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Abstract

Let No = {0,1,2,...} and a = {a(j)}en, be a complex valued sequence. A one-
dimensional Hankel operator H, is understood as an infinite matrix H, = [a(i+7])]; j>0 that
acts on the elements of £2(Np). In the same spirit, for any d > 2, a d-dimensional Hankel
operator H, can be realised as the action of the d-dimensional matrix H, = [a(i+j)]; jend
on (?(N3), where N& = {(j1,J2,---,Ja) : Ji € No, i = 1,2,...,d}. Let k € RL, where
RY = {(21,22,...,2q) : x; > 0, i = 1,2,...,d} and denote by “” the usual inner
product on R?. For v > 0, we define a special class of d-dimensional compact Hankel
matrices H, = [a(k - (i + j))]; jena, where a : Ry — R is a one-dimensional function such
that a(j) ~ j~%(logj)~7, when j — +o00. Then the positive and negative eigenvalues of
H, present power asymptotics of the form A\X(H,) ~ C*n™, when n — +o00. We also
construct analogous results for d-variable integral Hankel operators that act on LQ(Ri).
This work generalises earlier one-variable results by A. Pushnitski and D.Yafaev.



Preface

The purpose of this thesis is to briefly describe some recent results on the spectral theory
of one-dimensional Hankel operators and ensuing, study some aspects of their multidi-
mensional version. The main part of the thesis consists of constructing and presenting
multidimensional analogues of the aforementioned one-dimensional spectral theory.

The theory of Hankel operators is a well studied branch of Mathematics that lies
at the overlap of many fields such as complex analysis and operator theory. The first
formulation of what is known today as a Hankel matriz was constructed by Herman
Hankel in 1861 ([14]). More precisely, he constructed finite matrices [a;;]};—y, Where
the entries a;; depend strictly on the sum of the i-th row and the j-th column, i.e.
a;; = a;+j. The purpose of this construction was the investigation of determinants of
such matrices, that today are known as Hankel determinants. The Hankel determinants
appear in problems of moments (e.g. Hamburger and Stieltjes moment problems; for
a comprehensive introduction see [29]). Besides, the Hamburger and Stieltjes moment
problems and thus, Hankel determinants too, are interlinked with the theory of orthogonal
polynomials. More precisely, the existence of a sequence of orthogonal polynomials is
closely related to the positive definiteness of certain finite Hankel matrices; for more on
this subject we refer to [6]. One of the first people who made the transition from finite
Hankel matrices to infinite ones was Leopold Kronecker, who proved that the finite rank
Hankel matrices are these whose entries are Taylor coefficients of rational functions (see
[21, §1.3]). Many years later (1957), Zeev Nehari linked again the Taylor coefficients
(of bounded function on the complex unit circle) with infinite Hankel matrices. More
precisely, he gave a boundedness characterisation for Hankel matrices defined on the space
of square summable sequences ([18]). Since then, many contributions have been made to
the theory of Hankel operators with applications ranging from purely theoretical branches
of mathematical analysis to more applied fields such as control theory and probabilities.
For an integrated approach to the theory of Hankel operators, we refer to [19], [20] and
21].

We start our presentation with the small introductory Chapter 0. There the reader
can find a brief description of our survey together with some results of A. Pushnitski
and D. Yafaev (cf. [23] and [24]) that served as motivation for this work. By clarifying
the motivation that prompts our multi-dimensional analysis, we gradually develop the
articulation of the main results and explain the most important techniques of our proofs.
Finally, Chapter 0 includes a quick presentation of the thesis’ structure, where the reader
may find a short synopsis of the next chapters.
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Chapter O

Introduction

0.1 Background theory

0.1.1 One-dimensional operators

Let No = {0,1,2,...} and consider an arbitrary complex valued sequence a = {a(j)};en,-
Then a Hankel operator H, is formally defined as the infinite matrix H, = [a(i + j)]; ;>0
whose action on the space of square summable sequences ¢*(Ny) is described by

(Hax) (i) = > ali+ j)z(j), Vi € N, Vo = {2(j)}jen, € £*(No).

J€No

In complete analogy, a function a : Ry — C, where R, := (0, +00), formally defines an
integral Hankel operator H,, described by

)= [ alr+n)r)dy, Vo e R VS € LR,

The sequence a and the function a will be called the kernel of the Hankel operator H,
and H,, respectively. From now on, we denote with boldface letters the integral Hankel
operators and their kernels, so that we distinguish them from the discrete case.

In the context of this thesis we mostly deal with bounded, compact Hankel operators.
To begin with, let us focus on the case of Hankel matrices H,. The boundedness can
be obtained if a(j) = O(;71), when j — 400 ([33, Theorem 3.1]), and compactness if
a(j) = o(j71), for j — +oo ([33, Theorem 3.2]). In fact, the cited theorems prove that
these conditions are also necessary when H, is positive. It is essential to notice that a
boundedness-compactness threshold, in terms of the rate of decay of a, is the exponent
—1. In order to illustrate this more, we consider the following special class of kernels (for
discrete Hankel operators):

a(j) = 5 Vj €Ny, for 3>0. (1)

1
(J+1)
Then it can be verified that when 5 € (0, 1), the respective Hankel operator H, is un-
bounded. For § > 1, H, will be bounded and, for § > 1, will be compact. As a typical
paradigm of the importance of the exponent § = 1, we mention the Hilbert matrix
H = [mﬁ]mzm which is a bounded, non-compact Hankel operator.

8
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H. Widom in [33] derived eigenvalue asymptotics for a special class of compact, positive
Hankel matrices. More precisely, by considering sequences of the form (1), for § > 1, he
proved that the eigenvalues of H,, \,(H,), decay stretched exponentially:

M (H,) = exp <—7T 20n + 0(\/ﬁ)> , M — —+00.

After the contributions on the subject by K. Glover, J. Lam, and J. R. Partington who
constructed a class of Hankel operators with power symptotics (cf. [10]), A. Pushnitski
and D. Yafaev noticed that there exists another whole class of compact Hankel operators
that gives power asymptotics, too. More precisely, they started with a class of Hankel
matrices which lies between the Hilbert matrix and the class that H. Widom considered.

In fact, in [23] and [24] they introduced Hankel matrices H, = [a(i + j)]; j>0, where
() ! VjEN, for 7> 0
a\y) = 7= : y V] , Ior 7y .
(7 +1) (log(j + 2))"
Furthermore, in [23] they derived explicit eigenvalue asymptotics for this class of com-

pact Hankel operators. More precisely, they showed that the positive, AT (H,), and the
negative, A\ (H,), eigenvalues of H, obey the asymptotic formula below:

AN (H,) =277C1,n " +0(n™?) and X\, (H,) =o(n™7), as n — +oo, (2)

. Gesin) ] <ot (23) @
R (mz)

and B(-,-) is the Beta function. Their respective result for the continuous case states that
if Hy : L*(Ry) — L*(R,) is an integral Hankel operator with kernel

where

CL’Y =

_
2

a(z) =x"' (14 (logz)?) *, Vo >0 and for some 7 >0,
then the eigenvalue asymptotics for H, are given by

MMH,) =Ci,n " +o(n") and A\, (Hy) =o0(n"), as n— +oo, (4)

where the constant C ., is given in (3).

0.1.2 Multidimensional operators

For the discrete case, let @ : N¢ — C be a d-dimensional sequence. Then, the action of
the corresponding Hankel operator on £?(N@) is formally described by

(How) (@) = ) ali+ j)z(j), Vi € Ng, Vo = {2(j)}jemy € C(N). (5)

Respectively, a function a : R? — C, defines formally an integral Hankel operator Ha,
whose action on L*(R%) is described by

(Hof) (x) = / a(x +y)f(y)dy, Vx € RY, Vf € L*(RY). (6)

d
R+
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Next we present the class of Hankel operators that we deal with throughout our survey.
For let x be an arbitrary constant in R? and ag : Ry — R be an arbitrary function. For
the discrete case, we define kernels a = {a(j)};ena of the type

a(j) = ao(k - j), Vj € N, (7)

W

where is the usual inner product on R?. In the same spirit, the kernels a : R‘i — R of
the continuous case are described by

a(x) = ap(k - x), ¥x € R%. (8)

Relations (7) and (8) define a sufficiently rich and yet amenable to existing methods class
of Hankel operators.
Now let 5 > 0,

1
ao(z) = @) Vo € Ry,
and a be as it is defined in (7). Then it can be verified that if 5 € (0, d), the generated
Hankel operator H, is unbounded. For g > d, H, is bounded and, for § > d, compact.
Thus, the threshold exponent that distinguishes boundedness from compactness is 5 = d.

For some examples of bounded, non-compact Hankel operators of this type, we refer to
§2.1.2.

0.2 Main results

The main results of our study comprise Theorems 3.3, 3.5 and 3.8. Here we display a
more simplified version of these two results; see Theorems 0.1 and 0.2.
For choose an arbitrary v > 0 and define the function ag : Ry — R, given by

_
2

ao(t) =t~* (14 (logt)*) "%, vt > 0. (9)

It is proved that for this class of operators we can obtain a multi-dimensional analogue of
the asymptotics (2) and (4), for the discrete and the continuous case, respectively. In fact,
we have the following theorems, for the discrete and the continuous case, respectively:

Theorem 0.1. Let v > 0 and k € RL. If ag is the function that is defined in (9), then the
Hankel operator H,, which is defined in (5), where a(j) = ao(r - j), Vj € N&, is compact
and its eigenvalue asymptotics are given by

Cd,v

R1R2 ...Rq

N (H,) = n 7 +o(n") and X\ (H,) =o(n""), as n — +oo, (10)

where

o ([’
and kq(x) := (Cosh(g))fd, for all x € R.

Notice that F~! is the inverse Fourier transform.
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Theorem 0.2. Let k € R%, v > 0 and ag be the function that is defined in (9). Then the
integral Hankel operator Hy, defined by (6), for a(x) = ao(k - x), Vx € RL, is a compact
operator on LQ(R‘i) and its eigenvalues obey the asymptotic law below:

y
2 Cdﬁ
R1R9 ... Rqg

MN(H,) = n Y +o(n"") and A\, (H,)=o0(n""), as n— 4oo, (11)

where the constant Cgy . is the same as in Theorem (.1.

In Theorems 3.5 and 3.8 we obtain asymptotics similar to (10) and (11), for the discrete
and the continuous case, respectively, for a more general class of functions ag. More pre-
cisely, in the continuous case, we can assume that ay does not present the same behaviour
at 0 and +o00. Moreover, we can even perturb by an error term, under some smoothness
conditions for it, and still obtain power asymptotics. The above generalisations of ag
could be summarised as follows:

ao(t) = bot ™ (1 + (logt)z)_% + go(t), when t — 0",

and
ao(t) = boot ™ (14 (logt)?) % + goo(t), when t — +o0,

for some positive constant by and b,,. As we have already mentioned, the error terms g
and g, should satisfy certain smoothness conditions.

0.3 Key points of the proof

In contrast with the one-dimensional case, where the proving machinery is more or less
the same for both the discrete and the continuous case, in the multi-dimensional one there
is an essential underlying difficulty. In order to illustrate the situation, we mention that
by a change of variables one can pass, in Theorem 0.2, from the general continuous case,
namely from an arbitrary x € Ri, to the special case of Kk = (1,1,...,1). Unfortunately,
the change of variables is obviously not possible in the discrete case. This obstacle is
overcome by a series of some technical lemmas, that constitute a major part of our work.
Despite these difficulties, eventually, we are able to obtain power spectral asymptotics for
both the discrete and the continuous case. In both the two cases, the dependence of the
leading term coefficient on x has the same structure.

Let us cast some light on the main proof techniques that lead to the eigenvalue asymp-
totics. For sake of simplicity, we adopt the continuous case notation, but the main ideas
below are applicable to the discrete case, too. Let us display the four principal techniques
that are encountered:

e The construction of a model operator,

e reduction of the model operator to pseudo-differential operators,
e reduction to one-dimensional, weighted Hankel operators, and

e Schatten class inclusions.

The construction of the model operator (see §4.3.2) aims to give the leading term in
the eigenvalue asymptotics. More precisely, the model operator will be a Hankel operator
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which behaves “similarly” to the initial Hankel operator but whose eigenvalue asymptotics
are retrieved much easier. So let H := Hj denote the model operator, which is described
by (6), for a(x) = ag(k - x), for every x € R%. Here ao will be the Laplace transform of
a particular function o. More precisely,

+o0
ao(t) :/ o(NeMdX, vt >0,
0

where o is a smooth function, roughly described as follows:

= () Ao
ﬁAd_l (log )\>_’y, A — “+00 ‘

By using Laplace transform asymptotics, we conclude that ag behaves similarly to ag, as
t — 400 or 0. The latter yields the aforementioned “similarity” of H, and H. For the
discrete case, the model operator for k = (1,1,...,1) is constructed in §4.2.1.2, and for
general x in §4.2.2.2.

The derivation of the eigenvalue asymptotics of the model operator is attained after
a reduction to pseudo-differential operators; the same technique was also applied in [23]
for the one-dimensional results. The key idea for this reduction is to express the model
operator as a product of two operators, L*L. More precisely, L maps L*(R%) to L*(R;)
and is given by

(LA)YA) =N /---/e_’\zg1xif(a:1,...,xd) dz...dxg, Vf € L*(RL), VA > 0.
Ry

R4

Regarding its adjoint, L* maps L*(R;) to L*(R%) and is given by

+o0 4
(L*f)(:cl, CeyXg) = i VoA fN e Z=®id) YV € LAR,), Y(zy, ..., xq) € Ri.

Then, by exploiting the unitary equivalence of the non-zero parts of L*L and LL*, we
prove that the spectral investigation for H is equivalent to that one for LL*; note that
this technique was applied in the approach that H. Widom made in [33], too. In the
sequel, we prove that LL* is unitarily equivalent to a pseudo-differential operator, whose
eigenvalue asymptotics are obtained by a Weyl-type formula.

Finally, the initial Hankel operator, H,, can be expressed as a sum of operators,
H, = H+ (Ha — ﬁ) Since we obtain the eigenvalue asymptotics for H, we aim to
prove that the spectral contribution of the operator H, — H is negligible, compared to
that one of H. This will be achieved by proving certain Schatten-Lorentz class inclusions
for Hy — H. These inclusions depend on the range of the exponent 7 in (9) and are
obtained by a combination of interpolation and reduction to one-dimensional weighted
Hankel operators. This reduction is the part of the proof in the discrete case that hides
the most of the technicalities, so it is only applied for the special case of k = (1,1,...,1).

Finally, in order to clarify this last step, we provide its key points for the continuous
case, since the reduction in the discrete case is developed in a similar way. Moreover,
notice that we also assume that x = (1,1,...,1). This is possible, since, as we have
already explained, it takes just a simple change of variables to reduce to this case. Observe
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that the action on L*(R%) of the integral Hankel operators H,, which we deal with, is
described by

d
(Haf,g):/R /R ao <Z(:p,+yl)> fyr, ..y ya)g(@y, ..., xqg)day .. degdy; ... dya,

i=1

for any LQ(Ri) functions f and g. Besides, remember that we aim to reduce the expression
above to something that resembles a one-dimensional Hankel operator. To this end, it is
enough to notice that

g (Z(% + yz)> = ag (Z Zi + Z%) .

=1

The latter prompts the change of variables © = Z?:1 x; and y = Z?Zl Yi, so that x and
y lie in the one-dimensional space R, . By doing the algebra, we get that

(Haf.g) = (J'ToJf.g), Vf.g € L*(R%),

where J is a partial isometry from L*(R%) to L?(R;), given by

d—2 . d—1
i=1

i1 x z—y z
(Jf)(x):\/(d—l)!ﬁ_Z/o /0 f(xl,...,xd_l,x—Zl‘i)dxl...dxd_l,

=1

for every z € Ry, and Ty : L?*(Ry) — L*(R,) is the weighted Hankel operator defined by

+oo d—1 d—1
(Tof) () = (d — 1) / 2 aole +y)y'T f(y) dy, Yz € Ry, VS € L(R,).

So that we see that H, and Iy are unitarily equivalent (modulo null-spaces). For a
detailed presentation of the subject, we refer to §2.1.1.

0.4 Structure of the text

For the reader’s convenience, we conclude this introductory chapter by giving the structure
of the thesis. The thesis is divided into two main parts; Part I - One-dimensional
Hankel operators and Part II - Multidimensional Hankel operators.

Part I is a brief introduction to the one-dimensional theory of Hankel operators, in
order to familiarise the reader with the basic ideas. In paragraphs §1.1 and §1.2 are defined
the Hankel operators for the discrete and the continuous case, respectively. Moreover, we
present some boundedness-compactness conditions for both of the two cases. In section
§1.3 we introduce the concept of weighted Hankel operators. In section §1.4 we introduce
the notions of Schatten classes, as well as, of some other compact operator ideals. We also
present the main ideas around Besov classes. This class of functions plays an important
role in the theory of Hankel operators, since it gives extremely useful necessary and
sufficient conditions for Schatten class inclusions. Many of these results are due to V.
Peller and can be found in [21]. Finally, in the last section of this part, the reader will
find some examples of one-dimensional Hankel operators that aim to make the transition
to the multidimensional case smoother and more reasonable.
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Part II is devoted, as its title reveals, to the multidimensional analysis of Hankel op-
erators and constitutes the main part of our work. It starts with the introductory Chapter
2. There the reader will find the necessary definitions of discrete and integral multidi-
mensional Hankel operators. In parallel with paragraph §1.5, in Section 2.1 we present
the Hankel operators that constitute our main subject of research. In §2.1.1 we provide
a concrete presentation of the reduction to one-dimensional, weighted Hankel operators,
that was mentioned before, in the proving methods. The first chapter is concluded by the
construction of some examples of bounded, non-compact Hankel operators, that aim to
enlighten the importance of the dimension, in terms of compactness.

In Chapter 3 follows a presentation of the main results. Paragraph §3.1 is referred to
the discrete case and §3.2 to the continuous.

Chapter 4 comprises all the proofs of the main results. It is divided into two main
sections; Section 4.2 and Section 4.3, that consist of the proofs for the discrete and the
continuous case, respectively. Moreover, because of the difficulties that occur in the
discrete case, we furthermore split this section into two sub-sections, 4.2.1 and 4.2.2, for
the case of kK = (1,1,...,1) and for arbitrary k € Ri, respectively.

Finally, Chapter 5 is the last one and complements the spectral analysis of the ex-
amined operators. Since the biggest part of the thesis is devoted into finding (non-zero)
eigenvalue asymptotics for Hankel operators, the last chapter deals with the “zero” eigen-
values or better, with the null-spaces of Hankel operators.

In the Appendices the reader will find all the necessary theory that lies beyond the
scope of the thesis but it is highly interlinked with the proving methods that we use.
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One-dimensional Hankel operators

15



Chapter 1

One-dimensional Hankel operators

1.1 Hankel matrices

Let J be a countable set and A be an arbitrary set. We define the space of A-valued
sequences {x;};ecs as the space of functions

Ti={o:J— A st. x;=1(j), Vi€ J}.

Let N denote the set of natural numbers (i.e. N = {1,2,...}) and define Ny := N U {0}.
We recall that for any p > 0, the space of p-summable sequences over Ny is defined as

1

P(Ng) := {2 € CNo: ], : (Z |z(n p) < 400

neNg

For p = 0o, we define the space of bounded sequences

°(Nyp) := {x e C: x|l = sup |z(n)| < +oo}.

n€eNg

Moreover, (?(Ny) is a Hilbert space with inner product

(Z’,y) = Z I(”’)M? Vx,y S €2(N0)

n€eNg

Furthermore, we can define weighted ¢ spaces as follows. Let v = {v(n)},en, be a
(positive valued) sequence and, for any p € (0, +00), define the spaces

P(Ng) := v € CYo; ]l = (Z |x(n)|pv(n)> : < +o00

n€Ng

Ensuing, we proceed with the definition of a Hankel matriz and subsequently, that
one of bounded a Hankel operator (matrix) on £*(Ny). Let a = {a(n)}.en, be a complex
valued sequence and define the infinite matrix

Qg a1 as
ay as as
Az asz a4

H, =

16
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Observe that H, presents a special kind of symmetry, with respect to its main diagonal.
This happens because every (i, j)-entry depends on the sum ¢ + j. Thus, H, could be
also denoted as H, = [a(i +j)]; ;5o- Now let a € £*(Np) and H, act on (*(Ny) via the
following action:

(Haw) (i) := > ali+j)z(j), Vi € Ny, Va € (*(Np). (1.1)
J€No
Then (1.1) defines a Hankel operator and the sequence a is called kernel of H,. Notice
that this definition makes sense, since H, is well-defined on the dense subset of eventually
vanishing sequences. Indeed, if x € CN, such that z(n) = 0, for every n > ng, where ng
is an arbitrary natural number, then z is obviously in ¢?(Ny) and

2

no
1Hozllz =D D ali+ j)a(j)
1€Np | j=0
no 2
<y (Z ali + ) |a:<j>|)
1€Nog \j=0
no
2 S
<3 D) lali+5)P
1€Ng j=0
o
= 213 ) lali +5)
=0 i€Ng
no
2 2
=[5 ) llasll; < +oo,
§=0
where a; = {a;(n)}nen,, for every j = 0,1,...,ng, with a;(n) := a(j + n), for every

n € Ny. Thus, if H, can be extended to a bounded operator, we say that (1.1) defines a
bounded Hankel operator on ¢?(Ny).

1.1.1 Boundedness and compactness

The first question arises is when a Hankel matrix gives rise to a bounded operator. The
answer is given by Nehari’s Theorem ([21, Theorem 1.1.1]) with an if and only if condition
for the kernel of H,, a. If D is the complex open unit disk and T = 9D, then we have the
following theorem.

Theorem 1.1 (Nehari Theorem). Let H, = la(i + j)]; ;5o be a Hankel matriz acting
on >(Nyg). H, is bounded if and only if there exists a function ¢ € L>(T) such that
o(n) = a(n), for every n € Ny.

An equivalent characterisation of a Hankel operator is given by the following theorem
([21, Theorem 1.1.2]).

Theorem 1.2. Let a = {a(n)}nen, be a complex valued sequence and consider, formally,
the function
o(z) = Za(n)z”, Vz € D.
n>0

Then the sequence a defines a kernel of a Hankel operator H, if and only if ¢ belongs to
the function space BMO(T).
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For the definition of the BMO space, see Appendix C.2. It is worth to mention that
in the case of positive bounded Hankel operators, there is a much simpler boundedness
characterisation, given in terms of the operator’s kernel ([33, Theorem 3.1]).

Theorem 1.3. Let H, = [a(i + j)]; ;5o be a Hankel matriz on (*(Ny).
(i) If a(j) = O(j 1), as j — 400, then H, is bounded.
(ii) If H, is positive and bounded, then a(j) = O(j71), as j — +o0.

Having the boundedness question answered, it is natural to ask when further opera-
tor properties of H, are satisfied, like compactness, Schatten class inclusions etc. As it
happens for boundedness, we also have a complete characterisation of compact Hankel
operators (matrices) ([21, Theorems 1.5.5 and 1.5.8]).

Theorem 1.4. Let H, = [a(i + j)|; ;o be a bounded Hankel matriz. Then the following
are equivalent:

(i) H, is compact.
(ii) There exists a continuous function ¢ : T — C such that d(n) = a(n), for all n € Ny.

(11i) The function
o(z) = Za(n)z”, Vz e D,

n>0

belongs to VMO(T).

For the definition of the VMO space, see Appendix C.2. An analogue of Theorem 1.3
exists for compactness, too (see [33, Theorem 3.2]).

Theorem 1.5. Let H, = [a(i + j)]; ;50 be a bounded Hankel operator on £*(No).

(1) If a(j) = o(57 1), as j — +oo, then H, is compact.

(11) If H, is compact and positive, then a(j) = o(j '), as j — +oo.

We close the compactness paragraph by giving a very characteristic example of bounded,
but non-compact Hankel operator, the Hilbert matriz H. For let a = {a(j)};en, such that

1
)= ——, Vj € Np.
a(j) 1+ J 0

Then a is the kernel of the following Hankel matrix:

I
s WIEN = =
S [0 [0 [ =
R N I

It can be proved (see [21, Corollary 1.5.19]) that H is a bounded operator on ¢?(Ny) with
|H|] = 7. Moreover, H is not compact and its distance from compact operators (aka
essential norm) equals 7, too.
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1.2 Integral Hankel operators

This section generalises the concept of Hankel matrices to integral operators. Whenever
we refer to an integral Hankel operator or its kernel, we will use boldface notation. Since
the Hankel matrices (or the discrete Hankel operators) act on ¢*(Ny), it is natural to
expect that a Hankel (integral) operator in the continuous case acts on L?*(R,), where
R, := (0,+00). We recall that, for any p > 0,

D(R,): {f Rl = ( \f(x)lpdwf < +oo} .

Moreover, for p = oo, we define the space of essentially bounded functions on A,

L®(Ry) := {f Ry = C: flly = esssgyg|f(:1:)| < +oo}7

where

esssup |f(x)] :==inf{C >0: {x>0: |f(x)] > C} =0}.

x>0

Furthermore, we remind that the space L*(R) is a Hilbert space with inner product
(f.9)= [ [fl2)g(z)dz, Vf g€ L*(Ry).
Ry

For completeness, we mention that there are more LP spaces defined on some measure
space (X, v), like the so called weak LP. These spaces can be considered as a sub-class of
the Lorentz spaces and they occur often in interpolation methods. For this reason, their
definition is presented in the Appendix A.

Since the action of a discrete Hankel operator is fully described by (1.1), it is natural to
define the respective continuous action via integration, instead of summation. Summing
up, for a (complex valued) function a € L} (R, ) we define the (integral) Hankel operator
H,: L*(R,) — L*(Ry) by

(Hof) (@) = [ ale+0)f)dy, Vo € Ry, VF € DR, (12
R+

The function a will be called the kernel of H,. Notice that (1.2) is well-defined on the

dense subset of compactly supported smooth functions. Indeed, let f € C°(R;). If a > 0

such that supp(f) C [0, a], and My = maX,cqupp(s) |f(2)], then, for every fixed x > 0,

|(Haf)(a:)| ng/ la(x + y)|dy < +oo.

Ry

1.2.1 Boundedness and compactness

If (1.2) defines an operator that can be extended to a bounded operator on the whole
L*(R,),we say that H, is a bounded (integral) Hankel operator on L?(R,).

Similarly to the discrete case, we also have an analogue of Nehari’s theorem ([21,
Theorem 1.8.8]) as a boundedness equivalent, as well as some other boundedness and
compactness characterisations.
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Theorem 1.6 (Nehari’s analogue). Let a : R, — C be the kernel of the integral Hankel
operator H,. Then H, is bounded on L*(Ry) if and only if there exists a function ¢ €
L>*(R) such that a = Fj, ¢; where F is the Fourier transform.

Moreover, boundedness of integral Hankel operators is also connected with the BMO class
of functions, exactly as it happens in the discrete case.

Theorem 1.7 ([21], Theorem 1.8.8). Let a : Ry — C be the kernel of the integral
Hankel operator H,. Then H, is bounded on L*(R,) if and only if there exists a function
¢ € LY(R,) such that a = F¢ and $ € BMO(R).

Moreover, another sufficient condition for boundedness is the kernel a to satisfy the bound-
edness relation below:

la(z)| < %, Vo > 0,

where C' is a some positive constant. This is proved by using the Carleman operator (see
the example at the end of the paragraph). Regarding the compactness characterisations,
we have the following Theorem:

Theorem 1.8 ([21], Theorem 1.8.10). Let a € LL_(R.) be the kernel of the integral
Hankel operator H,. Then the following are equivalent:

(i) H, is compact.

(i1) There exists a continuous function ¢ defined on R such that the limits lim,_, o, ¢(x)
and lim,_,_, ¢(z) are equal, and a = ]-"Mgb.

(iii) There exists a function ¢ € L'(R,) such that a = F¢ and ¢ € VMO(R).

The reader may be able to notice that if a € L'(R,), then F*a € C(R) and both the
two limits lim, o (f *a)(x) lim, (]: *a) (x) are equal to zero. Therefore, from the
previous theorem we infer the following corollary:

Corollary 1.9. Let a € LY(R,) be the kernel of the integral Hankel operator H,. Then
H, is compact.

We close this section by giving an analogue of the Hilbert operator; namely, a char-
acteristic example of a bounded, non-compact integral Hankel operator. For define the
function a : R,y — R

1
a(x) = e Vo > 0.

Then a gives rise (as a kernel) to the Carleman operator C : L*(R,) — L*(R, ), with

(Cf)(x) —/0 Ooxfiy?y dy, Vz >0, Vf € L*(R,).

It can be shown (check [21, Theorem 1.8.14]), that the distance of C from compact op-
erators equals its operator norm, which is equal to ; just like it happens with Hilbert
operator.
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1.3 Weighted Hankel operators

A generalisation of the concept of Hankel operators is that one of weighted Hankel oper-
ators. These operators are defined for both the discrete and the continuous case. For the
discrete case, let v and £ be real constants and {a(j)};en, be a sequence such that the
operator I'¢ : (?(Ny) — ¢?(Np), with

(Trta) (i) = Y (L +4) a(i+ )1+ j)*x()), Vo € (Ny), Vi €N, (1.3)

Jj€No

is bounded. Then I'’¢ is a bounded weighted Hankel operator on ¢*(Nj).
Respectively, in the continuous case, if v and £ are real constants and a is a function
such that the operator T',”* : L*(R,) — L?*(R,), with

+o0
(Ta"f)(x) = /0 v’a(z +y)y* f(y)dy, Vf € L*(Ry), Vo € Ry, (1.4)

is bounded, then T',”* is a bounded weighted Hankel operator on L?(R.).

Certain boundedness and compactness conditions exist for this class of operators, as
well. Nevertheless, a dive into this theory would be beyond the scope of our survey
and therefore, is avoided. For a brief introduction to weighted (or generalised) Hankel

operators we refer to [21, §6.8]. Finally, it is worth to mention that in [11] is obtained
1 1

a certain class of weighted Hankel operators I'a*” * with power spectral asymptotics.
Furthermore, in [1] one finds a more general construction of weighted Hankel operators
on L*(R, ), as well as some conditions for their boundedness, and Schatten class inclusions
(more precisely, S; and S,).

1.4 Hankel operators and compact operator ideals

The class of Hankel operators is closely related to a special class of functions, the so co
called Besov class. Vladimir Peller has conducted a deep research, which results, roughly,
that Schatten class inclusions for Hankel operators are equivalent to Besov class inclusions
of their kernels. This paragraph aims to depict the most necessary aspects of this theory,
which will also be used in our survey.

1.4.1 Compact operator ideals

In this section we briefly explain the construction and the importance of the so called
Schatten classes, as well as of some other compact operators ideals.

When an operator is compact, one can ask further questions under this frame. A very
important one is “how much compact” our operator is. A typical property of compact
operators is that they are approximated (in operator norm) by finite rank operators.
This suggests that, under this approximation, their distance from finite rank operators
converges to zero. The faster this convergence is, the more compact the operator.

The distance of an operator from finite rank operators is measured by a quantity called
singular value. More precisely, let T' be a compact (bounded) linear operator (acting on a
Hilbert space). If we denote by T™ its adjoint, then T*T is a compact, positive operator.
This implies that its eigenvalues, \,(T*T), where n € N, are also positive, which allows
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us to consider their square root. Thus, define the sequence of singular values of T,

{8n(T) }nen, by
T) := \/M(I°T), ¥n € N.

Notice that, due to compactness, the singular values of T' are of finite multiplicity and
converge to zero (see [20, Theorem VI.15 and VI.16]). Moreover, it can be proved (see [/,
Chapter 11, §1.3]) that

$p(T)=  min ||T— K|, VneN.
rank(K)<n—1

Now, depending on the properties of the singular values, we can define various compact
operator ideals and we begin with Schatten classes. For let p € (0, +oc]. For p = +o0,
denote by S, the class of all compact operators. Then, for every p € (0, +00), define the
Schatten class S, as follows:

1

S, =T e€Sx: |Tls, : <an p) < +00

neN
Furthermore, we define two more ideals of compact operators. More precisely, for any
p € (0,+00),
Spoo 1= {T €Su: Ts,.. = supn%sn(T) < —I—oo} ,
’ neN

and
0o . T : _
S, 00 = {T €Sy nhrf nrs,(T) O}.

Moreover, for any operator 7', we define the singular value counting function 77 : R, — Nj

by
mr(N) = Z L.

{neN: s, (T)>\}
We also mention that the following relation holds true

1

ITlg, . = sup Arq(A).
’ A>0

We also remind that
Sp CS) oo C Spoc:
with
Finally in the Appendix A, the reader may find the definition of the Schatten-Lorentz
classes. These spaces arise as a natural parallel of the Lorentz spaces and they usually

occur in interpolation methods. For a complete discussion on compact operator ideals we
refer to [/, Chapter 11].

1.4.2 Besov classes of analytic functions

We distinguish two cases; Besov classes on the unit circle T and the real line R. To this
end, let v be a C2°(R) non-negative valued function, such that supp(v) = [271,2].
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1.4.2.1 Besov classes on T

In order to define the Besov classes on T, let us consider a function v in C2°(R), such
that supp(v) = [3,2], v(1) = 1, and v([3,2]) = [0,1]; note that v(3) = v(2) = 0. Then

29
consider the sequence of functions {v,, }nen,, such that,

t
Un(t) =v (2_’1) ) vt € Ru Vn € N(b (15)

and

D ) =1, Vt>1.

n>0

Ensuing, we define the polynomials

Vo(z)=Z+ 142, Vz €T, (1.6)
and, for every n € N,
an+l
Va(2) =Y oa(j)2? = D wua(j)), V2 €T. (1.7)
JEN g=2n-1

Then we say that an analytic function f of T belongs to the Besov class B (T) iff

1
T

1 llge, = (Z 2| f 5 vnn;) < too.

n€eNp

1.4.2.2 Besov classes on R

Respectively, we define the Besov class BY (R) in a quite similar way. More precisely,
let v be the C°(R) function that was defined in the unit circle case and consider the
sequence of C°(R) non-negative valued functions {v, },ez, such that, for any t € R,

v“ﬂ:v(éﬂ,VneZ, (1.8)

and
D wa(t) =1, vVt >0.
Finally, define the sequence of functions {V}, },cz, such that, for any = € R,
Vo(z) = (Fru,) (), Vn € Z. (1.9)

Then we define the space B? (R) to be

1

By, (R) = ¢ F'f i f € Lie(Ry) st [ F fllgy, = <Z 2”’"||f*(fvn)\|2> < +00

ne”L

Notice that

1l = (Z 2”’”"||f*VnIIZ) < 400, Vf € B, (R). (1.10)

nez
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Having defined the Besov classes we can now display a useful theorem. Moreover, from
now on and for sake of simplicity, whenever we want to indicate that one quantity is less
than or equal to another one, modulo some multiplicative (positive) constant, we will use
the notation <.

Theorem 1.10 (cf. [2]). Letp € (0,400) Then, we have the following results for functions
defined on T and R, respectively.

(i) Let a ={a(j)} en,- Then

d—1 d—1
91l gus S a7
p

o S0l s

where . ‘
$(e) =Y a(n)e’™™, vt € [0,1),
n€eNg

d—1 d—1

and T'g? "2 s defined in (1.3).

(ii) Let a € Li (R). Then

loc

d—1 d—1

r,z 2

I7al yas 5| SIFal y.
By BY

P

d—1

where Ty T 7 is defined in (1.4).

1.5 A special class of kernels

We close our introduction to one-dimensional Hankel matrices by presenting some inter-
esting cases of kernels for both the discrete (Hankel matrices) and the continuous (integral
operators) case.

1.5.1 Discrete case
Let 8 >0, v > 0 and consider the sequence a = {a(j)};jen, by
1
(7 +1)7(log(j +2))"

Depending on the values of § and v we can deduce boundedness, compactness, Schatten
class inclusions and spectral asymptotics.
We first start with the case where v = 0; namely, for some 5 > 0,

a(j) = , Vj € Ny. (1.11)

a(j) = . Vj € No. (1.12)

(J+1)

If p € (0,1), then H, is not bounded. To see this, consider the sequence of sequences
{zn}nen C 2(Ng), with

L ifn=01....N
— n+1? ) ) .
zw(n) {o, ith> N
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Clearly, zy converges to x € (*(Ny), in the ||-|[,-sense, when N — +oc0, where

1
x(n) = , Vn € Ny.
(n) n+1 0
If the Hankel matrix H, is a bounded linear operator, then ||H,zn|, — ||[Haz|l,, when
N — +o00. Nonetheless, it can be checked that there exists a positive constant C'z such
that o
|Hoxnl|l, > CgN 2, for N large enough.

The latter shows that the norm ||H,zy||, blows up, when N — 400, and therefore, H,
cannot be bounded.
If 3> 1, then (1.12) defines a kernel of a bounded, positive Hankel operator. In fact

we have the following theorem (see the respective discussion in [33, §3], and [29, Theorem
1.2])
Theorem 1.11. Let a = {a(j)};en, be the kernel of the bounded Hankel matriz H,. Then
H, is positive if and only if there exists a non-decreasing function u : [—1,1] — R such
that

1
o) = | o du(a), ¥j € Mo
-1
The existence of such function p is investigated by the so called Hamburger moment
problem ([29]). At this point, observe that if a is given by (1.12), for § > 1, then

N S CUPE AU S L
a(])zm/o Y (Ogg> "L‘aVJENOa

where I' stands for the Gamma function. Thus, Theorems 1.3 and 1.11 imply that the
Hankel matrix H, is a bounded, positive operator. Moreover, in [33] is proved that the
eigenvalues of these operators converge exponentially to 0. More precisely,

An(H,) = exp (—7r 2yn + 0(\/ﬁ)> , N — 400.

Apparently, this implies that H, belongs to any Schatten class S,, for p > 0.

We proceed to the more general situation where v > 0 in (1.11). It can be readily
verified that for 5 € (0,1) the generated Hankel operator is unbounded. Indeed, it is
enough to observe that for any 5 € (53,1)

! < ! ) hen j — +
2 — 0| 7/~ |, whenjy o0,
3° 7% (log j)
and that, according to the discussion above, the Hankel operator that corresponds to
the kernel (j + 1)~ is unbounded. For § > 1, it is easily seen that a(j) = o(j7!), for
j — 400, and therefore, Theorems 1.3 and 1.5 imply the boundedness and compactness,
respectively.

Perhaps the most interesting case of this class of Hankel operators is that one which
arises from the choice § = 1 and v > 0; namely, from kernels of the form

1

RN

Vj € Np. (1.13)
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This choice of kernels shows that there is a whole class of compact operators between the
Hilbert operator, which we already know that is not compact, and Hankel operators with
kernels described by (1.12) for > 1. This observation triggered a complete investigation
of operators of this class which is presented in [23] and [24]. Before we present the
respective results, we display some necessary notation. For any real number z, we define

ry = max{0, £z}, [z]:=max{n€Z: n <z}

In addition, for any v > 0, we define

0 if 1
Mey)={. T (1.14)

Moreover, for any sequence z = {z(j)}en,, we define the sequence of iterated differences
2™ = {I(m) (j)}jENm by

29 (5) == z(j), Vj € No; 2™ (5) := 2™ V(4 1) — 2™ V(§), Vj € Ny, Vm € N.

Theorem 1.12 ([24], Theorem 2.2). Let a = {a(j)}jen, be a real valued sequence such
that

a(m)(j) =0 (j’l’m (logj)_v) , when j — +00,
for allm = 0,1,...,M(vy), where M is defined in (1.14). Then H, is compact and its

singular values satisfy
sn(Hy) =0 (n77), forn — +oc.

Theorem 1.13 ([24], Theorem 2.3). Let a = {a(j)}jen, be a real valued sequence such
that
a(m)(j) =0 (j_l_m (logj)_y) , when j — +o0,

for allm=0,1,..., M(y). Then H, is compact and its singular values satisfy
$n(Hy) =0 (n™), forn — +oc.

Finally, for any self-adjoint operator 7', we denote by {A!(T)}.en the sequence of its
positive eigenvalues and, for any n € N, A (T) := A} (—T). Then we have the following
theorem:

Theorem 1.14 ([23], Theorem 4.1). Lety > 0 and a = {a(j)},en, be a sequence described
by (1.13) and define the respective Hankel operator H,, with kernel a. Then H, is a
compact operator and its eigenvalues satisfy the following asymptotic law:

ME(H,) = C*n™ +o(n™), forn — +oo,

where

1 1\”
Ct=2777x1"B <2—, 5) and C~ =0;
Y

here B denotes the Beta function.

By the discussion above, Theorem 1.12 shows that if H, is a Hankel operator with
kernel a = {a(j)};en, described by (1.11), for f =1 and v > 0, then H, € S,, for any
p > %y and H, € S%m. In addition, if § > 1 and ~ is positive again, then Theorem 1.13
implies that H, € S,, for any p > 0.
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1.5.2 Continuous case

Motivated by the work that has been presented for the discrete case, we can define Hankel
integral kernels of the following form:

a(z) =z " (logz)™", Vo >0, (1.15)

where > 0, v > 0 and

(x) :=V1+2% Vo> 0. (1.16)

Again it is not difficult to check that in order to achieve boundedness, 8 should be no less
than one.

We close the continuous case of these special kernels by briefly mentioning the respec-
tive results from [23] and [21].

Theorem 1.15 ([24], Theorem 2.6). Let v > 0 and consider an L. (R.) function a such
that, form =0,1,..., M(~v),

lat™) (z)] < Az~ "™ (logz) ™", Va > 0,

where A, is some positive constant and M () is defined in (1.14). Then the singular
values of H, present the asymptotic behaviour below:

sp(Ha) =O0(n™7), n — +o0.

Theorem 1.16 ([24], Theorem 2.7). Let v > 0 and consider an Li. (R.) function a such
that, form =0,1,..., M(~),

|a(m) (2)] = o (;p_l_m (log x>_7) , for v — 0" and r — +oco.
Then the singular values of Hy present the asymptotic behaviour below:
sp(Ha) = o(n™7), n — +oo.

Theorem 1.17 ([23], Theorem 3.1). Let v > 0 and consider the function a defined in
(1.15) for B =1 and v > 0. Then the corresponding Hankel operator Hy, is compact and
its eigenvalues verify the asymptotic formula below:

Ay (Ha) =C*n7"+0(n™"), when n— +oo;

where
+ 1-2 11y’ -
CT=n""B|—,= and C~ =0.
27" 2

Therefore, it is not difficult to see that if H, is an integral Hankel operator with kernel
a described by (1.15) for § =1 and v > 0, then Theorem 1.15 implies that H, € S, for
any p > % and H, € S1 . In addition, if 8 > 1 and 7 > 0, then Theorem 1.16 implies

,y?

that H, € S, for any p > 0.

Finally, it is worth to mention that we are also aware of another class of kernels which
yields a spectral behaviour similar to this of Theorem 1.15. More precisely, in [10], K.
Glover, J. Lam, and J. R. Partington have constructed a special class of integral Hankel
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operators that admit spectral asymptotics of polynomial decay. These operators have
kernel a € CM (R, ) such that

t
a™(t) —a™(s) = / a™V(z)dz, Vm =0,1,..., M,

and ()% alM*+) ¢ [2(R,), for some M € Ny. Moreover, the functions a(™ (), for every
m = 0,1,..., M, decay to zero, when ¢t — 400, faster than any polynomial. Then the
positive and negative eigenvalues of the integral Hankel operator H, are symmetric and
decay polynomially fast to 0.
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Multidimensional Hankel operators
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Chapter 2

Introduction

We begin our approach to multidimensional Hankel operators by giving the necessary
definitions and in general, the frame of our work.

Since the discrete and continuous realisations of Hankel operators in the one-dimensional
case have been clarified, it is not difficult to make multidimensional analogues. We be-
gin with the definition of multidimensional sequences and function spaces and then, we
proceed to those of multidimensional Hankel operators. For if Ny is as defined in the first
Chapter, we define the set N¢ as

NG = {j = (.o, sda) gk €No, Ve =1,2,...,d},
where d € N. Similarly, for any d € N, let R? be defined as
]Ri = {x = (x1,29,...,2q) : x € Ry, Vk = 1,2,...,d}.

Observe that, in complete analogy with the one-dimensional case, a multidimensional
(complex valued) sequence x = {z(j)};ene could be understood as a function x : N¢ — C.

Then, for any p > 0, we can define the sequence space ¢?(Nd) and the function space
LP(R?) as follows:

CNG) = g = () hag o llzl, = [ D leG)P | <+oop:

jeNd
and

1
P

Lp(Ri):: f:Ri—)(C: Hpr::( ]f(x)]pdx) < +00

Finally, for p = +00, we define
(=(Np) == {x ={2()}jema ¢ lzllo == sup [z(j)] < +OO} ,
jENd
and

L®(R%) = {f :RE — C:||f|l, = ess sup |f(z)] < +oo}.

d
x€RY

30
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From now on, all the vectors of R? will be denoted by boldface symbols. Finally, we remind
that the spaces (2(N2) and L?*(R%) are Hilbert spaces, with inner product described by

(w,9) = Y 2()y(), Yo = {2()}jena -y = {Y()} e € CONG),

eNd
JENG

and
(fr9)= | [x)gt)dx, Vf.g € LARY),

respectively. Finally, similarly to the discrete case, we can define the following weighted
versions. So, for a multidimensional (positive valued) sequence v = {v(j)};en¢, and for
any p € (0,400), define the spaces

BN = e ={e(D}jang : Izlly = | D e o) | < oo

eNd
JENG

Now we are able to define the multidimensional Hankel operators. At first, notice
that, for the discrete case, a matrix representation is a much more difficult task in the
multidimensional framework. Though, relation (1.1) may give us the necessary intuition
to reach the desired definition. For let a = {a(j)},cne be a sequence such that enables us

to define the (bounded) operator H, : £*(Nd) — ¢?(Ng) with

(Haow) (i) := Y ali+ j)a(j), Vi € N, Vo € *(N).

. ~Nd
]ENO

Then H, is a discrete (bounded), multidimensional Hankel operator and the sequence a
will be called the kernel of H,.

Similarly, one can define the multidimensional analogue of integral Hankel operators.
For let a € L (R1) and define the (bounded) operator H, : L*(R%) — L?(R%), with

loc

(Haf)(x) :—/ ax+y)f(y)dy, Vx € RL, Vf e L*(R%).

d
R+

Then H, will be a multidimensional (bounded) integral Hankel operator with kernel a.

Unfortunately, in the multidimensional case, it is much more difficult to construct
necessary and sufficient conditions for boundedness or compactness of Hankel operators.
Despite the attempts of various mathematicians, the existence of such conditions is un-
known to the author. Nonetheless, one may retrieve some sufficient boundedness or com-
pactness conditions, in the spirit of Theorems 1.3 (i) and 1.5 (i), which will be clarified
in the sequel.

2.1 A special class of kernels

The aim of this paragraph is to develop multidimensional analogues of kernel that have
been already presented in §1.5.

Nevertheless, by a quick look one may realise that there exists a large variety of
ways to define a multidimensional kernel. To enlighten a bit the situation, we start by
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presenting just a couple of examples for the discrete case, where analogous constructions
are achievable for the continuous case, too.

We first examine kernels that lead to a tensor product of Hankel operators. For let
{a;}?_, be d one-dimensional sequences, with a; = {a;(j)}jen,, for i = 1,2,...,d. Then
define the multidimensional sequence a = {a(j)};eng, With

a(j) = ar(ji)az(j2) - - - aa(ja), Vi = (jr, jas - - - ja) € Ng.
If each one of a;s defines a (bounded) Hankel operator H,, on ¢?(Ny), then a gives rise to
the tensor product H, = @, H,., which is a (bounded) Hankel operator on *(N).
After the first example, it becomes obvious how numerous examples of kernel we can
construct. Another example, could be the following. Let ay = {ao(j)};jen, be a one-
dimensional sequence and define the d-dimensional sequence a = {a(j)};ene, With

d
a(j) = ao(|j]), where |j]|:="ji Vj = (j1,j2.-..,ja) € N. (2.1)
i=1
Then a could be the kernel of a multidimensional Hankel operator H,.

A natural question is whether there exist conditions similar to Theorems 1.3 (i), and
1.5 (i) which imply boundedness or compactness. To answer this question, it is not difficult
to check that a sufficient boundedness (resp. compactness) condition for a tensor product
1s

a;(j) =0 (j_l) (resp. 0 (j_l)) , Vi=1,2,...,d, when j— +o0.
On the other hand, when it comes to kernels defined by (2.1), it can be checked again
that a sufficient boundedness (resp. compactness) condition is

ap(j) = O (j_d) (resp. 0 (j_d)) , when j — +oo0.

It is now evident how the choice of kernel may affect the boundedness/compactness
conditions in the multidimensional analysis. An important characteristic of kernels defined
in (2.1) is that the dimension d is the “compactness threshold”, exactly as it happens in
the one-dimensional case. So, since we are working this paragraph in complete analogy
to §1.5, we are prompted to consider kernels of type (2.1), where

ao(j) = (j +1)"*(log(j +2)) ", Vj € No;
for some positive 7. Obviously, the continuous analogue will be integral Hankel operators
H,, with kernel

d
a(x) = ag (ZL) , VX = (21,22,...,%q) € Ri?
i=1

where
ag(z) = 2% (logz) ™", Vo >0,
where the function (-) is defined in (1.16).

2.1.1 Reduction to one-dimensional weighted Hankel operators

The purpose of this section is to provide a technique of reduction to one-dimensional
weighted Hankel operators. This reduction will prove to be very useful in the sequel for
two reasons: first, it motivates the construction of some interesting examples of bounded,
non-compact, discrete Hankel operators and second, it will be used, as we have already
mentioned in the introduction, as a necessary tool to derive our main results.



2.1. A SPECIAL CLASS OF KERNELS 33

2.1.1.1 Discrete case

By using induction in d, it is not difficult to check that
watk) = 1 e g bl = = (0T, veema (22)
Now we define the linear bounded operator J : £2(N¢) — ¢2(Ny), given by
(Ja)(@) = (Wa@) 2 3 wl(j), Vie N
{jENg:|j]=d}

and we can verify that, for an arbitrary Hankel operator H, : ¢*(NZ) — ¢*(N4), with
kernel a(i) = ag(|i]), Vi € N&, where qq is a sequence defined on Ny, the following relation
holds true;

(How,y) = (J'TJz,y), Yoy € C(N),

where T': 2(Ny) — (?(Np) is the weighted Hankel operator defined by
= VWali)ao(i + j)vV/Wa(j)z(j), Vi € No, Vo € £2(Ny). (2.3)
Jj=0

Indeed, for sake of accuracy, observe that

(Ho,y) = > ali+ 5)x(j)y(i)

i,jENG

= Z ao (i + (7)) (5)y (@)

i,jENG

= ali+q) D wk) Y ylk).
i,7€No {keNg:|k|=5} {keNg:|k|=i}

Besides, it is not difficult to check that the adjoint of J is given by
(J*z) (1) = (Wa(l2])) 2=z(Ji]), Vi € N¢, Vo € £2(Ny)

and in addition, J* is a partial isometry Indeed, for any = € £*(Ny),

1723 = > (Wallil)™ =D le(@F = |lzll3-

ieNg i>0

This indicates that also J is a partial isometry and therefore, instead of investigating the
Schatten class inclusions of H,, we investigate those of I'. To achieve the latter, we define
the sequence u = {u(j)}jen,, with

u(j) = (%) Vj € N,

and the diagonal matrix

U = [uj)ljzo
Then we can see that s
T =ur,? 2 u,
d-1 d-1
where I'q2 * 2 has been defined in (1.3). Notice that U is an invertible bounded operator
on (?(Ny). The fact that ¢ is bounded can be checked by noticing that Wy(j) ~ ( dd 11),,

when 7 — +00. Thus, we can deduce results on the spectral behaviour of H, by investi-
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2.1.1.2 Continuous case

Notice that, for any Hankel operator H, : L?(R%) — L?(R%), with kernel a(z1,...,z4) =
ag(z1 + - +xq), Y(21,...,24) € RL, and for every f,g € L*(R%),

- [ [ e o

:/ / aO(Z(:pi+y,~))f(y1,...,yd)g(xl,...,xd)dxl...dxddyl...dyd
R, Ry

i=1

Let us make the change of variables x = Z?Zl Tiy Y = Z?Zl yi, and x;, y; remain unaltered
fori=1,...,d —1. Then

d—2
Yy y—y1 Y= i—p i

(Haf,g)Z//ao(Hy)/ / / f(y17y27~-ayd—lay_§yi)dyl-ded—lX
s / pa

Ry Ry
T T—T1 w—Zf;f i d—1
X/ / / g(xl,x27...,xd_1,x— E xi)dxl...dxd_ldydx.
0 0 0 =1

What precedes prompts us to define the bounded operator J : L*(R%) — L*(R,), given
by the following formula:

d—1

( ) =/ —1lx_/ / s lf xl,...,xd_l,x—in)dxl...dxd_l,

i=1

for every x € R,. So that we have

(Haf.9) = (J'ToJ f,9), Vf,g € L*(RY),
where T'g : L*(R,) — L*(R,) is the weighted Hankel operator defined by

d—

400
(Tof)(z) = (d—1)! /0 T agle +y)y T fly)dy, Vo e Ry, Vf € LA(Ry).  (24)

Moreover, the adjoint of .J, J* : L*(R;) — L*(R%), is given by

d d
(J*f)($1,..., ) =V (d—1)! Zx, le $1,...,xd)€]Ri, Vfe L*(Ry),
=1 =1

and it can be checked that it is a partial isometry. Indeed,

e[ 1 E

By making the following change of variables
yi=uw;, Vi=1,2,...,d—1, and yd:Zyi

2

drg...dzydzy .
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we obtain

+o0 2 Yy rY-UL y— 42
151 = -t [ 7(5)] L e dnanay
0 0

0 Y- 0
a3 d—2
(y -y yi) dya—s ... dys dy dy
=1

:<d_1>!/0'+oo |J;(dy_)1\2 /Oy/oyylm/oyzi

_(d—l)! +°°’f(y)‘2 y o
_(d—2)!/0 = /O(y—yl) dyy dy

=|Ifll3-

Therefore, J is a partial isometry, too.

2.1.2 Examples of non-compact operators

In this section, we display some examples of explicitly diagonalisable Hankel operators.
These examples show that the exponent —d is a compactness threshold indeed, since we
will construct non-compact Hankel operators H,, with kernel a(j) = ao(|j|), where ag(n)
is O(n=%) but not o(n~?), when n — +o00. To this end, we make use of a special family
of weighted Hankel operators that are explicitly diagonalisable. This diagonalisation is
fully described in [15]. We briefly quote the needed results from the cited paper.

Theorem 2.1. Let a, 3,7 be any positive real numbers with 5 < v and define the weighted
Hankel operator H acting on (*(Ny) with entries H; ; = w(i)h(i + j)w(j), where

N TG+ BTG +7) N TU+a) :
w(j) = \/ TG +a) and h(j) = TG+t Vj € Ny, (2.5)

where T' denotes the Gamma function. If o + 8 —~ > 0, then H has solely simple
continuous spectrum given by

oc(H) = [0, M(ev, B, 7)],

where

M(mﬁ,y):F(B;V_a)r(B*g_o‘) . (2.6)

If a4+ —~v <0, then H, besides the continuous spectrum, has also point spectrum, given
by
O'p(H) = {)\0, )\1, N )\N(a,,ﬁ,w)}a

where

Mg = [T25=2] -1,

and

_ FB+k)I(y—a—k)

M= TGy —a)

, Vk=0,1,...,N(«, 5,7).
Finally, it holds true that

Ao > A >0 > /\N(a,ﬁ,v) > M<Oé767/7)'
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Returning back to the d-dimensional case, we have seen that a Hankel operator H,
with kernel a(j) = ao(|j|), Vj € Nd, is unitarily equivalent, modulo null-spaces, to the
one dimensional weighted Hankel operator I'y, as it is described in (2.3). If we denote by
I'; ; the entries of I'y, we notice that

iy = w(@ih(i+ j)w(j),

where w as described in (2.5), for arbitrarily chosen @ > 0, =« and v =d (or § =d
and 7 = «), and

h(j) = C;)(%), Vj € No.
Therefore, for
ao(j) = H, Vj € No,
where -
(@), = ][z +4)
=0

is the Pochhammer symbol, we have the following:
Assume that o > 0 and M be as defined in (2.6).

o Ifa€(0,%), then o(H,) = 0.(H,) Uo,(H,), where o, is given in Theorem 2.1
o Ifac (4 d, then o(H,) = 0.(H,) = [0, M (e, cr, d)].
e Finally, if o > d, we have that 0(H,) = 0.(H,) = [0, M(a, d, )] = [0, M (e, v, d)].
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Main results

In this section we display our main results. Having already explained our interest in kernels
(discrete or continuous) that depend on the sum of their arguments, we can extend our
area of interest a bit more.

Regarding the discrete case, we can also assume that the sequence a( that generates
the kernel a of the Hankel matrix H, admits an error term g, so that

ag(j) = 3 (log )" + g(4), Vi > 2.
Moreover, notice that a(j) was defined to be equal to ag(|j|), for all j € N&. Notice that
jl=37-1, where 1:=(1,1,...,1) € R%,

and “” denotes the usual inner product. This observation raises the question whether we
can interpret ag as a real valued function on R, and define kernels a of the form

a(j) = ao(r - j), Vj € N,

where £ € R%. Then the case a(j) = ao(|j]) would be just a simple sub-case of this
generalised version of kernels. Of course the same discussion can be developed for integral
kernels, as well.

3.1 Discrete case

3.1.1 The special case of Kk =1

Lemma 3.1. Let v > 0 and {ao(j)}jen, be a sequence of complex numbers such that it
satisfies

ag™ (j) = O( =" (log ) ), j = oo, (3.1)
for every m =0,1,..., M(vy), where M(v) is defined in (1.14). Then the singular values
of the corresponding Hankel operator H,, where a(j) = ao(|j|), for all j € N&, satisfy the
following estimate

sn(Hy) = 0(n77), n — +oo. (3.2)
In addition, there exists a positive constant C, = C(v) such that
| Halls, . < Cysup(i+ 1) (log(j +2)) lao(5)]; (33)
N

where p = %

37
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Lemma 3.2. Let {ao(j)}jen, be a sequence of complex numbers such that
af™ (j) = o(j """ (log j) ), j = +o0, ¥m =0,1,..., M(5), (3.4)

where v > 0 and M(v) is defined in (1.1]). Then the corresponding Hankel operator
H,, where a(j) = ao(|j|), for all j € N&, is compact and its singular values satisfy the
following estimate

sp(Hy) =0(n™7), n — +o0.

Theorem 3.3. Let v > 0 and ag be a real valued sequence of Ny, such that
ao(j) = j~"(log 7)™ + g(4),

where the error sequence g(j) satisfies condition (3.4). If H, is the Hankel operator, as-
sociated with the sequence a(j) = aq (|j]), Vj € N&, then it is compact and its eigenvalues
satisfy the following asymptotic law

A (Ha) = Cin™" +o(n™), n — oo, (3.5)
where §
1 _ 1 B
Cio = a1y [ F ) @ | ot oz =0 (3.6)
R
where .
k =———— VreR.
() Coshd(g) o

3.1.2 The case of arbitrary x € R%

We proceed to the presentation of the general case, where k is an arbitrary constant in
R%. For any v > 0, define

=)
+
\.P—‘
)
vV
—_

=
2
Il
\_[\'J
N
IN

~v<1, (3.7)
0, ~€(0,3)

As it happens in the special case of kK = 1 with M (v) (see (1.14)), My(y) indicates the
sufficient smoothness conditions that are required so that we obtain certain Schatten
class inclusions. Observe that for the case of k = 1, when v € (%, 1), it is sufficient to
require smoothness of order one, in contrast with the general case, where a higher order
is required.

Lemma 3.4. Let v > 0, k € RY, and ag be a real valued function such that
al™ (1) = O (=™ logt| ™), t — +oo, (3.8)
for every m = 0,1,..., My, where My is defined in (3.7). Consider the Hankel operator

H, : (*(Nd) — 2(N), with kernel a(j) = ao(k - j), Vj € N&. Then H, belongs to any
Schatten class S,, for p > %
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Theorem 3.5. Lety > 0, k = (K1, Ko, ..., Kq) € Ri and ag be a real valued function such
that

ao(t) =t~ "(log )" + g(t),

where the error term g satisfies
g™ () =0 (¢ logt| ™), t — +o0, (3.9)

for every m = 0,1,..., My, where My is defined in (3.7) and € an arbitrary positive
constant. Consider the Hankel operator H, : (*(Nd) — (*(N9), with kernel a(j) =
ao(k - j), Vj € N¢. Then H, is a compact Hankel operator whose eigenvalue asymptotic
behaviour is described by the following formula:
+
AE(H)) = —2 7 4 o(n7), n— +oo,
R1K9 ... K¢
where the constants C'C:fv are defined in (3.6).

At this point it’s good to have a few remarks. As it was highlighted in the introductory
Chapter 0, the discrete case for general k € Ri, in contrast with the special case of Kk = 1
or the continuous case, hides some underlying difficulties. The way we try to overcome this
kind of technicalities manifests itself from the very start with Lemma 3.4. This lemma is
a substitute of Lemmas 3.1 and 3.2. The major difference is that the two aforementioned
lemmas result inclusion in the S%,oo and S9 ., class, respectively. On the other hand,

=

Lemma 3.4 gives only Schatten class inclusions for p > % Besides, observe that the

smoothness condition for Lemma 3.4 is a bit stricter. For notice that for v € [%, 1] we

demand smoothness of degree 2, in contrast with Lemmas 3.1 and 3.2, where the respective
degree was 1.

Finally, by a similar comparison between Theorems 3.3 and 3.5 we observe that, even
if the eigenvalue asymptotics are actually alike, the preconditions differ. Particularly,
notice that the error term in (3.9) is required to decay faster than the special case for
k =1 (compare with condition (3.4)). More precisely, the condition (3.9) is a sub-case of
the respective condition (3.4) for the special case of k = 1.

3.2 Continuous case

In what follows, we remind that the function (-) is defined in (1.16).

Lemma 3.6. Let v > 0 and ag be a real valued function in CM(R,) such that

ag™(t) =0 (™ (logt) "), whent — 0T and t — +oo0, (3.10)
form = 0,1,--- /M, where M = M(v), as it is defined in (1.14). Then the Hankel
operator H, : L*(R%) — L*(R%), where a(x1, 22, ...,xq) = ag(x1 + x2 + -+ + z4), has

singular values that obey the following asymptotic formula:
s$pn(Ha) = O(n™7), n — +oo.

In addition, there exists a positive constant C., = C(v) such that
M
Halls, .. <C, ) supt™™ (logt)” g™ (1)], (3.11)
=0 >0

where p = %
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Lemma 3.7. Let v > 0 and ag be a real valued function in CM(R,) such that
lao™ ()| = o (t7*™ (logt) "), whent — 0 and t — +oo0, (3.12)
for everym =0,1,..., M, where M = M(v), as it is defined in (1.14). Then
sp(Ha) = 0o(n™7), n — +o0. (3.13)

Theorem 3.8. Let by and by, be two non-negative numbers. Moreover, let v > 0 and ag
be a real valued function in Li, (Ry) which belongs to CM(R,.), in case that v > 5; where

M = M(v) is defined in (1.14). Assume that
dm

dt—m(ao(t) — bot |logt|™") =0 (™™ (logt)™"), t — 07, (3.14)
and g
dt—m(ao(t) — boot | logt| ) =0 (t74" (logt) "), t = +o0, (3.15)

for allm =0,1,..., M. Moreover, let kK = (Ki,...,Kq) € Ri. Then the Hankel operator
H., with kernel a(x) = ag(k - x), for all x € R%, is compact and its eigenvalues obey the
following asymptotic law:

+
Cdn

R1R2 ...Rq

ME(H,) = n’+o(n"7), n— +oo, (3.16)

where

1 1 1\7
+ v v -1
R

and kq(z) = (cosh(%))fd, Vx € R.

v

(z)dz ) , and C; =0, (3.17)

2=
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Proofs

4.1 Outline

Our main goal is to find eigenvalue asymptotics for a given Hankel operator H, (see
Theorems 3.3, 3.5 and 3.8). Note that we have adopted the discrete case notation, but
the same basic ideas can be applied for the continuous case, too. As it has been already
illustrated in the introductory Chapter 0, the proving method relies on four basic ideas:

(i

The construction of a model operator,
(ii) reduction of the model operator to pseudo-differential operators,

)
)

(iii) reduction to one-dimensional weighted Hankel operators, and
V)

(i

Schatten class inclusions.

The model operator will be a Hankel operator, denoted by H, whose kernel behaves
“similarly” to the kernel of H,, a. H will be responsible for the main contribution in
the eigenvalue asymptotics. Its asymptotics will be obtained after a reduction to pseudo-
differential operators. More precisely, H will be expressed as a sum H = S + E, where
S is unitarily equivalent to a pseudo-differential operator and E belongs to any Schatten
class S,, for p > 0. The latter is proved in Lemmas 4.17 and 4.23, for the discrete and
the continuous case, respectively. Notice that in Lemma 4.23, the operator F is just the
identically zero operator.

Following the discussion above, the reduction to pseudo-differential operators is the
technique that leads to the conclusion that S is unitarily equivalent (modulo null-spaces)
to a pseudo-differential operator. This is a technique that was also applied by H. Widom
in [33], as well as, by A. Pushnitski and D. Yafaev in [23]. In fact, we are going to prove
that S can be expressed as a product of two operators, S = L} L,, and use the following
lemma (cf. [1, §8.1, Theorem 4]):

Lemma 4.1. Let T be a linear bounded operator, defined on a Hilbert space. Then the
non-zero parts of T*T" and TT* are unitarily equivalent.

Then S will be unitarily equivalent (modulo null-spaces) to L, L. The latter will be
proved to be a pseudo-differential operator of the form Mga(D)Mpg, whose eigenvalue
asymptotics can be computed.

In order to order to obtain the eigenvalue asymptotics for H,, we aim to express H,
as H, = H 4+ (H, — H) and prove that the spectral contribution of the Hankel operator

41
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H, — H is negligible, compared to that one of H. Then the eigenvalue asymptotics will
be obtained by using K. Fan’s lemma (see [12, Chapter II, §5, Theorem 2.3]):

Lemma 4.2 (K. Fan). Let S and T be two compact, self-adjoint operators on a Hilbert
space. If

AE(S) = KEn™7 +o(n™), and s,(T)=o0(n""), n — +oo,

then
ME(S +T) = K*n™ +o(n™),

for any positive constants K*.

Finally, the Schatten class inclusions are used to prove that the spectral contribution
of H, — H is indeed negligible. In fact, we prove that, under certain assumptions, the
operator H, — H belongs to a specific compact operator ideal. These assumptions, for the
discrete case, are examined by Lemmas 3.2, when « = 1, and 3.4, for arbitrary x € Ri.
For the continuous case, the assumptions are given by Lemma 3.7.

4.2 Discrete case

4.2.1 The special case of Kk =1

In order to prove Lemma 3.1 we need to split the range of v into two parts; (0, %) and
[%, +00). This choice is suggested by some interpolation methods which yield the asymp-
totic behaviour when v € (0, %) The remaining case is approached via weighted Hankel
operators and interpolation, as well.

4.2.1.1 Proof of Lemmas 3.1 and 3.2

1

In order to deal with the case when 7 € (0, 3), we need the following Lemma:

Lemma 4.3. Let v = {v(j)}ena be a positive valued sequence and suppose that there
extst some positive constants My and M, such that

a
|Halls, < M|

(4.1)

&

and a
IHall < Mo |5 (4.2)
U 1lgee

for every sequence a defined on N2, where H, is the Hankel operator with kernel a. Then,
for every p € (2,+00), there exists a positive constant M, such that

a

[Halls, .. < M,

P,00
0y

v

Proof. Suppose that for a sequence a on N& and p € (2, +00), 2 € (9. Then

a P
Sy < (%) . YA > 0.

{aeng:| 551>}
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For an arbitrary A > 0, let us define the sequences x, and y, as follows:

a(@) i el A
, wor o] S mi
zA(j) =
0, otherwise
and

a@) gp jeld) | 5 A
. o L sg| > B
ya(j) = ,

0, otherwise

for every j € Nd. Then

A A
T, (A) < Th,, <§> + T, <§> :

The sequence of singular values {s,(Hyz, ) }nen is decreasing so that

A A
Sn(Hva:A) S SI(HU:L‘,\) = ‘|Hvx>\H S MOOW = 57 vn € N7

where the last inequality comes after (4.2). Consequently, 7y, (3) =0 and
A
7THa<)\) S 7THvy>\ § . (43)
Besides, y € /2. In order to see this we make use of the following formula:

+o0
loal% =2 / s wG)ds;
0

{5eNg: Iy (G)I>s}

see [13]. Thus, we obtain
- oo
Moo .
Il =2 ) vo)/ Sds+z/A s Y w)ds
- 0 A .
e w e )
al||P 21&\00 allp 400
ey [t [T
U llgpee 0 vl J (4.4)
p 2 P
= g A2—P<2MOO)P—2+ g )\Q—p(ZMoo)p—Q
vl p— 2 llvllegee
p
= LA M2 < o,
p— 2 lvllme

so yy € /2. Moreover, assumption (4.1) gives

[Hoysllss,00 < [1Hugslls, < Mallyallez-

Therefore, a combination of (4.3) and (4.4) results

A
T, (A) < 7, (5)

< 22X Hy, II5,

< 2X72M; a2

2P pMEME
p—2

(4.5)

a ||P

v

<A

p,00
Ly
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Now we set L
o (22
p -
p—2
and we notice that relation (4.5) does not depend on the choice of A. Thus, after multi-
plying by A both the two sides of (4.5) and taking supremum, we conclude that

a

||}J;w|sp,a3 f; jv{b

vl

]

Regarding the case when v > %, we need to reduce the problem to the one dimensional
case. This is achieved via a reduction to one-dimensional weighted Hankel operators and
this procedure is fully described in §2.1.1. There we saw that H, is unitarily equivalent
(modulo null-spaces) to I" (see (2.3)). We also observed that we can deduce Schatten class

a1’ a1
inclusions for I" from those of I's¢ * 2 (see (1.3)). In order to obtain the aforementioned
d—1 d—1

inclusions for I',2 ~ 2, we will need the following lemma.

Lemma 4.4. Define the measure space

(M, ) == €D (T.2"m),

n€eNp

where m s the Lebesque measure on T. Let ¢ be an analytic function in D, described by

o(z) = Z ap(n)z", Vz € D.
neNy
Let p € (0,+00), and q € (0,+00]. If D,cx, 2=y x V,, € LP9(M, ), where the

d—1 d—1

polynomials V,, are defined in (1.6) and (1.7), then the weighted Hankel operator T'e2 * 2
belongs to the Schatten-Lorentz class S, .

Lid—1
Proof. We consider the space Bﬁ; of all analytic functions f of D such that

@ 2" f #V, € LM, ).
neNy

d—1 d—-1

The claim is equivalent to the fact that the mapping f — FfT’ > is a bounded linear

14d—1 . . :
operator from Bj,  toS,,. Notice that, according to Theorem 1.10, the mapping f —
d—1 d—1 Lig—

d—1 1id—1
ij " 2 represents a bounded linear operator from Bj to S, C Sw, Vp € (0,400).
Furthermore, by using the real interpolation method and the reiteration theorem (see
Appendix A), it can be proved (cf. [16, (11)]) that, for every py € (0,4+00), # € (0,1) and

q € (0, +00],
Do

1—-0
Thus, in order to prove the initial statement, it remains to prove that, for every pg, p; €
(0,4+00), 0 € (0,1) and ¢ € (0, +oc],

( g1 1+d—1) lid—1 1 1-60 0
.9

(Spo, Soo)e,q =S,, where p=

B , Byt =By, , where — = + —.
p Po P1



4.2. DISCRETE CASE 45

To this end, we make use of the retract argument (see Appendix A). First notice that for
every po,p1 € (0,400), 6 € (0,1) and ¢q € (0, 400],

1 1-6 6
= LPYM,pn), where — = + —;

LP(M, ), L" (M, v,
(L (M, 1), LM (M 1)) i

(cf. [3, Theorem 5.3.1]). Let Hol(ID) be the space of the holomorphic functions on D and
define the linear operator

Jf =€ 2"V f«V,, Vf € Hol(D),
n€eNp
where the polynomials V,, are defined in (1.6) and (1.7). Then, by the definition of the
g
, J is an isometry from B, e to LP(M, p). In addition, we define

1
Besov space Bj
the polynomials

Vo(z) = Vo(2) + Vi(2), Vz €T,

and, for every n € N,
Vi(2) = Vo1 (2) + Vi (2) + Vg (2), V2 € T.

Notice that V, x V,, = V.., for every n € Ny. Now we define the linear operator

KEP fo=>Y 2" Vs Vo, VEP fo € L"(M, ),

neNg n€ENg n&€Np

14+d
which is bounded from LP(M, p) to By 1 To see this, it is enough to check that

D o@Dl N gl f sV V|l < 400, ¥ B foe P M,p).  (46)

neNg meNy n€Ng

Now notice that

meENy

and, for every n € N,

Z fm*vm*vn:fn—l*vn—l*Vn+fn*vn*vn+fn+l*Vn+1*vn

meENy

= fnfl * anl * vn + fn * Vn + fn+1 * ‘N/n+1 * Vn

Thus, for every n € N,

[ R T Vall? S 12700 fo s Vo s Vb 4+ 1277970 £ 5 Vi [+

meENy

‘l’ ||2_(n+1)(d_1)fn+1 k Vn+1 k Vn”i (48)

Now we split the remaining of the proof into two cases: p € (1,400), and p € (0, 1].
Assume first that p € (1, 400). Moreover the function v (see §1.4.2.1) belongs to C:°(R) C
S(R), where S(R) is the Schwartz class on R. Therefore, for any m,n € Ny,

sup |z|™ o™ (z)| < +oo. (4.9)
zeR
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Thus, according to Theorem B.1, v € .#,(R). Furthermore, according to Theorem B.2,
Un, € AMp(T), with [[vy_[l.z,m) < [[v].,(r), for every n € N, where the functions v, are
defined in (1.5). Consequently, there exists a positive constant C,, such that

1 % Vallp < Cyllfllps Vf € LX(T), ¥n € N. (4.10)
For n = 0, notice that
(f* Vo) (2) = (=17 + J(0) + f(1)z, V= €T,
and

|(f* Vo) (2)]" <3 (/01 \f(éf%\d@)p, vzeT.

Thus, by applying Holder’s inequality and integrating over T, we obtain

1f+Voll, S W1l VF € LP(T). (4.11)

Thus, a combination of (4.10) and (4.11), yields that there exists a positive constant M,
such that
1+ Vallpy < Myl fllp, ¥f € L2(T), ¥n > 0. (4.12)

Moreover, by (4.12) we get
Z on[l+p(d—1)] ||2—(n—1)(d—1)fn_1 w Vi q % Vol = Z 9(n+1)[1+p(d—1)] HQ_”(d_l)fn * V, % Vosl?

neN neNy

< Z on[1+p(d—1)] ”Q—n(d—l)anz,

n€eNg

and similarly,

Z 2n[1+p(d—1)} ||2—(71—#—1)(d—1)fn+1 * Vn+1 * Van 5 Z 2n[1+p(d—1)] H2_n(d_1)fn||£~

neN n€eNg

Therefore, by applying (4.7), (4.8), and (4.12) we finally get that
Z gn[l+p(d—1)] H Z Qfm(dfl)fm * f/m * V”Hi = ||f0 * %H£+

neNp meNp
+ Z on[1+p(d—1)] H Z 2~ mA=D £ Vi %V,

neN meENy

p
p7
where the RHS is bounded from above (modulo multiplicative constants) by

||f0||§ + Z Qn[1+p(d—1)}||2—n(d—1)fn||£ < Z 2n[1+p(d—1)]||2—n(d—1)fn||g

n&eNp neNg

= 1D £l

n€eNy
which actually proves (4.6). Finally, we have that, for any analytic function f,

KJf = an*vn*f/n

n€Ng

= an*vn:fa

n€eNg
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so the proof for p > 1 is complete.

Now let p € (0,1] and we again want to prove (4.6). To this end, we need to show
that the sequence {V, },en, defines a uniformly bounded sequence of .#,(T) multipliers.
Moreover, notice that, since we only deal with bounded operators, it makes sense to
restrict our investigation on multipliers of the Hardy space HP(T). This happens because
the kernel of a weighted Hankel operator could be assumed analytic (cf. [2, Theorem
Al). Therefore, due to Theorem B.3, it is enough to prove that v defines a multiplier on
HP(R). Observe that this will also prove that Vj € .#,(T), as it is explained below.

Let Z and £ be the right and the left shift, respectively, on H?(T). The operator
Z is actually multiplication by the function z and . = P,Z; where z € T, and P,
denotes the analytic projection. Moreover, notice that . is bounded on the subspace
{f = X ,cyane™ € HP(T)}. The action of Vp, as a multiplier, on H?(T) could be
described as

(Vof)(z) = a0+ a12,Vz € T, (4.13)

and every f(2) =" -, a,z", or equivalently,

(Vof)(2) = (Lv,Z[)(2) + (v, f)(2), V2 €T, (4.14)

where v}, denotes the action of the sequence {v(j)}jen as a multiplier on H?(T). Therefore,
(4.14) indicates that if v, defines a multiplier on H?(T), 1 defines a bounded operator
on HP?(T), whose action is described in (4.13).

Thus, as we mentioned, it only remains to prove that v defines a multiplier on H?(R).
To this end, we only need to verify that v satisfies conditions (i) and (ii) of Theorem
C.1. Notice that Theorem C.1 gives a sufficient condition in order a function defined
on (0,+00) to be a multiplier and therefore, the case of vy needs a slightly different
manipulation, since 0 € supp(vp). In order to prove that v satisfies indeed conditions (i)
and (ii) of Theorem C.1, we choose some k € N such that k~! < p, and a positive number
R. Ensuing, notice that v € C°(R,), so it is bounded (by 1) and also, it satisfies (4.9).
Now, for every [ = 1,... k, define

Cpy = sup z'[v ()|
rzeR

and notice that C;; < +oo, for all { =1,...,k. Then it is easy to verify that
o i
/ WO )Pdt < (1 —272HYR™2H Wi =1,... k.
& 20— 1

Now define the following quantities

A = Cii (1—27%), vi=1 k, and A:= max{l, A}
l- 2l — 1 ) )y vy i<k LS
so that
2R
lw(t)| < A, Vt e Ry, and / wO@®)Pdt < AR Wi=1,... k, YR>0,
R
and conditions (i) and (ii) of Theorem C.1 are satisfied, Q.E.D. O

Apart from Lemma 4.4, in order to handle the case when v > %, we need the following
lemma (cf. [24, Lemma 4.6]).
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Lemma 4.5. Assume that v > % and let M., := M(7y) be as defined in (1.14). Moreover,
let {ao(j)}jen, be a real valued sequence which satisfies (3.1) and consider the function

o(z) = Z ap(j)z’, Vz € T.

Jj€Ng

If V,, are as defined in (1.7), then, for every q > MLW and everyn € N such that 2"~1 > M.,

antl
6% Vallo < D lao(d)], (4.15)
j=2n1
and
M, o+l 1
2oVl < (> > a6 (4.16)

m=0 j=2n-1_)[,

or some positive constant C,, depending only on q.
q g Y

Now we are ready to proceed with the proof of Lemma 3.1.

Proof of Lemma 5.1. Recall (cf. §1.4.1) that the estimate (3.2) is equivalent to H, € S, ~,
where p = %; so, we aim to prove that H, € S, . First we deal with the case where

v € (0,3). Observe that

1Halls, = D lati+ )P

i,jENG

=30 S ST Jali  iia G+ a)]?

11,5120 42,7220 1d,Ja=>0

= Z i+ VG2 +1) - (a+ Dla(iy, Jas - - - Ja)
J15325+,Ja =0

< > (7l + 1))

jENE
= > (3l + D> a(i)P(l + 1)~
jeNd
The latter suggests that ||H,||s, <[22, where v is given by

1
v(j) = ————, Vj € NL.
(1] +1)° ’

For the same v, if ¢ € ¢*°(Nj), then

[ leee
(I7] + 1)4
4] o

T DG+ 1) (at+ 1)

la(7)] <

Vj € Ng.
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Thus,

(Hox,p)l < Y lali+ )] l2()] ly(0)]

i,jENd

HgH 3 [2(7)] [y ()]
- Uémmm%mwﬁw@y+ﬁ+lf”@d+ﬁ+ﬂ)
a
<x |2 Nzl il vy € 0Ng),
where the last inequality comes by the boundedness of the tensor product of d Hilbert
matrices and thus, ||H,| < 7%%]/¢e. In other words, we have shown that there are
constants My = 1 and M., = 7% such that

a
| Halls, < Mz ||
v

&

and a
A
(%

)
Eoo
so that Lemma 4.3 is applicable and consequently, for every p € (2, +00), there exists a
positive constant M, such that

a
||Ha||sp,oo S Mp ; Z%OO :
Now it remains to show that if ag satisfies (3.1), then ¢ € 5>, for every p = % € (2,400).

For A > 0,
{j eN % > A} — [ e NE: (] + Das(d)] > A}
C {j € N¢ : log(|j] +2) < (%)p}

where Ag = sup;>o(j + 1)4(log(j + 2))"[ao(j)|. Therefore,

1 1
DN e LD DI e
e i py (il +2)
{jeng: l2Bl>a} (1 ) {seng: 1og(lil+2)<(452)"} (Wl )
_ Z Wd(])
n U +2)¢
{ieno: tog(+2)<(52)"} )

< Z (j+2)+!

j+2)
{7€No: log(j+2)<(52)"} ( )

1
< / de,
T+ 2

{log(x+2)<(%)p}

where W,(j) was defined in (2.2). Thus, there exists some positive constant C' such that

p ; p
AP VRN s

et B>}
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which implies, by taking supremum over positive As, that

< C'Ay.

i

v

From the last relation and Lemma 4.3, we conclude that

a
||f{aHSp¢m < A4b -

< M,CAy,

(OR1V b

so that relation (3.3) comes true, by setting C., = M,C.
Now assume that v > % and let ¢ be given by

¢(z) = > ao(j), Vz€T.
J€No

According to the discussion that precedes Lemma 4.4 and the Lemma itself, it is enough
to show that 0,5, 2" V¢ * V,, € LP**(M, ) or in other words, that

sup s? Z 2"|{t € [-m,7) : 127D (¢ % V) ()] > s} < 4oo. (4.17)

s>0 neNo

For every non-negative integer n and any positive number s, set
E,(s) = {t € [-m,m) : |27V (¢ x V},)(e)| > s}.

Our goal is to find an estimate for |E,(s)| which proves the finiteness of (4.17). First of
all, we notice that E,(s) = @, for every s > [|29"V¢ x V,||o.. An application of (4.15)

2n+1

gives that E,(s) = @, for every s > 27(@=1) > j—on-1 lao(j)]. Let

Ay = sup |ag™|(j + 1) (log(j +2))7, ¥m > 0.
j=0

Therefore, condition (3.1) implies that E,,(s) = @ when

2n+1

s> 27D A0 > (i + 1) (log(j +2)) .

j:2n—1

Besides, for every n > 3 we have

2n+1

Y G+ (log(j+2)) " <

j:2n—1

2n+1

(t+1)"%(log(t+2)) "dt

T

an-1_1

2n+1

t~%(logt)™7 dt

IN
S

on—1_1
2n+1

t~%(logt)™7 dt

LA
S

oan—1
n+1
2731577 s (change of variables s = log, t)

A
S~

n—1

1—(n—1)(d-1) (n . 1)77

NN
ORI

—n(d=1) =
)
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so that in general, we have that
2n+1

Y G+ (log(j+2)) T <027 ()Y, Wn > 0,

j:2n—1

for some positive constant C'. Now let ¢ be an arbitrary number in <ML¢ p), where p = 1,
Then, without loss of generality, we may assume that C' = C,, where C, appears in (4.16).
Therefore, E,(s) = @, for every n > 0 such that (n) > N(s), where N(s) := (%)p,
Vs > 0. Besides, by following exactly the same steps, it can be shown that

2n+1
S GHD™Mag" () S A2 ()7 Ymo= 1,2, M,
j=2n—1_M,

Thus, relation (4.16) gives that, for every g € (Miw,p) and n € Ny such that M, < 2",

2"l % Vallg S CuAT27m D ()™,

q

where A := Zﬂm/llo A,,. Now notice that, for any positive ¢,
s E,(s)| < 2419 ¢ % Valld, vn € No.

Therefore, by putting all these together, we see that, for every ¢ € (MLW, p) and s > 0,

S 2B (s)| =51 [0 > 2" En(s)]

neNp (n)<N(s)
< g4 Z 2”2”(‘1—1)‘1”¢* Van
(n)<N(s)
< P90, Al Z gn(d—1)gg—n(d—1)q (n) ™
(n)<N(s)

< C,AYPTIN(5)77) (since yq = 1 and q <p).
p

Finally, notice that sP~9N179(s) = sP~9(C,Ag)P~9s~P=9) = (C,Ap)P~, so there is a posi-
tive constant K, independent of s, such that
sP Z 2"|E,(s)] < KPAP, Vs > 0.
n€ENg

The latter proves the validity of (4.17) (by taking supremum over all positive s). Besides,

it is also equivalent to
ol i < KA

Finally, by Lemma 4.4, we know that there is a positive constant K, such that

1

~1d-1
o8 sy < F 10 3
p,o0

Therefore, by combining the last two relations,

1

d—1 d—1
||]j‘aO2 2 ||Sp,oo S KVKA
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Finally, as it has been already mentioned, due to reduction of H, to one-dimensional
weighted Hankel operators,

d-1 d-1
[Halls,e = [ITllspc S Tag ™% llsyee
where I' is given by (2.3). Therefore, there exists a constant C' > 0, such that
1Holls, . < CK,KA,
which gives us relation (3.3), with C,, = CK, K. O

Proof of Lemma 3.2. By the definition of S)  (cf. §1.4.1), it is enough to show that

H, €8}, forp= % The ideal S) _ is the |[|s,, .. -closure of finite rank operators. So,

it is enough to approximate H, by finite rank operators in the H'”Spoo quasi-norm. For
consider the cut-off function
1, tel0,1]
X(t) = {

0, t>2,

such that y € C*(R;) and y(R;) C [0,1]. In addition, for every N € N, define the
sequence hi'(j) = ao(j)(1 — x(%)), Vj € Ny, and let I'y be the Hankel operator with
kernel hy(j) = bl (|4]), Vj € N&. In other words, 'y = H, — Hy, where Hy is a finite
rank Hankel operator, with kernel equal to ag(| j|)x(%), for every j € N&. Then, by using
the Leibniz rule,

m . - m m—n . n j .
08) ") =3 (7)ol + w1 =) () i €
Therefore, for every j > 2,

()™ i 0g 7| < 3 (7:) a4+ )| 4 g 757 (1= ) ()

n=0

Then the RHS is less than or equal to

3 (1) a2 ] G =gt + )37 (1= 0) )

n=0

So that, for every j > 2,

[(h) ™ ()5 10g )7

SZ(n> ‘aé )(j—l—n)’x
n=0

X (j 4 n) " (log(j 4 n)) 75"

(1- X)(”)(%)I. (4.18)

Moreover, observe that, for any n € N,
n n n_(p t
(120" () = CDM(5) "X () VEE (N.2N),

and ;
(1= ) ("’(N) — 0, Wt € (0, N) U (2N, +00).
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As a result, for every n € Ny,

t"(1— X)(n)(i)‘ < 2" max ‘X(")(tﬂ , VN e N.

S
b N7 7 te[1,2]

t>0

By considering K := maXo<n<u(y{2" maxepn o) [x™(¢)[}, (4.18) yields, that for every
J=2,

(m—n)

A"+ )] %

@) "] ey < &3 ()
X (7 + )" (log(j +n))7. (4.19)

Under the assumption (3.4) for ag, we see that, for any N € N, h))’ satisfies assumption
(3.1) of Lemma 3.1. Consequently, I'y satisfies relation (3.3). Thus, there exists a constant
C,, such that

|Ho — Hulls, . < Cysup [ (hg)™ ()| (5 + 1) (log(j +2))", ¥m =0,1,..., M(y).

M) m
m m—n . . m—n .
I~ il S 30 3 () supaf™ -4 0]+ ) ogts + )
m=0 n=0 7>

where the sum in the RHS converges to zero, as N — 400, due to assumption (3.4). [

4.2.1.2 The model operator and the proof of Theorem 3.3

In order to prove Theorem 3.3, as we have already mentioned, we need to introduce a
model Hankel operator H which will play a dominant role in the investigation of the
spectral properties of H,. For consider a positive valued function xo € C*°(R, ) such that

1, 0<t<3i

Xo(t) = , (4.20)
0, t>

W~

and yo(R,) = [0,1]. Determine the function

1 _ _
w(t) = mtd ogt| "xo(t), Vt > 0. (4.21)

Moreover, consider the sequence
io(7) = (Lw)(j), Vi € No, (4.22)

where £ denotes the Laplace transform; namely,
+o00
(Lw)(t) = / w(N)e Md\, VYt > 0.
0

Ensuing, we correspond to d, the Hankel operator H := H;. Our goal is to find an
asymptotic formula for the sequence @, and the eigenvalues of H, but first, we need
to give a necessary lemma, which will play an important role to obtain the asymptotic
behaviour of ag (cf. [23, Lemma 3.3 and 3.4)).
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Lemma 4.6.
(i) Let
Ao
I,(t) = / |log A\| 7Y A"e M d),
0
where v > 0, n € Ny and \g € (0,1). Then
L(t) =n! t7""logt| ™" (1 + O(|logt|™")), t = +oo.
(ii) Let
I,(t) = / [log A| Y A" M d),
where v >0, n € Ny and Ao > 1. Then

L(t) =n! t7""logt|™" (1 + O(|logt|™")), t — 0%

Lemma 4.7. Let w be the function that was described in (4.21) and
ao(t) = (Lw)(t), Vt > 0.
Then aqg satisfies the following formula:
ao(t) =t~ logt|™ + g(t), ¥t >0,

where the error kernel § is a C*°(R,) function which presents the following asymptotic
behaviour:
g™ (t) =0 (t"(logt) ), t = +oo, (4.23)

for all m € Ny.
Proof. We can express g as
+0o0

1
g(t) = @) /)\d_1|log/\|_7)(0(/\)e_>‘td)\—t_d|logt|_7, vt > 0,
0

and notice that g € C*(R,). More precisely, for every m € N and any ¢ > 1,

o0
(m —-1)™m . _ _
170 = 2 [ A oA e A
0

- z (1) () (e s

Moreover, for every m € Ny and any ¢ > 0,

1

+0o0 3

/ X log Al 7 xo(M)e ™ dA = / AT log A Te M dA +
0

0
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AT Tog A 77e ™My (A) .

+
M‘H\Mw

Notice that the second integral converges to zero exponentially fast when ¢ — 4o00. Thus
Lemma 4.6 yields

+oo
/)\d+m_1|log)\]_7><0()\)e_’\t dA = (d+m—1)lt""(logt)™7 (1+ O ((logt)™")), (4.25)
0

when t — +o00. Besides, notice that, for every k € N,

k
dt"f(
Thus, it is easily verified that,

$°(7) () () - 20 et

+0 (7" ™(logt)™""), when t — +oco. (4.26)

logt)™" =0 (t *(logt) "), t = +oc.

Then by putting (4.25) and (4.26) back to (4.24), we obtain (4.23). O

Lemma 4.8. Let w be as it has been defined in (4.21) and consider the sequence {ao(j)}jeng s
where ag(j) is defined in (4.22). Then

ao(j) = 5~ log j| 7 + 3(j), Vi € No, (4.27)
where the error sequence {G(j)}jen, satisfies the smoothness condition presented in (3.4).

Proof. Firstly, (4.27) holds clearly true by Lemma 4.7. Regarding the smoothness condi-
tion for error term, it is enough to notice (by using induction) that

Then the desired smoothness condition is obtained immediately by Lemma 4.7. O]

Lemma 4.9. Let ag be the sequence described in (4.22) and H = H; be the corresponding
Hankel operator. Then H is compact and we have the following asymptotic formula for

its eigenvalues
AE(H) = CFn™" 4+ o(n™7), n — 400,

where the constants C* are described in (3.6).
Proof. The result will arise immediately as a sub-case of Lemma 4.17. O]

Proof of Theorem 5.5. Let ag be the sequence which generates the model operator H,
and notice that H, = H + (H, — H). Then the eigenvalue asymptotics of H are given
by Lemma 4.9 and they are of type (3.5). Thus, in order to prove that H, has the same
asymptotics, according to Lemma 4.2, it is enough to prove that

sp(Hy — H) = o(n™7), for n — +o0. (4.28)
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In order to prove this, we need to apply Lemma 3.2. For notice that H, — H is a Hankel
operator with kernel (a — @) (j) = (ao — o) ([j|), for all j € Ni. Thus, by combining the
smoothness conditions for the error terms g and g (see Lemma 4.8), we observe that

(a0 — @) (j) = 0 (77" (l0g4) "), j = +o0.

Then Lemma 3.2 implies indeed (4.28). O

4.2.2 The general case of an arbitrary x € Ri

4.2.2.1 Proof of Lemma 3.4

Like in the “simple” case before, in order to prove Lemma 3.4 we need to split again the
range of 7; this time into three cases: vy € (0, %), v E [%, 1] and y > 1. Thus, there will be
need for a set of three lemmas which will help us with the proof.

Lemma 4.10. Let k = (Ky,...,Kq) € Ri. For any function f: R, — R, define
S(z) = sup{t’|f(t)|, kv <t < r,x}, Yo >0, (4.29)

where
ko r=min{ky,...,Kq}, K4 :=max{Kky,..., K4} (4.30)

In addition, for any p € [1, 00|, define the spaces

X, = {f € L*®): {Sy(m)huex € (M)},

endowed with the norm

LA, = 11S5lls s Y € Xy

Then
1 1—0
(X2, Xoo)jg = Xpyy where —=——,0¢€(0,1).
Do 2
Proof. We begin our proof with a remark. Notice that X, are understood as normed
spaces under the convention of identifying the functions that are equal on the intervals
I, :=[k_n,kyn], for all n € N.

The proof is based on the complex interpolation method, which is briefly described in
the Appendix A. Observe that here, instead of the spaces Xy, Xi, which is the notation
that was introduced in the Appendix, we interpolate between X, and X,. First observe
that X, and X, are complete. Indeed, if {f7};en C X5 is a ||-||,-Cauchy sequence, then
it can be checked that {f7},cn is Cauchy, with respect to the supremum norm, in every
of I;s. Let f, = limj_ fjhn, for all n € N. Then it can be checked that {f7};en
converges in the ||-||, sense to a function f that is identical to f,, on every interval I,,.
Same reasoning could be applied on X, too.

Our goal is to prove that ||-||”) = [Il,,,- We first prove that 19 < [, For let

[ € Xp,. Assume, without loss of generality, that || f|[,, =1 (otherwise work with W)
o

and define the function F': S — X (where X = Xy 4+ X, and S a closed strip defined in
the Appendix), with
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where Arg stands for the principal argument of a complex number. Then notice that, for
any y € R,

24 (F(iy)) ()] = (£ (1)), vt > 0.
Consequently, (Sp(iy)<n))2 = (Sy(n))?, for every n € N, and therefore, ||F(iy)||, =
[ fll,, = 1. Similarly, notice that, for any y € R,
| (F(1+1dy) ()] =1, vt >0,
so that ||[F(1+y)ll, = [F(iy)ll, = 1, for all y € R. Thus, [[F[| =1 = [|f[],,- Since
F(0) = f,
1l = IE O ) =, i oy I MEI=11f1ly, -

geEF (X2,X00): g(0

Conversely, let f € X, and we prove that | f[|,, < ||f[|,)- Observe that

= inf F
1/ 1o resco it F(g):f}IH Il

thus, it is enough to prove that

IF@)],, < IFll, VF € (X5, Xx) : F(6) = f. (4.31)

[

The idea is to prove that F(f) acts as a linear functional on the space X,,, where p, ' +
q, ' = 1. For let F € Z (X, X ) such that F(0) = f, g € X,, and define the function

q9(1§z+z)

eAredl) vy e S,

G(=) = ()| 90

For every n € N choose an element t, € I, and consider the complex valued function
A : S — C, described by

A=Y %tid [(G(2)) (t)] TEE) @], V= € 5.

neN

Then, since F' : S — X is analytic on S° and bounded (as an X-valued function), the
Hadamard’s three lines theorem (together with the maximum principle) implies that:

[A(0)] < Sup {[AGiy)|, |A(L+ay)[} - (4.32)
)
Moreover, notice that

: 1 : :
(i) < D ~Seuy (0)Sr () < NG, |1 F(iy)lly, Wy € R.
n

neN

Substituting 1y with 1 + iy gives
AL +iy)| < |G+ )l 1FQ +iy)ll, Yy €R.
Thus, going back to (4.32), we get
IAB)] < Slelﬂg{HG(iyﬂb IE (i)l [IGA + iyl [F(1+ )]}
y

< (s 6@l 160+l ) (sup Q1F G- 1P+ i} )

= [IGIIE
< llgllg, M1
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or equivalently,

S L2yt

neN

< llgllg, IEMl, Vg € Xq, (4.33)

and this relation holds true for any choice of t, € I,,. Besides, for every n € N, there
exists a sequence {t}}jen C I, such that lim;_,, o f(}) = sup,c;, [f(¢)|- In addition, we
can define the function

-2
g(t) = f(O) (1@, vt >0,
which can be checked that belongs to X,,. Then (4.33) yields that
111y < I
which proves (4.31). O

Lemma 4.11. Let p € [2,400), k € R and Hy, : (2(N3) — (*(N§) be a Hankel operator
with kernel h(j) = ho(k-7), for some real valued function hy defined on R, If the sequence
{Shy (1) tnen belongs to 0 (N), then the operator Hj, belongs to S,,.

3|

Proof. 1t is easy to check that

1Hul3 =) a6+ )P

i,jENd

< > (it g+ DR, i)
i1,...,4d€Np

= Z (i + - +ia+ 1) ho((ir, - - ) - 5[
Tl yeeey ig€Np

Notice that
kol-t<k-t<rkyl-t VteRiL.

Let us assume that ho(0) = 0. This convention makes sense because alternations of the
kernel of Hj, at the point (0,0,...,0) are just perturbations by rank 1 operators and as a
result, the spectral asymptotic analysis remains unaffected. Then

I3 < >0 (e +ia+ Dho((in, - - ig) - 5)[?

i1,...,8g€ENp
< S Wi+ sup o0 (131)
neNo t€[k_n,kyn)

Syt sup Jho(8)),

neN telk—n,kyn]
where W, is defined in (2.2). Now notice that, for every t € [k_n, Kk n],

2d—1 , ! 2 1 1 (,d 2
P o0 < L oD = eyt (ho(0)])

So, we see that

1 Sy, (n)?
P s o) < 50 g ey
telk_n,kqn] RZ n
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and eventually,
Sho(n)?
) < 32 Fell
neN
In other words, this means that if the sequence {Sh,(n)}.en belongs to 3 (N), then
Hj, € S,. In addition, we see that, for any z and y in ¢(2(Ng),

|(Huz,y) | <Y Tho (- (i 4+ )] [2(5)] |y()]
i,jENG
Let 4,7 € N&, with i = (i1,...,i4) and j = (j1,...,74), and notice that, for every t €
[-1-(i+j),ks1- (i + )],

7o ()]
(i +i1+1) .. (a+Jja+1

|ho(t)] = )H(ik +Jk+1)
|ho(t)]

. . d
<(1-(i+5)+1) (i +j4+1) .. (gt ja+1)

By assuming again that ho(0) = 0, we see that

|70 ()]
(il +]1+1)(Zd—|—jd—|—1)

[ho(D)] S (L- (i + 5))°

_t ho(t)
Tk (i +pa+1). (gt gat 1)
_1 o Su(li+d)
kL (1) (dat ot 1)
1 1
— supS — S  Vte [kl (i47), kel (i+5)]
— Hi nLelg h0<n) (Zl +]1 + 1) . (Zd+]d+ 1) [K’ (Z j) K’+ (Z ])]
Therefore,
[, y)|| S sup Shy () (], ly]),
ne
where H is the tensor product of d Hilbert matrices on (2(N4), |z|(i) := |z(i)|, and

ly|(i) := |y(i)|, Vi € Nd. Thus, the boundedness of Hilbert operator implies that if the
sequence {Sh,(n)}nen belongs to ¥(N), then H, € B, where B is the set of bounded

operators. In other words, we have shown that the linear operator T': h — Hj, is bounded
from X5 to Sy and from X, to B, where the spaces X, for p € [2, 00|, have been defined
in the previous Lemma. Then, since (see [25, “Appendix to IX.4 - Abstract interpolation”,

Proposition 8])

1 1—-6
(SQ,B)[Q] = Sp97 where — = T, RS (0,1),
Do

the retract argument and the previous Lemma give that 7" is bounded from X, to S,, for
any p > 2, too. Therefore, if {Sh,(n)}nen € ¢4 (N), then Hy, belongs to S, indeed. O

Lemma 4.12. Let p € [1,2] and Hy, : (*(Nd) — (2(N2) be a Hankel operator with kernel
h(j) = ho(k - j), for some real valued function hy defined on R, and k = (K1,...,Kq) €

Ri. Then Hj, belongs to the Schatten class S,, whenever F~'hqy belongs to the Besov class
B »(R).
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Proof. Consider the sequence of intervals {[2"~1 2" 1]} For every n € N, define

n€eNp "
mo(n) :== min{m € Ny : nx_ < 2™}

and
my(n) ;== min{m € Ny : nr, <2}

where k_ and k4 are defined in (4.30). If we assume that n > Kl_, we can say that

mo(n) = [logy(nk-)] —1, mi(n) = [logy(nki)] — 1,
where [-] denotes the ceiling function. Therefore,

mi(n)
[k_n, kyn] C [2moM) =1 gmi(m)+1] — U [2m=t 2m ] vn € N. (4.35)
m=mgo(n)

Then, by repeating some of the arguments that were presented in Lemma 4.11 and as-
suming that hg(t) is zero for small enough values of ¢, relation (4.34) gives

[Hull3 <> ™ sup  |ho(t))

telk—n,k4n]

neN
m1(n) 2
< Z n2d-1 Z sup |ho ()]
neN m=mgo(n) tefzm=t,2m]

Observe that the assumption of hy being zero for small enough values of ¢ does not cause
any change in the spectral asymptotic analysis, since this is translated into perturbations
of Hj by finite rank operators. Next, notice that
ma(n) —mo(n) = [logy(nk)] — [logy(nk-)]
K+
< |log, —
< [log, /{_1

2
< log, il
K

Thus, relation (4.35) yields

IIHh||§§10g2 Z Z n*t sup (1))

1 +1
neN m— mo (n) 2m 2m ]

3 z HED o)

—1 om+1
neN m=mg(n tef2m=1,2mHd]

(4.36)

Now let m € Ny. If the interval [mel, 2™+ is appeared in the previous relation, then
there exists a large enough natural number n such that m € {my(n),...,mi(n)}. By
the definition of mg(n), we get that x_n < 2™t This suggests that every interval
[2m=1 2mF1] in (4.36) is used at most max{1,2™ 1 [x-']} times. Moreover, (4.35) helps
us to verify that, for every large enough natural number n,

21% 2d—1
2(2d—1)m1(n)§<T+> 2CDm m = mg(n), ..., mi(n).
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Thus, going back to (4.36),

9 2d—1
s Y (35) 2 L) s Jha(0)P

Ny te[am—1,2m+1]

< Z 2%m sup  |ho(t)? (4.37)

meNO tE[Qm—172m+1]

=> 2% sup  [ho(1)f,

oy tefam—1,2m+1]

where the last equality holds since hy has been assumed to vanish for ¢ small enough.
Now let {v,}nez be the sequence of smooth functions described in (1.8). Then hy(t) =

Y nez hon(t), where ho,(t) = ho(t)v,(t). More precisely,

m+1 m+1
> ho(t)= Y F[(Fho) #Vi] (1), ¥t € [2m7t 2mH.
j=m-1 j=m—1

Notice that, for any j € Z,

[ [(F o) x V] (0] < [[(F o)

il s VE>0,

so that
sup  |ho(t)]* < 3 Z | (F~"ho) = V}Hi, Vm € Z.

t€[2m—172m+1}

Thus, going back to (4.37) results

1HAll; S D 2% sup k(8]

te[2m—1 gm+1]

meZ
m+1
<3320 37 |[(Fh) < Vil
meZ j=m—1
S D2 (F o)+ Villy = (1 F ol -
meZ

The latter suggests that if F'hy belongs to the Besov class Bﬁz(RJr), then Hj, € S,.
This observation prompts us to aim for interpolation between the Besov classes B{l’Q(RJF)
and Bf |(Ry). So we want to prove that if F~'hg € Bf, then H, € S;.

Since ho(t) = >_,cn, Pon(t), We can write H), = ZneNO H,,, where H, is the Hankel
operator corresponding to the kernel h,(j) = hon(k - 7), Vj € Ny. In addition, since
suppho, C [2771, 2", we can interpret H, as a finite matrix acting on {0, 1,..., N, }%,
where N, := [2"1571].

We now proceed to estimating the trace norm of H,. Since

hon(k - J) = / (f_lhon)(x)e_%m(”'j) dz, Vj € N¢,
R
the matrix [H,]; could be represented as

/ (Ftho, ) (z)e 2mietwdle2mixlsk) 4 5 k€ {0,1,..., N}
R
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—2miz(k-j) —27rix(n-k)]

It is enough to estimate the trace norm of the rank one matrices [e e k-
Notice that since these matrices are rank one operators, their trace norm equals the oper-
ator norm which is bounded, according to Schur test, by > 32 1 = N2, Therefore,

| Hplli < N||F~2he, |1 and consequently,

[ Hpllr < Z 1 Hnll,

n€Ng

< 2 NiIFh,l,

n€Ng

2d dn 1 2d —1
< =32 F o, |, = = [ F ol

- n€eNg

7€{0,...,Ny,

Now notice that

(Sla 82)971) = Sp a’nd (BidJ? Bil,Q)G = Bd

1 0
1, Where —:1—6’+§;

p

see [3, §7.3 and Theorem 6.4.5], respectively. Therefore, by interpolation, we get that
H), € Sy, whenever F~'hg € Bf , Vp € [1,2]. In order to verify this, it is enough to note
that the linear mapping 1y — Fny =: hg — H}, is bounded from Bﬁl to S; and from sz
to S2. ]

Lemma 4.13. Let p € (0,1) and Hy, : (*(Ng) — (2(N&) be a Hankel operator with
kernel h(j) = ho(k - j), for some real valued function hy defined in L>(R.), and k =

(K1, ...,kq) € RL. Then Hy belongs to the Schatten class S,, whenever F~'hy belongs to
d—1+1

the Besov class Bp,pH”(R).

Proof. Let us consider again the decomposition {[2"", 2"*]} . . Then as we saw before,
H, = ZneNo H,,, where H, is the Hankel operator corresponding to the kernel h,(j) =
hon(k - j), Vj € Ny. Since p € (0,1), instead of the usual triangle inequality we have
that ||Hul[b < > cn, [[Hnllh, so it is enough to study the p-norm of H,. We can still
interpret H,, as a finite matrix acting on {0,1,..., N,,}¢, where N, := [2""1x~'] and k_
is defined in (4.30). Unlike Lemma 4.12, an integral representation does not help here.
Instead, notice that hg, € L([0, N,]) and consider the orthonormal basis of L?([0, N,]),

{/N- 1" %} ez, Then
hOn - Z/hOn 727”N ydye

n meZ

— F > hon (MmN, e R V€ [0, N, ],

" mez

and

hon(k - ( + k) Z hon (MmN D)2 M i 2Tk i ke {0,1,. .., Ny,

n meZ

Therefore, by applying again the modified triangle inequality ||A + BI? < [[A|P + || B,
we see that it is enough to bound the p-norm of the rank one operator represented by the
matrix
[e%z‘Nﬂnn.g‘e%iNﬂnn.k] ‘
4,k€{0,1,...,N,, }4
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Since the matrix above is of rank one, its p-norm equals the operator norm, which is
bounded (Schur test) by N%. Thus,

[Holl2 < Ny#P > o (mN, PN, n € No. (4.38)

meZ

Finally, let us define the function hg,, () := hon(zN,), Vo € [0,1]. Then supp(hon,,, ) C
[—1,1] and hg,,,, € L*(R), so the Paley-Wiener Theorem implies that Fhgy,, is of expo-
nential type 1. Thus, the Polya-Plancherel inequality gives that

Y (Fhon, ) )" S 1| Fhony, oy » Y1 € No; (4.39)

mEZ

for the respective theory, see Appendix B. Now notice that (Fhoy, )(z) = N, Lo (N 12),
Va € R and thus, substituting in (4.39), yields

D hon (NP S koo (N5 = Nallholh.

meZ

Moreover, notice that, for any function f: R — R,

f=2) = (F'f) (@), Vo € R and [|f()llpogy = 1F (=) oy » Y2 > 0;

provided that the expressions above make sense. Therefore, (4.38) eventually gives that
for every index n > 0,

1Hal7 < NYVP N honl 17
~ gnld= 1+%)H50n\|§ (by substituting N,, := [2""'x~1])

) | F g
The latter implies that

|HJE < onp(d—1+7) H}LlhonHz _ Z onp(d—1+7) H (]_—71h0) N VnHi'

neNy n€Np

If we assume that hg(t) is zero for small enough values of ¢ (same justification as in Lemma
4.12), the right hand side equals || F~1hgl” so we get the desired result. O

141
d 1+p
PP

Lemma 4.14 ([24], Lemma 3.5). Let v > 1 and M as defined in (3.7). In addition, let
f:Ry = R be a C*R,) function such that

™) =0 (t_d_m (logt)fﬂ’) , whent — +o00, form=0,1,..., M.
For every n € Z, define f, := fuv,, where v, are defined in (1.8). Then, for any q > %,

rletnls (3

2n+1

q
™| £ ( )]dx) , Vn € Z.
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Proof of Lemma 3.4. We divide the proof into three steps according to the range of ~,
indicated in (3.7).

Let v € (0,1/2). According to Lemma 4.11, it is enough to prove that {Su,(n)}nen
belongs to ¢_,(N), for all p > %, where S,, (for agp = f) is defined in (4.29). Notice
that for every function ag described by (3.8), we have that Sy(n) < (logn)™7, ¥n € N.
Moreover, the series ) S? (n)n~ converges for every p > 1/~. Therefore, {S4,(n)}nen
belongs, indeed, to ¢ _, (N), for all p > ;/.

Let v € [%,1] and ao be as described in (3.8). Then, for M = 2, Lemma 4.14 gives

AR
2|7 aORIIWZ/ "l @)l e

2n+1

< Z/ ™ logz| ™7 dx

<3 2 e N,

m=0

Therefore,
_ p _ _
H'F IGOHBii 5 E 22npd2 andn p’y7
” neNy

and the series in the right hand side converges if and only if p > 1/v4. Consequently,
Lemma 4.12 results that H, € S, Vp > 1/~.

Let v > 1 and ag be as described in (3.8). By repeating the arguments that were
presented right before, it is not difficult to see that, for M = [y] + 1,

on ||‘F_1a0nH; 5 2—(d—l)npn—'yp’

for every index n sufficiently large. Thus,

177 a0l vy S 2™

neNg

where the latter series converges whenever p > % Thus, Lemma 4.13 gives that H, € S,
for all p > % O

4.2.2.2 The model operator and the proof of Theorem 3.5

As we did in the particular case of kK = 1, the proof of Theorem 3.5 will be obtained with
the help of a suitable model operator. To construct this operator, we consider again the
function yg as it has been defined in (4.20) and also,

1
t) = ————t"logt| xo(t), Vt >0 4.40
where v is the same real number that was defined in Theorem 3.5. Now consider the real
valued function

do(t) = (Lw)(t), Yt > 0,
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where £ denotes the Laplace transform. Ensuing, for k = (k1, ..., Kq) € R% we define the
Hankel operator H : ¢*(Nd) — ¢*(N4) such that

(Hz)(n) =Y ao(k- (n+5))x(j), ¥n € N§, Va € (*(Ng), (4.41)

jend
where “.” denotes the usual inner product. For sake of accuracy, notice that ag is in fact
defined only on Ry, while formula (4.41) suggests that it attains a value at 0. This a
convention that is made, since alternations of the kernel of H at the point (0,0, ...,0) are

just perturbations by rank 1 operators and as a result, the spectral asymptotic analysis
remains unaffected.

Lemma 4.15. Let d € N, {x;}¢, C R, and define the function

d
1

=1

Then

1
v(\) = A4 vr(N), VA >0, (4.42)

R1...RKqg

where vy s a meromorphic function. Moreover 0 is its only pole in R, of order d — 1.

Proof. Notice that, for any a > 0,
1— e = Aga(N),

where g,(A) is an entire function, such that g,(0) = a. Then, by setting g; := g,, for
i=1,....d

Y

d d

H ()\Qz‘()\))

—~
—
ml

>

&

~—
I

Then,

and, by combining with (4.42), we get

1 1
n = S (nfl (L m0M) 1>

Y Hlfl e (1 - E(M - 1)

1
=———=—0(), A= 0.
M K

Finally, notice that all the involved error terms in the above calculations represent func-
tions that are analytic on Ry. Thus, v; has indeed a pole of order d — 1 at 0. [
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Lemma 4.16. Let w be a bounded, compactly supported function on R, and set b_ =
min{z € supp(w)} and b, = max{z € supp(w)}. In addition, let ¢ be a complex valued
function, which is defined analytically on a neighbourhood V' of [2b_,2b,]. Then the
integral Hankel operator T : L*(R,) — L*(R,), with

chw = | " (@6l + Y fy) dy, Ve € Ry, VF € LAR,),

belongs to the Schatten class S,, for all p > 0.

Proof. By the analyticity of ¢ on V', for every x € V N R, there exists a positive number
re, such that (z —r,,z+r,) CV and

(n) (4
o(z) = Z il )(z —x)", Vz € D(z;1y).

Then, due to the compactness of [2b_,2b,]|, there exists m € N, such that {z;}!", C
2b_,2b,] and

[2b_,2b,] C LJ(xZ — 1, x; + 1), where r; =1,
i=1
In the sequel, we choose a partition Q@ = {yo = b_,y1,...,yx = by} of [b_,b;] with
|yiv1 — yi| = 6, for ¢ = 0,1,...,k — 1, where § is chosen such that for every i,;5 €
{0,1, ...,k — 1}, there exists [ = [(i,7) € {1,2,...,m} such that

[2i +2; — 0,21+ 2;+ 0] C (xl—%,xl—k%), (4.43)
where o
:% Vi=0,1,... k-1, (4.44)

Then, for every I = I(i,j), as it is defined by (4.43), and every N € N, define the
polynomials

n.

N n
iy (2) = Z ia )('xl) (z —x)", Vz e C.
n=0

Then, the Cauchy integral formula for the Taylor coefficients gives that, for every R; €
(Oa rl)v

n

(™) (.
‘¢ ('azz)‘ < R max |¢(z)|, Yn € Ny.

|z—z|=R;

Thus, for any 0 < p; < Ry < 1,

02) =y 4)] < _max o)l S ()

0@ (2) wen(ml).  wa
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In addition observe that for
Wi = WX [y i)y VE=0,1,...,k—1,
and e
@)= [ wle)ola+ s/ )y, Vo> 0. V) € IR,

where 4,7 € {0,1,...,k — 1}, we have that

k—1
r=> Ty
i,J

Besides, the N-th singular value of I' denotes its distance from operators of rank at most
N — 1. Therefore, if | = 1(i, j), as it is defined by (4.43), and

+o0
(Piy_ f) (@) = /0 wi(@)puy_ (r +y)w;(y) f(y) dy, Yo >0, Vf € L*(Ry),

then
k-1

Z (Fij - PlN—l)

k—1

Z (Fij - PlN—l)

k—1
< 20 = Pl

where ||-||, is the Hilbert-Schmidt norm. Thus, for any p > 0,

RIS | = Pyy, YN N (4.46)
i,j=0
If
M, = max |w(z),
xesupp(w)

then, for any 4,5 € {0,1,...,k — 1},

T35 PzN1||2<M4 // o(x +vy) plN_l(w+y)|2dydx.

[vi,vir1]%[y5,y541]

Besides, for any (z,y) € [y, it1] X [y;, yj41], © +y € [z + 25 — 9, 2z + z; + &], where z;
is defined in (4.44) and § = y;41 — y;, forall = 0,1,...,k — 1. But then, (4.43) implies
that v +y € (v, — 4,2 + %) C D(x; ). Thus, if

L<i<m | |oogy =20

M, := max { max |gz5(z)|,}
relation (4.45) yields that
o\ N
HFij — Plzv_ng < 36M?2 M, <§> , VN € N.

Therefore,

S - B2 3 (2) < oo w20
ij In_1 N 3 < 400, Vp > 0.
NeN

NeN
Finally, by applying this to (4.46) we get that I' € S, for all p > 0. O
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Lemma 4.17. The model operator H is unitarily equivalent to the sum V¥ + E, where
E €8S, for any p > 0, and U is a pseudo-differential operator of the form Mpa(D)Mg,
where
0, T — 400
a(x) = : (4.47)

a7 (T4 o(1), & — —oo

and

5=/ (eon(3)) (1.45)

Proof. First of all, notice that 3 is not ill-defined, since F ! (cosh(é))_d is positive on

R. Indeed, it is enough to observe that F~! (cosh(é))_1 — 27 (cosh(272-)) ", which is a
positive function. Then the result is obtained by noticing that the convolution of positive
functions is positive.

The result arises by showing that H can be written as a product of two operators
LYL,. L L, will be unitarily equivalent to L,,L;, and the latter to W. To see this, let
z,y € (*(N9). Then

(He,y) = > ali+ j)(5)y(i)
i,jENG
=) ao(k- (i +4))=()y(0)

i,jENG

=% [T et st

z]ENd

= (Lyx, Lyy).

The latter implies that H = L¥ L,,, where L,, : /*(N¢) — L?(R,) with

(Lu = Vuw(t) Y e (), Vi > 0, Va € (2(N}).

jENE

Moreover, for any x € (*(N¢) and any f € L?(R,), we have

+OO —_— .
(Loaf) = [ TV X e

jENE

=3 s) [ TV e ar

jend
and consequently, L* : L*(R,) — ¢*(N4) with
(Lf) () = (Lvwf) (k- j), Vi€ NG, Vf € L*(Ry).

Then, according to Lemma 4.1, the non-zero parts of H and S, = L, L;, are unitarily
equivalent. We also need to find a precise formula for S,,. To this end, let f € L*(R,).
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Then

(Suf) () = Vw(t) Y e D (Lx f) (5)

jeNd
_ \/_Z/ e —(t+s)55 g
JENE
— \/_ (s) T Vwl(s)ds, ViR,
0 z 1 (s KZ

Observe that, according to Lemma 4.15,

d
= - t), Vs, t € R,
e~ (1) e oo e

=1

where v, is a meromorphic function with pole of order d — 1 at 0. Thus, S, = S + E,

where
_ H 1Y) [
i=1 Vi ) Jo

+oo
:/ @it + s)y/w(s) f(s)ds, V>0, Vf € LA(R,).
0
Now, with the help of the unitary transformation U : L*(R,) — L*(R), where

(UF)(x) = €% (&), (4.49)

(3>)dmds, Vi 0, Vf € A(R.),

and

1 1
we can see that <H?:1 /ii> S =U"M3,TM2,U, where

ag(z) = 278~ D7y(e?), Vo € R, (4.50)

and T : L2(R) — L2(R), with
1 2

Notice that T'f = (cosh(é))f x f, so that T = .7-"/\/1 F*, where (3 is given by (4.48). As
a result we have the following chain of unitary equlvalences

d
(H m) S =U*M2,TM2,U
=1

~ MZ,TMZ,

= MzofMgf*Mgo

~ ]-"*Mao}"/\/l F MEF

= (D)2 M2ag(D)?
NMﬁaﬁ( )Mﬁ7
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where the last equivalence is obtained by Lemma 4.1 and the rest of them by the unitary
character of U and F. Therefore, by defining o := (Hd i) p, where g was definied

=1 K;
n (4.50), we see that S is unitarily equivalent (modulo null-spaces) to ¥ = Mga(D)Mg.
Then, it remains to notice that « is indeed described by (4.47).
Finally, it remains to prove that £ € S,, for any p > 0. To this end, notice that
Lemma 4.15 suggests that v; is analytic on R\ {0}, with a pole of order d — 1 at 0. Thus,

Zt_J Ulan Vt%o

where vy 5, is analytic, and c_; are real constants. According to Lemma 4.16, the integral
operator with kernel y/w(A)vy an(A + p)/w(i) belongs to every Schatten class. Indeed,
this is an immediate consequence of the continuity of w and the compactness of its support
(supp(w) = [0, 3]), where w is defined in (4.40), and the analyticity of via,. Finally, it
is not difficult to see that, for j = 1,2,...,d — 1, the integral operator with kernel

w(A)(A + p) ™7 y/w(p) is unitarily equivalent to U *Mi/izT]MéfU , where U is defined
n (4.49), T} is an integral operator acting on L?(R) with kernel cosh™(3), and

aj(z) =279~ U DTy (e”), Vo € R.

Since multiplication by ¢|log t|Y~7xo(t), for any 4/ > 0, does not affect the Schatten class
inclusions, we can assume that w(t) = %tj_l\ log t|™" near 0. Then notice that

0, T — +00

Therefore, by applying Lemma D.1, we see that
N MPTIML?) = O(n™), = oo

Since ' is arbitrary, this indicates that the operator MiéleMiéz belongs to any Schatten

class. Finally, notice that £ ~ Z 1 ,JMI/Q %2 and thus, E belongs to all S,,
indeed. O]

Lemma 4.18. The model operator H is compact and for its eigenvalues we have the
following asymptotic formula

B +
ME(H) = ﬁn‘” +o0(n77), n— +oo, (4.51)

where the constants C* are described in (3.6).

Proof. In Lemma 4.17 was proved that H ~ U + E, where ¥ is a compact pseudo-
differential operator of the form ¥ = Mga(D)Mg, with a and 5 being given by (4.47)
and (4.48), respectively, and E € S,, for any p > 0. Therefore, H is a sum of two compact
operators so that H € S. Finally, ¥ satisfies the conditions of Lemma D.1. Indeed, «
is already given by (4.47) in the desired form and regarding (3, by differentiating, we can

see that (Cosh(é))fd € S(R) and consequently, 3% € S(R). As a result, condition (D.6)
is satisfied, too. Therefore, Lemma D.1 results that the eigenvalue asymptotics for ¥ are
described by (4.51). To see that this is the case for H, too, it is enough to apply Lemma
4.2. For it only needs to notice that, since £ € S, for any p > 0, s,(E) = o(n~7), when
n — +00. [
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Proof of Theorem 3.5. We aim to apply Lemma 4.2. For consider the model operator
H that is described in (4.41) and express H, as the sum H, = H + (H, — F[). Notice
that H, — H is a Hankel operator acting on ¢*(N¢) with kernel (9 — g)(k - j), for all
j € N&. In addition, Lemma 4.7 and (3.9) give that condition (3.9) holds true for g — g,
too. Therefore, according to Proposition 3.4, g — g produces a Hankel operator in any

Schatten class S,, for ¢ > ﬁ, and consequently, it belongs to S1, too. As a result, its

=
eigenvalues decay faster than n™" as n — 4o00. Thus, Lemma 4.2 implies the desired
formulae. O

4.3 Continuous case

4.3.1 Proofs of Lemmas 3.6 and 3.7

In order to prove Lemma 3.6 we need to split the range of v into two parts; (0, %) and
[%, +00). This choice is suggested by some interpolation methods which yield the asymp-
totic behaviour when v € (0, %) The remaining case is approached via weighted Hankel
operators and interpolation, as well.

Lemma 4.19. Consider a function v : Ri — R, and suppose that there exist some
positive constants My and M., such that

a

[Halls, < M,

U‘Lg

and

B < 2] (4.52)
v llLee
for every function a defined on R%, where H, is the Hankel operator with kernel a. Then,

for every p € (2,400), there exists a positive constant M, such that

a
[Halls, . <M, |~

p,00 — p

vllppee

Proof. Suppose that for a function a on RZ and p € (2, +00), 2 € LE>(R%). Then

/ v(x)dx < <H%|%> , YA > 0.

{xGR‘i: [f(x)|>A}

For an arbitrary A > 0, let us define the functions f) and g, as follows:

ax) i falx) A

v(x)’ if v(x < 2M oo
Ix) =

0, otherwise
and

ax)  ip |akx) A

v(x)? if v(x) > 2Moo
g)\(X) = ’

0, otherwise
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A A
WHB(/\) < 7THUf>\ (5) +7THU9)\ (§> .

The sequence of singular values {s,,(Hyf, ) }nen is decreasing so that

for every x € R%. Then

A A
Sn(HUfA) < Sl(HUfA) = HH’UfA” < MOOW - 57 vnel,

where the last inequality comes after (4.52). Consequently, 7, i (%) =0 and

T, (V) < TH,,, (%) . (4.53)

Besides, gy € LZ(R?%). In order to see this we make use of the following formula:

+oo
N / s / o(x) dxds

{xeRY: [gy(x)]>s}

see [13]. Thus, we obtain

W= +o0
oli=2 [ ewa [Taasea [Te [ e
0

A

2M,

{xERi: |%|>% - {XERi: |:Ei;|>s}
alr ﬁ allp +o0
§2H— )\_p(2Moo)p/ sds+2H— / s'Pds
vllppee 0 vllpge [ x
Moo
p 2 p
=21, - eremarr+ = |12, ey
v Ly p—2 lullLp=
p
__Pr HE‘ A2 P(2Mo0 )P 2 < 400,
p—2llvlipeee
(4.54)
so gx € L2(R%). Moreover, assumption (4.52) gives
||HU9A||SQ,OO < ||HU9>\||S2 < MQHQ)\”L%'
Therefore, a combination of (4.53) and (4.54) results
A
) < 7, ()
< A7 Hyg, IS, .
o 91 o i (4.55)
< 220 My [ ga ]l
21 7p—2
<\ ZPMyME T HE T
- p—2 v Il Lpee
Now we set )
2PpMIMP 2\ ®
Mp - ( p 2 o8] )
p—2
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and we notice that relation (4.55) does not depend on the choice of A. Thus, after
multiplying by AP both the two sides of (4.55) and taking supremum, we conclude that

a

||Ha||sp,oo < Mp

p,00
Lv

v ‘

]

In order to prove the case for v > %, we work in a way similar to that one of the discrete
case. This means that we are going to make use of the reduction to one-dimensional
weighted Hankel operators. In §2.1.1 we saw that H, is unitarily equivalent (modulo
null-spaces) to I'g (see (2.4)), which allows us to deduce the spectral behaviour of H,
from that of I'g. To achieve the latter, we will need the following lemma.

Lemma 4.20. Define the measure space

(M, p) =P R,2'm), (4.56)

nez

where m is the Lebesque measure on R. Let ¢ be an analytic function on R, p € (0,400),
and q € (0,400]. If @, ;2" Ve *V, € LPI(M, p), then the weighted Hankel operator
d

—1 d-1

F¢32 "2 belongs to Sy, where (/5 = Fo.

Proof. Like in the discrete case, we define the space

Bia' T Ry = {f € Hol(Cy) : 2"V« V, e LM(M,m}

nel

1 d-1

d—1
2 0 2

and we aim to prove that the mapping f — T° ; is a bounded linear operator from

lid—1 d—1 d—1
Bpqy (Ry) toS,,. According to Theorem 1.10, the mapping f +— T’ fz "2 represents

lid—
a bounded linear operator from Bf o Sy, Vp € (0,+00). Furthermore, by using the
real interpolation method and the reiteration theorem it can be proved that, for every
Po, 1 € (0,400), 8 € (0,1) and ¢ € (0, +o0],

(SpesSp1)py = Spg» Where p = (1 —6)po + Op1.

Thus, in order to prove the initial statement, it remains to prove that, for every pg, p; €
(0,4+00), 8 € (0,1) and g € (0, +oc],

1 1 1
Lid-1  Lyd-1 lig—1
PO Pr1 — P
<Bpo , By, ) = Bpg
0,q

where p = (1 — 0)po + 0p;. To this end, we make use again of the retract argument. For
let

1,9
Tf=@2 Vv, viep ™.

nel

1ig-1
Then, by the definition of the Besov space By " (see 1.10), J is an isometry from

Bpgﬂli1 to LP(M, p), where (M, p) is defined in (4.56). In addition, for every n € Z, we
define the polynomials

V() = Vi1 (@) + V() + Vg (), Vo € Ry,
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where V,, are described in (1.9). Notice that V,, % V, = V,,, for every n € Z. Now we define
the linear operator

KEP fu=> 27tV VEP fu € LP(M, p),

nez n€eNg nez
14—
which is bounded from LP(M, u) to By et To see this, it is enough to check that
n[l4+p(d—1)] —m(d—1) (7 p
Sl N e p s U s V1P < oo, YED f € LY(M, ). (457)
neL meZ neZ
Observe that for every n € Z,

me*vm*vn:fn—l*vn—l*Vn+fn*vn*vn+fn+l*Vn-l-l*vn

meZ

- fn—l * Vn—l * Vn + fn * Vn + fn—l—l * ‘N/n—l-l * Vn

Thus, for every n € Z,

D27 fo s Vo x V|7 S 12700 fo s Vo s Vo |lB 4+ 277D £ 5 Vi 24+

meZ

27 ED o Vo VB (4.58)

Now we split the remaining of the proof into two cases: p € (1,400), and p € (0,1].
Assume first that p € (1, +00). Moreover the function v (see (1.8)) belongs to C*(R) C
S(R), where S(R) is the Schwartz class on R. Therefore, for any m,n € Ny,

sup |z|™ o™ (z)| < 4o0.
zeR

Thus, according to Theorem B.1, v € .#,(R). Furthermore, Theorem B.2 yields that
vy € My(R), with [Jvy,||.z,®) = ||v].4,®), ¥ € Z. Consequently,

1 % Vil < el fllos VF € LP(R), ¥n € 2. (4.59)

Moreover, by (4.59) we get

S @Dl g- DN £ P b= S 2 Il g £ Ty,

ne” neL

S Z 2n[1+p(d—1)] Hz_n(d_l)fn”ga

nez
and similarly,
DRl L A A P o e e A 13
nez neZ
Therefore, by applying (4.58), and (4.59) we finally get
Z 2n[1+p(d71)} H Z 27m(d71)fm * f/m " VTLHZ S Z 2n[1+p(d71)] H2fn(d71)fn’|£

nez meZ neZ

=D

nezZ

p
p’
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which actually proves (4.57). Finally, we have that

Kjf:an*Vn*‘?n

nez
1

=S foxVa=fovfen™

neL

so, according to the retract argument, the proof for p > 1 is complete.

Now let p € (0, 1] and we again want to prove (4.57). To this end, we need to show
that the sequence {V, },ez defines a uniformly bounded sequence of .#,(R) multipliers.
Moreover, notice that, since we only deal with bounded operators, it makes sense to
restrict again our investigation on multipliers of the Hardy space HP(R). Therefore, due
to Theorem B.2, it is enough to prove that v defines a multiplier on H?(R). To this end,
we only need to verify that v satisfies conditions (i) and (ii) of Theorem C.1, which is
already done in the proof of Lemma 4.4. O]

Lemma 4.21. Let v > % and ag be a complex valued function in CM(R ) which satisfies
relation (3.10). Then

i) (12260 (Fag) * Villoo < [or) [2°6@Dag(z)| do and,

2n+1

q
ii) 21(|2n4D(Flag) « V,||7 < C, (Z%:o 2 g |2nd-D g () ()] da:) Vg> L,
for every n € Z, where C,, is a positive constant that depends only on q.

Proof. The proof of this lemma is obtained by repeating the proof of [24, Lemma 3.5]
with h,, = 274D (F~lag) V. O

Proof of Lemma 3.6. Firstly, we prove the case for v € (0, %) If we set v = 1—1), essentially,
we want to prove that Hy, € S, . This will be done by proving that there are some
positive constants M, and M., such that

a
[Halls, < My ||~

U‘Lg

and a
LARRIS
v

b
LOO
where

4 —d
v(x) = (Z a:]) , Vx € RYL.
j=1

Then Lemma 4.19 implies the desired result. We know that

|H.J2, = / / a(x + y)Pdxdy .
Rd

As a result,

+oo +oo
HHaH%z:/ / la(z1 + 1, .., 2q +ya)|Pdoy .. dagdy; ... dyg
0 0

+oo +oo z1 Zd ’
:/ / / / az, ... 2P da . dzgddd) .,
0 0 0 0
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where the last line comes by making the change of variables .rg = x; and z; = x; + yj,
Vi =1,...,d. Thus,

+00 +o0o _d
||Ha||‘fé,2=/ / [olates.. .. o) e . dag
0 0 GO

</+oo---/+oo<2m)d|a(:17 rg)*da, ... d —HE‘
=/, ; i 1y Td 1o dre = |-

J=1

2
L3
so that M, = 1. Moreover, if 2 € L>(R%), then

v lloo

($1+"'+£Iﬁd)d

|a(x)]

IN

IN

HEHO" , VX = (21,...,14) € Ri,
. Tq

Ty ..

and

(Haf.g)] < / a4+ )| 1£3)] lg(x)| dy dx

dry...dxgdy; ... dyg

i
<|2 /*“.../*“!f<y1,---,yd)rrg(xl,...,xdﬂ
<21, 0

(x14+v1) ... (Ta+ Ya)
a
< HZHOO £z lglly, Yf,9 € LA(RY),

where the last inequality follows by the boundedness of Carleman operator. More pre-
cisely, the last integral is the inner product ( ®?:1 Ef, g), where % denotes the Carleman
operator. Moreover, the last computation shows that M, = 7. Finally, in order to use

Lemma 4.19 and get the desired result, it remains to prove that if ag satisfies relation
(3.10), then 2 € LE*. For A > 0,

{x eR%: |zgg‘ > )\} = {x eR%: (ij)d|a0(x1 + z9)| > )\}

j=1

o\
C XERi:A0<log(2x]~)> > A

_ {xem; <1og(jzlxj)> < (%)}

where Ay := sup,.,t* (logt)” |ag(t)|. Therefore,

// dz;...dzy < // dzy...dzy ' (4.60)
(xl_f__’_xd)d (x1+"'+xd)d

{xER‘i: ‘:g;l >)\} {xeR‘i: <log(x1+...+md)><(%)p}
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Set ¥} = x1, vy = x9,..., 2 | =x4-1, and x = 1 + - - + 4. Then (4.60) gives
/ / dz,...dxq < / / dxy...dzy
(14 +mg)d — (z1 4+ xq)?
{xERi: %>)\} {xERd (log(z1+-+zq)) To)p}

d

/ / dl’l/ dIQ / dl‘d 1—:§

Ay x
oy

Ay = {x eR,: (logz) < (%)p} :

Besides, if we set Ay = A, N(0,1), AY := Ay N[1,+00), and zo(N) := )\_p\/AQP 2P
(provided that A € (0, Ap)), then it can be verified that Ay = (™2™ 1) and A =
[1, €M) so that Ay = (e7™0™) ™M) Ag a result,

dry...dzy _
< 220(N\) < 2\7PAR.
/ / (xl"f_"'_’_xd)d_ .T()( )— 0

{xerd: 28l>a}

" / / oz o
(1 4+ 22)? —
{xerz: @lsay

where

Thus,

and taking supremum over A € (0, Ag) implies that

I3l
v
From the last relation and by using Lemma 4.19, we conclude that there exists a positive
constant M, such that

< 25 A,.

p,00
Ly

||Ha||sp,oo —

’ » §27Mp"407
v Ly

so that relation (3.11) comes true, by setting C., = 27M,,.

Now assume that v > 5 and let p = % According to the discussion that precedes

Lemma 4.20 and the Lemma itself, in order to prove that H, € S, , it is enough to
show that €, , 2"~ V(F'ag) * V,, € LP*°(M, ), where the measure space (M, ) is
described in Lemma 4.20. Equivalently, we need to show that

supspZQ”‘{x e R: 2"V ((Flag) V) (z)] > s} < 4o0. (4.61)

s>0 neZ

For every n € Z and s > 0, set
Eu(s) = {z e R: [2""V((Flag) « V) (z)| > s}.
Then, for any g > 0,
U Ey(s)] < (12" D ((Ftag) * V,,) |12, Vs > 0.
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Thus, for any g > 0,

S 2B (s)| = "1 2789 Ey(s)

nez ne”L

< P71y 22D ((Frag) + Vi) |14, Vs > 0.

neL

Moreover, Lemma 4.21 gives that, for any q € (M ™', p), where M is defined in (1.14),

ey oo s (5[
neZ 2%

neEL m=0

2n+1

q
2™ 274D gy (M) (4 )|dx> Vs >0, (4.62)

Moreover, for every m =0,1,..., M, let A,, be such that
la™ (1)] < At~ (logt) ™7, Vit > 0.

Then, for alln € Z and m =0,1,..., M,

2n+1 2n+1

/ 2™(2"4 D ag (M) (1) da < 2”(d1)Am/ v~ (logz) ™" da
on—1 on—1

n+1
2D 4,,, log 2 / 27 (tlog2) 7 dt, for t =log,

-1

n+1
< onld=b g / 2~ [d=Dt (1) =7 q¢

—1
S Am(n)™7
So there exists a positive constant C' such that

2n+1

/ 2™(2" 8 Vag ™ (z)|dz < CA, (n)7, YneZ, Ym=0,1,..., M,
2n—1

and, for A := Z%:O A, (4.62) gives that, for any q € (M1, p),

sP Z 2"|E,(s)| < A1CsP1 Z (n) 7, Vs> 0. (4.63)

ne’ nez

In addition, notice that, for any s > ||2"¢=D((F~1ag) *V},) ||sc, En(s) = @. Consequently,
by using the results of Lemma 4.21, we infer that if E,(s) # @, then

2n+1

s < / 124D ag(z)| dz
on—1

2n+1

< 2”(d_1)A0/ 2% (logz) " dz
2

n—1

<Ay (n)7, ne .

< (E22) = w0

S

So, if E,(s) # @, then
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for some positive constant C'. Thus, returning back to (4.63) gives

> 2| Eu(s)| < AICpsP1Y " (n) T

nez nez
— ch(/lspfq Z (n)
(n)<N(s)
5 AdgP—a 1 N(s)l_w
1 —nq

and, by substituting N(s), we finally see that there exists a positive constant C’, inde-
pendent of s, such that
7> 2" En(s)] < C'AY, Vs > 0,
nez

which indicates that (4.61) is finite. More precisely, we see that

sup SPZQ”H:E eR: |2”(d_1)((f_lao) * Vn)($>| > S}| < C'A‘, Vg e (M_IJ?)%

s>0 ne?,

thus taking the limit ¢ — p gives

P2 ((Fa0) + Vi) <A, (4.64)

neL

LP:>o (M)

Finally, an application of Lemma 4.20 combined with (4.64) gives immediately (3.11). O

Proof of Lemma 3.7. Essentially, we want to prove that H, € Sg}oo, where p = v~ 1. To

this end, it is enough to approximate H, in S, ., by a sequence of ng operators which
satisfy (3.13), since Sg’oo is a closed subspace of S, . Notice that, for any v > 0, there
exists 7/ > v such that M(y') = M(v). In addition, if we assume that ag(¢) equals zero
for all small and large values of ¢, then Lemma 3.6 implies that s,(H,) = O(n™"") and
thus, s,(Ha) = o(n™7), when n — +o0.

Now let xo and X be two smooth cut-off functions, defined as follows:

1 ¢
H=4_"
Xo(t) {0, ¢

We also define the sequence of functions {{y}nen, with (n(t) = Xo(F)Xeo(INt), for all
t > 0. Then notice that

—~

0, 4] 0, te(0,2]

€
> 1, t>4

?

, and Yoo(t) :{

1
2

o, te(0,2]U[E, +o0)
CN(“‘{L reld |

In the sequel, for every N € N, we define the Hankel operators Hy with kernel
(a()C:N) (ZL’l +Zo+ -+ Id), \V/(l’l, Lo, ... ,.Td) c Ri

Observe that ag(y equals zero for all small and large values of ¢, so, by our initial discus-
sion, Hy € 52,00- Now it remains to prove that
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According to Lemma 3.6, it is enough to prove that

lim supt™ (logt)” ‘[ao(l — (W) ‘ =0, Vm=0,1,..., M(v). (4.65)

N—=+400 ¢>0

Notice that, for any m =0,1,..., M(v),

Fan(t) (1 — C ()] ™ —Z( ) B (1 = Cx(®) ™, i > 0,

k=0

and

7 (log ) [fae (1 = )™ (8)] < fj() ()] 44+ (log "

x Mk ’(1 = CN(t))(m_k)), Vi > 0. (4.66)

Moreover, we choose N > 4. Then for any t € (0, 2] U [+, ] U [, +00), it can be easily
seen that

* ’(1 - CN(t))(k)‘ < 400, Vk=1,2,....m. (4.67)

In addition, for any £ =1,2,...,m, and any t € (% %) U (%, %),

tkdik (1—¢w)( ’“Z ( ) (%) (Nt)* 7 xE=D(Nt). (4.68)

Jj=

When k£ = 0, 1 -y is always bounded by 1. Moreover, notice that, since we have assumed
that N > 4,

XO(]Q) =1, Vte (% %), and Yo (Nt) =1, Vt € (%, g) (4.69)
Therefore, (4.68) becomes
i (L= 00 0= (-0 () OB W0 + ()3 (V)]

for any t € (£, +) U (£,%). Thus, (4.69) implies that, for any k =1,2,...,m,

d 2 4
k| & o < k .
i (1= ) 0] < # max |00 e () (4,70
and d N N
| — (1 —Cy) ()] < 27" (k) ) te (= =). 471
(=00 0] <2 e [P0 e (35 @.1)
As a result, relations (4.67), (4.70) and (4.71) yield that, for every m = 0,1,..., M(7),

and every N > 4,

sup t™ | (1 — CN(t))

t>0

(mfk)l < +o00, for every k =0,1,...,m.

Finally, observe that hypothesis (3.12) implies that, for any £k =0,1,...,m,
lag® () |t4+* (logt)” — 0, when t — 0T or t — +o0.

Therefore, the last two relations combined with (4.66), easily prove (4.65). O
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4.3.2 The model operator and the proof of Theorem 3.8

Like we did in the discrete case, in order to prove Theorem 3.8, we need to introduce
a model Hankel operator H, which eventually, will give the spectral asymptotics of the
Hankel operator that is defined in Theorem 3.8. To this end, let by, by be two non-
negative constants, v > 0, and Yo, Xoo be two real valued functions in C*°(R, ) defined

as follows:
1, te(0,1] 0, te(0,2
=< T d Yeolt) =1 T 4.72
TP (2
We now define the function o as
bo

tlog t| " "x oo (t), Wt > 0. (4.73)

boo a1 _
—t log t| ™" xo(t
Lemma 4.22. Let v > 0 and o as described in (4.73) and denote by ag the Laplace
transform of o, Lo. Then

(d—1)!

Go(t) = t|1og {7 (boxot) + bexeo(t)) + E(1), 'Vt >0,
where the error kernel § € C*(R) satisfies
8™ ()| < Cont™ ™ (logt) ™1, ¥t >0, Ym e Ny, (4.74)
Proof. First assume that by = 0 and b,, = 1. Then

1 Foo
50 = = / A Tog A~ Tyo(N)e dA — ) log ¢~ Fyau(£), ¥t > 0.
7/,

First of all, it can be easily seen that g € C>°(R,). Therefore, relation (4.74) holds true
in any compact interval of R,. Moreover, by the way xo and x, have been defined, we
can easily see that g™ (t) = O(1), when ¢t — 0%, for any m € Ny, so that (4.74) holds

again. It now remains to prove that (4.74) also stays true when ¢ — 400, since then a
combination of these three cases will give the validity of (4.74) for any positive ¢. Indeed,

N

N 1
g(t) = e

/ A log A TYe ™M dA +
0

N

+

1
@—1) / X! og A|77e ™ xo(A) dX — | log #] 77, Wt = 4.

=

It is easy to see that both the three terms, in the expression above, are C*°(R, ) functions
of ¢t and all the derivatives of the second integral decay exponentially fast as ¢ — +o0.
Therefore, the derivatives of this integral satisfy (4.74). Finally, by using Lemma 4.6,
notice that

1
dm T
— (/ A Tog A|7Ye M dA — 7 10gt|7> =
dtm \ J,
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1

4
=(-)™ /Am+dly log A 7e M d\ — (m +d — 1)t logt| ™" | +

0

m

M\ gy (m—h) ()
+;(k) (t ) [(logt) } ,
and the RHS is equal to

O (| log t] ) + > 7O (| log t| ) =t mO(|log ¢ ), ¢ — oo
k=1
Thus, (4.74) is satisfied. A similar approach proves that the (4.74) holds valid when

boo = 0 and by = 1. A combination of these two cases gives eventually that (4.74) holds
true for any by, b, > 0. ]

Lemma 4.23. Lety > 0 and o as described in (4.73). Denote by ag the Laplace transform
of o, Lo, and consider the Hankel operator H : L*(R%) — L*(R%), with

—+00 400 d

(ﬁf)(i(]l, c. ,ZEd) == / / 5.0(2(1’1 —|—yz))f(y1, Ce ,yd) dyl .. .dyd, \V/f - L2(Ri)

=1

Then H is unitarily equivalent to the pseudo-differential operator ¥V = Mga(D)Mg,
where
%x”(l + 0(1)), xr — +00

alx) = : (4.75)
#’jl)!m_”(l +0(1)), = — —o0

o) )

Proof. First, notice that 8 in (4.76) is well-defined. The square root is allowed since
Ft (cosh(é))_d is positive on R. Indeed, it is enough to observe that F~! (cosh(;))_1 =

27 (cosh(272-)) ™", which is a positive function. Then the result is obtained by noticing

that the convolution of positive functions is positive.
Now let f,g € L*(R%), then

and

+00
(ﬁf7g) - / // Vv O-(A)e_AZ?:1yif(y17‘"Jyd)dyl"-dyd X
R4

0 +

X /.../1/0'(>\)e)‘Z?—lxig(ﬂjl,...7l’d)dxl...dﬂjd dA.
Ry

+

So, if L : L*(R%) — L*(R;), such that

(Lf)(N) = \/U()\)/-~~/e’\Z?—lxif(xl,...,a:d) dzy...dzg, Vf € L*(RL), VA >0,
Ry

Ry
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then H=L"L. Then, if we set S := LL*, Lemma 4.1 implies that the non-zero parts of
H and S are equivalent. Notice that, for any f € L?(R%) and g € L*(R}),

+oo
(Lf7 9) = [ | flw1,...,2q) 0()\)6"\27:1“5]()\) d\dz ... dzg,
o]

and consequently,

(L*g) (T1,...,2q) = (ﬁ\/Eg)(wl + ot ay), Vg e LA (Ry), V(xy,...,14) € ]Ri.

Therefore, for any f € L*(R,) and X > 0,

(/O ¢—/ //\/—f S St dude, . da,

Notice that

+00 1
/ e MWEdy = ——
0 At p

(SN = ¢_

0 >\+M

S0
Vo) dp.
Now, with the help of the unitary transformation U : L?(R,) — L*(R), where
(Uf) (@) = e f(e"),
we can see that S = U*MéTMéU, where
afz) =274 g (), Va € R, (4.77)

and T : L*(R) — L*(R), with

(Tf)(x) Z/Rmf(y) dy, Vf € L*(R), Vz € R.

Ensuing, let 8 be as defined in (4.76). Then F3? = (cosh( )) ~ and as a result, S is

unitarily equivalent to the pseudo-differential operator M ﬁCM(D)Mg Finally, it is not
difficult to see that «, as it is defined in (4.77), satisfies indeed (4.75). O

Lemma 4.24 (Eigenvalue asymptotics of the model operator). Let H be the model oper-
ator, as it is also described in Lemma 4.23. Then H is compact and its eigenvalues follow
the asymptotic formula below:

AEH) = CFn™ 4+ o(n™), n — 400, (4.78)

where the constant C* is given by (3.17).
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Proof. In Lemma 4.23 we saw that H is unitarily equivalent (modulo null-spaces) to a
compact pseudo-differential operator ¥ = Mga(D)Mg, where a and 5 are described by
(4.75) and (4.76), respectively. Thus, it only remains to retrieve the eigenvalue asymp-
totics of W. This will be achieved by using Lemma D.1.

We start by proving that the conditions of Lemma D.1 are satisfied. Indeed, « is
already given by (4.75) in the right form. Finally, by differentiating, we can see that

(Cosh(é))fd € S(R) and consequently, 5% € S(R), too. As a result, all the conditions
of Lemma D.1 are satisﬁed and therefore, the eigenvalue asymptotics of ¥ are given by
(D.7), for A(400) = 2d(d 5 and A(—o0) = %. Therefore, the eigenvalue asymptotic

formula for H is described by (4.78). O

Proof of Theorem 3.8. The proof is based on an application of Lemma 4.2, but first we
need to reduce to the case of kK = 1, where 1 = (1,1,...,1). Indeed, For f € L*(R%),

(Haf) (x) = / alx +y)/(y)dy

Rd
/ /ao (1 +y1,- - l’d+yd))f(3/17---’yd) dyr - dya (4.79)

d

/
/ /ao Z%wﬁyz))f(zi ---,z—‘;)dyi---dy&,
=1
%,

by making the change of variables y, = k;y;, for : = 1,...,d. Now we define the operator
T:L*R%Y) — L*(RY) by

X

(Tf)(21,...,2q) = ﬁf (—z—;’) , Ve LX(RY), Y(xy,...,14) € RY,

R1

and we notice that it is an isometric isomorphism. Getting back to (4.79) and setting
xh = Kz, for i =1,...,d, we have:

d

Vi) (o ) < [ /ao S @+ y) (1) W ) g .
R, i=1

and equivalently,
1o Ba(THaf) (1, g) = (HATf) (21, - - 2a), Vf € LP(RY), V(z1,...,2q4) € RY.
where H; is the integral Hankel operator with kernel
a'(x) == ag(x) + a0+ +x4q), VX = (T1,2,...,24) € Ri.

Thus,
1

K1...RKRq

H, ~

H, (4.80)

and it remains to find the eigenvalue asymptotics of Hj.
First of all, the hypotheses of the Theorem enable us to express the function ag as

a0 (1) = bt~ |10 1| " xo(t) + boot | log | X () + (1), ¥t > 0,



4.3. CONTINUOUS CASE 85

where the functions yo and x., are defined in (4.72). Now express the operator H; as
H1 :ﬁ+(H1—ﬁ),

where H is the model operator which was constructed in Lemma 4.24. In terms of kernels,
this corresponds to
al =a+(g—8g),

where a(x) = ag(1 - x). Observe that the asymptotic formula for the eigenvalues of H
is already known by Lemma 4.24. Therefore, in order to apply Lemma 4.2 we need to
prove that the spectral contribution of H; — H is negligible. To see this, notice that the
function g satisfies the “little 0” conditions in relations (3.14) and (3.15) and, by Lemma
4.22, same does g. Thus, the function g — g satisfies the assumptions of Lemma 3.7 and
as a result,

sp(Hy —H) =0(n™7), n — +o0.
Now it is readily seen that Lemma 4.2 can be applied and it implies that
AE(Hy) = \E(H), Vn e N.

As a result, relation (4.80) and the eigenvalue asymptotics of H (Lemma 4.24) yield
(3.16). O



Chapter 5

Null-spaces of multi-variable Hankel
operators

Our main results aim to provide asymptotics for the non-zero eigenvalues of the investi-
gated Hankel operators. It is natural to ask though what happens with the zero eigenvalues
or equivalently, with null-spaces of Hankel operators. We recall that, for any operator
T:X — Y, its null-space Null(T") is defined as

Null(T) :={zx € X : Tz =0}.

This section is devoted to the dimension of null-spaces of multidimensional Hankel oper-
ators. To begin with, let us consider the example of a Hankel operator H, : ¢*(Nd) —
(*(N3), where a(j) = ap(|j]) and ag is a complex valued sequence defined on Ny. Tt is
easy to check that the null-space of H, is of infinite dimension. This could be done
by considering elements z(j) of *(N¢) such that they sum to zero on the hyperplanes
|7l =n, Vn € N, and z(0,...,0) = 0. For example, for every n € N, define

1, if jy =n and j; =0,
Tn(J1,J2,---5Ja) = § —1, if j1 =0and jz=mn, ,
0, otherwise

and observe that

(Hawn) (i) = ao(li] + |j])aa(5) = 0, Vi € N,

. ~Nd
JENO

so that H,x, = 0, Vn € N. Finally, notice that the sequence {x,},en comprises linearly
independent elements of ¢?(NZ) and therefore Null(H,) is infinite dimensional.

It is natural to ask if this is a common property of multi-dimensional Hankel operators
or we can find a multi-dimensional Hankel operator with trivial null-space. We remind
that in the one dimensional case what holds is that every Hankel operator has either trivial
or infinite dimensional null-space. This can be proved by using Beurling’s theorem (cf.
[21, §1.2]) and it is intriguing to see whether a generalisation holds in several dimensions.

The answer to the previous question is affirmative. For consider an arbitrary Hankel
operator H, : (*(Nd) — (2(N¢) and define the operators L and R, acting on ¢*(N?), as
follows: for any = € (*(N?),

(L) (i1, iz, . . . ig) = x(is + 1 i, ..., iq), V(i1 da, ..., iq) € Nf;

86
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and

Rx) (i1, 40, ..., 0q) =3 . V(i dg, ..., 1q) € N9
( )(1 ? 2 {x(il—l,ig,...,id), otherwise (i1, ) 0

Then, for any y € (?(N@), there exists a (non-unique) § € ¢*(N9), such that Ly = y.
Indeed, define

y=Ry. (5.1)
Ensuing, assume that x € Null(H,) \ {0} or equivalently, that (H,x,y) = 0, Yy € (2(Ng),
where x # 0. Let y € (2(N2) and observe that

(H,Rx,y) = (H,Rz, Ly) (where 7 is defined in (5.1))
= > ali+5)(Re) () (L9) ()

i,jENG
:Z Z Z+] jl—l]2,...,jd)§(’i1+1,i2,...,id)

ieNg 121
J2s--:3d=>0

= D > ali+)=()i6)

a2l jeNg
12,0084 >0

= > ali+5)z(j)j(i), since §(0,n) =0, ¥n € N§!
i,jENG

= (Hu,z,79) = 0.

Thus, Rz € Null(H,) and inductively, it can be proved that R"z € Null(H,), Vn € N.
Now it remains to show that the vectors x, Rz, ..., R"z,... form a sequence of linearly
independent elements of Null(H,). To this end, let N € N and assume that there are
complex constants {r;}}_y, such that

N N
Z/ijjx =0 and Z k; > 0.
=0 =0
Then, for any iy > N,
> kja(in = jiia, . ia) =0, Via, ... g > 0. (5.2)
Similarly, for any i, € {0,1,..., N — 1},
ZK)J ],ZQ,...,id):O, Vig,...,idzo.

Thus, if we assume that kg # 0, taking i; = 0 yields that
$(O,i2,...,id) = 0, Vig,...,id > 0.
Repeating for 7 = 1,2,..., N — 1 results that

I(il,ig,...,id>:0, Vi, € {0,1,...,]\[—1}, Vig, ... 19 > 0,
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and therefore, (5.2) eventually gives that
x(iy, iz, ... 0q) =0, Y(iy,...,iq) € N& & z = 0;

though the latter is a contradiction and as a result, kg = 0. Then (5.2) is reduced to
N
> wjaliy = jyia, . ia) =0, Viy > N, Vig, ... ig > 0.
j=1
Moreover, we have that for any i; € {1,2,..., N — 1}
11
> wja(is = jiis, . ia) =0, Via, ... g > 0.
j=1

Thus, if we assume that x; # 0 and pick i; = 1, then, a repetition of the previous
arguments will lead to a contradiction. Thus, we prove inductively that x; = 0, for all
j=0,1,..., N, and consequently, { Rz },cn, is indeed a sequence of linearly independent
vectors of Null(H,), which shows that the null-space of H, is infinite dimensional.
For the continuous case, we can similarly define the operators L : L*(R%) — L*(R%),
with
(Lf)(z1,2) = f(z1 + 1,2), V(z1,2) € Ry x RTY, Vf € L*(RY),

and R : L*(R%) — L*(R%), with

0, T € (0, 1]

, Y(z1,7) € Ry x R, Vf e LA(RY).
flzy —1,2), =z € (1,4+00) (z1,2) € Ry x R, Vf (R$)

(1) ) = {

By a similar reasoning, we can prove that if f € Null(H) \ {0}, where H is an inte-
gral Hankel operator on L*(R%), then {R’f};cn, forms a linear independent sequence of
Null(H).

Finally, to the best of the author’s knowledge, a multi-variable analogue of Beurling-
Lax theorem is unknown. In particular, a classification or an explicit description of the
shift invariant subspaces of H2(D?), i.e. closed subspaces S of H?(D?) such that z;S C S,
for any i = 1,2,...,d, seems to be a very difficult problem (cf. [27, p. 78]). Useful
information about the topic, as well as, a construction of a particular type of invariant
spaces of H2(D?) can be found in [17].
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Appendix A

Interpolation

Let X; and X5 be two topological vector spaces (eg. quasi-Banach spaces). If there exists a
Hausdorff topological vector space V' such that X; and X5 are continuously embedded into
it, then X; and X, are called compatible (or compatible couple). Moreover, X; N Xy and
X1+ X5 are subspaces of V. For sake of simplicity, let us assume that X; and Y;, where i =
1,2, are two pairs of compatible quasi-Banach spaces. Denote by X := (X7, X5) and YV :=
(Y1, Y3) the quasi-Banach spaces with the following properties. For A = X or Y, AjN A, is
continuously embedded into A and A is continuously embedded into A;+ A,. Furthermore,
it T: Xy + X = Y, 4+ Y5 is a linear operator such that the restrictions T, ,y,, i = 1,2,
are bounded linear operators, then the restriction Tx_,y is a bounded linear operator,
too. Under those conditions, X and Y are called interpolation spaces with respect to
X1, X5 and Y1, Y5, respectively. The main purpose of the various interpolation methods is
to reduce the boundedness examination to simpler vector spaces, on which boundedness
conditions are obtained more easily. Two of the most common techniques in interpolation
are the K-method (a real interpolation method) and the complex interpolation method.
More precisely, given a compatible couple of quasi-Banach spaces X; and X5, the K-
method generates the interpolation spaces

XO,q = (Xla X2)9,qa

where either § € (0,1) and g € [1,+00], or § € [0,1] and ¢ = +o0; and the complex
interpolation method the spaces

Xig == (X1, X3), 0 € (0,1).

The reiteration theorem below provides a way to produce intermediate spaces, when
we interpolate between spaces that have been obtained by the K-method or by complex
interpolation; see [3, §3.5 and §4.6], for the real and the complex method, respectively.

Theorem A.1 (Reiteration Theorem). Let Xg, 4, and Xg, 4 (resp. X}, Xjo,) be two
interpolation spaces created by the K-method (resp. complex method) from the compatible
couple X1, Xo. Then for any q € [1,+o0]

(XgquO,Xglyql)gﬂ = ngq <7‘€Sp. (X[90]7X[91])[9} = X{g}) s where 9 = (1—t)00+t01, t - (0, 1).

Finally, another useful technique is the so called retract argument. Like the reiteration
theorem, it also applies in both real and complex interpolation. If X and Y are two quasi-
Banach spaces, then X is a retract of Y if there are bounded linear mappings J : X — Y
and K : Y — X such that £J is the identity map on X. Then we have the following
theorem:

90
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Theorem A.2 (Retract argument, [3], Theorem 6.4.2). If X; and Y;, for i = 1,2, are
two compatible couples of quasi-Banach spaces such that X; is a retract of Y;, then the
(quasi-Banach) spaces Xg, and Xjg are retracts of the (quasi-Banach) spaces Yy, and
Yig, respectively.

A.1 Complex interpolation

We present a bit more detailed description of some aspects of complex interpolation, since
this method is also used for proving some of our lemmas.

Let (Xo, ||-|'”)) and (X1, ||-|'”)) be a compatible couple of complex quasi-Banach spaces
and define the space X := Xy + X, which we endow with the norm

ol == inf { o + 1|, 2 =20 + 21}, Vo € X.

Then (X, ||-]|,) is a quasi-Banach space, too.
Ensuing, we define the closed strip

S={z€C: 0<Rez< 1} (A.1)

and we denote by S° it interior. Let .#(Xy, X1) be the set of functions f : S — X which
are continuous on S, analytic in S° and satisfy the following three conditions:

(i) f(it) € Xo, for all t € R, and the map t — f(it) is ||||”-continuous. Similarly,
F(1+it) € Xy, for all t € R, and the map ¢ — f(1+it) is ||-||"”-continuous.

(ii) sup.cs [[f(2)ll; < +o0.

(i) [171] += supes {17 GON 11+ i) |V < +oo.

Then (F(Xo, X1),||]ll) is a Banach space. Furthermore, for any ¢ € (0,1), define the
space

Xt = {f(t)7 f € y(X()?Xl)}

with norm

) ._ .
T = inf .
H ” {feF(Xo0,X1): f(t)=x} |||f|H

Then X; is the interpolation space (X, X1)[t]-
We close this section by displaying a useful lemma that often occurs in complex inter-
polation.

Theorem A.3 (Hadamard’s three line theorem). Let ¢ : S — C be a continuous function
which is analytic in S°, where S is defined in (A.1) In addition, assume that there exist
some positive constants My and My such that

6(it)| < My and |$(1+it)| < My, Vt € R.

Then
l6(2)] < M&_R“MlRez, Vz e S.
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A.2 Lorentz and Schatten-Lorentz spaces

Some of the most famous applications of the K-method and the complex interpolation
method yield interpolation spaces of Lorentz function spaces and Schatten-Lorentz ideals.
These spaces occur in our survey so, for the reader’s convenience, we briefly recall their
definitions.

Let (X,v) be an arbitrary measure space. For any complex valued function f on X,
define the decreasing rearrangement f* of f by

f@) =it {v({r € X :|f(2)| > s}) <t}, ¥t >0.

Then, for any p,q € (0,4+00), we define the Lorentz space LP9(X,v) as the space of all
v-measurable functions of X such that

+o00 1 1 q
/ e (tpf*(t)) dt < +oo.
0 t
We also define the Lorentz space LP*>(X,v), for p € (0,+00), by

ferreX v < supt%f*(t) < +00.
>0

We note that the definition above is equivalent to that one of the usual weak LP* (see
[13, §1.4.2]).

For completeness, we recall the definition of the weak spaces LP*°(X,v). First, for
any v-measurable function f, we define the distribution function dy : (0, +o0) — [0, +0o0],
with

de(t) =v{r e X : |f(z)| >t}, Vt > 0.
For any p € (0,400), the space L»*°(X,v) is defined to be the space of all v-measurable

functions f such that

1
1l 0 = sp 5 (1) < +oc.
t>0

Moreover, it is also possible to define the weighted version of the weak LP. More precisely,
for a v-measurable function v, and every p > 0, we define the space LP(X) to comprise
all the v-measurable functions f such that

£l = supt (/ v(z) dy(x)> < 400.
; >0 {zeX: |f(z)|>t}

Finally, for p, ¢ € (0, +00) we define the Schatten-Lorentz class S, , as the class which
comprises all the bounded operators 7" such that

> (1 +n)rH (sa(1)) < +o0.

n€eNyg

For ¢ = oo, the Schatten-Lorentz class S, is the usual weak Schatten class that was
defined in the introduction.

Finally, for more topics on interpolation, as well as, on interpolation of Lorentz spaces
or compact operator ideals could be found in [3], [12], [13], [16] and [21].
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The Fourier transform

We briefly recall the definition of the Fourier transform on the unit circle T (which is
identified with the interval [0, 1), under the mapping ¢ — *")

1
(FAm) = Fn) = [ e, vn e 2, vf e '(T)
0
and on the real line R:
(FF) (@) = f) = /R F@)e 2™ dy Yz € R. (B.1)

For sake of accuracy, (B.1) defines the Fourier transform on a dense subset of L*(R)NL?*(R)
(for example, the space of Schwartz functions) and subsequently, it is extended to a unitary
operator on the whole L'(R) N L?(R). Therefore, we have that F~' = F*, where

(f_lf)(:v) = /Rf(y)e%iyx dy, vz € R, Vf € L'(R) N L*(R).

Regarding the Fourier transform on T, notice that JF is a unitary operator from L?*(T) to
(*(Z), with inverse

(F fubnez) () = (F{fubnez) () = 3 fue? 0, Wt € [0,1), V{fu}nez € A(Z).

nez

The Fourier transform gives its name to a whole branch of mathematical analysis, the
Fourier Analysis. Some of the concepts that one can meet there, and which we also make
use of, are the Fourier multipliers (cf.[3], [13]) and the Paley-Wiener theory.

B.1 Fourier multipliers

For p € (1,+00), a sequence on Z p is a Fourier Multiplier from LP(T) to LP(T), denote
p € My(T) (or simply .#, when there is no danger for confusion), if and only if the

mapping

FC) =Y p(n) f(n)e*m™

nel

is a bounded linear operator on LP(T). We also define the space of Fourier multipliers on
R in a similar way. More precisely, a function p : R — C is a Fourier Multiplier from
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94 APPENDIX B. THE FOURIER TRANSFORM

LP(R) to LP(R), denote p € #,(R) (or simply .#,), if and only if the mapping

'_> / 27rzy dy

is a bounded linear operator on LP(R). The space of Fourier multipliers .#,, is a Banach
algebra. Ensuing, we present some useful theorems concerning multipliers.

Theorem B.1 (Mikhlin’s Multiplier Theorem; [3], Theorem 6.1.6). Let p : R — C be a
function which satisfies

Ip™M(z)| < A(z)™, Yz eR, n=0,1,

where (x) = V1+22. Then p € M,(R), for every p € (1,+00), and, more precisely,
there ezists a positive constant C, which depends only on p such that

o]l < CpA.

The next two Theorems concern the invariance of multipliers’ norm after scaling.

Theorem B.2 ([3], Theorem 6.1.3). Let p : R — C belong to #,(R). Then, for any
t € R\ {0}, the function p; : R — C which maps x to p(tz) belongs to A,(R) with

pell., < NPl -

Theorem B.3 ([13], Theorem 4.3.7). Let p : R — C be a continuous function such that
p € My(R), for some p € (1,400). Then, for any t > 0, the sequence py = {p(tn)}nez
belongs to A,(T) and moreover,

su <
t>g> HPtH//p(T) > HPH/;T,(R)

B.2 Paley-Wiener theory

Let f: C — C be an entire function. Then f is called of ezponential type A if
1£(2)] = O(e?), when |z| = +oo0.

Theorem B.4 (Paley-Wiener, [32], Theorem 7.2.1). Let f : R — R be a function sup-
ported on [—A, A, for some positive number A, such that f € L*([—A, A]). Then the
Fourier transform

= /f(x)e_%im dz, Vz € C,

1s an entire function of exponential type A.

Theorem B.5 (Plancherel-Polya, [22], Theorem no. 31). Let f be an entire function of
exponential type A. Then, for any p > 0, there exists a constant C = C(p, A) such that

S IFmIP < CUAG -

mEZ



Appendix C
Hardy spaces, BMO and VMO

C.1 The Hardy space H?

C.1.1 The Hardy space on the disk

Let D:={z € C: |z| <1} and T = 9D, which is identified with the interval [0, 1), under
the action of the map t — e*™. We define the set of holomorphic (or analytic) functions
on D,

Hol(D) :={f:D— C: f is holomorphic}
Let p € (0, +00]. Then, for any f € Hol(ID), we define the means M,(r, f) and M (r, f),
for p € (0,4+00) and p = 400, respectively, as follows:

M,(r, f) := (/01 ‘f(reQWit)‘pdt)p’ vr € [0,1),

and
My (r, f) := max ‘f(re%it)

0<t«1

, Vre[0,1).

These means are increasing functions of the radius r, for a fixed analytic function f, and
this fact prompts the following definition:

H(0)i= { € HOl(D): |y = 510 M f) < 400 b, ¥ € (0.-40c],

It can be proved though ([7, Theorem 2.2]) that, for any p € (0, +-o0}, if f € H?(D), then
f has an almost everywhere non-tangential limit f € LP(T); i.e. there exists a function
f € LP(T), such that

lim  f(z) = f(e*™), for almost every t € [0, 1).

<qz—se2mit

Due to this observation, we can extend every f € HP(D) on T, by setting
f(e2™) .= f(e*™), vt € [0,1). (C.1)

This previous observation also leads to the following definition. For any p € (0, +o¢],

HP(T) := {fE LP(T): 3f € HP(D) with lim f(z) = f(e*™™), for a.e. t € [0, 1)}
(C.

<qz—vye2mit
2)
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We also endow the space HP(T) with the LP(T) norm. Obviously, the HP(T) space contains
all the trigonometric polynomials

N
Py(t) = ane%mt, vVt e |0,1),

n=0

for any arbitrary N € Ny. Moreover, it is proved ([7, Theorem 3.3]) that the space of
these polynomials is dense in HP(T), for any p € (0,+0c). Therefore, we can give the
following, equivalent to (C.2), definition:

HP(T) := {f e LP(T): f(z)= anz", Vz € ']T} , Vp € (0,400). (C.3)

n>0

For p € [1, +00], it can be proved ([7, Theorem 3.4]) that the space H?(T) can be identified
with the space of LP(T) functions with whose Fourier coefficients vanish on negative
integers. Thus, the definition (C.3) can be extended for p = +o0, too. Besides, due to
(C.1), we can identify the spaces HP(ID) and HP(T), so that they can equally be called as
Hardy spaces and any switch between these two notations should not cause any confusion.
Finally, it can be proved that the Hardy space, H?, is Banach when p € [1,+o0], and
quasi-Banach, for p € (0,1); see [7, Corollary 1 and 2], as well as, the discussion between
them.

C.1.2 The Hardy space on the upper half-plane

In complete analogy with the theory of the Hardy spaces on the unit disk, is developed
the respective theory of Hardy spaces on the (complex) upper half-plane. The basic steps
that lead to the main definitions do not differ a lot from those for Hardy spaces on ID so,
we only give the necessary definitions, with fewer details this time. For a more analytic
approach though, we refer to [7, Chapter 11].

Let C; :={z € C: Imz > 0} and define the set of holomorphic (analytic) functions
on Cy,

Hol(Cy):={f:C. — C: fis holomorphic}.

Then, for any p € (0, +00), define the space

H(C,) = {f € HOl(C.) Il = sup ([ 156+ inPar)” < +oo};
Y R
and for p = 400,
H¥(C0) = { € HOll€2) s Ifllgmic,) =suplflo+in)] < +o0}.
Yy

As it happens in the unit disk, we can again consider the boundary values of H?(C,),
almost everywhere on R (Corollary of [7, Theorem 11.1]). Then, for any p € (0, 00|, we
define

HP(R) := {fE LP(R): 3f € HP(C,) Withlgn;f(z) = f(z), forae. x € R},

which we endow with the LP(R) norm. As it happens in the case of the unit disk, it
can be proved ([7, Theorem 11.4]) that the spaces H?(C,) and H?(R) can be essentially
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identified. In other words, a function f € Hol(C, ) belongs to the Hardy space H?(C)
if and only if it can be extended to an LP(R) function. Moreover, for any p € [1,2], the
Hardy space HP(C,) (or equivalently, H?(R)) can be identified with the space of LP(R)
functions whose Fourier transform vanishes on the negative semi-line ([7, Theorem 11.10]).

C.1.3 Multipliers

In section B.1 we presented some results on the theory of Fourier multipliers. Those results
concern the case of .#,, for p > 1. When p € (0, 1], we need some further smoothness
conditions which are expressed in terms of Hardy spaces. So now it is time to complete
the aforementioned theory.

The analogue of Mikhlin’s Theorem (see Theorem B.1) for the case of p € (0,1] is
due to E. Stein (cf. [31], Théoreme 1). Notice that this gives a sufficient condition for
multipliers on a smaller class of functions, compared to the p > 1 case. More precisely,
we have the following theorem:

Theorem C.1. Let p € (0,1] and consider the Hardy space HP(R). Let k € N such that
k=t < p and p : Ry — C which satisfies the following conditions:

(1) lp(t)] < A, Vt € Ry;
(ii) p € C*(R,) and

2R
/ PP At < AR VR >0, V=1, k;
R

where A is a positive constant. Then p is a multiplier on HP(R).
Finally, the analogue of Theorem B.3 is the following:

Theorem C.2 ([5]). Let p: R — C be a continuous function that gives rise to a multiplier
on the Hardy space HP(R), for some p € (0,1]. Then, for any t > 0, the sequence
pr = {p(tn) }nez is a multiplier on the Hardy space HP(T) and furthermore, the multiplier
norm ||Pt|’//z(Hp(T)) is uniformly bounded with respect to t.

C.2 BMO and VMO

In this section we define two classes of spaces, the BMO and VMO, which may look
irrelevant to aforementioned theory of Hardy spaces but, they are actually closely related
to it. For example, the BMO space arises when investigating the duals of Hardy spaces.

We begin by defining the notion of the mean oscillation of a function when it is defined
either on T or on R. For let f € L'(T) and I be an arbitrary arc of T. We define the
mean value of f on I, fr, by

1 it
fI::m/[f(e2 )dt,

where by |I| we denote the (normalised) Lebesgue measure on T of I. Respectively, let
f e LL.(R)and I be a bounded interval. Then the mean value of f on I is given by

loc

1
f1 ::m/lf(t)dt,
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where || is the Lebesgue measure on R of 1.
Next we define the mean oscillation of a function f. In the case of the unit circle, if
f € LY(T), we define the mean oscillation of f over an arc I as

1 2mit
), = m/j}(f—fz) (e2) | dt

Similarly, for the case of the real line, we define the mean oscillation of an Lj,(R) function
f, over a bounded interval I as

1
(f)y = m/lw—m (1)) dt

Then the BMO spaces on the unit circle and on the real line are defined as follows:

BMO(T) i={ £ € D) o = sup 1), < o0}

and similarly,

BMOW®) i= {1 € Lhu(®) flonorm = (1), < +o0 |

So that the BMO space is actually the space of functions with bounded mean oscillation.

Notice that the BMO space arises naturally in the theory of Hankel operators. We
have already seen that it provides a sufficient condition for boundedness (see Theorems
1.2 and 1.7). By a closer look to the proofs of these theorems (cf. [21]), it is observed
that the kernel of a Hankel operator is essentially linked with the analytic projection of
a function that acts as a linear functional on the Hardy space H'. More precisely, by
considering for simplicity the discrete case, H, is a bounded Hankel operator on ¢*(Ny),
with kernel @ = {a(n) }nen,, if and only if there is a function ¢ : T — C such that

d(n) = a(n), ¥n € Ny,

and ¢ acts as a linear functional on H*(T), or equivalently, ¢ € (H'(T))". But the dual
space of HY(T), (HY(T))", is identified with the analytic functions of the BMO(T) space
(aka BMOA). Respectively, for the continuous case, (H'(R))" = BMO(R). For more on
the connection between the Hardy and the BMO spaces, we refer to the fundamental work
of C. Fefferman and E. M. Stein in [3].

Finally, we proceed to the definition of the VMO spaces; i.e. the space of functions
with vanishing mean oscillation:

|[7|—0

VMO(T) := {f € BMO(T) : limsup (f); = 0} ;
and similarly,

|I|]—0

VMO(R) := {f € BMO(R) : limsup (f), = O} .

For a detailed introduction to the theory of Hardy, BMO and VMO spaces we refer the
reader to [7], [9] and [3].



Appendix D

Pseudo-differential operators

Formally, a pseudo-differential operator ¥ on L?(R) can be described by

(\I/f) () = /Ra(x,y)f(y)e%my dy, Yz € R, Vf € L*(R). (D.1)

The function a : R xR — R is the symbol of ¥ and it should belong in some symbol class.
More precisely, for any m € R we define the symbol class S™ as the set of smooth
functions a : R x R — R such that, for any k,[ € N, there exists a positive constant Cj,
such that
’8"’8l }<Ckl<> _Z,VZ’,QER.

Then we define the class of pseudo-differential operators U™ to comprise all the operators
U that are described by (D.1), with symbol a € S™. For every ¥ € ¥™ with symbol a,
we write U := a(X, D). Therefore, (D.1) becomes

[MXJ»ﬂ@y:Aa@wﬁ@ka@theR\ﬁEL%M. (D.2)

Observe that if a is a symbol independent of z, then (D.2) gives the pseudo-differential
operator

[a(D) f](x) = /Ra(y)f(y)e%”y dy, Vz € R, Vf € L*(R). (D.3)

In the context of the thesis, we deal with operators of the form Mpga(D)Mg. Thus,
according to (D.3), we formally obtain

[(Maa(D)Mpf](z /ﬁ Fly)e v dy
o (D-4)
//5 Bly =) f () dgdy.
Notice that
[ Bt - e ay = [ slaty+ 95 ay,
and set
al,§) - /5 aly +&)B(y)e”™ dy, Vo, € R. (D.5)
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Therefore, by going back to (D.4),

[Maa(D)Mef](@) = [ ale.F (O de. v € &
R

and consequently, Mga(D)Mj can be regarded as a pseudo-differential operator a(X, D),

where a is given by (D.5). For this class of pseudo-differential operators we can obtain

Weyl type eigenvalue asymptotics. More precisely, we have the following theorem (cf. [23,
Theorem 2.4)):

Lemma D.1. Let a denote a real valued function in C*(R), such that

A(+o0)z™ " +o(z™7), x — 400
afz) =
A(—o0)|z|Y +o(z77), = — —o0,

for some real constants A(+00), A(—o0) and v > 0. Now let B be a real valued function
on R such that
1B(z)| < C(x)™", Yz € R, (D.6)

where p > 1 and C' a non-negative constant. Finally, we determine the pseudo-differential
operator ¥ = Mpga(D)Mg on L*(R). Then ¥ is compact and we have the following
eigenvalue asymptotic formula:

ME(U) = CFn~" 4 o(n™7), n — +oo, (D.7)
where

o = | (atrook + a-o0ll) [1at)* ad]

Finally, for more details on the theory of pseudo-differential operators, we refer the
reader to [28] and [30].
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