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ABSTRACT: We study the effects of the introduction of a ¢ term in minimal gauged super-
gravity in four dimensions. We show why this term is not present in supergravity duals of
field theories arising on wrapped M 2-branes, but is there in the case of M5-branes wrapping
hyperbolic manifolds Y3, and compute the higher-derivative corrections. Having proved
that the on-shell supergravity action of any supersymmetric solution can be expressed in
terms of data from the fixed points of a Killing vector, we show that it is proportional to a
complex topological invariant of >3. This is consistent with the characteristics of the dual
three-dimensional N = 2 SCFT predicted by the 3d-3d correspondence, and we match the
large N limit of its partition functions in the known cases.
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1 Introduction and summary

Four-dimensional Einstein-Maxwell theory with a negative cosmological constant describes
the bosonic sector of minimal gauged supergravity [1]. Much of the recent interest in this
theory is driven by the fact that its supersymmetric asymptotically locally AdS solutions
Y4 describe the gravity duals to three-dimensional N' = 2 SCFTs on curved backgrounds
M3, with 9Yy = Ms. The holographically renormalized on-shell action of the supergravity
solution Y} is related by the AdS/CFT correspondence to a large N limit of the free energy
of the dual SCFT on Mjs. The converse problem is more involved: given a SCFT on Mj
with some geometric structure, there are many Yj filling M3 with boundary conditions
matching the geometry of Ms. It is expected that the gravity partition function receives
contribution from all of them, and that different ones would give the dominant contribution



in a saddle point approximation in different regimes of the parameters.! However, a saddle
point approximation may receive leading contributions from complex on-shell actions. This
fact is well-studied in the context of AdS5;/CFTy, and an investigation of the role of the
solutions contributing to the gravity integral has been recently done in [3]. Instead, we
work in four Euclidean dimensions, restricting ourselves to real metric and gauge field
configurations.? Yet, as pointed out in [6], it is possible to see a sign oscillation in some
field theory partition functions. To match this in supergravity, we necessarily have to
introduce an imaginary 9 term for the Abelian gauge field, which by definition does not
affect the equations of motion or the supersymmetry variations.

The holographically renormalized on-shell action of any smooth supersymmetric solu-
tion can be expressed in terms of geometric data [7]. More precisely, any supersymmetric
solution admits a Killing vector & constructed from the Killing spinor. The holographically
renormalized on-shell action of a supersymmetric solution can then be expressed just in
terms of contributions from the fixed point set of £, composed of isolated fixed points (nuts)
and surfaces (bolts). We show that the same remains true after the introduction of the
term, namely we show that

s i\ (by £ bo)?
I = +t|(—x— | ————

s () [ i (30 £ javes)) .

bolts ¥

(1.1)

Here + refer to the chirality of the Killing spinor at the fixed point; b1, by are the weights
of the rotations generated by £ on the tangent space to the nut; ¢1(7TY) and ¢ (NX) are
the first Chern classes of the tangent and normal bundles to the bolt.

A crucial ingredient in the renormalization of the on-shell action in presence of the
term is a finite counterterm for the U(1) gauge field. This is necessary in order to have
consistency with the SL(2,Z) action on 3d N’ = 2 SCFTs [8], and with the dependence of
the partition function on the background Ms [9)].

One of the far-reaching properties of the formula for the on-shell action is that we
don’t need the analytic form of the metric, which is generally quite difficult to find, but
rather only knowledge of the topology of Y; and of the circle action generated by &. This
poses conceptual problems, such as suggesting the existence of an underlying fixed point
theorem acting on the supergravity background, especially given that this localization
persists also for corrections to the two-derivative model [10-12], and it also applies to
complex metrics [13]. More concretely, it provides a way of computing the on-shell action
of any smooth solution, assuming its existence.

It is possible to trace the origin of the ¢ term back to eleven dimensions. Four-dimen-

sional minimal supergravity may be derived by consistently truncating eleven-dimensional

'In fact, it is known that different methods for taking the large N limit in field theory lead to matching
with different supergravity solutions [2].

2This is more restrictive than the supersymmetric complex geometries that have also been studied in this
context. In some cases with scalars, these have been shown to be necessary in order to match observables
of four-dimensional gravity and three-dimensional field theory (see for instance [4] and [5]).



supergravity on seven-dimensional internal spaces corresponding to different configurations
of M-branes [14, 15]. Arrangements of M2-branes lead to 3d worldvolume theories that
are typically Chern-Simons-matter theories. The dual eleven-dimensional supergravity
solution has purely electric four-form flux and is an extension of the Freund-Rubin solution
where the internal space is a seven-dimensional Sasaki-Einstein manifold. We show that a
four-dimensional 9 term cannot arise from this consistent truncation.

On the other hand, there is also an eleven-dimensional solutions with an AdS,4 factor
and magnetic four-form flux [16], which is dual to 3d SCFTs obtained from M 5-branes
wrapping hyperbolic three-cycles 3. The seven-dimensional internal space is an S bundle
over X3, and there is a consistent truncation of eleven-dimensional supergravity on this
space that leads to four-dimensional minimal supergravity. We prove that in this reduction
the eleven-dimensional topological term reduces to a four-dimensional ¢ term for the gauge
field, confirming the statements in [6]. Therefore, it is necessary to include a ¢ term
when studying the gravity dual of the field theories obtained by wrapping M 5-branes on
hyperbolic three-manifolds, which is a case much less studied than its previously considered
counterpart [6, 17-23].

The equations of motion for the eleven-dimensional four-form are corrected by quan-
tum effects, and the lowest-order correction has been determined [24, 25]. Reducing the
corresponding term in the action, we are able to find the sub-leading correction to the
expression for 1J:
2N3 — N
3
where N is the number of Mb5-branes, and ¢s(X3) is the Chern-Simons invariant of the

¥ = cs(X3) (1.2)

hyperbolic ¥5. The expression of G4 in terms of the internal geometry can be determined
at leading order in the usual way and it’s proportional to the volume of ¥3. More precisely,
the expressions for the two four-dimensional quantities are such that the combination
appearing in (1.1) takes the form
: 3
2%4 - % — ];77 (Vol(Z3) — mies(D3)) - (1.3)
The bracketed quantity is a complex topological invariant of X3 defined modulo 27?i for
compact X3, the complex hyperbolic volume. This is because Mostow’s rigidity theorem
guarantees that the volume is a topological invariant for hyperbolic three-manifolds.
Therefore, (1.1) tells us that the large N limit of the SCFT obtained by looking at the
IR limit of N M5-branes wrapping 3, denoted by Tn[Xs], is proportional to a topological
invariant of 3. This is to be expected by effective field theory reasoning (the hyperbolic
metric is unique, and the details are washed out in the IR), but moreover is perfectly
consistent with the field-theoretic constructions of the 3d-3d correspondence [26-29]. In-
deed, the latter conjectures that the partition function of T [X3] equals that of a SL(N, C)
Chern-Simons theory on >3, and this relation can be used to compute the large N limit of
the partition function of Tx[¥3].

Outline. In section 2 we show how the holographically renormalized on-shell action of
any smooth supersymmetric solution can be expressed in terms of data of the circle action



generated by the Killing vector guaranteed by supersymmetry, even in presence of a 1
term. This extends the results of [7] and shows the need of a finite counterterm for the
gauge field. Then, in section 3, we consider a number of examples, both with an analytic
expression for the fields and without it, including the example considered in [6].

In section 4 we consider two consistent truncations of eleven-dimensional supergravity.
We briefly review the case of Y; x SFE7, showing how there cannot be a ¥ term. We
then consider in detail an internal space locally Y3 x S*, studying the reduction of seven-
dimensional maximal gauged supergravity on X3 and finding the presence of a 9 term. We
also include some topological considerations on the global form of the eleven-dimensional
solution, and the computation of the subleading term in (1.2).

Finally, in section 5 we review the large N limit of the partition function of Tx[X3]
on the backgrounds Ms for which it is known, showing that they match the dual gravity
computation.

In the appendices we review some conventions for the Chern-Simons terms and the con-
struction of the complex hyperbolic volume in terms of integral of an SL(2,C) connection,
and the Bott-Cattaneo formula needed for the supergravity reductions.

2 Reduction of the supergravity action

2.1 Action

We consider four-dimensional Einstein-Maxwell theory with a cosmological constant and a
¥ term. The action describes the metric ¢ and the gauge field A with curvature F = dA

with action .

_ 2 “9/
S = 167TG4/(R9+6 F)Volg—|—87r2 FAF, (2.1)

The equations of motion coming from this action are

. 1
0= (Rlcg)wj + 39”,, -2 (F“IDFVP — 4F2gw/> s

0=dx*4 F.

(2.2)

With these conventions, the vacuum solution is given by AdS4 with unit radius, that is,
the metric is normalized to have constant sectional curvature equal to —1.

The action (2.1) describes the bosonic part of the minimal gauged supergravity in four
dimensions. A classical solution is supersymmetric if there is a non-vanishing Dirac spinor
e satisfying the Killing spinor equation

L
0= |V —idy+ 5T, + 1 Fpl"T, | e (2.3)

where I', generate Cliff(4,0). As shown in [30], a spinor e satisfying the Killing spinor
equation cannot be everywhere chiral, so generically we have a non-zero Dirac spinor,
which in four dimensions defines an identity structure. Concretely, in addition to a local
orthonormal frame {E!, E2, E3 E?}, we have two functions S and ¢

6364_ 20 _ el e_ (2.4)
5 = .



where €4 = % (1 £T,) € are the chiral projections of the spinor. The structure degenerates
at the points where the spinor vanishes and where it becomes chiral.?

Using the bilinears constructed from the spinor and making up the identity structure,
the Killing spinor equation (2.3) can be shown to imply a number of differential equations
equivalent to the equations of motion (2.2). In particular, supersymmetric solutions are
naturally provided with a U(1) isometry generated by a bilinear vector field

&= —ieTF(l)F*e (2.5)
that is also a symmetry of all the bosonic fields:
EgS = ﬁg@ = 0, ﬁgF = 0, ﬁgg =0. (2.6)

In fact, we have
d¢” = —28 (E34 +cos O E'? 4 %, F + cos § F) (2.7)

Because of the results of the supersymmetry analysis, we focus on four-dimensional
space-times solving the equations (2.2) that admit a U(1) symmetry generated by the
vector field & preserving both metric and gauge field.* This assumption means that we
consider manifolds Yy that have the structure of a circle fibration over an orbifold base B

St Yy \ (Ya)o — B, (2.8)

where (Yy)p is the subset of fixed points for the U(1) symmetry generated by . Upon
introducing an angle coordinate ¢ ~ 1 + g adapted to &, we may write the line element
for g on Yy \ (Ya)o as

ds? = V(dy + ¢)? + V1yda’da’ . (2.9)

Here we have also introduced a local one-form ¢ with L¢¢p = 0 and £ 4 ¢ = 0, a metric v
on B, and the square norm of the Killing vector V' = (¢, ). It is a strictly positive global
function on B, so V! is well-defined, and we use it to rescale

n=v_1e. (2.10)

This is a global one-form on B whose local expression is di)+¢. Because of our assumptions
on the symmetry of the spacetime, locally we can use gauge redundancy to write the
following expression for the gauge field

A=¢n+a, F=deAn+edn+f, (2.11)

where a is a transverse one form, £ 1a =0, f = da, and ¢ and a are both invariant under
the vector field £&. A constant gauge transformation along the diy direction results in

Y= p+te, f—= f—cdn. (2.12)

3Since € has unit charge under the U(1) gauge field, it is generically a section of a spin® bundle over the
manifold M, and thus the local frame is twisted. For more details, we refer to [7, 31].

“More precisely, the action is U(1) only if all orbits close, which we assume. If there are non-closed
orbits, we would still have a torus action, and then we could approximate £ by a sequence of Killing vectors
of the U(1)2. For more details, we refer to [7].



Our purpose is to find an expression for the on-shell action that is exact on B. To do
so, we reduce the action (2.1) on the circle fiber, and look at the resulting equations of
motion, which correspond to the reduction of (2.2). Since the ¥ term does not modify the
equations of motion, we may borrow the discussion from [7]. The result is that the bulk
on-shell action may be written as an integral over the base B as

i3
Tk = / d {5 - (dlogv —oH +4V 1y dgo) LB
B

167Gy 32 (—sDan - 290f)] . (213)

Here we have introduced the twist one-form H = *,dn and the nut potential o defined by
do = (V? +4p*V)H + 49V ., f . (2.14)

The crucial step in the discussion is now the fact that the on-shell action is exact on B and,
provided the bracketed integrand is a global two-form on B, we can apply Stokes’ theorem
obtaining an integral on the boundary of B. For asymptotically locally Euclidean AdS
spacetimes, this is the union of the conformal boundary and the tubular neighbourhoods
surrounding the fixed points of £, where the fibration (2.8) degenerates. As we shall see,
for supersymmetric solutions the regularity assumptions hold.

It is easy to make sure that the expression for the bulk on-shell action is invariant
under the gauge transformation (2.12): the real part in (2.13) shifts by a multiple of the
equation of motion for ¢, so on-shell is gauge-invariant, and the purely imaginary part
shifts by a term that vanishes using the Bianchi identity.

2.2 Local form of supersymmetric solutions

A careful analysis of the differential equations obtained for the bilinears constructed from
the spinor satisfying (2.3) provides us with the general (local) form of the supersymmetric
solution to (2.2) [7, 30].

We introduce on B a local real coordinate y, a local complex coordinate z, and a real
function W so that we can write the following expressions for the metric and gauge field

1
2 _ @22 2 2 W1, 1=
ds® = S*sin” 6(dy + ¢)° + Yy (dy + 4e dzdz) , (2.15)
A= (Scosf+c,) (A + ¢) + i (0. W dz — 9 W d7) | (2.16)
where W is costrained by )
Yy
L4 S 1
48yW yS sin? 0 (2.17)
These local expressions immediately give the following
2 ;2 1 2 W1, 1=
V =5%sin“6, v = S (dy +4e dzdz) . (2.18)

We notice that the points of Yy where V = 0 correspond to the points where S = 0
or # = 0,7, which is where the spinor vanishes or becomes chiral. Therefore, we see that
(Y4)o, the fixed points of the isometry, are also the points where the supersymmetry-induced
identity structure degenerates.



Most importantly, we find expressions for ¢ and the nut potential o
@ =8cost +cy, oc=25p+c¢,, (2.19)

which guarantee that ¢ and o are both global regular functions on (Y})g, and the constants
Cyp, s Will be fixed later on. For completeness, we also write down the expressions for dn

dnp =2V =32 4, [2 cotfd (1) — Sd@} : (2.20)
Yy

and two additional constraints on the functions coming from higher order differential forms
constructed from the spinor

1 12 cos? 6
2 7 W |92 2
8Z§W = —¢ layyW + Z(ayW) + m s (221)
9 e 9 3
Pof+ 5 | (£ +2) —y (20, +SFO,W) +
Y 2 (2.22)
(2 r 1 Sa,wa,r+ 22w+ Spe,m)2) ] = o |
+y yyf+§y yf+§fyy +1f(y ) - .
In the latter equation, the function f is defined by
2 cos
= Q. 2.2
/ yS sin? 4 (2.23)

2.3 On-shell action

Thanks to the analysis of the supersymmetry equations, we have showed that the bulk on-
shell action (2.13) is globally exact on B once we remove the points where the fibration (2.8)
degenerates. More formally, we remove a tubular neighbourhood of radius € around each
connected component of (Y})q to construct (Y;). C Yy and project to B. = (Y4\(Ya):)/S! C
B, which has boundaries surrounding the orbifold points (in addition to the conformal
boundary). The two-form in (2.13) is globally defined on B., so we may use Stokes’
theorem and rewrite it as a sum of contributions from the UV conformal boundary and
from the boundaries surrounding the fixed points of the isometry.

Starting from the former, for asymptotically locally Euclidean AdS solutions we in-
terpret 1/y as a radial coordinate near the conformal boundary, which we set at {y =
0} = 0Yy = Ms, and we assume that the various functions appearing the metric and
gauge field have an analytic expansion in y near the boundary. We then cut-off the
spacetime to Yy where y decreases up to y = § > 0. The component of the boundary
Y5 = {y = 6} NYy; = Ms is still a fibered space with base dBs = 0Y5/S!. The bulk
on-shell action (2.13) gives a contribution from the UV boundary 0B; that can be lifted
to an integral over dYy with the form

UV p B . i }
IV = /a L LGW e (dlogv oH + 4V <pd<,0) o (90 dn + 2¢ f) (2.24)

where the sign is due to the relation between the orientation imposed by supersymmetry and
that required to apply Stokes’ theorem. We should also include the Gibbons-Hawking-York



term and the standard counterterms implementing the holographic renormalization [32, 33],
which are constructed using the metric h induced on the hypersurface 0Ys

1
87TG4 aYs

1 1
I+ = 24+ -R 1y, . 2.26
ct 87TG4/8Y5< +2 h)VOh ( )

In order to evaluate them, we impose the constraints (2.17), (2.20), (2.21) and (2.22)
in the expansions of 8, W, S and ¢, obtaining

Iguy = — K voly,, (2.25)

T
2 , 1
W =Wy +yWa + % <—e WO 92 W) — 1267, — 4W(21)) +0(°), (2.28)
11 L —w 2 VT _wi, (o2
S=y Moty (_46 ©0:zWo) — 29(1)) ) [86 0 (02:Wo) Wa)
. (2.29)
_ 2837EW(1)) + §W(1)9%1) — 9(1)9(2)] + 0P,
¢ = () +y°1(0:01) 4z — 0.0(1) dz) + O(y?), (2.30)
where ¢ is constrained to satisfy
dg) = 4ie" 01y dz A dz. (2.31)

The conclusion, as detailed in [34] is that the boundary data W0y, 01y, together with the
free bulk functions Wy, (2, determine the terms at the higher orders of the expansion.

Expanding (2.15) and (2.16) near 9Yy, we confirm that we have an asymptotically
locally AdS space and on the conformal boundary M3 we may pick the following represen-
tatives for the metric and gauge field

ds?y, = 2y + 4V dzdz, 2.32
(0) (0)

i —
A(()) = —9(1) 77(0) + Z (@W(o) dz — 65W(0) dz) , (2'33)

where 79y = d¢+¢(g), volz = 2ie 0 dzAdz and O = e VO 8375. This is the same geometry
imposed by the presence on a three-dimensional space of two supercharges with opposite
R-charge [35].

Indeed, this can be seen explicitly by analysing the Killing spinor equation (2.3) near
the boundary, where it reduces to a conformal Killing spinor equation for a two-component
spinor ¢, the Killing spinor equation for three-dimensional conformal supergravity [36].
If ¢ is nowhere vanishing, this is in turn equivalent to a solution of the Killing spinor
equation of three-dimensional new minimal supergravity. The second “supercharge” on
the three-manifold is the charge conjugate spinor ¢¢ = C~'¢*, which satisfies the Killing
spinor equation with opposite R-charge. Without going into a detailed analysis of the
possible backgrounds (see [37] for a review), in our case from the two supercharges we can



construct a real Killing vector that generates a transversely holomorphic foliation. This
is precisely the restriction to M3 of 0, and the almost contact structure one-form is 7).
By assumption, all the orbits of £ close in the bulk (see footnote 4), and so do the orbits
of &|n, so the geometry of Ms is that of a Seifert manifold, that is, a circle bundle over a
two-dimensional orbifold.

The non-divergent UV contribution to the on-shell action is given by

1%V = lim [R5 + oy + Lol
0—0

1
= 672G, /Mg N0y A volz [2770,,9(1)

+ ep (—1GIOW(g) + 270(2) + 0(1) (—4ice G + 373 ))
+iGa9 (60)OW o) +46%,) | -

(2.34)

There is a natural choice that simplifies the UV contribution to the on-shell action, namely
co = ¢, = 0, which was called supersymmetric gauge choice in [7]

oy W0 B )
I =5m /8M (0) Ad%)( Roq + (x2dn ) ) : (2.35)

where Ryq = —[JW ). Notice that this is a well-defined integral over M, and that the
only UV contribution to the on-shell action comes from the 9 term, whereas the “standard”
gravitational part is determined only be the fixed points of the isometry.

We could also consider the inclusion of additional finite counterterms constructed out
of the gauge fields. For standard Maxwell theory, no such counterterm is required if one
fixes at the gauge field at the boundary, imposing that the dual operator in the CFT is a
U(1) current, as we do [38]. However, in this case we also have a non-zero ¢ term, which
could make the issue a bit subtler. We suggest the necessity of the following counterterm

Taa =~ Ies[Ag)] (236)
’ 27
where Icg[A] is the Chern-Simons action at level one, which for a trivial U(1) bundle can

be written as

1
Ics[A] = E u ANdA. (2.37)
3

The concrete effect of this counterterm is cancelling IVV. We shall discuss this in more
detail in section 2.4.

We now move to the evaluation of the contributions to the on-shell action from the
other components of the boundary of B., namely the tubular neighbourhoods surrounding
the fixed points of the isometry acting on Yj. These must have even codimension, so in
four dimensions we may split them into zero-dimensional nuts and two-dimensional bolts,
following the terminology of [39]. As we noticed around (2.18), the fixed points of the
isometry are also the loci where the identity structure degenerates. However, a more
careful analysis of the bilinear equation (2.7) shows that S may never vanish, unless we
are in the trivial case where the isometry acts trivially everywhere. Therefore, the only



possibility for the fixed points is that the spinor becomes chiral there. This allows us to
further split the classification of the connected components of the fixed point sets according
to the chirality of the supersymmetry spinor: we have nuts+ and bolts ¥4+ depending on
whether e has positive/negative chirality there. Furthermore, (2.7) also gives us that at a
fixed point with chirality 4

82 = 1 (A1), (0€14)7), (235)

where the superscript + indicates the (anti-)self-dual part of the two-form.
We split the contributions of the bulk into the “standard” part, studied in [7], and the
¥ term: from (2.13) we write

IR _ p _ -1 B9 oo
R, = /835 {16ﬂG4*7<dlogV cH+4Vodp) + 5 (—¢dn 2<pf)]

= It + I,

(2.39)

where

i)
IR = 1—2/ nA@(—pdn+2F) . (2.40)
87 Jom.

In a neighbourhood of a nut, we can write the Killing vector as the generator of the
rotations on the two two-planes of R* = R? @ R? with weights by, by, that is

§ =010, + b20,, , (2.41)

where @1, are the polar coordinates on the two copies of R? normalised to have 2w
periodicity. Since we are assuming that the orbits of £ all close, the ratio between the
two weights is rational, so we write by /bs = p/q with p,q coprime and the period of the
generic orbit is f = 27p/by = 2mq/by. The connected component of 0B. is thus the
weighted complex projective space W(C]P%m qll and so the orbifold line bundle £ associated
to S' < 9(Yy). — OB: has first Chern class

_ __B
dn = ,B/chl a(l) = . (2.42)

9B. [plall Pq

In the supersymmetric gauge for o and ¢, near a nut of type + we have p|+ = 5|1 (as
can be seen from (2.19)) and (2.38) gives

1
#lnuts = 7 (b1 F b2)” (2.43)

Considering (2.39) term by term, we can show that

s (bl + b2)2
I(I]R‘nuts = TG4 Z -

2.44
- 4b1by (2.44)
nutsx

As for I}? in (2.40), the second term in the sum is the integral over the 9(Yy). = S3
surrounding the nut of a smooth form, so this term gives a vanishing contribution. On the
other hand, the first term does contribute, and combining (2.42) and (2.43) we have

i) (by = by)?
IR e = 2 5 01027 9.45
0 Its = 3 2 4b1by (245)

nuts¢

~10 -



Thus

™ i (b1 + b2)2
Touts = + 4+ R 2.4
=2 <2G4 ) Lbbs (246)

nuts¢

Given a bolt X4, we denote by T, = ¥4 the connected component of 0B, surrounding

it. We notice that dp = —¢ o F, which by regularity of F' implies that ¢ is constant on the
two-dimensional bolt. Therefore, we can write

;%/ngpngwbi /Ei er(F). (2.47)
Analogously, we have
tim [ dn=petln, [ e(NmL). (2.48)
To find the value of ¢ at the bolt, we resort again to (2.19) and (2.38):
m
Ploy = iB. (2.49)

Overall, (2.40) gives

B = Y [ (-javzn zam). (2.50)

bolts X4

This expression can be further simplified, because the existence of supersymmetry on a
curved surface imposes a sort of twist. As mentioned in footnote 3, the supersymmetry
spinor € is generically only a section of a spin® bundle that is twisted by the U(1) gauge
field A. Near a bolt, the spinor® becomes chiral but does not vanish, so there is a non-zero
section of a line bundle over the bolt, meaning that said bundle must be trivial. This
constraint imposes a relation between the restriction of the gauge bundle over X1 and the
tangent and normal bundle to the surface [7]

i1 (NXy) — e (TE
/ c1(F) = / a(N2e) —a(Te) (2.51)
IR Y+ 2
Inserting the latter result in the expression (2.50) leads to the result
1 1
o=y ¥ [ (GazoFamzs). (252)
bolts X4 7%
and a similar analysis for I} gives
1 1
o =5 3 7 [ (Gavee)  30(720) (2.53)
2G 4 bolts PN Zt 4 2
whence 9 ) )
™ i
how= 3 <2Gq:2) / (201(T2i)$4cl(NEi)> . (2.54)
bolts ¥4 4 Y+

Summing the contributions from all the fixed points of the isometry, we find that the
“infrared” contribution to the on-shell action with 9 term is

Z + < s 129) (b1 + b2)2
e T\2G, Abyby
:F

+ ¥ <224 + 1;9> /Ei (;cl(TEi) + icl(NEi)) .

bolts ¥

(2.55)
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2.4 Dependence on the boundary and periodicity of ¢

Having found an expression for the on-shell action of any smooth supergravity solution,
it seems redundant to investigate its dependence on boundary data. Nonetheless, it is an
additional check on our expression. We compute the one-point function of the holographic
stress-energy tensor and the U(1)g current: the holographic stress-energy tensor has the
same form as in [34], whereas the U(1)g current receives an additional contribution from
the ¥ term 9 )
Jo = 41? |:<29%1) + 4DW(0)> M(0) — *Qde(l)} . (2.56)
Under a change in the boundary geometry and U(1)g gauge field given by Wy = Wiy +
W0y, 0) = ¢(0) + 0b(0), Where the variations are a basic function and one-form on 9Y},
respectively, we find that the variation of the holographically renormalized on-shell action
vanishes [34], apart from the ¥ term, which gives
i

51 = 2
1672

/BM Moy N0 (Q(I)DW(O) volp + 49?1) VOlg) . (2.57)
Looking at this, it is clear that the non-zero variation is entirely due to (2.35).

There is an expectation stemming from field theory that the partition function of a
three-dimensional N' = 2 field theory on a background preserving at least two supercharges
(as the one we find at the boundary of Yy) should only depend on the background geometry
via the choice of transversely holomorphic foliation [9]. Because of the AdS/CFT corre-
spondence, the renormalized on-shell action of the dual gravity solution should have the
same dependence on the boundary data. As proved in [34], this holds for the canonical
action of four-dimensional minimal supergravity. However, the computation just presented
shows that this does not hold true when we include a ¥ term, since the specific variation
we considered preserves the transversely holomorphic foliation and yet 61 # 0. This is a
first piece of evidence in favour of the finite counterterm (2.36), which cancels IYV thus
removing 67.°

Additional evidence comes from a more careful thought on the periodicity of the
angle. Abelian gauge theories in four dimensions on a spin manifold enjoy a SL(2,7Z)
duality group [43]. The T generator corresponds to the shift ¥ — 9 + 27, whereas the S
generator, which does not commute with 7', is the exchange of electric and magnetic fields.

If Yy is closed and spin, then [y, FAF € 8727, so the theory for which (2.1) is the semi-

classical effective description is invariant under ¥ — ¥+ 2, since e~

would be unchanged.
The main focus of the paper, though, are asymptotically locally AdS spaces, more precisely
cutoff at a distance § from the conformal boundary. On a space Y; with a boundary M3,
we extend the line bundle L on Yj to a line bundle Ly on Ms. Then, fy4 F A F fails to
be a multiple of 872 by a boundary Chern-Simons term at level one (2.37). That is, after

shifting ¥ — 9 4+ 27, we find

S — S+ 2mil+ iICS[A(O)] R lel. (2.58)

5The necessity of finite counterterms in order to be preserve boundary supersymmetry is well-known in
cases with scalars and additional supersymmetry, e.g. [5, 40-42].
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This shift leads to an action on the partition function of the boundary theory
Zscrr[A(); Ms] = e — Zoopr[Ag); Ms| e eslAo] (2.59)

This is expected from field theory: three-dimensional conformal field theories with a U(1)
global symmetry are acted upon by a SL(2,Z) group. More precisely, after coupling the
U(1) current to a background gauge field A, one finds that the 7' generator of SL(2,Z)
acts on the generating functional of the correlation functions of the U(1) current by shifting
it by a level one Chern-Simons term for the background gauge field. This is precisely our
setup, since we are describing the universal sector of three-dimensional SCFTs with N = 2,
which always have a U(1)g global R-symmetry. The SL(2,7Z) group acting on 3d CFTs
becomes in the bulk the duality group of four-dimensional U(1) gauge theory on AlAdS,.
Notice that the boundary SL(2,7Z) group is not a duality, since its action generically
modifies the 3d CFT. Correspondingly, the SL(2,7Z) action on the Einstein-Maxwell theory
on anti-de Sitter space is to be interpreted as a choice of boundary conditions for the gauge
field [8, 44-47]. On the other hand, the introduction of the counterterm (2.36) fixes the
choice of boundary conditions by removing the additional boundary Chern-Simons term

S+ Twa—S+Igat2mil, (. (2.60)

This guarantees that the bulk theory is invariant under ¥ — ¢ + 2.

As described after (2.33), the boundary superconformal field theory is formulated on
M3 by coupling to the multiplet of a background three-dimensional conformal supergravity,
which includes g(g) and A(). The latter is the background gauge field coupling to the R-
symmetry current. A Chern-Simons term for A is related by N = 2 supersymmetry
to the gravitational Chern-Simons term [48], so their levels are related. The fractional
part of this level is a physical quantity of the SCFT: it cannot be removed by a local
gauge-invariant counterterm, and it appears as a conformally-invariant contact term in the
two-point function of the stress-energy tensor [49]. This fractional part is captured by the
counterterm (2.36), being ¥/2m mod 1, and consistently the shift  — ¥ + 27 does not
modify it.

3 Examples

3.1 AdSy

The simplest non-trivial solution we can consider is AdS4 with an instanton [50, 51]. The
metric and gauge field are
2

2 _ 2 2 2 2, 2 2
ds* = 2 +r (dz? + cos” ¥ dp] + sin 19dg02) )
A (b1 + baVr? + 1) de1 + (bg +bivVr? + 1) deo (3.1)

2\/(b2 +b1vVr2 +1)2cos2 9 + (b + bav/r2 + 1)2sin2 ¥ 7

where ¥ € [0, T], @1, 2 € [0,27], and there is a U(1) x U(1) Killing vector field constructed
from the Killing spinor
§ =010y, + b20,, . (3.2)
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This solution is only regular provided b /by = b2 > 0 and by /by = —1. In the cases
b1/bay = £1 it reduces to the trivial instanton.

The norm of the Killing vector is V' = 72(by cos® ¢1 + basin® ¢3), which shows that
at r = 0 there is a nut. In fact, a more careful analysis leads to the conclusion that
for by /by = b?> we have a nut_ and for b;/by = —1 we have a nuty. In the two cases
applying (2.55) leads to

b1 r T iV b m 1 < 7r 119) ( 1>2
—=-1: MP=—x0 -— —=b0: M=—(_—+—=)(b+-) . 3
bs 2G, 2’ by i\ag, T2 bty) - B3

Instead, applying (2.35) gives

Jov_  1W0bi 4 b (3.4)
2 by

The smooth solution with by /by = b? has another interpretation: AdS, (with the non-
trivial instanton) can be foliated in a non-standard way to find a conformal boundary that
is isometric to a squashed S® [50]. More concretely, we perform the change of coordinates

2
r? = (q - 1) cos? ) + (qu2 — 1) sin?

b2
% — 1) cos? 1 (35)
2 9 = (b
o (Z—; — 1) cos? ) + (¢2b% — 1) sin? ¢ ’
obtaining
2 _ q* — f(y) 2 2 2 2 2
ds” = (2 —2)(q% — bfz)dq + (q f)” = 1) dy .
+ (Zz — 1) cos? i dp? + (q2b2 — 1) sin ) dp3,
with 1
) = (3.7)

b=2cos2 ) + b2sin? ¢

The metric (3.6) is again AdS4, but now the metric at the conformal boundary at ¢— oo is
1 .
ds? = f(¢)? dy® + = cos® 1 dp? + b? sin® ¢ de3 . (3.8)

This is the metric on the squashed three-sphere preserving U(1) x U(1) symmetry and
two supercharges studied in [52]. To further confirm the smoothness of the slicings, notice
that (3.8) is related to the metric on the round sphere by a Weyl transformation: upon
substituting

b=2cos?
b=2cos? 1) + b2sin? ¢’

cos? Y = (3.9)
we find that

d? +cos® ¥ dp? +sin® 9 dpd = f(¥)? (f(l/})zdwz + b 2 cos® p dep? + b*sin® ¢ dcp%) . (3.10)
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In fact, the form of f(1)) is not relevant for the large NV limit of the localization computation
of the dual field theory, as showed in [53]. It is sufficient that it guarantees smoothness of
the metric, that is, it has the behaviour

lim () =b,  Tim f() = . (3.11)

$p—0 P—I b
Consistently, we shall see that this holds for YV as well. Given the metric (3.8) and the
Killing vector & = bd,, + b~19,, (which is (3.2) when by = b~1), then dn = 2voly/f(v)),
and Rog = 4(2f(¥) + /(1) cot 2¢)/ f ()3 so that (2.35) leads to

2 Jo i

IU\/_I’lg 7r/2 d <C0$2w>d¢_iﬁb2—|—b—2
a 2f(¥)? 22

consistently with (3.4) and independently on the details of f(1)).

(3.12)

3.2 Supersymmetric black holes

Another simple and yet interesting solution that we consider are the supersymmetric black
holes obtained by Wick-rotation of the dyonic static solutions of [54-56]. These are related
to the solutions considered in [6]. They preserve 1/4 of the supersymmetry and have the
topology R? x ¥4 for g > 1. The local form of the metric and gauge field is

1 2

prag,), v=1e i T

dr?

Vi(r)

ds® =V (r)dr* +

Q 1
F = r—2d7' Adr + §V01(2g)

(3.13)
If Q # 0, the solution is regular provided r > rg with rg = \/% +1|Q| and T ~ T + W?‘(%O)‘.
If @ = 0, instead, the metric develops an infinite throat near r = 1//2.

The Killing vector & constructed from the Killing spinor is £ = 9;. It has a bolt at
r = ro if @ # 0 that goes to infinite distance as ) — 0. Provided @ # 0, we have a smooth
metric with a bolty where the chirality of the spinor at the bolt is equal to sgn(@). Since

the fibration is trivial, equation (2.35) vanishes and the only contribution comes from the
IR (2.55)

1= (5 — 5@ ) (1 -g). (3.14)

The only dependence on @ in the action is in the ¥ term, and we will obtain different
results depending on whether we take Q — 07 or Q — 0. The same result has been
obtained in [6] using a different regularization of the extremal metric with ) = 0 breaking
supersymmetry.

3.3 i-BPS solutions

There are also a number of solutions preserving two real supercharges but with a non-trivial
fibration. Here we consider those constructed in [2, 31] and further analysed in [34, 51].
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They all have the form

2 2 [9)
ds? = TQ(T)S dr® + (r* — s*) (0} + 03) + 4s” = (—TZQ o3,
3.15
= P(r? + s?) — 2Qrs ( )

RN

for different choices of Q(r), P, @ and the forms o;.
There is a Einstein Taub-NUT-AdS solution on R*/Z, (with an instanton) for the
choices

45?2 — 1
Qr) = (r= s’ [1+(r=s)r+3s)], Q=P=-"o—, (3.16)
and the o; are the left-invariant one-forms on S3
o1 +ioy = e 7 (dY + isind do), o3 =d7r +cosde. (3.17)

This is a self-dual metric, in the sense that both the gauge field and the Weyl tensor are
self-dual. The Killing vector constructed from the Killing spinor is £ = d;, so n = 3. We
use the gauge freedom in (2.12) to find that the function ¢ satisfying the supersymmetric

gauge choice is

(@ =1)(r—s) 1
L 2(r +s) 20 (3.18)

The conformal boundary is a squashed $3/Z,, with metric

dsi = o7 + 03 + 45%03 . (3.19)

This squashed sphere preserves SU(2) x U(1) and supports two real supercharges [52]. In
order to apply (2.35), we let n¢) = 25 03, from which Roq = 2. Thus

i) 16s* — 852

Juv _ WIS T es (3.20)

2 p
Given the form of Q2 and @, P, we find that £ has a nut at r = s, corresponding to the
origin of the R* where we should take 7 ~ 7 + 4?” for regularity. In our terminology, the
origin is a nut_ with by = by, so (2.55) gives

IR ™ iv

2G4+2 (3.21)

The overall action with ¥ term, which is consistent with [31], is the sum of the two contri-
butions.

In addition to the self-dual Taub-NUT-AdS solution with topology R*/ Ly, there is
also a family of solutions with topology O(—p) — ¥, for any X, with metric with constant
sectional curvature k. In this case the metric and gauge field still have the form (3.15),
but now

Q= (r2 — 82)2 + (k — 452)(1"2 — 52) —4sQr + 1(452 — 5)2 — Q2 ,
4 (3.22)
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and for the one-forms defining the metric we still use (3.17) for 3 = S2, but otherwise we
locally define

¥ xT? o1 +ioy = e (dp — idW), o3 =dr —9do,

) 3.23
Yg9>1 o1 +1io9 = €7 (sinh ¥ d¢p —idd), 03 =d7 —coshdd¢. (3.23)

Again, the Killing vector constructed from supersymmetry is & = 0., which generates the
fibration and whose norm vanishes at the zeroes of Q. If Q = :I:%\/ 4s% — K, then we can
only have k = 1 and we obtain the Taub-NUT-AdS solution considered earlier, otherwise
smoothness of the solution at 7o, the largest root of , fixes Q by imposing

2 2
TG — S 2s . p
—_— = — withp=———forg# 1, and p=p for g = 1. 3.24
D60l P 1] 324
Analogously, the period of 7 is fixed to be
4
T (3.25)
P

There are two branches of solutions, whose existence depends on the intricate relation
between the deformation parameter s and the integer p. We refer to these branches as
“Bolty”, consistently with [2, 31]. For both branches the Killing vector £ has a bolt at
r = 1o that is diffeomorphic to 3,4, the basis of the fibration. Studying the form of the
functions defined in section 2.2 near the bolt shows that for the solution Bolt+ we have
a boltz in our language: the chirality of the spinor is opposite to the sign identifying the
branch of solutions. Thus we can apply (2.55) and find in the IR

I'"R[Bolty] = (224 + 1;9) (1 9T Z) : (3.26)

since TY, = O(2 — 2g) and N3, = O(—p).

The conformal boundary is the manifold M, ,, a S* bundle of degree p over the
Riemann surface Y,, which includes the $3/Z, bounding the self-dual Taub-NUT-AdS
solution. Indeed, the structure of the UV contribution is not very different from (3.20):
again 7o) = 2s 03 and dn) = 2svol(X,). The metric on the Riemann surface is normalized
so that Roq = 2k and vol(3,) integrates to 4%. Therefore (2.35) gives

iv (16s*—8s%k)(g—1)?
qov _ 10 (1657 — 8s%x)p GuEs=RgResl g 21 (3.27)
= ——2 = ) . .
2 p i 1(;*)54 g=1

Notice that this reduces to (3.20) for g = 0,k = 1. Moreover, for the trivial fibration p =0
IYV = 0 and (3.26) corresponds to (3.14) provided we identify the sign of the branch of
the bolt solution with —sgn(Q).

3.4 %—BPS solutions

There are also known solutions preserving four real supercharges, such as those constructed
in [31]. The local form of the metric is again (3.15), but now the forms o; are always the
left-invariant one-forms on S® (3.17).
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The simplest case is again the Einstein Taub-NUT-AdS solution on R*/Z, [51, 57],
but now with a different instanton:

Q(r) = (r—s)?>[1+ (r—s)(r+3s)], Q=P=—sV4s2 —1. (3.28)

The Killing vector determined by supersymmetry depends on two numbers (p,q) € C2\{0}.
As showed in [7], the final result does not depend on the choice of p,q provided one of the
two vanishes, so we choose p = 1,9 = 0. Then

€=—2|(25+ V452 — 1)dy + <218 — 25— m) aT} (3.29)

In contrast with the i—BPS solutions considered earlier, we see that £ # 0;, so the Killing
vector induced by supersymmetry is not the one generating the fibration of the solution.
Nonetheless, one can show that & has a nut at the origin of R* at r = s: in our language
it is a nut4 with

1 1
b= ——,  by=—— +4s+2V4s2 1. (3.30)
2s 2s
Thus (2.55) gives
i
IIR — 7T _ 1) 4 2 . 31
(2G4 > ) 4s (3.31)

Despite the fact that the conformal boundary of these solutions is geometrically S®/Z, =
My, as for the solutions considered in the previous section, the contribution to the action
is different, because the Killing vector & is different. This is due to the fact that these
solutions, and hence their boundary, preserves four supercharges instead of two. In this
case, application of (2.35) leads to

i) 16s*
v = 3.32
5 ) (3.32)
and so
i) 452
Iy = 15452 (S - 1) , (3.33)
p

which is consistent with [31].

As for the %—BPS solutions, there is a family of non-self-dual solutions with topology
O(—p) — S? with

Q= (7“2 — 82)2 +(1- 452)(7“2 - 52) —2QV4s%2 —1r + 82(482 —-1)— Q?,
P=—sV4s?2 —1.

The parameter @ is fixed by regularity of the metric at rq, the largest root of €2, and this

(3.34)

condition identifies two branches of solutions. Since the form of metric is again (3.15),
the locus {r = ro} is a S? bolt for the Killing vector d; for the 3-BPS solutions as well,
therefore in the literature the two branches of solutions are again called “BoltL.”. The
difference with the previous case is that now £ # 0,, and £ doesn’t have a bolt. In fact, £
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vanishes only at the poles of the S?. More precisely, for the Bolt4 solution, the north pole
is a nut+ with weights

by = —4s — 242 — 1,  by= L (3.35)

2s

and the south pole is a nut+ with weights
1
by =4s+2v4s?2 — 1, bgzg(—88—4\/482—1) . (3.36)
s

Applying (2.55) then gives

I'"*[Bolty] = i ll + 2v4s® — 1 <82 p2>] + w (_p — 452) (3.37)

2G4 sp 16 2

Since the conformal boundary data are the same for self-dual and non-self-dual solutions,
the contribution from the conformal boundary is again (3.33).

3.5 Other topologies

For the examples considered so far we know an analytic expression for the metric and gauge
field. However, this is generically hard to find. The formulae found here and in [7] only
require knowledge of topological data at the fixed points of the U(1) action, without the
details of the fields in the bulk.

For instance, suppose that Y; = O(—p) — S?, assume the existence of a supersymmet-
ric solution on Y;, and that the isometry generated by ¢ is contained in the natural U(1)?
acting on fiber and base. Then one can use simple toric geometry to find an expression for
the on-shell action contribution (2.55) by straightforward generalization of [7]. In partic-
ular, a solution will have a Killing vector £ with components (a1, a2) on the basis of the
t?lr)us (g)ction, and this Killing vector will have two nuts with chiralities 1, k2 and weights
b, b

,b;”". The IR contribution to the on-shell action is

9 , @) ()2

) (b1 Kiby )

M= (” - /@1) AN (3.38)
; 2G4 2 4bg’)bg)

1
- 4ay(ay + az)(a

T i
-1 —a) (Qp(m, Ko; a1, az)z—G4 — Rp(k1, Ko; a1,a2)2>

where

Q, (K1, ko3 a1,a2) = a} [m (p2 —2p+ 2) +2(k2+2)(p— 1)} + a3 (k1 — ko)

+afay(p — 2)[k1(p — 2) + 2(k2 + 2)]

+ ara3[m1(3 — 2p) + ra(p — 3) — 4], (3.39)
Rp(k1, K23 a1, a) = af [p% + 2(p — 1) (51 + r2)| + adas(p — 2) [2(k1 + 2) + 7]

— a1a3 [2(k1 + K2) + p] -
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Using this formula we recover I'®[Bolt.] in (3.26) with x; = ko = F1 and a; = 0. Similarly,

we recover I'™*[Bolt] in (3.37) when substituting k1 = —sg = F1 and
a1 =-2(25+ Va2 - 1), = -2 (43 — 25— /452 — 1> . (3.40)

The conformal boundary of Yy is a squashed Lens space L(p, 1) & 53 /Z,, with fibration
determined by the choice of Killing vector. Thus, the concrete expression for (2.35) will
depend on ay, as. However, we can also consider more general vector spaces L(p, q), which
are toric 3-manifolds. Thus, the toric geometry techniques used earlier for O(—p) — S?
can be applied to this case as well, assuming that the torus action extends to the bulk.
The case considered in [7] is that of L(3,2), for which we expect three nuts with equal
chiralities x:

: INCEE)
(3 2) ; Ki (2G4 Rig ) 4b§i)b§i) (3.41)
_( > (2a1(a1 — a2)(1 + k) — a3(3 + 4k))
N 2G4 2 4(&1 — 2&2)(&1 + a2)
One of the interesting features of this is example is that L(3,2) is homeomorphic to L(3, 1).

The action of the filling of the latter can be computed using (3.38), obtaining a different
result and showing the effects of different supersymmetric structures even for topologically
equivalent backgrounds
R ( ™ 119) 3 (a2(9 + 8k) + aras(3 + 4k) — a3(3 + 4k))
L1 4(2&1 — ag)(al + ag) '

T 42
"G, T 2 (3.42)

Given any four-manifold with torus action, we can also investigate the behaviour of
the on-shell action and the ¥ term under blow-up, corresponding to substituting a point in
R* with O(—1) — S2. Using the toric geometry description in [7], it is easy to see that if
the original nut had chirality x and the solution had on-shell action I, then the action of
the solution with blown-up topology is

24+ 3K T i
JT— AN 4
blow up = £+ — (204 ’iz) (3.43)

Indeed, the %—BPS solution Bolt; with topology O(—1) — S? can be viewed as the blow
up of the %—BPS Taub-NUT-AdS solution (the former has a bolt_ and the latter a nut_),
and the results for the on-shell action match.

4 Origin of the ¥ term

Four-dimensional minimal supergravity arises from the consistent truncation of ten- and
eleven-dimensional supergravities on numerous six- and seven-dimensional internal spaces
(potentially with fluxes). In the context of top-down constructions of the AdS/CFT cor-
respondence, different choices of internal manifolds and fluxes correspond to different field
theories, so the four-dimensional minimal supergravity describes the “universal” part of
the dual three-dimensional N' = 2 SCFT corresponding to each internal manifold.
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Here we focus on three-dimensional SCFTs constructed from stacks of M-branes in
M-theory. The corresponding dual geometries are eleven-dimensional space-times with an
AdS, factors, and have been analysed in some generality (see e.g. [58]). Each of these
geometries should correspond to the uplift of the vacuum solution of an effective four-
dimensional gauged supergravity obtained by consistently truncate the eleven-dimensional
supergravity on the seven-dimensional internal space [14].

We only consider the truncation of the bosonic sector of eleven-dimensional supergrav-
ity, which contains the eleven-dimensional metric ¢g(Y71) and a three-form gauge field C,
with curvature G = dC, interacting via

Si1 = 2% / <R(Y11)V01(Y11) — }G A *x11G — alC NG A G) , (4.1)
K11 2 6
and 2k3, = (2m)®¢%. For the purposes of this section we move back to Lorentzian signature
and reinstate the gauge couplings. The sign of o = +1 is determined by the supersymmetry
conventions.

As mentioned above, it is possible to obtain four-dimensional minimal gauged su-
pergravity also via consistent truncations of ten-dimensional supergravity. An intriguing
possibility is the compactification from massive ITA, which itself breaks parity. In this case,
the internal space is a smooth geometry over a space that is topologically S%, constructed
as a S2 bundle over CP? [59, 60]. The dual field theories are SCFTs obtained from D2-
branes. Note that the smoothness condition can be relaxed, obtaining internal spaces that
consist of singular geometries constructed by replacing the CP? base of the bundle with
another Kéahler-Einstein space [61].

4.1 M2-branes

For the case of field theories obtained from arrangements of M2 branes, there are numerous
consistent truncations known. Equivalently, it is known that for any supersymmetric solu-
tion to the equations of motion of minimal gauged supergravity (2.2) there are numerous
ways of uplifting on a seven-dimensional manifold to obtain an eleven-dimensional configu-
ration for which the integral of ;1 G through a seven-cycle is non-zero, see e.g. [14, 15, 62].
Here we consider one such ansatz. Inspired by the Freund-Rubin AdSy x S7 solution, we
take the ansatz Yy x SE7, where Y, is the four-dimensional spacetime and SFE~ is a seven-
dimensional Sasaki-Einstein manifold [14].% Locally, we may write the eleven-dimensional

metric as
12 g2 g 2
g(Yn) = &2 l4g(y4) + (dﬂ) +o+ 2A> +9(N6)] )
(4.2)
LS
G=—

3 4
[gvol()q) - g MF/\J] ,

g | 8

where the second factor is a fibering over the local form of the metric on SE7: 0y, is the
Reeb vector, J is the Kéhler form on the local Kéhler-Einstein space Ng over which SFEr

SThere are restrictions on the global structure of the SFE7, depending on the topology and spin® structure
on Yy [2, 31]. The supersymmetry conventions here are such that o = +1.
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is constructed. A is a U(1) gauge connection with curvature F' = dA. The metric on SEy;
is normalized so that Ric(g(SE7)) = 6g(SE7).

This ansatz gives a consistent truncation of eleven-dimensional supergravity down to
minimal four-dimensional supergravity, in the sense that upon substitution in the equations
of motion obtained from the action (4.1), we obtain the equations of motion (2.2). Once
this has been checked, we may insert the ansatz back in the action Si;: could there be a
¥ term from the eleven-dimensional topological term? We have

L6
ANG=——JINJANFANF 4.
GAG==15 , (4.3)

so to find a ¥ term in four dimensions we would need a term W3 in C entirely along SE7,
which is only compatible with the ansatz (4.2) if such term is closed. In order to have a
non-trivial integral on SE; when reducing, we need Jy, + W3 # 0. However, it is easy to
see that this requirement cannot be combined with closedness, in the sense that together
they imply that 5 A G A G = 0. In fact, this argument can be extended to different
Freund-Rubin-type reductions: it is not possible to include a non-trivial pullback G|sg-,
and thus have a non-trivial C|gg, [63]. Therefore, we conclude that generically there is no
9 term in the supergravity action obtained by reduction of eleven-dimensional supergravity
on SE7, which is holographically dual to three-dimensional SCFTs with /' = 2 obtained
from M2-branes.

In order to compare the field theory and gravity observables, the uplift (4.2) gives the
relation between the four-dimensional Newton constant and the quantization of the fluxes
for G. Consistently with the interpretation as gravity dual to M2 branes, G has an electric
flux proportional to vol(Yy), and

6
Nyjg = — 1 / e 6L°Vol(SE7) (4.4)
(27ep)S Jsm, go(2mlp)"
Combining with the reduction of the Ricci scalar, we find

L T g? N3/2
167Gy 12/6Vol(SE;) M2’

This indeed reproduces the large N behaviour N3/2 typical of M2 branes.

4.2 Mb>5-branes

The other maximally symmetric Freund-Rubin solution AdS7 x % is dual to the worldvol-
ume theory of a stack of M5-branes. The corresponding consistent truncation was found
in [64, 65].7 Using the notations of [67], we write the eleven-dimensional metric as

Al/3 ) Lol o i
9(¥i) = =5 [0%9(07) + A7V Dy Dy (4.6)

"Given the importance of the gauge fields in the following, we should point out that the consistent
truncation from eleven to seven dimensions has only been worked out in full with the gauge fields set to zero.
More precisely, the reduction of the eleven-dimensional Einstein equations of motion has been done with
vanishing gauge fields. Nonetheless, there is substantial supporting evidence in favour of the consistency,
including the full reduction of the supersymmetry variations [65], the reduction of less supersymmetric
supergravities [66], and various limits of the ansatz, such as [67]. In this case, we should pick @ = —1
in (4.1) to be consistent with the supersymmetry conventions.
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and the four-form as

A_2

G = 7934' €i1...15

( — U p*Du A D' A D't A D'
+4T9™ DT A 1™ 5" Dy A Dyt A Dps
+6g A F12 A Dp’ A Dui‘*Ti“”j,uj)

i L i

In these expressions, g is the gauge coupling, ¢, = 1,...5, and we have introduced the
following objects: coordinates p’ on S* satisfying 3 p‘u’ = 1; three-forms Sgg); SO(5)
gauge fields AZ('JI') with curvature ]-'(ig); and fourteen scalar fields grouped in the symmetric

unimodular matrix T%. Moreover, we have defined

A =Ty, U = 2T Tiep' " — ATy
Dy = dy’ + g A7 DT;; = dTyj + gA* Ty + g AT, (4.8)
DS{3) = dS{z) + gAY A Sy, Fi = dAYT 4 g A N AR

Inserting this ansatz into the equations of motion and action of eleven-dimensional
supergravity takes us to the SO(5) gauged maximal supergravity in seven dimensions [68]

S7 = 215%/ [(R — V) vol(Y7) — iTi;lDTjk A 7T ' DTy, — %Ti;lTﬁlfij A s FH
— %ﬂjsg3) N xSl + 21953'3) A DSy — ;geijl,_msg?,) A G2 \ Fisia (4.9)
+ 1o QA FIAPIF) - - 0rlA. 7).
where the scalar potential is
V= o (21T — (1)) | (4.10)

and the seven-dimensional Chern-Simons forms are given by

Qs[A, F] A Py[F] = tr (A/\F _ ;gAAAAA> Atr(FAF) (4.11)

Q7]A, F] = tr(A/\F/\F?gA/\A/\A/\F/\F;gA/\F/\A/\A/\F
—I—%gQA/\A/\A/\A/\A/\F (4.12)

—315g3A/\A/\A/\A/\A/\A/\A).

Solutions to this supergravity uplift to eleven-dimensional solutions, and describe holo-
graphic duals to the six-dimensional (2,0) SCFT on spaces diffeomorphic to their confor-
mal boundary. The relation between the eleven-dimensional and seven-dimensional Newton
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constants is found by looking at the reduction of the action:

1 Vol(S*)
_— =, 4.1
2/@% (27T)8€?Dg4 (4.13)

Compared with the previous ansatz, we immediately see that G satisfies a different flux

quantisation condition, corresponding to the presence of M5 branes®

1 1 AU
Nags = (27%13)3/546*: W/y (- = Vol(s4)> . (4.14)

Combining the two, we find

Vol(S%) 3
3(— fos A—ZUvol(54))3NM5 (4.15)

T/ﬁ% = 27Tg5

For instance, the vacuum solution has metric g(Y7) = 4g(AdS7)/¢%, where g(AdS7) is

normalised to have sectional curvature equal to —1, and non-vanishing 7;; = d;;. It uplifts

to eleven dimensions on S* as the Freund-Rubin solution, that is, without fibering and
warping, and

1 g s

—_— = — . 4.16
22 9673 M5 (4.16)

Our interest, though, is in supersymmetric solutions containing a three-dimensional
hyperbolic factor, such as that found in [70]°

4
25
g(¥V7) = =5 [g(AdSy) +9(5)] , T = diag (275,275,275,25,25)
f (4.17)
Aab — 7wab,
g

where Y3 is a closed hyperbolic 3-manifold, and both g(AdS,) and g(¥3) are normalized
to have constant sectional curvature equal to —1. We have broken SO(5) to SO(3) x
SO(2), splitting the indices 4, j into a,b = 1,2,3 and «, 8 = 1,2, and set the SO(3) gauge
fields proportional to the spin connection w of 3. This solution describes M5 branes
wrapped around X3, which is showed by the presence of a gauge field fixed by the geometry,
corresponding in the field theory setup to a non-trivial background gauge field realizing
the topological twist [71].

As we always expect, the presence of this solution signals the existence of a consistent
truncation to an effective four-dimensional gauged supergravity with anti-de Sitter vacuum.
In fact, there is a consistent truncation to four-dimensional N = 2 gauged supergravity

8Generically, it is not G that has quantised flux, but rather [69]

1 1 4
——=G| — -p1(Yn1) € H (Y11,2).
et - g < 0.2)
However, the Pontryagin class of any spin manifold of dimension equal or lower than seven is a multiple of
4, so the quantization condition is not corrected for our purposes.
9There is also a non-supersymmetric vacuum anti-de Sitter solution, which is not relevant for us.
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with one vector multiplet and two hypermultiplets [72], but here we will only be concerned
with a truncation to minimal gauged supergravity. It is obtained by the following ansatz

4

25 . 2 2 .2 3 .3
907) = 5 |8°90) +9(%5)] T = diag (277,275,27%,25,25) | s
18
Aabzlwab’ Aa6:26aﬂA, S€3):—2*4F/\ea,
9 g

where A is a U(1) gauge field on Y; with curvature F = dA, e® and w® are the dreibein and
spin connection of the hyperbolic metric on ¥3. Inserting this ansatz into the equations of
motion derived from (4.9), leads to the equations of motion of four-dimensional minimal
gauged supergravity (2.2). Notice for instance that the vacuum solution g(AdSy)/g? with
vanishing gauge field uplifts to the Pernici-Sezgin solution (4.17).

Having showed consistency, we can then substitute the ansatz back inside the ac-
tion (4.9). Whilst the first two lines give an expression proportional to Vol(X3), the topo-
logical term in the last line of (4.9) results in a purely topological term in four dimensions
as well. To be more precise, we write a bulk manifold Xg = X4 x Y; with 0X4 & X3, so
clearly 0Xg = Y7. Then the seven-dimensional topological term may be written as

11 / ) 1 / _
—— Py[F)* = 2R3 F]) = ———= Pylp FAF
2r7 16g Xs( 7] 5 ]) 2r%g% Jx, 0P Yi (4.19)
_ 8mes(Xs) FAF '
a 2’%%93 Ya

Here, p is the extension in the bulk X, of the curvature two-form of w, and ¢s(33) is the
three-dimensional Chern-Simons invariant of the three-manifold X3

1 2
cs(X3) = 81 s trs <w A dw + 3w Aw A w) , (4.20)
3

where the trace is in the defining representation of s0(3). It is defined modulo 27 having
chosen a spin structure on X3 (see appendix A).

The main difference with the M2-brane ansatz (4.2) is that now we find an additional
9 term due to the reduction of the seven-dimensional topological terms

_4V01(23)/ 9 9 8mes(X3)
Sy = gy, (R(g(Y4))+6g F)vol(Y4) 225 v,

FAF. (4.21)

In order to find the relation between the four-dimensional gravitational constants and
the M-theory quantities, we need an expression for A and U to substitute in (4.15). To find
that, we plug the ansatz (4.18) in the uplift (4.6). To be more concrete, following [17, 21],

we introduce the following coordinates p’ on S*:

¢ = cos(v) n%, a=1,2,3,
a o (4.22)
u® = sin(v) p°, a=4,5,
with 32 ()2 = S3_,(7%)? = Y2_,(i®)? = 1. Furthermore, we use the explicit
parametrization
pl=cos&, i =sin&eoséy, i =singsing, (423)
it = cosp, [° = sin. ‘
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with coordinate ranges 0 < v < 7/2, 0 < ¢ < Ay, 0 < & <7, and 0 < & < 27. Using
these coordinates, we have

A=2"2P1+4sin’v), U=-2""7(5+sin?v). (4.24)

The eleven-dimensional ansatz for the metric is written

2 1
23 (1 +sin?v)3 | , 1/, 5 sin? v 2
Y1) = Y. )y —|d ———— (dyp — gA
g(Y11) o [Qg( 1) +9( 3)+2<V+1+Sin2y(¢ g ))
(4.25)
i COs,2 1 i (dNa n ab~b)2
—_— w
1 +sin?v “— a K ’
and the four-form gauge field is
(5 +sin?v) b (1 1 >
= Dy’ A Dpf A (= Du® A DpP + —p®Dp A Dp®
L1 a2 CobeCos DT A DEEN (Gt Dy A Dy Gp® D™\ Dy
+ Mpab A (D,uc AN Du®u” + }Dua A D ,uc) (4.26)
g3(1 + sin? v) 4
€abc b, c 2 a a 2 a,a
———F ANDu*AND — = *x FANe* NDu* — =F A
+ 92(1 —|—sin2 V) 12 wop 92 *4 € 2 92 *3€e 1,
where p® = —e?® A e® is the curvature two-form of the spin connection for ¥s.
Substituting these values in (4.15) and in turn in (4.21) leads to
_ 1 2 2 g’
5—16ﬂG4/<R9+6g —F)volg—87r2/F/\F (4.27)
with (E0)g? 2 co(5)
1 8Vol(X3)g” | .3 81 cs(X3) | 3
—_— = Y= —-">"SNjs. 4.28
G4 3A1/)2 M5 > 3A'¢2 M5 ( )

This reproduces the large N behaviour typical of M5-branes.

4.3 Uplift: topological considerations

The eleven-dimensional solution is constructed as a fibration of S* over Y; and ¥3. The
choice of 33 corresponds to the choice of field theory. A necessary requirement is that the
full solution must be spin.

If we choose the eleven-dimensional solution to be globally a fibration with X3 and S4
— which are spin — then Y} is also required to be spin and so A must be a connection on
a U(1) bundle. This is fine for many solutions, including AdS, (even with the non-trivial
instanton of [50, 51]); the self-dual Taub-NUT-AdS solutions of [31], which have topology
R*; the SUSY dyonic black holes with topology D? x g

However, generically there are also four-dimensional solutions Y; that are only spin®.
For instance, this is the case for the non-self-dual bolt solutions of [31]. They have topology
M, = O(—p) — 4 and the U(1) connection has flux through the ¥, cycle. For the -BPS,
we have I » (

g —==*

1—-g). 4.2
=510 (4:29)

Since this is a half-integer for odd p, A is a spin® field in that case.
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Looking at the form of the metric in (4.25), we see that the S* is written as a S* x S2
fibration over an interval: at v = 0 the circle collapses and the S? collapses at v = /2.
In order to guarantee the regularity of the metric at ¥ = 0 it is important that the global
angular form of the circle bundle has the right periodicity. The canonical periodicity of
1 in order to cover the full S* is Ay = 27. To have a well-defined circle bundle its first
Chern number should be an integer, which would also require A to be a well-defined U(1)
connection, which doesn’t happen for generic Yy = M,. To remedy this and guarantee
that we still have a well-defined circle bundle, we should change the periodicity of ¥: by
setting Ay = 27 /k, the first Chern number of the bundle over ¥, is

F P
k —cZ & klx=-(1- 7,
g/zg%e < 2 ( g))E

(4.30)
& +kp —2k(1—g)=0 mod 2.

This requires kp € 27Z: if p is odd, we need to take k = 2, for instance. In fact, this is
more general than this specific solution: if A is a spin® connection, we require v to have
periodicity, resulting in uplifting Y3 on X3 x S*/Z.

Having considered the global regularity of the metric, we should then ask whether the
eleven-dimensional space Y11 is spin. As mentioned, Yi; is a sphere bundle of a R? bundle
over Y; x X3, with total space Z1o. In fact, the way S4 is written in (4.25) shows that it is
easier to write R? = R? x R3, where R? is fibered over Y3 and R3 is fibered over ¥3. Since
Y11 = 0712, we may focus on Z15. More is true: any vector bundle deformation retracts
to its zero section, which is isomorphic to the base, so we can just study Yj; x 3. This is
because a deformation retraction is an homotopy equivalence, so H*(Z12) = H*(Yy x X3).

The bundle we should focus on is then £ @ TY3, where £ is the R? bundle over Yj.
It is tempting to conclude that Zjs is spin iff £ has vanishing Stiefel-Whitney class, but
there is a subtlety that we have so far glossed over. As we have found earlier, in order to
guarantee regularity of the metric it is necessary to uplift spin® manifolds on S*/Zs, which
means that in those cases £ is a bundle with fiber R?/Z,. Studying its cohomology is
subtler, and we shall not attempt it here. We should remark, though, that asking for spin
Z19 is only necessary in order to guarantee that Y71 is spin, so it could be possible to find
the uplift conditions in another way. In the following we shall restrict our considerations
to spin Yz, which uplift on S*.

4.4 Subleading corrections

Starting from eleven-dimensional supergravity, we can also begin studying the subleading
corrections to the large N result. As before, we first reduce to seven-dimensional super-
gravity, and then to four-dimensional minimal supergravity using the Pernici-Sezgin ansatz.
However, in order to simplify our computations we shall focus only on the SO(5) gauge
fields, partly following [73]. As mentioned in the previous section, we view spacetime Y7; as
a sphere bundle over Y7, and the resulting seven-dimensional gauge group arising from the
structure group of this bundle. The ansatz for the four-form (4.7), which has non-trivial
flux through the four-sphere, is an extension of the global angular four-form, which is the
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unique closed and gauge-invariant extension of the sphere volume form (see appendix B).
In fact, we may single out the part of the ansatz with flux through S* by writing!”

8 2
G:gigE4+.... (4.31)

A more precise definition of the topological term in the action of eleven-dimensional super-
gravity (4.1) can be given in terms of the integral of a closed form on a twelve-dimensional
manifold X9 for which 9X12 = Yi;, which we view as a S* fibration over Xg (with
0Xs = Y7). Then, we can use the Bott-Cattaneo formula (B.6)

11 1 2567
S11D—a—s5— GANGNG = —-—a—5—+— EsNEq4 ANEy
2’{%1 6 Jx1, 2’%1 399 X12
1 647

a%%lw/)( p2(E) (4'32)
11
- 3316 /Y7 (Qs[A, F] A PA[F] — 2Q7]A, F]) .

Here, E is the rank-5 bundle over Y7 used in the construction of the sphere bundle, and
A, F are, respectively, the connection and curvature of the SO(5) gauge bundle, whereas
FE and A, F are the corresponding extensions in the bulk Xg. In the last equation, we have
used (4.13), and we recognise the topological term in the seven-dimensional supergravity
Lagrangian (4.9). The choice of o = —1, different from the case considered in section 4.1
is due to the different supersymmetry conventions used also in [65, 67].

It is known that the lowest-order correction to the equation of motion of the eleven-
dimensional four-form is [24, 25]

27 (X12)? — 4pa(X12)

P1
_loop = —Q——— . 4.
S1-100p a(27r€p)3 i G A 192 (4.33)

In order to reduce this term to seven dimensions, we expand the Kaluza-Klein ansatz (4.6)
to leading order in the derivatives, so that T'X12|x, = T X3 @ E and the spin connection is
simply the sum of the two connections:

w(Xg)ab 0
w(X12)P = ( 0 gAlymiin) (4.34)

where A, B are indices on T X192, a, b indices on T'Xg, Tj are the components of the SO(5)
gauge connection, K% are Killing vectors generating the SO(5) isometries on S*, and m,n
are indices on T'S*. Therefore, we write

p1(X12) = pi(Xs) + ¢ m(E),
pa(X12) = pa(Xs) + 62 p1(Xs) Ap1(E) + g* p2(E).

19As a check, notice that this expression for G' gives, using (B.4)

_ 1
T 8w

Setting T;; = d;; in the full ansatz (4.7) gives A = 1,U = —3 and so we find the same expression at leading

(4.35)

€ayazasagas YT Dy*? A Dy®® A Dy®* A Dy®® + ...

order.
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We can then integrate along the S* fiber, obtaining the one-loop correction to seven-
dimensional supergravity

B 1 4 = Ly — 2
S1-100p = —am /Xg [—m(Xs) —g'pa(L) + 1 (9 p1(E) —pl(Xs)) } . (4.36)
Altogether, using the quantization of the four-form flux and o = —1, the topological terms

in seven dimensions read

N3 — N —
S7,top = QW/X lMg4p2(E)
8

(4.37)

+ % (g4p2(E) — pa(Xs) + % (a%p(B) - p1(Xs))2> ] :
As expected by AdS/CFT, this reproduces the structure of the R-symmetry anomaly of
the six-dimensional (2,0) SCFT obtained on the worldvolume of Njs5 M5-branes, which
reduces for Njs5 =1 to the anomaly of a free six-dimensional tensor multiplet (the sec-
ond line).

Now consider the Pernici-Sezgin ansatz (4.18). We have

p1(Xg) = p1(Ya) + p1(X4), p2(Xg) = p1(Ya) Ap1(Xy),

— 1 1 _ 1 (4.38)

p1(E) = ?M(XD + pF NF, p2(E) = ﬂ_ngpl(X4) NENF.

and substitution leads to
2N3 . — N 2 N
S7 top = 27r/ p1(Xy) ME’—ME’% FAF— s p1(Yy)
X, 6 8% Jya 48 Jy,
N Ny & N (4.39)
= —es(Ny) (M5 M5 8 [ pap DM Y| .
CS( 3) ( 3 872 Jya 24 Jy, pl( 4)

These topological terms would appear in the semi-classical approximation of the gravity
partition function. However, they are not well-defined even if Y, is a closed spin four-
manifold. In this case, we know that g2 [ F? € 872Z, and [ p1(TYs) = 30(Yy) € 487Z (by
Rokhlin’s theorem), so we can write

2N3s — TN,
3

For compact X3, the Chern-Simons invariant is well-defined modulo 27, but the fraction

S?,top c 68(23) 7 . (4.40)

is only an integer if Njs5 is a multiple of 3. This is consistent with the fact that the
topological term in eleven dimensions is also not well-defined on its own [69].
The expression above also gives the subleading correction to (4.28) for the 9 angle

2N3s — Ny,
3

From the discussion in section 2.4, the presence of the finite counterterm (2.36) guarantees

¥ = cs(X3) +o(N). (4.41)

that ¥ should be periodic with period 27 even on a space with a boundary. However,
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the expression above is not periodic unless Nj5 is a multiple of 3 (since 2n% + n € 3Z
for any integer n). Thus, we expect other subleading terms to contribute. At the same
order as (4.33) there are corrections to the Einstein equations of motion in the form of R*
terms [74], but these reduce in seven dimensions to R? terms and thus should not contribute
to the ¢ angle in the further compactification following the Pernici-Sezgin ansatz.

The expression (4.41) has been obtained by reducing eleven-dimensional supergravity.
However, it is also possible to obtain the higher-derivative correction to four-dimensional
supergravity, as done in [10], and compare the results. Their expression for the Euclidean
action including four-derivative corrections is

Sup = S + (Cl + CQ)Sw2 + c2SaB + 167l'2i63 /p1 <Y4) + 161(63 + 64)92/F ANF, (4.42)

where S is the two-derivative action (2.1), Sy2 is a supersymmetrised version of the Weyl
squared action, and Sgp is the Gauss-Bonnet action. This should be compared with the
Wick-rotated version of the subleading action (4.39), which leads us to conclude that, for
this compactification

N
167%c3 = —08(23)ﬂ , cy=0. (4.43)

These results have been obtained by looking at the subleading corrections directly in the
eleven-dimensional effective Lagrangian. However, in this approach it is difficult to justify
whether one has accounted for all the relevant terms, as there are ambiguities due to
potential field redefinitions. So, it is important to check them using independent methods,
such as amplitudes [75].

5 Field theory

The AdS/CFT dictionary relates the on-shell gravity action in d + 1 dimensions with the
partition function of a field theory formulated on a d-dimensional manifold with the same
geometric structure as the conformal boundary of the gravity solution. Which field theory
should be considered depends on the knowledge of the full string/M-theory solution and
hence on the choice of internal manifold.

As showed in section 4.1, we can embed solutions of four-dimensional minimal su-
pergravity in eleven-dimensional supergravity by uplifting on seven-dimensional Sasaki-
Einstein manifolds. In this case, there is no ¥ term in gravity and the on-shell action is
real. The dual field theories are known for numerous choices of Sasaki-Einstein manifolds
and are generically non-Abelian Chern-Simons-matter theories, for which the localization
procedure is often known and the large N limit of the partition function successfully com-
pared with the gravity observable. This is the case that was discussed in [7].

On the other hand, in section 4.2 it was shown that the consistent truncation of
eleven-dimensional supergravity on X3 x S% leads to an additional ¥ term in the four-
dimensional supergravity action (4.27), which makes the on-shell action generically complex
in Euclidean signature. The dual field theory on M3 is a N' = 2 SCFT that is obtained by
wrapping N M5-branes on M3 x Y3 and then looking at the IR compared to the energies
associated with the compact X3 [71]. It is the IR limit of a twisted compactification of the
An_1 six-dimensional (2, 0) theory: the SO(3) C SO(5) twisting in the gravity ansatz (4.18)

— 30 —



corresponds in the dual field theory to the topological twist by the SO(3)r C SO(5) g, which
indeed leaves a commutant SO(2)r = U(1)r symmetry dual to the gauge field in four-
dimensional supergravity. This R-symmetry is the one used to couple to the supergravity
background necessary to formulate the theory on a curved Ms. The investigation of the
resulting field theory Tn[X3] goes under the name of 3d-3d correspondence, and one of its
crucial conjectures is that Tv[X3] should only depend on the topology of 33 [27-29].

The construction of Tx[X3] has not yet been fully untangled, one of the issues being
whether the vacua of Ty [¥3] account for all the PSL(/V; C) flat connections on X3 or only
a subset thereof [76].1' Here we are interested in the case where Y3 is hyperbolic. From the
supergravity viewpoint, this is necessary in the ansatz (4.18), as otherwise the resulting
consistent truncation does not preserve supersymmetry or have an AdS vacuum [72].

Generically, the large N limit of the free energy of the field theory is computed using
a saddle point approximation, and the dominant saddles contributing to the evaluation
could lead to a complex value for the free energy. This is known to be the case for partition
functions corresponding to twisted indices: complex saddle points contribute in conjugate
pairs resulting in an oscillating twisted index (there is a growing literature on the subject,
see e.g. [82-90]). Here we have showed that, at least for theories arising from M 5-branes, it
is also true for the partition function on a generic fibred background. In fact, another crucial
result of the 3d-3d correspondence is that the supersymmetric partition function of Tx[¥3]
on various spaces is captured by the partition function of SL(N, C) complex Chern-Simons
theory on X3 at an appropriate level (see [91-94] for a derivation). Therefore, combining
the expectations from AdS/CFT and 3d-3d correspondence provides us with a conjecture
for the large IV limit for the partition function of complex Chern-Simons theory as well.

To view concretely this limit, we first recall that Mostow’s rigidity theorem guarantees
that the hyperbolic metric on X3 is unique, so Vol(X3) is a topological invariant (in fact a
homotopy invariant). The Chern-Simons invariant of the spin connection of the hyperbolic
metric (4.20) is another topological invariant, which naturally combines with the hyperbolic
volume in an invariant which is referred to as complex hyperbolic volume [95, 96]. More
precisely, for a three-manifold both the dreibein and the spin connection can be seen as
50(3) connections and we can introduce the s[(2, C) geometric connection A8°™ = w + ie

and its complex conjugate A8%°°™. This connection defines the complexified hyperbolic

volume via the following relation

CS[Ageom] = 817T/ tro <Ageom A d.A8eem 4 %Ageom A A8eom a Ageom>
33
_ L
CArw
i
= — Vol¢(X
47T o (C( 3) )

(Vol(X3) — mics(X3))
(5.1)

cs[ A& = —ﬁ Volg(23)*.

1171t is surely true that the structure of the theory is very different depending on whether X3 is hyperbolic
or not. In the latter case, if 33 is a Seifert manifold the resulting field theory enjoys an additional U(1)
symmetry associated with the circle action of the Seifert fibration (see e.g. [77-81] for the construction).
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First, observe that these are precisely the combination appearing in (2.55) after substitution
of (4.28), so that we write

47 (b1 + b2)? (b1 — ba)?
't = N3 Volg(23) 2L — Volg(X3)——=
V| 3 Voot O - 57 e O

nuts_ nuts

b Y Vol [ (GalT=) + anvs.) (5.2)

bolts >_ -

+ > VOI(C(Z;),)/ (101(TE+) - 101(NZ+)) ] .
bolts ¥4 £+ \2 4
We see that the complexified hyperbolic volume appears naturally in the expression for
the IR contribution to the on-shell action. Provided a smooth gravity solution exists, this
expression gives the contributions of the saddle points to the large NV limit of the partition
function of the field theory on M3 = 0Y, bounding Yy. Of course, only some of them will be
dominant. However, as already remarked, it is known that the field theory limit “sees” the
contributions from various supergravity fillings, even in the case of Chern-Simons-matter
field theories [2].
In order to be more concrete, we can consider various examples dual to those reviewed
in section 3. To construct them, we shall need a few relations. First, given hj, ho € pgl(2)
and denoting by py the N-dimensional irreducible representation of pgl(2), we have

telpn () (ha)] = 2t ] (53

Secondly, we shall need the large N expansion of the Reidemeister-Ray-Singer torsion [20]!2

N3
Tor,gj[¥3, A%°™] — exp <37r Vol(33) +ifx, N + O(N)) ,
(5.4)
. N3
Tor,gj[¥3, A%*°™] — exp <37r Vol(X3) —ify, N + (’)(N)> .

where 0y, v is a real number. The large N limit of the absolute value of the torsion is
rigorously proved, whereas an expression for the phase factor has been conjectured in [6],
where numerical evidence has been gathered. Here we shall find additional evidence in
support of the conjecture

3

N
On s, = —?03(23) + o(N?) mod 27, (5.5)

to obtain
N3
Tor,g;[¥3, A%*°™] — exp <37r Volc(X3) + O(N)> ,
(5.6)
_ N3
TOI'adj [23, Ageom] — eXp <37r Volc(zg)* + O(N)) .

12This is the analytic torsion of an associated vector bundle in a representation and twisted by a flat
connection. For the case relevant to us, we restrict to the adjoint PSL(NV, C) bundle and the flat connection
will be either A%*°™ or A8°™.
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The solutions in section 3.2 have trivial fibration and there is a non-trivial flux of
the gauge field at the boundary, so they are dual to field theories on supersymmetric
backgrounds Mz = S x Y4 where the U(1)g gauge field is used to implement a topological
twist and the resulting partition function is a supersymmetric index topologically twisted
by the R-symmetry [97]. The requirement that g > 1 for the supersymmetry of the gravity
solutions corresponds to the fact that the large N limit of the refined topologically twisted
index on S' x S? vanishes (as showed using the 3d-3d correspondence in [22]). For g > 1,
the twisted index of Ty[X3] on S! x %, is related to the Reidemeister-Ray-Singer torsion
of the irreducible flat SL(N, C) connections on ¥3. The large N behaviour of the resulting
invariant is given by [20]

Zgp—0 (TN[E3]) = N9~ Tor,g;[Ss, A5°™9 ! + N97 ! Tor,qj[Ss, A3

N3 N3 (5.7)
— exp 3 Vol (23)(1 — g)] + exp [—% Volc(33)*(1 —g)| ,

to leading order in N. The fact that modulus and phase combine into a complex topological
invariant of 33 was expected from the 3d-3d correspondence, since the partition function of
Tn[X3] should only depend on the topology of 33. The two contributions arise from saddle
points corresponding to the geometric connection and its complex conjugate. As pointed
out in [6], the two terms in the sum can be explained by identifying each with one of the
two limiting solutions in (3.14), or equivalently the two solutions (3.26). Having done this,
we obtain

Zg,p:O (TN[Eg]) _ e—I[Bolt_} + e—I[Bolt+] , (5.8)

consistently with the expectations of AdS/CFT (we have set Ay = 27 since both solutions
are spin).

This can be easily generalised to the case with non-trivial fibration. The partition
function of T [YX3] on the space Mg peaz., preserving two real supercharges can again be
related to the Reidemeister-Ray-Singer torsion and the large N of the resulting invariant
computed [20]. In this case, the authors found a single saddle point that contribute to the
evaluation, corresponding to the flat connection A&%°™:

Zgperno (IN[Z3]) = N9 exp (2291 cs [PN (AM)D Tor,q;[Z3, A9~

s exp {_ ]§V01C(23)* (1_9_2)} (5.9)

The dual gravity solution is the %-BPS solution with topology O(—p) — X, with ac-

tion (3.26), which is spin since we have chosen even p. So we write
Zgpearsg (T [Ss]) — eI, (5.10)

The existence of a unique saddle point is due to the fact that the family Bolt_ has larger
on-shell action for p > 0, whereas when p = 0 the two solutions have the same on-shell
action and thus have the same claim to represent a saddle point of the gravitational path
integral. Furthermore, notice that the matching with the field theory supersymmetric
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partition function doesn’t require IVV (3.27), thus providing further evidence in favour of
the necessity of the finite counterterm (2.36).

Finally, another supersymmetric background important for the 3d-3d correspondence
is the U(1) x U(1) squashed three-sphere, which preserves two supercharges (3.8). The
partition function of Tx[X3] on this background should be equal to the partition function
of SL(N, C) on 3 with parameters % and & related to the squashing

Zy (T[Ss]) = Zs, (CS;h = 2mib?, h = 27ib™2) . (5.11)

The observable on the right-hand side is hard to compute. However, it was shown in [17]

—4m?/h are subleading in N, at least for the

that the non-perturbative effects of order e
absolute value. If we can ignore the non-perturbative corrections, then Zs,(CS) has the
same asymptotic expansion in A as the perturbative expansion of the SL(N,C) Chern-

Simons partition function around the saddle point A48°°™;

Zs, (cs; B, ’ﬁ) ~ ZBert (cs- h, b; Ageom)
= exp ( hsf‘g“"‘ - §1og B4 S5 ST o IS AETT )
(5.12)

with
SEE™ = 4 es [PN (AW)} ~ —i]\g)) Volc(33)* + o(N?)

; (5.13)

eom 1 Soerm- N
SAg =—3 log Tor,qj[X3, A%™] ~ > Volg(23)* + o(N?) .

The expression for S, with n > 2 are not proved rigorously. However, the authors of [17]
found numerical evidence in support of the following conjecture

]. geom
lim — Im |S5' b
NLHéON m |55 = 24 (&), (5.14)
eom ]. eom ’
AE s AE _
i 5577 = Jim_ s Re [557] 0.
1 geom
lim -S4 = 35)*
N N3S2 Sam2 vole(®s)" (5.15)
lim —35;14@0“1 =0 mod 27i n>3.
N—o0
According to this conjecture, we would find
N31 1\? .

The dual solution is AdSElb), meaning AdS; with an instanton considered in section 3.1,
with IR action (3.3), and indeed

Zy (Tn[25]) — o1 [AdS]) ; (5.17)

Again the presence of a single saddle point corresponds to the gravity solution with larger
on-shell action, and the absence of 1YV (3.12) supports the finite counterterm (2.36).
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As far as we know, this list exhausts the supersymmetric backgrounds for which the
large N limit of the 3d-3d correspondence has been studied. However, the examples consid-
ered in section 3 allow us to immediately conjecture the values of additional observables in
the large N limit. For instance, (3.26) shows that the large N limit of the partition function
of Tn[X3] on squashed M, should not depend on the squashing parameter, consistently
with the standard analysis of [9]. Similarly, the analysis of section 3.5 gives an expectation
for the value of the large N limit of the partition function of Tx[X3] on squashed Lens
spaces, as studied in [94]. The interpretation of these partition functions is not obvious
from the 3d-3d correspondence.

We should also point out that the supergravity ansatz made in order to construct
the four-dimensional solutions holographically dual to Tx[¥3] requires X3 to be compact.
However, it is also possible to construct a field theory Tx[X3] for cusped X3, meaning that
it is non-compact but with finite volume. In this case, it is more difficult to define a Chern-
Simons invariant because it is more difficult to find a section of the frame bundle. It is
still possible to define an analogous invariant [98], in which case the complex hyperbolic
volume is defined modulo im? and still related to the integral of a s[(2, C)-valued geometric
connection [96]. This invariant, though, also includes contributions from the cusps, which
is not clear how to introduce in the supergravity setup.
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A Chern-Simons conventions

Let A = A*T“ be a g connection, and T* the basis of g, with the following normalizations

tre(TT%) = C(x) 6°°, [T, T%] = f*T7,

Al
F:dA+A/\A:(dAaJr;faﬁ”Aﬁ/\AV)Ta, (A1)

where C(r) is (minus) the index of the representation r. The Chern-Simons 3-form is
defined by

2

Qs]A: g,1] = try (A/\dA—I—A/\A/\A)
3

) (A.2)

=C(r) (Aa AdA® + §faﬁv A% N AP A m) :

It has the property that dQs[A; g,r] = trp.(F A F).
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Now extend the definition to a complexified gauge group G¢ with algebra gc for which
G is the compact real form. Write A = A + iB for the gc-valued connection with A, B

g-valued connections. The curvature is
F=Fs+iDpB—-—BAB, (A.3)

where

(D4B)* = dB* + f**7AP A B7. (A.4)

The Chern-Simons form for the complex connection is
2
Qs A: goox] = try <A/\ dA+ZANAN A>

= Q3[A4;9,r] —tr (BA DaB) + 2i try (B ANFy — %B ANBA B) (A.5)

—id(try AN B)
The action of G¢ Chern-Simons theory is
k+is k —1is —
I = . .
oy /Q3[A7gvr] + {7 /Q3[A7gvr]

(A.6)
:;/(QS[A;Q,P]—H(B/\DAB))—;r/trr <B/\FA—;B/\B/\B) .

Invariance under large gauge transformations requires k € Z, and wu is either real or purely
imaginary in order to have a unitary theory [99].

We are interested in so(N) bundles. A connection of so(N) in the defining represen-
tation is concretely represented by an anti-symmetric matrix A = A% with A% = —Abe,
Then we can define the Chern-Simons form (for so(N), C(fund) = 1)

2
Q3[A;s50(N), fund] = tr (A/\dA—i— 3A/\A/\A) . (A7)

A standard argument based on extension in the bulk then shows that the integral of
Q3[A;50(N), fund] on Y3 is well-defined modulo 1672 if we choose a spin structure on
Y3, otherwise modulo 872.

Over a three-manifold there is a special s0(3) bundle, the frame bundle. The connection
is the spin connection w®, and we can define the Chern-Simons form

Q3lw;s0(3), 3] = trs <w A dw + gw A w /\w) . (A.8)

For a closed oriented 3-manifold with a choice of spin structure, this defines a topological
invariant defined modulo 27

1
cs(X3) = —/ Q3[w;s0(3),3] € R/27Z, (A.9)
8T Jys
which is well-defined modulo 27w. However, it is also possible to define a topological invariant

without choosing the spin structure, using the Chern-Simons “at level one” (2.37)

1

o Q3[w;s0(3), 3]. (A.10)
T J5,
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In fact, for s0(3) more is true, since both the dreibein and the spin connection can be
seen as §0(3) connections. Thus, we can dualize the index and write

ot = %eabcwbc, w® = ebegse, (A.11)

dualizing the index. This allows us to construct a natural complex connection for gc =
5((2,C):
Ageom = 0 +ie”. (A.12)

This is the geometric connection, whose curvature can be found applying (A.3)

1
]:geom i 2 el A\ ef ) (A.13)

where p? is the curvature two-form. Substitution in (A.5) leads to

1
/Qg Ageom; 5l(2,C), 2 /ngsu ]+21/tr2<e/\ﬁ—3e/\e/\e>

(A.14)
—/ngsu 2] — 2 (R +2)vol,

Changing the representation of su(2), we conclude that for a compact 3-manifold with a
chosen spin structure

/ Qs Ageom: 51(2,C), 2] = 27 es(53) — - / (R +2) vol, (A.15)
PP 2 /sy

Now choose a hyperbolic 3-manifold. By hyperbolic 3-manifold we mean a complete
Riemannian three-dimensional manifold with constant sectional curvature —1. All these
manifolds can be obtained as quotients of H? /T, where I' is a Kleinian group, a discrete sub-
group of PSL(2,C). We also restrict to the case of manifolds with finite volume. Mostow’s
rigidity theorem guarantees that for this class of manifolds the hyperbolic structure is
uniquely determined by the homotopy type, so the volume is a topological invariant. Note
that these manifolds (with finite volume) can be compact or non-compact. A non-compact
hyperbolic manifold without boundary and finite volume is also called cusped.

For a hyperbolic manifold, (A.13) shows that the geometric connection is flat, and we
can simplify (A.15) to

/E 3 (—;Qg[Ageom;sl(Q, o), 2]) — Vol(Ss) — i es(S) (A.16)
The quantity
Vole(3s) = Vol (S3) — i es(S) = /E (—;Qg[Ageom;s[(Q,C),z]) (A.17)

is the complex hyperbolic volume of the compact hyperbolic three-manifold [95, 96]. It is
a topological invariant defined modulo i27? (having chosen the spin structure). Therefore,

it is natural to write it as an exponential

exp (1 VO]((;(Zg)) = exp (1 Vol@(23)> emies(a) (A.18)
7r T
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We are also interested in non-compact hyperbolic three-manifold (that is, with cusps).
For instance, most knot complements are non-compact. In this case, it not necessarily true
that there is a global section of the frame bundle that can be used to compute the Chern-
Simons invariant using the formula (A.8) with Q3. However, Meyerhoff [98] has showed
that there is a way of defining a Chern-Simons invariant by defining a special singular
frame, and adding the contribution from the singularities at the cusps:

1 1
Me
M) = o [ Qulwsso(3).3]4 5 30 7(K) modw, (a9
87 Js(2s\L) 2 KXE:L (A.19)
where L is a link in X3, with components K, s : X3\ L — F(Ms3) is a special singular
frame, and 7(K) is the torsion of the singular curve K in L. This can also be used to

construct a complexification of the hyperbolic volume, by defining

VolMe(523) = Vol(23) — mies™Me(23), (A.20)

which is defined modulo ir?

. Just like in the case of compact hyperbolic manifolds, this
Chern-Simons invariant can also be related to the integral of the s[(2, C)-valued geometric

connection [96].

B Bott-Cattaneo formula

For an o(NN) vector bundle E with curvature F' (represented by an antisymmetric matrix)
we can define the Pontryagin classes

1 1
=g = [(br F2)2 — 2t P4 (B.1)
Y5

—8(2m)t
This is in particular true of the tangent bundle.
Let £ — B be a rank 2m + 1 vector bundle over B. The fiber over p € B is a copy
of R?™*+! parametrized by y%, a = 1,...,2m + 1, equipped with a fiber metric. The sphere
bundle S(F) associated to E is the bundle S(F) — B whose fiber over p € B is the
unit sphere S?™ C E, = R?m+1 This bundle has structure group SO(2m + 1) and the
non-triviality is represented by the connection A%. This allows us to define the forms

Dy® = dy® + gA%yb,  F® = dA® 4 gA% A AP, (B.2)

The global angular form for S(E) is the unique closed and gauge-invariant improvement of
the sphere volume form. For m = 1,2, it has the following form

1
Es = geamzas y™ [Dy* A Dy + g F42%] | (B.3)

1
E, = mealm%(mas ya1 [Dyaz A Dyag A Dya4 A Dya5 + 29 Fa2as a Dya4 A Dya5
s

(B.4)
+ g2 @203 A Fa4a5} )

Here, we have chosen a normalization such that the global angular form integrates to 1
along the fiber:

Egpn = 1. (B.5)
S2m
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The Bott-Cattaneo formula gives a relation between the integral of the global angular form
along the fibers, and the characteristic classes of the SO(2m + 1) bundle over B:

2ms

/ng (Eom)2+2 = 0, /ng (Eam) 2+ = 9225 (B - (B.6)
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