorem

65:P<

> N
-5
5%C2,a

Tn+0
< UTE [/ 15(70 + 0 — 8)G (Xn—1 (s s 0.1 ds]

T
\ [t 618+ 0= )65 4105

«

)
S MOOCCZaTliaH.

Thus the Aldous condition holds.

Step 3. According to [7, Cor. 3.8.2, Th. 6.7.3] it follows from |(A1)(iv)| that the embedding
of D((—A)?) C H is compact as well. Thus the closed ball Bp((~ay5)(0, R) is compact in H.
Note that

P (Xn(t) ¢ BD((—A)5)(07R)) <P (Hs(t)XOHD((A)é) > ];)
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/Ot S(t—s)F(Xp-1(s))ds

+P ’ S B
D((-A)%) 3

+ P ‘ >E
D((-4)) 3

We have P <||S(t)X0HD((_A)5) > % — 0 as R — oo because S(t)Xg is D((—A)®)-valued by
[73, Th. 6.13(c)|. Secondly, by

d

/0 S(t—s)G(Xp—1(s—))dL(s)

LB
D((-4)%) 3

/Ot S(t—s)F(Xn-1(s))ds

IN
T w e ~—

T
E [ [ 180 = O a0
T

My

IN

and

d

/0 S(t — $)G(Xn_1(s—)) dL(s)

. R)
D((-Ay) 3

co, 3« t N
< ﬁE [/0 1S(t = $)G(Xn-1(s=))| Lo v, D((— 2)%)) A8
< CQE‘S M&T
It follows from Theorem [6.8| that the sequence (X)) is tight. O

In the following result the Hilbert space H x H is equipped with the norm

2 2
Iz )l =Nzl +lll®, =y € H

Corollary 6.19. The sequence (X, X,,—1) is tight in D([0,T]; H x H).

Proof. Firstly, we verify the Aldous condition for the joint sequence (X,,, X,,—1) € H x H. Fix
g,n > 0. Since we already know that the sequence (X,,) satisfies the Alous condition, there

exists 0 such that for all stopping times 7, with 7, + 6§ < T

€
sup sup P (HXn(Tn +0) — X (m)|| > 77> < 3
neN 0<0<d
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We have

P([(Xn, Xn—1) (70 + 0) — (X3, Xp1) () [| = 1)

<p (nxn(m 1 0) — Xo(ra)| > %) PP (|Xn1<rn 1 0) — Xoa(r)] = %)

<e

forn € Nand 0 <.
Secondly, we prove that (6.22)) holds with the subspace I' = D((—A)?%) x D((—A)?®). Choose

R such that P (HX,L(t)HD((fA),;) < %) >1— £ for all n € N. We have with

P(I(Xn, Xo-0)Ollp > B) < P (1Xa®)llp > ) + P (1Xaa(lp > ) S+ 5 =2 O

6.4.4 Estimates of the norm of the difference between X,, and X,,_;

Lemma 6.20. Let ¢y be a constant such that for all p € (1, @)

—1 a—1
op (1/:161} + CpG <cg.
(Cz,a AN cz,a) o

Assume |(A1)] and also suppose that

Tv ((% Ve en (T v Tl/“)) <1. (6.38)

Ne’

and additionally that

T T
/ E [IS(6)G(X0) | 01| dt+/ E [[|S(t)F(Xo)[|”] dt < oc. (6.39)
0 0

For each ¢ € [0, T] the sequence (X, (t) — Xp—1(t))n converges to 0 in probability.

Proof. Step 1. We prove that for every ¢ € [0, 7]

lim lim E[|X,(t) — Xn_1(8)|P] = 0. (6.40)

p/‘a n—oo
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We start with the following estimate

E[[[X1(8) = Xo(®)")

:E[ /0 S(t—s)F(Xo)ds+/0 S(t — s)G(Xp)dL(s)

< -1 (E[ p]—i—E[

Applying together with Proposition results in
) T p/o
E[IX1(t) — Xo(t)[) = 21 77% <E [ / ISt - s>F<X0>||adsD
p/o
o — p/a
< 20‘10a,p</ < [/ ISt — s)F(Xo)||“ dS])
( A Cga
p/o
+ (&[] [ 150600 ywma]) ).

where the last step follows from the fact that 7" < 1. The right-hand side is finite by (6.39).

Thus for some constant ¢; for every p € (1, a) we have

]

/0 S(t — $)G(Xo) dL(s)

tS(t — 5)F(Xp)ds

i)

sup E[||X1(t) — Xo(t)||"] < Capcr. (6.41)
te[0,7)

We estimate again by (6.28) and Proposition
E | Xn(t) = Xn-1()]"]

= E{ / S(t—s) (F(Xn-1(s)) — F(Xn-2(s)))ds
0

< oP~lR [

+ / S(t — ) (G(Xn_1(5-)) — G(Xn_a(s))) dL(s)
0

(t = 5) (F(Xn-1(s5-)) = F(Xn-2(s—)))ds

+ 27 'E [ (t = ) (G(Xn-1(s—)) — G(Xp_a(s—))) dL(s)
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<ot (g 10— ) (F(Xoor(s-)) — F(Xaa(s-))° s )p/a
#2710, (£ [ 150t — 5) (X 1(5-) — CEn a5 s )p/a .

From with ¢ = £ < 1 we have
E[[|[Xn(t) = Xn-1(D)]"]

p/a

<ot (g X1 (s-) Xoa(s )P as])

p/a

+ 277 Ca ( /O G [ X1 (5-) — Xna(so) P ds)

4 . p/a
< 1C,, T e (E [/ [ Xn—1(s—) — Xn—Q(S—)deSD
<C2,a A C2,a) o 0

p/a

< Coyen (| [ Xuo1(t1) — Xooa(t2) ] an)

Iterating:

E[IXn(t) = Xna(D)]"]

t t p/a p/a
< Copen / Covpen < / E[nxn2<t2>—Xn3<t2)||p]dt2> at;
0 0

142 142 t ty p/a p/ox
~aifalt( ( | BlIXaa) - Xomslta) P dt2> at
0 0

n—2

IN

2 (p)? Y2 1yp P2y (2

« (/Ot </Ot . (/OtH E [[|X1(tn_1) — Xo(tn_1)|"] dtn_1>p/a 3 .)p/a dtl) p

p(p)2 p\*=1 jip P2 (P2 (pyn-l
SColz:;a+(a) +"'+(a) CH+a+a2+ +(a) CE )

/a
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¢ tl t o p/a p/a p/a
X / / (/ dtn1> dtl y
0 0 0

where the last inequality follows from (6.41]). Since

t t1 tn—2 p/a p/a p/a
o /(/ ._.(/ dt,”) ) "
0 0 0
t t1 tn—3 P p/a p/a p/a
_ /(/ ._.(/ t;de) ) "
0 0 0

/t /t1 /tn—4 ( 1 1+p> z p/a p/a
= . —t, 3 dt,,—3 - dtq
0 0 0 1+2 3

we have inserting also the formula for the constant C,

E[I|Xn(t) = Xna ()]

)nfz . 4 P £ (2)? p/a p/a p/a
JA Y ( JAs dtn3> ) an
0 0 0

B S e \EES(R) p B o
< (Plep) L . & (%) ta?(a—p) -
<( 2,00 @) Cy Cr a—p

ﬁ( ) (2"
X

k
=2 \1— (%)

s EET e N s
< (P —y- -2 (%) ( > jo -2
< (0 @) CH cr a—p i

aO{




We now prove that

n—1 1 (
lim _— =1.
nﬁ\oo]}_g (1 _ (Z)k>

n—1 1 (g)n_k
_ > 1.
()

Therefore, taking the logarithms in (6.42)) it is enough to prove prove that

' n—1 D n—k 1
hmsupZ(—) log ok <0.
=2 1- (%)

n—oo

Observe that

(6.42)

: : n n : 1 1
We split the sum according to k < bJ and k > bJ Since log <),c) < log (1_(2)2> we

1—(

Qs

have

which converges to 0 as n — oco. Secondly, we use the inequality

1 1
1 —— ) = —log(l —z) <log(4 =
Og(l—x) og(1l —z) <log(4)x, x € <O,2),
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[l

to estimate for n such that (g) [5]+2 <

nzjl (p)n_klog< k) < log(4) =
—ne =@ g
~ log(4) "zzl (g)n (6.45)
e=l3)
-t (o1 [3])(2)

whecich converges to 0 as n — oo. Combining (6.44)) and (6.45|) finishes the proof of (6.43)) and

(16.42]).
Therefore ) .
lim £(n,p) = (& acyt?/®)F
n1_>m g(n p) ( 2, acH ) a _pag 1_1§
EEUE |
= (B epal )=k o (6.46)
o 1

< ((c2a v een(ev /)"

Let ¢3 = (c2,0 V c;/(j)cH(t V t1/%). Note that c3 < 1 according to condition (6.38). One can
show similarly as in (6.29) that the right-hand side of (6.46]) converges to 0 as p * a.. Thus,

I}%?}ggof(n,p) =0

This finishes the proof of (6.40)).
Step 2. Fix € € (0,1). Equation (6.40) implies that for any €1 > 0 we can find py such
that if p € [pg, @), then le E (|| Xn(t) = Xn—1(t)||"] < %. Then there exists ng(p) such that
n—oo

for n > ng(p) we have E[|| X, (t) — Xp—1(8)||"] < 1.
. There exist p < a and ng(p) such that for all n > ng(p)

Take g, = e!t®
E[|Xn(t) — X1 (B)|F] < '

we estimate by the Markov inequality
1 EIIX X P
< ep [H n(t) - n—l(t)H ]S ca

P([|Xn(t) = Xna ()] =€)
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for n > ny(p). O

6.4.5 Cylindrical Lévy processes as metric space-valued random variables

We now give some preparatory lemmas, which lead to a conclusion that every cylindrical Lévy
process can be viewed as a random variable taking values in a Polish space.

We recall some facts about continuity of evaluations with respect to the Skorokhod topo-
logy, see [48, Lem. VI.3.12, Lem. VI.3.14]. For a a cadlag process X let J(X) := {t > 0 :
P(AX(t) #0) > 0}. The set J(X) is at most countable.

Let (5, d) be a metric space. Recall that for each ¢ € [0, 7] the function m;: D([0,T]; S) — S
defined by m(z) = x(t) is measurable, see [8, Th. 12.5(ii)]. Recall from [8, p. 133-134] that
for ¢t € (0,7T") the function 7 is continuous at = if and only if x is continuous at ¢, whereas
o and 7 are continuous everywhere. Thus if X and Y are two S-valued processes with the
same distribution, then for any B € B(S) we have P(X(t) € B) = P(X € n; }(B)) = P(Y €
7,1 (B)) = P(Y(t) € B), which proves that X (¢) and Y (t) have the same distribution.

Lemma 6.21. Each cylindrical Lévy process L is continuous as a mapping
L:U — L°Q, F, P; D([0,T]; R)).

Proof. The result follows from the closed graph theorem for F-spaces, see |88, Th. 2.15]. Take
xn, — x such that L(-)z, — X in probability in D([0,7];R). By the continuous mapping
theorem [51 Lem. 4.3] we have that L(t)x,, — X(t) for t € J(X). Since for each t € [0, 7]
the mapping L(t): U — L°(Q;R) is continuous, it follows that L(t)x,, — L(t)z. Thus X (t) =
L(t)x a.s. for t € J(X). Since both processes are cadlag, we obtain that X (t) = L(¢)x for all
t€[0,7] a.s. O

Let (uy) be countable dense sequence in U. With each cylindrical Lévy process L we

associate a mapping

Ap: Q= [[ D0 TER),  Ap(w) = (L(-)un)(@))pex - (6.47)

n=1

o

Lemma 6.22. [] D([0,7T];R) is a separable and complete metric space. The function Ay, is
n=1

measurable.
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Proof. For the first statement see [33, Cor. 2.3.16, Th. 4.22, Th. 4.3.12]. We prove that Ay,
is measurable. Recall that the base of the product topology consists of the sets of the form
[1,2, Gn, where all G, are open and all except for finitely many are equal to the whole space
D(]0,T];R). Since the space is separable, every open set is a countable union of the sets of
this form, see [33] Cor. 4.1.16]. Thus, to prove that A is measurable it is enough to check that
for any N € N and any open sets G1,...,Gy the set

N o)
ATt (Han 11 D([O,T];R)) (6.48)

n=N-+1

N
belongs to F. The set (6.48]) is equal to [ {w € Q : L(-)u € G,} and each set in the
n=1

intersection is measurable since every Lévy process is measurable as a mapping from €2 to

D([0,T];R), see [8 p. 135]. O

Note that A, uniquely determines L as for u € U \ {u,, : n € N} we find a subsequence
(un, ) converging to u and then by the continuity of L(t) we have that L(t)u = klim (AL(t)),,
—00
where the limit is taken in probability.

6.4.6 Distribution of the stochastic integral

We show that the stochastic integral has unique distribution. The same result for integrals
with respect to Poisson random measures was shown by Brzezniak and Hausenblas [14]. Our
presentation is much simpler, at the expense of being less detailed: we neglect without making
further comments sets of measure 0. In some aspects our lemma is less general than the result
in [14]: we consider integrals at fixed time ¢ € [0, 7] rather than integrals viewed as processes

in the Skorokhod space.

Lemma 6.23. Let ¥; and ¥y be two caglad, adapted, Lyg(U, H)-valued processes defined
on (Q, F1, P1, (F})) and (Qa, Fa, Py, (F£)) respectively and such that £(¥;) = £(¥s). Let

Li:U— L% (0, Fu, P, (F))) Ly: U — L° (Qa, F2, Py, (F7))

be two cylindrical Lévy process on U with the same distribution. Then for every ¢t € [0, T]

8% (/Ot U (s) dLl(s)> % </Ot Uy(s) dL2(5)> .
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Proof. We first consider the case when ¥; and Ws are simple. Without loss of generality we

may assume that the partitions of [0, 7] for ¥; and ¥y are same. That is we have for ¢ € [0, T

N-1 N-1
Uy (t) = Uoloy(8) + D Wil ey (t),  Ua(t) = Toliop(t) + > Uil e,y (t)  (6.49)
i—1 i=1
and ,
Ul = Z La iy V=) 1 ol (6.50)
j=1

and 1} 0T 2 ;€ Lys(U, H). We may assume that for each i there are no repetitions in the
sequence 1/11 1o 71/’2'1m1 (and similarly for 1/)Z Lreo- ,¢i2m1). Since ¥; and Wy have the same
distribution it follows that mi = mf =:m; and that

(Wi Ui} = {00 Ui}

We may assume that 1,[)2 L= Z Lo, mi 1/’3,% and Pl(AilJ-) = PQ(A%J). Then

t
L(t) = /0 8)dLa(s Z Z La Tt (V1)

N—1 m;

t
L(t) = /0 () dLa(s) = Y L 2 (02)).

=0 j=1

Using the independent increments of L1 and Lo and the adaptedness of W1 and W9 we calculate
the characteristic function

erp(h) =E O]

N— m;
(L (tir1) =L (8) (] ;)*h)
(5

1
i=0 N j=1

|
i

E

)

S —
2¥)
=0
MmN—1 . 1
X P(An_1;)E [el(Ll(tN)_Ll(thl))((wal’j) h)}
j=1
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— H . P(ALDE [ei(Ll(ti+1*L1(ti))((1/)i1,j)*h)}

1,7
0 j—=1
N—1 m;
— PQ(A’LZ,]')E [ei(Lz(tiﬂ)*la(ti))((iﬁij)*h)]
i=0 j=1
= ‘Plg(t)(h)

Now take ¥y and Wy arbitrary caglad adapted Lys(U, H)-valued processes. Note that it
is enough to prove that we can find a sequences simple processes (®.) and (®2) of the form
(6.49)—(6.50) approximating ¥; and Wy and such that £ (®l) = £ (®2). Indeed, for such

sequences it follows that

#rm(h) = lim PlraL(s) dLy (s () = lim P 1t a2 (s) dLa(s) (W) = er(h)-

n—o0 n—oo
Let m, = (f,...,t; ) be a sequence of partitions of [0, 7] with mesh converging to 0. Let
P} (t) = Wy (t) and @2 (t) = Wa(t) for ¢ € [t} ¢}, ;). By Proposition V1.6.37 of [48] the processes
Ll and ®2 converge a.s. to U1 and W5 in the Skorokhod topology. O

6.4.7 Main result and proof

Theorem 6.24. Under assumptions|(A1)H(A4)| equation (6.26|) has unique mild solution.

Proof. We prove the theorem in several steps. We first prove existence of a weak solution with
additional assumptions on the initial condition and the time horizon 7. Then we obtain a

strong solution and finally remove those extra conditions.

Step 1. Existence of weak mild solution assuming (6.27)), (6.38) and (6.39)).
By Corollary we have the joint tightness of the sequence (X;,, X;,—1)n=1,2,.... Then also

the sequence (Ar, Xy, Xp,—1) is tight and we select a convergent subsequence (Ar,, Xy, , X, —1).
By a version of the Skorokhod theorem in [I5, Th. C.11] applied in the metric space

(ﬁ D([07T];R)> x D([0,T); H x H),
n=1

there exists a probability space (Q,.F, P) and a sequence (B, Xj,Y};) of random variables
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defined on Q with the same law:

g(ALaXnk7Xnk—1) :g(BaX]ka)v ]{IGN,

and such that X — X and Y, — Y a.s. when k — oo. Note that in particular £(X,(0)) =
L(Xo) and L(Xy(t), Yi(t)) = L( X, (t), Xp,—1(t)) for every t € [0,T].

We construct a cylindrical Lévy process L on €. Take u € U and a subsequence (uy,)
of the sequence (u,) used in the construction of Ay in Subsection such that w,, — u.
The distribution of the whole sequence (B (t))nk is same as the distribution of (AL (t)),, =
L(t)(up, ). Thus, (B(t))nk converges in probability and we denote its limit as L(t)u.

We show that X and Y are indistinguishable. By Lemma, for any ¢t € [0,7] and € > 0

P (| Xk(t) = Ya(0)]| = €) = P (X, (6) = Xo, 1(0)]| > ) = 0.

It follows that X} (t)— Y (¢) converges to 0 in probability. By the continuous mapping theorem
Xi(t) — X(t) as. and Yi(t) — Y(t) as. for t € [0, 7]\ (J(X) U T (Y)). We apply [80, Th.
3.4] and obtain that

X(t) =Y (t) as. for t € [0,T]\ (J(X)UTX)).

For t € J(X) U J(Y), since [0,T]\ (J(X)U J(Y)) is dense in [0,7] we can find a sequence
(tn) C [0,T)\ (J(X)U J(Y)) which decreases to t. Since X(t,) = Y (t,) a.s. for each n we
get that also X (t) = Y (t) a.s. This proves that X and Y are modifications of each other and
since both processes are cadlag, they are indistinguishable.

We show that the new sequence satisfies the same equation:

Ku(t) = S() X4 (0) + /0 " S(t - s)F(Ti(s)) ds + /O 'St - )G(Ta(s—) dE(s).  (6.51)
We know that
E[HXnk(t) S X — /0 S(t— 8)F(Xn, 1(5)) ds

_/0 S(t—s5)G(Xpn,-1(s—))dL(s)

/\1]—0
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and L£(X,,, Xy, —1,L) = L(Xy, Y, L). Tt follows by Lemma that

IE[HXk(t)—S(t)Xk(O)— /0 S(t— $)F(Vi(s)) ds — /0 S(t — $)G(Vi(s—)) dL(s) /\1] —0
and thus holds a.s.
By Theorem [2.§]
/0 S(t — $)G(Va(s—)) dL(s) — /0 S(t— $)G(X (s—)) dL(s), (6.52)

in probability, for every t € [0, 7. Since it is assumed in [(A4)|[that F' is continuous, it follows
that for s € [0,#] \ J(X) almost surely

St — s)F(Vi(s)) — S(t — s)F(X(s)).

The boundedness of F' in Remark implies that we can apply the Lebesgue dominated

convergence theorem to get that

S(t—s)F(Yi(s—))ds — [ S(t—s)F(X(s—))ds, (6.53)
s s

in L'(Q; H). Passing to a subsequence if necessary, we get that the above convergence holds
in probability.

We take k — oo in (6.51)). By (6.52)) and (6.53)) the right-hand side converges in probability
for every t € [0, T]. The left-hand side converges a.s. for t ¢ J(X) and we get

X(t) = S(H)X(0) + /0 S(t — s)F(X(s)) ds + /0 S(t — $)G(X (s—)) dL(s)

almost surely for ¢t ¢ J(X). The right-hand side is cadlag by the Dilation theorem and the
left-hand side is by definition. Thus the conclusion holds for any ¢ € [0, 7.

Step 2. Existence of a strong solution with the additional assumptions (6.27]), (6.38]) and
(6.39).

A very general version of Yamada-Watanabe theorem is presented in [50], see also [57]. We
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take the Polish spaces

SlzD([OvT];H)v So = H x ﬁD([O,T];R),

n=1
an So-valued random variable Y given by Y = (Xg, Ar), see (6.47)), and filtrations defined by
FX=0(X(s):s<t), FY =o0(Xo)@o(L(s)u:u€eUs<t)

for t € [0,7]. By [48, Prop. V1.6.37|, if we take a sequence of partitions m, = (...t} ),

ty = '%T, k =0,...,n with mesh converging to 0, then the discretised processes defined by

Xot) = X(8),  for t € [11,41,1),

converge a.s. to X in the Skorokhod topology. We discretise both integrals appearing in the

equation:
— k kK\\ T
() .= — S{t—(—At FIX|tNn— —
0==25 (= (Ge)) P (x (00)) %
n—1 %
kE+1)T kT k k
£ o ) 4 oo (s ))
P n n n n
Equation (6.25)) can be written in the form of a constraint I" appearing in [56] given by

lim E[LAX(1) - S0Xo— L) - O =0, t>0.

We show that uniqueness in the sense of [56] holds but first we recall some notions from
that paper. Two solutions X; and X are jointly compatible with Y if for any ¢ € [0,7] and

for any bounded measurable function h: So — R
E [h(Y)]}'tXl vFX v EY } —E[n(Y)|F] as.

It follows by taking h which depends only on ((xg,a(t + s) — a(t)) : (xg,a) € S2,s > 0) that
for any two compatible solutions X; and X5, L is a cylindrical Lévy process with respect to the
filtration (ftx v .7-'tX 2V FY )telo,r]- Therefore pathwise uniqueness in Proposition implies

uniqueness of jointly compatible solutions. Lemma 2.10 in [56] implies that uniqueness in the
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sense of [56] holds. By Theorem 1.5 from [56] there exists a strong compatible solution and
by Proposition 2.13 therein it is adapted.

Step 3. The case of the general initial condition.

We proceed as in the proof of [I, Th. 6.2.3]. Let 2, = {||Xo|| < n} and let X,, be the
solution of the equation with the initial condition X¢lg, . By Proposition for n > k the
solutions X,, and X}, coincide on ;. Let X = X on Q. Since Q,, 7, it follows that X
is a solution. If Y is another solution, then Y = X,, = X on Q,, again by Proposition [6.15]
and thus pathwise uniqueness holds. This finishes the proof of the Theorem in the case when
and hold.

Step 4. Arbitrary T > 0.

We find time Ty such that [0, Tp] U [To, 2To] U ... U [(n — 1)Tp, nTp] = [0,7] and and
hold with T replaced by Ty. The previous considerations show that there is a unique
mild solution on [0, Tp], say X;. Similarly there exists a unique mild solution, which we call
X9 on [Tp,2Tp] with the initial condition X;(7p). We continue this procedure and define
X(t) :== Xi(t) for t € [(k — 1)Tp, kTp)]. O
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Appendix: Proof of the Schwarz

inequality

We present the proof of Theorem since it is not easily available in the literature.

A.1 Special case

We first prove the theorem in the special case when
E™ has the metric approximation property and F' is reflexive. (A.1)

Proof of Theorem under assumption . In the space of cylindrical probability meas-
ures on I we say that (u;) converges to p in the cylindrical sense if for any finite-dimensional
Banach space G’ and any bounded operator v: E — G we have that v(p;) — v(p) weakly.
Denote by M(F') the set of Radon probability measures on F. We observe that the cyl-
indrical convergence is weaker than the weak convergence. Indeed, take p; — p weakly on
F' equipped with the weak topology. Take a finite-dimensional Banach space G, a continuous
linear operator v: F' — G and a bounded continuous function f: G — R. Then v is weak-
weak-continuous. However, G is finite-dimensional, so in fact v is weak-strong continuous. It
follows that [, fovdu; = [ fowvdu. Thus pj — p cylindrically. The proof of the theorem
is divided into four steps.
Step 1. Inequality holds for convex combinations of Dirac deltas.

We take .
H=2_ crdy,
k=1
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n
with > ¢ =1 and (yx) C E. For simplicity we write u as
k=1

n
H= Z Ckéclzl/p:ck
k=1

n
with z, = c,lg/pyk. Note that u(p) = > ck5cgl/pu(zk). We calculate
k=1

n 1/p n 1/p 1/p

lu(p)ll, = (Z%HC}C u(zy, Hp> = (leU(wk)llp> < mp(u) sup (ZI$ k) > ;
k=1 k=1 ”” "€Bp

(A.2)

where the last inequality follows from the definition of the p-summing norm. Secondly,

n 1/p n 1/p
* — * p *
= s 10, = s (ch\cﬂpw m)]) - sup <Z\x <xk>\P) .
k=1

T* E* z*EBpx* k=1 z*€EBpx*
(A3)

Now, ((5.4) follows from (A.2]) and ( .

Step 2. For any Cyhndrlcal probability measure p there exists a sequence of convex com-
binations of Dirac deltas (u;) such that y; — p cylindrically and [[u;]|) < [|p], for all j.

In the proof we follow Maurey [64, Prop. 6]. Since E* has the metric approximation
property, by [19, Cor. 3.4] there exists a sequence of finite rank operators m;: E* — E*
converging to the identity strongly and such that ||7;|| < 1.
be a basis of 7mj(E*). By the Auerbach lemma [29, Lem.

6.26], there exists a corresponding basis a;1,...,a;,; of m;(E*)* such that a;;(z;r) = -

*
For each j let x5,,... 27,

We extend a;; to functionals on E* and show that they are weak*-continuous. By [24, Cor.
V.12.8] it is enough to verify sequential continuity. Let y* € E* converge to 0 in the weak*-
topology. By the compactness of 7, m;(y;;) — 0 in norm. The equality

nj
) = Z aj,k(y:L)% k
k=1

together with the uniqueness of the representation as a linear combination of the basis vectors

imply that a;(y;) — 0 as n — oo.
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Weak*-continuity of a;; proves that a;; € E, see [88, p. 95]. Thus

= Zw*(aj,k)x;f’k, z* € E*
and 7} is given by
%k %k
Zaz T 1)@ ks RS D

From this representation we see that 77: E** — E. We can therefore define a measure on E
by ;= (77)|£(n). We have

. 1/p
Il = s ([ @P wytan)
y*EBpx
p 1/p
= sup </|y ‘ (dx))
y*€Bpx
1/p
= sup </\7T] (dx))
y*EBE*
Hver( sup [y @)l dx))
y*€Bpx

< llpll-

IN

We show that p; converge to p in the cylindrical sense. Let G be a finite-dimensional
Banach space and v: E — G be linear and continuous. Note that H(v om; — v)*” =
||j(v*) — v*|| converges to 0, because m; converges to Id strongly and v* maps from G¥,
which is a finite-dimensional space. Then [64 Prop. 3| guarantees that v(u;) — v(p) weakly.
Finally, every Radon probability measure can be approximated by convex combinations of
Dirac deltas, see [11, Ex. 8.1.6].

Step 3. Let S C M(F) be the set of Radon probability measures p on F with [|ull, < M.
Then S is compact in the topology of weak convergence and closed in the topology of cylindrical
convergence.

We firstly show that S is closed and secondly that it is relatively compact. By definition
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of the weak topology in the set of probability measures, the map from M(F') to R defined by

pesf) = [ (@) ulao) (A4)

is continuous for f € Cy(F;R). If f € C(F;R4), then the map is lower semi-continuous.
This follows from the fact that it is a supremum of continuous mappings p — p(f1)s<, +
nlifs,). Taking f(z) = [|z||” we get that p + |[u[|, is lower semi-continuous. Now, S is
closed as the preimage of (—oo, M].

We show that the set S is relatively compact. Let K = Bp(0, R). Then by the Chebyshev
inequality

lelly e
R T

Since F' is reflexive, we get by the Banach—Alaoglu theorem that K is compact in the weak
topology. By the Prokhorov theorem, see [I01, Th. 1.3.6], we get that S is relatively com-
pact. Note that the use of the Prokhorov theorem is justified, because the weak*-topology is
completely regular Hausdorff, see [65, p. 223].

It follows that S is compact in the topology of weak convergence. Since the topology of
cylindrical convergence is weaker, it follows that S is also compact relative to the topology of
cylindrical convergence. From here, S is closed.

Step 4. Let u; be a sequence of discrete measures obtained in Step 2. By Step 1 we have

lulup)ll, < mp()llpgll, < mp(w) - (A.5)

Since p; — p cylindrically it follows that for any finite-dimensional Banach space G, any linear
and continuous v: F — G and any f € Cy(G,R) we have by the very definition of cylindrical

convergence applied to v o u that

@ etutuan) = [ st @ - [ fow@)ua = [ e o))

as j — oo. This gives that u(p;) — u(p) cylindrically. Each u(p;) lies in the set S from
the previous step with M := m,(u)llull;. By Theorem u(p) is a Radon measure i.e.
u(p) € M(F). By the closedness of S in the cylindrical convergence, the limit u () must also
lie in S, which means that it satisfies [lu(u)|, < mp(u)l|pll,. O
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A.2 General case

Proof of Theorem[5.3 in the general case. We assume first that p > 1.
Let K = Bg~, which is a weak*-compact. We define a mapping

ig: B — C(K), ig(x)(z") = (¥, x).

One can show that if is an isometry. By the Pietsch Factorisation Theorem [29, Th. 2.13| there
exists a Borel probability v on K, a closed subspace X,, of LP(v) and an operator 4: X, — F
such that jyip(E) C X, and 4j.ip(z) = = for © € E, where j, the embedding of C(K) into
LP(K) and jf is the restriction of j, to ig(E). That is, the following diagram commutes:

The measure v and the operator @ can be chosen so that ||4| = mp(u).
We have

lu()ll, = [[agy ie (W, < Nz, mllip e, = m@)lliie@l, (A.6)

where the last equality follows from the fact that X, is isometrically embedded into LP(K, v).
Note that the dual of C'(K) has the metric approximation property, see [89, p. 80| and that
LP(K,v) is reflexive i.e. assumption holds. It is well known that the inclusion j, of C(K)
into LP(K,v) is p-summing and m,(j,) = 1, see [29, Ex. 2.9(b)]. Thus, applying Theorem [5.2]
for the cylindrical measure ig(p) on C(K) and the mapping j,: C(K) — LP(K,v), we get

lipie(l, < mp(p)lie(wll,. (A7)
We observe that
lip(wl, = sup |z"ig(pl, < sup [z*(w)l, =[x, (A.8)
I*GBC(K)* z*€EBpx*
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where the last inequality follows from the fact that for each z* € Bg(x)~ the functional
x*ip: E — R belongs to Bg+«. Thus, (A.7) implies

lapi ()l < llull- (A.9)

Combining this with establishes claim in the case p > 1.

In the case when p = 1, we assume that F' has the Radon-Nikodym property. By Theorem
Theorem u(p) is a Radon measure on F. Now we repeat estimate . We cannot
directly apply the previous case for the cylindrical measure iz (1) and the mapping ji: C(K) —
L'(K,v) as the space L'(K,p) is not reflexive. However, we observe that Steps 1 and 2 of
Section A.1 do not require reflexivity. In Step 3. we obtain that j1i(u) is a measure on
LY(K,v)**. We can apply Step 4 with the space L'(K,v)** instead of F' and in this way
obtain inequality . Inequalities and follow and thus the claim is proven also
in the case p = 1. O
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