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A SERRE WEIGHT CONJECTURE FOR GEOMETRIC HILBERT
MODULAR FORMS IN CHARACTERISTIC p

FRED DIAMOND AND SHU SASAKI

ABSTRACT. Let p be a prime and F' a totally real field in which p is unrami-
fied. We consider mod p Hilbert modular forms for F', defined as sections of
automorphic line bundles on Hilbert modular varieties of level prime to p in
characteristic p. For a mod p Hilbert modular Hecke eigenform of arbitrary
weight (without parity hypotheses), we associate a two-dimensional representa-
tion of the absolute Galois group of F', and we give a conjectural description of
the set of weights of all eigenforms from which it arises. This conjecture can
be viewed as a “geometric” variant of the “algebraic” Serre weight conjecture
of Buzzard—Diamond—Jarvis, in the spirit of Edixhoven’s variant of Serre’s
original conjecture in the case F' = Q. We develop techniques for studying the
set of weights giving rise to a fixed Galois representation, and prove results in
support of the conjecture, including cases of partial weight one.

1. INTRODUCTION

1.1. The weight part of Serre’s Conjecture. Let p be a rational prime. Serre’s
Conjecture [56], now a theorem of Khare and Wintenberger [43, 44] (completed by
a result of Kisin [46]) asserts that every odd, continuous, irreducible representation
p: Gal(Q/Q) — GL2(F,) is modular in the sense that it is isomorphic to the mod
p Galois representation associated to a modular eigenform. Furthermore, Serre
predicts the minimal weight k£ > 2 such that p arises from an eigenform of weight
k and level prime to p, the recipe for this minimal weight being in terms of the
restriction of p to an inertia subgroup at p. Under the assumption that p is modular,
the fact that it arises from an eigenform of Serre’s predicted weight was known
prior to the work of Khare-Wintenberger (assuming p > 2), and indeed this plays a
crucial role in their proof of Serre’s Conjecture. This fact, called the weight part of
Serre’s Conjecture, was proved by Edixhoven [24] using the results of Gross [37] and
Coleman—Voloch [13] on companion forms. Edixhoven also presents (and proves for
p > 2') an alternative formulation, which predicts the minimal weight k& > 1 such
that p arises from a mod p eigenform of weight k& and level prime to p, where mod p
modular forms are viewed as sections of certain line bundles on the reduction mod
p of a modular curve. The qualitative difference between the two versions of the
conjecture stems from the fact that a mod p modular form of weight one does not
necessarily lift to characteristic zero.
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1Both versions in the case p = 2 should ultimately follow from the results of Khare—~Wintenberger
and Kisin, as explained in [6].
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There has been a significant amount of work towards generalising the original
formulation of the weight part of Serre’s Conjecture to other contexts where one has
(or expects) Galois representations associated to automorphic forms. This line of
research was first developed by Ash and collaborators in the context of GL,, over Q
(in particular [2]), and the most general formulation to date is due to Gee, Herzig
and Savitt in [31]. We refer the reader to the introduction of [31] for a discussion
of this history and valuable perspectives provided by representation theory, p-adic
Hodge theory and the Breuil-Mézard Conjecture.

An important setting for the development of generalisations of the weight part
of Serre’s Conjecture has been that of Hilbert modular forms, i.e., automorphic
forms for G = Resp/gGLa where F is a totally real field. Work in this direction
was initiated by Buzzard, Jarvis and one of the authors in [5], where a Serre weight
conjecture is formulated under the assumption that p is unramified in F. For a
totally odd, continuous, irreducible representation

1) p: Gal(F/F) — GLy(F,),

there is a notion of p being modular of weight V, where V is an irreducible Fp—
representation of G(F,) = GL2(Op/pOr), where Op denotes the ring of integers
of F. In this context, the generalisation of the weight part of Serre’s Conjecture
assumes that p is modular of some weight, and predicts the set of all such weights
in terms of the restriction of p to inertia groups at primes over p. This prediction
can be viewed as a conjectural description of all pairs (7o, 7p) wWhere 7 (resp. 7,)
is a cohomological type at co (resp. K-type at p) of an automorphic representation
giving rise to p (see [5, Prop. 2.10]). The conjecture was subsequently generalised
in [55, 30] to include the case where p is ramified in F, and indeed proved under
mild technical hypotheses (for p > 2) in a series of papers by Gee and collaborators
culminating in [34, 33|, with an alternative endgame provided by Newton [50].

It is also natural to consider the problem of generalising Edixhoven’s variant of
the weight part of Serre’s Conjecture, especially in view of the innovation due to
Calegari-Geraghty [8] on the Taylor—Wiles method for proving automorphy lifting
theorems. By contrast with the original formulation of the weight part of Serre’s
Conjecture, there has been relatively little work in this direction. The main aim of
this paper is to formulate such a variant in the setting of Hilbert modular forms
associated to a totally real field F' in which p is unramified. More precisely, for
p as in (1), we give a conjectural description of the set of all weights of mod p
Hilbert modular eigenforms giving rise to p, where we view mod p Hilbert modular
forms as sections of certain line bundles on the special fibre of a Hilbert modular
variety. Furthermore, we develop some tools for studying the set of possible weights,
and prove results towards the conjecture in the first case that exhibits genuinely
new phenomena relative to the settings of [24] and [5]. A forthcoming paper of the
authors generalises all the conjectures and results of this article to the case where p
is ramified in F'. Another direction that warrants further research is consideration
of higher degree cohomology of automorphic bundles, and it would be natural to
pursue the problem in the context of more general Shimura varieties.

A key point we should make is that in the setting of classical modular forms,
the enhancement provided by Edixhoven’s variant of Serre’s Conjecture pertains
essentially just to unramified-at-p Galois representations and weight one modular
forms, but already in the Hilbert modular setting, a much richer tableau emerges
from the geometric variant, in terms of both the related p-adic Hodge theory and
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arithmetic of automorphic forms. We touch on this further in the course of outlining
the contents of the paper below.

1.2. Mod p Hilbert modular forms and Galois representations. The foun-
dations for this paper have their roots in the work of Andreatta—Goren [1], which
develops the theory of mod p Hilbert modular forms and partial Hasse invariants.
In particular, they use the partial Hasse invariants to define the filtration, which we
refer to instead as the minimal weight, of a mod p Hilbert modular form. However,
the framework for [1] is based on an alternate notion of Hilbert modular forms,
defined using Shimura varieties and automorphic forms associated to the reductive
group G*, the preimage of G,, under det : G — Resp;oG,, where G = Resp/oGLa.
We wish to work throughout with automorphic forms with respect to G itself,
which are more amenable to the theory of Hecke operators and associated Galois
representations. To this end we need to adapt the setup of [1].

We begin by recalling the definition of Hilbert modular varieties in §2 and Hilbert
modular forms in §3 in our context. For us, a weight will be a pair (k,1) € Z* x Z*,
where Y is the set of embeddings F' — Q. A fundamental observation is the absence
in characteristic p of the parity condition on k& that appears in the usual definition
of weights of Hilbert modular forms (with respect to G, as opposed to G*) in
characteristic zero; our (k,1) is arbitrary. In §4 we explain the construction of Hecke
operators in our setting, and in §5 we recall (and adapt) the definition of partial
Hasse invariants from [1].

In §6 we establish the existence of Galois representations associated to mod
p Hilbert modular eigenforms of arbitrary weight. More precisely we prove (see
Theorem 6.1.1):

Theorem. If f is a mod p Hilbert modular eigenform of weight (k,l) and level
U(n) with n prime to p, then there is a Galois representation py : Gp — GLa(F,)
such that if v { np, then py is unramified at v and the characteristic polynomial of
ps(Frob,) is X? — a, X + dyNmpq(v), where T, f = a,f and S, f = d,f.

This was proved independently by Emerton-Reduzzi—Xiao [26] and Goldring—
Koskivirta [36] under parity hypotheses on k. The new ingredient allowing us to
treat arbitrary (k,!1) is to use congruences to forms of level divisible by primes over
p. This introduces a number of technical difficulties, the most critical of which is
overcome using a cohomological vanishing result proved in joint work with Kassaei
in [20].

1.3. A geometric Serre weight conjecture. In §7, we introduce the notion of
geometric modularity and formulate a conjecture that specifies the set of weights
for which a given p is geometrically modular. A key point is that the geometric
setting allows for the notion of a minimal weight (among the possible & for a fixed
1) of eigenforms giving rise to p, something not apparent in the framework of [5].
An investigation of this phenomenon and its interaction with properties of ©-cycles
(under which [ varies) in this context led us to the expectation that this minimal
weight should lie in the cone Er. = Em N Zgo, where

min

Emin — {k c ZZ |pk7_ > kFr_lo‘r for all 7 € 2},
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and that geometric modularity of p for weights in Er-;in can be characterised using
p-adic Hodge theory. In particular, we make the following conjecture (see Conjec-
ture 7.3.1 for a stronger version, and Definitions 7.2.1 and 7.2.2 for conventions on
Hodge-Tate weights):

Conjecture. Suppose that p : Gp — GLa2(F,) is irreducible and geometrically
modular (of some weight), and let | € Z*. Then there exists kmin = kmin(p,1) € E:ﬁn
such that the following holds for all k € ZF

“min "

p is geometrically modular of weight (k,1) <=k >Ha kmin

<= plgy, has a crystalline lift of weight (k-,l;)rex, for all v|p.

The inequality in the statement means that k£ — Ky, is a non-negative integral
linear combination of weights of partial Hasse invariants, and the existence of a
weight kni, such that the second equivalence holds already has deep consequences
in p-adic Hodge theory which are not apparent from the framework of algebraic
Serre weight conjectures. We also stress that one might have expected that, by
analogy with the algebraic setting in [5], the preceding conjecture held with =,
replaced by the set of totally positive weights. Indeed we had been positing such a
formulation to experts on Serre weight conjectures, until R. Bartlett showed us a
counterexample to the resulting p-adic Hodge-theoretic implications; this led us to
examine the possible ©-cycles more closely and arrive at the above version. The role
of Epin in the conjecture in turn inspired the main result of [19], thus answering
the basic question posed in [1] of whether the minimal weight of a mod p Hilbert
modular form is totally non-negative; in fact [19, Cor. 1.2] establishes the stronger
result that it lies in Z,ip.

In §7 we also explain the relation with the Serre weight conjectures of [5], which can
be viewed as specifying the weights (k, 1) € ZZ,xZ* (i.e., algebraic weights) for which
p is algebraically modular. In particular Conjecture 7.5.2 predicts that geometric
and algebraic modularity of p for a weight (k,[) are equivalent if k € ZZ, N Epin.
The hypothesis k € ZZ, is needed for the notion of algebraic modularity, and it is
not hard to see that it implies geometric modularity even without the assumption
k € Zmin, at least if all k, have the same parity (see Proposition 7.5.4). On the
other hand, the opposite implication seems much more difficult, and its failure
for k € =i, can be observed through the optic of modular representation theory
(see Remark 7.5.3). Furthermore for algebraic weights in Z,,;,, the Breuil-Mézard
Conjecture [4] (or more precisely its generalisation in [33, Conj. 1.1.5]) converts the
p-adic Hodge-theoretic implications of Conjecture 7.3.1 into non-trivial results on
the mod p representation theory of GL2(F,r) (see Wiersema’s PhD thesis [62]). We
remark also that the interplay between algebraic and geometric Serre weights is
reflected in the geometry of Hilbert modular varieties; this theme motivated the
construction in [20] of a filtration and Jacquet-Langlands relation for mod p Hilbert
modular forms of pro-p-Iwahori level at p.

In the case F = Q, the only non-algebraic weights with k € ZF, have the form
(1,1), for which Conjecture 7.3.2% reduces to the statement that p is unramified
at p if and only if it arises from a mod p eigenform of weight one. For general F,

2Strictly speaking, we assume F # Q throughout the paper to allow for a more uniform
exposition, and because nothing new would be presented in the case F' = Q. For F' = Q, the
equivalence between algebraic and geometric modularity for k > 2 is standard, and the analogue of
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the analogous statement relating (modular) p unramified at p to parallel weight
one forms is established (under technical hypotheses) by work of Gee-Kassaei [32]
and Dimitrov—Wiese [23]; however there is a much richer range of possibilities for
p to arise (minimally) from forms with non-algebraic minimal weights. The first
instance where this is apparent is for real quadratic fields F' in which p is inert, and
we investigate this in detail in §11.

1.4. Partial O-operators, g-expansions and the inert quadratic case. We
have already indicated how the perspective afforded by Conjectures 7.3.1 and 7.5.2
leads to new results on the geometry of Shimura varieties and mod p automorphic
forms, as in [19] and [20]. On the other hand, progress on these conjectures evidently
requires more geometric input than was needed for the proof of the algebraic Serre
weight conjecture of [5]. To that end, we review and develop several useful general
tools in the context of Hilbert modular varieties, beginning with the theory of
©-operators in §8. We again proceed by adapting the treatment in [1], but in doing
so we introduce some new perspectives which we feel simplify and clarify some
aspects of their construction. (See Remark 8.1.3 and the proof of Theorem 8.2.2.)
Furthermore the approach taken here leads to a substantial improvement on the
results in [1] on ©-operators when p is ramified in F'; see [18].

In the last few sections, we make critical use of g-expansions. Most of §9 is a
straightforward application of standard methods and results describing g-expansions
and the effect on them of Hecke operators. In addition to this, we construct partial
Frobenius operators, whose image we relate to the kernel of partial ©-operators in
Theorem 9.8.2; this argument is (to our knowledge) new, and the result generalises
a theorem of Katz [40]. These results are further generalised in [18] to the case
where p is ramified in F'.

In §10 we first prove various technical results on eigenforms and their g-expansions.
We then study the behaviour of the minimal weight for p as [ varies (see Theo-
rem 10.4.2), and prove that if an eigenform of algebraic weight is ordinary at a
prime over p, then so is the associated Galois representation (Theorem 10.7.1).

Finally in §11 we specialise to the inert quadratic case. We first use results
from integral p-adic Hodge theory to describe those p for which the (conjectural)
minimal weight is not algebraic (i.e., has k; = 1 for some 7). We then use the tools
developed in the preceding sections to transfer modularity results between algebraic
and non-algebraic weights. In particular we prove cases of Conjecture 7.3.2 in the
setting of partial weight one, conditional on our conjectured equivalence between
algebraic and geometric modularity (see Theorem 11.4.1). Since one direction of
this equivalence is easy under a parity hypothesis, we also obtain the following
unconditional result (Theorem 11.4.3):

Theorem. Suppose that [F': Q] = 2, p is inert in F', 3 < ko < p, ko is odd and
p: Gr — GLa(F,) is irreducible and modular. If pla,, has a crystalline lift of
weight ((ko,1),(0,0)), then p is geometrically modular of weight ((ko,1),(0,0)).

Our method is indicative of a general strategy for transferring results from the
setting of algebraic Serre weight conjectures to their geometric variants; further
work in this direction is carried out in Wiersema’s thesis [62].

Conjecture 7.3.2 reduces via the Breuil-Mézard Conjecture to Edixhoven’s variant of the weight
part of Serre’s Conjecture, hence is known (at least if p > 2).
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2. HILBERT MODULAR VARIETIES

In this section we recall the definitions and basic properties of the models for
Hilbert modular varieties used throughout the paper.

2.1. General notation. Let p be a fixed rational prime. Let F be a totally real
field in which p is unramified. We let O denote the ring of integers of F', and
Or, = Of ® Z for any prime /.

Since this paper offers nothing new in the case F = Q (relative to [24]), we
will agsume throughout that F' # Q in order to avoid complications arising from
consideration of the cusps.

Let 0 = 0p /g denote the different of " over Q. Fix algebraic closures Q, @p of Q
and Q, respectively, and fix embeddings of Q into @p and C.

Let ¥ denote the set embeddings of F' into Q. Let L denote a finite extension of
Qp in @p containing the image of every embedding in ¥, O its ring of integers, 7w a
uniformiser and £ = O/ its residue field. We identify ¥ with the set of embeddings
of Finto L (and hence of Op into O), as well as the set of embeddings of F' into R.

If T'is a subset of Flo)w = F@R =[] R, we let T, the set of totally positive
elements in T'.

2.2. Hilbert modular varieties of level N.

Definition 2.2.1. For a fractional ideal J of F' and an integer N > 3, let M ; n
denote the functor which sends an O-scheme S to the set of isomorphism classes of
data (A, i, \,n) comprising

e an abelian scheme A/S of relative dimension [F': Q),

e a ring homomorphism ¢ : Op — End(A/S),

e an Op-linear isomorphism A : (J, J;) ~ (Sym(A/S), Pol(A/S)) such that
the induced map A®q, J — A is an isomorphism, where Sym(A/S) (resp.
Pol(A/S)) denotes the étale sheaf whose sections are symmetric Op-linear
morphisms (resp. polarisations) A — AV,

e an Op-linear isomorphism 7 : (Op/N)? ~ A[N].

We call such a quadruple a J-polarised Hilbert-Blumenthal abelian variety with level
N structure (or simply an HBAV when J and N are fixed) over S.
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The functor M ; v is representable by a smooth O-scheme, which we shall denote
Y n; see [16, Thm. 2.2] and the discussion before it, from which it also follows
(using for example [10, Thm. 1.4]) that Yy is quasi-projective over O.

Let Z; n denote the finite O-scheme representing O p-linear isomorphisms J/N J ~
'@ upn. If (4,1, )\, n) is an HBAV over S, then A ® A1 defines an isomorphism

J/NJ = J R0, No,.(Or/N)? = Sym(A/S) ®o, Ay, A[N],
where A[N] is viewed as an étale sheaf on S. Composing with the isomorphisms
Sym(A/S) ®o, Ny, AIN] =~ Hom(Op, un) ~ 07! @ puy

induced by the Weil pairing and the trace pairing thus gives an element of Z; n(S).
In particular taking S = Y; 5 and the universal HBAV over it, we obtain a canonical
morphism Y; y — Z;n with geometrically connected fibres.

2.3. Unit action on polarisations. The group Oj. 4 of totally positive units in
Op acts on Y y by v in O, sending (4,,\,n) € YJ,N(S) for every O-scheme S
to (A, ¢, v\, n) € Yy n(S). Similarly u € GLy(Op/NOp) acts by sending (A, ¢, A, n)
to (A,t,A\,mor,-1) where r,-1 denotes right multiplication by u~!, thus defining
a right action of GLy(Or/NOpr), and hence of GLg(ap) on Yjn through the
projection GL2(5F) — GL2(Op/NOF) where OF denotes the profinite completion
of Op. If € Of, then the action of y? € Of . on Y coincides with that of

w1 € GLy (61:) (where I denote the 2-by-2 identity matrix).

2.4. Adelic action on level structures. Now let U be an open compact subgroup
of Resp/@GLg(z) ~ GLy(Op) containing GL2(OFp). Choose an integer N > 3
such that N is not divisible by p and U(N) C U, where U(N) := ker(GLy(Op) —
GL2(Or/NOF). Then the action of O}X,)Jr X GLg(@F) induces one on Yy n of the
finite group

Gy = (OF , X U)/{ (1% w) | p € OF,u € Uu=pl mod N }.

Note that the action of (v,u) € O | X GLg(ap) on Yy is compatible with the
natural action on Z; y defined by multiplication by v det(u)~!.

We will show that if U is sufficiently small, then Gy n acts freely on Y; . To
make this precise, let Pr denote the set of primes r in Q such that the maximal
totally real subfield Q(p,-)" of Q(u,) is contained in F, and let Cr denote the set of
quadratic CM-extensions K/F (in a fixed algebraic closure of F') such that either:

e K = F(u,) for some odd prime r € Pp, or
e K = F(y/PB) for some 8 € OF.
Note that the sets Pr and Cr are finite.
For an ideal n of O, we define the following open compact subgroups of GLQ(a F):

Uo(n) = {(‘c‘ Z)eGLQ(éF) cenéF};
Ui(n) = {(Z Z)EUO(n) d—lenép};
Uy (n) = {(‘c‘ Z)EUl(n) a1enép}.
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Lemma 2.4.1. Suppose that one of the following holds:

e U C Ui (n) for some n such that if r € Pr, then n does not contain tOp
where v is the prime over v in Q(u, )", or

e U C Up(n) for some n such that if u, C K and K € Cg, then n C q for
some prime q of F inert in K and not dividing r.

Then Gy,n acts freely on Yy .

Proof. For Gy, n to act freely on Yy y means that the morphism Gy n x Yy v —
Yun xo Yy n defined by (g, z) — (gz, z) is a closed immersion. Since this morphism
is finite and the fibre over every closed point is reduced, it suffices to prove that for
every geometric point z € Yy y(5), the map Gy n — Yy n(S) defined by g — gz is
injective, i.e., that the stabiliser of z in Gy is trivial.

Suppose then that (A4, ¢, \,7n) is an HBAV over an algebraically closed field, and
that (v,u) € O;H- x U is such that (A, ¢, v\, nor,-1) is isomorphic to (A, ¢, A, 7).
This means that there is an automorphism « of A such that @ commutes with the
action of O and satisfies c o =nor,-1 and A\(j) = a¥ o A(vj) o for j € J.

We wish to prove that o = «(u) for some p € Oy. Suppose this is not the
case. Viewing F as a subfield of End”(A) = Q ® End(A) via ¢, it follows from the
classification of endomorphism algebras of abelian varieties that F'(«) is a quadratic
CM-extension K/F. Since « is an automorphism, it is a unit in an order in K, so
a € O. Since O and O} have the same rank and a ¢ O}, we have o € O for
some n > 0; replacing a by a power, we may assume 7 is a prime r. Since o” € F
and K = Fla] is Galois over F, it follows that ¢, € K, and hence either K = F(u,.)
or r = 2. In either case we conclude that r € Pp, y,, C K and K € Cp.

Now let f(X) denote the minimal polynomial of o over F. Note that since
a” € O, we have

(2) fX)=(X—a)(X = o) =X? — (1+()aX +(a?

for some (, € u,. For each prime ¢ of F' not dividing p, the ¢-adic Tate module
Ty(A) is free of rank two over Op and is annihilated by f(c), so f(X) is in fact the
characteristic polynomial of o on Ty(A). It follows that f(X) is the characteristic
polynomial of @ on A[N], and hence also the characteristic polynomial of u on
(Or/N)?.

Suppose now that U is as in the first bullet in the statement of the lemma, Since
U C Ui (n), the characteristic polynomial of u is (X — 1)? mod n. Comparing with
(2), we see that (1 + ¢,)a = 2mod n and (.a? = 1 mod n. If r = 2, this implies
2 € n, contradicting the hypothesis on n. If r is odd, this implies ¢,.a?(¢. —¢71)? € n;
since ¢,a? € OF and (¢, — ¢, ')? generates t, this also contradicts the hypothesis
on n.

Suppose now that U is as in the second bullet of the statement. Then there is
a prime q dividing n such that q is inert in K and does not divide r. Since the
discriminant of f(X) is only divisible by primes over 7, we have Ok 4 = O 4[a], s0
f(X) is irreducible modulo q. On the other hand, since u € Upy(q) its characteristic
polynomial factors over Or/q, and we again obtain a contradiction.

We have now shown that o = ¢(p) for some p € OF. It follows that u=! =
pl mod N, and that v = p=2. Therefore the image of (v,u) in Gy, is trivial, as
required. (I
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Caveat 2.4.2. Unless otherwise indicated, we assume throughout the paper that
the open compact subgroup U of GLs (6F) contains GL2(OF,) and is sufficiently
small that the conclusion of Lemma 2.4.1 holds for some, hence all, N > 3 such that
UN)CU.

2.5. Hilbert modular varieties of level U. We fix a set T of representatives ¢
in (A%)* for the strict ideal class group (AY)*/F} O\IX; = A;/FXO;FOE#, and let
J¢ denote the corresponding fractional ideal of F'. We assume the representatives ¢
are chosen so that the J; are prime to p; i.e., that ¢, € Ofﬂ’p foreach t € T.

Since Yy, v is quasi-projective over O, the quotient Y, /Gy n is representable
by a scheme over O (by [38, Prop.V.1.8]), and we define

Yy = H Y;, n/Gun.

teT

Then Yy is smooth over O and the projection ]_[teT Y, ~ — Yy is Galois and étale
with Galois group Gy n (in view of Lemma 2.4.1 and Caveat 2.4.2). Moreover Yy
is defined over O N Q and is independent of the choices of N and T'.

2.6. Components. Let Zy = [[,.r 2, ~v/Gun with (v,u) € Gyn acting by
multiplication by v det(u)™1, so if ux(Q) C O, then Zy;(O) can be identified with
the set of (geometrically) connected components of Y. Fixing a generator (x for
97! @ un(0) as an Op-module, we obtain a bijection

(3) (AF)"/F{ det(U) ~ Zy(0)

by sending ' det(U) to the Gy, y-orbit of the isomorphism J; /N J; ~ 07t @un (O)
sending the class of (za)™* € J, ®o, OF to (n, where t € T and o € F* (unique
up to multiplication by an element of O ) are chosen so that 7' € tozé}.

2.7. Complex points. We recall that Yy is defined over O N Q, and a standard
construction yields an isomorphism

(4) GL2(F)\GL2(Ap)/UUx ~ Yy (C)

where Use = [[;cx SO2(R)R* C [, o5 GL2(R) = GLy(Fu ), allowing us to view
Yu as a model for the Hilbert modular variety of level U. More precisely, by the
Strong Approximation Theorem, any double coset as in (4) can be written in the
form GLo(F)goodiag(l,z)UUs for some goo € GLo(Fi), € (AF)*, such that
det(goo) € FZ , and 20y = JoOp for some J. Such a double coset corresponds
under (4) to the Gy, ny-orbit of the HBAV over C defined by

C® Or/(goo(20)0r @ (JO) ™)

with the evident Op-action, isomorphism X\ : (J,J;) =~ (Sym(A4/S),Pol(4/S))
defined so that A(a) corresponds to the Hermitian form trp/q(ast/Im(goo(20)), and
level N-structure defined by (a, b) + (ageo(20)+bz™1)/N, where 2o = i®1 € C®OF.

3. HILBERT MODULAR FORMS

In this section we recall the definition of Hilbert modular forms as sections of
certain line bundles on Hilbert modular varieties.
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3.1. Automorphic line bundles. The condition that A®o, J — A" is an isomor-
phism (in the definition of an HBAV) is called the “Deligne-Pappas” condition. Our
assumption that p is unramified in F' ensures its equivalence with the “Rapoport con-
dition” that Lie(A/S) is, locally on S, free of rank one over Or ® Og ([16, Cor. 2.9]),
and hence so is its Og-dual 6*9}4/5, ~ S*Q}L‘/S, where s : A — S is the structure
morphism and e : S — A is the identity section. Since Or ® Os ~ @, 5, Os as a
coherent sheaf of Og-algebras, we may accordingly decompose 5*(2114 /g @S a direct
sum of line bundles on S. Applying this to the universal HBAV A; x over Y n, we
obtain a decomposition S*Q}%,N [Yon = D. e wr where each w, is a line bundle on
S. For a tuple k = (k;)rex € Z*, we let w®* denote the line bundle @, w®*" on
YJ,N.

Remark 3.1.1. Note that the definition of w®* makes sense “integrally” because p
is assumed to be unramified in F so that the Rapoport condition is satisfied; in the
ramified case, one can instead proceed as in [54] using models for Hilbert modular
varieties defined by Pappas and Rapoport in [51].

Since Hyr(A4/S) = RIS*QA/S is locally free of rank two over Or ® Og (by [53,
Lem. 1.3]) sitting in the exact sequence

0= 5.0/ = Hpr(4/S) = R's.04 =0

of locally free modules over O ® Og (given by the Hodge-de Rham spectral
sequence),

(5) Ndroos HDr(A/S) ~ 5*9,14/5 Qopeog R's.04

is locally free of rank one over Or ® Og and similarly decomposes as a direct sum
of line bundles indexed by 7 € X.. We let ¢, denote the line bundles so obtained
from the universal HBAV over S = Y} v, and for a tuple | = (I;),ex € Z%, we
let §%! denote the line bundle ®_ %!, Finally we let £% denote the line bundle
Wk & 5O ’

Recall that we defined the action of O;,+ X GLQ(ap) on S =Y, n by requiring
the pull-back via (v,u) of the universal HBAV (A4, \,n) to be isomorphic to
(A, t,vA\,nor,—1); we let a1 A — (v,u)* A be the unique such isomorphism. Note
that ((1,u)* Q) © Gy = Qs e for (v, u), (V,u') € O}X;)_F x GL2(OF) (where we
identify (v, u)* o (v/,u')* with (v, uu')* via the natural isomorphism resulting from
the equality (v, u’) o (v,u) = (vv/,uu’)). It follows that the induced O ® Og-linear
isomorphisms

ay., (v, u)*(s*Q}él/s) — S*QlA/S, (v, u)*(Rls*Q;‘/S) — Rls*Q;l/S

* ok

satisfy the relation o) , o (v,u)*a;, =« We thus obtain an action of the

*
vv' uu’
group Op | X GLg(ap) on the sheaves 8*9}4/5 and Rls*QA/S, and hence on the
line bundles E%\,, compatible with its action on Y} .

Recall that if g € OF, then (u?, uls) acts trivially on Yy n. In this case the
isomorphism a2 ,z, is given by ¢(j), and it follows that the induced action on E?év
is multiplication by the element p**2! ;=[] 7(u)* *2!-. In particular if k, + 21, is
an integer w independent of 7, then p**2 = Nmp/g(p)®”. Thus if w is even, then
the action of Oy | x U on Ek,év factors through Gy n and hence defines descent
data; we let Eg’l the resulting line bundle on Yy (given by [38, Cor.VIII.1.3]). The
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same holds if w is odd and Nmp,q(u) = 1 for all 4 € O NU. Note that the line
bundle ,C’fjl is independent of the choice of V.

3.2. Hilbert modular forms.

Definition 3.2.1. For two tuples k and [ above, we say (k,!) is paritious if k, + 21,
is independent of 7. For such (k,[), we call an element of H°(Yy, E’fjl) a Hilbert
modular form of weight (k,1) and of level U (where in addition to Caveat 2.4.2, we
assume that Nmpq(p) = 1 for all p € Op NU if k. 4 21, is odd).

We now make an observation critical to our consideration of weights of mod p
Hilbert modular forms. Let Y ; 5 denote the special fibre of Y , and similarly let

Z];?v denote the pull-back of E’?é\, to Y yn. If pF2 = 1 mod 7 for all u € ornU,
then the action of Op, x U on ZLk,éV factors through Gy, n, and hence defines

descent data, giving rise to a line bundle Zlfjl on the special fibre Y of Y7 (again
independent of the choice of N). If (k,1) is paritious, then this is simply the pull-back

of Elf]’l to Y, but the line bundles Zlfjl may be defined even if (k, 1) is not paritious.

In particular if O NU is contained in the kernel of reduction modulo p, then L"f]’l is

defined for all pairs (k,1). This holds for example if U C Uy (n) for some ideal n such

that the kernel of O — (Op/n)* is contained in the kernel of O — (Op/p)*.
More generally for any O-algebra R in which the image of p**+2! is trivial for all

p e OxNU, we obtain a line bundle £’[€J’7ZR on Yy r = Yu Xo R by descent from the

. k1
pull-back of the line bundles L.

Definition 3.2.2. If U, k, [ and R are such that the image of x**2! in R is trivial

for all u € OF NU, then we call an element of H° (YU,R,ZZ’_IR) a Hilbert modular
form over R of weight (k,1) and level U, and we write MkJ(U'; R) for the R-module
of such forms. If R = E, then we call such a form a mod p Hilbert modular form (of
weight (k,1) and of level U).

Definition 3.2.3. We say that U is p-neat if O5 NU is contained in the kernel
of reduction modulo p (in addition to U being sufficiently small in the sense of
Caveat 2.4.2).

3.3. The Koecher Principle. The Koecher Principle implies that My, ;(U; R) is
a finitely generated R-module (assuming an O-algebra R is Noetherian), and that
Moo(U; R) = H*(Yu g, Oyy ) is the set of locally constant functions on Yy, z. Both
of these assertions follow from the analogous ones with Yy replaced by Y n, proved
by Rapoport. (The case J = O is treated by Prop. 4.9 and the discussion preceding
Prop. 6.11 of [53], and the modifications needed for the case of arbitrary J are given
in [11]; see also [21, Thm. 8.3] and [22, Thm. 7.1] for variants with different level
structure and descent data in place.)

3.4. Canonical trivialisations. We observe that the sheaves §%! on Y y are in
fact free (not just locally so). Indeed if A is the universal HBAV over S = Y n,
then we have a sequence of canonical isomorphisms:

R's,04 ~ Lie(AY) ~ Lie(4) ®0, J ~ Homos(s*Qz/S, Os) @0, J
~ Homo 05 (5*9}4/5, Jo 1 ® Og),

(6)
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from which it follows that A, g0, Hpr(4/S) = 5.0} /¢ ®oreos R's:04 is canon-
ically isomorphic to Jo~' ® Og, which is free of rank one over O ® Og. Therefore
each §, is free of rank one over Og, and hence so are the sheaves §®!.

Under the action of (v,u) € Oy, x U on Yy, one finds that the canonical
isomorphism ¢ from Ao Hhr(A/S) to Jo~! ® Og is multiplied by v (in the
sense that (v,u)* = (v®1)Yoa; ). Therefore the action of (v,u) on the resulting
trivialisation of E(}:lN = 6®! is multiplication by v!. In particular, if (0,1) is paritious
(i.e., I, is independent of 7), then v/ = 1 so the trivialisation of ,C?,:lN on Yy is
invariant under Gy n, hence descends to one on Y. Similarly if vt =1 mod 7 for
all v € OF ,, then the canonical trivialisation of ZOJ’,IN on Y ;v descends to one on
Yyu.

3.5. Complex Hilbert modular forms. If (k) is paritious, then under the
identification (4), the line bundle E’f]’l gives the usual automorphic line bundle
whose sections are classical Hilbert modular forms of weight (k,1) and level U.
More precisely, ﬁlfj’l is defined over O N Q, and its fibre at the point y,_, €
Y7 (C) corresponding to the double coset GLa(F)goodiag(1l, z)UU has basis ef! =
®,(ds®*r @ hl7), where s = (s, ),ex are the coordinates on C ® F = C* and h, is
the basis for 0, given by the trivialisation defined above. For ¢ € My, ;(U;C), we
define the function f4 : GL2(Ar) — C so that

yéwl;(b = an||_1 det(goo)l_lj(goc, zo)kf¢('ygoou)ek’l for all v € GLy(F), u € U,

where j(goo, 2) = ¢z + d for goo = (Z Z) € GL} (R) and z in the complex upper-

half plane $, and the exponents k and [ — 1 denote products over the embeddings
7 € 3. Then ¢ — f, defines an isomorphism My, ;(U;C) ~ Ay (U), where Ay (U)
is the set of functions f : GLy(Ag) — C such that:
o f(yvhu) = det(too) (oo, i) “F f(R) for all v € GLy(F), h € GLy(AF) and
U € UUqx;
o f1(900(20)) = det(9o0) 15 (goo,1)¥ f(hgoo) is holomorphic on $* for all
h € GL2(AY).
Note also that f +— (faiag(1,2)) defines an isomorphism Ay (U) ~ ©.My(T'v.z),
where x runs over a set of representatives of F*\A}/det(U)F} |, Ty, = GL3 (F)N
diag(1,z)Udiag(1,2)~* and M (T') denotes the set of holomorphic functions ¢ :
$H> — C such that o(y(z)) = det(y)~*/2j (v, 2)k¢(z) for all y € T.

3.6. Forms of weight (0,!) in characteristic p. Let us now return to character-

istic p and give sufficient hypotheses for the sheaf Z?]’l on the special fibre Y7 to
be globally free, even when (0,1) is not paritious. Suppose that ux(Q) C O, so the
geometric components of Y x are defined over O. Recall that the set of geometric
components is in bijection with Z; 5 (O), with (v,u) acting by v det(u)~!, so the
stabiliser of each component of Y n is { (v,u) € Of, . xU |v = det(u) mod N }. Let-
ting Hy, n denote the corresponding subgroup of Gy, n, we see that if vV'=1modn
for each v € O, Ndet(U), then the trivialisation of Z?,:lN on Yy is invariant
under Hy, v, so descends to the quotient Y J.~/Hy n. Note that this hypothesis also

implies that p?' =1 mod 7 for all u € OF NU, so that ZOJiZN descends to Y; since
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the projection from [[Y ; n/Hy n is an isomorphism on each connected component,

it follows that Z(l)jl is (globally) free on Y.
We record this as follows (recall that Zy is defined in see §2.6):

Proposition 3.6.1. Suppose that un(Q) C O for some N prime to p such that
UN)cU. If ! =1mod 7 for all v € Of . Ndet(U), then the sheafz([)jl on Yy
is (non-canonically) isomorphic to Oy , and Mo, (U; E) to the space of functions
2y (O) — FE.

Note that the hypotheses of the proposition are satisfied for all | € Z* if OE LN
det(U) is contained in the kernel of reduction modulo p. This holds for example if
U C Uy (n) for some ideal n such that the kernel of OF — (O /n)* is contained

in the kernel of Oj — (Op/p)*. In this case U is also p-neat, so the sheaves Z’;’l
are defined for all pairs (k,1), and the spaces of mod p Hilbert modular forms

H° (7U7ZZ’Z) for fixed k and varying ! are (non-canonically) isomorphic.

4. HECKE OPERATORS

In this section, we define Hecke operators geometrically on spaces of mod p
Hilbert modular forms.

4.1. Adelic action on Hilbert modular varieties. Suppose that U; and U, are
open compact subgroups of GL, (ép), we assume as usual that Caveat 2.4.2 holds,
so Uy and U; contain GLy(Op,,) and are sufficiently small in the sense that the
conclusion of Lemma 2.4.1 holds. R

Suppose that g € GLy(A¥) = GL2(Op ® Q) with g, € GL2(Op,,) and g 'Ug C
Uz. We now proceed to define a morphism pg : Y7, — Yy, which corresponds to the
one defined by right multiplication by g on the associated Hilbert modular varieties;
i.e. on complex points it is given by GLa(F)aU1Us — GLo(F)zgUsUs.

We first choose:

e o € Op such that ag € M2(6F) and a € Oﬁp;
e N, prime to p such that U(Ny) C Us;
e Nj prime to p such that U(N;) C Uy and (ag)~'N; /Ny € Mg(@p)

We will define a morphism g, : [[Ys N, — [[Ysn, whose composite with the
projection to Yy, factors through Y7, , yielding the desired morphism pg : Y7, — Yu,,
independent of the above choices of o, N1 and Ns.

We first note that the conditions above imply that Na|Ny, g7 1U(N1)g C U(Nz),
and (right) multiplication by (ag)~!N; /Ny induces an injective Op-linear map

j: (Op/N2)? — (Op/N1)?/(Op/N1)? - (ag) "' Ny.
Let (A1, t1,A1,m) denote the universal HBAV over S = Yy, n, where J; = Jy,
for some t; € T, and let A} = A;/n;(C) where C = (Or/N1)? - (ag) "' Ny. Then
A’ inherits an Op-action ¢} from Aj, and 7; induces an Op-linear closed immersion

(Or/N1)?/(Or/N1)* - (ag)™ "Ny — A}

whose composite with j defines an isomorphism 7} : (Or/N3)? — A} [Ns].
Now consider the injective Op-linear map 7* : Sym(A}/S) — Sym(A;/S) defined
by f+ 7V o fom, where 7 is the natural projection A; — Aj.
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Lemma 4.1.1. The image of 7* is (det(ag))Sym(A;/S) where (det(ag)) denotes
the ideal O N det(ag)Or of OF.

Proof. Note that since Sym(A4;/S) is an invertible Op-module, the image of 7* is
(locally on S) of the form I'Sym(A;/S) for some ideal I of Op, non-zero since 7* is
injective. Moreover since ker(w) C A;[Ny], there is an isogeny ¢ : A} — A; such
that ¢ o7 is multiplication by Ny; since 7* o ¢* is multiplication by N2, it follows
that N2 € I, so I can only be divisible by primes dividing Nj.

We now determine I ® Z, for each prime ¢|N;. Note in particular that £ # p, so
¢ is invertible in Og. Consider the commutative diagram:

Sym(A}/S) @ Z — Sym(A1/S) @ Zy
N I

Homz, (D, To(A}),Ze(1)  —  Homz, (A3, To(Ar), Ze(1)),

of Op-linear maps of f-adic sheaves on S, where the top map is 7* ® Zg, the vertical
isomorphisms are induced by the Weil pairings, and the bottom map is given by the
map Ty(m) : Ty(A1) — Ty(A}) on f-adic Tate modules induced by 7. The cokernel
of ™ ® Zy is therefore isomorphic to that of the bottom map, which in turn is
isomorphic to Homgz, (M;, Q¢/Z(1)), where My is the cokernel of /\2OF,ZT5(7T). Since
the ¢-adic sheaves Ty(A;) and Tp(A]) are locally free of rank two over Op, and the
cokernel of Ty(7) is isomorphic to

ker(m) ® Zy = C ® Zy = Oy - (ag) ' /OFy,

it follows that M, is isomorphic to Op ¢/ det(ag)Op .

We have now shown that the cokernel of 7* ® Z, is (étale locally) isomorphic to
Or,/ det(ag)Op, for all £. Since the cokernel of 7* is also étale locally isomorphic
Op/I, it follows that O /I is isomorphic to O/ det(ag)Op, and hence that I =
(det(g)). O

It follows from the lemma that A; : J; ~ Sym(A4;/S) restricts to an isomorphism
IJ7 — w*Sym(A}/S), where I = (det(ag)). Moreover since f is a section of
Pol(A}/S) if and only if 7*f is a section of Pol(A;/S), we see that Ay further
restricts to an isomorphism (I.J;)+ — 7*Pol(A4}/S). Now let Jo = J;, where to € T
is the fixed representative of I.J; in the strict class group of F', and choose an element
B € FY such that J; = I.J;. Thus f is uniquely determined up to Of ,, and the
composite of A o 8 with the inverse of 7* yields an isomorphism

(J2, (J2)+) = (11, (1J1)+) ™" (Sym(A}/S), Pol(A}/S))
(Sym(A1/5), Pol(A/S))

¢

1

which we denote by A].
Finally we note that since A satisfies the Deligne-Pappas condition, so does A’.
This follows for example from the commutative diagram:

Ay ®@op I — Ai1®o, 1 ~ A

T®1L J/ TTK‘\/

Al ®op Iy — (A))Y,
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and the observation that the top left map is an isogeny with kernel A;[I] ®o, IJ1,
hence (constant) degree |Or/I|?, while deg(r ® 1) = deg(n") = deg(n) = |Or /1],
so the bottom map must be an isomorphism.

Now (A}, ¢}, A}, n}) is a Je-polarised HBAV with level Ny structure over Yy, n,, so
corresponds to a morphism Y, n, — Y, n, such that the pull-back of the universal
HBAV over Yy, n, is (A}, ¢4, A}, n}). Taking the union over ¢; € T yields the desired
morphism gy : [[Ysn, = [{Ysn,-

It is straightforward to check that the composite of g, with the projection to
Yy, is independent of the choices of a, N2 and 3, and indeed of N; in the sense
that if N7 is replaced by a multiple N, then the resulting morphism is obtained by
composing with the natural projection [[Y;n — [ Y n,. (The only non-trivial
point is that if « is replaced by a multiple da, then the resulting Jo-polarised HBAV
with level Ny structure on Yy, n, is isomorphic to the original (A1, ¢}, A}, n}) via the
map induced by ¢1(8).) Moreover the resulting morphism to Yy, is invariant under
the action of Gy, v, on [[ Yy N, (indeed we have pg o (u,u) = (u, g 'ug) o p, for
all (u,u) € O, x Uy on each Yy, n, for any choice of 3 as above), hence factors
through Yy, , yielding the desired morphism pg : Yy, — Yy, .

Suppose that Uy, Us and Uz are open compact subgroups of GLg(ap) with
91,92 € GL2(A) as above satisfying gflUlgl C Uy and g;lUggg C Us, so that
Pg. : Yu, — Yy, and pg, : Yy, = Yy, are defined. Note that choosing aa, N2 and
N3 to define pg,, and then aq, N7 and (the same) Ny to define p,,, we may use
ajag, Ny and N3 to define pg,4,. Let (Aj, i, Ai,m;) denote the universal HBAV
over Yy, j, for ¢ = 1,2,3, where J; = Jy, for t; € T such that ¢;;; represents the
class of (det(a;g;))J; for ¢ = 1,2. The above construction of py, then yields a
Jit1-polarised abelian variety (A%, ¢, X;,n;) with level N;41 structure over Yy, n,,
where A} = A;/n;(C;) with C; = (Or/N;)? - (igi;) "' N;. Tt is straightforward to
check that the pull-back via pg, of (A5, 5, Ay, n5) is isomorphic to a Js-polarised
HBAV with level N3-structure defining pg, 4,, so that we may take pg, 4, = g, © g,
and conclude that pg, ¢, = pg, © pg, -

4.2. Adelic action on Hilbert modular forms. We revert to the original setting
of §4.1, with g, U; and U, satisfying ¢g~'U;g C Us, and use the notation in the
definition of p; (and in particular a choice of Ny, N3, a and f), but writing S; =
Yy, N fori=12ands; : A; — S; and s} : A} — S; for the structural morphisms.
We let 7, denote the canonical projection 47 — A} ~ pyAz; the dependence on «
is such that if 6 € O N O;p (and Nj is such that (dag) "Ny /No € Mg(@p)), then
Tso = 1(0)Ty. It follows that the Op ® Og,-linear morphisms

~% 1 ~ / 1 1
Pg327*9,42/s2 = 51,*QA;/51 - Slv*QAl/Slv
(7)

~x D1 . ~ 1/ o 1 .
pgR 52,*9142/32 ~ RsL*QA,l/S1 — 1%('517*QA1/S1

induced by (a® 1)~ 17 are independent of the choice of o (as well as Ny and 3, and
even N7 in the sense of compatibility with pull-back by the natural projection). Note
that these are in fact isomorphisms since the degree of the isogeny 7, is invertible
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in Og. Furthermore the commutativity of the diagram:

Ay = (v,u)* Ay
ma b ) e
~x ﬁ;(a"n‘lfl“g) ~x —1 * * <k
Py A2 = Py, g~ tug)* Ay = (v,u)*p; Az

implies that the isomorphisms in (7) are compatible with the action of Gy, n,
(where Gy, n, acts on the sources via the homomorphism (v,u) — (v, g tug) to
Gu,,N, and pull-back by py). It follows that the same is true for the Og,-linear
isomorphisms ﬁ;ﬁ?i Ny - ELk,’ll’ ~, induced by those in (7) for k,1 € Z*, which
therefore descend to define isomorphisms

w kil o~k

(8) PaLvr — LU R

for any O-algebra R in which the image of pf*+?! is trivial for all pu € Or N
Us (and hence all p € Of NU;p). We thus obtain an R-linear map [UygUs] :

My (Uz; R) = My, (Uy; R) defined as the product of || det(g)|| = Nmp/g(det g)~*
with the composite:

HO(YUQ,R,EI(CJ’QZ,R) — HO(YUl,R,PZﬂEQI,R) - HO(YUl,R,E?]’f,R)-

Returning now to the setting where U;, Us and Us are open compact subgroups
of GLg(ap) and g1, g2 € GLa(A%) are such that gflUlgl C U,y and g;lUggg C Us,
we find that the composite:

o
Ay E g A T i Ay A
IS Tayay- This in turn implies that the composite
pzlmﬁlffi,R = P*1P;2£’lcfgl,3 — p;fcléjgl,R — ﬁllcjll,Ra
is the isomorphism in (8) used to define [Uy g192Us], which therefore coincides with
[U191U3] © [U292Us3].

For R = O and (k,!l) paritious, we thus obtain an action of the group {g €

GL2(AF) | gp € GL2(Opp) } on

M}, 1(0) := lim My, (U3 O),

where the direct limit is over all sufficiently small open compact subgroups U
of GL2(A%) containing GLy(Op,),). Similarly we have an action on My, ;(C) :=
ligM %,1(U; C), which is compatible by extension of scalars with the one just defined
on My, 1(O). One can check that the action is also compatible under the isomorphisms
My, 1 (U;C) ~ Ay, (U) with the usual action defined by right multiplication on the
space of automorphic forms Ay ; = ligAkJ(U).

Recall that for R = E and arbitrary (k,1), the space My ;(U; E) is defined for
sufficiently small U (for example p-neat as in Definition 3.2.3), so we may similarly
define

My 1 (E) := lim My (U; E).
Then My (F) is a smooth admissible representation of {g € GL2(AY)|g, €
GL3(Opp) } over E, and we recover My, ;(U; E) = My, ,(E)Y for sufficiently small U
containing GLa(Op). (Note that My (E)Y = 0 if g2 # 1 for some u € UNOF.)
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We may similarly define My ;(R) for any (k,!) and R in which p is nilpotent.
We again have My ;(U; R) = My, (R)Y for sufficiently small U (indeed for any U
for which we have already defined My, ;(U; R)), so we may define My, ;(U; R) to be
My, 1 (R)Y for any open compact subgroup U of GLy(A%) containing GL2(OF,).
Note then that My ;(U; R) = 0 if i*+2! # 1 for some u € UNOJ, but not necessarily
under the weaker assumption (if pR # 0) that p*+2 has non-trivial image in R for
some p € U N Of. We shall restrict our attention however to the case R = E.

4.3. Hecke operators. Suppose now that U; and Us are open compact subgroups
of GL2(A%) containing GL2(Or ;) and that g is an element of GL2(A%) such that
gp € GL2(Opp). We may then define the double coset operator

[UrgUs) : My, 1(Uz; E) — My (Uys E)

to be the map f — >, ; gif where UigUs = [],c; 9:Ua. It is straightforward to
check that the map is independent of the choice of representatives g;, that the image
is indeed in My, ;(Uy; E), and that the definition agrees with the one already made
when U; and Us are sufficiently small and g~ 1U;g C Us. (Recall that a normalising
factor of || det(g)|| is incorporated into the definition of the action.)

If Uy and Uy are sufficiently small we may reinterpret [U;gUs] in the usual
way using trace morphisms as follows. Letting U] = Uy N gUsg~ ', we have that
g tUjg C Us, so that [UygUs] = [U11U]] o [U{gUs] and [U{gUs] is the composite

B — kil R
H(Yu,,Lyy) = H'(Yuy, pyLy,) = H' Yoy, Lyy)

where the second map is || det(g)|| times the one induced from (8). On the other
hand [U;1Uj] is precisely the composite

= =kl = —k,l = =kl
HO(YU{ ; ‘CU{) - HO(YU{ ’ pT‘CUl) - HO(YUI ’ 'CUl)v
where the first map is given by the inverse of the isomorphism pfﬁlf]’f — Eléf (from

(8)), and the last map is the trace times the index of U{ N O} in U; N OF.
For primes v of F' such that v { p and GL2(OF,) C U, we define the Hecke
operators

(9) TU::[U<(1) ;)U)U} and Sv::[U(%“ £U)U]

on My, ;(U; E), where w, is a uniformiser of Op,. These operators are independent
of the choice of w,, and commute with each other (for varying v). Note that
under the above interpretation via the trace map (for sufficiently small U), we have
Ul =UnNU(v) and U{ N O = U NOF, so that T, can be written as Nmp/g(v) ™!
times the composite

— =kl — w k1 — k1 — =kl
HO(YU7£U ) - HO(YU’7pg‘CU ) - HO(YUlvpl‘CU ) - HO(YUVCU )a

where U’ = U N Up(v), the first map is the natural pull-back, the second map is
induced by the maps pzzlfjl — Zl[cj/l o~ p;ZZ’l of (8), and the last map is the trace.

We remark also that if (k,1) is paritious, then the above definitions with F replaced
by O gives Hecke operators compatible with the usual ones denoted T, and S, on
the corresponding spaces of automorphic forms.
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4.4. Adelic action on components. We will describe below the action of the
group { g € GL2(A%) | gp € GL2(OFp,) } on the spaces My ;(E), but first we consider
the right action via p, on geometric components. More precisely, suppose as usual
that g~'U,g C Us and Ny, Ny and « are as in the definition of Pg; assume moreover
that ux, (Q) C O and consider the map Zy, (O) — Zy,(O) induced by p, (where
Zy, was defined in §2.6). Maintaining the notation in the construction of p,, one
finds that the commutativity of the diagram in the proof of Lemma 4.1.1 implies
that of

J1 ®op OF —  Sym(A1/S1) ®o, Or — Hom(A%, Ai[Mi], pny)  —=  Hom(Op/Ni,pun,)
't et + v
J» ®@op Or > Sym(A}/S1)®o, Or — Hom(AL, A{[N2],un,) —>  Hom(Or/Na,uny,),

where the horizontal arrows of the top (resp. bottom) row are induced (from left to
right) by A1 (resp. A}), the Weil pairing on A; (resp. A}), and n; (resp. n}), the first
vertical arrow by Bdet(ag)~!, the second by det(ag)~!7*, the third by the surjec-
tions A3, A1[N1] = AB, A1[No] (arising from the isomorphisms det(age) ™' D, ,
Ty(r) for £|N3) and -M/N2 2 iy — py,, and the last by the natural projection and
NNz Tt follows that if ¢ € Zy, n, (O) (ice., ¢ : J1/Ni =071 @ pn, (0)) then jy(¢)
is the isomorphism J /Ny ~ 0~ @, (©) induced by = — ((Ba—2 det(g) ™ z)N1/N2,
It follows in turn that the map Zy, (O) — Zy,(O) induced by p, corresponds to
multiplication by det(g)~! under the bijections of (3), with (y, chosen to be Cxll /N2,
4.5. Adelic action on forms of weight (0,1). Recall that the map [U;gUs] arises
by descent (and reduction mod ) from maps

(10) HO(S2, L% ) = H(S1, 5L ) = HO(S1, L5 )

where S; = Y, n,. Moreover we have isomorphisms ,Cg;l N, = Osg, obtained by
tensoring powers of the components of the composite

P 5 = N s0s Hbr(Ai/S) = T ® Os, = ) Os,,

TEY TEYD
where the first isomorphism is the canonical one following (6), and the second arises
from the isomorphisms J;07! ® O =2 Or ® O = @,¢x0O induced by the inclusions
J;9~!1 C F (a choice permitted by our assumption that .J;, Jo and 0 are prime to
p). Since the global sections of Og, are constant on components, we may realise
(10) as a map

{ZJ27N2 (O) — O} — {ZJ1,N1 (O) -0 }

Under the canonical isomorphisms A% oo, Hpgr(A4i/Si) = Jo7' ® Og,, we find
that the map '

Py (/\20F®052H11)R(A2/S2)) — Nopeos, Hbr(41/81)

in the definition of [U;gUs] corresponds to the map Jod~ ! ® Og, — J107 ! ® Og,
induced by multiplication by a2 € (Or ® O)*. We therefore realise (7) as
the map sending s : Z, n,(O) — O to the map Zj, n,(0O) — O sending ¢ to
|| det(g)]](Ba=2)!s(pg(¢)). Note in particular that if det(g) = 1 and U; C Us,
then we may choose 3 = a? and conclude that [U19Us] coincides with the natural
inclusion My ;(Usz; E) — My (Uy; E) defined by [U11Us]. It follows that the action
of {g € GL2(AY) | gp € GL2(Opp) } on My (E) factors via det through that of



A SERRE WEIGHT CONJECTURE FOR GEOMETRIC HILBERT MODULAR FORMS 19

{a € (A¥)*|a, € OF, }, so we get an action of { g € GL2(A¥)| g, € GL2(OFy) }
on My ;(U; E) factoring through

{a € (AF)* |ay, € OF, }/ det(U).

We now determine the corresponding representation of the latter group on
My, (U; E). Note that we have an exact sequence

1 — Op,Ndet(U) — FINOg,

— {a€(A®) |ay € OF, }/ det(U) — (AF)* /F det(U) — 1,

where the maps are all induced by the canonical inclusions. Note that the last
quotient is finite. If ! = 1 for all v € det(U) N Or ., then p+— it defines an E*-
valued character of (F* N O )/(Of, Ndet(U)), hence of a finite index subgroup
of {a € (A¥)*|a, € OF, }/ det(U).

Lemma 4.5.1. If 7' =1 for all v € det(U) N Or ., then Mo, (U; E) is isomorphic,
as a representation of {a € (A¥)*|a, € Of  }/det(U), to the induction of the
character

Yo (FYNO0g,)/(Op , Ndet(U)) — E*
defined by 1 (p) = Nmpq(p) " 0 otherwise Mo (U; E) = 0.

Proof. Note that the conclusion of the lemma is equivalent to the assertion that
My ,1(U; E) is isomorphic to

In ={f:G— E| f(pzw) = (n) f(z) forall p e GNF{, z € G, w € det U }

as a representation of G = {a € (A¥)* |a, € O, }. We may therefore replace L
by a finite extension and U by an open subgroup U, for which the hypotheses of
Proposition 3.6.1 are satisfied.

Next observe that if det(g) = u € Ff N Op, and g 1U.g C Us,, then we may
take B = pa? in the definition of [U;gUs], so that j, induces the natural projection
Zin, (O) = Zjn,(O0) for each J, and the map in (10) is the composite of the
natural inclusion with multiplication by Nmp,q(u)"'f'. Therefore F* N O, acts
on My ;(Us; E) via the character ;.

Let e be a non-zero element of M ;(Us; E) supported on a single component of
Zy,(0). Since F' N O;ﬂ’p acts via v, on e, there is a G-equivariant homomorphism
Iy, — My, (Us; E) whose image contains e. Since G acts transitively on Zy, (O), the
G-orbit of e spans My ;(Us; E), so the homomorphism is surjective. Since Iy, and
My,1(Uz; E) both have dimension equal to the cardinality of (A%)* /F} det(Us), it
follows that the map is in fact an isomorphism. O

4.6. Twisting by characters. It follows from Lemma 4.5.1 that for any character
§:{a € (A¥)“|a, € Of,}/det(U) — E* such that {(a) = a for all a €
F¥ N Og,, the eigenspace consisting of those e € My, (U; E) satisfying

ge = || det(g)||¢(det(g))e for all g € GL2(AY) such that g, € GL2(Op,)

is one-dimensional. We let e¢ be a basis element.
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Lemma 4.6.1. If U, | and £ are as above, then for any k,m € Z*, the map
free® f defines an isomorphism My (U; E) = My 14 (U; E) such that

[UgUl(ec ® f) = £(det(g))ec @ [UgU]f
for all f € My m(U; E), g € GL2(AY) such that g, € GL2(Opy); in particular

To(ee ® f) = &(wy)ee @ T f and Sy(eg @ f) = E(wy)?ee @ Sy f for all v such that
vtp and GLy(OFp,) C U.

Proof. We first prove that the map is an isomorphism. The existence of ¢ implies
that 7! = 1 for all v € det(U) N O;’+, so replacing L by a finite extension, we
may assume that the hypotheses of Proposition 3.6.1 are satisfied and hence view
e¢ as a function Zy(O) — E. Since e¢ is non-zero and the action of the group
{a € (A¥)*|a, € Of, } on Zy(O) is transitive, it follows that e is everywhere
non-zero. We therefore have a section egl € My,_;(U; E) such that f — f® egl
defines the inverse of our map.

We now establish the compatibility with the Hecke action. The definition of
[UgU] gives

[UgU](ee ® f) = §)hQ®f }]M% )| giee ® gi f,

where UgU = HgiU. Noting that g;ec = gee = || det(g)||¢(det(g))ee since det(g;) €
det(g) det U, it follows that
[UgU)(ec ® f) = &(det(g) %®me€mUM®WWM

as required. O

5. PARTIAL HASSE INVARIANTS

We next adapt the definition of partial Hasse invariants from [1] to our setting.

5.1. Definition of partial Hasse invariants. We write Ver 4 for the Verschiebung
isogeny of an abelian scheme A over a base S of characteristic p, i.e., the morphism
A®) — A defined as the dual of the relative Frobenius morphism AY — (AY)®) =
(AP where A®) denotes the pull-back A xg S with respect to the absolute
Frobenius morphism Frg : S — S. Taking A to be the universal HBAV over
S =Y N, the pull-back Ver’ defines an O ® Og-linear morphism

1 1 * 1
58075 = 5840 )5 = Frissfy s,

where s : A — S denotes the structure morphism. Writing s, Q4 /g = B, we see

that the 7-component of Fr§s, Q! A/S is canonically isomorphic to w? “1,,, Where
Fr denotes the absolute Frobenius on F,. The 7-component of Ver’ is therefore a
section of EJN = wi?rp_l &Y , where:

. lfFI‘OT—T7thenk7——p—1 and k. =0 if 7/ # 1,
e if Fro7 # 7, then k; = —1, kpy-15, = p, and ko = 0 if 7/ ¢ {Fr ' o7, 7}.
For each 7, we denote this weight by kn,,, and let Haj . be the element of
H(Y ;n,L, Hd” ) just constructed. Then Haj y , has non-zero restriction to each
component of Y ;. n; moreover if we let Z, denote the associated divisor of zeros,
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then Z is non-trivial on each component and ) _ Z, is reduced. (This follows from
the corresponding result proved in [1, §8] for the partial Hasse invariants on the
variety they denote M(F,, un): Choosing (x € un(E) for sufficiently large E yields
an étale cover Y ; n — OM(E, uy) which identifies M(E, uy) with the quotient of
Y j.n by the image of U1 (N) in Gy, (ny,~ and our Ha, with the pull-back of their
partial Hasse invariant he ; for the pair (B,4) corresponding to 7.)

Note that pkier =1 mod 7 for all u € OF, so the line bundle ZZHaT s defined
for all U under consideration. By the compatibility of the Verschiebung with base-
change and isomorphisms, we see that the sections Haj n, - on ]_[7 J,~ descend to
define a mod p Hilbert modular form of weight (k. ,0) and level U, which we
denote by Hay, .. Moreover, from the compatibility of Verschiebung with isogenies,
in particular with 7, as defined in §4.2, we see that [UgUz|Hay, » = || det g||Hay, -
for any g € GL2(A%) such that g, € GL3(Op,) and ¢g~'Uyg C Us. In particular,
the element

HaU,T € MkHaT;O(E) = h_H)leHaT ’o(U; E)
is independent of the choice of U, so we henceforth omit the subscript U and write
simply Ha, for this mod p Hilbert modular form, which we call the partial Hasse
invariant (associated to T).
We record the following immediate consequence of the assertions above:

Proposition 5.1.1. The partial Hasse invariant Ha, satisfies gHa, = || det(g)||Ha,
for all g € GLo(AY) such that g, € GL2(OF,,). For any weight (k,1), multiplication
by Ha, defines an injective map:

Mk’l(E) — MkJrkHaT R (E)

commuting with the action of g for all such g. In particular, for any open compact
subgroup U of GLa(AY) containing GL2(OF ), multiplication by Ha, defines an
mjective map

My 1(U; E) = Myyhy,, 1(U; E)
commuting with the operators T, and S, for all v{p such that GLy(Op,) C U.

5.2. Minimal weights. We now recall the definition of the minimal weight of a
mod p Hilbert modular form, again adapting notions from [1] to our setting (see
also [19]). This is an analogue of the weight filtration for mod p modular forms
in the classical setting F' = Q. For F' = Q, the vanishing of the spaces of mod p
modular forms of negative weight forces the weight filtration to be non-negative, but
in the Hilbert case, the partial negativity of the weights of partial Hasse invariants
already shows the situation is more subtle. We let

Eag = { E NrKia,

TED

nTGZzoforaHTeZ}

be the set of non-negative integer linear combinations of the weights of the partial
Hasse invariants. Note that the weights ki, are linearly independent, so each
k € Eag is of the form ZTGZ n.kua, for a unique n € Z§0~ We define a partial
ordering <p, on Z* by stipulating that &’ <p, k if and only if k — k' € Zaq.

For any non-zero f € My, ;(U; E), consider the set W(f) defined as

{ K =k=Y nkua,

n €L, f= f’HHaZT for some f’ € My (U; E) } .
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Since the divisor ) _ Z is reduced, the set W (f) contains a unique minimal element
under the partial ordering <g, (cf. [1, 8.19, 8.20]), which we call the minimal
weight of f, and denote v(f). Note that replacing U by an open compact subgroup
U’ C U does not alter v(f), since any f’ € My ;(U'; E) satisfying f = f'[[ Hal"
will be invariant under U, hence in My ;(U; E). We may therefore define v(f) for
f € My (E) without reference to U. Note also that v(f) is not affected by replacing
FE by an extension E’.

We note also that the minimal weight of a form is independent of [ in the following
sense: Recall from Lemma 4.6.1 that we have isomorphisms My, ;(E) — My (E)
defined by multiplication by eigenvectors ec € My —;(E) associated to suitable
characters £ of (A%)*. Since these isomorphisms commute with multiplication by
the partial Hasse invariants, it follows that v(es @ f) = v(f) for all f € My (E).

Finally we define the minimal cone in Z* to be

Emin = { k € Z% | pky > kg1, for all 7 € X},

(Note that Zp,in C Zgo-) A recent result of the first author and Kassaei [19] shows
that in fact v(f) € Zmin for all non-zero mod p Hilbert modular forms f.

6. ASSOCIATED GALOIS REPRESENTATIONS

The aim of this section is to prove the existence of Galois representations associ-
ated to Hecke eigenforms of arbitrary weight. We first state the theorem and review
some ingredients needed for the proof.

6.1. Statement of the theorem.

Theorem 6.1.1. Suppose that U is an open compact subgroup of GLg(ap) contain-
ing GL2(Op,p), and Q is a finite set of primes containing all v|p and all v such that
GL2(Op.) ¢ U. Suppose that k,l € Z* and that f € My, (U; E) is an eigenform
for T, and S, (defined in (9)) for all v & Q. Then there is a Galois representation

pr: Grp — GLQ(E)

such that if v & Q, then py is unramified at v and the characteristic polynomial of
pr(Frob,) is

X? — a, X 4+ d,Nmp/g(v),
where Ty f = anf and S, f =d, f.

This has been proved for paritious weights (k,1), independently by Emerton—
Reduzzi-Xiao [26] and Goldring-Koskivirta [36]; in fact their methods yield the
result under a weaker parity condition. The contribution here is to remove the
parity hypothesis altogether, and the new ingredient is to use congruences to forms
of level divisible by p. For this we will need to work with the integral models for
Hilbert modular varieties with level structure U; (p) at p studied by Pappas in [52].

6.2. Hilbert modular varieties of level U’ = U N U;(p). Suppose that J is a
fractional ideal of F' and N > 3 is an integer, with J and N both prime to p. We let
MY denote the functor which associates to an O-scheme S the set of isomorphism
classes of pairs (A, H), where

e A= (A, i\ n) is a J-polarised HBAV with level N-structure over S, and
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e H is a free rank one (Op/p)-submodule scheme of A[p|] over S such that the
quotient isogeny A — A’ = A/H induces an isomorphism Sym(A4’/S) —
pSym(4/S).

Then MY y is represented by an O-scheme which we denote Y7y, the forgetful
morphism Y} r — Y v is projective and Y} is a flat local complete intersection
over O of relative dimension [F : Q] ([52, Thm. 2.2.2]). We let M} y denote the
functor which associates to an O-scheme S the set of isomorphism classes of triples
(A, H, P) where A and H are as above and

e P € H(S) is an (Op/p)-generator of H in the sense of Drinfeld-Katz—
Mazur [42, 1.10].

Then MIJ n is represented by O-scheme which we denote Y} ~» and the forgetful
morphism Yy — Y7y is finite flat, so Yy is flat and Cohen-Macaulay over O
([52, Thm. 2.3.3]).

Suppose U is an open compact subgroup of GLg (51:) containing GL2(Op ), and
let U' = U NU;(p). We suppose that U is sufficiently small, and in particular that
U is p-neat (see Definition 3.2.3). The action of the group Gy, on Yy then lifts
to one on YjN, corresponding to the action on M}LN defined by (v,u)- (A, H,P) =
((v,u) - A, H, P). It follows from the corresponding assertions for Yy that Gy n
acts freely on [, Y}t’ ~» the quotient is representable by a scheme Y7/, and the
quotient map is étale and Galois with group Gy, n. Since the Y}’ n are flat and
Cohen—Macaulay over O, so is Yy, and let ny : Yy — Yy denote the natural
projection (writing just m when U is clear from the context). We let Ky denote
the dualising sheaf on Yyr over O (see [15, §3.5]), and similarly let Ky denote the
dualising sheaf on Yy over O. Since Yy is smooth over O, its dualising sheaf Ky is
canonically identified with Q[}Z %}9 = /\gs‘g]ﬁ%@ Jo-

Suppose now that g, U; and U, are as in §4, so in particular ¢~ 'U;g C U,
and assume further that g, € Ui(p). We then obtain exactly as before finite
étale pj, : Yy, — Yy, by descent from morphisms pN; : HY}M N ]_[Yth N,» and
compatible with p, : Yy, — Yy, via the projections 7y, : Yy — Yy,. Since pj is

étale, we have a canonical isomorphism (p;)*ICUé = Kuy;.

6.3. Hilbert modular forms of level U’ = U N Uy (p). For (m,n) € Z?* (viewed

also as an element of (Z*)?) and p-neat U, we let Ly;" = mj;L;", and we similarly

define E?},’Z% for O-algebras R, writing also ZZ‘,’” in the case R = E. For k,l € Z,

we define the space of Hilbert modular forms over R of weight k and level U’ to be
My (U'; R) := H(Yyr,r, Kvr g ®0y,, L35

R

Note that we could have made this definition for more general weights (k,1), but we
will in fact only need the case of parallel weight. Recall also from [15] that formation
of the dualising sheaf is compatible with base change, so Ky g can be identified
with the dualising sheaf of Y7/ g over R.

For g, Uy, Us as above, we define an R-linear map

[U1gUs] + My 1 (Uy; R) = My (Uy; R)

as || det g|| times the composition of the pull-back from Yy; to Yy, with the map on
sections induced by the tensor product of the canonical isomorphism (p'g)*ICUé =
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Ky; with the map

Nk pk—2,1+1 %k * pk—2,14+1 * k—2,14+1 o k—2,14+1
(pg) ['Ué - WUlpg’CUz - 7rU1£U1 - ‘CUI’

given by 7mj; of (8). We again have the compatibility [U]gi1Uj] o [Usg2Us] =
[U1g192U3], giving rise to an R-linear action of the group {g € GL2(AY)|g, €
Ui(p) } on My (R) = ligrleJ(U’;R). As before we may identify My (U’; R)
with (M Al(R))Ul, and define commuting R-linear Hecke operators T, and S, on
My, (U’; R) for all v such that GL2(Op,,) C U'.

Let S =Y N, and A = A n the universal HBAV over S. Since A is smooth over
S and S is smooth over O, we have an exact sequence

0= 5"Qg0 = Qo = Vag =0

of locally free sheaves on A. Applying R's., we obtain the connecting homomor-
phism:

(11) 5*(2114/5 — Rls*s*le/O & Q}S’/O ®os R'5.04.
Combined with the canonical isomorphisms

Homo,00s(ANoppos HHr(A/S), 5:0Y4 /g) — Homog(R's.04, Os)

induced by the inclusion Or C 97! =5 Hom(Op,Z) and the isomorphism (5), we
obtain an Og-linear homomorphism

(12) Homoreos (/\%F@oSHER(A/S), ®20F®OS(S*Q,14/S)> = 50,

which is in fact an isomorphism (see [41, 1.0.21]), called the Kodaira—Spencer

isomorphism. Taking /\gs:(@], we obtain an isomorphism:

& LTN = ©r (W) o, 671) — /\gszQ]Q}q/o =Q%5)0-

The functoriality of the morphisms in the construction ensures that the isomorphism
is compatible with the action of Gy, n, and therefore descends to an isomorphism

Cv: Ly =Ky,

Moreover for g, U; and U, such that ¢~ 'Ug C Us, gp € GL2(Op,), one finds
similarly that the canonical isomorphism p;Ky, — Ky, is compatible with the
morphism of (8). It follows that the isomorphisms

My (Us R) = H°(Yu,r, Kv.r @0y, , Ly

induced by &y are compatible with the operators [U;gUs]. Moreover the generic
fibre of Y}, n is smooth over L, so that if p is invertible in R, the same constructions
apply to give isomorphisms

HO(YUQR, ﬁlgj/lyR) = Mk’l(U/; R)

such that the operators [U]gUj] are compatible by extension of scalars with those
on the spaces Ay (U’) of automorphic forms of weight (k,!) and level U’.
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6.4. Minimal compactifications. We will also make use of minimal compactifi-
cations of Hilbert modular varieties, whose properties we now recall. The minimal
compactification X; n of Y; n is constructed by Chai in [11] (see also [21] and
[22]), and we define X to be the quotient of [] Xy under the natural action of
Gy,n. Then Xy is a flat, projective scheme over O with j : Yy — Xy as an open
subscheme whose complement is finite over O, and the line bundle L%]’O extends to
an ample line bundle on Xy which we denote by 2;;. The Koecher Principle in this
setting means that the natural map Ox, — j«Oy, is an isomorphism.

Definition 6.4.1. Assuming as usual that O is sufficiently large (i.e., containing
the N'*! roots of unity), then each (reduced) connected component C of Xy — Yy is
isomorphic to Spec O. We call C a cusp of Xy .

If U is of the form U(n) := ker(GLy(Or) — GLy(Op/n)) for a sufficiently
small, prime-to-p igeal n of Op, then the completion of Xy along C' is canonically
isomorphic to Spf S¢, where

X

9 (073 Un.
(13) Sc :=0l[q ]]aéltru{()}

for a fractional ideal I depending on C, and p € Uy 1 = ker(Op | — (Op/n)*) acts
via ¢® — ¢"®. (The O-algebra S is obtained from the corresponding one in [11]
by working over O instead of Z[uy,1/N] and taking invariants under the stabiliser
in Gy, n of a cusp C of X~ mapping to C. In particular, the class of the ideal I
in (13) is given by abn™' where a and b are as in [11]; a more detailed discussion in
the case of arbitrary U is provided below in §9, where Proposition 9.1.2 gives (13)
as a special case.)

The minimal compactification of Yy is then obtained as follows. First one
constructs a toroidal compactification X{5F of Yy as the quotient of a toroidal
compactification of [[ Y]y defined exactly as for []Y; x, but using the functors
./\/llJ ~ and I'(Np)-admissible polyhedral cone decompositions (in the terminology of
[11]). Then 7 : Yy» — Yy extends to a projective morphism X{" — Xy such that
the connected components of the pre-image of a cusp C correspond to pairs (f, P)
where pOp C f C Op and P is an (Op/p)-generator of Op/f (or more canonically,
b/bf). Moreover a similar calculation to the case of level U shows that if U = U(n),
then the ring of global sections of the completion of X9 along the component over
C corresponding to (f, P) is isomorphic to the §C—algebra
(14) Ol a1y uoy
where Spec O; is the finite flat O-scheme representing (O /p)-generators of p;, ®
f/pOF (or more canonically, u, ® fa~ 0~ /pa—to~1).

Now let X (Ofd denote the ordinary locus of Xy, so X (‘}rd is an open subscheme of
Xy containing the cusps, and let YU‘”rd =YynN X,‘}rd. Let X,tﬁrd (resp. Y2i1) denote
the pre-image of Xg'd (resp. Y3') in X (vesp. Yir), and define

Xlof,d = Spec [, O xtora
UI

where f: X{ord — Xord is the restriction of X" — Xyr. Since f is proper, X4 is
finite over Xg9, and since Y34 — Y94 is finite, we can identify Y2 with an open
subscheme of X7, We then define the minimal compactification j' : Yy — Xy

or ord

by gluing Yy» and X3¢ along Y57,
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Thus Xy is flat over O, and the morphism 7 extends to a projective morphism
7 : Xy — Xy, so in particular Xy is projective over O. Furthermore the restriction
Ford . X{}r,d — X[‘}rd is finite, and 7°™ : Y[}’fd — Yﬁrd is finite flat. The cusps C’ of
Xy (i.e., the reduced connected components of Xy» — Yyr/) lying over a cusp C' of
Xy correspond to pairs (f, P) as above, and in the case U = U(n), the completion
of Xy along C' is isomorphic to Spf SC/ where Scf is the Sc algebra defined by
(14) above. Note in particular that if f = O, then S¢v = 06, ®o Se is flat over

SC. The Koecher Principle carries over to show that j*OyU/ = Ox,,, and we let
%y denote the pull-back 7*.%y of the ample line bundle .%.

6.5. Proof of Theorem 6.1.1. We begin the proof with some preliminary reduc-
tions.

First we claim we can replace the field E by a finite extension E’. Indeed if
p: Grp — GLy(E’) satisfies the conclusion of the theorem with E replaced by F’,
then in fact p is defined over E. For p > 2, this follows by an elementary argument
using an element of g € Gr (a complex conjugation, for example) such that p(g) has
distinct eigenvalues in E. For p = 2, one can twist by the character ¢ : Gp — E*
such that £? = det p so as to assume det p = 1, and then use the classification of
subgroups of SLy(E’) =2 PGL2(E’) to arrive at the desired conclusion.

Next we claim that we can assume U = U(n) for a sufficiently small ideal n prime
to p. Indeed by the proof of Chevalley’s Theorem on congruence subgroups of O,
we can choose ideals ny and ny relatively prime to each other and to p so that the
kernels of reduction mod n; for ¢ = 1, 2 are contained in that of reduction mod p. We
may then apply the theorem with U replaced by U(mn;), where U(m) C U and m is
divisible only by primes such that GL2(Op,,) ¢ U. This produces representations
p; satisfying the conclusions with @) augmented by the set of primes dividing n;.
Moreover we can replace the p; by their semi-simplifications, which are isomorphic
to each other by the Brauer—Nesbitt and Cebotarev Density theorems. We therefore
obtain the desired conclusion for all v & Q.

Next we show that we can assume [ = —1,% i.e., that I, = —1 for all 7 € %.
Given any [, define I’ € Z* by I = I, + 1. Recall from the discussion before
Lemma 4.5.1 that our hypothesis on U ensures that pu — ﬂl/ is a well-defined
E*-valued character on the finite index subgroup (F}* N O )/(OF , Ndet(U)) of
{a € (A¥)*|ay € OF, }/det(U), for which we may choose an extension § as in
Lemma 4.6.1 (enlarging E if necessary). The case | = —1 of the theorem then
furnishes a Galois representation p f@es? unramified at all v € @ with Frob, having

characteristic polynomial
X? —€&(wy) " ap X + E(wy) "2dyNmpg(v).
Let V ={be det(U)|b, =1mod p}, and define
AL /FXFX [V — E*
by &(aza) = f(a)ﬁ;l/ for o € F*, z € FOX(H_ and a € (A%¥)* with a, € Of

Letting pe : Gp — E* be the character corresponding to &’ by class field theory, we
have p¢r (Frob,) = &(w,) for all v & @, so the representation pe ® Proest satisfies

the conclusion of the theorem.

3Tn fact any parallel | will do; the choice of | = —1 is made for later convenience.
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Now we reduce to the case where f is of arbitrarily large, “nearly parallel” weight.
More precisely, we claim that, given any M € Z, we can assume that k = (k;),ex
has the form k =m+2 — k= (m+ 2 — k;),, where

e meZ, m>M,
e 0<k,<p-—1foralTel;
e for each v|p, k. < p—1 for some 7 € X,,.

Here we have identified ¥ with the set of embeddings Or — O and written
(15) S =[], where £, = {r € £|v=7"1(70) }.

vlp
To prove the claim, suppose f € My, _1(U; E), and choose any m € Z such that
m > M and m > k; +p— 3 for all 7 € X. For each v|p, choose some 7, o € 3, and
let 7, ; = Fr 0Ty, 80 By = {7y, |1 =0,..., f, =1} where f, = [Op/v: F,]. Now
let » € Z be such that 0 < r <pf’” — 1 and
fo—1

r = Z (m+2 -k, ,)p" mod (p/* —1).
=0

We then define r, for 7 € X, by requiring that 0 < x,, , <p—1fori=0,...,f, -1
and r =) /fwipi. Note that the resulting . is independent of the choice of 7, o
and that k, < p — 1 for some 7 € 3,. Now define k' = (k.), € Z* by setting
kI =m+ 2 — k.. We then have k' — k =Y n,kng,, where

fv_l

nr = (pfv - 1)_1 Z( {J‘rim— - kFriOT)pl

i=0
for 7 € £,. Note that n, € Z>q for all 7 € ¥, so k' — k € Eag. By Proposition 5.1.1
there is a Hecke-equivariant injection My, _1(U; E) — My _1(U; E), so the theorem
for forms of weight (k, —1) follows from the case of weight (&', —1).

The heart of the proof is to construct, for &k = m + 2 — k as above, a Hecke-

equivariant injective homomorphism

My, 1 (U; E) = Mypq2 -1 (U E).
Letting A denote the universal HBAV over S = Y JN, Frobg :+ A — A®) the
relative Frobenius morphism and H* = ker Frob 4, the pair (4, H*) defines a section
YN — 73’ ~», Where as usual we use Y to denote the special fibre of an O-scheme
Y. Moreover the section identifies Y J,~ with a union of irreducible components
of 73’ ~» Whose pre-image in 7?,’ ~ Wwe denote by Y}y The action of Gyn on
?Ll,’ N restricts to one on ij ~» and we let Y}/ denote the corresponding quotient
of [T YJ”“N. Thus i : Y/ — Yy is a closed immersion identifying Y} with a union
of irreducible components of Y/, and T o : Y}/ — Yy is finite flat. In particular
Y/} is Cohen-Macaulay (over E), and we let Kf; denote its dualising sheaf. By

Grothendieck—Serre duality ([15, Thm. 3.4.4], and the compatibility [15, (3.3.14)])
applied to the finite morphisms 7 and 7 o 4, we have canonical isomorphisms:

. IJ/ . I
Ky, = HomOYU,(z*Oy[;;,ICU,)

(16) and 7.4, Kl

11

%OmO?U (Tais OYISL , Ku ).
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Since i is a closed immersion, the first of these isomorphisms identifies 7, K}; with a
subsheaf of ICyyv. To exploit the second isomorphism, we recall that [52, Prop. 5.1.5]
identifies YJ{ ~ With a closed subscheme of the universal submodule scheme H over

Y})’N. In particular, if A4 is the universal HBAV on S =Y ; v, then
H" = Spec (Symy, (®reslr) /(LEP forT € X))

as a Raynaud (Op/p)-module scheme (i.e., the morphisms A, : LEP — Lgyo, of [52,
4.4.1] are zero), so that

Y}y = Spec (Symos (BresLy) [(LEP forT € B, @rey, LEPTY forv\p)) ,

where the £, are line bundles on S. Moreover the inclusion H* — A induces a
canonical Og ® Op-linear isomorphism:

1 1 1
S*QA/S %e*QA/S o e*QHH/S > Presls,

and hence isomorphisms @, = £, of line bundles on S for 7 € . These isomorphisms
are compatible with the action of G, and so give rise to an isomorphism

Y/ = Spec (SymovU (Brex®,) [(@EPforT € %, @,ex, @Y for v|p>> )

which in turn gives an isomorphism ﬁ*i*Oyéj = @NZZ’O where the direct sum is
over kK = (Kr)rex such that 0 < k, < p—1 for each 7, and x, < p — 1 for some 7
in each ¥,. Combined with the Kodaira—Spencer isomorphism on Y7, we deduce
from (16) that

_ . - R, R, |
N C= ”Hom@?U (@nﬁg Ku) 2 @.Ly, -1

Tensoring with ZZL’O, we get injective morphisms Z]:j_l — Tty (KL Qo i*Z;Jn/O) for
k=m+ 2 — k as above. Composing the homomorphism on sections with the one
induced by the inclusion i,K}, — Ky obtained from (16), we obtain the desired
injective homomorphism

1 —m,0
)

H(Yu, Ly ') = HO(YH, Kt ®oy 'Ly ) = HYV o Ko @0y | L)

Moreover one finds that for ¢ € GL2(AY) with g, € Ui(p), the isomorphisms

Tl Oyp = @HZZ’O are compatible with (8) under the restriction of py to the
subschemes Y}/, and deduces that the maps My _1(U; E) — My,42 1 (U'; E) are
compatible with the Hecke action; in particular they commute with the operators
T, and S, for v € Q.

Next we show that if m is sufficiently large, then the image of My, _1(U; E) in
Mp42,-1(U’; E) is contained in that of the reduction map from M2 _1(U’;O)
to Mp42,-1(U’; E). For this we will make use of the minimal compactifications
j:Yy = Xy and j' : Yyr — Xy and their properties recalled above.

We first compute the completion of j/ iy along the cusps of Xy, We let 5o
Yi}rd — X,‘}rd denote the restriction of 5. Recall also the notation 7 : Xy — Xy,
Ford . X — Xlofd and 7o' : Yord — Yl?rd for the morphisms extending and
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restricting 7. Since 7°' is finite flat, we have

sord ord

JKu)xems = 4 (Kulygr)
2,—1
"rd((Homoygm( 7240y, OF) ®0, g (L7 lygra))

U,
Hom jord O v (]frd OrdOYOrd7]* Oynrd) ®Oxg/rd ($§|X8rd)

ord(

1%

1%

Homo, . (7O, Oxpa) €0, (L),

where we made use of the canonical trivialisation of E%l and the Koecher Principle
(for the last equality). Moreover the isomorphism is of 74O X;r,d—modules.

Since 7°™ is finite, it follows that the completion of 7, ;. Ky Rox,, <z 2 along a
cusp C CAXU is canonically isomorphic to the coherent sheaf on Spf S¢ associated
to the ®S¢c-module

HOIngC (EB:S'\C/, §C),

where the direct sums are over the cusps C’ of Xy in the pre-image of C' and
the rings Sc and S¢- are defined by (13) and (14) above. Therefore the comple-
tion of j.Ky ®oy o $[7,2 along a cusp C’ of Xy is canonically isomorphic to
Homg (Sc/ SC) as an S’c/ module if C" C #7(C).

Now consider the natural inclusion j*]CU, — j;KU/ of coherent sheaves on X,
where as usual we write ~ for the special fibres of (quasi-coherent sheaves on and
morphisms of) schemes over O. This inclusion is an isomorphism on Yy, so its
cokernel is supported on the cusps of X . The same computation as above shows

) — R— — .
the completion of j;ICU/ ®@f 2 along 0 cX u is canonically isomorphic to
the sheaf associated to Homg (SC , S~ =), where §5 = §c ®o E and §51 = §c/ Ro E.

Let X/; denote the closure of Yﬁ in X, so X}; is a union of irreducible components
of YU/. If ¢’ C #(C) is a cusp of Xy such that C' C X/, then f = Op, so Sc
is flat over S and the natural inclusion

~

Hom (SC/ Sc) Ko F — HOHl (SC ,S’\ )

is an isomorphism. It follows that j/ K., — ELKU’ is an isomorphism after completing
along C’, and so an isomorphism on stalks at the (closed points of) cusps of X7;.

Therefore the cokernel of j/ K., — E;EU/ is supported on the complement of X};.

It follows that 3; of the inclusion i, K}; — Ky factors through j.K,;,, and hence
that the image of My _1(U; E) is contained in the subspace

o ?Z’L/) c H° (XU/,]*ICU/ ®Vox o ?ZL/)

= H'Xu,j.(Kur ®oy , Lu»))
= HO(?U/,K:U/ ®O ‘CU’)) = Mm+27,1(U/;E).

HY Xy, jiKy ®ox

A key ingredient we need at this point is Theorem E of [20], which states that
Rim, Ky = 0 for i > 0, so that in particular R'7m, Ky = 0. Since 7°™ is finite,
it follows that R'7,(j.Ky+) = 0, and hence the morphism 7, j. Ky — 7. (jLK)
is surjective. Since %y is ample, we have H(Xy, 7. j.Ky: ®oy, Zi) = 0 for
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sufficiently large m, and it follows that the homomorphism

H(Xu, 7§ K @0y, L") — H(Xu, 7(1lKy,) @0k, L))

Mm+2771(Ul; O) — HO(YU’;;];ICU’ ®OYU’ g[}/))

is surjective. This completes the proof of the claim that the image of My _1(U; E)
in My,12-1(U’; E) is contained in that of M,,42,_1(U"; O).

The theorem now follows from a standard argument. Let T denote the ring
of endomorphisms of M,,+2 _1(U’; O) generated over O by the operators T, and
Sy for v € Q. Then T is a finite flat O-algebra, and M,, 2 —1(U’; O) is a faithful
T-module with M}, _1(U; E) as a subquotient. The formula T'f = 0¢(T') f defines an
FE-algebra homomorphism T — E whose kernel is a maximal ideal m generated by
the operators T, — a,, and S, — d, for v € ). By the Going Down Theorem, there
is a prime ideal p C m such that p N O = 0, and hence (enlarging L, O and F if
necessary), an J-algebra homomorphism 6 : T — O whose kernel is p C m. Since p
is in the support of M, 4o —1(U’; L) = Myy40,_1(U’; O) ®0 L, there is an eigenform
fe Myy42,-1(U’; L) such that Tf= 0~(T)f for all T' € T. By the existence of Galois
representations associated to characteristic zero eigenforms [9] and [58] (together
with the usual association of reducible representations to Eisenstein series), we have
a representation:

pJ; : GF — GLQ(L)
such that if v & @, then pjis unramified at v and the characteristic polynomial of
pj(Frob,) is
X? — ay X 4+ d,Nmp/g(v).

where a, = é(Tv) and d, = 0(S,). Choosing a stable lattice and reducing modulo 7
gives the desired representation p¢. This concludes the proof of Theorem 6.1.1. [
Remark 6.5.1. Note that by construction, if &« € F* N O;I), then ( g g ) acts

on My (E) as @l 22 Therefore if f € My (U E) is an eigenform for S, with
eigenvalue d,, for all v € @, then there is a character

¢ (AF)/(UN(AF)S) — B~

such that ¢(a) = @*+*'~2 for all « € F* N O, and ¢(w,) = d,, for all v & Q. Tt
follows from the description of ps in Theorem 6.1.1 that det(p;)xcye (Where xeye is
the cyclotomic character) corresponds via class field theory to the character

V' ALJFXEXV — EX
defined by ¢'(aza) = w(a)ﬁg’kdl for a € F*,z € FZ and a € (AY¥)* with
ap € O, where V.= {a € A¥ |a € U,a, =1 mod p}.
7. GEOMETRIC WEIGHT CONJECTURES

In this section we formulate our geometric Serre weight conjectures and discuss
the relation with [5].
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7.1. Geometric modularity. Let
p:Gr = Gal(F/F) — GLy(F,)

be an irreducible, continuous, totally odd representation of the absolute Galois
group of F.

Definition 7.1.1. We say that p is geometrically modular of weight (k1) if p
is equivalent to the extension of scalars of p; for some open compact subgroup

UcC GLQ(@F) and eigenform f € My, ;(U; E) as in the statement of Theorem 6.1.1.

Note that the level U is unspecified, but required to contain GL3(Op,). Also
unspecified are the field E (and thus implicitly the field L C @p, by which we view
E = O/ C F,) and the finite set of primes of Q. Thus p is geometrically modular of
weight (k, 1) if there is a non-zero element f € My, ;(U; E) for some U D GL2(Op )
and E C F, such that

T, f = tr(p(Frob,))f and Nmpg/g(v)S,f = det(p(Frob,))f

for all but finitely many primes v. (Note that both sides of both equations are
defined whenever v { p, GL2(OF,,) C U and p is unramified at v.)

Remark 7.1.2. Folklore conjectures predict that every p as above is indeed geomet-
rically modular of some weight (k,!). The focus of this paper is to give a conjectural
recipe for all such weights (k, 1) in terms of the local behaviour of p at primes over

p.

7.2. Crystalline lifts. In order to formulate our conjectures, we recall the notion
of labelled Hodge-Tate weights. Let K be a finite extension of Q,, and let

(o GK — GLd(L) = AutL(V)

be a continuous representation on a d-dimensional L-vector space V. Recall that V'
is crystalline if Derys(V) = (V ®q, Berys) 9K is free of rank d over

(L ®g, Bays)“* = L ®q, Ko

where By is Fontaine’s ring of crystalline periods [27] and K is the maximal
unramified subfield of K. One similarly defines the notion of a de Rham (resp. Hodge—
Tate) representation and an associated filtered (resp. graded) free module Dgr (V)
(resp. Dur(V)) of rank d over L ®g, K in terms of the rings Bqr (resp. Bur).
Moreover if V' is crystalline, then it is de Rham, and if V' is de Rham then it is also
Hodge—Tate. Thus if V is crystalline, then Dyr(V) is a graded free module of rank d
over L ®q, K. If L is sufficiently large that it contains the image of each embedding
of K into Q,, then L ®q, K = [[;ex, L where ¥k = {7: K — L}, and for each
T € ¥, the corresponding component of Dyt (V) is a graded d-dimensional vector
space over L.

Definition 7.2.1. If V is crystalline, then the 7-labelled weights of V' are defined
as the d-tuple of integers (w1, ws,...,wq) € Z% such that wy > wy > --+ > wy and
the 7-component of Dy (V) is isomorphic to @&, L[w;], where L[w;] has degree w;.
We define the Hodge-Tate type of V to be the element of (Z?)*% whose T-component
is given by the 7-labelled weights of V'; thus to give the Hodge-Tate type of V is
equivalent to giving the isomorphism class of Dyt (V') as a graded L ®q, K-module.
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We now specialise to the case d = 2 and K = F,, where v is a prime of F' dividing
D, s0 Lk is identified with the subset ¥, C X = {7: F — L} defined by (15), and
consider the representation

o:Gxg — GLg(Fp).

Definition 7.2.2. For a pair (k,l) € Zgﬁ x Z>v, we say that ¢ has a crystalline
lift of weight (k,1) if for some sufficiently large extension L C Q,, of Q, with ring O
of integers and residue field £ C Fp, there exists a continuous representation:

o GK — GLQ(O)

such that & ®¢ Fp is isomorphic to o, and ¢ ®p L is crystalline with Hodge-Tate
type (k+1—1,1).

7.3. Statement of the conjectures. First recall from §5.2 the definition of the
minimal cone:

Emin = {k € z* |pk7’ > kFrfloT for all T € 2}’

and let =5, = Z . N Zgl.

—min

Conjecture 7.3.1. Let p: Gp — GLa(F,) be an irreducible, continuous, totally
odd representation, and let I € Z¥. There exists kmin = Emin(p,1) € Eiﬂn such that
the following hold:
(1) p is geometrically modular of weight (k1) if and only if k >ma kmin;
(2) if k € EF. , then k >na kmin if and only if plar, has a crystalline lift of
weight of (kr,1;)rex, for all v|p.

Note that the conjecture, in particular the existence of ki, as in 1), incorporates
the “folklore conjecture” (see Remark 7.1.2) that p is geometrically modular of some
weight (k,1). Moreover, for any | € Z* there should be weights (k, 1) for which p
is geometrically modular. In fact one can show using partial ©@-operators (defined
below in §8) that for any given [ and ', if p is irreducible and geometrically modular
of some weight (k,1), then p is geometrically modular of some weight (k’,1’). We
explain this, and the dependence of ki, on [ (for fixed p), in §10.4. A simpler
observation is that the conjecture is compatible with twists by arbitrary characters
¢ Gp — F; . More precisely, by Lemma 4.6.1 and the well-known computation of
reductions of crystalline characters (see for example [14, Prop. B4]), we see that the
conjecture holds for the pair (p,!) if and only if it holds for the pair (p ® £,1 — m)
for any m € Z* such that &7, = [I,cx, € for all v|p, where Ip, is the inertia
subgroup of G, and

& Ir, — Op, —>F:

is the fundamental character defined as the composite of the maps induced by 7 and
local class field theory. Thus Conjecture 7.3.1 for all pairs (p, ) reduces to the case
[ =0, with the resulting minimal weights related by kmin(p,1) = kmin(p ® £,0) for
any character § chosen so that {|r, =[], cx. elr for all v|p. We remark also that
plar, always has a crystalline lift of some weight (k;,l;)rex, with 2 <k, <p+1
for all 7 € %, from which it follows that p has a twist for which ki, as in 2) would
satisfy k; <p+1lall 7€ 3.

Assuming that p is geometrically modular of some weight, then the existence of a
weight kp,in satisfying 1) in Conjecture 7.3.1 is strongly suggested by Corollary 1.2
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of [19], which implies that the minimal weight v(f) of the eigenform f satisfies
v(f) € Emin, but it is not an immediate consequence. Indeed there are two issues:
firstly, we would need v(f) € =, (which we expect to hold if p; is irreducible),
and secondly, the eigenform f giving rise to p is not unique. However if we grant
the existence of ki as in 1), then Conjecture 7.3.1 reduces to the following:

Conjecture 7.3.2. Suppose that p : Ggp — GLa(F),) is irreducible and geometrically
modular some weight, and that k € E;;in. Then p is geometrically modular of weight
(k,1) if and only if plg,, has a crystalline lift of weight of (kr,l;)rex, for all v|p.
Remark 7.3.3. The existence of ki, satisfying part 2) of Conjecture 7.3.1 is a
purely p-adic Hodge-theoretic statement, and it is strongly suggested by the Breuil—
Mézard Conjecture (of [4] as generalised by [33]) and the modular representation
theory of GLa(Op/p), but again not an immediate consequence. We remark also
that the condition k € 7. is needed; indeed R. Bartlett has constructed local
Galois representations with crystalline lifts of weight” (k,1), but none of weight
(K',1), where k' = k + k,, is in ZZ, but not in =T, . Granting the existence of a
weight kpmin as in 2), then Conjecture 7.3.1 follows from Conjecture 7.3.2 under the
assumptions that p is geometrically modular of some weight and that v(f) € =,
if py ~ p is irreducible.

7.4. The case k = 1. We now consider a special case of Conjecture 7.3.2. Since
a representation Gx — GLg(L) is crystalline of Hodge Tate type 0 € (Z%)¥ if
and only if it is unramified, it follows that o : G — GLa(F,) has a crystalline lift
of weight (1,0) if and only if it is unramified. Thus Conjecture 7.3.2 incorporates
the prediction that p, assumed to be geometrically modular, is of weight (1,0) if
and only if it is unramified at all primes v|p. One direction of this, that if p is
geometrically modular of weight (1,0) then it is unramified at all v|p, is a theorem
of Dimitrov and Wiese [23] (also proved independently by Emerton, Reduzzi and
Xiao [25] under additional hypotheses), and the other direction is proved under
technical hypotheses by Gee and Kassaei [32]. By twisting, these results extend to
the case of weight (1,1) for aribtrary .

7.5. Relation to algebraic modularity. We now explain how our conjecture is
consistent with results on the weight part of Serre’s Conjecture as formulated by
Buzzard, Jarvis and one of the authors in [5]. These results provide information
about algebraic weights, meaning weights (k, ) such that k, > 2 for all 7, but with
a different notion of modularity, which we call algebraic modularity. We will next
explain this notion and its relation with the conjectures above. The remainder of
the paper will then focus on developing methods applicable to the case of partial
weight one, which lies outside both settings just mentioned, namely weights that
are algebraic or of the form (1,1).

Recall that in [5], a Serre weight is an irreducible representation of GL2(Op /p) over

F,. For an algebraic weight (k,1) € ZZ, x Z*, we let Vi denote the representation

® (detlT ® Symk*_zﬁg ,
TEXD

where GL2(Or/p) acts on the factor indexed by 7 via the homomorphism to
GL3(F,) induced by 7. The irreducible representations of GLy(Op/p) (i.e., Serre

4For notational consistency, assume here that p is inert in F.
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weights) are precisely the Vi ; such that 2 < k. < p+ 1 for all 7 € £; moreover
for such (k,l), we have that Vj,; is isomorphic to Vi if and only if k& = £/
and | —1I' € @, .5 Z - Ha,. (More concretely, the latter condition means that
Zf;al lppior D! = Z{;El It i.p" mod (p/~ — 1) for all 7 € X, where f, = [r(OF) :
1) _

For an irreducible representation p : Gp — GL2(F,) and an aribtrary finite-
dimensional representation V' of GL2(OFp/p) over F,, we say p is modular of weight
V' if it arises in the étale cohomology of a suitable quaternionic Shimura curve over F'
with coefficients in a lisse sheaf associated to V'; we refer the reader to Section 2 of [5]
for the precise definition.” It is also proved in loc. cit. that p is modular of weight
V' if and only if it is modular of weight W for some Jordan-Hélder consitituent W
of V', so the determination of the weights V' for which p is modular reduces to the
consideration of Serre weights.

Definition 7.5.1. For an algebraic weight (k,[) € ZZ, x Z*, we will say that p is
algebraically modular of weight (k,1) if it is modular of weight Vi, 1—k—1 in the sense
of [5] (the presence of the twist being to reconcile the conventions of this paper with
the ones of [5]).

A conjecture is formulated in [5] for the set of Serre weights for which p is
modular. Under the assumption that p is algebraically modular of some weight
and mild technical hypotheses, the conjecture is proved in a series of papers by
Gee and coauthors, culminating in [34] and [33], with an independent alternative
to the latter (deducing the conjecture from its analogue in the context of certain
unitary groups) provided by Newton [50]. They also prove variants of the conjecture
(under the same hypotheses), including that if 2 < k; < p+ 1 for all 7, then p is
algebraically modular of weight (k,[) if and only if p|c,, has a crystalline lift of
weight of (kr,l;)rex, for all v|p. The generalised Breuil-Mézard Conjecture (as in
[33]) would imply that this result extends to arbitrary algebraic weights. We are
therefore led to conjecture:

Conjecture 7.5.2. Let p: Ggp — GL2(F,) be an irreducible, continuous, totally
odd representation, and let (k,1) € Z% x Z=. If p is algebraically modular of weight

(k,1), then p is geometrically modular of weight (k,1). Moreover, if in addition
ke Eiﬁn, then the converse holds.

Remark 7.5.3. The assumption k € E;in appears for reasons related to its presence

in part 2) of Conjecture 7.3.1; here however one can see its necessity more readily
from modular representation-theoretic considerations. Indeed if k, k" € Z%, with

K =k+ ks, & Eﬁnm then V},; may have Jordan-Holder constituents not present
in Vi 4, so there are representations which are algebraically modular of weight (k,1),
but not of weight (k’,1). Note though that if 2 < k. < p+1 for all 7, then k € =, |
so we conjecture that algebraic and geometric modularity are equivalent for weights
associated to Serre weights.

From our construction of the Galois representation associated to an eigenform f,
we see that py is the reduction of some representation associated to a characteristic

5Alternatively, but not a priori equivalently, one can define the notion of modularity of weight
V in terms of the presence of the corresponding system of Hecke eigenvalues on spaces of mod p
automorphic forms on totally definite quaternion algebras over F'.
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zero eigenform, from which it follows (e.g. from [5, Prop. 2.10]) that p; is modular
of some weight V. Thus if p is geometrically modular of some weight, then it is
algebraically modular of some weight.

Conversely, suppose that p is algebraically modular of some paritious weight
(k,1) € ZZ, x Z* (see Definition 3.2.1). Then [5, Prop. 2.5] implies that p is the
reduction of some representation associated to a characteristic zero eigenform of
weight (k,l) and level prime to p, and hence that p is geometrically modular of
weight (k,l). More generally, if (k,l) is any algebraic weight such k,; = k,» mod 2
for all 7,7’ € ¥, then we can choose I’ so that (k,l’) is paritious and a character

€ so that {1, = [l,ex, elT’_l/T. If p is algebraically modular of weight (k,!), then

p ® & is algebraically modular of weight (k,1") (by [5, Prop. 2.11]), so the above
argument shows that p ® £ is geometrically modular of weight (k,1’) and hence that
p is geometrically modular of weight (k,7). We have thus proved the following:

Proposition 7.5.4. If p is geometrically modular of some weight, then it is al-
gebraically modular of some (algebraic) weight. Conversely, if p is algebraically
modular of some algebraic weight (k,1) such that k. = k;» mod 2 for all 7,7’ € %,
then p is geometrically modular of the same weight (k,1).

8. © OPERATORS

In this section we recall the definition due to Andreatta and Goren of partial
O-operators (see [1, §12]), with some simplifications and adaptations to our setting.
See also [18], where the approach taken here is applied in the context of Pappas—
Rapoport models defined in [51], leading to a substantial refinement of the results
in [1] when p is ramified in F.

8.1. Igusa level structure. We assume that U is p-neat, as in Definition 3.2.3.
For 7 € ¥, we will write @, (resp. d,) for the line bundle Z?jo (resp. Z?jk) on Yy,
where k is such that k, = 1 and k» = 0 for 7" # 7. We view the partial Hasse
invariant
X~ —k a770 X7 R -
Ha, € H'(Yy, Ly ") = H' Yy, o, ' @ @b, 1)

1., — W, . For each v|p, we let Ha, = ], ¢y,
view as a morphism (®rex, Wi ) ® (®rex,@r) = Oy, e, Rrex, Wi P — Oy,
(where X, is defined in (15)).

We define the scheme

Y& = Spec (Sym07U (@TEEET_I)/I> )

as a morphism w Ha,, which we

where Z is the sheaf of ideals of Symo7 (®rexw; ) generated by the sheaves of
U
Oy, -submodules

(Ha, — Dw,?, forreX, (Ha, —1)(®rex,w; ?) for v|p.

r—lor
We define an action of (Op/pOp)* on Y,}g over Y by having a € (Op/pOp)* act
on the structure sheaf as the Oy -algebra automorphism defined by multiplication

by 7(a)~! on the summand @ '. (Note that the action is well-defined since the
Ha, are invariant under this action and hence Z is preserved.)

Proposition 8.1.1. Let my : Yég — Yy denote the natural projection. Then
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(1) The morphism my is finite and flat, and identifies Yy with the quotient of
Y3 by the action of (Op/pOr)*.

(2) The restriction of my to the preimage of Y™ is étale.

(3) The scheme Y # is normal.

Proof. Each assertion can be checked over affine open subschemes V C Y7 on
which the line bundles w; ! are trivial. For each 7 € 3, let x, be a generator of
M, =T(V,w; ') over R=T(V, Oy, ). Then Ha, (2}, _, ) = rr2, for some r, € R,
and 7, (R) = Spec T where

T = Rlz;|res /(@) 1 —rra, for 7 € X, H xP~t — H r, for vlp).
TEX, TEX,

Thus T is free over R with basis { HTGE tEr }, where t, denotes the image of =, in
T and the tuples k = (k. )rcx are those satisfying

e 0<k,<p—1foreachT€X,

e and Kk, < p— 1 for some 7 in each %,.
Note that (Op/pOr)* acts on [[ 5t by the character [] .y, 77", and these
are precisely the distinct characters of the (Op/pOr)*. Therefore T(Or/POr)* = R
and 1) follows.

To prove 2), recall that Yl‘}rd is the complement of U,;exZy, where Zy ;- is

vanishing locus of Ha, on Y. We must therefore show that if all 7. are invertible
in R, then T is étale over R. From the above description of T', we see that

redty = d(ty . —rrtr) =0

in QlT/R. It follows that dt, = 0 for all 7, and hence QlT/R =0, so T is étale over R.

To prove 3), we use Serre’s Criterion. Since R is regular and T is finite and flat
over R, T is Cohen—Macaulay, so it suffices to prove that T is regular in codimension
1. Thus it suffices to prove that the semi-local ring T, is regular for every height one
prime p of R. If p € V39, then T, is étale over Ry, so T}, is regular. Otherwise p
defines an irreducible component of V' N Zy - for some 7 = 79 € 3. Since VN Zy , is
defined by 7~ and ) Zy,; is reduced, the DVR R, has uniformiser r,, and r, € Rff
for 7 # 19. Letting 79 € X,,, [ = #X,, and

S = Rlz;]rex,, [(Th 1y, — Tr2r for 7 € By, H Pl — H T,
TEXy, TEXy,

1 .
the formulas tpio, = TFrioTtlzz“rifloT fori=1,...,f —1 show that

F-1
f_ i
SP = Rp[x.,_o]/<:17[;0 T 1o H rgrf—i,o,ro>7
=1

which is a DVR with uniformiser ¢,,. Since r, is invertible in Sy, for 7 € X, we see
as above that T}, is étale over Sy, and is therefore also regular. O
Remark 8.1.2. We could similarly have defined schemes YJI%V as above by replacing
Y with ?J’ ~. Then Y}gN is isomorphic to the closed subscheme (in fact a union

of irreducible components) of ?3 n for which the subgroup scheme H C Afp] is

generically étale. However under this isomorphism, the natural projection Y}?N —

— —1 —
Y ;N corresponds to the restriction of the morphism Y'; y — Y ;n defined by
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(A, H, P) — A/H. Furthermore, we can realise Y,# as the quotient of ]| Y}?N by

the action of Gy n obtained from the one on ?lJ,N defined by (v,u) - (4, H, P) =
((v,u) - A, H,vP); as this differs from the one already defined, it does not yield an
identification of YII]g with a union of irreducible components of Y.

Remark 8.1.3. We note also that the ordinary locus of Y}:‘;N can instead be viewed
as parametrising pairs (4,:) where ¢ : y, ® Op — ker Frob,. Since Y}FN is normal,
it is essentially the scheme defined as 9 (E, u,n)¥™™ in [1, §9]; the differences are
that we are working with full level N structure and not including the cusps. We
will not however make any direct use of the fact that Y[}g or YJI_gN is normal; in
particular we will not compute divisors on them as in [1, §12], appéaling instead in
the proof of Theorem 8.2.2 below to general properties of logarithmic differentiation
in order to descend the problem to Y.

8.2. Construction of ©-operators. For each 7 € 3, we consider the inclusion
w. ' CSymp_ (®rexw; '), which induces an injective morphism
U

w;l — WU?*OY[}g = Symo?U (@TEEw;l)/I7

hence an injective morphism 7, b Oy 1e, which we view as a section of 77;W;.
U

We denote this section by h,, and call it a fundamental Hasse invariant. The

definition of YLI,g implies that these satisfy the relation

WP, = h,nl(Hay).

Fr—lor
Recall now thi Kodaira—Spencer isomorphism (12). Taking A to be the universal
HBAV over S =Y ; y and decomposing over embeddings 7 yields a Gy, n-equivariant

isomorphism
P (=2 s ) ~ oL
0y, Y7 ) =Y, N/E
TED
whose union over J descends to an isomorphism
—2 <1 1
(17) D (@ oy, ) =%, i
TEX

of vector bundles on Y. We let KS; : leU iz w2 ®oy, 0, " denote the composite
of its inverse with the projection to the 7-component.

Let Fyy denote the sheaf of total fractions on Y7, and Fyy = H(Yy, Fyy) the
ring of meromorphic functions on Y, so Fyy is the product of the function fields
of the components of Y. Similarly let f,ljg be the sheaf of total fractions on
Y)® (so F{# = mf;Fu) and let Ff be the ring of meromorphic functions on Y2,
SO F[I]g is Galois over Fy with Galois group (Op/pOp)*. Since the natural map
WEQ%U/E — Qi/},g/E is generically an isomorphism, i.e.,

71-;}(leu/l—'@ ®O7U Fu) = 7T[*]Ql?U/E ®OYLI;g ]:lljg = Qiflﬁg/E ®OYzIJg }—IIJg’

the pull-back of KS; induces a morphism
-1

1 Ig x [—2 Ig
QYLIIg/E ®OY[I]g Fu =m0 (wT ®O7U Or ) ®OYIIJg Fo

which we will denote by KS&.
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Suppose now that f € My (U;E). Let h* = [[_h% and ¢' = [], g-, where
h, is the fundamental Hasse invariant and g, is any trivialisation of 6,. Then
h="n (g7 f) € F[I]g, so we may apply KS™*® to

A (g™ ) € Qb = HOYVIE QL @0, FIE).
U

1
F8/E Y/ E

Definition 8.2.1. We define

* — * — **k/,l/
O (f) = hFnj(¢'Har ) KSE(d(h*x7 (97 ) € HO(YE, 7L @0, Fif)s
U

where
o if Fror =7, then k. =k +p+1and &k, =k, if 7/ # 7,
e if Fro7 # 7, then k. = k; + 1, ki 1 = kp-1o, +p, and kv = kpo if

T {Frf1 oT, T}
el =l,—1andll, =1 if 7 #7.

Since the ratio of any two trivialisations of d, is locally constant, we see that
©!5(f) is independent of the choice of g,. Moreover it is straightforward to check
that ©!8(f) is invariant under the action of (Op/p)*, hence descends to a section
of @ ®oy,, Fu. which we denote by ©(f). What is more difficult is that ©,(f)

is in fact a section of @" . In fact we have the following result, essentially due to
Andreatta and Goren [1]:

Theorem 8.2.2. If f € My, (U; E) and 7 € X, then O,(f) € My 1(U; E). More-
over O, (f) is divisible by Ha, if and only if either f is divisible by Ha, or k, is
divisible by p.

Proof. First note that the formula

H wPt = H n5(Ha,/)

T'eX T'ED

implies that 2* is non-vanishing on 7, (V;3"4), so h %77 (97! f) and hence d(h =755 (g~ f))
are regular on 7, (Y$9). Since my is étale on 7, (Y$9), it follows that d(h "7} (g7 f))
restricts to a section of

* 1l _ 1
WUQYU"“‘/E = Q77,;1(1/3“1)/3

Therefore ©'8(f) is regular on 7;' (Y;$"?), and ©.(f) is regular on Y34

To complete the proof of the first assertion, we must show that if z is the generic
point of an irreducible component Z C Zy ., then (the germ at z) of ©,(f) lies in
w’;l’l/7 i.e., that ord,(©,(f)) > 0. For the second assertion, it suffices to show further
that if 79 = 7, then ord,(0,(f)) > 0 if and only if either p|k, or ord,(f) > 0.

Let us revert to the notation of the proof of Proposition 8.1.1, so O?U,z = R, and
1 is a basis for the stalk of @' at 2. Let y,» be the dual basis for @,, so that y*g' is
a basis for @®! over Ry, (where as usual y* denotes []_, y’:,’/ ), and we have f = ¢yFg!
for some ¢ € R,. In terms of the basis 7{;(y,) for ;. ., the fundamental Hasse
invariant h, is given by t. 7} (y.), so that h=*75 (g7 f) = t~*¢; in the total
fraction ring of 1},, over which we deduce that

O (f) = KSE(t" d(t™"¢;))my (Hary"g").
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The formulas t*

Fr-1o, = Trtr in Ty imply that ./ dtr = —t; dry in Q%Fp/E, and it
follows that

©.(f) KS:(dos — ¢sr¥ d(r=*))Ha,y"g!

dry
KS, <d¢f +or Y ke .

T'eX

(18) Hafykgl

T

(locally at z). Since Ha, = r,y*1ar  we conclude that

ord.(0,(f)) = ord. | r,KS,(d¢s) + k¢ fKS, (drr) + > kT’TTW%

T'ET T

In particular, if 7 = 79, then we see immediately that ord,(©.(f)) > 0, with
equality if and only if ord, (k,¢;KS:(dr;)) = 0, so in this case we are reduced to
proving that ord,(KS;(dr;)) = 0. On the other hand if 7 # 7, then we are reduced
to proving that ord,(KS;(drs)) > 0. Both cases are treated by the following
lemma. (]

The following is essentially the unramified case of [1, Prop. 12.34], which we prove
using a computation of Koblitz [48] (as presented in [39]) instead of the theory of
displays.

Lemma 8.2.3. Let z be a generic point of Zy ,, and let r be a generator for the
mazimal ideal of Oy . Then ord.(KS:(dr)) =0 if and only if T = 79.

Proof. First note that since the projection [[Y jn — Y is étale, we may replace
YuybyY g~ and Zy ., by Z;, in the statement of the lemma. Note also that the
conclusion of the lemma is independent of the choice of uniformising parameter r,
since if u € O%]N’z, then

KS; (d(ur)) = uKS;(dr) + rKS; (du).

We will prove that for every closed point x of Z,,, there is a choice of parameter r,
regular at x, such that the fibre of KS,(dr) at x vanishes if and only if 7 # 9. By
the formula above, the equivalence then holds for all r regular at x, hence for all x
at which any given r is regular, and this implies the lemma.

Let R = @7J,N7r’ A the pull-back to Spec R of the universal HBAV over Y n

and M = HL(A/R). Letting
V:iM—Qpp®rM

denote the Gauss—Manin connection and ¢ : M — M the morphism induced by
the absolute Frobenius morphism on A, we are in the situation of [39, A2.1].5 We
then have L = HO(A, QZ/R) and N = H'(A,O,4), and the O action on A yields
decompositions L = ®L,., M = ®M, and N = &N, into free R-modules indexed
by 7 € ¥. The Hasse-Witt endomorphism of [39, (A2.1.1)] decomposes as the
sum of Frobenius semi-linear morphisms Np.—1,, — N, such that, after choosing a
generator for J/pJ and applying the isomorphisms Lie(A) ®o, J ~ N, the induced
morphism Ngzi 1,, — N7 corresponds to the completion at x of the partial Hasse
invariant Hay s . The general properties of the construction of the Gauss-Manin
connection ensure its compatibility with the Op-action, so that it decomposes as

6The notations A and F in [39], being in other use here, have been replaced by R and ¢.
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a direct sum of connections V., on M,. Furthermore the morphism [39, (A2.1.2)]
induced by V is the completion at x of the reduction mod 7 of (11), and hence the
induced morphism

@ Hompg (AL M, L27%) = @ Homp(N;, L) = Q5

T

is the completion at z of the Kodaira—Spencer isomorphism on Y j x.

Following [39], we let R; = R/m’" (the cases of interest being i = 0,1), and
similarly use subscript 4 for reductions mod m*! of R-modules, morphisms and
matrices. We now choose a basis for M; as in [39, (A2.1.6)] as follows: First choose
a basis for M consisting of vectors e; g € L+, fro € M, for 7 € ¥. Then

¢0(€Fr*107,0) =0 and ¢O(fFI‘7107',0) = Crerp + dr fro

for some c,,d, € Ry not both zero. Replacing f; o by e- o+ fro whenever ¢, =0,
we may assume ¢, # 0, and then replacing e, ¢ by ¢ 167—70, we may assume ¢, = 1 for
all 7. Now lift each pair (e, fr0) to a basis (e,, f.) of M, with e, € L, and let
fr = P(f]) where P is defined in [39, (A2.1.3)]. Since V respects the decomposition
M = @&M,, so does P, and hence f; € M, 1. Moreover f; = f/ mod mg, so in the
0 B;
0 H;
((er), (f=)):

e the reduction By of B; is defined by b, - = 07 pror/;

e the matrix H; represents the Hasse—-Witt endomorphism N; — N; with
respect to the basis induced by (f;), so hy . = 0 if 7/ # Fr' o7 and
h;p—10r = Tr, where 7 represents the pull-back of Hajy n . to Ry with
respect to the basis induced by the map sending fp.-1,, to fr.

matrix of [39, (A2.1.7)] representing ¢ on M; with respect to the basis

In particular, By is invertible, and Proposition A2.1.8 of [39] gives that the matrix
Ko = (Hy — Hy)By*

with entries in mp/m?% = Q}%/E ®r Ry is diagonal with (7, 7)-entry —dr,. Note that

the map Lo — (mg/m%) @pg, No is the fibre of (11) at @, and is represented by Ko

with respect to the bases (e, ) of Lo and (fr0 mod Lg) of Ny. It follows that the
fibre at x of the Kodaira—Spencer isomorphism is the map

@HOIHRO(NT70,LT70) ~ Homp,g0, (]VQ7 Lo) — Q}%/E ®r Ry

under which the basis vector in the 7-component induced by f- o — e, corresponds
to —dr,. Note that r,, is the image in mp/m% of a uniformising parameter for 7,
in a neighbourhood of z, and the fibre at x of KS; sends dr., to 0 if and only if
T # T, so this completes the proof of the lemma. a

It is straightforward to check that the maps ©, are compatible with the maps
[U1gUs] for sufficiently small Uy, Uy and g € GLa(A¥) such that ¢~'Uyg C Uy and
gp € GL3(Op,p). Taking limits over open compact subgroups U therefore gives:
Corollary 8.2.4. For any weight (k,1), ©, defines a map:

Mk,l(E) — Mklyl/(E)
commuting with the action of all g € GL2(AY) such that g, € GL2(Opyp). In
particular, for any open compact subgroup U of GLa2(AY) containing GL2(OFyp),
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O, defines a map
MkJ(U; E) — Mk’,l’ (U, E)
commuting with the operators T, and S, for all v{p such that GLy(Op,) C U.

9. ¢-EXPANSIONS

We review the definition and properties of g-expansions, including the effect on
them of Hecke and partial ©®-operators, and we generalise a result of Katz on the
kernel of ©. See [18] for a further generalisation to the case where p is ramified in
F.

9.1. Definition and explicit descriptions. Suppose as usual that U is a suf-
ficiently small open compact subgroup of GLy(Of) containing GLg(@F,p), with
k,l € Z* and R a Noetherian O-algebra such that v**2! = 1in R for allv € O NU.
Recall from §6.4 that Xy is the minimal compactification of Yy, and a cusp of Xy
is a connected component of Xy — Y. When it is clear and convenient, we will
suppress the subscript R from base-changes of morphisms to which schemes have
been extended, writing just j for example for the inclusion Yy r — Xy r.

Definition 9.1.1. For each cusp C of Xy, we let Q’alR denote the completion of
j*ﬁlijlR at Cg, and for f € My ;(U; R), we define the g-ezpansion of f at C to be
its image in Qlé:fR.

We now proceed to describe Qg’,lR more explicitly. (See Sections 7.1-2 of [18] for
a more general and detailed analysis.) We first recall (e.g. from [11]) the description

in the context of X, supposing that N > 3 and pn(Q) C O. The cusps C of
XN are in bijection with equivalence classes of data:

fractional ideals a, b of OF;

an exact sequence of Op-modules 0 — (ad)~t — H — b — 0;

an isomorphism J — ab™!;

an isomorphism (Or/NOp)? — H/NH.

By the Koecher Principle (as in the discussion preceding [53, Prop. 6.11]; see [49,
Thm. 2.5] for a statement in the required generality), we have mﬁ?:k{% =L JN.R>

where m: X }O}V — X n is the projection from a toroidal compactification of Y} v,

k.l tor . . ol . .
and L7 " is the canonical extension of L7 to a line bundle over X'°% associated

to the semi-abelian scheme A*" extending the universal abelian scheme A over Y n.

Since 7 is projective, the Formal Functions Theorem identifies the completion Q’é’lR

of the sheaf 5*5%\, R at Cr with the set of global sections of the completion of the
coherent sheaf £’}§VWRY at the fibre of 7 over Cg.

The construction of the toroidal compactiﬁcation identiﬁes the completion of
Xy at the fibre over C' with the quotient S/Uy, where S is the formal scheme
denoted S N({O’S})A in [11, 3.4.2] (for a choice of polyhedral cone decomposition

{o$}), but we define the action of a € Uy = ker(O — (Op/N)*) as being induced
by multiplication by a?. We therefore obtain an identification of the R-algebra
0,0 _ .
QC‘,R with
er = (RIGme-1ab),0{0p) "™
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where a € Uy acts via ¢ +— q"‘zm on power series, under which C' corresponds
to the closed subscheme of Spec S5 defined by > 7,¢™ + ro. Furthermore, the
pull-back of A" to S is the Tate semi-HBAV T, associated to the quotient
(G, ® (ad)™1) /q® (by Mumford’s construction). The canonical trivialisations

Lie(Top/S) = (ad)7!'®Og Hom(a, Og)
and  Lie(T,,/S) = (bd)"'® Og Hom(b, Og)

R

then give a trivialisation of the pull-back of E?’é\’;a’; to S , and hence an identification

k.l 7 m
Q@’R = (D" @0 Rl[¢™lmev-1ab),ui0p) "™

where

DM = Q) (a2 0)F* @0 (Jo~' @ 0)F')
and a € Uy acts as o on D*!. Note that D*! is a free of rank one over O, and
letting b be a basis, we have

Q’glR = Z (b®@Tm)q™ | To2m = a1y, for all a € Uy
’ me(N—1ab),U{0}

We will also write Ek’l for D*! @ E.
If we fix the data of a, b and ab™' ~ J, then the corresponding cusps of XN
are in bijection with Py\GL2(Op/N), where

a l o« y
PN{< 0 a)modN aEOF}.

Here we have chosen isomorphisms s : Op/NOp ~ N~'b/b and t : Op/NOp ~
pn @ (ad)~! to define a level N-structure 7 on Ty p by 1(z,y) = t(y)¢*®), and then
associated the coset Pyg to the cusp of Xy defined by T} p with level N-structure
norg-1. Under this bijection, the (right) action of Gy n is defined by

PNg-(V,u):PN( VO 1 )gu.

The stabiliser in Gy, of (the cusp corresponding to) Pyg is therefore the image of
the group

—1
{(V,u)EOgJFXU‘gug_lE(V% Z)modeorsomean;ﬂ}.
We find that the (left) action on ngZR of such an element (v, ), with
—1 —1
1 [ va —va lx
gug T = ( 0 o > mod N,

is defined by 2! on D*! and

Z Tmq™ Z C(xm)rmqa2”_1m
on R[[q™]lme(N-1ab), {0}, Where ¢ : N~ 'ab/ab — py is the composite of the Op-
linear isomorphism N~'ab/ab — 97! ® uy induced by t o s~1 with trpo ® 1. The
module QlalR (over §07 R= Q%OR) is then given by the invariants in Qké’lR under the
action of the above stabiliser. In particular, we note the following two épecial cases:
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Proposition 9.1.2. Suppose that 72! = 1 in R for all p € O} such that p =
1 mod n, and let b be a generator of D'

o IfU =U(n), then

nglpb = Z (b ® T'fn)qm Tvm = Vﬁlrm fO’f’ all v € Un,-i-
me(n—lab),U{0}

o I[fU=Ui(n) and g =1, then

r = Y (0@ | rum = v for allv € OF,
mée(ab)U{0}

Note that the isomorphism (in the case of U = U(n)) depends on the choice of
representative g. Note also that the description of QlalR is compatible in the obvious
senses with the morphisms induced by base-changes R — R’, and inclusions U’ C U
(for cusps C’ of Xy mapping to C).

9.2. The g-expansion Principle. The g-expansion at C of a form f € My, ;(U; R)
vanishes if and only (the extension to Xy r of) f vanishes on a neighbourhood
of Cr, which is equivalent to the vanishing of f on all connected components of
Xu,r intersecting Cr. (Note that if Spec R is connected, then there is a unique
component containing Cg.) Recall from §2.6 that Zy is the scheme representing
the set of components of Yy and hence X7, so we have the following:

Lemma 9.2.1. IfS is any set of cusps of Xy such that [{.s C — Zy is surjective,
then the q-expansion map:

Mi(U; R) — €D Qs
ces
18 1njective.

If U = Uy (n), then det U = ’O\IX;, $0 Zy is in bijection with the strict class group
of F. For each representative J, we choose b = J~!', a = Op, and S consisting
of a single C at infinity (i.e. as in the second part of Proposition 9.1.2) on each
component associated to a fixed t : Op /NOp ~ uny ® 9! (independent of .J) and
s:0p/NOp ~ (NJ)~1/J=1 (of which C is independent). Using the isomorphism
D*! 2 O obtained from the inclusion Jo~! C F for each .J, we obtain an injective
g-expansion map (defined for arbitrary n):

(19) My (Ui(n —>@ Z Q@™ | Tom =V~ rmforallz/eOX
meJ;u{o}

9.3. g-expansions of partial Hasse invariants. Let us now return to the case
of arbitrary (sufficiently small) U, take R = E and consider the consider the ¢-
expansions of the partial Hasse invariants Ha.. Since the pull-back VerT of the
relative Verschiebuung on the Tate semi-HBAV T, ; (see §9.1) is mduced by the

canonical isomorphism
P E), - @ (@@ E)gl,, .,

T
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we see that the g-expansion of Ha, at any cusp is the constant 1, or more precisely
tr ® 1 where ¢, € EkHaT’O is defined by the canonical isomorphism (a ® E), —
(@B,

Furthermore the same is true for the g-expansions of G € Mo gy, (U; E) (with
et replaced by DM and a by Jo~!), where G, is obtained by descent from

the canonical trivialisations defined in §3.4.

9.4. ©-operators on g-expansions. We continue to assume R = E. We now
describe the effect of ©-operators on g-expansions. We first assume U = U(n) for
some n sufficiently small that v = 1 mod p for all v € U, . By Proposition 9.1.2,

. o~k .
we can identify Q- = Qé’lE with

D" QR §C,E = Z (b@rm)q™ | Tym =T forall v € Uy 4 5,
me(n—lab) U{0}

_ —k.l —k,l =~
where b is any basis for D"". In particular note that Qo is free over Sc g for all
kL.

We now appeal to the formula (18), and observe that it is compatible with the

analogous formula defining a map @Zl - @’él , where KS, is replaced by the
completion of j,KS. at C = Cg. Moreover the formula is valid for any choices of
bases y,/ for the completions of j.w, (which are invertible thanks to our choice of
U). In particular we can choose the y,. of the form a,» ® 1 where the a,/ are bases

for (a ® E). such that (- ® a;r = a?ﬁrp,lw, for all 7/. This gives y*¢' = b® 1 for

some basis b of Ek’l, and in view of the g-expansions of the partial Hasse invariants,
r;» = 1 for all 7. Thus if f has g-expansion » (b®r,,)¢™ at C, then we are reduced
to computing the image of ¢y = Y r,,,¢™ under the composite

3 d . —(2,-1)-
(20) SC,E — (Q%U/E)%_) (J*Q%U/E>%_> C )

where (2,-1), = (K',I') — (k,1) — (kna,,0) and the last map is induced by 7. KS.

A computation on the toroidal compactification identifies ( j*leU / E)% with

nlab ® §C,E

(in view of our assumption that U = U(n) for sufficiently small n) and the composite
of the first two maps of (20) with ¢™ — m ® ¢"™. Moreover identifying @g’il% with

DY ©p Sc,p = (9ab @0 E): 95 Sc.n,

[41, (1.1.20)] gives that the last map of (20) is the inverse of the isomorphism
induced by the inclusion dab — n~!ab, followed by projection to the 7-component.
Therefore the g-expansion of ©,(f) at C' is given by

Z(LTT(m)B ® Tm)q™.

In view of the compatibility of g-expansions with the morphisms induced by inclusions
U’ C U, this formula is in fact valid for all sufficiently small U. We have thus
proved:

Proposition 9.4.1. If the g-expansion at C of f € My (U; E) is > (b ® rm)q™,
then the g-expansion at C of ©.(f) is Y (t,7(m)b® r,,)q™.
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Recall from Lemma 9.2.1 that a form is determined by its g-expansions. Using also
that 1,7(m) = (Fr ' o 7(m))P?, we deduce the following (see §9.4 for the definition
of G;):

Corollary 9.4.2. For all 7,7' € ¥ and f € My ;(U; E), we have the relations
o @T@T'(f) = GT’@T(f); and
o GO | (f)=Ha’ , Ha,O.(f).

Fr—lor Fr—lor
9.5. Hecke operators on g-expansions. We now describe the effect of the Hecke
operators T, on g-expansions in the case of U = Uy (n). For f € My, ;(Ui(n); R) and
m € J; ' U {0}, we write r{,(f) for the coefficient of ¢™ in the J-component of its
g-expansion as in (19).

Proposition 9.5.1. If f € M, ;(U1(n); R), v{np and m € J." U {0}, then
Tin(Tof) = B1r5 0 (f) + Nmpyo(v) 83752, 50 f),

where the J; and B; € Fy are such that vJ = p1J1 and v = BaJy (and we
interpret rg,m as 0 if fom & Jz_l).

Proof. This is a standard computation which we briefly indicate how to carry out
1 0
0 @,
by 7, and choose a sufficiently large N prime to pr. We may extend scalars so as to

assume pun,(Q) C O.
Note that we have

_ w, 0 _ ‘
UgU—U< 0 1)U— |
iePl(Op/wv)

in our context. Let U = Uy(n), g = < )7 denote the rational prime in w,

7)” [i] > if ¢ € Op/w,, where [i] is the
0 1
wy 0
[U'g;U) : My (U; R) — My ;(U’; R) (where U’ = U(rN) for example), we may take
N1 =7rN, N, = N and a = 1 in the notation of §4.

Recall that the J-component of the g-expansion of T, f is given by its image
in QZJ}R where the cusp C of Xy is the image of a cusp C of XN associated
to the Tate semi-HBAV T, , with a = Op, b = J~1, canonical polarisation data
(i.e., associated to the identity ab™* = J), and level structure defined by n(z,y) =
t(y)g*® for some choice of isomorphisms s : Op/rNOp ~ (rNJ)~'/J~! and
t:Op/TNOp ~ p.ny @07 L.

Suppose first that ¢ € Op /w,. Choosing § = 1 in the definition of g, : Y, n —
Y, v and extending to minimal compactifications, we find that p,, (C') = C; where
C’l is the cusp of X, n associated to TOF’ gt with canonical polarisation data and

with ¢g; € GL2(Op w,) defined by (

Teichmuller (or indeed any) lift of 4, and go, = ) To define the maps

level N structure defined by (z,y) — t(ry)qB”'s(‘”). Moreover, the induced morphism
§C'1 — §é on completions is defined by ¢ — Ci(ﬁflm)qﬁfl’”, with {; running
through the distinct homomorphisms (vN.J)~!/(NJ)™! — p, as i runs through
the distinct elements of O /w,, and the pull-back to S of the isogeny denoted 7
in §4 is just the natural projection Ty, ;-1 — ﬁ;ToF’Jfl induced by the identity
on G,, ® 0!, Taking into account the normalisation by || det g;|| = (Nmp,qv)~*,



46 FRED DIAMOND AND SHU SASAKI

we conclude that [U’g;U] is compatible with the morphism Qg’l R QIBZR on
1 ’

g-expansions defined by
Z (b & Tm)qm = (l\hnF/Q’U)i1 Z (Bib ® Ci(m)r,&m)qm

me(NJ1); u{o} me(vNJ); ' u{o}

-1
0 =@, > Choos-

1 0
ing & = r and 8 = 7?8, in the definition of p, : Yy, n — Y, n and extending
to minimal compactifications, we find that p,(C) = Cy where Cy is the cusp of
X j,, N associated to TOF It with canonical polarisation data and level N structure

As for i = 00, note that [U'gooU] = [U'hU]S,, where h = (

defined by (z,y) — t(ry)¢®"*(*). Moreover, the induced morphism §02 — §é on
completions is defined by ¢™ — ¢% 'm and the pull-back of 7 to S is the map
Top,0-1 = P10, gt induced by multiplication by r on G,, ® 9~!. Taking into
account the normalisation by [|deth|| = Nmpg/qv, we conclude that [U'hU] is
compatible with the morphism Qg: R Qg”lR on g-expansions defined by

Z (b@7rm)g™ = Nmpv Z (BLH @ 15,m)q™.
mée(NJz2); u{o} méev(NJ); u{0}

Summing over 4 then gives the desired formula. (|

9.6. Hecke operators at primes dividing the level. We shall also make use of
%” (1) > U] on My (U;R) for U = Uy(n) and v|n. Note
that the operators T, on My, ;(Ui(n); R) for all v { p commute with each other, as
well as the S, for v pn. The effect of T, on g-expansions for v|n is computed exactly
as in the proof of Proposition 9.5.1 except for the absence of the coset indexed by
1 = 00!

the operator T;, = [U (

Proposition 9.6.1. If f € M, ;(Ui(n); R), v[n and m € J.* U {0}, then

rin(Tof) = Birgh, (),
where the J; and B € Fy are such that vJ = p1J7.

9.7. Hecke operators at primes dividing p. We also need the operators T, for
v|p in the case R = F, I, =0, k; > 2 for all 7; we recall the definition. Again let
J,J1, 61 (in Fy) be such that vJ = f1J1. Let A = Ay, n denote the universal

HBAV over Y, n. Letting H denote the kernel of Very, : Aﬁ“ — A, we may
decompose H = Hw‘ » Hu where each H,, is a free rank one (Op/w)-module scheme
over Y ;, x and set A} = A%p)/H{} where H,, =[], Hw. The Op-action on Agp),
polarisation pfS; @) ang level N-structure p~1n® induce ones on A} making it a
J-polarised HBAV over Y ;, v, corresponding to a finite, flat morphism

ﬁl?(]h]v —>?J7N

of degree Nmp/qv. Taking the union over J;, the resulting morphism descends, for
sufficiently small U D U(N), to a finite, flat endomorphism of Yy which we denote
by p.
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. . . . —=2,—

To define Ty, recall that the Kodaira-Spencer isomorphism (12) induces £; — =
Ku, where Ky is the dualising sheaf on Y7, and hence an isomorphism

—k—2,1
[':U = ICU ®Of ‘C’U .
Letting s : A — ?J’N and s1: A1 — YleN denote the structure morphisms for the

universal HBAV’s; the isogenies 7 : A] — A; induced by Very, yield morphisms
—k—2,0

817*9,141/?‘,1, — P 5. QA/Y , which in turn induce morphisms £J1 ?\r = p*LyN
(using here that k, > 2 for all 7) whose union over J; descends to
(21) Ly oLy

Making use of the canonical trivialisations ijv ~ Nmp/g(Jo™!) ® Oy and

YN
~

Z?,’llN ~Nmp/g(J107!) ® Oy, » we define ZOJ’llN — p*z%v by multiplication by
: » ; ,
Nmp/g(JJ; ). (Note that this is not the morphism induced by «, which is in fact

N

. . . —0, —0,1 .
0.) The union over J; then descends to an isomorphism EU p*Ly;, which we

tensor with (21) to obtain a morphism 2?;2’1 —p Ek >!. We then define T, as

the composite

= = —k—2,1 - = —k—2,1
HO(YU,ICU ®O?U EU ) — HO(YUalcU ®O p EU )
—k—2,1

~ — — —k—2,1
— HO(YU,p*/CU ®(97U Ly ) — HO (YU Ku ®(97 Ly ),

where the first map is given by the one just defined, the second is the canonical
isomorphism, and the third is induced by the trace map p. Ky — Ky

Proposition 9.7.1. Suppose that vlp, | = 0 and k; > 2 for all T € X. If f €
My (Ur(n); E) and m € J; ' U{0}, then

rn(Tof) =5 (),
where the J; and By € Fy are such that vJ = p1J1.

Proof. Let C be a cusp at infinity on Xy where U = Uy (n), so that C' is the image
of a cusp C of X s n associated to the Tate semi-HBAV T, p with a = Op, b= J7!,
canonical polarisation data and level structure 7n(z,y) = t(y)¢*® for some choice
of s and ¢t. The morphisms p extend uniquely to IIlOI‘phlbInb XN — Xyn, for
which one finds that the fibre over Cg is supported at Cl) =, where C is the cusp of
X, ~ associated to T, o with canonical polarisation data and level structure
n(z,y) = t(y)g*® for some choice of s;.

Moreover the corresponding map SC B SC FoRs defined by ¢ — ¢®™, and

the pullback of the isogeny 7 to Sl, g is the canonical prOJectlon 12 TOF J-1E —
To,.,s-1, induced by the identity on Gp, ® ! (Wher~e 5y = Sn({oSi " is again
as in [11, 3.4.2] for a suitable cone decomposition {¢$'}). In particular, it follows

that the morphism (21) is compatible with the canonical trivialisations over 5’\1, E»

so the resulting map

k— 2 1 k—2,1
Q - SCIaE ®SC E C,E

is induced by multiplication by Nmp/q(J Jh.



48 FRED DIAMOND AND SHU SASAKI

Identifying the pullback of j,. Ky to S with NmF/@(J)’1 ® Og, and similarly for
§1 with C and J replaced by Cy and J, WeAﬁnd that the trace p. Ky — Ky extends
(over X ) to the map whose pull-back to Sg is defined by

NmF/Q(JlJ_l)b® q5f1m7 ifme UJfl;
0

b®q" —
®4q { , otherwise.

It follows from [41, (1.1.20)] that the same holds for the corresponding map

—2,-1 —2,—1 ) . . _ _
p«Ly  — Ly -, so this formula describes the resulting map Q201}5 — éE17
giving the proposition. (]

One easily sees directly from the definitions that the T, for v|p on My, o(U1(n); E)
commute with the S, for v { pn (assuming all k&, > 2), and it follows from Proposi-
tions 9.5.1, 9.6.1 and 9.7.1 that they commute with each other as well as the T;, for
all v{p. (In fact one can check directly from the definitions that the 7, commute
with each other and the action of the group { g € GL2(A%¥)|gp € GL2(Op,p) } on
My,o(E).)

9.8. Partial Frobenius operators. We also define operators @, for v|p in the
case R = E, [ = 0, generalising the classical V-operator. We maintain the notation
from the definition of T, in §9.7, except that we no longer assume k, > 2 for all 7.

L . / Avd ~k 1 ~ I\xO)1 _ —/
Writing s} : A{ =Y, y and S*QA/VJ,N ~ (s}) QA;/VJLN = P, we find the
isogenies Agp ) A} — A; induce isomorphisms
o ifreX
29 0¥~ ~ Wgr—1o,5 U T v
(22) prr =Wr {wT, if 7 &%,

on'Y j, y whose unions over J; descend to Y. For k € Z*, define k&’ by k. = pkpyor
ifreX,and k. =k, if 7 ¢ X, and &, : Myo(U; E) - My o(U; E) as the
composite
0~ k0 o 0/~ —=k,0
My o(U; BE)=H (Yu,Ly ) > H (Yu,p"Ly ) > H (Yu, Ly ) = My o(Us E),

where the first map is pull-back and the second is induced by the above isomorphisms.

It is clear from the definition that ®,, is injective, and straightforward to check
the operators ®, commute with each other and the action of the groups {g €
GL2(A®) | gp € GL2(Op,) } on My, o(E) and My o(E). In particular, &, commutes
with the operators Ty, for all w1 p and S, for all w { np. Its effect on g-expansions
is given by the following:

Proposition 9.8.1. Suppose that v|p and Il = 0. If f € My (Ui(n); E) and
m € J' U {0}, then

(@) = 152, (),
where the Jo and By € Fy are such that v = Bads (interpreting rg,m as 0 if
Bom & Jy b, ie, m g vJ L),

Proof. The completion of p at the cusps is already computed in the course of the
proof of Proposition 9.7.1. One finds also that the pull-back of the isomorphisms of
(22) to §1., g are compatible with the canonical trivialisations of the pushforwards of
the cotangent bundles of the Tate semi-HBAVs T, ;-1 g and TOF”];lyE. It follows
that the map

k,0 & k0 __ k'O
(23) Qcp = S01.6®g,, , Qc e ~ Qo) 5
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induced by ®, is defined by ¢™ — ¢®*™. The desired formula follows on relabelling
J as Jo and Jp as J, and taking By = [31_1. ([

The proposition gives an alternative proof (for U = Uy (n)) that the @, commute
with each other and the T, for all w { p (after checking that ®, commutes with
Sy and applying Proposition 9.5.1 for w { np, and Proposition 9.6.1 for w|n). Note
however that ®, does not commute with T, (when the latter is defined, i.e., k; > 2
for all 7).

Note that it is immediate from Proposition 9.4.1 that the kernel of the operator
©, depends only on the prime v such that 7 € ¥,. Moreover if v(f) = k (in the
notation of §5), then Theorem 8.2.2 implies that k. is divisible by p for all 7 € X,,.
We will show in Theorem 9.8.2 that (assuming k is of this form and [ = 0) this
kernel is in fact the image of ®,, generalising a result of Katz in Section II of [40].

We need to introduce one more operator: we define k¥ by k¥ = kp,-1,, and
0 My o(U; E) = Mye o(U; E) as the composite:

H(YVy, 20°) —» HO (Y, Friyy’) — HO(Yy, 20 °),
where the first map is pull-back by the automorphism induced by Frg on Y and
the second is given by the canonical isomorphisms Fryw, ~ wWg.or. (Note that we
could similarly define ¢ : My, ;(U; E) — My 10 (U; E).) Its effect on g-expansions of
f € Mio(Ur(n); E) is given by r;),(¢f) = Frg(ry,(f)) = (r, (/)P
Theorem 9.8.2. Suppose that k € Z*, n is an ideal of O prime to p, v is a prime
dividing p and 7 € ¥,. Then the image of

P, : Mk’o(Ul(ﬂ);E) — Mk/’o(Ul(n);E)

is the kernel of ©.

Proof. From Proposition 9.4.1 we see that f € My o(U1(n); E) is in the kernel
of ©, if and only if 7;},(f) = 0 for all m,J such that m ¢ vJ;' It is therefore
immediate from Proposition 9.8.1 that image(®,) C ker(©;).

For the opposite inclusion, first note that we can assume n is sufficiently small.

For each cusp C' € S, let N¢ denote the stalk (j*zzo)@ where as usual j is the
inclusion Yy — Xy and C = Cg. Similarly let

. —k’,0 . —=k'0
Né = (J:Ly )61 = (Jap+Lys )6

and consider the R¢ := Ox  z-linear map ¢¢ : No — N{, of finitely generated
Rc-modules induced by the morphisms in the definition of ®,. Letting Fyy denote
the sheaf of total fractions on Y7, we similarly have a map
~ =  —=k,0 —  —=k',0
®,: H' Yy, Ly ®oy,, Fu) = H° Yy, Ly ®oy,, Fv);
and thus a commutative diagram of injective maps:
—  —k,0
Mk’()(Ul(I‘l);E) — @CGS Ne — HO(YU,EU ®(97U ]:U>
\ 3 1
—  —=k',0
Mk/70(U1(n);E) — @CESN/C — HO(YU,;CU ®O?U fU)
where the horizontal maps are the natural inclusions.
The completion ¢¢ of ¢¢ is precisely the Sg-linear map Q%O — Q%’O of (23)
1
(where Sz acts on the target via the map to S, induced by p). If f € ker(©,),
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then 71 (f) = 0 for all m ¢ v.J; ', so the g-expansion of f at C} is in the image of
¢c for each C € S. Since S5 is faithfully flat over R¢, it follows that f is in the
image ¢¢ for each C € S, so there exists g € @ N¢ C HO(VU,ZZ’O ®oy, Fu)
such that ®,(g) = f.

It remains to prove that g € My o(Ui(n); E), Since Y is smooth and ZZ’O is
invertible, it suffices to prove that ord,(g) > 0 for all prime divisors z on Y. For
this, we note that the map ¢ similarly extends to a map @, and one checks that

~ =~ — —k,0 —  —=pk,0
po H(I)“’ : HO(YU7,CU ®(97U Fu) — HO(YU7CU ®(97U Fu)
wlp

is simply the map g — ¢P. Therefore

g =@ [[ 0] ()= [wo ] ®w]| () € Mpro(Ur(n); B),
wH#v wH#v

so that pord,(g) = ord,(g?) > 0, and hence ord,(g) > 0. O

Remark 9.8.3. One can also check that the relation image(®,) = ker(©,) holds
for arbitrary U using the same argument as in the proof of the theorem and a
straightforward generalisation of the formula in Proposition 9.8.1 (see the next
section for similar computations of the effect of operators on g-expansions at more
general cusps).

10. NORMALISED EIGENFORMS

We will prove that if p is irreducible and geometrically modular of weight (k,1),
then in fact p is associated to an eigenform f € My ;(U;(n); E) for some n prime
to p, allowing us to pin down g-expansions of forms giving rise to p. We will also
use partial ©-operators to study the behaviour of minimal weights as [ varies, and
prove that if an eigenform is ordinary at a prime over v, then so is the associated
Galois representation.

10.1. Preliminaries. First note that, by definition, if p is geometrically modular
of weight (k,1), then p is associated to an eigenform f € M ;(U(n); E) for some
n prime to p. One approach to replacing U(n) by U;(n') for some n’ would be to
use the space My (E) to associate to p a representation of GLy(F,) for each v|n.
One then chooses an irreducible subrepresentation m,, whose existence is given
by [60, II, 5.10], and shows, using the irreducibility of p, that 7, does not factor
through det. It then follows from [59] that 7, has a vector invariant under U; (v®)
for some exponent ¢,, and one can take n’ = [[_ v®. We shall instead give a more
constructive argument that develops some tools we will need anyway. In particular
we define certain twisting operators on forms of level U(n).

We let U = U(n) and index the components of Yy by pairs (J, w) where J, as
usual, runs through strict ideal class representatives, and w runs through a set
W C (Op/NOF)* of representatives for (Or/n)* /Oy . More precisely, choose as
before isomorphisms s : O /NOp ~ (NJ)~1/J~! (for each J) and t : O /NOFp ~
py @071, Then s determines an isomorphism J /NJ ~ Opr/NOp whose composite
with ¢ defines a component of Y n, hence of Y7, and we associate to (J,w) the
component so defined with s replaced by ws. One easily checks that this defines
a bijection between Zy(O) and the set of such pairs. Moreover, there is a unique
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cusp on each component of Xy mapping to a cusp at oo on Xy, (), namely the one
associated to the Tate semi-HBAV T, ;-1 with canonical polarisation and level N
structure (z,7y) — t(y)g**@. For f € My, (U; R) and m € (n~1J), U {0}, we write
72w (f) for the corresponding g-expansion coefficient of f.

A computation similar to the proof of Proposition 9.5.1 shows that the effect of
T, on g-expansions of forms in My, ;(U; R) is given by the formula:

(24) i (Tof) = Birgi () + Nmgyg(0) 82 (Su f)
for m € (nJ);" U {0}, where the J;, 3; are as before, with w; € W satisfying

Brwy, tws(1) wys1(1) mod n(NJ;)~?
and  Boww,ws(1) was2(1) mod n(NJp) 1,

where we view 1w, ! as inducing an isomorphism J’lap ~ J;léF, hence
(NJ)='/J=' ~ (NJ;7Y/J7 Y, and similarly Bew, as inducing (NJ)~!'/J~' ~
(NJy)~1/J5t. We note the following consequence:

Lemma 10.1.1. If f € My (U(n); E) is an eigenform for the operators T, and S,
for all but finitely many v, and the associated Galois representation py is absolutely
irreducible, then rg’w =0 for all pairs (J,w).

Proof. 7 If v is trivial in the strict class group of conductor np, then it follows
from the definitions that S, acts trivially on My, ;(U; E). Moreover in the formula
(24) for such v, we have J = J; = Jo, w = w1 = wa, f1 = f2 = 1 mod pOp,,
and Nmp/g(v) = 1 mod p, so that rd (T f) = 2rd™ (f). Therefore if r]™ (f) # 0
for some (J,w), then ps(Frob,) has characteristic polynomial (X — 1)? for such v.
By the Cebotarev Density Theorem (and class field theory) it follows that ps(g)
has characteristic polynomial (X — 1)? for all g € G, where K is the strict ray
class field over F' of conductor np, so by the Brauer—Nesbitt Theorem, ps|c, has
trivial semi-simplification. Since K is abelian over F', this contradicts the absolute
irreducibility of py O

We continue to assume U = U(n) and define an action of the group (Op/n)*
on My, ;(U; R) via its isomorphism with the subgroup of GL2(Or/n) consisting of
0 ) Thus a € (Op/n)* acts on My, ;(U; R) by the

a
0 1
operator [UgU] for any g € GLg(@F) congruent to ( 8 (1)

operator by {(a). It is straightforward to check that its effect on g-expansions is
given by the formula:

(25) ri () f) = Ve (f),

where v € O;+ and w’ € W are such that vw = aw’ mod n.

matrices of the form (

mod n; we denote the

w, 0
0 1
choice of uniformiser w, for F,. Another computation similar to Proposition 9.5.1

We also define the operator T, = [U U] on My, ;(U; R) for v[n and a

7Alternatively7 this can be proved by revisiting the construction in Theorem 6.1.1 and observing
that if r(‘)]’w # 0 for some (J,w), then the lift f is non-cuspidal. One then deduces that the Galois
representation Pf is reducible, and hence so is py (possibly after extending scalars in the case

p=2).
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(or more precisely, Proposition 9.6.1) shows that its effect on g-expansions is given
by:

(26) rin (T f) = Birgin (F)
with notation as in (24). Note that T, depends on the choice of w,: replacing
w, by uw, for u € Op, replaces T, with (m(u))T, where 7 is the natural map
Or.,, — (Op/n)*. We see directly from the definitions that the operators T, for v|n
commute with the T, and S, for v { pn (and each other), as well as the action of
(Or/n)*.

Suppose that £ : (Op/n)* — R* is a character of conductor m|n. Choose an
element ¢ € Op, = Hv‘n Or ., generating nm™'Op ,, and define a twisting operator
on My ;(U; R) by the formula:

(27) = Y W)Ul = D> ) g

bE(OF /m)* bE(OF /m)*
where g, = (1) blc ) mod n. The operator © commutes with the operators T},
and S, for v {np, and it is straightforward to check that
(28) (a) 0 B¢ = {(a)O¢ o (a)

Note also the dependence on c: replacing ¢ by uc for u € O  replaces O¢ by
Fon 3
&(u)O¢.) One finds the effect on g-expansions is given by:

(29) TJ"“’(9§(f)) = Gy(&w tem)r (f),
where G;(§,m) = Z &(b bm) for m € (mJ)7' U {0}. (Recall that ( is
be(Of /m)*

the homomorphism (NJ)~!/J~! — uy induced by the trace and our choices of
s and t; see the discussion before Proposition 9.1.2.) Standard results on Gauss
sums show that G (¢, am) = £(a)G;(&,m) for all a € Op, m € (mJ)~!, where £
as viewed as a function Op — R by setting £(a) = 0 for a not prime to m. One
deduces that if m generates (mJ)~1/J~1, then

GJ(gv m)GJ(g_la _m) = NmF/Q(m)
(in particular, G;(¢,m) € R*), and otherwise G ;(&, m) = 0.

10.2. Eigenforms of level U;(n).

Lemma 10.2.1. If p: Gp — GLQ(FP) is irreducible and geometrically modular
of weight (k,l), then p arises from an eigenform of weight (k,l) and level Uy(n)
for some n prime to p; i.e., there exist n prime to p, a field E and an eigenform
f € Mg (Ui(n); E) for S, and T, for all v{np such that p ~ py.

Proof. By assumption, there exist n (prime to p), E and f € My ;(U(n); E), an
eigenform for all S, and T, with v { np, such that p ~ ps. Since the action of
(Op/n)* commutes with the operators S, and T, we can further assume that f
is an eigenform for this action, i.e., that there is a character £ : (Op/n)* — E*
(enlarging F if necessary) such that (a)f = £(a)f for all a € (Op/n)*.

By Lemmas 9.2.1 and 10.1.1, we must have 7, (f) # 0 for some J, some (hence
all by (25)) w € W and some m € (nJ);' (i.e., m # 0) Letting e, = ord, (mnJ) for

vln and f" =], , 75" f, formula (26) implies that r’ (f’) # 0 for some (J',w’)
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and m’ € (nJ’)}" with m/nJ’ prime to n (choose J’ equivalent to Hv*e“J and let
vn
m' = Hﬂfi“m) Replacing f by f’, we now have (a)f = £(a)f for alla € (Op/n)*,
vn
and 75 (f) # 0 for some (J,w) and m € (nJ);' generating (nJ)~!/J 1.

Now replace f by ©¢-1(f) where O¢-1 is the twisting operator associated to ¢t
as defined in (27). Since cm generates (mJ)~!/J =1, we have G;(£7!,em) # 0, so
formula (29) shows that f # 0. By formula (28), f is invariant under the action of
(Op/n)*, hence under the action of the open compact subgroup

U’z{(i Z)eUl(n) bEnap}.

—€uy
Now let g = H ( w% (1) ) where e, = ord,(n). Then g~ *U;(n?)g C U’, so the

v[n
lemma follows with f replaced by [U;(n?)gU’]f and n replaced by n?. O
10.3. Twisting eigenforms. Suppose now that k,l,lA’ € 7%, and that m,n are
ideals of Op with m|n and n prime to p, and let Vi C Of denote the kernel of the
natural projection to (Op/m)*.
Definition 10.3.1. We say a character
{:{ae(AF)" |ap € O;‘,p}/vm - E*

is a character of weight I if £(a) =a" for all o € FINOg,.

Suppose that f € My ;(U1(n); E) and £ is a character of weight I’ and conductor
m. Recall from §4.6 that we can associate to £ a form e € My (U(m); E), and
hence a form e¢ ® f € My 4/ (U(n); E). Choosing ¢ = (w& %), where d,, = ord,m

and e, = ord,n, and applying the following (normalised) composite of operators
from the proof of Lemma 10.2.1:

NmF/Q(n)_l[Ul (l‘lQ)gU/] o (“)571 o HTs“
v|n

to e @ f then yields a form in My 1y (U1(n?); E) which we denote feo Ttis
straightforward to check that in fact

1 b
fimecw 3 (g ") € M)
be(Op /m)*
where b is any lift of b to Of., and ¢’ = (%),
We now relate the g-expansions of f and fé Firstly, the form e¢ has constant
g-expansions satisfying the formula

Jo,w —1 . Ji,w a 0 *ZJ,w
e (e = el (59 ) ec) =B (ee)

for a € (A¥)*, 1 € FY, wo,w; € W such that a, € O, f1J1 = (a)J and
Bra~tweso(1) = wys1(1) mod m(NJ;)~ L. Assume for simplicity that 1 € W, O is
chosen as the representative for the trivial ideal class, so(1) = N~! for Jy = O,
and e¢ is normalised so that r(())F’l(eE) = 1. We then have

ry(eg) = E(tw™")
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where t is chosen so that J = (t) and ¢t~! = 5(1) mod m(NJ)~!. Applying (26) and
(29) with [ replaced by I + ', and
—I4+1’ w
rn (U1 (0%)gU"1f) = Nmpyo (), 72 (f)
for f € My 41(U'; E) (where g and U’ are as in the proof of Lemma 10.2.1),
m € J;'U{0}, n71J = BaJs and (Bg I1 ) 5(1) = was9(1) mod mN J; ! then

gives the formula®

v\n

() = EOG (€7 m)ry ().
Let &, denote the character of (Or/m)* induced by &, extended to a map
Or — Op/m — E by setting et (a) 0 if (a) 15 not prime m. We then have

Ga(E,¢'m) = Gop (€1, tm) = &5 (tm)Gop (€ ¢), so setting
(30) fe= Gop(fflac )71f5

gives fe € My 1 (Ur(mn?); E) satisfying

(31) rin(fe) = €& (tm)ron (f).

Note that this is independent of the choice of ¢ such that J = (¢). Furthermore
if we choose t so that t, = 1, then £(t) = £'(t) where &' : Ap/F*F Vi — E
is the character in the proof of Theorem 6.1.1. (Recall that 5’ is defined by
' (aza) = &(a)a, U fora e FX, z € F} + and a € (AR)* with a, € OF,.) Since
¢'(m) =1, we then have

_ / (m) if . . .
coestom = {7 L

where (tm)(m) denotes the projection of tm to the components prime to m.
We record the above construction:

Lemma 10.3.2. If f € M ;(Ui(n); E) and £ is a character of weight I' and
conductor m, then fe € My 1y (Ui(nm?); E) has g-expansion coefficients defined
by (31). In particular if v}, (f) # 0 for some m € J_,fl with mJ prime to m, then
fe # 0, in which case if f is an eigenform, then so is fe, and py, ~ per @ py.

10.4. ©-operators on eigenforms. Recall from Corollary 8.2.4 that ©, defines a
map

Mk’l(Ul(n); E) — Mk/’l/(Ul(n); E),
where &’ and I’ are defined in Definition 8.2.1 (in particular I, = I, —J. /). Moreover
O, commutes with the operators T, (for all v {p) and S, (for all v { np).

Lemma 10.4.1. With notation as in Lemma 10.2.1, we can take the eigenform f
in the conclusion so that ©.(f) # 0 for all T € X.

Proof. Let v be a prime dividing p, and suppose 7 € ¥,,. Let f be an eigenform in
M;;,1(Ur(n); E) giving rise to p, and let m, J be such that v}, (f) # 0 (so m € J; ).
We wish to prove that we can choose f with r’,(f) # 0 for some m’ ¢ ’UJ;17 SO
that f & ker(©,).

8This also follows more directly from the alternative description of fé and a formula analogous
to (29).
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By Chevalley’s Theorem, we can (enlarging E if necessary) choose a character £
of weight —I and conductor m for some m prime to pmJ. Thus fe € My o(Ur(0'); E)
where n’ = nm?, 1/ (f¢) # 0, and f¢ is an eigenform giving rise to p’ = pgr ® p.

For eigenforms g € My, o(U1(n'); E) giving rise to p’, define §,(g) to be the least
d > 0 such that r/ (g) # 0 for some m, J such that m ¢ v?J~1. Thus §,(g) = 0 if
and only if g & ker(0,). We claim that if §,(g) > 0, then p’ arises from some h
with &, (h) = 6,(g) — 1; moreover if r/ (g) = 0 for all m.J not prime to m, then the
same is true for h.

To prove the claim, recall that if g € ker(©,) and k' = v(g), then p|k] for all
T € ¥,. (Recall that v(g) is defined in §5.2 and that v(g) € Z>¢ by [19].) Writing
9=01les Ha:,/’ for some ¢’ € My o(Ui(n'); E) and n' € ZZ,, we have ¢’ €
ker(0,). By Theorem 9.8.2, we have ¢’ = ®,(g”) for some ¢" € M o(Uy(v'); E)
where K, = kI, for 7' & 8, and k!, = p~ 'k ., for 7' € ¥,. Now

h:=g" H Haf; H Haf,;
T'EXy T'EN
is an eigenform in My, o(Us (n'); E) giving rise to p’, and Proposition 9.8.1 immediately
gives that &,(h) = §,(g) — 1, and if v} (g) = 0 for all m.J not prime to m, then the
same is true for h.

Starting with fe and applying the claim inductively, we conclude that p’ arises
from an eigenform g € My, o(Uy(n'); E) such that 7, (g) # 0 for some m, J with m.J
prime to vm. Therefore g¢-1 is an eigenform in My ;(U; (n'm?); E) giving rise to p,
and ge—1 & ker(©;).

An elementary linear algebra argument then shows that, after possibly further
shrinking n and enlarging F, there is an eigenform f which satisfies the conclusion
simultaneously for all 7 € 3. (|

We now have the following immediate consequences of Theorem 8.2.2:

Theorem 10.4.2. Suppose that p is irreducible and geometrically modular of weight
(k,1). Then p is geometrically modular of weight (K',l'), and in fact of weight
(k' — kna,,U') if plkr (where k' is as in Definition 8.2.1).

Corollary 10.4.3. Suppose that p is irreducible and l,1" € Z* are such that I, =
lr — 6. Suppose further that there exist k = kmin(p,1) and kmin(p,1") as in part
1) of Conjecture 7.5.1. Then

K, ) k-

Remark 10.4.4. We remark that we expect equality to hold in the corollary in
the case that p t k;. We caution however that the analogous strengthening of
Theorem 8.2.2 is false: i.e., it is possible for ©,(f) to be divisible by Ha,, for some
7' # 1 even if ptk, and f is not divisible by Ha,/.

We also have:

Corollary 10.4.5. Suppose that p is irreducible and geometrically modular of some
weight (ko,lo). Then for everyl € 7%, there exist k € 7> such that p is geometrically
modular of weight (k,1).

Proof. Note that if p is geometrically modular of some weight (ko,ly), then mul-
tiplying by the constant section e; of weight (0,n(p — 1)), we can replace Iy by
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lo+n(p—1) for any n € Z and hence assume Iy, > I, for all 7 € X. The corollary
then follows from Theorem 10.4.2 by induction on ) _(lor — I+). O

10.5. Normalised eigenforms. We continue to assume for simplicity that J = Op
is chosen as an ideal class representative.

Definition 10.5.1. Suppose that (k,1) is an algebraic weight (i.e., k; > 2 for all
T € X). We say that f € My (U1(n); E) is a normalised eigenform if the following
hold:
o r77(f) =1,
e f eigenform for T, for all v { p and S, for all v { np, and
o fe € My o(Ui(nm?); E') is an eigenform for T, for all v|p and all characters
§:{ac(A¥)"|ay € OF, }/Vn — (E')* of weight —I, conductor m prime
to p, and values in extensions E’ of E.

It is straightforward to check that if fe is an eigenform for T, (where v|p and ¢
has weight —! and conductor prime to p), then so is fe, ¢, for any characters &, &,
such that & & = £ (where the &; have conductors m; prime to p and weights —I;
such that [ =1y + l3). In particular it follows that if f is a normalised eigenform in
My, 1(Ur(n); E), then fe, is a normalised eigenform in My, iy, (Uy (nm?); E) (enlarging
E if necessary).

We have the following strengthening of Lemma 10.4.1 for algebraic weights:

Proposition 10.5.2. If p is irreducible and geometrically modular of weight (k,1)
with k; > 2 for all 7, then p arises from a normalised eigenform of weight (k,1) and
level Uy(n) for some n prime to p.

Proof. Suppose first that [ = 0. By Lemma 10.2.1, p arises from an eigenform
f € My,o(Uy(n); E) for some n prime to p (and some E). Recall that in this case
(I = 0 and all k. > 2), we have defined Hecke operators T, for all primes v|np,
commuting with each other and the operators T, and S, for v { np, so we may
further assume that f is an eigenform for T, for all v and S, for all v { np. It suffices
to prove that 97 (f) # 0.

Suppose that r?F(f) = 0; we will show that f = 0, yielding a contradiction.
Recall from Lemma 10.1.1 that the absolute irreducibility of p >~ p; implies that
rd(f) = 0 for all J. We will prove that r;,(f) = 0 for all J and m € J;' by
induction on n = Nmp g (m.J).

If n =1, then mJ = Op, so J = Op, m € O;Hr, and rOF (f) = rloF(f) =0.

Now suppose that n > 1 and 77}, (f) = 0 for all m, J with Nmp,g(mJ) < n, and
let my, Ji be such that Nmg,q(m1J1) = n. Let v be any prime dividing m;J;. If
v? {myJ; or v|np, then Propositions 9.5.1, 9.6.1 and 9.7.1 give

Tr{Lll (f) = r;v]z(va) = a”UT’I{L(f)7

where m1J; = vmJ and a, is the eigenvalue of T, on f. We have 7, (f) = 0

by the induction hypothesis, and hence r;Jt (f) = 0. If v*|m;J; and v { np, then
Proposition 9.5.1 gives

7“7{111 (f) = T’I{L(T’Uf) - NmF/Q(”)ning (Svf) = avﬁqﬁ(f) - vamF/Q<v)r7{z22 (f)a

where mqJ; = vmJ = v®mayJs and a, (resp. d,) is the eigenvalue of T, (resp. S,)
on f. By the induction hypothesis, we have 7, (f) J2 (f) =0, so again it follows

= ng

that r;;ll (f) = 0. This completes the proof of the proposition in the case [ = 0.
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Now consider the case of arbitrary I. Let m (prime to p) be such that there is a
character

§:{ac (AF)" |ap € Of, }/Vin — E*

of conductor m satisfying £(a) = a~! for all @ € FX N Or,- Then pg @ p is
geometrically modular of weight (k,0), and therefore arises from a normalised
eigenform f € My o(Ur(n); E) for some n prime to p. Furthermore we may assume
m|n (for example by replacing n by mn). Then fe-1 is a normalised eigenform in
M, (U (mn); E)) giving rise to p. O

10.6. Stabilised eigenforms. We assume for the rest of the section that the weight
(k,1) is algebraic.

Definition 10.6.1. We say that a normalised eigenform f € My (Ui(n); E) is
stabilised if r;},(f) = 0 for all (m, J) such that m € J;' and mJ is not prime to n.
Note that this is equivalent to the condition that T, f = 0 for all v|n.

Lemma 10.6.2. If p arises from a normalised eigenform in My, ;(Uy(m); E), and
n C m is an ideal prime to p, then p arises from a normalised eigenform in
My, 1(Ur(n); E) (enlarging E if necessary). Moreover if m and n satisfy

e ord,(nm™1) > 1 for all vjm,
e ord,(nm~1) # 1 for all v{m,

then p arises from a stabilised eigenform in My (U1 (n); E).

Proof. The first assertion immediately reduces to the case n = mv where v is a prime
not dividing mp. Suppose that f € My, ;(Uy(m); E) is a normalised eigenform giving
rise to p, and let o € E (enlarging E is necessary) be a root of X?2 —ay, X +d,Nmp/qu,
the characteristic polynomial of p(Frob,), so a, (resp. d,) is the eigenvalue of T,
(resp. Sy) on f. A standard calculation then shows that

o

1
f’—f—(NmF/@v>1< : (f)af

is a normalised eigenform in My, ;(U1(n); E). Moreover f’ has the same eigenvalues
as f, except that T, f' = (a, — ) f'. and therefore py ~ py.

In view of the first assertion, the second immediately reduces to the case n =
m[],,v. So suppose that f € My, (Ui(m); E) is a normalised eigenform giving
rise to p, and for each v|m, let 8, be the eigenvalue of T, on f. A similar standard
calculation then shows that

r= T tmmen (550 ) )]s

v|m

is a normalised eigenform in My, ;(Uy(n); E). Moreover f’ has the same eigenvalues
as f, except that T, f' = 0 for all v|n. Therefore f’ is stabilised and gives rise to
p- O

Remark 10.6.3. We remark that a more careful analysis easily shows that the
first assertion of the lemma requires at most a quadratic extension of F, and the
second holds over the original field E.
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Definition 10.6.4. We say that a stabilised eigenform f € My (Ui(n); E) is
strongly stabilised if r;},(f) = 0 for all (m, J) such that m € J' U {0} and m.J is
not prime to p.9

Thus a stabilised eigenform is strongly stabilised if and only if T}, f¢ = 0 for all
v|p and characters £ of weight —I. (Note that given m € J;l U {0}, we can always
choose ¢ of weight —! and conductor prime to m.J unless m = 0 and 7 # 1 for some
v € Of ., in which case we automatically have rl (f)=0.)

Lemma 10.6.5. There is at most one strongly stabilised eigenform f € My, ;(Ur(n); E)
giving rise to p.

Proof. If p arises from f, then T, f = a,f and S,f = d,f for all v { np, where
ay = tr(p(Frob,)) and d, = Nmpg,q(v)~'det(p(Frob,)).

Suppose then that f and f’ are strongly stabilised eigenforms giving rise to
p, and let f” = f — f'. Tt suffices to prove that =/ (f") = 0 for all (m,J) with
m € J'U{0}. Since f and f’ are strongly stabilised, we have 7}, (") = 0 whenever
m.J is not prime to np, so we can assume m.J is prime to np. We then proceed as in
the proof of Proposition 10.5.2 by induction on n = Nmpg,q(m.J).

Ifn =1, then mJ = Op,s0 J = Op, m € O, ,, and rOF (f"y = m~rOF () = 0
since 707 (f) = 797 (') = 1.

Now suppose that n > 1 and r;,(f) = 0 for all m, J with Nmg,g(mJ) < n, and
let mq, J; be such that mJ; is prime to np and Nmp/@(mlJl) =n. Let v be any
prime dividing mqJ;. If v? { mqJy, then Proposition 9.5.1 gives

rom, (") = my'mlayry (F)
where myJ; = vmJ. so the induction hypothesis implies that r;’nll (f")=0. Ifv{np,
then we get instead
T, (") = my 'mlayrsy (£7) = miy ' mbd Nmp o (v)ri, (F7),

where m;J; = vmJ = v?my.Jo, and again the induction hypothesis implies that
() =0 0
T .

Remark 10.6.6. Note that if f is a normalised (resp. stabilised, strongly stabilised)
eigenform, then the same is true for both Ha, f and ©, f for any 7 (assuming k, > 3
if 7 # Fro 7 in the case of Ha, f).

Remark 10.6.7. We remark that if p is geometrically modular of weight (k,1),
then it does not necessarily arise from a strongly stabilised eigenform of weight
(k,1) (for any level n); for example, there may be a prime v|p such that 7, (f) # 0
whenever mJ = v. We do however have the following two ways of establishing the
existence of strongly stabilised eigenforms. One is to apply partial ©-operators to a
stabilised eigenform (hence changing the weight); the other is to use Theorem 10.7.1
below, or more precisely its corollary.

9Note that our conventions allow a stabilised eigenform to have r()’ (f) # 0 in the case n = Op,
but a strongly stabilised eigenform necessarily has rg(f) =0.
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10.7. Ordinariness. The forthcoming Theorem 10.7.1 can be viewed as stating
that if an eigenform is ordinary in a suitable sense, then so is the associated Galois
representation. For the proof, we need to verify certain compatibility properties for
the operators T, for v|p (assuming k algebraic and { = 0), which we shall do using
their effect on g-expansions at more general cusps than the ones used above.

Fix sets of ideal class representatives {a} and coset representatives {g} for
P, \SL2(Op/n). For consistency with previous computations, choose a = Op and
g = 1 for the trivial classes. Also fix choices of t : Op/NOp ~ pux ® (ad)~! for each
a (independent of J) and s : Op/NOp ~ (NJ) 'a/J~'a for each a, J. The cusps
of Xy for U = U(n) are then in bijection with the quadruples (J, a,w,g), where
the corresponding cusp is the one associated to the Tate semi-HBAV T, , where
b = aJ !, with canonical polarisation and level structure n,, 07 -1, where 1, (z, y) =
t(y)q**®). Then for v|p, we find (by the same proof as for Proposition 9.7.1) that
the effect on g-expansions of the action of T, on My, o(U; E) is given by

(32) ro(Tof) =5, (),

where the g-expansion coefficients lie in 5k’0, and if C is the cusp corresponding
to (J,a,w,g), then C; corresponds to (Ji,a,ws,g) for Ji,wy, 51 € Fy such that
vJ = f1J; and By, tws(1) = wis1(1) mod N~ 'nb; (where by = aJ; ! and s; is
the chosen isomorphism).

Finally we need to consider the action of T, on My o(U’; L) for v|p, where
U' =UNUi(p) and k € Z>5. Note that this may be defined in the usual way as the
operator [U ! ( %U (1) ) U’ } on forms in characteristic zero, making it compatible
with the action of T, on the space of automorphic forms A o(U’). Recall from
§6.4 that Xy denotes the minimal compactification of Y/, and that its cusps are
in bijection with triples (C,f, P) where C is a cusp of Xy, f is an ideal such that
pOp C f C OF and P is a generator of b/bf, and the corresponding cusp may be
identified with the O-scheme Spec Oj representing generators of pp@F(ad) ™1 /p(ad) !
(where a and b are as in the description of C'). We only need to consider those
cusps for which f = Op: for each cusp C of Xy, we write C’ for the unique such
cusp of Xy lying over it. We assume L contains the pth roots of unity, so that
the components of C are copies of Spec L in bijection with the generators (, of
pp(L) ® (ad)~!. We may then compute the effect of T}, on the completion at each
component of C'} exactly as in Proposition 9.6.1 (see also (26)) to conclude that if
f € My o(U’; L), then

(33) v (Tof) = r5h(f),

where the notation is as in (32), except that the g-expansion coefficients lie in the
fibre of j.L5" at €}, which we may identify with ®¢, (D¥° @p L) (where ¢, runs
over generators of i, (L) ® (ad)™1).

Theorem 10.7.1. Suppose that k € Z> with k, > 2 for all T, U is an open compact
subgroup of GLg(ap) containing GL2(Op,), @ is a finite set of primes containing
all v|p and all v such that GL2(Op,) ¢ U, and vy is a prime over p. Suppose that
f € Mpo(U; E) is an eigenform for T, and S, for all v & Q and that Ty, f = @y, f
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for some a,, # 0. Then (possibly after enlarging E and semi-simplifying py)

X1 ¥
prln, = ( 0 Xz )

where x1 unramified character, x1(Frob,,) = a,,, and XQ\IFUO =11 1=k

TEDy, €r

Proof. We may assume that U = U(n) for some sufﬁcientlz small n prime to p and

that O is sufficiently large; in particular, we assume pn,(Q) C O for some N € n.
Recall that the proof of Theorem 6.1.1 in §6.5 yields injections

Mkﬁfl(U;E) — Mk/yfl(U/ : E) — Mm+2’,1(U/; O) Ko E

which are compatible with T}, and S, for v { np, where U = U(n), U’ = U(n)NU1(p),
k' is nearly parallel and m is a (sufficiently large) positive integer. Tensoring with
the (pull-backs of the) canonical section e; € H°(Yy, £%1), we may replace | = —1
by [ = 0. Since the first injection is defined by multiplication by partial Hasse
invariants, which have g-expansions equal to 1 at every cusp, we see from (32) that
it is also compatible with T;, for v|p. We may therefore replace k by k' and assume
that k is nearly parallel.

Recall that for a cusp C of Xy, we let C’ denote the unique cusp of Xy
with f = Op. For O-algebras R, let Qg,tr;’o denote the completion at C of
Ji(Kur g ®oy,, , EZL,’}R) (in the notation of §6, and as usual omitting subscripts if
R =0 and usiﬁg = in the case R = FE). From the description of j.Ky in §6.5, we

see that Q’gﬂr 123’0 is canonically isomorphic to

Dmt20 XKoo Homgc,R<§C"R’ §C,R) = Homo((’)/oF, Dm+2’0) KRo §C,R

as a module over §C',R = 0p, ®o §C,R.
Letting S denote the set of cusps of Xy, we have natural g-expansion maps:

2,0
Miyi20(U's R) = €D Q612"
ceS

which are injective if R = L (and hence R = O) since H C}, includes cusps on
N ces
every connected component of Xy 1. We define M,,420(U’; O) to be the preimage
of @ Qg,+2’0 in My,42,0(U’; L) under the g-expansion map to @ QE,TLQ’O. We
ces . ces
thus have an inclusion M, 120(U’;0) C Mpy420(U’; O) with finite index, so in
particular MerQ’o(U/ ; O) is finitely generated over O.

We see directly from the definition that, for v 1 pn, the Hecke operators T, and S,
on My,42,0(U’; O) also act on the modules Q/, 20 compatibly with the g-expansion
map, from which it follows that the operators preserve Mm+2,0(U ' O). Furthermore,
from (33) and the fact that the isomorphism

m+2,0 42,0 Q
Qo =D @0 Ser

induced by the Kodaira—Spencer isomorphism Ky = /3?],_ | is the same as the one
induced by the canonical isomorphisms

Homop (0p,.,L) = @&, L = O, Qo L,
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we see that Mm+27O(U’; 0) is also stable under T, for v|p, with the action on ¢-
expansions being defined by the same formula, but now with coefficients in the fibre
Homo (Op, , D™*20) (and a reconciliation of the duplicate use of m).

Now consider the commutative diagram:
Mio(U; E) = Myy2o0(U50)®@0 E — me,o(U'; O)®o E
(34) \J )

@ ng N @ Qm+2 ,0 - @ Qm+2 0

ces ces ces
The proof of Theorem 6.1.1 shows that the first map on the bottom row is injective
and the second is an isomorphism. Since the left vertical arrow is injective by the
g-expansion principle, it follows that the top composite is also injective. Furthermore
the right vertical arrow is injective since Mm+2 o(U';0) @ Qm+2 is injective

ceS
with torsion-free cokernel (by construction).

We already saw in the proof of Theorem 6.1.1 that the map My o(U; E) —
Mp42,0(U";0) ®p E is compatible with the operators T,, and S, for v { pn, and it
follows that the same holds for the composite on the top row of (34). We claim
that this composite is also compatible with the operators T, for v|p. To see this,
note that we have actions of these operators on P g Qf and Pocs Qm+2 0 o
DPees Qm+2  ®o E which are compatible with the vertical maps of (3—1). Since
these maps are injective, the claim will follow from the compatibility of the bottom
row of (34) with these operators. The desired compatibility then follows from the
fact that the first map on the bottom row is induced by the Og-dual of the pull-back
to S = Spec §5—6 of the isomorphism ﬁ*l’*OY{; ~ @KZZ’O constructed in the proof
of Theorem 6.1.1, which is given with respect to the canonical trivialisations over S

by an isomorphism
—+,0
br @0 E = D"
K

We have now shown that the top row of (34) defines an injective homomorphism
My o(U; E) — Mm+2,0(U/; 0)®o E,

compatible with the operators T, for v{n and S, for v { np. It is therefore a homo-
morphism of T-modules, where T is the (commutative) O-algebra of endomorphisms
of Mm+2’0(U/; O) generated by T,,, and the operators T, and S, for v ¢ Q). The same
(standard) argument as at the end of the proof of Theorem 6.1.1 now shows that
(after enlarging O, L and E if necessary), there is an eigenform fe My 42,0(U"; L)
for the operators T' € T such that the eigenvalues are lifts of the corresponding ones
for f. In particular p; and py have isomorphic semi-simplifications, and T, f= s, f
for some a,, € O*.

We now deduce that pf‘GFUO has the desired form from the analogous fact for
the characteristic zero modular Galois representation PFs which is a special case
of local-global compatibility at vy for the corresponding automorphic and Galois
representations. More precisely, suppose first that f is cuspidal and view it as a
vector fixed by U’ in the associated, automorphic representation II, so we have that

U
Gy, 1s an eigenvalue for T;,, on Il °, where II,, is the local factor of II at vy and
Uy = Ui(vo) N GL2(OF,, ). We may assume for simplicity that m > 0, so that II,,
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must be a principal series representation'” of the form I(t1| - |'/2, 19| - |'/?) where
1,1y are characters )5 — Q" such that ¢ is unramified with 11 (c,, ) = @y, (and
17 is at most tamely ramified with 2 (w@y,)(Nmpg/g(ve)) "™ ! € O*). The main
theorem of [57] (adapted to our conventions) then implies that p ¢ r,, 18 Potentially
crystalline with labelled Hodge—Tate weights (m + 1,0) and associated Weil-Deligne
representation ¢ @ 1o (writing ; also for the representations of Wg,, to which
they correspond by local class field theory). A standard exercise in p-adic Hodge
theory then shows that p f|G Fy, HUSE be of the form:

X1 *
0 Xo
m—41

for some X1, X2 : GF,, — L* with X1 unramified and X1(Frob,,) = @y, (and X2Xeya
at most tamely ramified). The theorem then follows in this case from the fact that
py is (up to semi-simplification) the reduction mod m of pf, together with the
description of det(ps) in Remark 6.5.1.

Suppose on the other hand that f is not cuspidal, in which case its eigenvalues
for T, and S, for v € @ are the same as those of an Eisenstein series associated
to a pair of Hecke characters 91,1, such that ¢;(z) = 1 and ¥y(z) = 7™~ for
x € FZ . Moreover a,, = ti(wy,) for some i such that 1; is unramified at v,
and we must have ¢ = 1 since a,, € O*. In this case the (semi-simplification of
the) associated Galois representation p 7 is X1 D X2, where X1 (resp. )ngg;,jl) is the
character associated to 1y (resp. 1| - |™*1) by class field theory. The theorem thus
follows as before on reduction mod . (]

Corollary 10.7.2. Let f € My ;(Ui(n); E) be a normalised eigenform and vy a
prime of F' over p. If Ty, fe # 0 for some character & of weight —1, then (possibly
after enlarging E and semi-simplifying py)

X1 ok
poler, = ( 0 X2 )

for some characters x1,x2 : Gr,, — E* such that X1|IFUO =II

Xeltr,, =Ilres, & 71

—1
res,, & and

Proof. Since py, =~ py ® per and p5/|1Fvo = Hrez,,o elr, we may reduce to the case
I =0and f = f¢, which is immediate from Theorem 10.7.1. O

11. THE INERT QUADRATIC CASE

We now specialise to the inert quadratic case, with a focus on non-algebraic
weights, and in particular the case of “partial weight one” since it exhibits phe-
nomena not present in the classical case. We provide evidence and an approach to
Conjectures 7.3.1 and 7.3.2 by deducing results in this setting from ones in the case
of algebraic weights.

1OPermitting m = 0 would allow the possibility that II,, be an unramified twist of the Steinberg
representation, which could anyway have been treated similarly.
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11.1. Notation. For the rest of the paper, we let F' be a real quadratic field in
which p is inert, and we let p = pOp and K = F},, so K is the unramified quadratic
extension of Q,. Fix an embedding 7y : F' — @p and write ¥ = {79, 71 }. We identify
Y with ¥k and hence with the set of embeddings Op/pOr — R,. We shall write
weights k € Z* in the form (kg,k;) where k; = k,, for i = 0,1. Recall that our
conventions for Hodge—Tate types and weights of crystalline lifts of two-dimensional
representations are given in §7.2.

11.2. p-adic Hodge theory lemmas. Let x : Gg — F; be a character such
that x|r, = €. with 1 <i<p—1. Then H'(Gg,Fy(x)) is two-dimensional, and
we recall from [5, §3] the definition of a certain one-dimensional subspace. Note
that x|, = eigleﬁl, so x has a crystalline lift ¥ : Gg — O* with Hodge—Tate
type (1 —1i,—p) € Z* (where O is assumed to be sufficiently large that x takes
values in E*). Such lifts are unique up to twist by unramified characters with
trivial reduction, and we choose!! the one such that if ¢ corresponds via local
class field theory to p € K, then X(g) is the Teichmiiller lift of x(g). A standard
argument shows that the space H} (Gk, L(X)) classifying crystalline extensions is
one-dimensional over L, with preimage Vi C H'(Gk,O(X)) free of rank one over
O. We then define V}, = Vg ®o F,. Similarly, x has a crystalline lift X' : G — O
with Hodge-Tate type (—i,0), unique up to unramified twist, and we choose the
one sending g (corresponding to p) to the Teichmiiller lift of x(g). We again have
that H}(GK, L(X")) is one-dimensional, with preimage Vz» C H*(Gg, O(X)) free of
rank one over O, and we define V = Vi @0 Fp.

Lemma 11.2.1. With the above notation, V, = V)é.

Proof. We use the description of V,, obtained in [12] together with a similar analysis
of V. All references in this proof are to [12].

In the notation of [12], the (¢, T")-module, corresponding to the one-dimensional
E-vector space F(x) equipped with Gk action by x, has the form Mgz with
¢=(p—-1—1,p—1), and Proposition 5.11 (for p > 2), Proposition 6.11 (for p = 2)
and Theorem 7.12 show that V), is the subspace corresponding to the span of the
class [Bo} S Eth(M(-)‘, Mcg).

We may analyze V similarly as follows. We can write the (¢, ')-module corre-
sponding to E(x~!) in the form Mz where @ = (i,0) and A = C~!, and consider
the subspace of bounded extensions

Ethladd (1\41457 Mﬁ) C Eth (MA[ia M(-)‘)

defined exactly in Definition 5.1 (dropping the assumption that one of a; or b; is
non-zero for each 7). As in §5.1, we have an isomorphism

v : Ext' (Mag, My) = Ext' (Mg, Mcg).

A straightforward adaptation of part (2) of the proof of Proposition 5.11'% then
shows that the image of Ext}q(Magz, M) under ¢ is again spanned by [By)].

1By Remark 7.13 of [12], or more generally the proof of Theorem 9.1 of [34], the subspace
Vy turns out to be independent of the choice of unramified twist, but we fix it for clarity and
consistency with [5]. Similarly the proof of Lemma 11.2.1 below shows the same holds for V>2,

12Strictly speaking, this is Proposition 6.11 in the case p = 2, but the proof there is omitted
since it is essentially the same as that of Proposition 5.11, using the cocycles constructed in §6.3.
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By the same argument as in the proof of Theorem 7.8 (with the appeal to
Lemma 7.6 replaced by a direct application of Proposition 7.4), one finds that V;
is contained in (the extension of scalars to F,, of) the image of Ext},qq(Mag, M3).
Therefore V)é C Vi, and equality follows on comparing dimensions. O

Remark 11.2.2. In [62, Chapter 5], Wiersema gives an alternative proof of the
preceding lemma by first generalising methods and results of [34, 35] to the setting
of two-dimensional crystalline representations of G whose 7-labelled weights wy -,
ws » need not be distinct. One can then appeal to those results instead of the ones
in [12] (see [62, Lemma 5.3.2]). Similarly the following lemma can be proved using
those results instead of Fontaine-Laffaille theory (see [62, Lemma 5.4.7]).

Lemma 11.2.3. Suppose that 2 < ko < p. A representation o : G — GL2(F,)
has a crystalline lift of weight ((ko,1),(0,0)) if and only if either:
o ( )8 ; ) with x1 unramified, x2|r,, = €&* and associated exten-
2
ston class in VX1X2_1, or

e g Indgi/f where K' is the unramified quadratic extension of K and

€ = elé_ko for some extension 1 of 1o to the residue field of K'.

Proof. For the “if” direction, in the first case, let X1 be an unramified lift of y;
and let X2 = X1(X') ™", where x = x1x5 . By Lemma 11.2.1 and the definition of
Vy, the representation X5 ' ® o is isomorphic to the reduction of an O[Gx]-module
T associated to an extension class

0-0X)—=>T—-0—=0

such that T'®e L is crystalline. It follows that o has a crystalline lift T ®o L(X2)
with 7g-labelled weights (ko — 1,0) and 7-labelled weights (0,0), as required.

In the second case, note that £ has a crystalline lift E of Hodge—Tate type
(ko —1,0,0,0) (where the first coordinate corresponds to 7 € X k), so that Indg;g
is a crystalline lift of ¢ with the required labelled weights.

The other direction can be proved as follows using Fontaine-Laffaille theory. We
follow the notation of [28]; in particular see §0.9 for the definition of the category

M{g’f/, but we take (their) E to be Q, and consider objects with an action of (our)

E. The results of §7 and 8 of [28] imply that there is an object M of the category
MF{” and an embedding E — End(M) (for large enough E), such that

===tor
o ~ Homp(Us(M),F,)

as representations of G ; moreover decomposing M = My & M; (according to the
idemopotents of Ok ® E corresponding to 79, 71), each component is two-dimensional
over E and

, M, it j<O0;
Fil M = FExg, if0 <j< ko;
Oa lfj > kOa

for some non-zero xg € M.

We claim that bases (z;,y;) for M; over E can be chosen so that FillM = Exg
as above and the Ox ® E-linear morphisms ¢7 : Fr*Fil! M — M are defined so that
¢ lzg = 21, ¢°yo = y1, and one of the following holds:

o ¢z = axg + by, #°y1 = cyo for some a,c € E*, b € {0,1},
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o ¢°zy =g, ¢%y1 = azxg for some a € EX.

Indeed choose any basis xq for Fil' M and let z; = dFo gy, If ¢0z € Fil' M, then
we are in the first case with b = 0. Otherwise let 2y = ¢°x1, y1 = %29, write
¢%y1 = axg+ Bz for some «, B € E, and note that o # 0. If 8 = 0, then let g = 2o,
giving the second case; otherwise let 3y = 29 + 8~ 'axg, giving the first case with
b=1.

In the first case, M is reducible (as an object of MF/?" with E-action), fitting in

tor

an exact sequence 0 — M’ — M — M" — 0, where M’ = Eyy @& Ey;. It follows

that o has the form ( %1 ; ) where x;1 (resp. x2) is obtained by applying
2

the functor Hompg(Ug(+),F,) to M’ (resp. M"). Moreover x; (resp. x2) has a
crystalline lift of Hodge-Tate type (0,0) (resp. (kg — 1,0)) and the subspace of
HY(Gg,Fy(x1x3 ")) obtained from such extensions is one-dimensional. Therefore x;
is unramified, xa|r, = elo’k'o, and since the subspace must contain V>21x‘1 = VX1X2—17
these subspaces in fact coincide, so o has the required form. ’

In the second case, consider o, , which (in view of the compatibility noted at
the end of §3 of [28]) is isomorphic to Homg(Ug(M’),F,), where M’ = M ®0, Ok
and U is the Fontaine-Laffaille functor on the category M{c’)f/ defined with K
replaced by K'. Assuming F is chosen sufficiently large (in particular containing the
residue field of K’), we may decompose M’ = @M according to the embeddings
7! = Fr' o7} for i = 0, 1,2, 3, where 7} is a choice of extension of 75. Writing T, T
(resp. ¥, Yi o) for the image of ; ® 1 (resp. y; ® 1) in the corresponding component,
observe that M’ decomposes as

(Ezy ® Ey) ® Ey, ® Exy) €D (Eyy® Ex} © Ex) @ Ey}).

It follows that olg,, ~ § ® & where { has a crystalline lift of Hodge-Tate type
(ko —1,0,0,0), so that {|7,., = ei{?kﬂ (note that similarly ¢ = ei;ko) and o has the
required form. 0

Remark 11.2.4. For completeness we note that o has a crystalline lift of weight
((1,1),(0,0)) if and only if it is unramified.

Remark 11.2.5. We remark that the non-semisimple representations of Gx oc-
curring in the statement of the lemma are precisely those which are gently (but
not tamely) ramified in the terminology of [17, §3.3]. This is a special case of
Conjecture 7.2 of [17], proved in [7].

Lemma 11.2.6. Suppose that 2 < ko < p. A representation o : G — GLa(F,)
has a crystalline lift of weight ((ko,1),(0,0)) if and only if all of the following hold:
(1) o has a crystalline lift of weight ((ko — 1,p + 1),(0,0)) if ko > 2, and of
weight ((p + Lp)a (070)) Zf ko =2,
(2) o has a crystalline lift of weight ((ko +1,p+1),(—1,0)),

(3) and o is not of the form ( %1 ;2 where X1|1,; = €ry-

Proof. We firstly prove the “only if” direction. Suppose that ¢ has a crystalline
lift of weight ((ko, 1), (0,0)).
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First consider the case that o is reducible, so by Lemma 11.2.3, it is an unramified

ko—1

207+ and associated

. . 1 .
twist of a representation of the form ( 0 X: ) with x|, =€

extension class in V.

For 1), note that x|7, = eX072e (resp. €& 1) if ko > 2 (resp. ko = 2), so
that x has a crystalline lift X"’ of Hodge-Tate type (2 — ko, —p) (resp. (—p, 1 — p)).
Since H}(Gk, L(X")) = H' (G, L(X")) and H'(Gx, O(X")) maps surjectively to
HY(Gg, E(X)), it follows as in the proof of Lemma 11.2.3 that o has a crystalline
lift of the required weight.

For 2), we instead write x|, = €%0¢.? and use the lift X in the definition of V.
Since the extension class associated to o lies in V,, it follows that ¢ has a crystalline
lift with 7p-labelled weights (ko,0) and 7i-labelled weights (0, —p). Twisting by a
crystalline character of Hodge-Tate type (—1,p) and trivial reduction, we conclude
that o has a crystalline lift of the required weight.

Finally 3) is clear since €, is not do’k“ or the trivial character.

Now suppose that o is irreducible, so o ~ Indg?g where £|7,., = el{?ko for some
i{;koe;f (resp. e;épei;p) if kg > 2 (resp. kg = 2),
we see that ¢ has a lift & of Hodge Tate type (ko — 2,0,0,p) (resp. (0,0,p,p — 1)),
and Indgi /{-7 is a crystalline lift of o of the required weight for 1).

For 2), we proceed similarly by writing {|7,., = ei(,?k" e

. p . _
extension 7} of 79. Writing ¢| I, =€

/€y to see that £ has a
crystalline lift of Hodge—-Tate type (ko — 1,p,—1,0) whose induction to Gx has the
required weight.

Finally 3) is clear since o is irreducible.

We now prove the “if direction”. Suppose that 1), 2) and 3) all hold. We
will use the results of [34] and their extension to p = 2 in [61], which show that
if o has a crystalline lift of weight (k,l) with 2 < k. < p+ 1 for all 7, then
o is of the form prescribed in [5] for the corresponding Serre weight (i.e., that
Wers(g) ¢ WexPlicit(5)) in the terminology of [35], but note that the conventions
for Hodge-Tate weights in [34] and [35] are opposite to ours).
X1

0 X2
and [34, Thm. 9.1] (extended to p = 2 in [61]), it follows that if kg > 2, then o is
isomorphic to the reduction of a lattice in a crystalline representation of the form

X1 *
0 Xx2 /)’

where X1 and X2 are of Hodge—Tate types (kg — 2,p) and (0,0) (in either order)
or of Hodge—Tate types (kg — 2,0) and (0,p) (again in either order). Furthermore
in the first case, if ¥; has Hodge—Tate type (ko — 2,p), then the representation is
necessarily decomposable, so we may exchange X1 and x2. We therefore conclude
that o|r, is of the form:

1—k ) 2—k -1 -
0 e ™ 0 e ™ 0 €rg

If ko = 2, then the same reasoning shows that o|;, is of the form:

( 1 * > ( eﬁ;l * ) o < €re p * >
-1 | — r -1 |-
0 e 0 ef 0 e

First suppose that o is reducible and write o ~ . From condition 1)
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Similarly, from condition 2), we find that o, is of the form:

€ro * 1 * eio_ko *
0 ek )0 Lo et ) 0 1)

Moreover in the second case, the associated extension class lies in V) (where we
exchange x; and x» if necessary if o splits, and use the fact that V,, is independent
of the choice of unramified twist in its definition). That ¢ has the required form is
then immediate on comparing the possibilities resulting from 1) and 2), taking 3)
into account in the case kg = p = 2, and applying Lemma 11.2.3.

Finally suppose that o is irreducible. Then condition 1) and [34, Thm. 10.1]
(extended to p = 2) imply that o ~ Indg;{ for some ¢ with £|;,, of the form

eifkoe;f = ei{’“’ (if the balanced subset J in [34, Thm. 10.1] is {7}, 74} or its

0
_ _ 2—ko—p2 /. . .
complement) or €2, *e_F = ¢, Fo=P” (if J = {7}, 7]} or its complement), with the
0 1 0
-p

latter possibility replaced by €” (,)_p T ko = 2. Similarly condition 2) implies

2— . .
that o ~ IndgK ¢ for some ¢ with &'|;. of the form e';% or ¢/, 7" Since neither
K/ K T T4

p”—ko p*ko

2
;o agrees with any of the possibilities resulting from

€

To

condition 1), we deduce that ¢| = ei,_ko, and the desired conclusion again follows
0

from Lemma 11.2.3. O

. . 1—
nor its conjugate €_,
To

Remark 11.2.7. Note that we only needed to use condition 3) in the case ko =
p = 2, so it is otherwise implied by 1) and 2).

11.3. Weight shifting. We now prove an analogue of Lemma 11.2.6 in the context
of geometric modularity. (See [62, Chapter 4] for generalisations to the setting of
arbitrary totally real F' in which p is unramified.)

Lemma 11.3.1. Suppose that2 < ko < p and that p : Gp — GLQ(FP) 1s 1rreducible.
If p is geometrically modular of weight ((ko,1),(0,0)), then
(1) p is geometrically modular of weight ((ko — 1,p + 1),(0,0)) if ko > 2, and
of weight ((p + 1,p),(0,0)) if ko = 2, and
(2) p is geometrically modular of weight (ko +1,p+1),(—1,0)).
Moreover the converse holds if we assume in addition that

(3) play is not of the form ( %1 ;2 ) where X1|1x = €ry -

Proof. Suppose first that p is geometrically modular of weight ((ko, 1), (0,0)), i.e.
that p is equivalent to py for some eigenform f € My, 1y,0,0)(U; £). Multiplying f
by Ha,, (resp. Ha,, Ha. ) if kg > 2 (resp. ko = 2) yields an eigenform giving rise to
p of the weight required for 1). Conclusion 2) is immediate from Theorem 10.4.2.
Conversely suppose 1), 2) and 3) all hold. First consider the case ky > 2. By
Proposition 10.5.2, hypotheses 1) and 2) imply that p arises from normalised eigen-
forms in M(k0_1,p+1),(070)(Ul(ml);E) and M(k0+17p+1)7(_170)(Ul(mg);E) for some
ideals my, mo prime to p (and sufficiently large ). We may then choose n satisfying
the conditions in Lemma 10.6.2 with m = m; for i = 1,2 (for example take n = m?m3)
to deduce that p arises from stabilised eigenforms in f1 € M, 1 p41),00,0)(U1(n); E)
and fo € M(iy41,p+1),(~1,0)(U1(n); E). By Proposition 9.4.1, ©,,(f1) is a strongly
stabilised eigenform in My, 2p41),(~1,0)(U1(n); £). By Corollary 10.7.2 and hypoth-
esis 3), so is Ha,, fo. Lemma 10.6.5 then implies that ©.,(f1) = Ha, f2, and now it
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follows from Theorem 8.2.2 that fi = Ha,, f for some f € M, 1),(0,0)(U1(n); E), so
p is geometrically modular of weight ((ko, 1), (0,0)).

The case kg = 2 is similar, but instead one has fi € M1 p),00,0)(U1(n); E),
and obtains f € M,12.0),(0,0)(U1(n); E). Theorem 1.1 of [19] now implies that f is
divisible by Ha,,, so that p is geometrically modular of weight ((2,1),(0,0)). O

11.4. Geometric modularity in partial weight one.

Theorem 11.4.1. Suppose that 2 < kg < p and that p : Gp — GLQ(FP) 18
irreducible and modular. Suppose that Conjecture 3.14 of [5] and Conjecture 7.5.2
hold for p. Then p is geometrically modular of weight ((ko, 1), (0,0)) if and only if
plax has a crystalline lift of weight ((ko, 1), (0,0)).

Proof. Suppose first that p|g, has a crystalline lift of weight ((ko,1),(0,0)).
Lemma 11.2.6 implies that p|g, has crystalline lifts of weight ((ko —1,p+ 1),(0,0))
(resp. ((p+1,p),(0,0))) if ko > 2 (resp. ko = 2) and ((ko+1,p+1),(—1,0)), and that
pla has no subrepresentation on which Ik acts as e,,. Conjecture 3.14 of [5] then
implies that p is algebraically modular of weights of the two indicated weights, and
then Conjecture 7.5.2 implies it is geometrically modular of those weights. It then
follows from Lemma 11.3.1 that p is geometrically modular of weight ((ko, 1), (0,0)).

Now suppose that p is geometrically modular of weight ((ko,1), (0,0)). We can
then reverse the argument to conclude that p|g, has crystalline lifts of weight
((ko — 1,p 4+ 1),(0,0)) (resp. ((p + 1,p),(0,0))) if kg > 2 (resp. ko = 2) and
((ko+1,p+1),(—1,0)). If p > 2, then as noted in Remark 11.2.7, this already
implies that p|g, has a crystalline lift of weight ((ko,1),(0,0)). To conclude,
we can assume kg = p = 2, and we just need to rule out the possibility that
plag =~ < %1 ;2 ) where X1|r, = €7, We do this by an ad hoc argument.

It is more convenient to work with p’ = p ® pes, where § is a character of weight
(1,0). Then p' is geometrically modular of weight ((2,1), (1,0)), Conjecture 7.5.2
holds as well for p/, and we assume for the sake of contradiction that p’|g, has an
unramified subrepresentation. We let vy = 20p.

By Lemma 10.2.1, p arises from an eigenform fo € M 1) (1,0y(U1(mq1); E) for
some m; and E. Moreover by Lemma 10.4.1, we can assume that O, (fo) # 0,
i.e. that 7/ (fo) # 0 for some m, J such that m ¢ 2J-1. The same argument as
in the proof of Proposition 10.5.2 then shows that we may assume fj satisfies the
first two conditions in the definition of a normalised eigenform. (With regard to
the third condition, note that we have not defined T,,, in this context.) Therefore
O, (fo) is a normalised eigenform in M3 3y 0,0)(U1(m1); E); note that it is an
eigenform for T, since ;) (©,,(fo)) = 0 if m € 2J~1. By Theorem 8.2.2, we have
(05, (fo)) <ua (4,1) (where the notation is as in §5), and Theorem 1.1 of [19] then
implies that v(©4,(fo)) <ua (2,2). We may therefore write ©,(fo) = Ha,,Har, f1
for a normalised eigenform fi € M2.9) (0,0)(U1(m1); E) with 77, (f1) = 0 for all
m e 2J L.

We have shown in particular that p’ is geometrically modular of weight ((2, 2), (0,0)),
hence algebraically modular of weight ((2,2), (0,0)) by our supposition of Conjec-
ture 7.5.2. Therefore (for example by [5, Prop. 2.5]), p’ = p for a characteristic zero

cigenform f of weight ((2,2),(0,0)): we may further assume that f is a newform in
M2,2y,0,0)(U1(mz); O) for some my, enlarging L if necessary, so it is a normalised
eigenform for T, for all primes v, and S, for all v t mg. By local-global compatibility,
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Pflcy is crystalline with 7;-labelled weights (1,0) for ¢ = 0,1, and the characteristic
polynomial of ¢? on Dcris(pf|GK) is X2 — aX + 4d where @ is the eigenvalue of Too

on f and d € O is the eigenvalue of 5,,. Using for example that pf|GK is dual to
a representation arising from a 2-divisible group over Ok, we see from the form of

P |ay that
1
pflGK = ( % %’2 )
with X7 unramified and X;(Frob,,) = a € O* (and XcycX2 is unramified with
XeyeX2(Froby,) = a~'d). The reduction of f is thus a normalised eigenform f, €
M2,2),(0,0)(Ui(mz); E) giving rise to p’, with the property that the eigenvalue of T,
on fo is non-zero.

As in the proof of Lemma 11.3.1, we can choose n so that the conditions in
Lemma 10.6.2 are satisfied for m; and my, and the proof of the lemma then yields
eigenforms g1, g2 € M(2.2),(0,0)(U1(n); E) such that g; is strongly stabilised, whereas
g2 is stabilised and satisfies T,,g2 = ags for some a € E*. Now consider the
form f3 = a=!(ga2 — g1); its g-expansion coefficients are given by 77/ (f3) = 0 unless
m € 2J7", in which case r7,(f3) = 7’7‘;/2(92). In particular f3 € ker(©.,), so
J3 = @y, (g3) for some g3 € My 1) (0,0)(U1(n); E). By Proposition 9.8.1, we have
) (g3) =1, (go) for all m, J, so go = Ha,,Ha,, gs.

Furthermore, note that v(gs) = (1,1); otherwise Corollary 1.2 of [19] would force
v(g3) = (0,0), making g3 locally constant and contradicting the irreducibility of p.
Now consider O, (93) € M(3,2),(0,—1)(U1(n); £). By Theorem 8.2.2, ©,,(g3) is not
divisible by Ha,,. We claim that ©,, (g3) is not divisible by Ha,, either. Indeed if
it were, then we would have v(©,,(93)) <ma (4,0), and Theorem 1.1 of [19] would
imply divisibility by Ha,,. Therefore Theorem 8.2.2 implies that ©,,0., (g3) is not
divisible by Ha,, (and in fact a similar argument gives v(0,,0.,(g3)) = (4,4)).
Note that ©,,07,(g3) € M4.4),(—1,—1)(U1(n); E) is a strongly stabilised eigenform
giving rise to p. However so is e1HaEOHa31 g1, where e; is the constant section in
M,0y,(~1,-1)(U1(n); E) with value 1. We therefore conclude that ©,,0,,(g3) =
61Ha30 Hai1 g1 is divisible by Ha,,, yielding the desired contradiction. O

Remark 11.4.2. Note that the theorem holds just as well for weights of the form
((ko,1),1) and ((1, ko),!) for any [ € Z*.

Recall from Proposition 7.5.4 that one direction of Conjecture 7.5.2 holds if k
is paritious in the sense of Definition 3.2.1. Recall also that Conjecture 3.14 of [5]
has been proved under mild technical hypotheses by Gee and collaborators (see
especially [34, 33]), with an alternative to part due to Newton [50]. In particular it
holds under the assumptions that p > 2, P|GF(<p> is irreducible, and if p = 5, then
p|GF(45) does not have projective image isomorphic to As = PSLy(F5). It might be
possible to treat this exceptional case with p = 5 using the same methods along
with [3, Thm. 3.2.1], but we only need to do this in a particular instance in order to
obtain one direction of Theorem 11.4.1 for odd kg unconditionally.

Theorem 11.4.3. Suppose that 3 < ko < p, ko is odd and that p : Gp — GLa(F,)
is irreducible and modular. If p|a, has a crystalline lift of weight ((ko,1),(0,0)),
then p is geometrically modular of weight ((ko, 1), (0,0)).

Proof. We first show that the local condition at p implies that p|q,. o) is irreducible.
Indeed if it is not, then p is induced from Gg/ for a quadratic extension F'/F
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which is ramified at p, and hence p|g, is induced from G- for a ramified quadratic
extension K'/K. This in turns implies that p|r,. =~ x1®x2 for some characters x1, x2
such that xi1x5 1 is quadratic. However the explicit description of the possibilities

for p|r, from Lemma 11.2.3 shows that X1X2—1 would have the form efo(kofl) or

ef(,)(ko*l)(p 271), which gives a contradiction since such a character has order (p?—1)/i
or (p? +1)/i for some i < p— 1.

We may therefore apply Theorem A of [35] to conclude that p is algebraically
modular of weights ((ko—1,p+1), (0,0)) and ((ko+1,p+1),(—1,0)), unless p = 5 and
p|GF( ¢, has projective image isomorphic to PSLy(F5). Aside from this exceptional
case, it follows from Proposition 7.5.4 that p is geometrically modular of weights
((ko —1,p+1),(0,0)) and ((ko +1,p+1),(—=1,0)), and then from Lemma 11.3.1
that p is geometrically modular of weight ((ko, 1), (0,0)).

Suppose then that p = 5 and p‘GF(cs) has projective image isomorphic to PSLo(F5),
so that of p is isomorphic to PSLs(F5) or PGL2(F5). Again using the explicit
descriptions in Lemma 11.2.3, we see this is only possible if kg = 5 and p|g,. ~ x1DXx2
where y; is unramified and XQ\ Ix = €y 4 has order 6. In this case the conjectural set

of Serre weights for p¥ = Homg_(p, IF5) (with the notation of §7) is:

{Vi4,6),00,0) V(2,2),(=1,0)5 V(6,6),(~1,0)s V(6,4),(4,0) }-

In particular if £ is a character of weight (1,0), then (p®pg¢/)¥|c, has a Barsotti-Tate
lift (necessarily non-ordinary), and the argument of [30, §3.1] (using the method of
Khare-Wintenberger [43]) then shows that (p® pe)" is modular of weight V{2 2y (0,0
from which it follows that p is algebraically modular of weight ((2,2), (—1,0)).
Similarly p" |, has a potentially Barsotti-Tate lift of type [€2 ¢1 ] @ 1, so the
same argument (but now using [3, Thm. 3.2.1] for the existence of ordlnary lifts)
shows that p¥ is modular of some weight in the set of Jordan—Holder constituents

IndELQ(OF/p)@/J where
a b
P (( 0 d )) = 1o(a)?m1(a)?,

namely { Vi4,6),(0,0) V(3,5),(3,0)» V(4,2),(2,4) }- Therefore p is algebraically modular of
weight ((4,6), (0,0)), ((3,5),(3,0)) or ((4,2),(2,4)). Since p|g, has no crystalline
lifts of weight ((3,5),(3,0)) or ((4 2), ( 4)) (by [34, Thm. 2.12], but in fact already
by [28]), these possibilities are ruled out by local-global compatibility and the
discussion before Proposition 7.5.4. Therefore p is algebraically modular of weight
((4,6),(0,0)).

We have now shown that p is algebraically modular of weights ((4,6), (0,0)) and
((2,2),(—1,0)), so also geometrically modular of these weights by Proposition 7.5.4.
Therefore p is also geometrically modular of weight ((6,6), (—1,0)), and it follows
from Lemma 11.3.1 that p is geometrically modular of weight ((5,1),(0,0)), as
required.

Remark 11.4.4. Again the theorem holds also for weights of the form ((kg,1),1)
and ((1,ko),1) for any [ € Z*.

Remark 11.4.5. We remark that the assumption that F' is unramified at p ensures
that the conditions at p = 5 in the modularity lifting theorems of [47], [29] and [3]
are satisfied. If p = 5 is ramified in F', then a more exceptional case can arise, and
is treated in work of Khare and Thorne [45].
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11.5. An example. Consider the Galois representation defined in Example I1Ibq
of [17, §9], so F' = Q(+/5), p = 3 and p : Gr — GLy(Fy) is absolutely irreducible
X1

0 xo
chosen 7; : Op/p ~ Fy. Setting y = Xlxgl, we have x|, = 67,02, and the discussion
in [17] shows that the associated extension class lies in the line V, of Lemma 11.2.1.
It follows that p has a crystalline lift of weight ((3,1), (0, —1)).

The modularity of p is strongly indicated by the data exhibited in [17, §10.4].
In particular it follows from the explicit computations described there that there
is an eigenform f € M 4),(0,—1)(U1(n); Fg) with n = (10v/5) whose eigenvalue for
T, coincides with trp(Frob,) for all v { 30 such that Nmp/q(v) < 100, and whose
eigenvalue for S, is 1 = Nmp/g(v) ™! det p(Frob,) for all v { 30. We assume for
the rest of the discussion that it is indeed the case that py ~ p. It then follows
from Theorem 11.4.1 that p is geometrically modular of weight ((3,1), (0, —1)), i.e.,
p = pg for some eigenform g € M3 1y, 0,—1)(U1(n); Fo)

and has the property that p|g, ~ where x;|r, = €, for appropriately

Consider also the form g¢ for a character ¢ of conductor (v/5) and weight (0, 2),
in the sense of Definition 10.3.1. (There are two such characters, both of order 4,
differing by the quadratic character corresponding to the extension F'(us5).) Then
we have ge € M3 1),(0,1)(U1(n);Fg), and as the weight ((3,1),(0,1)) is paritious (in
the sense of Definition 3.2.1), it is natural to ask whether g¢ lifts to a characteristic
zero eigenform of partial weight one.
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