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Abstract

The aim of this thesis is to characterise the statistics of the top eigenpairs of sparse symmetric
random matrices, adopting the perspective and the tools of statistical physics of disordered
systems.

Our first main result is the development of a statistical mechanics formalism to compute
the statistics of the top eigenpair of sparse ensembles. Framing the problem in terms of op-
timisation of a quadratic form on the sphere and introducing a fictitious real temperature, we
employ the cavity and the replica methods to determine the solution in terms of functional self-
consistency equations, which are efficiently solved by a population dynamics algorithm. In our
derivation, the structure of the density of the top eigenvector’s components is understood in
terms of the heterogeneous contributions coming from nodes of different degrees.

Then, introducing a “deflation” mechanism — that maps the largest eigenvalue of a matrix
to zero while leaving its eigenvectors invariant — in conjunction with the statistical mechanics
framework used for the top eigenpair, we study the statistics of the second largest eigenpair of
sparse ensembles assuming that the top eigenpair statistics is known. This is the second main
result of this thesis. The orthogonality condition between distinct eigenvectors naturally arises
in the solution and is included in an appropriately modified version of the population dynamics
algorithm. We also show that the population dynamics algorithm is not able to accurately
capture the thermodynamic limit N — o when using a finite population size Np. We find
evidence of the existence of an optimal population size Ny for a given graph size N.

Our results are in perfect agreement with numerical diagonalisation of large sparse ad-
jacency matrices, concentrating on the cases of random regular and Erdds-Rényi graphs and
sparse Markov transition matrices for unbiased random walks.

Before deriving our main results, we provide an extensive presentation of the cavity and

the replica methods, using the problem of the average spectral density as a case study.
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Chapter 1

Introduction

The primary goal of this thesis is to determine the statistics of the top eigenpairs of sparse
symmetric random matrices, using methods borrowed from statistical physics of disordered
systems.

Given a N x N symmetric matrix J (i.e. J;; = Jj; for any i,j = 1,...,N) with real eigen-

values {A¢ } =1,y and corresponding eigenvectors {vy }q—1,.. n, an eigenpair is given by the

pair (Ay,vq), forany a =1,...,N. The N eigenvalues can be sorted in descending order, with
A1 > 2 > ... > Ay. Therefore, the pairs (A1, v;) and (A2, v,) represent respectively the top and
the second largest eigenpair of J. When the matrix J is random, then so are its eigenvalues and
eigenvectors. Thus, considering the ensemble of J identified by the joint distribution P({J;;})
of the matrix entries, one’s aim is to characterise the average ensemble properties of eigenval-
ues and eigenvectors, namely the probability density function (pdf) of the eigenvalues (known
as average spectral density), the typical average value of a specific eigenvalue A, and the pdf
of the components of the associated eigenvector. We consider ensembles of sparse symmetric
random matrices, where the word “sparse” indicates that most of the entries are zero. The
pattern of the non-zero entries is random itself and encodes the structure of a random graph.
Indeed, this kind of matrices can be regarded as weighted adjacency matrices of undirected
graphs.

Focussing on such matrices, our goal is to set up a statistical mechanics framework to
obtain the statistics of the top two eigenpairs. Namely, in Chapter 3 we focus on the typical
average largest eigenvalue (A;); and the density of the corresponding rop eigenvector’s com-
ponents p;(u). In Chapter 4 we determine the average second largest eigenvalue (A,); and the

density of the associated second eigenvector’s components pj (V).

Before tackling the extremal eigenpair problem for sparse symmetric random matrices,
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in Chapter 2 we introduce and thoroughly explain the main methods employed in this thesis,
namely the cavity and the replica method, using the spectral density problem for such matrices
as an example. Indeed, the calculation of the average spectral density has traditionally been
one of the pivotal questions in Random Matrix Theory (RMT), ever since the application of
RMT to the statistics of energy levels of heavy nuclei [4]. Besides, another specific reason for
which it is instructive to review the spectral problem as the first topic of this thesis is that in the
pioneering work of Edwards and Jones [5], for the first time the determination of the spectral
density was mapped into a statistical mechanics problem. Inspired by this framework, we will
build the setup for the extremal eigenpairs analysis. Therefore, Chapter 2 will provide not only
an introduction to the methods but also the statistical mechanics baseline that we will employ

throughout the whole thesis.

1.1 A historical perspective on the spectral problem for sparse ma-
trices

The spectral problem plays a central role in RMT and it has diverse applications in physics [6],
computer science [7], finance [8—10] and statistics [11, 12]. The most celebrated results about
the density of states such as the Wigner semicircle law [13] for Wigner matrices (includ-
ing Gaussian ensembles) and the Marcenko-Pastur law [14] for covariance matrices refer to

“dense” matrix ensembles, i.e. those for which most of the matrix entries are non-zero.

On the other hand, the spectral problem is very relevant also for sparse matrix models.
Indeed, the spectral properties of adjacency matrices of sparse graphs encode the structural
and topological features of many complex systems [15, 16]. For random walks on graphs, the
eigenvalue spectrum is directly connected to the relaxation time spectrum [17, 18]. Moreover,
from the condensed matter point of view, sparsely connected matrix models provide a test
ground for physical systems described by a Hamiltonian with finite-range interactions (see for

instance [19]).

The key result linking the spectral problem to statistical mechanics is the celebrated
Edward-Jones formula [5]. Indeed, the formula recasts the determination of the average spec-
tral density (2.1) into the problem of evaluating the average free energy (logZ(4)), of a disor-
dered system with partition function Z(4). Edward and Jones were the first to use the replica
method, extensively employed in spin-glass physics [20], to perform averages of this type in

the context of random matrices.
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Historically, the application of the Edwards-Jones recipe to sparse symmetric random ma-
trices (in particular Erd6s-Rényi [21,22] adjacency matrices with the non-zero entries drawn
from a Bernoulli distribution) was pioneered by Bray and Rodgers in [23] (and also for the
analogous spectral problem of graph Laplacians in [24].). However, in their formulation the
average spectral density p(A) depends on the solution of a very complicated integral equa-
tion, which, as of today is still unsolved — except in the limiting cases of Erd6s-Rényi graphs
with large mean degree, and for large values of the spectral parameter A (see again [23] and
also [25]). The same integral equation has been derived independently with a supersymmetric
approach in [26] and later obtained in a rigorous manner in [27], thus confirming the exact-
ness of the symmetry assumptions in [23]. The difficulties in dealing with such equation even
from a numerical point of view stimulated the search for a variety of approximation schemes,
such as the single defect approximation (SDA) [28] and the effective medium approximation
(EMA) [29,30]. Alongside approximation schemes, results from numerical diagonalisation
such as in [31,32] have been employed to investigate the spectral properties of sparse random

matrices.

A different approach to the spectral problem of sparse symmetric random matrices was
proposed in [33]. There, the order parameters of the replica calculation are represented as un-
countably infinite superpositions of Gaussians with random variances, as suggested by earlier
solutions of models for finitely coordinated harmonically coupled systems [34]. The intractable
Bray-Rodgers integral equation is then replaced by another integral equation, which — although
also highly non-linear — has the advantage that it can be solved efficiently by a stochastic pop-

ulation dynamics algorithm. In Chapter 2, we will review both approaches.

Almost in parallel to [33], the cavity method [35] was used by Rogers and collaborators
in [36] to compute the spectrum of large single instances of sparse symmetric random matrices.
The cavity method, also known as belief propagation, represents a much simpler alternative to
replicas and its exactness for locally tree-like graphs with finite mean degree ¢ was proved
in [37]. The applicability of the cavity method is ensured by the tree-like structure of the un-
derlying graphs. The ensemble average spectral density (2.1) is then obtained building on the
single-instance results, circumventing the calculation of the average “free energy” (logZ(1)),
altogether. Similarly to [33], the cavity treatment produces non-linear fixed-point integral equa-

tions that are completely equivalent to those obtained within the replica framework.

It has been shown in [38] that both the cavity and the replica method yield the same results
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concerning the spectral density of Erd6s-Rényi (ER) graphs and sparse covariance matrices.
Both approaches in [33] and [36] recover known results such as the Kesten-McKay law for the
spectra of random regular graphs [39,40], the MarCenko-Pastur law and the Wigner’s semicircle
law respectively for sparse covariance matrices and for ER adjacency matrices in the large
mean degree limit. Moreover, both methods allow to characterise the spectral density of sparse
Markov matrices [41,42] and graphs with modular [43] and small-world [44] structure and with
topological constraints [45]. The localisation transitions in the spectra of sparse symmetric
random matrices that were already observed in [33] were studied in greater detail in [46]. In
a similar manner, both the cavity and the replica methods have also been employed to study
the statistics of the top and second largest eigenpair of sparse symmetric random matrices
[1,2,47]. The two methods have also been extended to the case of sparse non-Hermitian
matrices [48-51]. A particular attention has been devoted to the spectral properties of the
Hashimoto non-backtracking operator on random graphs [52, 53]. Both cavity and replica
methods have been recently used to characterise the dense (¢ — o) limit of the spectral density
of adjacency matrices of undirected graphs within the configuration model, which reveals that
the behaviour of the limiting spectral density is not universal but actually depends on degree
fluctuations. Indeed the expected Wigner semicircle is recovered when the degree distribution
tightly concentrates around the mean degree ¢ for ¢ — oo, whereas non trivial deviations from
the semicircle are found when degree fluctuations are stronger [54]. Moreover, thanks to the
extension of the replica method to the analysis of sparse loopy random graphs, the influence of
loops on the spectra of sparse matrices has been lately investigated in [55,56]. There is also a

recent cavity analysis of the problem of loopy graphs by Newman and collaborators in [57].

1.2 Extremal eigenpairs

1.2.1 Importance of the top eigenpair

The largest eigenvalue and the associated fop eigenvector of a matrix play a very important
role in many applications, such as synchronisation problems on networks [58], percolation
problems [59], linear stability of coupled ODEs [60], financial stability [61] and several other
problems in physics and chemistry, connected to the applications of Perron-Frobenius’s theo-
rem [62]. Also in the realm of quantum mechanics, the search for the ground state of a compli-
cated Hamiltonian essentially amounts to solving the top eigenpair problem for a differential
operator [63]. The top eigenpair is also relevant in signal reconstruction problems employing

algorithms based on the spectral method [64]. These extremal questions also arise in multivari-
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ate data analysis. In Principal Component Analysis, the top eigenpair of a covariance matrix
provides information about the most relevant correlations hidden in the dataset [65]. The role
of the eigenvectors of the empirical covariance matrix for the estimation of the top eigenvector

of the corresponding population covariance matrix has been discussed in [66].

In the context of graph theory, the eigenvectors of both adjacency and Laplacian matrices
are employed to solve combinatorial optimisation problems, such as graph 3-colouring [67]
and to develop clustering and cutting techniques [68—71]. In particular, the top eigenvector of
graphs is intimately related to the “ranking” of the nodes of the network [72]. Indeed, beyond
the natural notion of ranking of a node given by its degree, the relevance of a node can be
estimated from how “important” its neighbours are. The vector expressing the importance of
each node is exactly the top eigenvector of the network adjacency matrix. Google PageRank
algorithm works in a similar way [73, 74]: the PageRanks vector is indeed the top eigenvector

of a large Markov transition matrix between web pages.

1.2.2 Importance of the second largest eigenpair

The second largest eigenvalue and the associated second eigenvector of a matrix are of great
significance as well. Plenty of applications can be found in many areas of science. In coding
theory, the Hamming distance of a binary linear code can be expressed as a function of the
second largest eigenvalue of the coser graph associated to the code [75]. In biology, it has
been shown in [76] that the second largest eigenvalue of cancer metabolic networks describes
the speed of cancer processes. In the context of clustering methods based on the adjacency
matrix of a graph, the second eigenvector encodes inter-cluster connectivity, complementing
the information about intra-cluster connectivity included in the top eigenvector [70,77]. With
regard to the power method algorithm, employed for the computation of the leading eigenpair
of single matrix instances in many real-world applications, the ratio of the absolute value of
the first two eigenvalues of a matrix determines the rate of convergence of the method [78].
Moreover, in Principal Component Analysis, the second eigenvector of the covariance matrix
of standardised data represents the direction that accounts for the second largest source of
variability within the dataset [65,79] and complements the information coming from the first
principal component.

The knowledge of the spectral gap, i.e. the distance between the largest and second largest
eigenvalue, is essential for random walks on undirected graphs, which are substantially equiv-

alent to finite time-reversible Markov chains, as pointed out by Lovasz in his survey [17].
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Indeed, up to log-factors, the inverse spectral gap of the transition matrix represents the mix-
ing rate of the Markov chain, i.e. how fast the state probability vector of a Markov chain
approaches the limiting stationary distribution [80], given by the top right eigenvector of the
transition matrix. The inverse of absolute value of second largest eigenvalue of the transition
matrix denotes the largest relaxation time or mixing time, and the corresponding eigenvector
describes the non-equilibrium mode with the slowest decay rate. The second largest eigenpair
of Markov transition matrices also plays an important role in all processes that are described
by means of random walks on graphs, such as out of equilibrium dynamics of glassy systems

(see e.g. [81,82]) and search algorithms such as Google PageRank [83].

1.3 Quantitative results on top eigenpairs of random graphs
1.3.1 Top eigenvalues

When the matrix J is random and symmetric with i.i.d. entries, analytical results on the statis-
tics of the top eigenvalue date back to the classical work by Fiiredi and Komls [84]: the largest
eigenvalue of such matrices follows a Gaussian distribution with finite variance, provided that
the moments of the distribution of the entries do not scale with the matrix size. This result
directly relates to the largest eigenvalue of ER adjacency matrices in the case when the prob-
ability p for two nodes to be connected does not scale with the matrix size N. This result has
been then extended by Janson [85] in the case when p is large. However, in our analysis we
will be mostly dealing with the sparse case, i.e. when p = ¢/N, with ¢ being the constant
mean degree of nodes (or equivalently, the mean number of non-zero elements per row of the
corresponding adjacency matrix). In this sparse regime, Krivelevich and Sudakov [86] proved
a theorem stating that for any constant c¢ the largest eigenvalue of ER graphs diverges slowly
with N as \/log]\//lm . To ensure that the largest eigenvalue remains ~ (1), the nodes
with very large degree must be pruned (see [87]).

The second largest eigenvalue plays a pivotal role in the study of complex systems and
graph theory, representing topological features of the graphs [88]. If the spectral gap is large,
then the graph has good connectivity and expansion properties [72]. Therefore, many results
have been derived about bounds for the second largest eigenvalue (see e.g. [89,90]). In par-
ticular, bipartite regular graphs with very wide spectral gaps are called expanders (magnifiers
if not bipartite) and have been widely studied since the seminal work of Alon [91]. To shed
light on the expansion properties of regular graphs, specific bounds have been derived for their

second largest eigenvalue (see e.g. [75] and [92]).
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1.3.2 Eigenvectors

The characterisation of eigenvectors properties has proved to be much harder than the spec-
tral problem and is generally a less explored area of RMT. Excluding the cases of 1) invari-
ant ensembles, where eigenvector components follow the celebrated Porter-Thomas distribu-
tion [93, 94], ii) dense non-Hermitian matrices (see for instance the seminal works of Chalker
and Mehlig [95] along with results about correlations between eigenvectors [96,97] and some
more recent applications [98—101]) and iii) perturbed matrices [102—-106], systematic results
are scarcer for sparse Hermitian matrices, especially in the limit of high sparsity. Indeed, al-
though Gaussian statistics and delocalisation of eigenvectors are known properties of adjacency
matrices of ER and random regular graphs (RRGs) in the case where the mean degree ¢ = ¢(N)
diverges with N [107-109], very few results are available in the case of high sparsity, i.e. with
c being the constant mean degree of nodes, which we focus on.

In this limit, numerical studies have shown that most of the eigenvectors of a random reg-
ular graph follow a Gaussian distribution [110], as well as almost—eigenvectors1 [111], whereas
ER eigenvectors are localised especially for low values of ¢ [31]. Localisation properties of
eigenvectors of sparse directed random graphs have been recently investigated in [112].

The statistics of the top eigenvector’s components for very sparse symmetric random ma-
trices was first considered in the seminal works by Kabashima and collaborators [47,113,114].
The focus there is on specific classes of real sparse random matrices, i.e. when the matrix
connectivity is either a random regular graph or a mixture of multiple degrees, and the nonzero
elements are drawn from a Bernoulli distribution. More precisely, in [47] and [114] the cavity
method was employed for the top eigenpair problem, while in [113] the replica formalism was
instead adopted to study the same problem in the thermodynamic limit.

Inspired by the work of Kabashima and collaborators, in [1] we generalised and expanded
the cavity and replica analyses that they pioneered, in order to build a versatile and flexible
statistical mechanics framework to study the top eigenpair of weighted adjacency matrices of
sparse random graphs. The configuration model is used to generate the pure {0, 1} adjacency
matrices of uncorrelated random networks, whereas bonds weights are chosen independently.
In [2], using a deflation technique and an improved version of the statistical mechanics setup
that we proposed in [1], we were able to determine the statistics of the second largest eigenpair.

Chapter 3 and Chapter 4 will be based on respectively [1] and [2].

! An almost-eigenvector of a matrix A with eigenvalue A is a normalised vector v that satisfies the eigenvector
equation (A — A7)v = 0 within some small tolerance €, i.e. ||[Av — Av||, < €.



Chapter 2

Introduction to the cavity and replica methods
for the spectral density of sparse symmetric

random matrices

2.1 Introduction

Given a N x N symmetric random matrix J with eigenvalues {A;};—; . the avevage spectral

density is defined as

p<z>:<}vi6<x—m> , @1

J
where the limit N — oo is understood and (...); denotes the average over the matrix ensemble

to which J belongs. The latter is also referred to as “disorder” average.

In this chapter, we will retrace the main milestones in the determination of the spectral
density of sparse symmetric random matrices using a statistical mechanics approach. As ex-
amples, we will look at adjacency matrices of sparse random graph models (specifically the
Erd6s-Rényi and the random regular graph model). We will consider both the unweighted
case, where the non-zero entries of the matrix J have a given value of 1, and the weighted case,
where the non-zero entries of J are drawn from a Gaussian distribution. We will take advantage
of this analysis also to explain in great detail the cavity and replica methods that will be the

main calculation tools employed in this thesis.

We start with the analysis of the Edwards-Jones formula in Section 2.2, providing its proof
in Section 2.2.1 and discussing how to deal with the average (logZ(4)), appearing in their for-
mula in Section 2.2.2. For clarity and simplicity, we will first illustrate the cavity approach

in Section 2.3. We outline the cavity setup in Section 2.3.1, then we deal with the spectrum
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of large instances of sparse symmetric random matrices in Section 2.3.2. In Section 2.3.3 we
show how the single-instance approach can be extended to the N — o limit to recover the en-
semble average spectral density. Besides, in 2.3.4 we evaluate the large ¢ limit of the average
spectral density obtained within the cavity formalism, showing that it converges to the Wigner
semicircle. We will then follow the historical development of the subject by documenting the
Bray-Rodgers replica approach in Section 2.4. We will derive the Bray-Rodgers integral equa-
tion in Section 2.4.3, while in Section 2.4.4 we will obtain its large ¢ asymptotic expansion,
showing that its leading order gives rise to the Wigner semicircle, as expected. In Section 2.5
we will deal with the alternative replica solution proposed in [33], showing in Section 2.5.1
that the solution obtained with this approach coincides with that found by the cavity treat-
ment in Section 2.3.3. In Section 2.6, we outline the stochastic population dynamics algorithm
employed to solve the non-linear fixed-point integral equations that are found within both the

cavity and replica frameworks respectively in Section 2.3.3 and Section 2.5.1.

2.2 Edwards-Jones formula

Edwards and Jones in [5] provide a formula to express the average spectral density of N x N

random matrices (2.1) as

2 2
p(A)= N Jm Im— (logZ(4)), , (2.2)
with
Z(A) = / dvexp [—;vT (k,g]l—J)v] , 2.3)
IRN

where again the (...); denotes the average over the matrix ensemble to which J belongs. In
(2.2), which is valid for any N, Im indicates the imaginary part and log is the branch of the
complex logarithm for which loge®* = z. In (2.3), the symbol 1 represents the N x N identity
matrix, the symbol v describes a vector in R and the integral extends over RY. Moreover,
Ae = A —i€, where € is a positive parameter ensuring that the integral (2.3) is convergent, since
the absolute value of the integrand has the leading behaviour e sZN. The integral (2.3)
can be interpreted as the canonical partition function of the Gibbs-Boltzmann distribution of N

harmonically coupled particles with an imaginary (inverse) temperature, Viz.

Pv) = (1/1) exp [—iH(V)] | 2.4)
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with a complex “Hamiltonian”
1 7
H(v) = o (Al —J)v. (2.5)
In this framework, the computation of (2.1) requires to evaluate (logZ(A)) ;, which is the canon-
ical free energy of the associated N particles system, averaged over the random couplings.

2.2.1 Proof of the Edwards-Jones formula

The starting point is the definition (2.1). Looking for a representation of the Dirac delta, one

considers the Sokhotski-Plemelj identity (see Appendix 2.A for a proof), viz.

Pr (i) Finod(x), (2.6)

— —
x+i1e e—o0+*

where x € R and Pr denotes the Cauchy principal value. The imaginary part of the identity,

namely

5(x):l Jim Im—— : Q2.7)

J
! Iim I i ! (2.8)
=——— lim Im —_— :
TN e—0+ ~ ) +ie—A J’

where the minus sign has been made explicit.

One would now express the ratio in the angle brackets as the derivative of the princi-
pal branch of the complex logarithm, denoted by Log. Unlike other properties, its derivative

behaves exactly like that of the real logarithm, therefore

1

N a N .
;m:‘ﬁ;“’g(%“e—l% 2.9)

entailing for the average spectral density the formula

I 0 | _
p(h) = Ly Jim Tm 2 <;Log (h-+ie ”>, . 210

The sum of logarithms in (2.10) can be related to the partition function Z(A) in (2.3) by ex-
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ploiting the following identity [94, 115],

Z(A) = /IRN dvexp [—;vT (Al —J) v] = (27)"2exp [—; i{Log (Ai+ie—A)+ @
(2.11)
Caution is needed when taking the logarithm on both sides of (2.11), as in general Log(e?) # z.
Indeed, using the definition of the complex logarithm applied to the exponential function (see
Eq. (2.B.8) in Appendix 2.B for more details) and taking the principal logarithm on both sides

of (2.11), one would obtain

N .
ZLog (A +ie—A) = —2LogZ(A)+ NLog(2m) + g +4mi B - gé?J , (2.12)
i=1

where

1Y . TN
g(A) = _Ei:ZlArg()Li+1€—ﬂ.) + 2.13)

is the imaginary part of the exponent in (2.11) and the symbol | ...| denotes the floor operation,

i.e. |x] is the integer such that x — 1 < |x| < xforx € R.

Note that this branch choice would make the r.h.s. not everywhere differentiable for A € R.
Therefore, it is convenient to pick the branch of the complex logarithm such that loge®* = z, i.e.
for which the extra (non-differentiable) phase term in (2.12) is killed. This choice yields

N _ inN
Y Log(Ai+ie —A) = —2logZ(A) + Nlog(2m) + - (2.14)
i=1
where the constant terms on the r.h.s. depend on N, but not on A. Taking the derivative, one
eventually finds

N
aaAZLog (Ai+ie—A) = —28‘110gz(z), (2.15)
i=1

therefore the Edwards-Jones formula (2.2) is recovered.

2.2.2 Tackling the average in the Edwards-Jones formula

In order to obtain the spectral density, the average (logZ(A )); must be computed. It explicitly

reads

toez(1)s = [ TIssP (b tog [ avesp| -3 Gea-av| . 216

i<j
where P({J;;}) is the joint distribution of the matrix entries. The presence of the logarithm in

(2.16) prevents a factorisation of averages over edges (i, j) even for a factorised pdf of the J;;.
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The only available strategy seems to perform the inner N-fold integral over v first, compute
the logarithm, and then average over the random matrix disorder. However, this sequence of
operations would simply run the Edwards-Jones formula (2.2) backwards, leading to the useless
identity p(A) = p(A). The only chance to make some progress therefore relies on performing
the disorder average first. However, the two integrations in (2.16) cannot be directly exchanged
due to the presence of the logarithm in between.

Disorder averages such as (2.16) are called quenched averages. The technique to handle
such averages is the replica trick. It is a well established method employed in the statistical
mechanics of disordered systems that allows one to bypass the logarithm in (2.16) in favour of
the computation of integers moments of Z(A4) (see Section 2.4)".

The replica method for the calculation of the spectral density of dense random matrices
was employed by Edwards and Jones in [5]. The same replica calculation for sparse ensem-
bles was pioneered by Bray and Rodgers in [23]. However, we prefer to start with the cavity
approach because it is technically much less involved and allows one to circumvent the direct
computation of (logZ(4)),. We will then follow the historical path traced in [23] in Section
2.4.

2.3 Cavity method for the spectral density

The cavity method as implemented in [36] makes it possible to derive the spectral density for a
single instance of large sparse symmetric matrices. According to the physical interpretation of
the Edwards-Jones formula, the calculation of the spectral density can be recast as a problem
of interacting particles on a sparse graph. The basic idea behind the cavity method [35] is that
observables related to a certain node of a network in which cycles are scarce (thereby called
tree-like) can be determined from the same network where the node in question is removed.
Due to the sparse structure, the removal of a node makes its neighbouring sites (as well as the

signals coming from them) uncorrelated.

2.3.1 Definition of the sparse matrix ensemble

We consider a large N X N sparse symmetric random matrix J. It represents the weighted ad-
jacency matrix of a graph ¢, i.e. each entry can be expressed as J;; = c;;K;;, where the ¢;;

represent the pure {0,1} adjacency matrix and the K;; encode the bond weights. In an undi-

I There exists also an alternative though only approximate strategy, known as annealed average, which does not
rely on the replica method. It consists in “moving” the logarithm outside the disorder average. Although formally
incorrect, the annealed protocol provides the correct spectral density of “dense” random matrices, such as Gaussian
ones (see Section 15.4 in [94] for a thorough discussion).
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rected graph, the degree k; of the node i is defined as the number of nodes in its neighbourhood
di={j:cij=1},viz.
ki=Y cij=19i| . (2.17)

jEdi
We define ¢ = %Zﬁil k; as the mean degree. We consider locally tree-like sparse matrices, in
which the probability of finding a cycle vanishes as InN/N when N — oo. Alternatively, this
property is implied by the requirement that the mean degree ¢ does not increase with the matrix
size N, hence ¢/N — 0 as N — oo. In this very sparse regime, the cavity method predictions
are approximate. However, they are exact on trees, and they become asymptotically exact on

finitely connected networks as the thermodynamic limit is taken.

Following the statistical mechanics analogy, in the sparse case the N particles described
by the variables v; interact on the graph ¢ where an edge is defined for any pair (i,j) of
interacting particles. While the replica formalism analyses the partition function (2.3) in the
limit N — oo, the cavity method focusses on the associated Gibbs-Boltzmann distribution (2.4)
with imaginary inverse temperature i and complex Hamiltonian (2.5), as shown in the section

below.

2.3.2 Cavity derivation for single-instances
The spectral density of J/ — i.e. the pdf of the eigenvalues of the matrix J — is obtained from
the Edwards-Jones formula (2.2) for finite N as

2 d
ps(A) = N eg%l+ ImﬁlogZ(l) (2.18)

where Z(A) is defined in (2.3). The subscript indicates that p;(A) refers to a single, specific in-
stance J 2. For the same reason, no averaging is needed. Performing explicitly the A-derivative

in (2.18) with Z(A) defined in (2.3), one obtains

a i N N

5 )LlogZ( 5; / j];[ldvj Pr(v)v7, (2.19)
where

P(v) = Z) &P [—2# (Ael —J) v] (2.20)

2We remark that py(A) is not the density of the top eigenvalue of J.
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is the Gibbs-Boltzmann distribution defined in (2.4). For any given i, the average w.r.t. the

joint pdf (2.20) in (2.19) reduces to the average w.r.t. the single-site marginal P;(v;), viz.

N
/Hdvj Pi(v)v? = /dvl-P,‘(v,‘)v,-2 = (v}, (2.21)
=1

where the (v?) represent the single-site variances of each of the N marginal pdfs P;(v;). Using

(2.19) and (2.21), the spectral density in (2.18) can thus be written as

[ij

TN e—0+ TN e—0+ =

I
—_

[}

2 i 2 1 N
p(A) =——— lim Im ~3, () | = — lim Y Re(v?) . (2.22)
Therefore, it is sufficient to determine the N single-site variances to calculate the spectral den-

sity using (2.22).

In order to find the (v?) , one looks at each marginal pdf P:(v;). Due to the sparse nature of
J, the variable v; is coupled (through J;;) only to those v; associated to nodes that are neighbours

of i. Hence, the single-site marginal of the node i can be expressed as
N 1 i}, 2 3 Jivivi 1
= / [T dv; Pr(v) = e / dvy;e Licaiivvipi) (y,.) (2.23)
J(# '

In (2.23), the integration is over the “particles” interacting with particle i, i.e. those sitting on
the neighbouring sites di. The distribution P (vg;) collects the contributions coming from the
interaction of each of the v; (j € di) with particles sitting on nodes that are not neighbours
of i themselves (see Graph 1 on the l.h.s. of Fig. 2.1). The contributions to the integral
defining P,(v;) coming from nodes further away generate a constant term that is absorbed in the

normalisation constant Z;.

The distribution PU) (v,;) is called the cavity distribution, since it refers to a graph in which
the node i has been removed. In a tree-like structure, the neighbouring sites of each node i are
correlated mainly through the node i. Hence, when the node i is removed, its neighbours
become uncorrelated (see Graph 2 on the r.h.s. of Fig. 2.1). Therefore, the joint cavity pdf

P (vy;) factorises into the product of independent cavity marginals P]@ (vj), ie.

) (vy;) HP (v;) (2.24)
jeai
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[ Further nodes ]

Figure 2.1: Graphs sketches. Left graph 1: a tree-like graph where the indices refer to the notation used in Section 2.3.1 to derive
cavity single-instance equations. Right graph 2: example of the decorrelation occurring to the nodes j;, j» and js,
neighbours of the node i, after the removal of i.

Hence, the single-site marginal (2.23) can be expressed as

1 i . ;
P(v) = Ze—ﬂﬂ? I1 / dvjetivip{(y;) . (2.25)
jeai

Eq. (2.25) shows that the marginal P;(v;) is defined in terms of the cavity marginals
P]@ (vj). A self-consistent definition of each of the cavity marginal distributions PJ@(V ;) can
be obtained by iterating the same reasoning as above. Indeed, one can now choose one of
the nodes j € di and define the marginal pdf associated to that node in the same way as in

Eq. (2.25). However, the network one is considering at this stage is that where the node i has

already been removed, therefore eventually obtaining the cavity marginal P]@ (vj), namely

1

P () =

! _e 7% ] / dveei M P (vy) (2.26)

z redj\i

where the symbol d j\i denotes the set of neighbours of node j excluding i (see again Graph 1
on the Lh.s. of Fig. 2.1 ). In turn, the cavity marginals Pf(j ) (ve) are defined on the graph where

also the node j € di has been removed.

Eq. (2.26) defines a set of recursion equations for any pair of interacting nodes (i, j).

The set of recursion equations (2.26) is solved exactly by a zero-mean Gaussian ansatz for the
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cavity marginals Pj@ (vj). Indeed, assuming that

(0 (0
Dy )2 ;" 5
Py (vj) =\ 5 - exp (— 5 vj> : (2.27)

and performing the Gaussian integrals on the r.h.s. of (2.26), one gets

0y — | L A
P (vj) = —exp =5 |4+ Y vl (2.28)

‘. J
Z] Ledj\i Wy

The comparison between the exponents of (2.27) and (2.28) entails

, J?
@ _ Jt
o =ile+ ), — (2.29)

tedj\i Wy
Therefore, the set of equations (2.26) translates into a set of self-consistency equations > for
the set of cavity inverse variances a)J(.i).

Similarly, the Gaussian ansatz (2.27) can be inserted in the single-site marginal expression

(2.25), yielding a Gaussian structure for P;(v;), viz.

1 1
P(v;) = 7 oxP <—2m,-v%> , (2.30)
with single-site inverse variances given by
B
o =ide+ Y 5 (2.31)
Jjeadi w]

Once the cavity inverse variances are determined as the solution of (2.29), the single-site inverse

variances (V?) = wil are found from (2.31), and the spectral density is readily obtained from
(2.22) as
1 J 1 1 Al Re|w;
ps(A)=— lim ¥ Re [} =— lim Y clo] 5. (2.32)
TN e—0+ = ; TN e—0* = (Re[w;])?+(Im[wy])

As a concluding remark, it can be noticed that the set of self-consistency equations for
the cavity inverse variances (2.29) only depends on the square of matrix entries, thus entailing

that the spectrum of the matrix J is equal to that of the matrix —J and therefore is perfectly

3The set of self-consistency equations (2.29) can be solved by a forward iteration algorithm.
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symmetric around A = 0. This property indeed holds exactly for trees, since every tree is a
bipartite graph (see [72] or Appendix 2.G for a simple proof of this property). This check
further corroborates that cavity equations are exact on trees, but only approximate on tree-like

structures as long as cycles are negligible.

2.3.3 Thermodynamic limit within the cavity framework

In this section we depart from [36] and show that the ensemble average of the spectral density
(2.1) can be recovered from the single-instance spectral density (2.32) as obtained through the
cavity method. Indeed, by invoking the law of large number in (2.32), in the large N limit one
gets
- 1 1 o 1

ps(A) = ﬁelg& i:lRe [a),} = p(A)= ;811%1+ ddT(®)Re [(D} , (2.33)
where (@) is the pdf of the inverse variances ®; taking values around @. In the r.h.s. of Eq.
(2.33) the subscript J has been dropped, as the quantity p(A) characterises the ensemble of
J, rather than a single matrix. Eq. (2.33) implicitly assumes that the spectral density enjoys
the self-averaging property, meaning that a large single instance of the ensemble faithfully

represents the average behaviour over many instances.

The task now is to find the pdf of the inverse variances #(®). Recalling the single-instance

relation (2.31) between the single-site inverse variances @; and the cavity inverse variances o' ,

the pdf (@) will be determined in terms of the probability density 7w(®) of a)](.i).

In order to find the pdf 7(®), two main observations are needed. First, it is worth re-
marking that we consider configuration model ensembles (such as the Erd6s-Rényi ensemble),
which are cases of random uncorrelated networks, i.e. where degree-degree correlations are
absent. In general, in the presence of degree-degree correlations, the probability that a node
of degree k is connected to a node of degree k' is conditional, namely P(k’|k). However, for
random uncorrelated networks, P(k|k) is independent of k and therefore P(k’|k) reduces to the
probability that an edge points to a node of degree k', which is simply given by k?/ p(K'). Indeed,
it is defined as the ratio between the fraction of edges pointing to nodes of degree k' , k'p(k’),
and the fraction of edges pointing to nodes of any degree, i.e. the sum Y k'p(k') = c.

Moreover, one also observes that the set of self-consistency equations for the cavity in-
verse variances (2.29) refers to the links of the underlying graph. In an infinitely large network,

links can be distinguished from one another by the degree of the node they are pointing to.
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Therefore, considering a link (i, j) pointing to a node j of degree k, the value ® of the cavity

. . i
IvVerse variance CO( )

;- living on this link is determined by the set {@y},_, of the k — 1 values of

the cavity inverse variances a)éj ) living on each of the edges connecting j with its neighbours

¢ € dj\i. In an infinite system, these values can be regarded as k — 1 independent realisations
of the random variables of type a)éj ), each drawn from the same pdf 7(®). The entries of J ap-
pearing in (2.29) are replaced by a set {K;},_, of k— 1 independent realisations of the random
variables K, each distributed according to the bond weights pdf p (K). The distribution 7(®)
is then obtained by averaging the contributions coming from every link w.r.t. the probability
% p(k) of having a link pointing to a node of degree k, as defined above. This reasoning leads

to the self-consistency equation

B s E e k*lﬁ
(o) = Y r(t) [ {dn}k_1<5 <w (m ) wg)>>m“ e

where {dr};_1 = [T;_| doym(e) and the angle brackets (-){k},_, denote the average over
k — 1 independent realisations of the random variable K. Eq. (2.34) is generally solved via a
population dynamics algorithm (see Section 2.6).

The same reasoning can be applied to find the pdf Z(®) of inverse variances. Recalling
(2.31), it can be noticed that the @; are variables related to nodes, rather than links. Since in
the infinite size limit the nodes can be distinguished from one another by their degree, the pdf

7(®) can be written in terms of (2.34) as

o & - . kg2
7(®) :k;)p(k) / {dr}; <5 <a)— <17L£+é_lwf;>> >{K}k , (2.35)

where p(k) is the degree distribution.

Inserting (2.35) into (2.33) gives (at the ensemble level)

1 > 1
p(A)=—1lim ) P(k)Re/{dﬂ}k <>
Te0izo e + X5, % (K}

2
Re [Z’gzl [;—‘J +¢€

(Re {212:1 ’;—ﬂ + 8)2 + ()L +1Im {Z’gzl ’;—ij

2

1 .. ind
= 2.dm Yt [tamh <
{K}«
(2.36)

Eq. (2.36) is the ensemble generalisation of the single-instance formula (2.32) and provides the
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ensemble average of the spectral density (2.1). The average spectral density as expressed in
(2.36) can be interpreted as a weighted sum of local densities, each pertaining to sites of degree
k. As shown by (2.36), the solution of the spectral problem is completely determined by the
distribution 7 satisfying the self-consistency equation (2.34). Once 7 has been obtained, the
average spectral density (2.36) is evaluated by sampling from a large population representing
the distribution 7(®). Section 2.6 illustrates the algorithm that produces the solution of self-

consistency equations of this type as well as the details of the sampling procedure.

2.3.4 The ¢ — oo limit in the cavity formalism

One can easily show that taking the ¢ — o limit in Eq. (2.34), (2.35) and then eventually
(2.33), the Wigner semicircle law is recovered. This has been first shown in [36]. According
to [54], we consider graphs in the configuration model having a degree distribution with finite

2
mean and variance such that {,{% = <k22,;>§k>2

— 0 as (k) = ¢ — o. Here, the symbol o} denotes
the standard deviation of the degree distribution p(k). For example, oy = /¢ for Erd3s-Rényi
graphs.

A meaningful large-c limit is obtained for Eq. (2.34) or equivalently (2.35) by rescaling
each instance of the bond random weights as K;; = .%;;/+/c. Therefore, considering (2.34) one

obtains

Mw%=ip@ﬁ/@mh4<6<w—G%+¢Sff?>>> , (2.37)
= e (b

where the 7 are independent realisations of the rescaled bond weights of type .%;;, each
drawn from the same pdf p_ (#"). For large c, the sum over the degrees in Eq. (2.37) receives
contributions only from k = ¢+ &/(0y). As ¢ — oo, the degree distribution p(k) becomes highly
concentrated around k = ¢, thus the argument of the §-function on the r.h.s of Eq. (2.37) can

be evaluated using the Law of Large Number (LLN). Indeed, one finds that the r.h.s. of the

condition
1 c—1 <%/2
w=il+-) =L 2.38
14e + c ; o, ( )
does not fluctuate, hence @ itself is fixed and determined by the algebraic equation
A ide = \/4(H2) — A2
e =it + ) o g = P EVHAT) N (2.39)

@ ¢ 2

For large ¢, the quantity (#?) = %Z}’;} P %22:1 ,* represents the second moment of
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the pdf of the rescaled bond weights.

The very same reasoning can be applied to the argument of the & function in (2.35),
entailing that in the limit ¢ — oo the @ are non-fluctuating as well, and take the same constant

values given by the solutions of Eq. (2.39), viz.

F(@)=8(®— @) asc— oo (2.40)

Therefore, inserting Eq. (2.39) and (2.40) in Eq. (2.33), one finds that in the limit ¢ — oo

2
e + M%%—%]
1
— : : 2\ _ 32
= a7 dim Re [1/18:“/4@{ ) /18} : (2.41)

which in the € — 0™ limit eventually reduces to

A IE 2 <A <2/

p(a) = . (42
0 elsewhere

where the plus sign has been chosen to get a physical solution. The latter expression corre-

sponds to the Wigner’s semicircle.

2.4 Replica method: the Bray-Rodgers equation

In this section, we illustrate the replica calculation for the average spectral density, as originally
proposed by Bray and Rodgers. Following [23], the goal is to evaluate the average spectral
density (2.1) of an ensemble of N x N real symmetric sparse matrices. Leveraging on the
notation of Section 2.3, given a matrix J, each matrix entry can be written as J;; = ¢;;K;j,
where the ¢;; = {0, 1} represent the pure adjacency matrix of the underlying graph and the K;;
encode the bond weights. In particular, the matrix model considered in [23] is the Erd6s-Rényi

(ER) model: the probability of having a non-zero entry is given by p = ¢/N, where c represents

the mean degree of the nodes of the underlying graph. For more details on the ER model, see
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Appendix 2.C. The joint distribution of the matrix entries is given by

P({Jij}) = HpC(cij)SCij,CjiHpK(Kij)5I(ij,Kji ) (2.43)

i<j i<j

where pc(c;ij) represents the ER connectivity distribution, viz.

C C
pelcif) = 180, + (1 — N> 8,0+ (2.44)

while pk (K;;) represents the bond weight pdf, which will be kept unspecified until the very end

of the calculation.

2.4.1 Replica derivation

The Edwards-Jones formula (2.2) is used. As anticipated in Section 2.2, in order to deal with

the quenched average (2.16) the replica identity will be employed, viz.

(l0g7Z(A)) = lim Llog(2(1)") (2.45)

where 7 is initially taken as an integer *. The replica identity is easily obtained considering that

in the limitn — 0
log(Z(A)"); = log (1+n{logZ(A)); + O(n*)) ~ n{logZ(A)), . (2.46)

The average replicated version of the partition function (2.3) reads

a=1i=1 i=la=1 i,j=la=1

n N i N i N n
<Z(A,)”>] = /HHdvmexp (-2245 Z Z V%a) <6Xp (2 Z Z ViaJijVja> > . (247)
J

The ensemble average (...); splits into the connectivity average w.r.t. the ¢;; and the disorder
average w.r.t. the K;;. The connectivity average can be performed explicitly exploiting the large

N scaling, yielding

« N n N )
<eXp (; Y vaJijvja>> = exp [2;] Y (<e1KZanVfa>K—1)] : (2.48)
J

ij=1la=1 ij=1

where (...)x denotes averaging over pk(K). The details of the calculation leading to (2.48) can

“It is implicitly expected that the average replicated partition function (Z(A)"); could be analytically continued
in the vicinity of n = 0 in a safe manner, although in principle this is not guaranteed.
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be found in Appendix 2.D.

In order to decouple sites, the following functional order parameter is introduced,

Z H 8 (va—via) (2.49)

tla

via the path integral identity

N n
1=N / DODPexp [—i / dve (¥) (N(p(V) — ; [16(va— m))] ; (2.50)

a=1

where v € R” represents a n-dimensional vector in the replica space. Eq. (2.50) is the functional

1—/dx5x %) /dx/dk —ik(x (2.51)

In terms of the order parameter (2.49), the average replicated partition function becomes

analogue of

@0 =N [ 2epexp (i [ 000 )
X exp [NC / dvdv () () (<eiKZaVavé>K . 1)]
/ HHdvmexp [—ze va+1z / dv (v v,-a)] . (252)

a=1i= i=la=

The multiple integral [ in the last line of (2.52) factorises into N identical copies of the same

n-dimensional integral over R". Indeed, one finds

= /Hndvmexp (—lg szm+12¢ %) )

a=1i= a=1i=

= [/Iflldvaexp <—;Ag i Vﬁ +1¢(‘7)>]

NLog / dvexp (-i&e Y v +iq3(\7)>] , (2.53)

a=1

=exp

where Log denotes again the principal branch of the complex logarithm.

The replicated partition function (2.52) can then be written in the form

@)} [ 20exp (NS,l9.9.2)) (2.54)
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where
with
$1lp.9) =~ iV [ 65p(7)9(3) . 256
_E =17 = i iKZaVaV; _
S:lo] =3 / aidi(7)o(7) (e ) 1), (2.57)
S3[@,A] :Log/d\_}exp <—;7Lg Z V2 +i¢(\7)> . (2.58)
a=1

Eq. (2.54) is amenable to a saddle-point evaluation for large N, yielding

<Z(l)n>1 ~ GXp (NSH[(P*a(ﬁ*vA']) ) (259)

where the star denotes the saddle-point value of the order parameter and its conjugate. The sta-

tionarity conditions of the action (2.55) w.r.t. the functional order parameter ¢ and its conjugate

¢ give
6Sn C Ak R . /
=0=1i9"(V) = /dv’q) (V) | ( exp 1K2vava -1}, (2.60)
8¢ |4 o a K
ALY 2 i (7
65:\" — 0 :> (p*(‘—}») — ixp |: 2 Ae Za Va +1(p (V)]_’ . (261)
%) 0*,0* Jdvexp [—%/18 Y V2 —i—iqﬁ*(v’)]

The two stationarity conditions (2.60) and (2.61) can be combined. Indeed, by calling i¢* (V) =
cg(V) and inserting (2.61) in (2.60), one obtains
J A (V) exp [~ 32 2 + g ()]

g\ S - 5
SV exp |32 L v2 +cg(V)]

: (2.62)

where f(x) = (&) — 1.
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2.4.2 Average spectral density: replica symmetry assumption

The function g(V) defined by (2.62) fully determines the average spectral density. Indeed,
recalling (2.2) and using (2.59), one gets

2 d
p(A) = _ﬁgg Im == (logZ(2)),

2 9 1
=~ lim Im-Z lim ~log(Z"
N A M7 i loe 2 ()

2 d 1
S Slgglma/l 11m log [exp (NS,[@*, 0™, A])]

2 1 a o
= i Il e 0. 26

The A-derivative acts only on the terms of the action S, explicitly depending on A, due to the

stationarity of S, w.r.t. ¢@* and @*. Indeed, one obtains

d N 2 85, ¢ 6S, IS, dS3[9*, A]
7Sn[(P*7 (p*7 ] + + = = T34, >
oA 87L 6([) A 6([) P=0*,p=¢* A P=0*,p=0* oA

(2.64)
with S3[@*, A] defined in (2.58) entailing the ratio
—5 4V (Lav) exp |~ 5 Lo v +cg(7)
2S00 A= — Lo 2 | , (2.65)

[ dvexp [~ £ 2+ cg(9)|

where g(V) solves (2.62).

In order to perform the n — O limit in (2.63), an assumption on the symmetries of the
function g(V), or equivalently of both ¢*(V) and ¢*(V), under permutations of replica indices
needs to be made. It is known that a replica-symmetric “high-temperature” solution, preserving
both permutational and rotational symmetry in the replica space, is exact in the random matrix
context . Indeed, the “Hamiltonian” of the spectral problem describes a harmonic energy
landscape, which only has a single minimum. Therefore, all the replicas will concentrate in
this single minimum, excluding replica symmetry breaking. Hence, following [23], one can

assume

8(V) =g(v), (2.66)

where v = |[V| = /Y, v2. Therefore, taking into account the ratio (2.65), the replica symmetric

SRotational invariance in replica space is a stronger condition than the symmetry upon permutation of repli-
cas. An example of an ansatz satisfying permutational symmetry, but not rotational invariance would be g(V) =

8(22:1 Va)~



2.4. Replica method: the Bray-Rodgers equation 34

ansatz (2.66) and that Im(ix) = Re(x) for any x € C, the average spectral density reads

1 ] [div?exp [—%vz —i—cg(v)}
p(A)=— lim Relim — _
Te=0t n=0n fd\‘/'exp {7%‘,2 +cg(v)}

(2.67)

To further simplify the ratio of integrals in (2.67), n-dimensional spherical coordinates are
introduced, with the symbol v representing the radial coordinate. The functions in both the
numerator and the denominator of Eq. (2.67) have a radial dependency only, hence the factor
arising in both in the numerator and denominator of (2.67) from the integration over the angular
degrees of freedom cancels, yielding eventually

1 Jo dwexp [—%1} —i—cg(v)]

1
p(A)=— lim Relim — : .
Te=0t n=0n f(;x’ dvv—exp [_%vz —|—Cg(v)]

(2.68)

The integral in the denominator can be further simplified integrating by parts, i.e.

= iA 1 [ iA
/0 dw" lexp [—128\)2 + cg(v)} = 2/0 dw" exp [—128\/2 + cg(v)} (iAev —cg'(v)) ,
(2.69)
since the boundary contribution vanishes. Therefore, taking the » — 0 limit, the average spec-
tral density reads
Jo dvvexp [—%VZ + cg(v)}

p(A) = 1 lim Re

, (2.70)
o0t o dvexp |~ B2+ cg(v)| (iAev — g (v)

The expression (2.70) shows that the function g(v) is the only ingredient needed to compute
the average spectral density. The search for a (replica-symmetric) solution of (2.62) will be

addressed in Section 2.4.3.

2.4.3 Replica symmetry assumption for the Bray-Rodgers integral equation

At this stage, in order to get a replica-symmetric version of (2.62), the replica-symmetric ansatz
(2.66) is applied and spherical coordinates are again introduced. Assuming that ¢; = ¢ € [0, 7]

is the angle between the vectors V and v and |\7’ | = r one finds

_ Joodrlexp [—12er? +cg(r)] [ do(sing)" =2 f(vrcos @)

g(v) IS drr—1exp [_ %)Lerz + cg(r)] foﬂ d¢(sing)"—2

: Q2.71)
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since all the remaining angular integrations cancel between numerator and denominator. We
recall that f(z) = (e!X%)x — 1. In order to proceed, a specific bond weight distribution must be

introduced. The choice made by Rodgers and Bray in [23],
1 1
Pk(K) = §5K,1 + 551(,—1 , (2.72)

entails that f(z) = cosz— 1. This gives

f()mdrr”*lexp[ ‘lsr +cg(r )] Jo do(sing)™~ 2[cos(vrcos ) —1]

g(v) = J&= drr—Texp [~ EAer +cg(r)] S d¢ (sin @) 2

(2.73)
The angular integral in the numerator in (2.73) yields (see formula 21 of Section 3.715in [116])

I = ndqb(sinq))”’z[cos(vrcosq)) —1]
0

_Var(y) [<2>; (n]%(vr) —er%H(vr)) - 2)] : (2.74)

2 vr F(%

where Ji (x) indicates the Bessel function of the first kind, defined by the series

> (_ l)m ()C > 2m+ao

J = —_— (= . 2.75

a(¥) r,lz::om!r(m+a+1) 2 2.75)

The angular integral in the denominator of (2.73) is independent of the radial one and
gives

Ljen = / d¢(sing)"~ frr ((n)g)’ (2.76)

2

thus canceling the divergent factor for n < 1 appearing in (2.74). The radial integral
in the denominator in (2.73) can be simplified integrating by parts. By calling G(r) =

exp [~ Aer? + cg(r)]., one obtains

I = / dr'G(r) = —= / drr"G'(r 2.77)

den

as the boundary contribution vanishes. Collecting the results, one finds

(%) Jo drr*= 'G(r) [(w)g <nJ%(vr)—er%+1(vr)> _ F(Zg)]
2 Jo drr*G'(r)

gv)=— (2.78)

Lastly, the n — 0 limit in (2.78) is taken. Recalling the definition of G(r) and noticing
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that
1.
1 . n
[(n) ~ - as n—>0:>’111£r(1)—nl—‘(5) =2, (2.79)
2
lim [ dr "G'(r) = / dr G'(r) = G(») — G(0) = —e4©) | (2.80)
n—0.J0 0
3,
tim 716 | ()" (w5 0m) —wrs (0 — 2| = —wn(G() . @81
nlj}l}l)r r vr n % vr VY. %+] vr F(%) = vJi\vr r), .

one obtains

_ v [y drJi(vr)exp [—%lgrz —l—cg(r)}

8(v) e (2.82)
Given the structure of Eq. (2.82), it follows that g(0) = 0, therefore eventually
)= [ arn(mexp | <32 )] 8
0

which is equivalent to Eq. (18) in [23]. This equation, also known as the Bray-Rodgers integral
equation, fully defines the quantity g(v). Despite numerous attempts, an exact analytical solu-
tion for (2.83) is currently not available. The numerical evaluation of Eq. (2.83) in the case of
¢ =20 has been carried out in [117], to obtain the average spectral density of Laplacians of ER
graphs with bimodal weights. In this high connectivity regime, the quality of the numerical so-
lution was comparable with the SDA approximation (see [28]). On the other hand, the authors
in [19] describe a procedure for the solution of a similar integral equation employing a series
expansion which is valid only for ¢ < 1/2. Nonetheless, for values of ¢ that are in between
these two extremal cases, Eq. (2.83) has proved to be hard to tackle even numerically, due to

the exponential non-linearity and the oscillatory Bessel term.

Taking into account Eq. (2.83), the average spectral density (2.70) can be further simpli-
fied as follows. Indeed, recalling that G(v) = exp —i%v2 +cg(v)|, the denominator in Eq.

(2.70) can be expressed as

Iy gen = — / dv G'(v) = G(0) — G(e0) =4 = 1 | (2.84)
0
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therefore entailing that the average spectral density reduces to

p(A)= 1 lim Re/wdv vexp [—M;vz—l—cg(v)] . (2.85)
0

T e—0t

2.4.4 The average spectral density in the ¢ — oo limit

It can be shown that Eq. (2.83) can be solved perturbatively in powers of 1/c in the limit ¢ — eo.
In this framework, the average spectral density (2.85) is in turn expressed as a perturbative

expansion, whose leading term is the Wigner semicircular law.

One possible way to extract the large ¢ limit of the average spectral density in the replica
formalism amounts to considering K = % /+/c in Eq. (2.60), where the distribution of the
rescaled weights being py () = 3811+ %5 # —1, and expanding the exponential through
its Taylor series. This choice would result in the conjugate order parameter being expressed
as an expansion in powers of % given that the odd powers of % are cancelled by the fact that
the odd moments of p_ (#") are zero. Assuming that the order parameter (2.61) at the saddle

point is expressed as a multivariate factorised zero-mean Gaussian, i.e.

‘QN

nooe 2‘;;2
(V) = ) (2.86)
¢*(7) 131 oo
the leading order of its conjugate results in a quadratic polynomial in the v,, namely
<%/2 n
19*(¥) = G V2 (2.87)
2 a=1
where o2 is determined by the condition

Using (2.87) and (2.88) in Eq. (2.63), one easily obtains the Wigner semicircle.

Another way to obtain the average spectral density as a perturbative series for large c is an

expansion inspired to the one outlined in [23,25], which we detail below. At first, the following
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changes of variables are introduced,

2is
2
== 2.89
v Ag b ( )
2iu
2
== 2.90
r )./g b ( )
A2 =cx3, (2.91)

1

cY(s).

where x5 = x —id, with 6 > 0. Moreover, it is assumed that g(v) =

Eq. (2.91) implies rescaling the spectral density such that a meaningful ¢ — o limit can
be considered. This rescaling is equivalent to normalising the matrix entries by /c. After the
change of variables, the spectral density will be expressed in terms of x5 = x — 10, which does
not scale with c. In this setting, the limit € — 0" is replaced by the limit § — 0" Taking into

account (2.91), for the Lh.s. of Eq. (2.85) before taking the € — 0™ limit one finds

dx 1
p(2e) =p<xa>d7‘z =pxs) - (2.92)
entailing that
. . 1 1
p(A)= lim p(A) = 515{)1}(965)% = p(x)% : (2.93)

One then rewrites Eq. (2.83) in terms of the new variables. The differential in (2.83)

e = V- Vs g, (2.94)
2iu Vexs 2iu

while the integration boundaries are unchanged. Indeed, from (2.90), one finds

transforms as

2 2 2 ‘ x 0 r=0
y— \/52’:' 6 +i\/E2r X _ \/gr \/memrctan(g) — . (2.95)

oo y —» oo

In terms of the new variables, after some algebra Eq. (2.83) converts to

s [ = 1 su "
Y(s) = x%/o duexp|[—u—+y(u)] Z m () , (2.96)

m=0 CX%
corresponding to Eq. (23) in [23].

With these choices, it is natural to expand y(s) as a power series in s/c. High powers of s
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are related to high powers of 1/c. Therefore, one expects to find a solution of the form

Y(s) = Cilbr (g) (2.97)

where in turn the coefficients b, are defined via the expansion

= (0

br=Y

-
=0 €

(2.98)

Eq. (2.97) and (2.98) allow one to obtain all possible combinations of powers of L%
The target is to determine the coefficients bg), by solving Eq. (2.96) order by order. This
would permit a complete representation of y(s) as a power series. The following steps will be

followed for the solution.

» Express 7 via the expansions (2.97) and (2.98) in both the L.h.s. and the exponent of the
r.h.s. of (2.96).

* Integrate w.r.t. u term by term in the r.h.s. of (2.96).
* Equate the coefficients of the powers L%

The expansion of y(s) will be stopped at & ( %) Hence, the Lh.s. of (2.96) reads

2 2 2 2
¥s) = b1s+b2% +O (;) — b§0>s+b§”§ +b§0)% +o (;) . (2.99)

Looking at the r.h.s., one notices that only the terms m = 0 and m = 1 of the sum in (2.96) are

needed to match the powers =+ in (2.99). Indeed, one finds
C
¥s) = 7/ duexp |—u+y(u)] + 74/ duwexp[—u+y@]+o (). @100)
x5 Jo 2ex'5 Jo c

The first and second integral on the r.h.s. of (2.100) can be denoted respectively as I4
and Iz. Considering first the integral I4, it has a pre-factor of order (s), therefore it may
yield contributions of any order in powers of 1/c depending on the order at which we stop the

expansion of y(u) in the exponent. Expanding y(u) as in (2.99) is sufficient to obtain all the
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0(1) and € (1) contributions. Indeed, we have

Iy = /Omduexp [—u+y(u)]

oo (0) (1)
~ duexp [bzuz + (bgo) -1+ bl) u]
0 c c

= ﬁeyzerfc(y) , (2.101)
/b
c
where o
A L
y= (2.102)
o/ b

(0)
and Re <bfj> < 0. The function denoted by erfc(z) is the complementary error function,
defined for real z as
l2

erfc(z) = \/ZE /oo dre” (2.103)

In order to express (2.101) as a power series, an asymptotic expansion of erfc(z) is employed.

For large real z it is given by

erfe(z) ~ j\;i [1 +§'1(_l)nng((22nz))!2n] . (2.104)

The series is divergent for any finite z. However, few terms of it are sufficient to approximate

erfc(z) well for any finite z. Using (2.104) in (2.101), one obtains

i Y <2”)!<b§:)>n

S0 b - m\ 2"
b 14+ "ln!<b§°)—1+b;>
| = 2n) (B”)" 1
- o -Y (c : T (2.105)
by" =1+ = <b§)—1+;>

Eq. (2.105) can be further simplified recalling that (1 + Bx)* ~ 1 4+ of3x for x < 1, entailing

that the first term of (2.105) becomes

(1
1 1 b 1
s o Ol 1(0) 3o (2.106)
R R L N (B

C
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Since the expansion is stopped at & (%), only the n = 1 term in the sum in (2.105) needs to be
considered, as the contributions for n > 2 are at least & (Ciz) Moreover, since the n = 1 term
exhibits the & (%) scaling explicitly, only the &/(1) contribution arising from the round brackets
in the denominator of the general term of the sum in (2.105) must be taken into account. Indeed,

using (2.106) the n = 1 term in (2.105) becomes

3 3
b 1 O [ 1 AR
Sl B 0) POl B (0) O\2 ¢
B0 144 =0 (1-8)")
(0)
b 1 1
:22+ﬁ(2> . (2.107)
C

oo ) ()
1 1 b 2b 1
IA:/ duexp [—u+y(u)] = ot ! + 2 +ﬁ<2> :
0 b c

I=by € (1—1;50))2 (1—b§°))3

Considering now the second integral on the r.h.s. of (2.100), denoted by Ip, its pre-factor

(2.108)

has already the & (%) scaling. Therefore, only the &'(1) term arising from the % expansion of

I is needed. To this purpose, it is sufficient to consider the expansion of y(u) no further than

0 (“). Indeed, one finds

Ig= /Omdu uexp [—u+y(u)]

o
s,
C

! !
- i <) , (2.109)
(1-0") ¢

~ / du uexp
0

(1)
with Re (1 S ) > 0.

%
In conclusion, using the expansions of I4 and I, respectively given by Eq. (2.108) and

(2.109), Eq. (2.100) representing the r.h.s. of (2.96) becomes

(s) = : s+ : bgl) +2 bg)) = ! i <s2>
4 _xg <l—b20)> X5 <l—b50))2 <l—b§0)) ¢ 2x§ (1 b(o)) c 2
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Equating term by term the expansion in Eq. (2.99) and (2.110), one gets a closed set of

equations to determine the three coefficients bgo), bgl) and b(zo), Viz.

1
ois): bW =— 2.111)
! x% (1 —b§0)>
(1) (0)
o(2): B =L ( i (0)>2+< 2b2(0)>3 , (2.112)
Y1 (1-b 1-b
1 1
2
ﬁ<s>: pO— 1 2.113)
C

corresponding to Eq. (25), (26) and (27) in [23]. The latter system of equations can be easily
solved, yielding

o _1 1
b _Z[HEAz} , 2.114)
1 4
2 [1+A2
(1) _ _Xs [ }
by =¥ 16 o (2.115)
© _ 17,002
b —Z(bl ) (2.116)

where A =1— % .
X
[

Finally, the average spectral density (2.85) can be evaluated perturbatively. Indeed, taking
into account Eq. (2.93) and applying the change of variables (2.89), (2.91) and g(v) = %y(s) to
the r.h.s. of Eq. (2.85), one finds

o)L =L im Re[<— i >/Ooodsexp[—s+y(s)]] -

Ve o w0t Vexs
I 1 °
p(x)= = 515{)1+ Im [xiS /0 dsexp[—s+ y(s)]] , (2.117)

where the dependence on c is only through the power series (2.97) expressing ¥(s).

The goal is to obtain the &(1) leading term dominating in Eq. (2.117) for large ¢, along
with its &(1/c) correction. It is worth noticing that the integral appearing on the r.h.s. of Eq.
(2.117) has been already evaluated up to & (%) Indeed, it corresponds to the integral 14 of Eq.
(2.108). Therefore, using (2.108) in (2.117) one gets

P =p) + Loi0+0 () 2118)

c2



2.4. Replica method: the Bray-Rodgers equation 43

where

1 1 1
=— limIm|———— 2.119
pox) = — lim Im X—451—b?1 , (2.119)

(1) (0)
pi1(x) = 1 lim Im ! i 2b

Ts-0t | x—id (1—b§0)>2+(1—b§°))3 : (2.120)

and the coefficients bgo), bgl) and b(zo) have been defined respectively in (2.114), (2.115) and
(2.116).

The 0(1) leading term py(x) in Eq. (2.119) is simply obtained by observing that

11 1
LS S B S B —
m[x—iél_bgt))] zlm[x i8+4/(x—id) 4}. (2.121)

Using (2.121), considering the imaginary part and taking the 8 — 0™ limit, the &'(1) leading

term in Eq. (2.118) becomes

V4 —x2 —2<x<?2
po(x) = , (2.122)
0 elsewhere
where we have used that
v =y y<0
Im [\fy] = , (2.123)
0 y>0

and the plus sign in front of the square root has been chosen in order to get a physical (non-
negative) solution. This sign choice amounts to selecting the top alternative for the signs ap-
pearing in the expansion coefficients (2.114), (2.115) and (2.116). Eq. (2.122) corresponds to

the Wigner’s semicircle as expected.

Similarly, using the definitions (2.114), (2.115) and (2.116), taking the § — 0" limit and

1
c

employing the property (2.123), after some algebra the & ( ) correction (2.120) is obtained as

¥ 4242 2<x<?2
pr(x) = { 2FVA , (2.124)
0 elsewhere

where the sign is determined by the same sign convention for the coefficients of the expansion
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1.5

------- Direct diagonalisation
e Analytical result

Figure 2.2: The ¢'(1/c) correction p;(x) found in Eq. (2.124) to the average spectral density of ER matrices with bimodal
weights distribution in the large ¢ limit (red line), compared to the histogram of 9.99 x 10° eigenvalues of matrices
from the ER ensemble with ¢ = 50 and bond weight distribution pg(K) = %SKJ/ﬁ + %5,(_7]/\5 (blue dotted line).
The &(1) contribution po(x) in Eq. (2.122) has been removed from the histogram.

adopted for the evaluation of py(x). The correction (2.124) is non-zero only in the interval —2 <
x < 2 and diverges at the edges. Moreover, one can notice that the total average spectral density
(2.118) is correctly normalised up to order & (%), given that the integral of the correction
(2.124) over its domain —2 < x < 2 is zero.

In Fig. 2.2, we compare the analytical expression for p;(x) against the data from direct
diagonalisation of sparse ER matrices, with bond weights distribution pg(K) = %SK, 1/e T
%51(7_1 /e in the case of ¢ = 50. We obtained the eigenvalues of 10000 matrices of size
N = 1000 and discarded the isolated contribution due to the top eigenvalue of such matrices,
which lies outside the spectrum. We then organised the remaining 9.99 x 10° eigenvalues in a
normalised histogram and removed from the data the semicircular contribution py(x) evaluated
at the middle-point of each histogram bin. We found a very good agreement between the ana-

lytical curve representing p;(x) (red line) and the numerical diagonalisation data (blue dotted

line).

2.5 Alternative Replica solution: uncountably infinite superposi-

tion of Gaussians

Kiihn in [33] suggested a different approach for the average spectral density problem, which
completely bypasses (2.83). At the outset, the treatment in [33] is the same as in [23], but
departs from the Bray-Rodgers original derivation at the level of the stationarity conditions

(2.60) and (2.61). The order parameter ¢ (V) and its conjugate i¢(V) are represented as an
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uncountably infinite superposition of complex Gaussians, i.e.

(&
o(7) = / dor(o) [ 5,7 (2.125)
i) = ¢ / d@ﬁ(@)anlez_(;:; , (2.126)

where Z(x) = \/¥ and 7w(®) and #(®) are normalised pdfs of the inverse variances @ and ®°
with Re(w),Re(®) > 0. The constant ¢ is chosen to enforce the normalisation of Z(®).

Eq. (2.125) and (2.126) are expansions of ¢ and @ in an over-complete function system.
One can also notice that () is the inverse Laplace transform of ¢, if one consider ¢ as a
function of the v2. The structure of this ansatz derives from the study of models for amorphous
systems. In that context, it was noticed that harmonically coupled systems — such as the
model defined by our “Hamiltonian” (2.5) — admit a solution in terms of superposition of
Gaussian [34, 118]. This ansatz exhibits permutation symmetry among replicas as well as
rotational symmetry in replica space, therefore sharing the same symmetries assumed in [23]
(see Eq. (2.66)). The advantage of the ansitze (2.125) and (2.126) is that they allow us to
extract the leading contribution to the saddle-point of (2.54) in the limits N — o0 and n — 0.

The path integral over the ¢ and @ is thus replaced by a path integral over 7 and 7.

Therefore, Eq. (2.54) becomes

(Z(A)") o / DR Drexp(NSu[m, #,1]) | (2.127)
where
Sulm, A = S [, ] + Sa[7] + S3[R,A] (2.128)
and
L o Z(w+
S, 7] = —¢—ne / dn(w)dﬂ(a))logz((a(?)z(a(;)) , (2.129)
Z (0,0, K)
] =n /d7r w)dr(o <1g AT >1<’ (2.130)
Z(iAe +{0})
S3[, Al =¢+n 'Y pe(k) [{dA}lo 1—. (2.131)
Sl =een B flomios” e G0

In the latter expressions, the shorthands dz = don(®), {d&}; = [[t_, d@A (@) and {@}; =

5We employ the same labels used in the cavity treatment, as the two objects will eventually coincide.
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Y5_, & have been used. Moreover, Zg(a) 0 K)=Z(w)Z(o' + K—Z) The function p(k) is

the Poisson degree distribution ps(k) = k, , *, which naturally crops up in the calculation when

representing e'® (") appearing in (2.61) as a power series. The derivation of (2.129), (2.130)
and (2.131) is detailed in Appendix 2.E. We notice that the &'(1) contributions in (2.129) and
(2.131) cancel each other, making the action (2.128) of &'(n).

The stationarity conditions (2.60) and (2.61) are replaced by the stationarity conditions

w.r.t. T and 7. They are

oS,
=0=

on

el o Z+®) [ /] (oo K) Y

C/dnlogZ(a))Z(d)) —/dﬂ <10g Z(a))Z(a)’) >K+ c y (2132)

and
Z(o+0) ¢ Z(iAe +{O}1+ @) 7§

/dn’logz(w)z((b ; /{dn} _ilog 2O 2(a) 3 (2.133)

where ¥ and ¥ are two Lagrange multipliers to enforce the normalisation condition of 7 and 7.

The equality (2.132) is realised by making sure that Y satisfies the equality
Y
—— [ dA(®)logZ(d) = -, (2.134)
c

while the remaining part (which is a function of @) should satisfy

Z(o)

/dﬂ )log (D(—{—(l) /dﬂ: <10gZ<(D+I$>> 7 (2.135)
K

where Z,(0,0",K) = Z(0")Z(0 + %2,) has been used. Since eq. (2.135) must hold for any

value of w in order for (2.132) to be satisfied, one notices that the following definition

¢ S
- C/dn(a))<6 (a)—w) >K , 2.136)

once inserted in the Lh.s. of (2.136), indeed produces the r.h.s. Likewise, also in (2.133) a
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constant part can be isolated,

oo k . k—1 . ~
- / dn()logZ(®) = — ¥ pelk) - / {dith1log [ Z(6) +% , (2.137)
k=1 =1
and a part that is a function of @, viz.
Z(o+d) & k . Z(ide +{@}—1 + @)
dr(0)log 220 _ v 102 / (dAe i log ) L2139
/ Z(®) kg’l ¢ Z(®)
As before, since (2.138) must hold for any @, it follows that
d k R . N
m(w) = Zp@(k)g/{dﬂ}k_]s (0—(iAe +{D}r-1)) - (2.139)
k=1

In order for both & and 7 to be normalised to 1, the condition ¢ = ¢ must be imposed.

2.5.1 Average spectral density unfolded

The solutions of the two coupled functional equations

2
#(d) = /dn(w) <3 (w - ’;) >K , (2.140)
oo k k—1
(o)=Y pc(k)g/{dfr}k_lcs (a) (ixg +Y w(;)) , (2.141)
k=1 (=1

represent the saddle-point evaluation of (2.127). The symbol p.(k) represents the Poisson
degree distribution, which is expected for ER sparse graphs. However, it has been shown
in [1, 34, 44] that the above equations hold unmodified also for any non-Poissonian degree
distributions p(k) within the configuration model framework, as long as the mean degree (k) =
c is a finite constant, i.e. does not scale with N, and the variance is finite. Unlike (2.83),
the equations (2.140) and (2.141) can be very efficiently solved numerically by a population

dynamics algorithm (see Section 2.6). Some remarks are in order.

* Inserting (2.140) into (2.141) yields a unique self-consistency equation for 7 that is ex-
actly identical to (2.34), obtained using the cavity method in the thermodynamic limit.
This fact demonstrates once more the equivalence between the replica and cavity meth-

ods.

 Alternatively, one could insert (2.141) into (2.140), obtaining a single self-consistency
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equation for 7 that reads

> k K?
(D) = (k)= AT - — . 2.142
f(d) k;P (k)c/{d”}k i <5 ((0 ils+2§_f(f)f> >1< ( )

The solution of the latter equation via a population dynamics algorithm will be described
below in Section 2.6. While the two approaches are equivalent, here we choose to work
with the {®} since the final equation for the spectral density is more naturally expressed

in terms of those, as shown in the following.

The pdf #(®) defined in (2.142) fully determines the average spectral density. Indeed,
recalling (2.2) one gets
(1) =~ lim 1m 7 {logZ(4)
= ——— lim Im— (lo
P Nt Y W

2 19
~ —Z lim Imlim — —S3[#, A
7 i, I lim = =537, 4]

1 d 1
=—1 k)R dAty———
ngi%+,§)p”() e/{ LAY

TR A Re[{®}]+e
= — hm c k d I
7 dim, 2 pel ) [ 0th (Re[{®}] +€)*+ (A +1Im [{0}])?

(2.143)

where the latter expression corresponds to Eq. (33) in [33]. We notice that (2.143) is com-
pletely equivalent to (2.36) if #(®) is expressed in terms of (®) according to (2.140). All the
observations made about (2.36) hold here as well. The average spectral density as expressed
in (2.143) is evaluated by sampling from a large population distributed according to #(®): this

procedure will also be illustrated in Section 2.6.

2.5.2 Singular contributions, the presence of localised states and the role of ¢

The average spectral density (2.143) can be rewritten in order to isolate singular pure-point

contributions from the continuous spectrum. Indeed, defining

Plab)= Y pe(k) {0718 (a—Rel{0}) 8 (- Imi{0})) . (2144)
k=0

one finds the identity

p(1) =~ tim [ dadbP(a,b) ate

7 o, CEIESCETIE (2.145)
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The integrand in (2.145) becomes singular as € — 0 for a = 0. These singular contributions

can be isolated representing P(a,b) as

P(a,b) = Py(b)8(a) + P(a,b) , (2.146)

yielding for the spectral density

1 1 ~ a+ée
=—1 P — i P
p(A) — lim db Q(b).i”g(?L—i—b)—i—ﬂgg})ﬁ+ a>0dadb (a,b) CETSEEN A

. (2.147)

Here, .%: (A + b) is a Cauchy distribution with scale (half-width at half-maximum) parameter

g, viz.

1 £
Le(A+b) = 582+(7L+b)2 p— O0(A+b), (2.148)

that reduces to a delta-peak in b = —A for any value of A as € — 0". The spectral density
p(A) can then be easily evaluated by sampling (see Section 2.6) from the population of the a
and b (i.e. the @). Relying on the law of large numbers and calling .# the number of samples

{(ai,b;)}, the two integrals in (2.147) can indeed be rewritten as

p(A) = ps(A)+pc(A)

1 M 1 M ;
~— Y fO+b)+— ¥ Gte

i—0/ai—0 im0 (@i + €7+ (A +bi)*’

(2.149)

where ps(A4) and pc(A ) indicate respectively the singular and the continuous part of the average

spectral density. Eq. (2.149) corresponds to Eq. (40) in [33].

We are now going to present some evidence that the singular contribution ps(A) to the

average spectral density is related to localisation properties.

Figure 2.3 shows the spectral density obtained for ER matrices with mean degree ¢ = 2
and Gaussian weights with zero mean and variance 1 /c. It has been numerically shown [32,33]
that the tails of the distribution and the central peak in A = 0 are dominated by localised states,
i.e. the eigenvectors corresponding to those values of A have most of their components equal
to zero. Given that there is a one-to-one matching between the eigenvectors of graphs and
their nodes, a localised state can be also described as an eigenvector that is concentrated on
few sites of the graph. Quantitatively, the presence and location of localised states in the

spectrum is confirmed by the numerical analysis of the Inverse Participation Ratio (IPR) of the
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Figure 2.3: Spectral density of ER matrices with mean degree ¢ = 2 and Gaussian bond weights with zero mean and variance
1/c. In all panels, direct diagonalisation results (red circles) are obtained from a sample of 10000 matrices of size
N = 1000. Top: population dynamics result obtained with a regulariser £ = 1073 (solid blue line) vs. the direct
diagonalisation results. Medium: population dynamics result obtained with a regulariser € = 10739 (solid blue
line) vs. the direct diagonalisation results. Bottom: comparison between population dynamics result obtained with a
regulariser € = 1073 (solid blue line), population dynamics result obtained with a regulariser € = 1073% (solid green
line) and direct diagonalisation on a logarithmic scale. An extremely small value of € is not able to capture the tails
of the spectral density related to localised states, where the singular contributions prevail.
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Figure 2.4: Spectral density of ER matrices with mean degree ¢ = 4 and Gaussian bond weights with zero mean and variance
1/c. Top: population dynamics result (solid blue line) obtained with a regulariser € = 103 vs. direct diagonalisation
results (red circles) are obtained from a sample of 10000 matrices of size N = 1000. Bottom: comparison between
population dynamics result with € = 1073 (solid blue line), direct diagonalisation results obtained from a sample

of 10000 matrices of size N = 1000 (red circles) and direct diagonalisation results obtained from a sample of 2500
matrices of size N = 4000 (green stars).
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Figure 2.5: Spectral density of adjacency matrices of random regular graphs with coordination ¢ = 4. The population dynamics
result (solid blue line) is compared to the analytical expression of the spectral density, found in [39,40], known as
Kesten-McKay pdf (red circles).
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eigenvectors in [33]. Given an eigenvector v of a N X N matrix, its IPR is defined as
==l (2.150)

The above definition is independent of the eigenvector’s normalisation. The IPR of localised
states is €'(1), as opposed to the &(N~!) scaling for delocalised states. Indeed, the aforemen-
tioned numerical studies in [32,33] show that the &'(1) scaling for IPR is found in correspon-
dence of the tails and around the peak in A = 0. Moreover, the IPR analysis makes it possible to
relate localised states with the singular contributions to the overall spectrum p(A). Indeed, the
regions of the spectrum where the IPR is ¢/(1) are also those where the singular contribution
ps(A) dominates over pc(4).

Moreover, when comparing numerical direct diagonalisation and population dynamics

results two fundamental aspects must be taken into account.

* On the one hand, the eigenvalues obtained by direct diagonalisation must be suitably
binned in order to produce the numerical spectral density profile. The binning procedure
can smoothen peaks originating from singular contributions, making them harder to de-
tect. Ideally, the bin size A should be small enough to resolve the local variability of the
spectral density, but also large enough to include enough eigenvalues. Quantitatively, if
Ng is the total number of eigenvalues from direct diagonalisation, then a suitable A is the
smallest value ensuring that the average number of eigenvalues per bin is Nsp (1)A > 1.
Here, we used Ns = 107 and A = 102, allowing us to faithfully represent cases where

p(2)is as small as 0(107).

* On the other hand, the parameter € plays an essential role in highlighting the singular
contributions to the spectrum. In the evaluation of (2.149) only the samples such that
b€ [-A—O(g),—A + O(¢)] for any given value of A contribute to ps(A). Therefore,
in order to have enough data for a reliable evaluation of the singular contribution pg(21),
one must refrain from using a very small € > 0 (such as € = ¢(1073%)), but rather use a
relatively large value € > 0 (such as € = ¢(1073)), to ensure that .#Z£ps(1) > 1. Here

A indicates the number of samples used to evaluate the sums in (2.149).

The effects of the choice of the regulariser € are evident in the case ¢ = 2 (see Fig. 2.3),
since for such low c localised states prevail in the spectrum. Indeed, this is due to the structure

of the graph itself, which is made of a giant cluster component and a collection of isolated finite
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connected clusters of nodes of any size (see Appendix 2.C). An excellent agreement between
direct diagonalisation and population dynamics results is achieved for € = 103 (top panel). In-
deed, in the € = 1073 case, the Cauchy peaks related to the singular contributions to the spectral
density are broadened into “wider” Cauchy pdfs. On the other hand, when using a smaller reg-
ulariser such as € = 1073% (medium panel), the spectral density exhibits large fluctuations
mainly due to errors that occur when sampling isolated states, as the condition .Zepg(A) > 1

cannot be satisfied. The peaks are superimposed on the continuous curve representing pc(A).

However, the curve pc(A) is unable to capture the tails of the spectral density: this effect is
highlighted on a logarithmic scale (bottom panel). This is the typical signature of a localisation
transition: the tails of the spectral density are dominated by localised states, hence they cannot
be represented by the continuous part of the spectrum. At the same time, using too small
values for € makes it impossible to observe the localised state contributions in the tails. If a
larger regulariser (hence better local statistics) were employed (bottom panel), then the tails

could be revealed. For an extensive discussion of these phenomena, see [33].

These effects are much less evident in the ¢ = 4 case, shown in Fig. 2.4, as localised states
are much less relevant as the mean degree ¢ increases. Indeed it has been shown in [119, 120]
that the weight of the delta-peaks related to localised states is an exponentially decreasing
function of ¢, hence the peaks tend to disappear and merge into the continuous part of the
spectrum as ¢ grows. Moreover, the proportion of isolated nodes and isolated tree-like clusters
of nodes in the graph is strongly reduced (see again Appendix 2.C). Therefore, the choice of
the regulariser is of lesser importance, and population dynamics simulations run with different
values of € yield very similar results. Here, the peak at A = 0 due to isolated nodes can
still be noticed. The case of the spectral density of ER matrices with Gaussian couplings
with ¢ = 4 is used to show that finite size effects are barely present in the spectral problem
(bottom panel of Fig. 2.4). In fact, numerical diagonalisation of matrices of different size
(in particular N = 1000 and N = 4000) are barely distinguishable if compared to the same
population dynamics simulation. Indeed, the Kolmogorov-Smirnoff test for the two samples

returns a p-value of 32%, in favour of the hypothesis that they come from the same distribution.

Finally, as an illustration of the fact that the formalism presented here can be used to
obtain the spectral density for other ensembles in the configuration model class having a degree
distribution with finite mean and variance, we show in Fig. 2.5 the spectral density of the

ensemble of adjacency matrices of random regular graphs (RRG), having degree distribution
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p(k) = &.. In Fig. 2.5 we consider the case ¢ = 4. For RRGs adjacency matrices, there are
no localised states for any ¢ > 2. Conversely, there are mainly localised states for ¢ = 2 (see
again [33] for a detailed discussion). The population dynamics algorithm perfectly reproduces

the Kesten-McKay distribution [39,40], given by the analytical formula

He—1)— A2
P(’L)=cm((ccz_))t2) for |A| <2/(c—1) . (2.151)

We remark that (2.151) can be derived analytically within the formalism of Section 2.5.1 em-
ploying a “peaked” ansatz for the distribution of inverse variances as #(®) = §(® — ®). This

is shown in Appendix 2.F.

2.6 Population dynamics algorithm

In this section, we sketch the stochastic population dynamics algorithm that allows us to solve
the self-consistency equation (2.142) and the sampling procedure to evaluate (2.143). This kind
of algorithm is widely used in the study of spin glasses [121, 122]. This procedure is general
and allows to solve every equation having the same structure as (2.142) (including for instance
(2.34)).

In order to solve (2.142), one represents the pdf #(®) in terms of a population of Np
complex values {(d)i)}ISiSNP’ which are assumed to be sampled from that pdf. Given that
the true pdf is initially unknown, a starting population is randomly initialised with Re[@;] > 0.
Then, a stochastic algorithm for which the solution of Eq. (2.142) is the unique stationary
solution is constructed.

To start, we fix € = 1073%. Indeed, when solving (2.142), we may choose € to be as small
as possible in order not to bias the values of the @ 7. Moreover, we define a set I of equally
spaced real positive numbers, starting at zero. The parameter A will take values in I. The
distance between two consecutive values in I, denoted by AA, represents the A-scan. For the
plots shown in this chapter, we have employed AA = ¢’(10~3). However, the mesh precision
can be tuned depending on the desired resolution of the spectrum. Since the average spectral
density as expressed by Eq. (2.145) (or equivalently Eq. (2.149)) is an even function of A, it
can be evaluated in the interval / and then simply mirrored w.r.t. 0 to obtain the full spectral
density shape. As a last remark, it is convenient to normalise the bond weights drawn from

pk (K) by y/c, where c is the mean degree.

"This morally corresponds to considering the £ — 07 limit in eq. (2.142).
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Given these initial remarks, the stochastic algorithm consists of iterating the following

step until a statistically stationary population is obtained, for any given A € I.

1. Generate a random k according to the distribution £ p(k), where p(k) is the degree distri-

bution of interest and ¢ = (k).
2. Generate K from the bond weights pdf px(K).
3. Select k — 1 elements @y from the population at random, then compute

A~ (new) _ Kz
® T k—1 » 7
I)yg "‘Z[ y

(2.152)

which is the equality enforced by the delta function in (2.142) . Replace a randomly

selected population member ®; (where j = 1,...,Np) with dew)
4. Return to (i).

A sweep is completed when every member of the population @; with j = 1,...,Np has been
updated once according to the previous steps. We denote the i-th sweep for a given 4 as S;(1).
A sufficient number Neq of sweeps is needed to equilibrate the population. Stationarity can
be assessed by looking at the sample estimate of the first moments of the @ variables. The
convergence is granted by the fact that recursive distributional equations such as Eq. (2.142)
admit a unique probability distribution as a solution, as it has been shown in [37].

The population dynamics algorithm can also be employed for the sampling procedure
that allows one to numerically evaluate (2.143) (and in a similar fashion (2.36)). Once (for
a given value of 1) the population {(@;)},-;<y, has been brought to convergence after Neq
equilibration sweeps, a number Npe,s of so-called measurement sweeps M(A) is performed.
Here, Npeas is the number of the measurement sweeps.

Each measurement sweep M;(A4) (j = 1,...,Nmeas) can be divided into two parts. In the
first part, the population in equilibrium is updated via a sweep S;(A ), as described before. The
second part is the actual measurement part m;(A), involving the following steps. Two (real)
empty arrays {a;}{i<ij<ny,} and {bi}{i<i<ny,) Of size Neam are initialised. Here, Ngp, is the
number of samples per measurement sweep. Each of the a; and the b; will eventually play the

role of the real and the imaginary parts of sums of the @y, respectively. Then, fori=1, ..., Ngam:

1. Generate a random k according to the degree distribution p.(k) (or in general p(k))
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2. Select k numbers @ from the population {®;},;, at random and compute

k
xi=Y dy. (2.153)
(=1
3. Compute
a; = Re[x,-] s (2.154)
b,’ = Im[xi] . (2155)

When all Nyeas measurement sweeps M;(A) have been completed (typically, Nmeas ~ 10%),
the resulting Nineas arrays of the type {a;}{1<ij<n,,} (respectively {b;}(i<i<n,,}) are merged
together, yielding a unique large array {A;} (i< ;< 4} (respectively {B;}{i<j<. ) of size A4 =
Nsam X Nmeas,» Which is the total number of samples (typically, we choose Ngay such that . is

% (107) for the chosen value of Ny,e,5). Therefore we can eventually compute

Aj-i—S

1 M
P = 7 L o (B A (2130

which represents the contribution to the average spectral density for a given value of A. Eq.
(2.156) corresponds to Eq. (2.149). The evaluation of the sample average (2.156) requires a
careful choice of &, since the value of € in (2.156) will determine the width of the Cauchy dis-
tributions approximating the delta-peaks in the spectrum (see the discussion in Section 2.5.2).
In general, the value of € employed in (2.156) can be larger (up to € = ¢’(1073)) than the value
£ = 1073% chosen for the equilibration sweeps in (2.152), in order to have sufficient statistics
to faithfully represent the singular part of the spectrum. Eq. (2.156), corresponding to eq. (40)
in [33], is a discretised version of (2.145). This step concludes the sampling algorithm for a

given value of A. The full sampling algorithm can be summarised as follows.
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Algorithm 1 Population dynamics sampling algorithm

1: for A €1do

2: fore=1,...,Neq do

3: Se(A) > Equilibration sweeps.
4: end for

5: for j=1,...,Npeas do

6: S;i(A)

7: m;(A) >S;(A) and m;(A) jointly form the measurement sweep M;(2).
8: end for

9: Compute (2.156) for given A using results from steps 5 to 8.
10: end for .

2.7 Summary

We have provided a comprehensive overview of the computation of the average spectral density
of sparse symmetric random matrices using a statistical mechanics setup. We started with the
celebrated Edwards-Jones formula (2.2) and outlined its proof. The formula allows to recast the
determination of the density of states of a N x N matrix into the calculation of the average free
energy of a system of NV interacting particles at equilibrium, described by a Gibbs-Boltzmann
distribution at imaginary inverse temperature. Therefore, techniques from the statistical physics
of disordered systems, such as the replica method, can be employed to correctly deal with the
calculation of the average free energy (see Eq. (2.16)) that features in the Edwards-Jones
formula. The replica method was indeed the strategy used in the seminal work of Bray and
Rodgers, which represents the first attempt to obtain the spectral density for matrices with
ER connectivity. We have reproduced their calculations in detail, showing how to derive the
integral equation (2.83) whose solution still represents a challenging open problem. We also
described how to obtain the Wigner semicircle as the leading order of the large mean degree

expansion of Eq. (2.83).

Considering sparse tree-like graphs within the Edwards-Jones framework, we have de-
scribed how to apply the cavity method to the spectral problem for single instances. The
cavity method circumvents the averaging of the free energy by making the associated Gibbs-
Boltzmann distribution the target of its analysis. We have demonstrated that in this context the
only ingredients needed to compute the spectral density are the inverse variances of each of the
N marginal pdfs of the Gibbs-Boltzmann distribution (see Eq. (2.22)). These inverse variances
are easily obtained in terms of a set of self-consistency equations (2.29) for the cavity inverse

variances. We have also discussed an algorithm to perform the single-instance cavity analy-
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sis. Moreover, we have explained how in the thermodynamic limit the cavity single-instance
recursions give rise to a self-consistency integral equation (2.34) for the pdf of the inverse cav-
ity variances, in terms of which the average spectral density (2.36) is fully determined at the
ensemble level.

We have also illustrated an alternative replica derivation, where the high-temperature
replica symmetry ansatz employed by Bray and Rodgers is realised by assuming that the or-
der parameter and its conjugate are expressed through an infinite superposition of zero-mean
complex Gaussians, with random inverse variances (see Eq. (2.125) and (2.126)). We showed
that the two coupled integral equations (2.140) and (2.141) that define the pdfs of the afore-
mentioned inverse variances reduce to a unique self-consistency equation (2.142), which is
equivalent to Eq. (2.34) found within the cavity treatment in the thermodynamic limit. In the
replica framework, too, the average spectral density (2.143) depends only on this single pdf
defined in (2.142). Therefore, once again the equivalence between the cavity and replica ap-
proaches is confirmed. Indeed, both methods permit to express the average spectral density
as a weighted sum of local contributions coming from nodes of different degree k. On the
practical side, the average spectral density is obtained by sampling from a large population of
complex numbers distributed according to the pdf of the inverse variances (2.142) (or equiva-
lently (2.34)). We remark that both approaches are not restricted to ER graphs, but can handle
any degree distribution with finite mean and variance.

The essential tool for solving self-consistency equations of the kind of Eq. (2.142) and
performing the sampling procedure to evaluate the spectral density (2.143) is a stochastic pop-
ulation dynamics algorithm which we outlined in detail. Results obtained with the population
dynamics algorithm are in excellent agreement with the numerical diagonalisation of large
weighted adjacency matrices of tree-like graphs, provided that the correct choice of the value
of the regulariser € used in the algorithm is made. Indeed, we thoroughly describe the impor-
tant role of € in unveiling the contribution of the localised states to the spectral density, also
in connection with the graph’s mean degree and structure. We are also able to show that the
spectral density does not significantly suffer from finite size effects, away from any localisation
transition. In the immediate vicinity of localisation transitions, it is expected that finite size ef-
fects will affect results as in other continuous phase transitions. However, this phenomenology

has not been fully investigated.
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2.A Sokhotski-Plemelj formula

The Sokhotski-Plemelj identity is

lim -
e—0t X k1€

—pr <i> +ind(x) 2.A1)

It is employed for the solution of some improper integrals. A quick proof for a real test function
g(x) follows. We have
g

o 1 €
li dx dx x Tl dx e 2.A.2
sg(r)l+ x:|:18 e%O*/ 2 Fi 81I8+/w g(x)nx2+82 ’ ( )

where the real and imaginary part of the integrand have been separated. The first integral on

the r.h.s. of (2.A.2) can be written as a Cauchy principal value, viz.

(oo} 2
lim dx X—"— 8(x) = lim dx g x
e—0* x2+ €2 -0+ x x24¢g?

([ L) (. ans

The second integral on the r.h.s of (2.A.2) reduces to

(2.A3)

1
li dx ——

— [ 080 = 00). (2.A.5)

where limg_,o+ & = 6(x) has been employed.

P x2+82

2.B The principal branch of the complex logarithm

The logarithm in the complex plane is in general a multi-valued function. Whenever a well

defined, single-valued function is needed, the principal branch of the complex logarithm can
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be considered. It is denoted by “Log” and defined such that for any z € C with r = |z,
Log(z) =In(r) +iArg(z) with Arg(z) € |-,z . (2.B.6)

The function Arg(z) denotes the principal value of the argument of the complex number z. In
particular, given z = re'® € C, the argument of z is given by arg(z) = 6 and is in general a
multi-valued function. The single-valued principal argument Arg(z) is related to arg(z) via the
following relation,

Arg(z) = arg(z) + 27 B — ar2g7(Tz)J 7 (2.B.7)

where the symbol |...| denotes the floor operation, i.e. [x| is the integer number such that

x—1<[x] <xforxeR.

In general Loge® # z for z € C. Indeed, for any z = x + iy € C the following property
holds:

Log(e%) = Log|e?| 4 iArg(e?) = Log(e") +iArg(e”)
. 1 iy
:x—H{arg(ely) +2r {2 _ arg(e )J }

27
riytomi|Lo 2
:x —_— =
Y 2 2r
|1 Img]
_ 27l = — 2.B.8
zZ+2m \‘2 o J R ( )

where Log(x) = In(x) for x € R and the definition (2.B.7) has been used for the principal value

of the argument Arg(z).

2.C Erdos-Rényi graphs

The Erdds-Rényi (ER) graph is the prototypical example of a random graph, introduced by
Erd6s and Rényi in [21,22]. It is the simplest and most studied uncorrelated undirected random
network. It can be denoted by G(N, p), where N is the number of nodes and p € [0,1] is the
probability that any two nodes (there are N(N — 1) /2 possible pairs, hence possible links) are
connected. In other words, p is the probability that a link exists independently from the others.

In formulae, the probability that a link exists between nodes i and j is

pc(cij) = pde;1 + (1= p) 00 - (2.C.9)
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All properties of the ER model depend on the two parameters N and p. Its degree distri-

bution is binomial, viz.

—1
Pr[a random node has degree k] = p(k) = (N L >pk(l —p)N Ik, (2.C.10)

Indeed, a node has degree k if it is connected to k nodes (the probability of this event being
P¥) and at the same it is not connected to all the remaining N — 1 — k nodes (the probability of
this event being (1 — p)V~!=%). The binomial coefficient accounts for the fact that the specific
subset of k nodes we choose out of the remaining N — 1 does not matter. The mean degree is
then ¢ = p(N —1). In the limit N — c where N — 1 ~ N and keeping ¢ = Np constant, the
binomial distribution in (2.C.10) converges to the Poisson distribution,

cke=¢

pelk) = R (2.C.11)

The condition for this limit to hold is exactly verified in the sparse ER ensemble that we con-
sider in our analysis. Indeed, we explicitly ask that the mean degree ¢ be a finite constant,
hence ensuring that p = ﬁ — 0 as N — oo, The Poisson distribution in (2.C.11) is decaying
exponentially for large degree k.

The structure of an ER graph and in particular the existence of a giant component depend
on the value of p [22]. The giant component of a graph is the largest connected component
(i.e. cluster of nodes) in the graph, containing a finite fraction of the total N nodes. In a
connected component, every two nodes are connected by a path, whereas there are no con-
nections between two nodes belonging to two different components. We have the following

properties [123, 124].

e For p < % (i.e. ¢ < 1), the probability of having a giant component is zero. Indeed, al-
most every G(N, p) graph has no connected components with size larger than &'(In(N)),
and can be described as a disjoint union of trees and unicycle components, i.e. trees with

an extra link forming a cycle.

e For p > % (i.e. ¢ > 1), the probability of having a giant component is 1. Almost every
G(N, p) graph will have a unique giant component whose size is ¢/(N) containing cycles
of any length, while the remaining smaller components (typically trees and unicycles)

have at most size '(In(N)).
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e p= % = p. represents the percolation threshold as it separates the two regimes: indeed at
p = pc (i.e. ¢ = 1) most of the isolated components for ¢ < 1 merge together, giving rise
to a giant component of size & (Nz/ 3). As the (constant) mean degree ¢ > 1 increases,
the smaller components join the giant component, which then becomes ¢'(N) in size.
The smaller the size of the isolated components, the longer they will survive the merging

process.

In(N)
N

e For p < , almost every G(N, p) graph contains isolated nodes, hence it is discon-

In(N)
N

nected. As soon as p > , almost every G(N, p) graph becomes connected, as the

isolated nodes attach to the giant component entailing that every pair of nodes in the
In(N)

graph is connected by a path. The value p = =5~ is then a threshold for the connectivity

of the graph.

The structural properties of the graph are reflected in the spectrum. Indeed, the variety of
peaks in the spectrum related to singular contributions are due to isolated nodes and isolated
finite clusters of nodes that are still present for finite constant ¢ > 1, alongside with the giant

component.

The ER graph can also be seen as a model of link percolation [125]. Indeed, ER graphs
can be generated also starting from a fully connected graph and removing links at random with

constant probability 1 — p.

An algorithm for the generation of the adjacency matrix of any generic random graphs
within the configuration model is described in Section 8.1 and detailed in Appendix J.5 (Algo-
rithm 27) of [126].

2.D How to perform the average (2.48)

The goal is to perform the average

i N n
exp 5 Z V,'a./,'jv]‘a (2.D.12)
i,j=la=1 J

w.r.t. the joint distribution of the matrix entries

P({Jij}) = [ I pe(cij)8ciy.cs | | Px (Kij) Sk, ks » (2.D.13)

i<j i<j
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where

C C
pelcif) = 80,1+ (1 - N> 8,0 (2.D.14)

represents the ER connectivity distribution, and px(K;;) is the bond weight pdf. The average

is computed for large N as follows,

- N n
(r(s o)) - (1en( o)
B ;o\ a=l {c} (K}
= H<exp < Z ,ac,JK,ija) >
i<j =1

C
— 1 _ IKZ(IVMZV](Z _
[ ty ((e )K

N .
~ exp lzjv y (<el’<ZanaV-fa>K—1)] : (2.D.15)

where the subscripts {c} and {K} respectively denote averaging w.r.t. the joint pdfs of the
{cij} and the bond weights {K;;}, whereas the non-bracketed subscripts ¢ and K refers to the
average over a single random variable drawn from pc(c) and pg(K), respectively. Moreover,
in the second line we have used independence of the random variables and in the last line we
have re-exponentiated the product and the factor 1/2 prevents from over-counting symmetric

terms in the double sum.

2.E The action S,, in terms of 7 and 7

The following action is derived in Section 2.5,
Sulm, A, A] = S1[7, &] + S2[7] + S3[7, A . (2.E.16)

The contributions (2.129), (2.130) and (2.131) are obtained from (2.56), (2.57) and (2.58) re-
spectively, using the saddle-point expressions (2.125) and (2.126) for the order parameter @* (V)

and its conjugate i¢*(¥). Defining the shorthands dz(®) = dwn(®), {d#}; = [Ti_, dd#(dy),
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{@) =iy and Z(x) = [dve 3" = | /22, one finds

a1 Z(0)Z(®)
—_¢ / A (©)dA(6) ( ZZ((Q“)’)*ZT(@))
~ —G—né / d7()d7 (@) log (M) , (2.E.17)

where we have used a small # expansion in the last line. Concerning S5, one has

_o, 2
2V

e iKY vaVi\
/dvdv/dﬂ: w)dn(ow a1 ( Z(w’ (( VK 1)

:E/dn(w)dﬂ(w’) [<<Zz 2. K n>K ]

~nS / dn(@)dn(w < Zz((;’);’(wlf) >K, (2.E.18)

NS

/ —sz—&,vlz—i-il(vv’ : :
where we have used Z, (0, ®",K) = [dvdve 2"V "2 and again a small n expansion.

Concerning S3, one gets

Ss[#,A] = Log / dp ¢ 13 i Hi00)

Log [are it (00

!
= k!

@y
o ok n %2
:

s fo e fon 11

{=1a=l1

-t [0

~ = Ak (llg—i-{(b}k)
Logzk'/{dﬂ}k (H—nlo —ng_lz(@) )

nd Ak 17Lg+{(1)}k)
l—i-nZ /{dﬂ}l Ty ]
Z(i)tg—‘r{(x)}k)
T— Z(dx)

—Loge

(2.E.19)

~é+nY pe(k) /{dfc}klog

k=0
where ps(k) = %6*6 is a Poisson distribution with parameter ¢. We remark that in the second
line we have expressed exp (i@ (V)) through its power series and a small n expansion has been

used across the entire calculation.
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2.F The Kesten-McKay distribution from a peaked 7

We analytically derive the spectral density of the ensemble of adjacency matrices of random
regular graphs (RRGs), using the formalism of Section 2.5. We employ eq. (2.142) and (2.143),
specialised to the RRG case where p(k) = &, and px(K) = 6(K — 1). Therefore, we obtain

for the self-consistency equation for &

(D) = / {d#}._16 (w 1) : (2.F.20)

ile + ZL% (bé

whereas for the spectral density we get

1 1
A)=— lim R / dit}e | 5——=—+ | - 2.F.21

p(A) ﬂei%l* ¢ [{d#}e |:ilg +Y0 Cz)g:| ( )
Eq. (2.F.20) can be solved by a degenerate pdf of the form

#(®) = 6(d— @), (2.F22)

provided that @; solves

_ 1 _ —ide /(i) +4(c— 1)
e et e—Da %~ 2(c—1) '

(2.F.23)
Therefore, the spectral density reads

1 .
p(A) =7 lim Re [m}

(c—2)(ike) Fer/d(c— 1) — A2 _ (2.F.24)

2_ 2
AZ—c

1
= — lim Re
2T -0+

Taking the real part and thereafter the € — 0" limit in (2.F.24), one obtains

4(c—1)—A2
p(ﬂ.) _ c 27:(;2_))‘2) for |7L| < 2\/(c— 1) , (2.F.25)

where the minus sign has been chosen in order to have a physical solution. The latter expression

is the Kesten-McKay pdf in Eq. (2.151).
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2.G Trees have a symmetric spectrum

A tree is a connected acyclic undirected graph. Acyclic means that it contains no cycles. In
a tree, any two nodes are connected via a unique path [127]. In particular, trees are examples
of bipartite graphs, in which nodes can be divided into two disjoint subgraphs S; and S,, such
that every node in subgraph S only has neighbours in the complementary subgraph S, and vice

versa.

Here, we show that the N x N adjacency matrix A (whether it is weighted or not) of a
tree with N nodes has a spectrum that is symmetric around A = 0. In other words, for any
eigenvalue A of A, then —A is also an eigenvalue of A. This result is encoded in the fact that
in the set of recursion equations for the cavity inverse variances (2.29) and single-site inverse

variances (2.31), the matrix entries appear only through their square.

Let x be the eigenvector of A corresponding to the eigenvalue A . Given x and A, we will
be able to construct a vector y that is an eigenvector of A corresponding to the eigenvalue —A.

Indeed, considering the eigenvalue equation for the component x;,

Axi=Y Ayxj, (2.G.26)

jeai
the node i contributing to the L.h.s. of (2.G.26) and the nodes {j : j € di} contributing to
the r.h.s. of (2.G.26) always belong to different subgraphs. Therefore, the signs of all the
components x; with j € di all belonging to one of the two subgraphs (S or S») can be changed,

giving rise to

—Axi= Y (Aij)(—xj) & —Ayi= Y (Aij)(y;) - (2.G.27)
jeadi Jjeadi
This reasoning can be iterated for any i = 1,...,N. Therefore, given the eigenvector x corre-

sponding to A, one can construct a vector y such that

X; €S
Yi= . (2.G.28)

—X; IASINY)

Of course, the choice of inverting the sign of the components of x on the set S» is arbitrary. The
same result is achieved by changing the sign of the components living on nodes in S; while

leaving the components defined on nodes in S, unchanged. The vector y is thus an eigenvector
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of the matrix A corresponding to —A.
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Chapter 3

Top Eigenpair Statistics for Weighted Sparse
Graphs

3.1 Introduction

Building on the statistical mechanics framework that has been presented in Chapter 2, we
present a cavity and replica formulation of the top eigenpair problem which is close in spirit to
the Edwards-Jones setup for the spectral problem. Indeed, the top eigenpair problem is framed
as the search for the ground state of a system of particles interacting on a sparse graph, de-
scribed by a Gibbs-Boltzmann distribution with real inverse temperature 3. Our cavity deriva-
tion differs from the one in [47] in that it targets directly the Gibbs-Boltzmann distribution of
the associated physical systems, in analogy to the treatment for the spectral density in Chap-
ter 2. Moreover, the method we propose is able to accommodate hard constraints, thereby

providing a flexible setup that can be easily expanded to deal with more structured problems.

The plan of the chapter is as follows. In Section 3.2, we will formulate the search of the
top eigenpair in terms of its statistical mechanics analogy. In Section 3.3, we will describe
the cavity approach to the problem for the single instance case (in 3.3.1), deriving the single-
instance recursion equations already found in [47]. In addition, we provide in Appendix 3.A
a detailed analysis of these recursion equations, showing that their convergence is strictly re-
lated to the spectral properties of a modified non-backtracking operator associated with the
single-instance matrix. We extend the cavity derivation to the thermodynamic limit (i.e. at the
ensemble level) in 3.3.2. In Section 3.3.3, we also show how to derive the Porter-Thomas dis-
tribution [93,94] from the ensemble equations in the large ¢ limit. In Section 3.4, we formulate
the replica approach to the same problem, first focussing on the largest eigenvalue problem (in

3.4.1) and then on the density of top eigenvector’s components (in 3.4.2). Our replica deriva-
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tion is valid for any degree distribution p(k) with finite mean and variance characterising sparse
graphs within the configuration model. Thanks to the replica analysis, we show the equivalence
of the cavity and replica methods at the ensemble level. Moreover, we are able to better un-
derstand the behaviour of the stochastic integral recursions that provide the solution of the top
eigenpair problem in the thermodynamic limit. In Section 3.5, we test our formalism in the
case of Markov transition matrices on a random graph structure. In Section 3.6, we provide the
details of the population dynamics algorithm employed to solve these recursions. This algo-
rithm allows us to characterise the distributions of the cavity fields in the thermodynamic limit
and identify the individual contributions of nodes of different degrees & to the top eigenvector’s

entries. Finally, in Section 3.7 we offer a summary.

3.2 Formulation of the problem

We consider a sparse random N x N symmetric matrix J = (J;;), with real i.i.d. entries. The
matrix entries are defined as

J,'j :Cinij, (31)

where the ¢;; € {0,1} constitute the connectivity matrix, i.e. the adjacency matrix of the un-
derlying graph, and the K;; encode bond weights.

Similarly to Chapter 2, we consider locally tree-like sparse matrices, characterised by the
fact that their degree distribution p(k) has a finite constant mean (k) = ¢ (hence ¢/N — 0 as
N — o), and finite variance. We will consider bounded degree distributions, i.e. with a finite
maximum degree kpax not scaling with N. For instance, a suitable candidate can be a bounded

Poisson distribution
Plki=k)=p.(k)=A"te % /k!,  k=0,... knax (3.2)

with the mean degree a finite constant ¢ = (k) and A" = Zi’jg e ~“¢* /k! to ensure normalisation.
The bond weights K;; will be i.i.d. random variables drawn from a parent pdf px(K) with
bounded support. This setting is sufficient to ensure that the largest eigenvalue A; of J will
remain of €(1) for N — oo,

The spectral theorem ensures that J can be diagonalised via an orthonormal basis of eigen-

vectors v, with corresponding real eigenvalues Ay (¢ =1,...,N),

JVa = AaVa 5 (33)
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for each eigenpair @ = 1,...,N. The N eigenvalues can be sorted in descending order,
A > A > ... > Ay. In particular, for unweighted adjacency matrices and adjacency matri-
ces with positive weights the Perron-Frobenius theorem ensures that the top eigenvalue is not
degenerate, entailing that A; > ;.

The goal of this chapter is to set up a formalism based on the statistical mechanics of

disordered systems to find:
* the average (or typical value) (A;); of the largest eigenvalue A;;

o the density p;(u) = <%Z§V:1 O(u— vgi))>J of the top eigenvector’s components, v; =
( (n (N))

Vi

where the average (-); is taken over the distribution of the matrix J.
The problem can be formulated as the optimisation problem of a quadratic function A (v),

according to which v, is the vector normalized to N that realises the condition

A

NA; = min [A(v)] = min [—1(V,]v)] : (3.4)
V=N vr=N L 2

as dictated by the Courant-Fischer definition of eigenvectors. The round brackets (-, -) indicate

the dot product between vectors in RY. It is easy to show that A (v) is bounded
1 - 1
—SMN <A (V)< AN, (3.5)

and attains its minimum when computed on the top eigenvector. The function H (v) can be
thought of as the “Hamiltonian” of a system of N particles interacting pairwise along the edges
of the graph defined by the adjacency matrix C = (c;;).

For a fixed matrix J, the minimum in (3.5) can be computed by introducing a ficti-
tious canonical ensemble of N-dimensional vectors v at inverse temperature 3, whose Gibbs-

Boltzmann distribution reads

Pp) = 5 exp | B[ 8(vE ). .6

where the delta function enforces normalisation. Clearly, in the low temperature limit  —
oo, only one ’state’ remains populated, which corresponds to v = vy, the top eigenvector of

the matrix J. Moreover, in view of (3.5) the intensive free energy per particle % in the zero
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Figure 3.1: Tree-like structure of a graph. The indexing refers to the labels used in the cavity method treatment in subsection
3.3.1.

temperature limit reduces to A, up to a factor —1/2, viz.

Floo__ A
-

N 3.7

Bses

On the other hand, the free energy can be expressed through the partition function Zy at any 3

as
% = _[31NanN , (3.8)
therefore entailing that
M= giirio[}zjvanN . (3.9

We will employ the latter definition to obtain the top eigenvalue of J in both the cavity and the

replica framework.

3.3 Cavity analysis

In what follows, we will use a cavity method [35] formulation for the top eigenpair problem
which is deeply rooted in the statistical mechanics approach to disordered systems. Our formu-
lation provides equations for the statistics of the top eigenpair that are fully equivalent to those
found earlier by Kabashima et al. in [47]. Our treatment, however, brings more neatly to the
surface a few subtleties related to the solution of self-consistency equations and their range of

applicability, this way providing a more transparent derivation.
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3.3.1 Cavity derivation for a single instance

Consider for the time being a single instance of the random matrix J. As shown at the end of

the previous section, its top eigenvalue can be defined as
A1 = lim ian (3.10)
1= Bseo N N .
where the partition function Zy reads
Zy = /dv exp [Q(V,Jv)] S([v>=N). 3.11)
Employing a Fourier representation for the Dirac delta in (3.11), one finds
Zy = <£t> / dAexp [BNSy(L)] , (3.12)

where the action Sy(A ) reads

i1
Sv(A) =5 + gyLoeZv(A) (3.13)
with
. 2V
Zﬂk):i/dvexp{—g(wAvﬂzz A;Z;A, (3.14)

and we have considered the matrix A = iA1y — J. Evaluating the integral (3.12) with a saddle
point approximation for large 3, one notices that the contribution to the integral (3.12) coming
from (3.14) can be neglected. Therefore, the partition function reduces to

BN

Zn = exp [2i7t*] , (3.15)

where the symbol A* denotes the saddle-point value of the variable A. Using (3.10), Eq. (3.15)

entails that

A =iA". (3.16)

In order to determine the value iA*, we consider Eq. (3.12) without calculating explicitly the

integral (3.14) defining Zy. The stationarity condition of the action Sy w.r.t. to A requires

1
=5

1

1 <v2> , (317)

i

M=

I
—
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where the angle brackets indicate the average w.r.t. the distribution

2 = L exo | B (vaw) -
Pg(v]id )—ZNexp 3 (v,Jv)

Bid*
2

(v,v)| . (3.18)

The pdf in (3.18) is the grand canonical version of the canonical Gibbs-Boltzmann distribution
(3.6). For large N, the two pdfs are expected to provide the same physical results, entailing that
in the limit 8 — oo the top eigenvector of J can be found by studying the ground state of (3.18)
instead of that of (3.6).

The saddle-point value iA* is defined as the only value such that Eq. (3.17) is satis-
fied in the B — oo limit . Actually, Eq. (3.17) expresses the normalisation condition for the
components of the top eigenvector. Indeed, the variables v; appearing in (3.17) represent the

components of the top eigenvector of J when the low temperature limit is considered.

In view of Eq. (3.16), we set iA* = A € R, since it must be real because of the symmetry
of the matrix J. The distribution (3.18) then reads
B BA

exp [2 (v,Jv) — T(V, v)] (3.19)

Ps(v[A) = ZNl(k)

and represents the starting point of the cavity analysis. Considering its partition function

Zv(A) = / dvexp{ﬁ B (v,Jv)—’;(v,v)H , (3.20)

one notices that the condition A > A, is necessary to ensure convergence for all 3.

Our goal is to obtain a factorisation of the pdf (3.19) in order to easily perform the § — o
limit. We then start looking at the structure of its marginals, using the cavity method as in
Section 2.3.2. For a given component v; its marginal distribution P;(v;) is obtained by integrat-
ing out all other components in (3.19) using the sparsity condition J;; = 0 if j ¢ di (where di

denotes the immediate neighbourhood of 7). Thus, it reads
! e (0
P = S exp(—B57) [vaeno (B Y vy | POva) . 32D
! jeadi

where PU) (vg;) is the joint distribution of the components pertaining to the immediate neigh-
bourhood of i, di, when the node i has been removed. Indeed, all the components outside di

can be integrated out without difficulty, and the resulting constant term can be just reabsorbed
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in the normalisation constant. P() (v;,) is also known as cavity probability distribution.

Adopting now a tree-like approximation, which is accurate for very sparse graphs, all
nodes j in di are connected with each other only through i (see Fig. 3.1), therefore they
get disconnected when the node i is removed from the network: this implies that the integral
appearing in (3.21) factorises as

1 A i
P (vi) = 7 €Xp (—B 2v?> H./dvjexp (BJijvivj)Pj( ) (vj) . (3.22)

JEdi
In the same way, a similar expression can be derived for the marginal cavity distribution Pj@ (vj)
now appearing in (3.22). Iterating the reasoning as before, and further removing the node j € di

in the network in which the node i had already been removed, one can write

i 1 A ,
P} ) (vj) = 7 SXP (—[3 2\/3) H /dw exp (ﬁljgv]w) Pg(j) (ve) , (3.23)
Z; tedj\i

where the symbol d j\i denotes the neighbourhood of j excluding i.

Equation (3.23) has now become a self-consistent equation for the cavity probability dis-

tributions, which can be solved by a Gaussian ansatz for PJ@ (vj), namely

i o)’ ) B i
pY (vj) = 27; exp | — 2(;(1,) exp <_2w](' )v? +[3h§.)vj> , (3.24)
J

where the parameters a)l.(i) and hy) are called cavity fields. The a)i(i) play the role of cavity
inverse variances, whereas the h;i) can be considered as cavity biases. Unlike the spectral
problem, here we employ a non-zero mean Gaussian ansatz. It is chosen to obtain a solution
v whose components are not peaked at zero in the 8 — oo limit. Inserting the Gaussian ansatz

(3.24) in (3.23) and performing the resulting Gaussian integrals, one obtains

g (Vi +h§f'))2

(i) 1 B,
P (vj) = iexp(—?tv) exp|lz————| . (3.25)
P gren(2om) e 570

Comparing the coefficients of the same powers of v; between (3.24) and (3.25), one obtains the
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following two self-consistent relations which define the cavity fields a)l.(i) and hﬁ-i), viz.

. J?
o' =2- Y (3.26)
J ()
Ledj\i Wy
(i) _ Jjt (7
h = Z ‘Whg . (3.27)
€ j\i Wy

These equations have been obtained before in [47].

The Gaussian ansatz (3.24) can then be inserted in (3.22), resulting in a Gaussian distri-

bution for the single-site marginals

1
P (vi) = Zexp (—ga)iv,-2 —|—Bh,-v,-) , (3.28)
1

where the N coefficients @; and A; are given by

T
o=A-Y —, (3.29)

jeai @
hi=Y

J
Jij G
Sl (3.30)
jedi (Dj

i

()

Here, a)](.i) and hy) are the fixed-point solutions of (3.26) and (3.27). Therefore, using (3.28) to

express (3.19), one finds

N 1 B
A =T]= —Zap? 4 Bhv; | . 3.31
p(v12) = [T 7 exo (~5 i + B (331)
In the limit B — o0, Eq. (3.31) converges to
N h:
PV =Tl8(vi-—) ., 3.32
v =11 (v a),~> (3.32)

from which one concludes that the components of the top eigenvector of the fixed matrix J (a
single instance of the ensemble) must be given by vsi) = h;/ ;, where h; and ®; are the values
obtained from (3.29) and (3.30), after the fixed-points of the recursions (3.26) and (3.27) have

been obtained. The normalisation condition (3.17) then becomes

N hi 2
IZN,-_ZI(@) ) (3.33)
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A detailed analysis of the recursions (3.26) and (3.27) is deferred to Appendix 3.A. There
we show that their convergence and the possibility for the condition (3.33) to be satisfied are
strongly interlaced and determined by the value of A. Indeed, convergence is achieved only for
A = A4, as it should according to Eq. (3.16).

We conclude this section by noticing that although the single-instance derivation only
relies on the tree-like approximation for the local connectivity and is arguably very easy and
intuitive, it is not particularly useful as it stands. Indeed, we show in Appendix 3.A that the
cavity algorithm essentially transforms the original top eigenpair problem for the N x N matrix
J into the top eigenpair problem for the related larger Nc x Nc non-symmetric matrix B, i.e. the
non-backtracking operator of J. It is, however, a conceptually necessary ingredient to discuss

infinite-size matrices, as we do in the next subsection below.

3.3.2 Thermodynamic limit
In an infinitely large network, it is no longer possible to keep track of an infinite number of
cavity fields. We then consider first the joint probability density that the cavity fields of type

a)J(-i) and hy) take up values around @ and A
n(®,h) = Prob (a)J(.i) = w,hﬁ.") = h)

- (ﬁk)l Yy s (0-0") s (n—n) (334)
i=1 l / P .

i=1jedi

where N is now large but finite. This is a properly normalised pdf: indeed, we can associate
two cavity fields a)J(.i) and hgi) to any link (i, j) of the network. Since every node i is the source
of k; links, their total number is given by Zﬁil k.

As is done in Section 2.3.3, one may appeal to the single-instance update rules given by
(3.26) and (3.27) to characterise the above distribution self-consistently, with the only differ-
ences that in this case the cavity fields pdf 7(@,#) is bivariate and the @ and 4 are real valued.
Following the exact same reasoning of Section 2.3.3, the joint pdf @(w,h) is given by the

self-consistency equation

Kmax k—1 k—1 KéZ k—1 ]’l[K[
n(a),h):Zr(k)/ [Tam (@) | (8 0-2+Y 2L )s(a-} " ,
k=1 =1 =1 % =1 M (K},
(3.35)

where d7n (@y, hy) = dwydhym (g, hy), the average <.>{K}k—1 is taken over k — 1 independent

realisations of the random variable K and r(k) = f p(k) denotes the probability mass function
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of having a random link pointing to a node of degree k. The sum in (3.35) starts from k = 1
since we should not be concerned with isolated nodes. Eq. (3.35) is generally solved via a
population dynamics algorithm (see Section 3.6 for details). In some exceptional cases, such
as for adjacency matrices of random regular graphs, it can be solved analytically (see discussion

in sections 3.4.1.2 and 3.4.2.2 below).

Similarly, the joint pdf of the coefficients w; and /; can be expressed as

lN

N

1

(@,h) = S(d—0;)8(h—h) . (3.36)

1

In this case, there is a pair of marginal coefficients @; and #; living on each node. Categorising
nodes by their degree and following the same line of reasoning that led to (3.35), in the infinite

size limit the joint pdf of the random variables of the type @; and h; can be written as

k g2 k
slo-a+Yy 55 (h-y 2K ,
(=1 Wy (=1 Wy (K},

3.37)

kmax k

& (@,h) = k;)p(k)/ [Hdn’((og,hg)

(=1

where p(k) is the degree distribution. Here, 7 (@y,hy) is the fixed-point distribution of cavity
fields, i.e. the solution of the self-consistency equation (3.35), which should therefore be solved

beforehand.

The distribution of the top eigenvector’s components in the thermodynamic limit is then
obtained in terms of the pdf % (d), iz) in (3.37), exploiting the analogy with the single-instance

case in (3.32), and reads
ps(u) = /d(bdiz % (@,h) 6 (u— Z)
Kmax k Zkf Ky
= Zp(k)/ [Hdn(wg,hg)] <6 u—”‘li“”&z > . (3.38)

k
A =X @ {K}i

Moreover, Eq. (3.16) generalises at the ensemble level as
(M)ys=4A, (3.39)

where the value of A must be fixed taking into account the normalisation condition (3.33) of
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the top eigenvector, that in the thermodynamic limit becomes

il 2
lz/d(bdiz = (@,h) <w>
heKy

2
Kmax k Zk,
=Y p(k) /[Hd”(w&hf)]< Sele > : (3.40)
k=0 /=1

k /
Ariea ) i,

Eq. (3.39) is crucially confirmed by the behaviour of the stochastic integral equation (3.35).
Indeed, for every A > (1) ;» the distribution of the 4’s shrinks to a delta peak located at zero,
whereas for 4 < (A1), negative values of the @’s start to appear while the h’s grow without
bounds in the self-consistency solution of (3.35). This is not surprising, since A < (A;); is
precisely the range of values for A that makes the Gibbs-Boltzmann distribution (3.19) not
normalisable. Therefore, the only value of A such that the normalisation condition (3.40) can
be satisfied is exactly (4);.

In summary, Eq. (3.35), (3.38), (3.39) and (3.40) provide the solution to the top eigenpair
problem within the cavity formalism. We anticipate that they will match respectively (3.106),
(3.145), (3.117) and (3.107) obtained with the replica method in Section 3.4 below.

3.3.3 Large-c limit for weighted adjacency matrices

Here we study the large ¢ behaviour of the equations (3.35), (3.38), (3.39) and (3.40) repre-
senting the solution to the top eigenpair problem of sparse ensembles. As done in the case of
the average spectral density in Section 2.3.4, we consider a configuration model graph, whose
degree distribution p(k) — with finite mean, finite variance and a bounded maximum degree —

o _ () (K’

satisfies the condition = e

— 0 as (k) = ¢ — oo. A meaningful large-c limit is ob-
tained for Eq. (3.35) by rescaling each instance of the bond random weights as K;; = _#;;/+/c,

leading to

o L= _lklhe/£>>
n(,h) Zc”(k)/{dn}kl<5<w QH%Z “’5>5<h \@; %)

k>1 —1
(3.41)

In the ¢ > 1 limit, the k-sum in Eq. (3.41) is restricted to k = ¢ £ (0% ), so that the argument
appearing in the first §-function on the r.h.s of this equation can be evaluated by appeal to the

Law of Large Number (LLN). This entails that

k—1 2
wzz—ixéj (3.42)
(=1 4
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is non-fluctuating, hence the self-consistency equation demands that

n(w,h) =86(w—®)xP(h), (3.43)

with (by the LLN)

=A—- (3.44)

g 2
L s
(0]
Specializing to (_#?) ; =1, we see that
@12 = % (,1 +/22 —4) , (3.45)

which requires A > 2 to have real positive @.

Similarly, the argument of the second &-function on the r.h.s of (3.41) exhibits a scaling
that allows one to conclude (for (_#;) = 0) that

k=1 k=1
h:izhf/‘fzi):h‘f/f ~ ¥ (0,07)

c i ay i3 0]

which follows from the Central Limit Theorem. The variance follows using independence of

the {h,} and {_7;}

o = th () 5

2
6’1 . (3.46)

This equation allows a finite variance if and only if @*> = 1, which requires A = +2, i.e. that A
— the most probable location of the largest eigenvalue — is at the edge of the Wigner semi-circle

(and we require the positive solution).

To obtain the distribution p; (u) of eigenvector components, we consider Eq. (3.37), (3.38)
and (3.40). After the rescaling K, = _7;/ y/c and in the large c-limit, it is easy to see from (3.37)
that @ = @ and that /2 is a sum of Gaussians, and thus itself Gaussian, of variance o}/ @* = Gh

by (3.46). It then follows from the normalisation condition (3.40) that Gh =1, so eventually

1
ps(u) = Eef“ 2. (3.47)

Looking now at the variable 1 = u?, and noting that positive and negative u give rise to the
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same 7], one obtains by the simple transformation of pdf’s

1
p(n)= 7\/27716_11/2 : (3.48)

which is the standard form of the Porter-Thomas distribution for real-valued (invariant) random

matrices (see [94], Eq. (9.10)).

3.4 Replica derivation

The cavity approach has the advantage of leading rather quickly to the result. It is, however,
instructive to reconsider the problem from the point of view of the replica approach, which
provides a lengthier but rather systematic procedure. Similarly to what has been shown in
Chapter 2 regarding the spectral problem, we make a quite transparent and convincing case for

the equivalence between the cavity and replica methods for the top eigenpair problem.

In this section, we evaluate the average location of the largest eigenvalue and the density
of top eigenvectors’ components within the replica framework. For the sake of clarity, we will
keep the two pathways (typical largest eigenvalue vs. density of top eigenvector’s components)
clearly separate until the point where we realise that the same self-consistency equation governs
the statistics of both quantities. Our derivation provides a general and robust methodology that
can be applied to any graph within the configuration model, whose degree distribution has
finite mean, finite variance and bounded maximal degree. As we did for the cavity approach,
we thoroughly discuss bounds on the values of parameters that guarantee a converging solution.
Across the whole section, we will first provide the formulation for a generic degree distribution
p(k) with the aforementioned characteristics. Then we will give numerical results for the
Erd6s-Rényi (ER) case and derive an analytical solution for adjacency matrices of random

regular graphs (RRGs).

3.4.1 Typical largest eigenvalue

Consider again a N x N symmetric matrix J;; = ¢;;K;;. The joint distribution of the matrix

entries is

P({Jij}‘{kiD =P ({Cij}‘{ki}) H5K,-j,K_,-,-PK (Kij) (3.49)

i<j
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where, in the framework of the configuration model [44], the distribution P ({c;;}|{k:}) of

connectivities {ci j} compatible with a given degree sequence {k;} is given by
({Cll}‘{k} %Hﬁcu ,Cjii <N5cul+( ) cij,0 )ng cijki (350)

1<j

and the pdf pk (K;;) of bond weights (with compact support and upper edge {) can be kept
unspecified until the very end. The average of the largest eigenvalue can be computed as the

formal limit

(A1), = élill,ﬁzzv (nz),, Z= /dvexp [g (v,Jv)} 5 (\v|2 —N) , (3.51)

in terms of the quenched free energy of the model defined in (3.6). The average over J is

computed using the replica trick as follows

(M), = hm ﬁzN rlll_r)n%ln z", , (3.52)

where 7 is initially taken as an integer, and then analytically continued to real values in the

vicinity of n = 0. The replicated partition function is

71, — / (H dva> <exp< ZZv,aJUv]a> >, f[ls (Iva?=N) . (3.53)

a=11i,j

Taking the average w.r.t. the joint distribution (3.50) of matrix entries yields [44]

1 [ do; i
(oo (8B ) e (1152) o)
a=11) J 1 1

X exp [25\’; (<eBKZa ViaVja+i(@i+9;) >K _ 1)] 7 (3.54)

where () denotes averaging over the single-variable pdf px(K) characterising the i.i.d. bond
weights K;;. A Fourier representation of the Kronecker deltas expressing the degree constraints
in (3.50) has been employed. We also employ a Fourier representation of the Dirac delta

enforcing the normalisation constraints,

H6(!va| - ):/ (Hﬁi) Hexp [—1[;2,& (gvﬁa—z\f” . (3.55)
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The replicated partition function thus becomes

(z"), = % (4[;)”/ (Lfll dvadla> exp <i§N;7La> exp <—igg,zi,7taviza>
[ (112 o (i ok e[ £z (ermoenn) )]

i=1

(3.56)
In order to decouple sites, we introduce the functional order parameter
1 N
9(7,0) =5 Y 8(9—9) H5 ~Via) (3.57)

—

l:

where the symbol ¥ denotes a n-dimensional vector in replica space. We then consider its

integrated version [44]

e T16 (va—via) , (3.58)

a=1

Mz

1
/ do e (¥,

Il
—

l

and enforce the latter definition using the integral identity

1= /N@cp@qaexp {—i/dv o) [N

In terms of the integrated order parameter (3.58) and its conjugate, the replicated partition

Ze‘¢’ H5 « = Via ] } . (3.59)

function can be written as

(Z", = % <ﬁ>nzv / D0 TdA exp <—iN / v (¥) (p(\7)>
X exp [ </dvdv () o) <eﬁ’<2a"«v9>K . 1)] exp (il;N;/la)
X /7; (]‘N[ ‘;‘i) e—iif‘i’f’@'/aﬁ1 dv,exp [—igza:;m%ﬁi;ei%(vi)] : (3.60)

i=1
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The multiple integral in the last line above is the product of N n-dimensional integrals, each

related to a degree k;. It can be written as

N
I:H/ /dv,exp( iik; 1—Z)Lavw+1(p( 1) “1”)
i=1
;Log / dv;exp <—122a:/1av,.2a> I[ki,vi]] , (3.61)

=exp

where Log denotes the principal branch of the complex logarithm, and

Ik;, Vi) = / —exp (—igik; +ip(¥)e?) . (3.62)
-

Each of the ¢; integrals can be performed by rewriting the last exponential factor as a power

series, Viz.

T . oo AT oo YSAN N ki
ki, V] = %e—iqb,-k,v Z Meiwl‘ — Z Ma — M (3.63)

ki =
Y = st k!

for any k; with i = 1,...,N. Thus, by invoking the Law of Large Numbers, the single-site

integral / in (3.61) can be expressed as

o[t [ (Bt 95
—exp {N kmz (k) [Log/d\_/’exp <—IZA v ) Log(k')H (3.64)

k=kmin

where we have used

N kmax
ZLogf ~ Y p(k)Logf(k), (3.65)
=1 k=kmin

and p(k) is the actual degree distribution of the graph. Henceforth, we will consider ki, = O.

The replicated partition function thus takes a form amenable to a saddle point evaluation

for large N (where we assume we can safely exchange the limits 7 — 0 and N — o)

1 o .
@)=, [ 2920diexp (NS,l0.0.1]) | (3.66)

where

—

Su[@, @, A1 = S1 [0, ®] + 2 [0] + S3(A) + Sa[@, 4] , (3.67)
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and

$1lp. ) = i [ 6560 (7) . (3.68)
S2le) =5 ( [ aiio@p(!) () 1) 7 (3.69)
S3(A) = i%Z?La : (3.70)

5 Kmax ’ B
Sal@,A] =) p(k) [Log / dvexp <—1227Lav§> (%)~ —Log(k!)} . (3.71)
k=0 a

The stationarity of the action S,, w.r.t. variations of ¢ and @ requires that the order parameter

at the saddle point ¢* and its conjugate @* satisfy the following coupled equations

i0*(¥) =c / dv'o*(v') <exp <51<Zvav;> > , (3.72)
a K
- B 2\ /A \k—1
Kimax exp | —i5 Lo Aev; ) (10 (V))
0" (1) = Y. plk)k— (F8n7) a—
k=1 Jdv'exp (—i%Za /lavf) (i(i)(v’))

(3.73)

which have to be solved together with the stationarity conditions w.r.t. each component A; of

Komax [ dvexp (*ig Y. lavaz) 1) v2
k=0 fd;’exp (—i% Y., /lav{f) <1(f)(\7’))k

The equations (3.72) and (3.73) show some resemblance with the saddle-point equations lead-

S
I

l,....n. (3.74)

ing to the spectral density of Erd6s-Rényi random graphs (see for instance Eq. (2.60) and (2.61)
in Chapter 2 and also [23] where they have first been derived). The most noticeable difference

is that the “Hamiltonian” of our problem is real-valued and includes the inverse temperature f3.

Following [33] as in Section 2.5 of Chapter 2, we will now search for a replica-symmetric
solution, expressing the order parameter ¢ (V) and its conjugate ¢ (V) in the form of a superpo-
sition of uncountably infinite Gaussians. However, at odds with the choice in [33], we choose
these Gaussians with a non-zero mean. This ansatz will be preserving permutational symmetry
between replicas, but not the rotational invariance in the space of replicas. Indeed, a rotation-
ally invariant ansatz would not produce a physically meaningful result for this problem, as the

“eround state” solution we look for would collapse onto the trivial zero-vector solution. The
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ansitze read

la=A Na=1,...,n, (3.75)

o . 1 B
o) = (po/da)dh n(w,h)ﬂwexp[ za)va—i-ﬁhva] : (3.76)
o(7) = o / divdi #(6, ) [ [ exp dewﬁ + szva} , (3.77)

a=1
where
2= By?

Zg(x,y) = mexp <2x> . (3.78)

The justification for this kind of ansatz given for the spectral case in Section 2.5 of Chapter 2
holds here as well. Indeed we are still dealing with an harmonically coupled system, despite
a real-valued Hamiltonian. Hence, our derivation is not that far from the spectral problem of
sparse random matrices for which the assumption of replica symmetry has been established
rigorously in [27]. In (3.76) and (3.77), ® and & are normalised joint pdfs of the parameters
appearing in the Gaussian distributions. We employ the name 7 for the auxiliary distribution
appearing in (3.76) since it will eventually coincide with what found in Section 3.3.2. The ¢@q
and ¢y are determined such that the distributions (@, ) and #(®,h) are normalised. A few

remarks are in order.

* The constant ¢ in (3.76) is needed since @(V) is the saddle-point expression of the

integrated order parameter, therby it needs not be normalised.

 The different signs in front of @ and @ in (3.76) and (3.77) are picked with an eye
towards performing the subsequent V-integrals: since @ (V) is not a pdf, & being positive

is not problematic.

Once inserted into the action (3.67), the replica-symmetric assumptions (3.75), (3.76) and
(3.77) allow one to perform explicitly the V-integrals and extract the leading ¢'(n) contribu-
tion to S, in the limit n — 0. In this setting, the action (3.67) becomes a functional of &, # and
A and the path integral over ¢ and @ in (3.66) is thus replaced by a path integral over 7 and 7,
V1Z.

(27, o % DD RAA exp (NSu[m, 1)) | (3.79)

where

Sn[ﬂ!, ﬁ,)t] =9 [ﬂ,ﬁ'] +S5 [71'] +S3(},) +S4[7%,)L] s (3.80)
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Extracting the leading n — O contribution yields

. Zg(@—@,h+h
Si[r, ] = —i<p0<i)o—i(po(f)on/dn(a),h)dﬁ(cb,h)ln ﬁ( +h) (3.81)
Zﬂ<w7h>
(2) / /
Z: (0,0 h,h K)
_ %02 €2 o p A\
Sy[n] = 3 (95 1)+n2<p0/d7r(w,h)d7r(a),h)<1nzﬁ @17 (w’,h’)>K : (3.82)
S3(A) = iljnk , (3.83)
kmax kmax A
S4[7t,2] = cLog(iu) — Y. p(k)Log(k!) +1 Y. p(k) [ {d#} Log Zg (iA ~ (@ () -
k=0 k=0
(3.84)
where we have introduced the shorthands
K? WK
Zl(f)(w’w/’h’h/’[{) = Zﬁ(w/,h/)zﬁ <a)— E’H w’) (3.85)

and {d#}, = [T5_, d@ydh#(dy, k), along with {@}s = Y5_, & and {h}, = Y5_, hy.

We note that the action contains ¢'(1) and & (n) terms as n — 0: the O/(1) terms are
cancelled by the &/(1) terms arising from the evaluation of the normalisation constant .# at

the saddle-point. Indeed, by following a very similar reasoning as in (3.54), we find that

(199 vk ¢ i(9+67)
M = (szr)e exp ﬁZ(e + —1) ) (3.86)

T \i=1 i,j

We then introduce in (3.86) the scalar order parameter

1 & i
=—) e 3.87
P N,; (3.87)
via the integral representation
d([)()d(f)() R iy
- /NT exp [—1(,00 (N(po —Zi:elq’)] : (3.88)

By using the same argument as in (3.64), the normalisation constant .# can be written in a
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form amenable to a saddle-point evaluation,

///:/Nd‘PO %o

dpod@ R
— [ NS exp VS (0. ) (3.89)

exp

km"tx
N (—i(po(i)o+§((p — 1)+ cLog(i¢o) — Zp JLog(k!) )]

The stationarity conditions' for S, are

%Sg =0=ify=cqp, (3.90)
and
S y . c
— =0=1@y=—. 3.91)
o "= %
entailing that
ipodo =c, (3.92)
o =1. (3.93)

The two conditions above exhibit a gauge invariance [44]. Once the same gauge has been
chosen for the saddle-point solution of .# and the &(1) terms of the action (3.80) in the
numerator, they cancel out so that the action (3.80) is &'(n) as expected. Thus, taking into

account the cancellation coming from (3.92) and (3.93), the action terms in (3.80) read

L o~ Zg(@—®,h+h)
Si[x, 7] = —nc / dr(w,h)dA(d, ) In AR (3.94)
(2) / /
c . Zg" (0,0, h, i, K)
Salx) = n / dx (o, h)dr (@', ) <1n 2 Nz 7)) (3.95)
S3(4) = ign/m , (3.96)
kmax ~
Sl =n Y. plk) [{ak}i Log Z (A — (O}, (i) (397
k=0

We can finally consider the stationarity conditions of the action (3.80) w.r.t. A, 7w and 7.

In what follows, we indicate the saddle-point values of ¢ and ¢ without labelling them with a star.
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The stationarity condition w.r.t. A entails the condition

S
OA laear — ;‘1—21% / {da} ()5 (3.98)

where the average (-) 5 is taken with respect to the Gaussian measure

A% [ ~ 2
Py(v) = Wexp _123 (A" — (o)) (v— W{_h}{w}> . (3.99)
Eq. (3.98) more explicitely reads
- 1 k)
_ o k
_k;)p(k)/{dn}k s e <i/1*—{(b}k> , (3.100)

where we note that the -dependent term vanishes as § — o. The stationarity condition w.r.t.

variations of T, % = 0, entails the condition

N A (2) ’ /

n . Zg(@—@,h+h 2y (0,0 h, 1 K

/dfr((b,h)ln il h ):/dn(w’,h/) n 28 N LT s
Zﬁ(w,h) Zﬁ(ﬂ),h) X c

where 7y is a Lagrange multiplier introduced to enforce the normalisation of 7. Given the

definition of Z”, Eq. (3.101) is equivalent to

K2 h/
/dn h)InZg(®— @,h+h) /dnw h’)<anﬁ< ,,h+,>> +
1) o)/ ¢

Since Eq. (3.102) must hold for all @ and #, it follows that

2
#(@,h) = /dcodh n(w,h) <5 <(I)— Z) 5 (iz— hf>> , (3.103)
K

Similarly, the stationarity condition w.r.t. variations of 7, % = 0, produces the condition

=

. (3.102)

/dn(a),h) InZg (0 — @, h+h) =

kmaxk /j\/
_Z (e /{dﬂ}k \Log Z5(i" — {@h 1 — &, (ki +7)+ 2, (3.104)

where § is the Lagrange multiplier enforcing the normalisation of #. We can then conclude
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that the saddle-point pdf & must satisfy

kmax

wo.h) = 3 Spk) {4} 18 (0~ (2"~ {0k )80~ {ih ). (3.105)
k=1

Inserting (3.103) into (3.105) yields

Kina k k—1 K2 k—1 h K
wo-Epfo (B £),,
k=1 = = -
o (3.106)

where we have also defined A = iA* since it will turn out to be real-valued. The constant A

needs to be tuned so as to enforce (3.100) for B — oo, which reads (trading 7 for )

Kkmax Zl;fl M 2
= Zp(k)/{d%}k< — > , (3.107)
- Pl ) i,

Note that Eq. (3.106) is identical to the self-consistent equation (3.35) found for the cavity
fields pdf. Surprisingly, even though the cavity and replica methods depart from completely
different assumptions, they converge towards the same result: this has been already shown
in [38] for the spectral problem in the Erd6s-Rényi case.

A few remarks are in order:

* For the action to converge, we need the conditions @ > {, ® > @ and A =iAl* > {®}y,

where ¢ is the upper bound of the support of the bond weights pg(K).

* In Eq. (3.106), the contribution corresponding to k = 1 in the sum gives rise to the term
O(@ — ) on the right hand side. Therefore, we expect to see a pronounced peak at the
location of A = (A;); in the plot of the marginal pdf n(w) = [dh m(w,h), once the
contributions coming from nodes of different degrees are “unpacked”. This is confirmed

in Fig. 3.4 below.

* Both the cavity and replica approaches can be applied to any degree distributions p(k),
as long as the mean connectivity ¢ and its variance remain finite as N — oo, thus con-
siderably enlarging the class of models for which the equivalence between cavity and

replicas holds true.

 The value of A =iA* is real, given the symmetry of the matrix, and corresponds to the

typical value of the largest eigenvalue (A,);, as it will be shown in subsections 3.4.1.1
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and 3.4.1.2. This is again compatible with the cavity results.

3.4.1.1 General case: weighted adjacency matrix.

We proceed here with the calculation of the average top eigenvalue of weighted adjacency
matrices of sparse graphs in configuration model ensembles, characterised by the degree dis-
tribution p(k), with finite mean degree (k) = c, finite variance and bounded maximal degree
kmax- The bond weights are drawn from the pdf pg (K). The pure {0, 1 }-adjacency matrix case
is recovered considering px(K) = 8(K — 1). Given the distributions (3.106) and (3.103) at
stationarity and recalling Eq. (3.78), the & (n) terms of the action S, in (3.80) - keeping only

the leading B — oo term - are expressed as:

2
h+ 1K 2
Sy [m, /] ~ —ncg/dﬂ:(w,h)dn'(a)’,h’) <(> — h> = —ncéll , (3.108)
K

®— 1(%2 ® 2
/ 2
Sy[n] = nclj / dn (o, h)dm (@', ) <<ha:r_l:> _ 'ZZ> - ncﬁ[l , (3.109)
(0] K
S5 (1) :ngz , (3.110)
Sal,2] :ngir:p(k)/{dn}k (%) . 3.111)

Multiplying and dividing the integrand of (3.111) by A — Z’Z‘:l @y, and using (3.107), we get

A ~ 2
.. B, By A N Zﬂhwh .
54[7:,1]_;@2,1 nzzp(k)k/dn(w,h){dn}k 1(1 Y5 T ®. (3.112)

Multiplying the second term by 1 = [dwdhd (® — (A —{@}r_1))8(h — {h}+_1), and using
(3.105) and (3.103), we obtain

S4[7r,k]:n§l—nc/d7ra)hd7r(a) h><a)’ <m> > ﬁ)t—ncﬁ
K
(3.113)

Summing up all terms, the action at the saddle point reads

s, =2 (—%11 —c12+2/1) , 3.114)
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which would imply from (3.52) for the average of the largest eigenvalue the formula
(AI>J:—%11—c12+2/1. (3.115)

However, we were able to numerically show (see Section 3.6) that at the saddle point

7L=c<12+;11> , (3.116)
implying that
(M), =4, (3.117)

as expected from the corresponding cavity calculation. The identity (3.116) can be more easily

checked numerically once expressed in the alternative way

WEN [ i
(M), =2 :c/dn(co,h)dn(w/,h’)<<2+_ 2;) (2’)*_;;) K> , (3.118)
K

‘o ®

which has the additional advantage of showing explicitly that A = iA* is indeed a real-valued

quantity.

We apply this formalism to the case of Erd6s-Rényi adjacency matrices, for which the de-
gree distribution p(k) is the bounded Poisson degree distribution p. (k) given in Eq. (3.2). Fig.
3.2 refers to the ensemble of pure ER {0, 1 }-adjacency matrix, with mean connectivity is ¢ = 4
and kmax = 16. The resulting typical top eigenvalue is (A;), ~ 5.254 ,within a 0.001% error
w.r.t. the reference value A; .. = 5.2541 obtained by extrapolation from the direct diagonali-
sation data. The panels in Fig. 3.2 show the marginal distributions 7(®) = [dh n(®,h) and
n(h) = [do m(w,h) referring to this case. Every single peak of 7(®) is due to the contribution
of a specific degree k. In Fig. 3.3, we plot the behaviour of the typical largest eigenvalue of ER
unweighted adjacency matrices as the maximum degree ky,x is varied. In this case we consider
the mean connectivity parameter ¢ appearing in (3.2) is set to 4. Clearly, the mean degree ¢
tends to ¢ = 4 as kmay increases. As expected, (A1) grows as kmax increases, but the growth
becomes slower as the probability of finding a node of higher and higher degree becomes neg-
ligible even in the thermodynamic limit. Figure 3.4 instead shows the marginal distributions
m(w) and 7(h) for the ensemble of ER weighted adjacency matrices, with a uniform bond pdf
pk(K) =1/2 for K € (1,3). Here again the mean connectivity is ¢ = 4 and kyax = 16. The

resulting typical top eigenvalue is (A;), ~ 10.8407, within a 0.12% error w.r.t. the reference
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Figure 3.2: The panels refer to the unweighted Erds-Rényi (ER) adjacency matrix. The plots are obtained via the population
dynamics algorithm described in Section 3.6. For both panels, the population size is Np = 10°. Left panel: marginal
distribution of the inverse single site variances @. The thick dashed line represents the full pdf, the thinner curves
underneath stand for the single degree contributions, from k = 1 to k = 16. The rightmost peak at @ = A corresponds
to k = 1: the peaks are centred at lower m as the degree k increases. Also in this case, only the degree contributions
up to k = 11 are highlighted. Right panel: marginal pdf of the single-site bias fields 4. Again, the thick dashed
line represents the full distribution, the thinner curves stand for the degree contributions from k = 1 to k = 16. The
leftmost peak at A = 0 corresponds to k = 1: as & grows, the pdf m(h) receives contributions from higher degrees.
Also in this case, only the degree contributions up to k = 11 are highlighted.
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Figure 3.3: The behaviour of the typical largest eigenvalue in the ErdGs-Rényi adjacency matrix case as the maximum degree
kmax is varied. The value of (A;) is found via population dynamics for any fixed value of kpax. Each value has been
then checked against direct diagonalisation extrapolation at N — co. The population size is Np = 10° for any data
point.

value A; .. = 10.8536 obtained by extrapolation from the direct diagonalisation data. The pe-
culiar structure of the distribution 7(®) in the case of the pure adjacency matrix (see Fig. 3.2)
where every single degree contribution corresponds to a specific peak in 7(®) is lost here, due

to the presence of non-trivial bond weights.

3.4.1.2 Random regular graph: adjacency matrix.

We now consider the simpler and analytically tractable case of the random regular graph
(RRG). A RRG with connectivity c is characterized by the property that every node has exactly
¢ neighbours, or equivalently every row of its {0, 1}-adjacency matrix has exactly ¢ nonzero

entries. This implies that the largest eigenvalue of such matrix is (A1), = A = ¢ (deterministi-
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Figure 3.4: Marginal distributions () and 7 (%) for the ensemble of ER weighted adjacency matrices. The graphs are obtained
via the population dynamics algorithm, using a population of size Np = 10°. Left panel: marginal distribution of
the w-variables; the thick blue line represents the full distribution, the thinner curves underneath correspond to the
various degree contributions from k = 1 up to k = 16 (labelled and shown up to k = 11). The contribution of nodes
with degree k = 1 corresponds to the peak located at @ = (A;); ~ 10.8407, as expected from Eq. (3.106). Right
panel: marginal distribution of the bias fields /; again, the thick blue line represents the full distribution, while the
thinner curves underneath correspond to the different degree contributions. Again, only the degree contributions up
to k = 11 are labelled.

cally), and its corresponding eigenvector has all identical components v; = (1,1,...,1).

In this case, the degree distribution p(k) featuring in (3.106) is simply & .. Furthermore,
if we consider the pure adjacency matrix case (i.e. with px(K) = 6(K — 1)), Eq. (3.106) and
(3.107) become

c—1 1 c—1 ]’lf
n(w,h):/{dn}c_16 o— (A=Y —))s(n-Y 2], (3.119)
=1 @ =1 @
2
L
1:/{d7c}c |, (3.120)
A=Y
which can be exactly solved by the ansatz
n(w,h)=8(w—@)5(h—h), (3.121)
leading to the following equations for the parameters @, and A
_ c—1
D=A——/ (3.122)
(0]
F (-1t (3.123)
= |C— —_— .
(D )
s\ 2
ch/®
l=—— . 3.124
(A—a/@) G129

Eq. (3.123) entails that @ = ¢ — 1. Then, inserting this value in (3.122), we find A = ¢. The
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value of / can then be found exploiting the normalisation condition (3.124), yielding & = ¢ — 2.

The action at the saddle-point reads then

B[ @+1 2 B B
L1 enPe=n? 12
= e o1 a1 eTe (3.125)

and therefore entailing for the typical largest eigenvalue

2 1
(M), = lim — lim =NS, = ¢, (3.126)

equal to A as expected.

3.4.2 Density of the top eigenvector’s components

In this statistical mechanics framework, the quantity

1 N
pp (u) = <N;5(u—v,~)> (3.127)

is defined such that in the limit B — oo it gives the density of the top eigenvector components
for a given N X N sparse symmetric random matrix J. The simple angle brackets (...) stands for
thermal averaging, i.e. with respect to the Gibbs-Boltzmann distribution (3.6) of the system,

here reported again

exp (g (v,Jv)) s <|v\2 —N)
Pg y(v) = (3.128)
' Jdv'exp (%(v’,]v’)) 0 <\v’\2 N)
Defining an auxiliary partition function as
Z®) (¢, 03u) = /dvexp [g (v,Jv) + Bt ¥ 8 (u— v,-)] 5 (MQ —N) , (3.129)

where 0 is a smooth regulariser of the delta function, the quantity (3.127) can be formally
expressed as

1 0
pp(u) = lim — —1nzP) (1, 7;u)

£—0t ﬁN ot (3.130)

t=0 '

Averaging now over the matrix ensemble

pp.s () = (pp (), 3.131)
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and sending B — oo at the very end, the density of the top eigenvector’s components is eventu-

ally given by the formula

ps(u) = lim lim ii<mz§ﬁ)(r,1;u)> (3.132)

B—re0e—0" ﬁN dt

Jli=0"

To compute the average of the logarithm of the auxiliary partition function Zéﬁ )(t,J u),
we will employ the replica trick once again

1
<1nz§’3> (t,J; u)>J = lim ~In < iz# (t,];u)]”>j . (3.133)

We find that the replicated partition function will take the form
(12 1,: u)]”>] o /@q)@(pdi exp (NS (9,0, A5t e0u] | (3.134)

where ¢ and ¢ are functional order parameters. The integral (3.134) can be evaluated using a
saddle point approximation for large N. As in Section 3.4.1, in order to extract the explicit n-

dependence of the action S,(f )

in the limit n — 0, we consider a replica-symmetric setting where
we represent @ and @ as an infinite superposition of Gaussians whose parameters fluctuate
according to the pdfs 7 and 7. Thus, the path integral in (3.134) is rewritten in terms of &, &
and A, entailing

<[Z£B)(I,J;u)]">1 A exp [NS,&B) [ﬂ,ﬁ,l*;t,e;u]} . (3.135)

The stationarity conditions defining 7, & and A* at the saddle point for # = 0 are just identical to
those already found in Section 3.4.1 for the replica calculation for the largest eigenvalue. The
parameter ¢ can be safely set to zero in the stationarity conditions since the partial derivative
% in (3.132) only acts on terms containing any explicit dependence on ¢, and not through any

other indirect functional dependence. Inserting (3.135) into (3.133), and assuming that
SP 1, 4, A% 1, €3u] ~ nsg (1, €51) +0(n) (3.136)

as n — 0, the final expression for the average density of top eigenvector’s components for
N — oo reduces to

1
ps(u) = égn —sb (0,05u) , (3.137)

where (-)’ stands for differentiation with respect to .



3.4. Replica derivation 96

In the next subsections, we outline this formalism for the general case of sparse weighted
matrices within the configuration model with degree distribution p(k) with finite mean and
variance and bounded largest degree. We will give numerical results for the case of weighted
ER ensemble. Then we will provide an analytical solution for the case of adjancency matrices

of RRGs.

3.4.2.1 General case: weighted adjacency matrix.

Considering (3.129), the average replicated partition function becomes

<[Z§B)(I,J;u)]”>j = % <£r>”/ <£11 dvadla> exp <i§NZalla>
X exp (—igzglav%a —i—ﬁtzz 8e (u—vig )

) /,; <Iz_vl ii ) o (—IZ@ ) oxp lzjvz ( <eﬁKz,,Viav_,a+i<¢i+¢,->>K _ 1)] . (3.138)

i=1 2y

The only difference between Eq. (3.138) and Eq. (3.56) is the presence of the 7-dependent

term. The replica derivation thus matches step by step the one presented in Section 3.4.1.

By introducing the functional order parameter (3.58), the replicated partition function can

be once again cast in a form that allows for a saddle point approximation,

<[ 78 (1, 7:u)] /.@q)@q)d/lexp [NSS, ) [(p ¢, A:1,e: u” : (3.139)

where the action S,SB ) [(p, Q, _i;t, e;u} is the sum of four terms

s®) {(p,‘f’,i;t,z?;u} =510, @]+ S2[0] + S3(A) + S4[@, A:1, €30 . (3.140)

The first three contributions are identical to those appearing in the largest eigenvalue calcula-
tion (see (3.68), (3.69) and (3.70)). The explicit ¢ and u dependence is confined to the fourth

contribution,
kmax B
(plteu Zp [Log/dvexp( 5;
—i—ﬁtZSg U—vg) >(i(f)(17))k—Log(k!)} . (3.141)

We now assume replica symmetry and represent ¢ and ¢ as uncountably infinite superposition



3.4. Replica derivation 97

of Gaussians, whose parameters fluctuate according to joint pdfs 7 and 7, as in (3.75), (3.76)
and (3.77). Such joint pdfs satisfy the very same set of coupled saddle-point equations as in
(3.105) and (3.103) and for these reasons we can use the same labels as before. The only
difference with respect to the previous case is in the extra z-derivative that we have to take from
the contribution S4[,A*;7, €;u]. Inserting the ansatz (3.77) into Eq. (3.141), we obtain (in the

limit n — 0)

kmax

Sul#t, A%t e5u) =n ) p(k) /{dﬁ}k LOg/dveXP [— g (ir*—{@dh)v?
k=0

+ Bt e (u—v)+ﬁ{iz}kv] . (3.142)

Therefore, we can isolate the function sg(¢, €;u) in (3.136) as

sg(t, e u) = k d og [ dvexp | — = (IA* — y
plte = ) [(ar)cLog [avenp |~ 5 27~ o
+ Pt (u—v)-%—ﬁ{il}kv} , (3.143)

in view of the identification iA* = A as before. Taking the ¢-derivative and setting ¢ and € to

Zero, we get
(0,0;u) Bkiax (k)/{dA} = [_%M_{@}k)uzw{ﬁ}ku}
s5(0,0;u) = b ~ .
P &’ ‘I dvexp [_g@ (DY) + ﬁ{h}kv}

Taking the B — oo limit as in (3.137), we eventually find

R ; {A}
ps(u) = ];)P(k)/{d”}k5 <U— 7L—{d)}k) : (3.144)

Expressing Eq. (3.144) in terms of the 7-distribution, we eventually obtain

Kmax le—l Ky
ps(u) = Zp(k)/{dﬂt}k<6 uo Lo > , (3.145)
=0 A= Lit 52 {K}«

where (@, h) satisfies the self-consistency equation (3.106), supplemented with the normali-
sation condition (3.107). Once again, the brackets (-) (K} denote averaging w.r.t. to a collection

of k i.i.d. random variables Ky, each drawn from the bond weight pdf pg(K).
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Eq. (3.145) essentially recovers Eq. (3.38) found with the cavity method. As a general
remark, it is worth noticing that the B-dependent distribution pg(u) in Eq. (3.131) is related to
the distribution in (3.99) that had already arisen naturally in the eigenvalue calculation when
evaluating the stationarity conditions with respect to A. Indeed, Eq. (3.131) is obtained by
averaging the pdf (3.99) over {#} and p(k). Moreover, in the cavity formalism, pg (u) is also

closely related to the single-site marginal of a single instance (3.28).

We remark once again that — in analogy with the typical largest eigenvalue calculation —
the validity of Eq. (3.145) for the weighted adjacency matrix of any configuration model with a
degree distribution with finite mean, finite variance and bounded maximal degree as a weighted

superposition of delta functions, one for each degree of the graph. It is then natural to identify
Kk heKy
= m[kZ as the contribution to the density coming from nodes of degree k. The
A=Y o

k = 0 contribution from isolated nodes indeed gives rise to the sharp peak at u = 0.

the quantity

The p;(u) of a ErdGs-Rényi {0, 1}-adjacency matrix is shown in the panels of the top
row of Fig. 3.5: in the left top panel we compare results for the density of top eigenvector’s
components obtained via population dynamics with results from the direct diagonalisation of
2000 matrices of size N = 5000. In the right top panel we show the contributions from nodes of
various degree k to the full top eigenvector’s components pdf. We clearly observe the aforemen-
tioned peak at u = 0. The bottom row plots of Fig. 3.5 show instead the same kind of plots for
the pdf of top eigenvector’s components of the ensemble of Erd6s-Rényi weighted adjacency
matrices, with ¢ = 4, kmax = 16 and uniform bond weight distribution, namely p(K) = 1/2 for
all K € [1,3]. Also in the weighted case, the peak at u = 0 corresponds to the contribution of
isolated nodes (k = 0) whereas larger degree nodes contribute to the tail of the distribution.
The comparison between population dynamics and direct diagonalisation results shows perfect

agreement.

3.4.2.2 Random regular graph: adjacency matrix

In this case, building on subsection 3.4.1.2 and recalling that p(k) = & . and pg(K) = 6(K—1),

the ratio in (3.145) simply becomes ¢(c —2)/[c(c — 1) —c] = 1, entailing

pr(u)=8(u—1), (3.146)

as expected.
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Figure 3.5: Density of the top eigenvector components (3.145) for ER adjacency matrices. All the plots are obtained via the

population dynamics algorithm, using a population size Np = 109. The top row refers to the unweighted case, whereas
the bottom row refers to the weighted case. Top left panel: pdf of the components of the top eigenvector in the case
of ER unweighted adjacency matrices, obtained by population dynamics (red stars) and by direct diagonalisation of
2000 matrices of size N = 5000 (green diamonds) exhibiting excellent agreement. Top right panel: pdf of the top
eigenvector’s components in the ER unweighted case (thick blue line) where the contributions from nodes of various
degree from k = 0 to k = 16 have been disentangled (thinner coloured curves). Only the degree contributions up to
k =11 are labelled: all the other (larger) degree contributions are barely distinguishable as they fall on top of each
other in the tail of the distribution. Bottom left panel: comparison between results for the density of top eigenvector’s
components obtained with population dynamics (red stars) and direct diagonalisation (green diamonds) in the case
of ER weighted adjacency matrices. Bottom right panel: the full pdf p;(u) of the top eigenvector’s components of
weighted ER adjacency matrices (thick blue line) with the thinner curves underneath indicating the various degree
contributions k (labelled up to k = 11).

3.5 Application: sparse random Markov transition matrices

In this section, we cross-check the formalism with an ensemble of transition matrices W for

discrete Markov chains in an N-dimensional state space. The evolution equation for the prob-

ability vector p(t) is given by

p(t+1)=Wp(t) . (3.147)

The transition matrix W is such that W;; > 0 V(i,j) and Y, W; ;= 1V}j. For an irreducible chain,

the top right eigenvector of the matrix W corresponding to the Perron-Frobenius eigenvalue

A1 = 1 represents the unique equilibrium distribution, i.e. v; = p®l. The matrix W is in gen-
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eral not symmetric: however, if the Markov process satisfies a detailed balance condition, i.e.

Wi; qu = W;;p;1, it can be symmetrised via a similarity transformation, yielding

WS = (p{0) V2w (pSH2 (3.148)

The symmetrised matrix W* will be the target of our analysis: even though it is not itself
a Markov matrix since the columns normalisation constraint is lost, in view of the detailed
balance condition W has the same (real) spectrum of W, and its top eigenvector vy is given in
terms of the top right eigenvector of W, p,, as

W) = (Np2yl/2 (3.149)

1

We will consider the case of an unbiased random walk: the matrix W is then defined as

e iF]
Wij=4q" ; (3.150)
I, i=jandk;=0

where c¢;; represents the connectivity matrix and k; = Y ;¢;; is the degree of the node j. In
this case, the top right eigenvector of W is proportional to the vector expressing the degree

sequence, i.e. p;' = k;/(N (k)). The symmetrised matrix W* is expressed as

Uit
WS = V/kikj , (3.151)
1, i=jandk;=0
with its top eigenvector being vgi) = \/k;/ (k). Therefore, we expect that

pws(w) =Y p(k)é (u— <£>> : (3.152)

kzkmin

where p(k) is the degree distribution of the connectivity matrix {c;;}. In order to avoid isolated
nodes and isolated clusters of nodes, we consider a shifted Poissonian degree distribution with
kmin = 2, i.e.

e—cck—Z

p(k) = mhzz ; (3.153)

with mean degree (k) = ¢+ 2.
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The single-instance cavity treatment starts from the grand-canonical Gibbs-Boltzmann

distribution

| AR A,
B EZV'\/W' EZV,- , (3.154)

which, after the change of variable v; = v;/ Vk;, becomes

1
Pgys(vIA) = — €XP

N
Pgyys(V]A) = Eexp[ ( Zv,cuv] Zk,ﬁﬁ)] . (3.155)

It is convenient to frame and solve the problem in terms of the vector ¥, since in this case the
matrix involved in the analysis is just the standard {0, 1 }-adjacency matrix of the underlying

graph, as in [41,42]. The cavity single-instance equations for this problem read

(i) _ 1
;" = Ak;— Z 7 (3.156)
ted j\i Oy
(J)
0_ y M
h) = Z ok (3.157)
Ledj\i (Dg

whereas the equations for the single-site marginal coefficients read

1
o =Aki— Y 5 (3.158)
jeai @
A0
hi=Y" ]@ . (3.159)
jeai (D]

Therefore, in analogy to Eq. (3.31), Eq. (3.155) can be written as

N
Pﬁws V‘l :HZ

i= 1

(—g(ﬂiﬁiz + Bhﬂ%’) . (3.160)

Reversing the aforementioned change of variable and taking the B — oo limit in Eq. (3.160),

the components of the top eigenvector of a single instance of W* are given by

N
Pys(v[2) =[] & <v,—\ﬁ> : (3.161)

i=1

In the thermodynamic limit N — oo, in complete analogy to Eq. (3.35), Eq. (3.156) and (3.157)
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allow one to define the pdf of the cavity fields as

- k1 k=1 =
h) = d h)| 6 — Ak — |é6|lh-)Y — | . (3.162
(o, ; /LI:II m(ay, e)] (a) +; (l)g) ( p;w) (3.162)

Similarly, taking into account Eq. (3.158), (3.159) and (3.161), the density of the top eigenvec-

tor’s components is given by

=1 @y,

oo k ko he
Pys (1) = Zp(k)/ [Hdn’(wg,hg)] 5 <u— MBS,{‘"Q#) : (3.163)

k=2 (=1

in analogy with Eq. (3.38). Eq. (3.162) and (3.163) must be then complemented by the

normalisation condition

¢ T\
k)k/ [ll:lldﬂ(wg,hg)] <’HM> : (3.164)

As before, Eq. (3.162) is efficiently solved via a population dynamics algorithm. As ex-
pected, the convergence is attained for A = 1, i.e. in correspondence of the largest eigenvalue
of W5, which is also the only value such that the normalisation condition (3.164) can be satis-

khf

fied. Comparing Eq. (3.152) with Eq. (3.163), one expects that the ratios — appearing

Ak

in Eq. (3.163) should all be equal and constant for any k. Indeed, by looking aztétlie distribution
of these ratios, we exactly find that it converges to a delta peak centred at a finite real positive
value which corresponds to 1/ \/@ once the normalisation is fixed according to (3.164). In
Fig. 3.6, we compare the population dynamics results with the theoretical predictions for the
density (3.163) of the top eigenvector’s components for sparse Markov matrices (representing

the transition matrices of unbiased random walks) characterised by a shifted Poissonian degree

distribution with minimum degree kpi, = 2 and average degree (k) =6 (¢ = 4).

3.6 Population dynamics

The population dynamics algorithm employed to solve (3.35) (or equivalently (3.100)) is
deeply rooted in the statistical mechanics of spin glasses [121, 122]. It has already been pre-
sented in Section 2.6. The main difference that can be found in this context is that Eq. (3.35)
only converges for a specific value of the parameter A. Moreover, here the cavity fields are real

variables and a regulariser is not needed. The algorithm can be summarised as follows.

A population with Np pairs of variables {(wi7hi)}1§i§ v, are randomly initialised, taking
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Figure 3.6: Density of the top eigenvector’s components for symmetrised sparse Markov matrices representing the transition ma-
trices of unbiased random walks in the thermodynamic limit N — co. The histogram has been produced by population
dynamics with a population of size Np = 10°. The simulation results (blue crosses) match the theoretical predictions
(red dashed bars).
into account that @; > {, where { is the upper edge of the support of the pdf px(K).

For any suitable value of il* = A € R, the following steps are iterated until stable popula-

tions are obtained:

1. Generate a random k ~ £ p(k), where p(k) is the degree distribution of interest, with

c = (k).
2. Generate k — 1 i.i.d. random variables K, from the bond weights pdf px(K).

3. Select k — 1 pairs (wy,hy) from the population at random, then compute

k—1 K2
o) =) — 52 , (3.165)
/=1 C
k—1
K,
plnew) — % (3.166)
/=1

and replace a randomly selected pair (wj,h;) where j = 1,...,Np with the pair

(w(new) 7 h(new)) )
4. Return to (1).

A sweep is completed when all the Np pairs (;,4;) of the population have been updated at least
once according to the steps above. At the end of a sweep, the first and second sample moment
of both the w; and the A; are computed. Convergence is achieved when both moments of both
type of variables become stable, i.e. when their relative variation w.r.t. their values found at the

previous sweep falls below a certain threshold &, which we choose to be '(10~1°).
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The procedure to evaluate (3.37) (or alternatively (3.38)) is almost identical, except for the
details concerning the k-sampling. Starting from two coupled populations with Np members

{(@;,h;)}1<i<n,» the following steps are iterated:
1. Generate a random k ~ p(k), where ¢ = (k).
2. Generate k i.i.d. random variables K; from the bond weights pdf px (K).

3. Select k pairs (@y,hy) from the population {(®;,h:) }, <<y, at random, then compute

k KZ
@) :A—Zé, (3.167)
=1 %
k
- K
fnew) _ oy ke (3.168)
= W

4. Replace a randomly selected pair (@;,h;) where j = 1,..,Np with the pair
(d)(”ew),iz("ew)), which is then a new sample from #(@®,k). It can be used via Eq.

(3.38) to create u"") =A%) /(%) ag a new sample from p; (u).
5. Return to (1).

The value of the parameter A controls the convergence of the algorithm: indeed, the con-
vergence to a non-trivial distribution is achieved only when A is equal to the typical largest
eigenvalue (A;),, as prescribed by the theory: for any A > (A;),, the variables of type & will
shrink to zero, whereas for A < (A1), they will blow up in norm. Hence, the value A = (),
is the only value for which the normalisation condition (3.107) (or equivalently (3.40)) can be
satisfied.

In view of the expected behaviour described above, we will initially start from a large
value of A, which is then progressively decreased until convergence is achieved. A suitable
starting value is given by the largest degree appearing in the connectivity distribution multiplied
by the average bond weight, i.e. kmax - (K)x. The value of kpx is fixed in such a way that
p(kmax)Np > 1: only if this condition is met, the value ky.x appears at least once in the degree
array that is created to sample from p(k). Because of this choice, the largest degree depends on
the limits of the machine that is used to run the population dynamics algorithm. For instance, by
using a population size Np = 10° and a parameter ¢ = 4 in (3.2), we are able to reach kyqx = 16.
Thus, the normalisation constant .4 in (3.2) is not very different from 1 and ¢ ~ ¢ = (k),

making the truncation of the Poisson distribution - for all practical purposes - ineffective.
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Once A has been set to the only value (= (A1) ) for which a non-trivial finite normalisation
can be found, the value of such normalisation can be adjusted by properly rescaling the /’s.
Such rescaling is always allowed due to the linear nature of the recursion that governs their
update. This recursion will be discussed in detail in Appendix 3.A.

The population dynamics algorithm can also be employed to evaluate numerically the

integral in (3.118). The integral has the following structure:
I:/dn(w,h)dn(a)’,h’) (f (0,0, @ K)), | (3.169)

where f is a generic function of the cavity fields and K. Once the correct value of A = (),
has been found, a number Neq of equilibration sweeps is performed, following the protocol
illustrated above.

After equilibration, a variable F = 0 is initialised. Then for j = 1,..., Npeas:
1. Perform a sweep
2. Pick (@,h) and (@', /) at random, generate K ~ pg(K) and compute f (®,h, @',/ K).
3. Update F: F=F + f(0,h,0', I ,K).

The value of the integral (3.169) is approximated by invoking the law of large numbers, as

(3.170)

where the typical fluctuation is of the order of 1//NpNpeas-

3.7 Summary

We have developed a formalism to compute the statistics of the largest eigenvalue and of
the corresponding top eigenvector for some ensembles of sparse symmetric matrices, i.e.
(weighted) adjacency matrices of graphs whose degree distribution is characterised by finite
mean c, finite variance and bounded maximum degree. The top eigenpair problem can be re-
cast as the optimisation of a quadratic Hamiltonian on the sphere: introducing the associated
Gibbs-Boltzmann distribution and a fictitious inverse temperature 3, the top eigenvector repre-
sents the ground state of the system, which is attained in the limit B — oo. In order to extract this
limit, we have employed two methods, cavity and replicas, both borrowed from the statistical

mechanics approach to disordered systems. We first analysed the case of a single-instance ma-
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trix within a “grand canonical” cavity framework. The single-instance cavity method quickly
leads to a set of recursion equations for the cavity fields. However, the method essentially turns
the original top eigenpair problem for the N x N single matrix J into the top eigenpair problem
for the associated Nc x Nc non-backtracking operator B, as detailed in Appendix 3.A. There-
fore it does not substantially simplify the search for the solution of the top eigenpair problem

on a single instance.

Nonetheless, the cavity single-instance recursions constitute an essential ingredient to ar-
rive at the equations (3.35), (3.38) and (3.40) for the associated joint probability densities of
the auxiliary fields of type @ and £ that characterise both the typical largest eigenvalue and
the statistic of the top eigenvector in the thermodynamic limit N — c. Moreover, the ex-
act same equations (see (3.106), (3.145) and (3.107)) are found via the completely alternative
replica derivation, entailing that the two methods are equivalent in the thermodynamic limit.
Within the population dynamics algorithm employed to solve the stochastic recursion (3.35)
(or equivalently (3.106)), we are able to identify the typical largest eigenvalue as the param-
eter controlling the convergence of the algorithm, and unpack the contributions coming from
nodes of different degrees to the average density of the top eigenvector’s components. The
simulations show excellent agreement of the theory with the direct diagonalisation of large
matrices. As a further cross-check of the formalism, we computed the average density of the
top eigenvector’s components of sparse Markov matrices representing unbiased random walks
on a sparse network under the detailed balance condition, thus retrieving the expected relation

between such components and the node degrees of the underlying network.

Our results on the statistics of the top eigenpair can be connected to the analysis of local-
isation properties of the top eigenvector. In principle, the cavity single instance results for a
sample of large N X N sparse symmetric matrices drawn from a certain ensemble can be used
to compute the /PR of the top eigenvector, using the formula (2.150). However, in this work
we did not look at matrix ensembles with a localised top eigenvector. Indeed, we derive our
results with a setup that requires a finite largest degree kmax. On the other hand, the localisation
of the top eigenvector of uncorrelated random networks is driven by the presence of a largest
degree kmax Which diverges with the size of the network N [128, 129]. Therefore, our frame-

work prevents us from observing cases in which the top eigenvector is localised. It has been
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noticed [129, 130] that if the top eigenvalue A; of an uncorrelated random network is such that

A

12

kmax > ~-+ (3.171)

then the corresponding top eigenvector is localised. Precisely, the dense subgraph associated
with the hub (i.e. the node with the largest degree kpn,x) and its neighbours represents the set
of nodes where the top eigenvector is localised. In none of the examples that we study was
the condition (3.171) met. Conversely, a case in which the top eigenvector is localised can be
represented by the ensemble of random networks with a power-law degree distribution decay-
ing for large k as p(k) ~ k=7 with y > 5/2. Moreover, the localisation of the top eigenvector

characterises many real-world networks [131].



Appendices

3.A The single instance self-consistency equations and the non-

backtracking operator.

The set of self-consistency equations (3.26) and (3.27) for the cavity fields, supplemented with
Eq. (3.29) and (3.30) for the coefficients of the marginal distributions, constitutes the full
solution of the top eigenpair problem for a single instance of a sparse matrix. The convergence
of the update equations (3.26) and (3.27) is dictated by the value of the parameter A, which is

related to the possibility to normalise the resulting top eigenvector.

Indeed, Eq. (3.27) is a linear recursion driven by the operator B, whose elements can be

defined as
J; . .
ﬁ I£INj=k
Bi ey =94 : (3.A.1)
0 otherwise

The matrix B is an example of non-backtracking operator, first introduced by Hashimoto in
[132]. For a given graph, the Hashimoto non-backtracking operator B in its original form
counts the number of paths from a node i to a node ¢ passing through a third node j, for every

choice of these three different nodes. It is defined as

_ 1 i£lAj=k
B(i.j), ko) = : (3.A.2)

0 otherwise

In our case, if the absolute value of the largest eigenvalue of the modified non-backtracking

(i)

operator B is greater than 1, the absolute values of the cavity fields & 3 ’s will blow up, whereas

if it smaller than 1, they will shrink to zero. Therefore, A must be tuned appropriately in Eq.
(3.26) to prevent the linear recursion (3.27) from landing on a trivial solution. Indeed, when A

is “too large”, the o'’

;’s will be large too, resulting in a largest eigenvalue of B with magnitude
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smaller than 1. This would suggest to progressively decrease A from a large value down to its
lower bound A;, necessary to ensure that the optimisation problem is well-defined. In other

()

words, the largest eigenvalue of the operator B must be exactly 1 for the & ;s tohave a finite

norm. This will happen only when A = A;.

Collecting the hgi)’s ina 2M = YN | k; dimensional vector, Eq. (3.27) can be rewritten as

a linear vector iteration driven by B as
WD =Y B woht 3.A.3
;=X Bapwoh (3.A.3)

where the entries By; ) ) are defined in (3.A.1). Relabelling with a new, single index a any

pair of connected indices (i, j), Eq. (3.A.3) reads

2M

ha =Y Bahy, (3.A4)
b=1

which can interpreted as a vector linear iteration,
h,=Bh,_,, (3.A.5)

with the index ¢ labelling each iteration.

Starting from a certain initial condition £, the solution of (3.27) is obtained after succes-
sive iterations according (3.A.5) until £, stabilises. The stability can be assessed by looking at
the norm of the vector /,. After a suitable number of iterations 7, expanding the initial condi-
tion vector in the basis {b;} formed by the right eigenvectors of B, the leading contribution is

expressed in terms of its top eigenpair

2

M
h, =B'hy=B (Z c,-(O)bi> ~c1(0)7by, (3.A.6)
=1

1

where the contributions coming from the other eigenpairs {b;,¥;}~, are exponentially sup-

pressed, all the other eigenvalues of B being smaller than 7;.

The ratio 7; of the norms of two successive iterations approaches a constant value n* as

t — oo, corresponding to the absolute value of largest eigenvalue of B,

n = Ml |BA, |

a - = n"=Inl. 3AT
TN I T Rl (3.A7)
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Figure 3.A.1: Cavity single instance. Top panel: the plot of the ratio n* (see (3.A.7)) as a function of the parameter A: A is
lowered (blue diamonds) until n* = 1. In correspondence of this value, A = A; (red circle). Bottom panel: the
histogram of top eigenvector components of the same matrix as predicted by (3.32) shows perfect agreement with
the components obtained by direct diagonalisation.

Thus, the convergence of (3.27) is attained when the value of n* = |y;| reaches 1 as 4 ap-
proaches A; from above. We again recall that A = A, is the smallest possible value such that
the cavity partition function (3.20) is well defined, and so the actual value A; can be found
by asymptotic extrapolation. Figure 3.A.1 shows an example of this procedure for the case of
a single Erd6s-Rényi adjacency matrix of size N = 2000 and mean degree ¢ = 4. The cavity
method predicts the value A = A; = 5.251599, to be compared with the value lld B2 _ 5251575
obtained by direct diagonalisation, resulting in a relative error of 0.001%. We also plot the

corresponding top eigenvector’s components histogram.

We remark that the procedure above holds only if the largest eigenvalue of B is real: if it is
complex, there will be a pair of complex conjugate first eigenvalues, i.e. those with the largest
norm, which dictate the asymptotic behavior of (3.A.5). In this case, the bi-orthonormal basis

of left and right eigenvectors must be taken into account

b~ c1(0)71b1 +c2(0) (%) b7 (3.A.8)

where the coefficients ¢;(0) and ¢;(0) are in general complex. Therefore, the quantity 1, does

not approach a steady limit for large ¢ in this case, and oscillations arise. In fact, it can be
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shown that
I, |I? » leiP +leal? +2acos (291 + )]
5 = 5 3 , (3.A.9)
I e +lel+2acos (26 (= 1)+ y)
where
a=alci||ca| , (3.A.10)
V=0 —p+06. (3.A.11)

Here, (|c1],|c2|) and (¢1,¢2) are the moduli and phases of the complex coefficients c;(0) and
c2(0), m is the ratio of the radial part of the vectors h, and h,_;, & and 6 are respectively
the modulus and the phase of the dot product between the right (and left) eigenvector b; (re-
spectively bY) with itself, and p and ¢ are the modulus and phase of the pair of the complex
eigenvalues with the largest norm.

In this case, the recursion (3.A.5) does not converge to a single limit, and the cavity
formalism does not lead to an acceptable solution. Therefore, the strongest limitation of the
single instance cavity method is that the largest eigenvalue ¥; of the non-backtracking operator
B associated to the matrix J must be real. This restriction unfortunately rules out a variety of

interesting sparse matrix ensembles.



Chapter 4

Second largest Eigenpair Statistics for Sparse

Graphs

4.1 Introduction

In this chapter we look at the second largest eigenpair problem for a sparse matrix J as the top
eigenpair problem for a deflated version J of the original sparse matrix J. Indeed, the deflation
mechanism consists in “neutralising” the top eigenvector of J by subtracting from the original
matrix the projector onto its first eigenspace. For a suitable amount of deflation, quantified by
the deflation parameter x, the top eigenpair of the deflated matrix J corresponds to the second
largest eigenpair of the original matrix J. Therefore, in order to characterise the statistics of the
second largest eigenpair of J one can study the top eigenpair problem of the deflated matrix J.
To this purpose, we will employ the same statistical mechanics setting developed in Chapter 3.

As in Chapter 3, we will show that even for the second eigenpair problem the solution at
the ensemble level is given in terms of functional self-consistency equations. The crucial differ-
ence between the present chapter and Chapter 3 is the presence of the orthogonality condition
between the top and second eigenvectors in the set of final equations. The population dynamics
algorithm employed to solve these recursions is thus complemented by a wise implementation
of the orthogonality constraint, which is essential for the convergence of the aforementioned
self-consistency equations.

The plan of the chapter is as follows. In Section 4.2, we describe the mechanism of the
deflation, outlining the role of the deflation parameter x. We then formalise the top eigenpair
problem of the deflated matrix by adopting the same statistical mechanics setting of Chapter
3. In Section 4.3, we provide a cavity analysis of the problem. Specifically, in Section 4.3.1,

we describe the single-instance scenario for a generic value of x. We then apply the cavity
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approach to fully deflated matrices, first focussing on the single instance case in Section 4.3.2,
and then at the ensemble level in Section 4.3.3. We highlight the role of the orthogonality con-
straint in 4.3.4. To complement the cavity results, we offer an equivalent replica treatment in
4.A. In Section 4.4 we focus on the case of the random regular graph: we analytically show how
the solution for the top eigenpair of the deflated adjacency matrix gets modified as the deflation
parameter is changed. In Section 4.5, we specialise our results to the case of Markov transition
matrices representing random walks on graphs. In Section 4.6, we provide the details of the
population dynamics algorithm, focussing on how the extra orthogonality constraint is imple-
mented. We also provide convincing evidence that — at odds with what is commonly believed —
the algorithm with finite population size Np does not actually capture the thermodynamic limit
N — oo, in that there is a non-trivial relation between the size N of the adjacency matrix being
diagonalised, and the size Np of the population one should ideally use to numerically compute
its spectral properties. More precisely, the accuracy — measured with different metrics — with
which the population dynamics algorithm reproduces numerical diagonalisation of matrices
(graphs) of size N has a strongly non-monotonic behaviour as a function of Np, thus implying
that an optimal size Nj = Nj(N) must be chosen to best reproduce the diagonalisation results.

Finally, in Section 4.7 we offer a summary of results.

4.2 Formulation of the problem

We consider a real sparse symmetric random matrix J = (J;;) and assume that its top eigenpair

(A1,u) is known. We define a deflated matrix J(x) = (J;;(x)) by

~ X
Jij(x) =Jij — ki 4.1

where x represents the deflation parameter. The J;; = ¢;;K;; are the i.i.d. entries of the original
matrix J. They are defined in terms of the connectivity matrix ¢;; € {0,1}, i.e. the adjacency
matrix of the underlying graph, and the random variables K;; encoding bond weights. The
bond weights K;; will be i.i.d. random variables drawn from a parent pdf px (K) with bounded
support. The top eigenvector u of J, also referred to as the probe eigenvector, is normalised
such that |u|> = N.! The dense matrix uu” /N represents the projector onto the top eigenspace
of the original matrix J.

As in Chapter 3, we analyse ensembles of tree-like matrices characterised by a finite con-

The same normalisation convention applies to all the other eigenvectors of J, vy with o =2,...,N.
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nectivity, i.e. for which the mean node degree (k) = c is a finite constant that does not scale
with N (entailing ¢/N — 0 as N — o) and also the variance of the degree distribution is finite.
Besides, we will consider bounded degree distributions to ensure that the largest eigenvalue A,

of J will remain of ~ (1) for N — co.

The spectral theorem ensures that J(x) can be diagonalised via an orthonormal basis of

eigenvectors vy (x) with corresponding real eigenvalues A (x) (ot = 1,...,N),
jvd - iavtx 5 (4.2)
for each eigenpair & = 1,...,N, where to simplify notation we have omitted the x-dependence.

We also assume that there is no eigenvalue degeneracy, and that they are sorted M>h>... >

ZN, and the same holds for the eigenvalues A, (& = 1,...,N) of the original matrix J.

For any value of x, the matrices J and J(x) share the same set of eigenvectors (see Section
3.3.2 in [133]). The range of the deflation parameter x is [0,A,], where the boundaries of this

range correspond respectively to no deflation (x = 0 = J = J) and full deflation (x = A;).

* When the value of x is smaller than the spectral gap g = A; — A, the top eigenvalue of

J(x) is given by A; — x with corresponding eigenvector u. Indeed:

Ju= (J—%uuT)u: (M —x)u, (4.3)

with A; —x > A,. We recall that u”u = N.

 Conversely, when x > g then the second largest eigenvalue of J, A;, and the correspond-
ing eigenvector v, become the top eigenpair of the matrix J. Indeed, following (4.3), the
top eigenvector of J, u, is still an eigenvector of J related to the eigenvalue A; — x but

now A; > A —x. Clearly,
~ X T
Jvy = (J — Suu ) Vo= Aavs (4.4)

in view of the orthogonality between u = v; and v,.
« In particular, when x = A, i.e. the largest eigenvalue of the original matrix J°, the matrix

J is said to be a fully-deflated matrix. The top eigenvector of J, u, is still an eigenvector

2In the thermodynamic limit, the value such that full deflation is achieved is actually the average largest eigen-
value (A;); of the matrix J.
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of J, but corresponding to a zero eigenvalue. Indeed,
~ 21] T
Ju= J—Nuu u= A —A)u=0u. 4.5)

* All other eigenpairs are unchanged.

Employing the same statistical mechanics formalism of Chapter 3, we aim to find the
average (or typical) value (A); of the second largest eigenvalue A, of J, and the den-

sity pya(v) = <%Z§V:1 o(v— vg>)>J of the corresponding second eigenvector’s components,

V) = (vgl), . ,vgN)). The second eigenpair statistics of the matrix J is obtained by finding the
top eigenpair of the deflated matrix J(x) when x > g and, in particular, when x = A;. Namely,
we study the average largest eigenvalue (A;); and the density p;(v) = <% i 0(v— vgi))>1~
of the top eigenvector’s components, v; = (vgl), . ,vgN)) of the deflated matrix J, where the
average (-) 7 is taken over the distribution of the matrix J.

We will follow the same protocol used in Chapter 3 and frame the search for the top
eigenpair problem of the matrix J as the optimisation of the quadratic function H(v), according
to which vy is the vector normalised to N that realises the condition

N2; = min [A(v)] = min {1 (v,fv)] : (4.6)
V[2=N we=n| 2
where the round brackets (-,-) indicate the dot product between vectors in RY. As shown in
Section 3.2, the “Hamiltonian H (v) is bounded and attains its minimum when computed on the
top eigenvector. Therefore, for a given instance of J, in order to compute the minimum in (4.6)
we introduce a fictitious canonical ensemble of N-dimensional vectors v at inverse temperature
B, whose Gibbs-Boltzmann distribution reads

Py (V) = Zexp [g(v,fv)] S(vE—N) . 47

where the delta function enforces normalisation. As before, we expect that in the low temper-
ature limit B — oo, only the ground “state” corresponding to the top eigenvector of J, v = vy,

remains populated.

4.3 Cavity analysis

In this section we show how to tackle the second largest eigenpair problem using the cavity

approach. We first present the general statistical mechanics treatment of the single-instance
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case. Then, we describe the application of cavity method in the case of full deflation for a

single instance (Section 4.3.2) and in the thermodynamic limit (Sections 4.3.3 and 4.3.4).

4.3.1 Top eigenpair of a single instance: generic deflation case

Using (3.9), given a single instance matrix J, its largest eigenvalue A, can be defined as

2
A = lim ﬁ—NanN, Iy = /dvexp [ v Jv)] 5 (MZ _N) . (4.8)

freo

The partition function explicitly reads

Zy = /dvexp [g (v,Jv) — fN (u, v)z] 0 (!v\z —N) . 4.9
The square in the exponent can be written as
l(u,v)2 =N [1 (u,v)r =Ng*, (4.10)
N N
with the identification
qzﬁ(u,V)- @.11)

The definition of the order parameter ¢ is enforced via the integral identity

- [t

By also employing a Fourier representation of the Dirac delta enforcing the normalisation con-

exp (iINBqg —iBg(u,v)) . (4.12)

straint and including all the pre-factors in ¢, the partition function becomes

Zn = (4’;) <Nﬁ> /dngdx exp [BN <iqc} ;q2+i’;>} Zn (4, 2)

A
= %/dqdqdl exp [ﬁN <1qq— Eq +1—+ BLogZN (q,/l))]

—¢ / dgdgd exp[BNSx(q.4,1)] , .13)
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with

7y (§,A) = /ﬁdviexp [_123 (v,Av) —igB (u,v)]

(2m)N B,
=l _exp (-2 gPu"A . 4.14

BVdet(A) P\ T4 A M (4.14)
The matrix A~! = (iA 1y —J) ! is akin to the resolvent of J. It has the same eigenvectors of J,

thus using the spectral theorem it can be expressed as

N 1

A=Ay -0)""=Y - g itl, | (4.15)

where the Ay are the eigenvalues of J and the i, are their corresponding eigenvectors. We
remark that the it are normalised such that |itg|> = 1. On the other hand, the vector u appearing

in the exponent of Zy is the top eigenvector of J, u;, normalised such that |u|> = |u;|*> = N.

Therefore,
u=u =Ni, , (4.16)
entailing that
5 BN &
V4 A) o< —— . 4.17
N(‘]a ) exp< ) il—ll ( )

In turn, the partition function (4.13) becomes
Z, —Cg/d dgdAexp | BN (i oM 2+i&—‘}72
—¢ [ dgagarexp BNSy(q.q. 1)) - (.18)

Eq. (4.18) can be evaluated with a saddle-point approximation for large 8. The stationarity of

Sy w.r.t. to A, § and g implies that

(ig*)?
l=—+"—""+— 4.1

(iA*—A1)% (4.19)

* _ié*
=0 4.20
T = (4.20)
gx=1iq" . (4.21)

Using (4.21) in (4.20), one finds

— (4.22)

T = -
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Two cases can be distinguished, depending on the value of ¢*.

1. Assuming g* # 0, Eq. (4.22) yields iA* = A; — x, while from (4.19) it follows ¢*> = 1.

Using these results to express the action Sy, one finds

v x x A —x
A 2 4.2
entailing for the largest eigenvalue A1 defined in (4.8)
=il =7 —x. (4.24)

As stated in Section 4.2, this is the top eigenvalue of / when x < g. Indeed, the value ¢* =
+1 indicates that the the probe eigenvector u and the top eigenvector of J corresponding
to A; — x coincide. Thus, when the deflation parameter x is smaller that the spectral gap
g, there is no need to use the cavity method to obtain the top eigenpair of the deflated

matrix, which is simply given by (A; — x, u).

2. Assuming g* = 0, from (4.21) it follows that §* = 0. Thus the action reduces to

Sy = 17; = A =il*. (4.25)

The case g* = 0 provides the top eigenvalue of the deflated matrix J in the case x > g,
thereby including the case of full deflation x = A;. Therefore, g* = §* = 0 represents
the orthogonality condition between the solution v and the probe eigenvector u. In this
scenario, the top eigenvalue A1 of the matrix J is the second largest eigenvalue of the
original matrix J, viz.

A= =id*. (4.26)

However, the stationarity conditions (4.19), (4.20) and (4.21) do not provide the (real)

value iA* = A, nor the components of the corresponding eigenvector v.

To sum up, the top eigenvalue of the deflated matrix J is always given by the value il* = A,
regardless the value of x. However, for x > g this value needs to be determined via the cavity

method, as detailed in the next subsection.
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4.3.2 Cavity derivation for a single instance in case of full deflation

We focus on the case of full deflation x = A;. This choice is not restrictive, since the solution
does not depend on x, for any x > g. As shown before, in the range x > g one has ¢* = 0.
However, for the time being we proceed with a generic ¢*. Its actual value will be made

explicit in the final result.

One looks at (4.13), without performing explicitly the integration in (4.14). Considering

the stationarity of the action Sy(gq,§,A) w.r.t. ¢, § and A, the following conditions hold,

ig* = Mg, 4.27)
1 N
g = N;ui i), (4.28)
=L i (vi) (4.29)
N Vi)

where the starred quantities indicate the saddle-point values of the parameters. The angular

brackets indicate averaging w.r.t. the distribution

N ™™

Pg(v|g*, A7) = exp (—il*ggv%—ié*ﬁ (u,v)+ (v,Jv)) . (4.30)

1
ZN(qA*a A’*)
By looking at the saddle point condition (4.27), in what follows we can identify i§* = A,¢* =
A1q (omitting the star for brevity) and define iA* = A, such that Eq. (4.30) becomes

Pg(v|Aig, A) = ngv?—MqB (u,v)+§(v,]v)) : (4.31)

1
=——Fexp| —
Zn (7('1 q, ;L) (

The components v; are found in the B — o limit by the cavity method applied to the
distribution (4.31), which in analogy to Section 3.3 represents the grand-canonical version
of the Gibbs-Boltzmann canonical distribution (4.7). To keep this chapter self-contained, we

reproduce the key steps of the cavity protocol detailed in Section 3.3.1.

By making a tree-like assumption on the structure of the highly sparse graph encoded in

the original matrix J that we deflate, the marginal pdf w.r.t. a certain component i is given by

B

1 i
P (vilhig,A) = 7 €XP (—27Lvl2 —B?quu,-v,) H /dvjexp (ﬁv,-],-jvj)PJ( )(vj\/llq,/l) , (4.32)

jeai

where di denotes the immediate neighbourhood of i. The factorisation over the neighbouring
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nodes of i is due to the fact that in a tree-like structure the nodes j € di are connected with each
other only through i. The distribution P}i) (vj|Aig,A) is called marginal cavity distribution: it
is the distribution of the components v; defined on the neighbouring nodes of 7, in the network

in which i has been removed.

Following Section 3.3.1, for any j € di the cavity marginal pdf satisfies the self-consistent

equation

i 1 '
Pf '(vilhg,A) = i P (—glﬁ —B/llqum) IT ./deeXp (BviJjeve) P (velArg, A)

i ledj\i
(4.33)
where d j\i indicates the set of neighbours of the node j with the exclusion of i.
A Gaussian ansatz provides the solution to the self consistent equation, viz.
| Bol 0 8w
POa) =\ Spesn (0 Jexo (o e pafn) .
J

where the parameters (oj(-i) and hy) are called cavity fields. By inserting the ansatz in (4.33) and

performing the Gaussian integrals, the set of self-consistent equations represented by (4.33)

translates into a set of recursions for the cavity fields,

. J?
() _ jt
o =1-Y —. (4.35)
tedj\i Wy
(J)
i Jih
W =g+ Y, 2k (4.36)
teaj\i W,
Likewise, by means of (4.34), the marginal distribution P;(v;|A;q,A) can be written as
1 B
Fi(vildig,A) = — exp | =5 @i +Bhvi ) (4.37)
where
5
o =A— ZT (4.38)
JjEdi COj
'j/’l(-i)
— YT
hi=—hqui+ Y, — (4.39)
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Using the cavity factorisation in (4.37) to express (4.31), we eventually obtain

Ayl B
Pﬁ (V‘lw],l) = Ezexp (—260,‘Vl- +Bh,~vi> . (4.40)
In the B — oo limit,
N hi
Ps(v|A1q,A) — ga (w — a),-> , (4.41)

entailing that the components v; of the top eigenvector of the fully deflated matrix J, represent-
ing the ground state of the system with Boltzmann distribution (4.7), are given by the ratios
h;/ @;. The w; and the h; are determined respectively by Eq. (4.38) and (4.39). Because of the

full deflation, v also represents the second eigenvector of the original matrix J.

In terms of Eq. (4.41), the conditions (4.28) and (4.29) read

1 N
9=x Y oui— (4.42)

hi\ 2
<w) . (4.43)

At this point, we recall that for any x > g (in particular x = A4;), we have ¢* = g = 0. Therefore
g = 0 must be considered in Eq. (4.36) and (4.39), and the condition (4.42) becomes
N
h
ui— . (4.44)
=1 |

(]

1
0=—
N !

1=

As anticipated in Section 4.3.1, Eq. (4.44) expresses the orthogonality condition between u and
v. The components u; and v; in (4.44) are naturally referring to the same node i with degree k;

of the network represented by J.

To summarise, when considering a fully-deflated single instance matrix J, its top eigenpair
can be found in terms of the cavity recursions (4.35) and (4.36) along with the normalisation
condition (4.43) and the orthogonality constraint (4.44). The value A = A, represents the sec-
ond largest eigenvalue of the matrix J (i.e. the top eigenvalue of the deflated matrix J), with
corresponding eigenvalue v whose components are defined in Eq. (4.41). According to the
same mechanism explained in Appendix 3.A, A = A, is the only value that satisfies the nor-

malisation condition (4.43).
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4.3.3 Cavity method: thermodynamic limit

Following the reasoning of Section 3.3.2, in the limit N — oo we can consider the joint proba-

bility density of the cavity fields @ ( ) and h( 2 taking values around respectively @ and A,
kmdx
n(w,h) = /dup, \k/ Hdn wy, hy)

_ k—1
x (0 a)—k+zﬁ Olh—| —quli),+ heKe ,  (4.45)
= = > {K} e

where d7m (g, h¢) = dwydhym (g, hy), and the average (-){K}]H is taken over k — 1 independent
realisations of the bond weights K. Here, p;(u|k) is the distribution of the top eigenvector’s
component of J conditioned on the degree k. The distribution % p(k) represents the probability
that a randomly chosen link points to a node of degree k and ¢ = (k), and appears in (4.45)
as cavity fields are related to links. Eq. (4.45) generalises in the thermodynamic limit the

recursions (4.35) and (4.36) in the case of full deflation (x = A;).

By using the law of large numbers, in the thermodynamic limit the normalisation condition

(4.43) reads
kmax k —ql/l(z/]) +Z£ 1h1K/ ’
1=Y pk) | dupy(ulk dm (ay, h = . (4.46)
) w [ ’“)/LH (o e>]< - >

{K}e

whereas the orthogonality constraint (4.42) becomes

kmax —qu )L +Z hiO[Q
q=Y plk /dupf ulk) /[Hdﬂr (Dé,hz)]< LAY Sy > SN YY)
k=0

A-phid {K,

Similarly, the distribution of the top eigenvector’s components of the fully deflated matrix J,

i.e. the second largest eigenvector of J, is obtained in terms of averages w.r.t. the distribution

n(w,h) as
k’““ k —qu (M), +Xf_, e
pi(v)=psa(v) /d”PJ u\k/ [H (g, hy ] <5 v— 4[1 -
o AT (K},
(4.48)

We notice that in the equations (4.46), (4.47) and (4.48), the degree distribution p(k) naturally

crops up, as they encode properties related to nodes, rather than links. Moreover, Eq. (4.26)
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generalises to the thermodynamic limit case, as
(A)j= (s =12, (4.49)

for any x > g. Finally, we remark that Eq. (4.24) generalises at the ensemble level too, entailing
the condition

(AM)j=A=(M)s—x (4.50)

which is valid when x < g.

4.3.4 Cavity method: the orthogonality condition

The condition ¢ = 0, valid whenever x exceeds the spectral gap, holds at the ensemble level
as well. Indeed, when considering g = 0, Eq. (4.47) encodes the orthogonality-on-average
condition between the probe eigenvector u and the top eigenvector v of the deflated matrix J,
corresponding to the second largest eigenvector of the original matrix J. The interpretation of
Eq. (4.47) for g = 0 is made clearer by simply considering the average orthogonality condition

between u and v, viz.

0= /duvaJ(u,v)uv

kmax

= ¥ p() [ dupy (lk)dvpsa(vlu kv
k=0

Ky

max —qu (A R
=Y p(0) [ dup(uli [ [ﬁdn(wz,hnK caliat 2 > . @s
k=0 (=1

K2
A= Zlg:l H[[ {K}

where P;(u,v) indicates the joint probability density of the first and second largest eigenvector’s
components of J, and the conditional pdf p;»(v|u,k) is obtained from (4.48) erasing the u-
integration and the k-sum. The conditional pdf p;(u|k) is given by omitting the k-sum in the
expression for the density of the top eigenvector components p;(u) (4.57). Comparing Eq.

(4.51) with (4.47) for g = 0, one observes that they are identical.

Taking into account the average orthogonality condition g = 0, Eq. (4.45), (4.46), (4.47),
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(4.48) and (4.49) simplify to

kmax k=1 g2 k=1
m(®,h) = /{d”}k1< ( <’L ;Ki» ( (e—zlhé’[?>>>m

4.52)
Kimax Zz . Ky 2
1=Y p(k) / {dn}k< s > , 4.53)
k=0 A=Yio1e &),
Kimax Zé lthé
0= ¥ plk) [ dupsuliyu [ am)s < e > , (454)
=0 A= Xi-i Ki {K}k
kmax Zf 1hFKl
pi(1) =psa(v) = ¥ plk) [am <6 yo e > , @55)
=0 A= Zé:l o {K}
<i1>j ={h), =4, (4.56)

where we have used the shorthand {dn}; = H’tle dwydhym(wy, hy)

Enforcing the orthogonality condition given by (4.54) is crucial to finding the correct
solution. The conditional pdf p,(u|k) appearing in (4.54) is given by omitting the k-sum in
the expression for the density of the top eigenvector components p;(u) (see Eq. (3.38) or

equivalently (3.145)), reported here

kZ (k) / {dm } <6 Lo S > (4.57)
=YYp T U= , )
k=0 U (M

b= Z[ ! "” {K}

where 7 (a,b) indicates the distribution of cavity fields of type a (inverse cavity variances)
and b (cavity biases) for the top eigenpair problem (see Eq. (3.35)). The integration w.r.t. the
conditional distribution p;(u|k) in (4.54) generalises to the thermodynamic limit the fact that
both the components u; and v; = % in (4.44) refer to the same node i with degree k;. Indeed, by
comparing (4.57) with (4.55) and (4.54), we notice that the components of u are still coupled to
those of v in (4.54) through their structure, as they both refer to the same degree k (see Section
4.6 for more details). The replica derivation in 4.A provides an independent proof of this result.

Therefore, in order to enforce the constraint (4.54) correctly, we need to impose strict or-
thogonality on-the-fly, i.e. while the components of the top eigenvector # and the components
of the second largest eigenvector v are being evaluated at the same time by averaging w.r.t. re-

spectively m; and 7, as prescribed by (4.57) and (4.52). The way strict orthogonality is imposed
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is via a correction to the components of v: the details of this procedure and the corresponding

algorithm are given in Section 4.6.

To summarise, Eq. (4.52), (4.53), (4.54), (4.55) and (4.56) represent the solution of the
second largest eigenpair problem in the thermodynamic limit. This set of equations must be
generally solved by a population dynamics algorithm, as detailed in Section 4.6. It is com-
pletely equivalent to Eq. (4.A.27), (4.A.28), (4.A.29), (4.A.31) and (4.A.30), respectively,

found within the replica framework (See 4.A.2).

The top row and the bottom left plots of Figure 4.1 show numerical results in the case of an
Erd6s-Rényi (ER) adjacency matrix with ¢ = 4 and kpax = 12. We find (A;); = 4.463, within a
2% error w.r.t. the value A .. = 4.565 obtained by extrapolation from the direct diagonalisation
data. The bottom right panel of Figure 4.1 refers instead to the case of ER weighted adjacency
matrix with ¢ =4 and k.« = 12. We consider the case of uniform distribution of bond weights,
pk(K) =1 for K € [1,2]. In this case, we find (A;); = 7.092, within a 0.94% error w.r.t.
the reference value A, .. = 7.159 obtained by extrapolation from the direct diagonalisation
data. In the plot, we compare the pdf of second largest eigenvector’s components obtained
via population dynamics with results from the direct diagonalisation of 2000 matrices of size
N = 5000. The relative error for the two cases studied in Fig. 4.1 is slighlty larger than the
error observed in all other cases studied in Chapter 3 and 4. This is mainly due to two factors.
One the one hand, when looking for the second largest eigenvalue we approach the value of A
for which the update of the cavity field of type w, contained in Eq. (4.52), becomes unstable.
On the other hand, an extra source of uncertainty comes from the use of an approximation for

the population dynamics algorithm in the ER case. (see Section 4.6.3).

Figure 4.2 compares the theoretical results for the pdf of the second largest eigenvec-
tor’s components with results of direct numerical diagonalisation for adjacency matrices of ER
graphs with ¢ = 10 and kyax = 22. In this case, we find (A;); = 6.656, within a 0.04% error
w.r.t. the value A, . = 6.658 obtained by extrapolation from the direct diagonalisation data.
We observe that there are finite size effects in the distribution of eigenvector components that
are significantly stronger than those observed in the eigenvalue problem. The bottom panel of
figure 4.2 shows the average second largest eigenvalue (A,) as a function of the matrix size
N, obtained via direct diagonalisation of adjacency matrices of ER graphs with ¢ = 10 and
kmax = 22. The data are fitted by a power law curve (A;) = aN > + A2 e, With b =~ 0.8115 for

this type of network. The inset shows the plot of A5 .. — (A2) against N in log scale, confirming
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Figure 4.1: Second largest eigenpair of the ER adjacency matrix. Top left panel: marginal distribution of the inverse single site
variances @. The thick dashed line represents the full pdf, the thinner curves underneath stand for the single degree
contributions, from k = 1 to k = 12. The rightmost peak at @ = A corresponds to k = 1: the peaks are centred at lower
 as the degree k increases. Top right panel: marginal pdf of the single-site bias fields 4. Again, the thick dashed
line represents the full pdf, the thinner solid curves stand for the degree contributions from k = 1 to k = 12. Each
curve corresponding to a degree k is symmetric around & = 0. As k grows, their variance broadens and the curves
flatten. Bottom left panel: pdf of the second largest eigenvector’s components (see (4.55)), obtained by population
dynamics (solid blue) and by direct diagonalisation of 2000 matrices of size N = 5000 (red circles) showing excellent
agreement. The population size is Np = 10°. The inset shows the right tail of the pdf in log scale. Bottom right
panel: pdf of the second largest eigenvector’s components in the case of ER weighted adjacency matrices, obtained
by population dynamics (solid blue) and by direct diagonalisation of 2000 matrices of size N = 5000 (red circles)
showing excellent agreement. Also in this case, the population size is Np = 103 and the inset shows the right tail of
the pdf in log scale.

that the power law exponent b is positive. The power law convergence is a common behaviour
found in all ensembles analysed in this thesis, though the value of the exponent b depends on

details of the systems.

4.4 Random regular graphs

For non-weighted adjacency matrices of RRGs, the degree distribution is simply p(k) = Ok ¢,
and the bond weights distribution is trivially px(K) = (K — 1), resulting in a constant probe
top eigenvector u, i.e. py(u) = ps(u|c) = 8(u—1). The largest eigenvalue A; is non-random

and pinned to the value A; = ¢ (see Section 3.4.1.2 and 3.4.2.2). The spectral density is given
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Figure 4.2: Pdf of second largest eigenvector’s components in the ER adjacency matrix case, with ¢ = 10 and kp,x = 22. Top left
panel: Results from population dynamics (blue thick curve) are compared with diagonalisation of matrices of size
N =500 (light purple), N = 1000 (green), N = 2000 (red) and N = 5000 (yellow). As N increases, we notice that
the direct diagonalisation curves approach the pdf generated by population dynamics with a fairly large population
size, Np = 10°. Top right panel: the (right) tails of the distributions shown in the top left panel, shown in log scale.
Bottom panel: the average second largest eigenvalue (A;) as a function of N, obtained with direct diagonalisation.
The power law fit is superimposed in red. As discussed in the main text, the inset shows the plot of A .. — (A2) vs N
in log scale.

by the Kesten-McKay distribution (see Fig. 4.3 and 2.5 and Appendix 2.F),

Ac—1)—A2
pru() = 27r((22—)7@) : (4.58)

for |A| < 2y/c—1, entailing that the spectral gap for this ensemble is grrg = ¢ — 2v/c — 1.
In this section we look at the behaviour of the solution for a generic value of the deflation
parameter x in the range [0,c], where the boundaries of this range correspond respectively to
no deflation (x = 0) and full deflation (x = ¢). Therefore, the value of ¢ is in principle non-zero

across the whole range.

For a generic value of the deflation parameter x, the equation (4.45) for w(w,h), along
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with the conditions (4.46) and (4.47) become respectively

w(w,h) = /{dﬂ}cf15 (CO— (l —:_Z;(;)) ) (h— (—qx—i-;;l Z)i)) , (4.59)

—qx-i—Z;f:l(%i, ?
Y-
—gx Yl b
q:/{dn}c (M) , (4.61)
Y-

whereas the density of the top eigenvector’s components of the deflated matrix J (4.48) is given

for general x by

c h
—qx+ Y- af,) 462)

Pf(V) :/{dﬂ:}c 6 (V— A_Z;—li

We will show that the solution of the self-consistency equation (4.59) along with (4.60), (4.61)
and (4.62) crucially depends on the value of the deflation parameter x. Indeed, we can dis-
tinguish two different regimes, i.e. the outer and bulk regimes. Figure 4.3 explains them

graphically. We anticipate the following results.

1. In the outer regime, i.e. when x < grrg, unsurprisingly we find that the probe eigen-
vector u = {1,1,...,1}, i.e. the top eigenvector of the original matrix J, is also the top
eigenvector of the deflated matrix J, with corresponding largest eigenvalue ¢ — x lying
outside the bulk of the Kesten-McKay spectrum [39,40]. This confirms the general result
discussed in Section 4.3.1.

2. In the bulk regime, i.e. when x > grprg, the pdf of the components of the top eigenvector
of J is a standard normal distribution, with corresponding largest eigenvalue 2+/c — 1.
The probe all-one eigenvector u is still an eigenvector of J but refers to an eigenvalue
¢ —x < 2y/c — 1. In other words, we show that the second largest eigenpair of the RRG
adjacency matrix is given by (A2); = 2v/c— 1 and py2(v) = A4(0,1).

The abrupt change of the solution (from constant u# to normally distributed when x hits the
value grrg = ¢ —2+/c — 1) reflects the fact that the usual peaked ansatz for the RRG case (see

Section 3.4.1.2) is not valid in the bulk regime grrc < x < c¢. Therefore, in order to solve the



4.4. Random regular graphs 129

0.16 w —

0127

0.17

(A

=008} bulk outer

PK

0.06 |

0.04 |

0.02

Figure 4.3: The positive branch of the Kesten-McKay distribution (4.58) in solid red for ¢ = 4. The red dot at A = 4 represents
the top eigenvalue A; = ¢, which is an outlier. The dashed blue vertical line at A = 2,/(c — 1) or equivalently

X = grrc = ¢ — 2/ (c — 1) separates the outer regime (light green) from the bulk regime (light yellow).

self-consistency equation (4.59), we choose a “mixed” ansatz of the form

1 h—h)?
m(w,h)=06(w—®) g2 P [—( 262) ] , (4.63)

for real @ and 4. We will find that in the range 0 < x < ggrg, Eq. (4.63) reduces to a peaked
ansatz, i.e. 6> =0 - just like in the case of the largest eigenpair of the original matrix J -
whereas in the range grrc < x < ¢, the variance o2 must be finite.

Indeed, by inserting Eq. (4.63) into Eq. (4.59) and performing the r.h.s. integrals, we find

n(w,h):E(m-(A_C;l>> Lexp _(h—(—qx+§,(c—1)))2

0 2wo?(c—1) 20%(c—1)/®
(4.64)
Comparing (4.64) with the ansatz (4.63), the following relations must be satisfied, viz.
@=i— ] (4.65)
= ) 7 .

B:—w+5@—n, (4.66)
2 sc—1

‘=0 ) 4.67)

From Eq. (4.67), we can infer that if 6% >0, then @ = /c— 1, i.e. a finite variance of the
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distribution of components pins @ to a specific value. Only if 6> = 0, then @ can assume

values other than /¢ — 1, according to Eq. (4.65).

Moreover, inserting the ansatz (4.63) in the normalisation condition (4.60) and in the

condition (4.61), we find two extra equations to fix respectively 62 and g,

2

=T (o) - (c5-a)]. (@.68)

q (A _ %) - <CZ . qx> . (4.69)

By combining (4.65), (4.66) and (4.69), we find an expression for g in terms of @ and 4,

9= 51" (4.70)
which in turn can be inserted into Eq. (4.66) to give
B(1+_x —Cf1>—0. @.71)
o—1 0]
Comparing eq. (4.65) rewritten as
@ —Ad+c—1=0 4.72)

with a slight rewriting of the condition that the expression in the round brackets of (4.71) be
Z€ero, Viz.

@ —(c—x)@+c—1=0, (4.73)

we notice that (4.72) and (4.73) can be compatible only if the coefficient of @ is the same,
entailing A = ¢ — x. Moreover, by solving (4.73) for @ we also find the explicit dependence of

@ on x. Indeed, we get

_c—xE V(e—x)2—4(c—1) .

5 4.74)

(O(X)LQ

By imposing that the radicand be positive in order to get a real solution, we find that Eq.
(4.74) yields a x-dependent real solution only for 0 < x < ¢ —2+/c—1. Only in this regime,

@® = @(x) can assume values other than /¢ — 1, entailing from (4.67) a peaked solution for
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n.3 Conversely, for any x > ¢ —2v/c — I, Eq. (4.74) would produce a x-dependent complex
solution @(x), which is not acceptable for this problem (recall that @ and & must be real), thus
implying

6’>020x)=ve—1 Yxe[c—2Ve—1,c]. (4.75)

4.4.1 RRG-deflated top eigenpair: outer regime

From (4.75), it follows that 62 = 0 in the outer regime. From (4.68) and (4.69), we thus find
. 2

(h=5)"=(ch-av)
q(—5) = (ch—ax)

When solving (4.76), the other possible solution ¢ = 0 must be discarded since it would not

=qg==l. (4.76)

satisfy the normalisation constraint (4.60). This is in complete agreement with what has been

described in Section 4.3.1.

For any x < ggrc, the comparison between Eq. (4.72) and (4.73) implies that A = ¢ — x.

Using Eq. (4.50), the average of the largest eigenvalue of J is given by
<11>j:/1 —c—x. 4.77)

Therefore, the deflation with a parameter x in the range 0 < x < ggrg = ¢ —2v/c — 1 has the
effect of decreasing the top eigenvalue c¢ of the original RRG adjacency matrix J by a quantity
X, as long as it lies outside the spectral bulk of the Kesten-McKay distribution.

Moreover, since in the outer regime 6> = 0, the ansatz (4.63) for 7 becomes delta-peaked.

Using Eq. (4.63) in Eq. (4.62) and taking into account (4.73) and (4.76), one finds

ho_
pj(v) =26 <v - Ci“_ fx> , (4.78)
@
but, from (4.76),
h
¢ ax :)A—T 7 (4.79)
implying
piv)=0(v—1)=v=u, (4.80)

3We remark that in this regime a finite variance solution for 7 that pins @ to v/c — 1 is still possible, but yields
a higher ground state free energy (F) 7 than the peaked solution. Indeed, (F);= — % (A1) . See Sections 4.4.1 and
44.2.
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where the choice of the “+” sign solution is not restrictive.

As expected, as long as the largest eigenvalue ¢ — x of the deflated matrix J lies outside
the spectral bulk (i.e. for 0 < x < grrg = ¢ — 24/c — 1), the corresponding top eigenvector v is

equal to the probe eigenvector u = (1,...,1)7, i.e. the top eigenvector of J.

4.4.2 RRG top eigenpair: bulk regime

In the regime x > ggrrg, we have shown in Eq. (4.75) that the variance 62 is positive, giving
rise to a mixed “delta-Gaussian” ansatz for 7. The parameter 6> being positive also implies

that @ must be pinned to the value v/c — 1.

According to the general analysis in Section 4.3.1, the bulk regime entails the condition
g =0, encoding the orthogonality between the probe eigenvector # and the top eigenvector v of
J. As shown in Section 4.3.4, the meaning of the condition ¢ = 0 is made clear by comparing

the average orthogonality condition between u# and v, viz.

0:/dudvpj(u|c)pj(v]u,c)uv

c  he %
= / {dﬂ}cL:1 e (4.81)
A=Y o

with Eq. (4.61) in which ¢ = 0 is considered. In Eq. (4.81), the pdf pj(u|c) = 6(u—1) is the
conditional distribution of the probe eigenvector’s entries and (4.62) has been used.

Given that @ = /c — 1 for any x > grrg, from Eq. (4.65), it follows that A = 2v/c—1.
Therefore, using Eq. (4.56) one concludes that the average of the largest eigenvalue of J in the

bulk regime is

<Zl>f = (), =A=2Ve—1, (4.82)

corresponding to the upper edge of the Kesten-McKay distribution and thereby representing
the average second largest eigenvalue of the matrix J. As expected, the eigenvalue does not

depend on the normalisation of the corresponding eigenvector, encoded in 62.

The change in the ansatz entails a change in the structure of the largest eigenvector v of J.

Indeed, using that 62>0=®d=+/c—1and g = 01n Eq. (4.68) and (4.69), one obtains that

=2

, @ cz_(c—2)2
oS gy

h=0. (4.84)
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Then, inserting the ansatz (4.63) in Eq. (4.62) and considering Eq. (4.75), (4.81), (4.83) and

(4.84), the density of the components of the top eigenvector of J in the bulk regime x > grrg =

¢ —2+/c—11is given by

_exp(—1?/2)

pf(v) = pJ,Z(V) - \/27%_ ) (485)

thus entailing that the eigenvector corresponding to the second largest eigenvalue of a RRG
adjacency matrix J is normally distributed*. We then identify in x = ggrg = ¢ —2/c — 1 <=
A = 2y/c—1 a transition point for the structure of the distribution of the top eigenvector’s
components of J(x), at which the parameter g changes discontinuously from g = 41 to 0.

We remark that this analytical result is in excellent agreement with the statistics of the
second largest eigenvector components of the RRG adjacency matrices found by population
dynamics, as shown in Figure 4.4. Moreover, it is compatible with previous known results

about eigenvectors of random regular graphs [110, 111].

0.5

Pop Dyn

v

Figure 4.4: In green, the profile of the distribution of the second largest eigenvector’s components (4.85) obtained via population
dynamics, with population size Np = 10°. As a reference, we plot the standard normal distribution (red circles),
showing perfect matching.

4.5 Sparse random Markov transition matrices

In this section, we apply the deflation formalism to characterise the statistics of the second
largest eigenpair of the ensemble of transition matrices W for discrete Markov chains in a

N-dimensional state space, already considered in Section 3.5. We recall here that the second

4We remark that our method cannot provide the eigenvector statistic for x = grrg = ¢ — 2+/c — 1. Indeed, for
this specific value of x, the probe eigenvector u is forced to correspond to the eigenvalue 2+/c — 1, which retains its
own eigenvector, thus artificially creating a degeneracy. Our method is based on the assumption of non-degeneracy
of eigenvalues, so we are not able to give a result about eigenvectors in this marginal case.
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largest eigenpair encodes non-equilibrium properties of a Markov process. Indeed, the inverse
of the (absolute value) of the second largest eigenvalue represents the slowest relaxation time,
whereas the associated second eigenvector is the non-equilibrium mode with the largest relax-

ation time.

We recall that for an irreducible chain, the top right eigenvector of the matrix W corre-
sponding to the Perron-Frobenius eigenvalue A; = 1 represents the unique equilibrium dis-
tribution, i.e. () = p*d. As already noted in Section 3.5, the matrix W is in general
not symmetric. However, if the Markov process satisfies a detailed balance condition, i.e.

Wi;p$! = Wjipi? ¥(i, ), it can be symmetrised via a similarity transformation, yielding
Wi = (pi*) AW ()2 (4.86)

Despite W* not being itself a Markov matrix, the detailed balance condition W implies that W*
has the same real spectrum as W. In Section 3.5 we exploited the fact that the top eigenvector
u of W is given in terms of the top right eigenvector of W, Peq> Namely u; = (N pih) 172 for any
i=1,...,N. Actually, the relation between the eigenvectors of W and those of W* holds in
general and is not limited to the case of the top ones. Indeed, considering a generic eigenvector

u'® of WS corresponding to the eigenvalue Ay, one finds
W = (N2 @ =1, N, (4.87)

where a and i respectively indicate the eigenvector label and the component. For o = 1, the

known correspondence between top eigenvectors is recovered.

The symmetrised matrix WS and its deflated version W* will be the target of our analysis.
As in Section 3.5, we consider the case of an unbiased random walk on a graph. The matrix W

is then defined as
Uit
Wij=1¢" , (4.88)
I, i=jandk;=0

where c;; represents the connectivity matrix and k; =} ;c;; is the degree of node j. The top

right eigenvector of W is proportional to the vector expressing the degree sequence, i.e. p}' =
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k;/(Nc). The corresponding symmetrised matrix W is expressed as

1, i=jandk;=0

As found in Section 3.5, the density of the top eigenvector’s components of W5 is given by

pus)= Y. p<k>6<u ") , (4.89)

C
k kain

where p(k) is the degree distribution. Here, we employ the same technical setup of Section 3.5.
We consider a generic degree distribution p(k) with kp;, > 2 and finite mean and variance. We
will then provide numerical results for the case of a shifted Poissonian degree distribution (see
Eq. (3.153)) and the analytical solution for the random regular connectivity case with degree

distribution p(k) = 8.

4.5.1 Second largest eigenpair of Markov transition matrices

We focus on the fully deflated symmetrised version of the Markov matrix W by setting x =

A1 (W) =1, that is
. 1
WS =w)— ALt (4.90)

where Wif. = \/‘]’(/T and u represents the top eigenvector of W9, normalised to N, i.e. u; = 1/%.
ik

c
Here, ¢ represents the mean degree, ¢ = (k). Our aim is to find the typical largest eigenvalue
and the pdf of the components of the top eigenvector of W5, respectively equivalent to the
typical second largest eigenvalue and the pdf of the components of the second eigenvector of

wS.

Here, using the same formalism illustrated in Section 4.3.3, in conjunction with what we

observed in Section 3.5, we just report the final equations, corresponding to (4.52) along with
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(4.53), (4.54) and (4.56). By taking into account (4.89) and the existence of ki, = 2, we find

kmax k—1 k—1
won= ¥y /{dn}k 15( ( Z;})) ( (;Z)i)) 491)

Kmax ZIZ—I Ny 2
1= == o 4.92
k_;mp(k)k/{dn}k</lk_z,z 1(3”) , (4.92)
s, Th. i
0= {dr} , (4.93)
k= kmm / ¢ (Ak Yi w )
<7C1>j = (Aa)ys =7 . (4.94)

We remark that in the Markov case a bounded largest degree is not strictly necessary as the
spectrum is always bounded. However, we will consider a k. for practical purposes. The self-
consistency equation (4.91) along with the normalisation condition (4.92) and the orthogonality
constraint (4.93) is solved by a population dynamics algorithm (See Section 4.6). The RRG

connectivity case is analytically tractable, as shown in Section 4.5.2.

In analogy to Eq. (4.55), the density of the top eigenvector’s component of the matrix W,

corresponding to the second largest eigenvector of W, is given by

g,
pus() =pysalv) = Y p(0) [{amh 6 (v= =52 VE] L @99)
k=kmin A'k - ijl EJ

where (@, h) satisfies the self-consistency equation (4.91), supplemented by the normalisation

condition (4.92) and the orthogonality condition (4.93).

Figure 4.5 compares the pdf of the second largest eigenvector’s components obtained via
population dynamics with results obtained via direct diagonalisation, for the ensemble of unbi-
ased random walk Markov matrices having a shifted Poisson degree distribution (3.153) with
kmin = 2. We study both a low (c ~ 6, left panel) and a high (c ~ 12, right panel) connectivity
case. In the ¢ ~ 6 case with kpax = 12, we find (A;)ys = 0.7456, within a 0.64% error w.r.t.
the value A, .. = 0.7504 obtained by extrapolation from the direct diagonalisation data. In the
¢ ~ 12 case with kpax = 22, we find (A;)ys = 0.5530, within a 0.11% error w.r.t. the value
A2 . = 0.5524 obtained by extrapolation from the direct diagonalisation data. As a reference
point, the average value of the second largest eigenvalue in the RRG case with the same c is
A2 (W) rre = 0.5528. We notice that the agreement near the peak of the distribution is slightly

worse for the low connectivity case: this is in agreement with the finding that finite-size effects
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Figure 4.5: Pdf of the components of the second largest eigenvector for the unbiased random walk Markov matrix case (see
(4.95)), with shifted Poisson degree distribution (kpi, = 2). Left panel: mean degree ¢ ~ 6 and kpax = 12. Results
from population dynamics with Np = 5000 (solid blue) compared with the direct diagonalisation of 4000 matrices of
size N = 1000 (red circles) finding a good agreement. Right panel: mean degree ¢ ~ 12 and kmax = 22. Results from
population dynamics with Np = 1500 (solid blue) compared with the direct diagonalisation of 2000 matrices of size
N = 1000 (red circles), with excellent agreement. In both cases, the size of the population used is Nj, the optimal
value corresponding to the finite size N of the matrices being diagonalised (see Section 4.6.4).

are generally more pronounced for lower c (see also discussion in section 4.6.4).

4.5.2 Unbiased random walk on a RRG: second largest eigenpair statistics

For a random regular graph, for which p(k) = & ., we note that the matrix WS reduces to

W= (4.96)

C

implying that all results about the RRG adjacency matrix case stated in Section 4.4.2 carry
over to this case too, but with all eigenvalues rescaled by 1/c. As expected, A;(W5)gre =
1, and the second largest eigenvalue corresponding to a .47(0, 1)-distributed eigenvector is
(W) rre = 27\/? The spectral gap for this kind of Markov matrices as a function of ¢ is

then g(c) = 1 — 21,

c

4.6 Population Dynamics
4.6.1 The orthogonality challenge

With the exception of the unweighted adjacency matrix of a RRG, Eq. (4.52) — supplemented
with the conditions (4.53) and (4.54) — must be generally solved via a Population Dynamics
algorithm, a Monte Carlo technique deeply rooted in the statistical mechanics of spin glasses
[121,122], which we already presented in Section 2.6 and 3.6.

The version of the algorithm that we use for the second largest eigenpair is similar to the

one employed in Section 3.6. Here, we will highlight the main differences that stem from the
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presence of the orthogonality condition (4.54).

Some observations are in order before sketching the algorithm. As we stated in Section
3.6, within the population dynamics algorithm the definition of the % variables in Eq. (4.52)
is effectively converted into a stochastic linear update of /4 values. Its stability can only be
achieved for A = (A1) ,. For any A > (), the variables of type i will shrink to zero, whereas
for A < (A1), they will explode in norm. In our scenario, where we consider A < (4;),, the
recursion is thus a priori unstable, unless it is otherwise constrained. Therefore, if uncon-
strained, the population will never spontaneously evolve towards a stable regime, which would
at the same time satisfy the conditions (4.53) and (4.54).

As anticipated in Section 4.3.3, this observation entails that the orthogonality condition
(4.54) must be strictly enforced on-the-fly — by imposing a correction to the fields #, which
once again have no fixed scale given by their update equation. Enforcing the constraint (4.54)
is equivalent to looking for a self-consistent solution of (4.52) in a smaller, constrained space.
Only once the condition (4.54) has been enforced, a new stable non-trivial fixed point arises,
and the behaviour of the A-variables is similar to that in the top eigenvector case: for any value
A > (A2),, the variables & under iteration of the modified population dynamics algorithm shrink
to zero, whereas for A < (A,), they will explode in norm. Hence, Eq. (4.52) — taken together
with the condition (4.54) — admits a stable, hence normalisable solution, such that Eq. (4.53)
is naturally satisfied only for A = (A;),: after the orthogonality correction has been enforced,

the procedure we follow is then exactly identical to that used in Section 3.6.

4.6.2 The algorithm

Taking into account the observations made in Section 4.6.1, we briefly sketch the algorithm in
the case of full deflation.

Two pairs of (coupled) populations with Np members each {(ai,bi)} << N, and
{ <wi7hi)}1ging are randomly initialised, taking into account that both a; and @; must be
larger than ¢, the upper edge of the support of the bond pdf px(K). We typically choose
Np = 10° or larger. In what follows, the parameter A is the candidate second largest eigenvalue
of J, whereas (A, ), is the average top largest eigenvalue of J. The first population is employed
to solve the top eigenpair problem, and the other to solve the second eigenpair problem; the
latter is constrained by results of the former due to the orthogonality constraint.

We therefore first run a short population dynamics simulation following Section 3.6, in-

volving only the population {(a;, bi)}lgig n, t0 find the solution for the first eigenpair problem
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and the value (A;);. This first simulation acts as an equilibration phase for the fields contribut-

ing to the largest eigenpair. Then, for any suitable value of A € R < (4;),, the following steps

are iterated until stable populations are obtained:

1. Generate a random k ~ £ p(k), where ¢ = (k).

2. Generate k — 1 i.i.d. random variables K, from the bond weights pdf px(K).

3. Select k — 1 pairs (ag,by) and (wy,hy) from both populations at random, where the set

of k— 1 population indices for the two randomly selected samples is the same for both

samples; compute

(new) £ I(lg
a" = () - Y, =5, (4.97)
=1 U
k—1
plnew) .y beKe , (4.98)
=1 U
k—1 K2
(new) _ 4 2
") = ), , (4.99)
hlew) — kf heKe (4.100)
& oo .

and replace two randomly selected pairs (a;,b;) and (®;,h;) where i € {1,...,Np} with

the pairs (a(new)’b(new)) and (w(new)’h(new)).

. Compute the components of the top eigenvector u and the candidate second largest eigen-
vector v. In order to create a sample estimate of the eigenvectors statistics corresponding
to the two top eigenvalues, we initialise two empty vectors, respectively u = {u;}1<j<m
and v = {v;}1<j<m of size M, where M = [Np/c]. The square brackets indicate the

integer part. Then forany j=1,...,M:
(a) Generate k ~ p(k)

(b) Generate k i.i.d. random variables K, from the weights pdf px(K)

(c) Randomly select a subset of k indices from the population indices between 1 and

Np. This subset is denoted by S;(k). Then, for any ¢ € S;(k) select k pairs (as,by)
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and (wy, hy) from both populations; compute

Yies;(k) g

uj = — (4.101)
(M)s = Loees; ) o
Lres,t) o

w:%. (4.102)
A —Yres;(k) o

Each set S;(k) of k population indices labelled by ¢ contributes uniquely to a single
component j of the vectors u# and v (see scheme in Figure 4.6). In other words,
in view of the rigid matching between each set S;(k) with each component j, each
group of k pairs (ag,by) and (@, hy) takes part in the definition of just one compo-
nent j, respectively u; and v;. Each set S;(k) of k population indices corresponding

to a specific component j is then saved, along with the set of k weights {K}.

5. Compute g = (I':\‘;) , where (-, ) indicates the dot product. In order to enforce the condition

q =0, for any component j = 1,...,M apply the correction
Vi< Vi—qu; . (4.103)

In view of the rigid connection between the population indices labelling the fields and ev-
ery specific component of # and v, the orthogonalisation in (4.103) is practically achieved
by correcting each field &, participating in the definition of every specific component v;.
The values of the indices ¢ here are those saved in each subset S;(k) in step (4)(c), along
with the corresponding weights K;. For any j = 1,...,M and for any ¢ € S;(k) contribut-
ing to the single component j of both # and v we have
A y
hp<—hy—qu;j | — —K 4.104

¢ ¢ —qu; < Kok z) ) ( )

where k = k;j is exactly the “degree” drawn from p(k) in step (4)(a) and used to build

each component v; in step (4)(c).
6. Return to (1).

A sweep is completed when all the Np pairs (a;,b;) and (®;,h;) have been updated at
least once according to the steps above. The update of the pairs (a,b) is stable, thanks to

the prior equilibration phase. The convergence is assessed by looking only at the first two
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moments of the two vectors formed by the Np samples of the pairs (@,4). The parameter A is
varied according to the behaviour illustrated in Section 4.6.1: starting from an initial “large”
value A < (A1), it is then progressively decreased until a non trivial distribution for the 4 is
achieved, when A = (A,),. Indeed, we observe that for any A > (), the h shrink to zero,
whereas for any A < (A;);, they blow up in norm.

Some comments are in order:

* the condition expressed in (4.103) is a Gram-Schmidt orthogonalisation, taking place

after every microscopic update of the fields;

* the correction does not take place for components v; related to k = 0, as both v; and u;

arc zZero,

* in step (4)(c), we can clearly see that the components «; and v; are coupled through their
degree and the set of bond weights, as anticipated in Section 4.3.3. Indeed, for any j,
the k i.i.d. realisations of the weights {K'} and the “local neighbourhood” S (k) that we
dynamically create at every step (¢) must be exactly the same for both u; and v;. In other

words, both #; and v; must have the same update history.

4.6.3 Potential for simplifications in special cases
The steps (4) and (5) of the algorithm are computationally heavy. We are able in some cases to
simplify them.

* For adjacency matrices of RRGs, where the variables a,b and ® are constant, the correc-

tion (4.103) translates to forcing the mean of the / to be zero after every update. Both

steps (4)-(5) are then replaced by

hi < hi—h Vi=1,..,Np, (4.105)

where h indicates the sample mean of the & population.

* In the ER case (both weighted and non-weighted), we take advantage of the fact that
in the thermodynamic limit there is no statistical distinction between the cavity fields @
and /& (respectively a and b) and the denominator and numerator in (4.102), (respectively

in (4.101)), even in presence of the truncation of the Poissonian degree distribution”.

SProvided that the largest degree is reasonably large. The only difference between the distribution (@, k) and
the distribution of the denominator and numerator of (4.55) can be observed because of the contribution coming
from the largest degree, whose probability to occur is negligible.
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Figure 4.6: A schematic representation of the rigid matching between between each set of k population indices and each com-
ponent j as illustrated in step (iv)(c) of the Population Dynamics algorithm in Section 4.6.2. The labels k; with
j =1,...,M denote the number of population indices contributing to each component j, i.e. the size of each set
Sjlk=kj).

Hence, we can consider just one couple of fields per species to represent a component,

so we identify M=Np. Steps (4) and (5) are then replaced by

4. Compute eigenvectors # and v as

b.

U= —, (4.106)
ai
hi .

vi=— Vi=1,..,Np. (4.107)
;

5. Compute the correction as
(w,v) .
h,‘(—hi—uiWwi Vl:1,...,NP. (4.108)

4.6.4 Population dynamics algorithm describes finite-size systems.
When no simplification can be used, as in the case of Markov matrices, the population dynamics
algorithm can be relatively slow, due to the number of nested updates it requires. In these cases,

we have therefore been often forced to consider a population size Np smaller than the values
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we would have typically wished (Np = ¢/(10°) or more).

However, what may appear as a limitation at first sight turned out to be a blessing, in that
it made us aware of an interesting interplay between the size Np of the population dynamics,

and the size N of the graph whose spectral properties were to be reproduced.

Indeed, we have collected convincing evidence that population dynamics at finite Np does
not really capture the thermodynamic limit N — oo: for a given graph size N > 1, there is an
optimal size of the population Nj = Nj(N) that best captures the spectral properties of that
finite-size graph, and the degree of agreement between “theory” and numerical diagonalisation
has a strongly non-monotonic behaviour as a function of Np. Similarly, a population of given
size Np reproduces well spectral properties of graphs around a certain optimal size N*, but its
accuracy rapidly deteriorates if the graph size N is markedly different from N*. Of course, the
higher Np (e.g. in cases where it is possible to employ Np = ¢(103) or larger), the better the

large N limit is captured (see e.g. the case in Fig. 4.2).

This intriguing phenomenon may be related to the existence of cycles, which seem to be
more relevant in the eigenvector problem than the spectral problem. Indeed, whatever Np is,
the cavity fields of type @ and £ will have common predecessors within their own species after
~ In(Np)/In(c — 1) updates. This implies the presence of cycles in the population dynamics
update history, which lead to correlations between different members of the population. There-
fore, the assumption of population elements independently drawn from an ensemble, which
underlies (4.52) (or equivalently (4.A.27)) is violated. That assumption in turn implements the
notion that cycles in the underlying graph that is being described will diverge in the thermody-

namic limit.

To quantify this effect, we compare the cumulative distribution function (CDF) of the sec-
ond eigenvector’s components of Markov matrices with Poissonian shifted degree distribution,
obtained via population dynamics at various Np, with the result from direct diagonalisation
of matrices from the same ensemble at a given size N = 1000 — for both low and high mean

degree.

In Figure 4.7, we assess the similarity of the two distributions using two figures of merit.
The first (left) is the p-value of a 2-sample Kolmogorov-Smirnoff (KS) test: the larger the p-
value, the strongest the evidence in favour of the hypothesis that the two distributions are the
same. The second (right) is based on the analysis of a so-called quantile-quantile plot (Q-Q

plot), which is the scatter plot of the quantiles of the two sets of data. Precisely, we focus on the
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Figure 4.7: Top panels: low mean degree case, ¢ ~~ 6, reference matrix size N = 1000. The left panel shows the base-10

logarithm of the p-value of the KS two-sample test comparing the two empirical cdfs corresponding to different
population sizes. We notice that the p-values are all rather low, yet there is a clear maximum value at N3 ~ 5000,
and the non-monotonic behaviour is quite pronounced. The right panel shows the slope m of the best-fit regression
line of the Q-Q plot between the 25% and 75% quantiles, for various population sizes. The closer m is to 1, the
better the agreement. The plot confirms again that the best agreement with our reference distribution is obtained with
Np ~ 5000. Bottom panels: high mean degree case, ¢ ~ 12, reference matrix size N = 1000. On the left, we show
the p-value of the KS two-sample test against Np in linear y-scale. The curve is much flatter than the low-c case, and
the p-values are all significant, suggesting a high level of similarity between the two distributions throughout the full
range of Np. On the right, we plot the slope m of the best fit regression line of the Q-Q plot between the 25% and
75% quantiles, for various population sizes. For this figure of merit, we again observe a rather flat value of the slope
between Np ~ 2000 and Np ~ 6000, where m ~ 1 (within a 0.2% error). At high ¢, we indeed observe negligible
finite size effects in the direct diagonalisation samples at different sizes N, and this phenomenon seems to be present
also in the population dynamics simulations.

slope m of the best fit regression line y = mx + b of the Q-Q plot, considered between the first

and third quartile (respectively, the 0.25 and 0.75 quantiles), to limit spurious effects coming

from the under-sampling of the tails. The slope m is directly proportional to the correlation

coefficient between the quantiles of the two distributions, and m = 1 for identical distributions.

The existence of an optimal population size Ny for a given graph size N — and the non-

monotonic behaviour of the accuracy with Np — is quite evident in the left panels. The optimal

value of Nj(N) is consistently identified by both figures of merit. However, the effect is more

pronounced in the case of low connectivity (top row of Figure 4.7) — where finite size effects

are indeed stronger — than in the case of high connectivity (bottom row of Figure 4.7).
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4.7 Summary

We have developed a formalism to compute the statistics of the second largest eigenvalue and
of the components of the corresponding eigenvector for some ensembles of sparse symmetric
matrices, i.e. weighted adjacency matrices of graphs with finite mean connectivity. By assum-
ing that the top eigenpair is known, we show that for a given matrix, computing the second
largest eigenpair is equivalent to computing the top eigenpair of a deflated matrix, obtained
by subtracting from the original matrix the dense matrix representing a rank-one perturbation
proportional to the projector onto its first eigenstate. As in Chapter 3, the search for the top
eigenpair of the deflated matrix is then transformed into the optimisation of a quadratic Hamil-
tonian on a sphere: introducing the associated Gibbs-Boltzmann distribution and a fictitious
inverse temperature f3, the top eigenvector represents the ground state of the system, reached
in the limit B — . In order to extract this limit, we have employed two Statistical Mechan-
ics methods, cavity and replicas. We started analysing the case of a single-instance matrix
within the cavity framework, showing how our formulation allows for the inclusion of hard

constraints.

The single-instance cavity method easily leads to recursion equations, which represent the
essential ingredient to obtain the solution of the problem in the thermodynamic limit. We also
obtain the exact same equations using replicas as an alternative approach, confirming the equiv-
alence of the two methods in the thermodynamic limit. We employed an improved population
dynamics algorithm to solve the stochastic recursion (4.52) complemented by the conditions
(4.53) and (4.54), (or equivalently (4.A.27) along with (4.A.28) and (4.A.29)) that enforce nor-
malisation and orthogonality of eigenvectors corresponding to different eigenvalues. We found
that the convergence of the algorithm is driven not only by the largest eigenvalue of the deflated
matrix (i.e. the second largest eigenvalue of the original matrix) but, most essentially, by the
fact that the orthogonality condition (4.54) (or equivalently (4.A.29)) be correctly enforced.
Some ensembles permit simplifications of the algorithm used to enforce orthogonality, which
we exploited to speed up convergence.

We remark that from the theoretical point of view our method is applicable no matter what

the size of the spectral gap is. However, if the gap is very narrow, numerical precision limit

may not allow for a sufficiently accurate determination of A = (A);.

The simulations show excellent agreement between the theory and the direct diagonalisa-

tion of large matrices, and allow us to unpack the contributions to the average density of the
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second eigenvector’s components coming from nodes of different degrees.

Our study clearly demonstrates that — in contrast to beliefs commonly held in the com-
munity — population dynamics at finite Np is fundamentally incapable of analysing properties
representing the thermodynamic limit behaviour. This discovery is in some sense due to the fact
that finite size effects are much stronger for eigenvectors than for eigenvalues (in particular for
matrices without random edge weights). That finite population size effects are quantitatively
related to finite size effects is, in retrospect, not really surprising, given the clear analogy ex-
isting between the emergence of correlations in population values — through cycles of common
ancestors of population updates — and common ancestors created through cycles in random
graphs of finite size, in which the scaling of cycle lengths with population and graph size fol-
lows basically the same logarithmic law.

In the case of the RRG adjacency matrix, we also analytically studied the pdf of the com-
ponents of the top eigenvector of the deflated matrix as the deflation parameter is continuously
changed, showing the abrupt change of the solution as soon as the deflation parameter becomes
larger than the spectral gap of the Kesten-McKay distribution.

Lastly, we applied our formalism to sparse Markov matrices representing unbiased ran-
dom walks on a network, for which the second largest eigenpair plays an important role encod-

ing non-equilibrium properties.



Appendices

4.A Replica derivation in the case of full deflation

In this section, we evaluate the average (or typical) value of the largest eigenvalue and the
density of top eigenvectors’ components of the matrix J within the replica framework. Our
derivation applies to any configuration model graph with degree distribution p(k) having finite
mean and variance. We also ask that its support be bounded to ensure that their average largest
eigenvalue is finite in the thermodynamic limit. The replica derivation in this appendix matches
step by step that in Section 3.4, with the exception of the deflation term that needs to be taken

into account. Therefore, to avoid repetitions we will just summarise the main steps.

4.A.1 Typical largest eigenvalue

We consider a N x N deflated symmetric matrix J; j (x)=¢; iKij— suiuj. The u; represents the i-

N
th component of u, the top eigenvector of the original matrix J (normalised such that |u|> = N)
which we assume to be known. As in Section 3.4, the joint distribution of the matrix entries J;;

reads

P({Jij}‘{ki}) :P({Cij}’{ki})H5Kiijjip(KiJ') ) 4.A.1)

i<j
where the distribution P ({ci j}‘{ki}) of connectivities {ci j} compatible with a given degree

sequence {k;} is given by

2

P({eitl{k}) =— e (804 (1- 1) 8,0) [T [T85,00 (4.A2)

i<j i=1

and the pdf pg (K;;) of bond weights (over a compact support whose upper edge is denoted by

&) will be kept unspecified until the very end.

We fix x = (A;),: in this setting, the second largest eigenvalue of J is represented by the
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largest eigenvalue of J, which can be computed as the formal limit

(Aa), = <il>1_ lim [32N<an> —/dvexp[ v Jv)} 5 <|v|2—N> . (4A3)

R

in terms of the quenched free energy of the model defined in (4.7). We recall that the round
brackets (-, -) indicate the dot product between vectors in R". The partition function explicitly

reads

zZ= /dvexp [[23 (v,Jv) — ﬁ<2);1]>] (u,v)z] 1) (Mz —N) . (4.A.4)

By calling g = % (u,v), we can linearise the square in the exponent of (4.A.4) by means

of a Hubbard-Stratonovich identity as follows,

exp (_BUM;:qu) _ /B%ﬁﬂv / dzexp (—B <)L;>JNZ2~I—I31Z<M>JN61) . (4AS5)

and therefore the partition function reads

7 W/dvdzexp (—WZQ—HBMO/Z(“’V)‘*‘Q("7]")) 0 (MZ_N) .

(4.A.6)
The average over J then reduces to computing the average over J. It is computed using the
replica trick as follows

~ 2 "
<)Ll>1 = Jim 2 lim Zln ", | 4.A7)

Thus, the replicated partition function is

2, - (B’ /(Hdva) <p< szmf,]v,u» 15 ()

a=11i,j

<[ (Hdza> exp( PN y Y+l vy Zzavmul) . (4.A8)

a= a=1i=

Since the components of u are assumed to be known and fixed, they are not affected by the
ensemble average.
Henceforth, the treatment for the average replicated partition function (Z"), will exactly

follow the steps in 3.4.1. It can be summarised as follows.

1. Perform the average w.r.t. the joint distribution (4.A.2) of matrix entries in Eq. (4.A.8),
as in Eq. (3.54).
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2. Use in Eq. (4.A.8) a Fourier representation for the Dirac delta enforcing the normalisa-
tion constraint and the Kronecker deltas expressing the degree constraints in (4.A.2).

3. Decouple sites through the integrated version (3.58) of the functional order parameter
(3.57).

4. Use the Law of Large Numbers to evaluate the single-site integral

N T dg . ) - n . n U
I:H/nz(fc/dviexp (I(Pikilg; itav?aJrlB(Al}j; ZaVialti +1Q(V;)e ‘P:)

i . Y c Aok
ZLog/dVi exp <_i§ Y Aaviy +iB(A1)s Y zavmu,~> (l(pl(:"))]
i=1 a=l1 a=l "

=exp
kmax = ﬁ n 5 . n )
=exps N k du py(ulk)Log [ dvexp | —i= Y Aqv;+iB (A1) u Va
p{ k_;mmpm[/ ps(ulk)Log [ p< 3 L i i) Y
x (i (V)" —Log(k!)} } : (4.A.9)

where we have used

k

1 N max
~ L Log/(kinui) = 3 p(k) / dup; (ulk)Logf (k,u) - (4.A.10)
i=1 k=kmin

Here, p(k) is the degree distribution of the graph and p;(u|k) represents the distribution
of the top eigenvector’s components of the original matrix J conditioned on the degree
k. As shown in Chapter 3.4.2, the variables u; are strongly correlated with the k; so their
dependence on the k; must be considered.

5. Evaluate the replicated partition function with a saddle-point approximation, viz.
(7", o< /%p@@didzexp <NSn[(p, ¢>,71,z]) , “.A.11)

6. Obtain the stationarity conditions the action S, w.r.t. variations of @, @, 4 and 7. The
sought orthogonality condition will rise from the extra stationarity conditions w.r.t. Z.

7. In view of the similarities between the stationarity conditions for this problem with
those for the top eigenpair case (see Eq. (3.72), (3.73), (3.74)), adopt the same replica-
symmetric setting given by Eq. (3.75), (3.76) and (3.77), in which the integrated order
parameter (3.58) and its conjugate are expressed as uncountably infinite superpositions of
Gaussians with a non-zero mean. In (3.76) and (3.77), @ and 7 are auxiliary normalised

joint pdfs of the parameters of the Gaussian distributions. Assume also the condition
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zz=zforanya=1,...,n.
8. As in Section 3.4.1, the ansitze (3.76) and (3.77) allow one to express the action S, as
a functional of 7, &, A and z and perform explicitly the V-integrals as n — 0. The path

integral over @ and @ in (3.606) is replaced by a path integral over & and 7, viz.
1
@), / DRDRAA exp (NSu[7, 7, 1,7)) | 4.A.12)

9. The ¢'(1) constant terms surviving in the action S, as n — 0 are cancelled by the &/(1)
terms arising from the evaluation of the normalisation constant .# at the saddle-point
(see Eq. (3.89)). The action S,, closely resembles that found in Section 3.4.1. Similarly,
for its convergence we require that @ > £, @ > @ and L =iA* > {@}4.

10. The integral (4.A.12) is finally evaluated with a saddle-point approximation, by consid-

ering the stationarity conditions w.r.t. A, z, = and 7 as detailed below.

Following Section 3.4.1, the stationarity condition w.r.t. A entails

S Ko X
T =0= 1= Lo [awmstult) [amne?p, @Ay

where the average (-) is taken w.r.t. the Gaussian measure

iAx—{a iz* u+ {h ?
Py(v) = Wexp _g(w_{@}k) <V_Zi<iti>i{gg}"> . (4A14)

More explicitly, the condition (4.A.13) reads

kmax

A 2
. " " ~ 1 iZ*<)L1>/l/t+{h}k
1_];01?(k)/d pi( !k)/{d:r}k B — (o)) +< e () ) ., (4.A.15)

where the S-dependent term vanishes as  — co. Similarly, the stationarity condition w.r.t. z

entails

kmax

Bl s =i¥ W / dupy (ulk)u / (AR} 5, (4.A.16)
k=0

9z

=z*

where the average (-) is taken w.r.t. the Gaussian measure (4.A.14) implying

Kkmax iz~ u 7
Z*:i];)p(k)/dupj(mk)u/{dﬁ}k ( ¢ i%i)i {gg‘}"). (4.A.17)
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The stationarity condition w.r.t. variations of 7, % =0,is

2
#(d,h) = /da)dh n(®,h) <6 <w — I;) ) <2— h(f>> , (4.A.18)
K

whereas the stationarity condition w.r.t. variations of 7, % =0, produces the condition

kmax

k .
m(@.h) =Y. p()- / dup (ulk) / {d}_18 (0 — A" — {®}_1)) 8 (h— (i (A ) yu+ {i}i1)) -
! (4.A.19)

Inserting (4.A.18) into (4.A.19) yields

kmax

7(0,h) = k;poc)f [ aupsta) [ tamh

i k—1 K[Z . k—1 thg
x(6|lo—@A =Y =5) )8 h— i (A)u+ ) — , (4.A.20)
= = o {K} i1

where the brackets (-) (x}, , denote averaging with respect to a collection of k — 1 i.i.d. random
variables K, each drawn from the bond weight pdf pg (K). The symbol p(k) in (4.A.20) denotes
the degree distribution of the graph with finite mean c, finite variance and bounded maximal
degree. Following Section 3.4.1, we relabel the constant terms A = iA* and ¢ = —iz* since

they both turn out to be real-valued. We eventually find

kmax

w(©h) = ¥ p®)% [ dupsulf) [ {amhe s
k=1

k—1 12 k—1
x{6|w— A—Z& S|{h— | —quil),+ heKe . (4.A21)
/=1 Wy /=1 Wy (K}

The parameter A must be tuned as to enforce the normalisation condition (4.A.15) as § — oo,

which reads

2
k _ ko hKp
o qu (), +Xi-
1=) pk) / dup (ulk) / {dn}k< : ; Kgl = , (4.A.22)
= AL o {K}
whereas Eq. (4.A.17) yields the following condition for ¢, viz.
Kin — ko K
max qu <)~1> +ZZ: )
g=Y plk) / dup; (ulk)u / {dn}k< ! p - . (4.A.23)
= AL (K}
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The structure of the action S, in (4.A.12) is the same as that found in Section 3.4.1, except
for the term S4(z) = Sa(q) = ng (A1)7¢*. Therefore, building on the same reasoning, the average

largest eigenvalue of J, i.e. the average second largest eigenvalue of J is given by
(T), = )y = A+ ()0 (4.A24)

where A and g are defined by (4.A.22) and (4.A.23). As observed in Section 4.3.4, in case of

full deflation we find g = 0, hence </I~1 >j =(A),=A.

4.A.2 Density of top eigenvector’s components using replicas

In this section, we provide the derivation for the density of components of the top eigenvector
of the matrix J, in the case of full deflation (x = (A,),). Therefore, the top eigenvector of the

deflated matrix J corresponds to the second eigenvector of the original matrix J.

The exact same procedure presented in Section 3.4.2 applies to this case. However, here
we just take advantage of a convenient shortcut found in that section. Indeed, there we noticed
that the density of the top eigenvector components (3.145) was closely related to the distribution
(3.99) that had arisen in Section 3.4.1 when evaluating the stationarity condition w.r.t. A.
Moreover, we showed that the joint pdfs 7 and & appearing in Section 3.4.2 for the eigenvector
calculation satisfied the very same set of coupled saddle-point equations (3.105) and (3.103)

that had been found in Section 3.4.1 for the eigenvalue calculation.

In this context, the equivalent of Eq. (3.99) is the -dependent pdf (4.A.14). Therefore,
the density of the components of the top eigenvector of J can be obtained by averaging the pdf
(4.A.14) over the factorised joint pdf {#}; = [T5_, #(d, /), the conditional pdf p,(u|k) and
p(k) and then taking the § — oo limit, yielding

kmax

i) = fim 3. p(b [ dups(ulk) [{az)ipy(v)
o i —quida)s + (i
_ kgo (k) / dup; (ulk) / (da,8 <v— o ) , (4.A.25)

where we have used the identifications iA* = A and g = —iz* and the distribution 7(&,%) is
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given by Eq. (4.A.18). Expressing Eq. (4.A.25) in terms of 7 (see Eq. (4.A.21)) gives

kmax o l + h{K(
pr(v) = pra(v) = /d”pl ulk) /{dn}k< L mauth)y Lioi > |
1_24:13[

{K}
(4.A.26)

where we recall that (-)x, denote averaging w.r.t. a collection of k i.i.d. random variables K,
each drawn from the bond weight distribution pg (K).

Eq. (4.A.26) represents the resulting probability density function of the top eigenvector’s
component of the deflated matrix J in case of full deflation, which in turn corresponds to the
distribution of the second largest eigenvector’s components of J. This equation is the large
N generalisation of the single-instance result (4.41) found by the cavity method. The set of
equations (4.A.21), (4.A.22), (4.A.23), (4.A.24) and (4.A.26) are exactly equivalent to the
thermodynamic limit equations (4.45), (4.46), (4.47), (4.48) and (4.49) found within the cavity
method in Section 4.3.3.

All the observations made in Section 4.3.4 about the fact that (4.A.23) in case of full
deflation encodes the orthogonality condition (hence ¢ = 0) hold here as well. Taking into

account the average orthogonality condition ¢ = 0, we obtain

=St fon (3 (o (-5 )o (- (£25))

(4.A.27)
2
Kmax Z heKy
1=Y p(k) / {dn}k< % > : (4.A.28)
k=0 A=Y, -
@ {K}e
Kmax Z[ lthz
0= Z p(k / dup; (u|k)u / {dir}k< ﬁ , (4.A.29)
AL o {K}
kmax ZZ lh[K[
pi(v) =pra(v) = Z p(k)/{dﬂ}k <5 y— % > , (4.A.30)
=0 AL 52 {K}
<7C1>jz (Aa), = A . 4.A31)

In summary, Eq. (4.A.27), (4.A.28), (4.A.29), (4.A.30) and (4.A.31) provide the solution
of the second largest eigenpair problem in the large N limit. They are identical to eq. (4.52),
(4.53),(4.54), (4.55) and (4.56) found with the cavity method.



Chapter 5

Conclusions and Outlook

The overall aim of this thesis was to obtain and study the statistics of the top eigenpairs of en-
sembles of sparse symmetric random matrices, using methods typically employed in statistical

mechanics.

In Chapter 2 we gave an extensive overview of the replica and the cavity method, i.e.
the two main techniques that we employed across the whole thesis, taking the calculation of
the average spectral density problem for sparse symmetric random matrices as a paradigmatic

example.

In Chapter 3 we built a formalism to compute the average largest eigenvalue and the
density of the components of the corresponding top eigenvector for some ensembles of sparse
symmetric random matrices. This was our first main result. The top eigenpair problem was
recast into the search for the ground state of a system of particles interacting on a sparse graph.
Indeed, the top eigenpair was obtained by analysing the free energy and the Gibbs-Boltzmann
distribution of the system in the zero temperature limit with the cavity and the replica methods,
which proved to be equivalent in the thermodynamic limit. Both provided a solution in terms of
a functional self-consistency equation, which was efficiently solved by a population dynamics
algorithm whose convergence was driven by a parameter that turned out to be the typical largest
eigenvalue of the ensemble. We studied different matrix ensembles, providing numerical results
for ER matrices and checking the formalism against known cases such as the ensembles of RRG
adjacency matrices and sparse Markov transition matrices representing unbiased random walks
on a network.

In Chapter 4, combining the formalism of Chapter 3 with a deflation mechanism, we were
able to compute the statistics of the second largest eigenvalue and the pdf of the components

of the corresponding eigenvector for the ensembles of sparse symmetric matrices considered
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in the previous chapter. This was our second main result. Using the cavity and the replica
methods, we noticed that the solution for the second largest eigenpair was given in terms of
equations similar to those found in Chapter 3, with the main difference being the presence of the
orthogonality condition. The correct enforcement of this new constraint within the population
dynamics algorithm proved to be crucial for its convergence. We found evidence that the
population dynamics algorithm is incapable to reproduce the thermodynamic limit (N — oo)
properties of eigenvectors when using a finite population of size Np. Our results suggested
that there exists a non-trivial relation between the size N of the matrices of interest and the
finite population size Np used to reproduce the statistics of their eigenvectors. We discussed
numerical results for ER graphs and sparse Markov transition matrices representing unbiased
random walks on a network. We also discussed the ensemble of RRG adjacency matrices,

showing analytically the existence of two separated regimes for the solution.

The validity of our statistical mechanics framework was corroborated by the excellent
agreement between our numerical results and direct diagonalisation results. Despite being
overall slower and less efficient than any direct diagonalisation routine, our approach has the
main advantage of unveiling and explaining quantitatively the heterogeneous structure of the
density of the components of the top eigenvectors, which originates from the degree distribution

of the underlying graph.

We believe that there are still open pathways for further research in this field. On the
one hand, we envisage plenty of possible applications of our formalism. For instance, one
of these would be the computation of eigenvector centrality for large sparse networks [130].
Centrality is a measure of the importance of each node, in terms of the number and importance
of its neighbours. Given a node i, its centrality x; is defined as x; = %Z jeaiAijxj, where A
is the {0, 1}-adjacency matrix of the network. Asking that the centralities be positive entails
that the vector x is simply the top (Perron-Frobenius) eigenvector of A and A its corresponding
top eigenvalue. Moreover, our framework may be straightforwardly applied to characterise the
top eigenpair statistics of the so-called tilted Markov transition matrix [134] appearing in the
analysis of rare events for random walks on networks [135]. Indeed, the cumulant generating
function in this context is dominated by the top eigenvalue of the tilted matrix. Besides, the
localisation and the mode-switching dynamical phase transitions occurring for such systems as
the deformation parameter is changed are understood in terms of the properties of respectively

the top and both the top and the second eigenvector. Another direction would consist in ap-
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plying our framework to ensembles of sparse matrices with a power-law degree distribution.
Real-world networks are often characterised by such degree distributions too. Thus, compar-
ing the top eigenpair statistics of those ensembles with the results obtained from the analysis
of instances of real complex networks may provide useful insights. Moreover, following [36],
sparse covariance matrices could also be analysed in our setting. Indeed, it would be interesting
to check whether in the dense limit our formalism is able to identify the ensemble average of

top eigenvalue as the upper edge of the Marcenko-Pastur distribution.

On the other hand, we also foresee the chance for a number of theoretical developments.
A further technical advancement would be studying the top eigenpairs of undirected graphs
above the percolation threshold, by isolating the contributions coming solely from nodes on the
giant cluster. To this purpose, the cavity equations can be complemented with self-consistency
equations for indicator variables, signalling whether a node belongs to the giant cluster or
not, as done in [136]. This study would be particularly relevant because it would allow one
to separate between trivial localised eigenvectors related to individual finite clusters and non-
trivial localised states originating from the giant cluster. With reference to the ground state
technique presented in Chapters 3 and 4, we believe that it can be further used for the study
of eigenvectors of sparse matrices. Indeed, an immediate application would be obtaining the
smallest eigenpairs of a sparse matrix A, by applying our formalism to the matrix —A. More
generally, it could be potentially employed to compute the density of the components of any
eigenvector of sparse symmetric random matrices. Indeed, the eigenvectors of a N x N matrix J
represent the zero-energy minima of the “Hamiltonian” H(v,A) = 3 ¥~ (Av—Jv)? subject to
the constraint [v|> = N. We conclude by suggesting another intriguing route. The properties of
the eigenvectors of sparse random matrices may be also investigated by analysing the statistics
of the local resolvent using the cavity method. Indeed, given a N x N matrix J with eigenpairs
{(Aas ) Ya=1.... N> its Tesolvent being G(z) = (z1y —J)~!, the following equation holds for

A €Randforanyi=1,...,N, viz.

N
eIMG(A —i€);i = €m Y. (A — Ao )upy, , (5.1)

a=1

where Gj;(z) indicates the i-th diagonal entry of the resolvent and &¢(x —xg) = %m

approximates the Dirac delta as € — 0. When A = A, then eImG(A —i€); ~ uZ, + O(€?). On
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the other hand, one observes that

1 N
Re [(D} = na; Se(A — Ao )iz, (5.2)

1

where the @; are defined in Eq. (2.31). Eq. (5.2) suggests that the distribution of the squares
of the eigenvectors can be obtained in terms of that of the ®w;. Some preliminary tests found
evidence that Eq. (5.2) may cease to be valid for graphs above the percolation threshold. This
could signal that in this specific case the tree-like assumption upon which the cavity method
is based actually breaks, due to cycles which are present with probability ¢(1) in graphs with
a giant component. Moreover, another possible cause may be quasi-degeneracy phenomena
for eigenvalues in the continuous part of the spectrum of those graphs. Thus, we foresee that
Eq. (5.2) may be aimed specifically at the analysis of localised eigenvectors of trees and sparse

matrices below the percolation threshold.
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