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QUANTUM VARIANCE FOR DIHEDRAL MAASS FORMS

BINGRONG HUANG AND STEPHEN LESTER

ABSTRACT. We establish an asymptotic formula for the weighted quantum variance of dihedral Maass
forms on I'g(D)\H in the large eigenvalue limit, for certain fixed D. As predicted in the physics
literature, the resulting quadratic form is related to the classical variance of the geodesic flow on
I'o(D)\H, but also includes factors that are sensitive to underlying arithmetic of the number field

QD).
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1. INTRODUCTION

In the theory of quantum chaos, an important problem is to understand the fluctuations of matrix
coefficients of observables. In the generic chaotic case, it is conjectured in the physics literature [15] [12]
that the leading order constant for the quantum variance of such observables agrees with that of the
classical variance of the dynamics of the geodesic flow. Moreover, it is predicted that the limiting
distribution of quantum fluctuations exists and is Gaussian. These conjectures are wide open except
for a handful of cases as described below. This problem becomes even harder when only a sparse
subsequence of all eigenfunctions is considered. In this paper, we compute a new instance of the
quantum fluctuations, for a distinguished sequence of eigenfunctions of the modular domain, called
dihedral Maass forms.

Let (M, g) be a Riemannian manifold (smooth, compact) with negative curvature and Riemannian
volume form dvol, normalized with volg(M) = 1. Let A, be the Laplace-Beltrami operator. Consider
an orthonormal basis {t;}; of L*(M,dvol,) consisting of Laplace-Beltrami eigenfunctions and let
Aj denote the Laplace-Beltrami eigenvalue of 1, i.e., Ag; = Ajip;. For an observable 1 with
J3 ¥(x) dvoly(z) = 0 the quantum variance (in configuration space) is given by

#{/\ Z

)\<A

QY5 A) =

/w )12 dvoly ()|

Roughly, the quantum variance measures how far away the L?-mass of a typical eigenfunction is from
being equidistributed on M w.r.t. dvoly. Zelditch [70] proved an upper bound for Q(v;A), showing
that Q(y; A) = O((log A)~'), which implies a quantitative form of the Quantum Ergodicity Theo-
remﬂ Much stronger estimates are expected to hold. Eckhardt et al. [12] conjectured a fascinating

Date: July 13, 2022.

Key words and phrases. Quantum variance, quantum covariance, dihedral Maass form, L-function, generalized Rie-
mann Hypothesis, Generalized Ramanujan Conjecture.

I¥or a negatively curved manifold, the Quantum Ergodicity Theorem (in conﬁguration space) states that along a
density one subsequence of eigenfunctions {1;,}, that [, ¢ (z)[¢;, (z)[* dvoly(x) — [,, ¥ (x)dvoly(z) as £ — oo, for
¥ € L*(M, dvoly).
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2 BINGRONG HUANG AND STEPHEN LESTER

asymptotic formula for Q(v; A) for generic hyperbolic systems, which predicts that as A — oo

v
Qs A) ~ gA(Jf(ff/)Q

where V(1)) is the classical variance of the geodesic flow G; and is given by

Vi (y) = / h / *M(w o Gy)(z)h(x)dp(x) dt.

Here p is Liouville measure on the unit cotangent bundle S*M and g = 2 if the system has time reversal
symmetry, otherwise g = 1. Moreover, it is predicted that the quantum fluctuations display Gaussian
statistics. These predictions beautifully mirror what is known about the fluctuations of observables
under the geodesic flow. For 1) a smooth observable on S*M normalized with [q.,, ¢ (z)du(z) = 0,

Sinai [61] and Ratner [49] proved that %fOT(’(/J o G)(z)dt, with x € S*M, has a Gaussian limiting
distribution as T' — oo with mean zero and variance given by
2

T
/0 (Yo Gy)(z)dt| du(z).

For further background and discussion see [Il, Section II] and [71), Section 10] and the references therein.

Vi) = [

S*M

There has been substantial prior work on computing the quantum variance in arithmetic settings.
Luo—Sarnak [36] computed a weighted analog of the quantum variance in the context of holomorphic
modular forms for SLy(7Z). Similar results for Hecke-Maass cusp forms were proved in Luo—Sarnak [30]
and extended by Zhao [72]. Recently, Sarnak—Zhao [56] obtained the asymptotic formula of quantum
variance for several phase space observables, that is for Hecke-Maass cusp forms on PSLa(Z)\ PSLa(R).
Additionally, in the setting of quaternion algebras Nelson [40, 41], 42] has computed an asymptotic
formula for the quantum variance. In each of the previously mentioned works the leading order
constant of the quantum variance is given by the classical variance of the geodesic flow V(¢) along
with an additional arithmetic factor, which is related to the central value of an L-function. Notably,
Kurlberg-Rudnick [29] computed the quantum variance in the setting of the quantized cat map and
observed that the leading order constant for the quantum variance also deviates from the generic
classical variance (see [29] Section 6.1]).

Let H = {z + iy : y > 0} be the upper half plane. Let I'o(D) = {(¢Y) € SL2(Z) : ¢ =0 (mod D)}
be the Hecke congruence group of level D. Dihedral Maass forms comprise a sparse family of eigen-
functions of the Laplace operator on the surface X = I'g(D)\H equipped with hyperbolic measure
dxdy/y?. The Weyl law, as established by Selberg, gives that the number of Laplace eigenvalues less
than a large parameter A (in the discrete part of the spectrum)ﬂ is ~ ¢\ where ¢ > 0 depends only on
D, whereas the number of eigenvalues corresponding to dihedral Maass forms is of order of magnitude
VA. In this article, we investigate the behavior of fluctuations of L2-mass of dihedral forms and
compute the variance of these fluctuations. Our main result establishes an asymptotic formula for
the weighted quantum variance of dihedral Maass forms, with leading order constant equal to V' (v))
times an additional arithmetic factor. The arithmetic correction factor consists of a central value of
an L-function, which is similar to the results mentioned earlier, as well as an additional arithmetic
factor that reflects the underlying structure of the number field Q(v/D).

1.1. Statement of the main results. Let F = Q(+/D) be a fixed real quadratic field with dis-
criminant D > 0 squarefree and D = 1 (mod 4). For simplicity, we assume that F' has narrow class
number 1 and D is a product of two distinct primes congruent to 3 (mod 4). For example, we may
take D = 21. Let wp = (14+v/D)/2 and let ep > 1 be the fundamental unit of F. Note that we have
N(ep) = epép = 1, where & is the conjugate of o € F under the nontrivial automorphism of F'. The
ring of integers of F' is Op = Z[wp], and the group of units Up in O is isomorphic to {£1} x ¢%. For
each integer k # 0, we have the Hecke Grossencharacter =y of F', which is defined by

ik

logep

for an ideal («) C OF with generator o.

5

2The spectrum of the Laplacian A = —y? (82/8362 + 82/83;2) on X has both discrete and continuous components. The
discrete spectrum consists of the constants and the space qusp(X) of cusp forms, for which we can take an orthonormal
basis {u; };en of Hecke-Maass forms.
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Let Bg(D,xp) denote the set of L?-normalized newforms of weight 0 for I'g(D), with nebentypus
character xp (the Kronecker symbol). By [37], we know that the theta-like series associated to Zj by

(2) = pr(1) y* Y Ex(a) Kir, (27 N(a)y) (e(N(a)z) + e(— N(a)z)) € B§(D, xp), (1.1)
aCOp
a#{0}
where 2 = z + iy € H, t; = tys, = 7wk/logep and ¢, has Laplace eigenvalue 1/4 + 7. Here
N(a) = #Op/a is the norm of a nonzero ideal a C Op, K,(z) is the modified Bessel function,
e(x) = €™ and p;(1) is the positive real number such that ¢y is L2-normalized, i.e.,

dxd
[6]13 = (Dr, dr) D = / |61 (2) ] x2y

To(D)\H y

=1.

This paper studies the distribution of L?-mass for dihedral Maass forms. For a test function
¥ : X — C, define

) = {0 ol = [ o@lona g

Notably, Liu-Ye [34], Blomer [4], and Lau-Liu—Ye [3I] proved there exists § > 0 such that
dzdy _
v = [0S+ o), (1.3

that is, Quantum Unique Ergodicity (QUE) holds for such forms.
We are interested in the statistical fluctuations of the remainder term in (|1.3) as k varies over
integers K < k < 2K, where K is a large parameter. To this end, let us first define the expected value

of pu, () as
' 1 k
K)i= e S mwe (1), (1.9

keZ

(1.2)

where ® is a smooth function with compact support in [%,2]. It is not hard to prove that E(¢; K) =

o(K~1/?) under Generalized Riemman Hypothesis (GRH) (Remark [6.2), which is negligibly small.
This motivates us to define the quantum covariance for dihedral Maass forms by

Q1,9 K3 ®) := > k(1) (1h2) @ <Ik(>

kEZ

for 41,92 € L2, (X). We also define the harmonic weighted quantum covariance by

QU (1, 23 K ®) 1= S L1, i) 2p (00 (02) <’“)

K
keZ

where L(s, ¢gr) is the L-function of ¢g. Note that if 1 or 1)y is odd, then QP(t)1,19; K;®) =
Q(¢1,199; K;®) = 0 and we will restrict to even Hecke—Maass forms in what follows. In particular
for ¢ € B(D), the set of L:-normalized newforms of weight 0 for T'o(D) with trivial nebentypus, the
classical variance V(1)) has been explicitly calculated in [36, Appendix I] where it was shown that

/ / (4 0 G1) (9)(g)dpu(g)dt
FO(D\PSLQ(]R

ity
rd+ 5|
27r\1“(2 + ity)|?

(1.5)

where % + t?p is the Laplace—Beltrami eigenvalue of ¢ and u(g) is the hyperbolic measure on the unit
cotangent space I'g(D)\ PSLa(R).

Also, let L(s,) and L(s,1 X xp) be the corresponding L-functions of ¢ and 1) x xp where ¢ is a
Hecke-Maass cusp form. Write Ay (n) for the nth Hecke eigenvalue of 1/} Let ((s) denote the Riemann
zeta-function and (p(s) = ¢(s) [[,p(1 —p~*). Define B(s = [ ®(x)x*1da for the Mellin transform
of ®.

The main result in this paper establishes the following asymptotic formula for the quantum variance.
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Theorem 1.1. Let v be an even Hecke—Maass cuspidal newform on To(D). Then as K — oo we
have that

Q" (w13 K @) = B(0)A"(9) V() + o(1), (16)
where V(1) is as given in and

AMY) = L(5,9)L(5,¢ < xp) - 2D2CZ(1;))gL€fl XD) I] <1 i )\ff?> '
’ plD

Assume the Generalized Ramanujan Conjecture (GRC). Then as K — oo we have that

Qh,; K; @) = ®(0)A(y) V() + o(1),
where A(y) = Ah(@/J)Cb’w, with Cp, 4 as in [@.5).

Notably, Theorem asserts that the quantum variance for dihedral Maass forms is equal to the
classical variance only after inserting the “arithmetic correction factor” of A(¢). The arithmetic factor
A(%) inherits arithmetic information of the underlying real quadratic field (such as the regulator and
prime factorization of the discriminant). It would be interesting to explore this relationship further.

Remark 1.2. In the proof of Theorem [1.1| we show that the error term in (1.6 can be improved to
O(K~1/2+9+2) where ¥ is the best known exponent towards GRC (currently it is known that ¢ < 7/64).

Consequently, this implies that QUE holds for dihedral forms, thereby giving a new proof of the result
of Liu—Ye [34].

Now we consider the quantum covariance. We will prove the following conditional result.

Theorem 1.3. Assume GRH. Let 11,12 be two orthogonal even Hecke—Maass cuspidal newforms.
Then we have as K — oo that

Q(Y1,12; K; @) — 0.

In particular, the quadratic form Q = limg 00 Q(+,+; K; ®) is diagonalized by the orthonormal basis
of Hecke-Maass cuspidal newforms on Bg(D).

Remark 1.4. It is instructive to compare our results for dihedral Maass forms with those for Eisenstein
series. The key point here (from the automorphic representation theoretic point of view) is that if F
is a quadratic etale algebra over Q and y is a Hecke character of F', then the principle of automorphic
induction gives us an automorphic representation of GLy(Q). If F' is split, i.e., F = Q x Q, then this
leads to an Eisenstein series. On the other hand if F is a field, then we end up getting a cusp form.
The latter case is exactly what we consider in this paper. The quantum variance for Eisenstein series
was considered by the first author in [20]. The arithmetic correction factor in that case is L(%, )2,
and the covariance can be proved to be zero unconditionally.

Additionally, applying our main estimate, Proposition [£.2] we can prove further results about the
statistical fluctuations of p(1)). Using the method of Rudnick—Soundararajan [52}, 53] for lower bounds
for moments of L-functions we can show the moments of ux (1)) blow up. More precisely, under GRC
we have for any even integer ¢ > 2 that

K70 3 (@) > (log K)1-D/2,
K<k<2K

provided A(%, w)A(%, ¥ x xp) # 0 and additional nonvanishing conditions hold for certain Dirichlet
series related to 1. Also, by following the argument of Siu [62], which uses the method of Radziwil—
Soundararajan [47], it is possible to prove a one-sided central limit theorem for log|ux(1)|. Under
GRC we have that

log | (¥)| + 3 log K + 1 loglog K

1 o
> V} <(1 +o(1))/ e /2 dt,
\/iloglogK V2m Jv

1
—#IK <k <2K:
Lofk i

for any fixed V € R.
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1.2. Outline of the proofs. The starting point of the proof of Theorem uses an extension of the
Watson-Ichino [68] formula due to Humphries—-Khan [22]. This formula relates |ux(2)|? to the central
value of a certain triple product L-function. Since ¢y, is a dihedral form this triple product L-function
factors as follows L(s, v x ad ¢) = L(s,1 x xp)L(s, 1 X ¢ar), which is easy to see by comparing Euler
products. This reduces the computation of the quantum variance to the calculation of a (twisted) first
moment of the Rankin—Selberg L-function L(%, ¥ X ¢ok). This moment estimate is related to previous
work of Conrey—Snaith [9], who studied moments of L-functions attached to holomorphic CM modular
forms f; and obtained an asymptotic formula for the first moment of L(%, fx)- Our case should be
compared with an asymptotic estimate of the second moment of L(%7 fx) which is not known yet. It
would be interesting to extend our method to this problem.

To compute the twisted first moment of L(%, 1 X o) we use Poisson summation and then separately
analyze ‘diagonal’ and ‘off-diagonal’ terms. The diagonal terms arise from ideals a C OQ( VD) such
that for some o with a = () either |£] = 1 or |£]| = ep. Since we restrict to real quadratic fields with
totally positive fundamental unit both cases occur and account for separate diagonal terms. These
ideals correspond to lattice points lying on certain lines with rational slope, which motivates calling
these diagonal terms.

We also need to bound the contribution of the ideals whose angles lie nearby 0 or logep. These
ideals are the ‘off-diagonal’ terms and correspond to lattice points which lie in small neighborhoods
of the lines mentioned above. We parameterize these ideals, thereby relating their contribution to
sums of Fourier coefficients of Hecke-Maass forms over values of quadratic polynomials. Such sums
are known as ‘non-split sums’ and have been studied in previous work of Hooley [19], Sarnak [54],
Blomer [5], Templier [65] and Templier-Tsimerman [66]. Our approach to estimating these sums uses
the spectral theory of half-integral weight automorphic forms. In particular we consider Dirichlet
series whose nth coefficient is roughly Ay, (an? + bn + ¢) and use Poincaré series together with theta
functions to provide an analytic continuation of this Dirichlet series to Re(s) > 1/4+1/2 except for a
possible pole at s = 1/2, which is related to the residual spectrum of the half-integral weight Laplace
operator. The possible pole at s = 1/2 would contribute a term of the same size as our main term
so we must show our Dirichlet series is analytic at s = 1/2 (or equivalently its residue at s = 1/2
is zero). Assuming GRC we can easily accomplish this by using well-known estimates for bounds
of sums of multiplicative functions (see Nair-Tenenabum [39] or Henriot [I7]). Unconditionally, we
proceed using a different argument, which relates this residue to the value of a twist of the symmetric
square L-function of 1 at s = 1. This is done by writing a theta series as a residue of a half-integral
weight Eisenstein series, which we are able to accomplish in certain cases (see Appendix . However,
in this argument we needed to assume that the coefficients of the quadratic polynomial satisfy certain
hypotheses and this is reason we need to assume GRC to compute the unweighted quantum variance
in Theorem (so that we can use the multiplicative function bounds).

We emphasize that the condition that there is no unit of negative norm, i.e. N(ep) = 1, is important
to our argument and the case N(ep) = —1 (e.g. D = 5 or 13) is different. The reason is that when
N(ep) = —1, there is no ideal with angle equal to logep. This leads to the problem of bounding the
contribution from ideals with angles close to log ep. While in our case with N(ep) = 1, there are ideals
with angles equal to logep and their contribution is not difficult to estimate. In addition, we have
repulsion for the angles of the ideals, from which we find structure of the ‘off-diagonal’ terms and then
succeed to bound their contribution.

In contrast to prior work on the quantum covariance (such as [56] and Nelson [40, [41}, [42]) our proof
of Theorem [1.3| uses the aforementioned Watson-Ichino formula together with estimates for moments
of central values of Rankin—Selberg L-functions. This approach is more closely related to work of the
first named author on the quantum variance of the Eisenstein series. However a substantial difference
is for the covariance we instead compute the average of (L(L,11 x ¢or)L(%, 102 x ¢2x))'/? and under
GRH show that this is < W, so we only have a very weak bound on the covariance. Similar

estimates appears in earlier works [38, Theorem 1.5] and [32] Lemma 5.1]. The basic approach of the
proof follows Soundararajan’s method [63] for bounds for moments of L-functions.

1.3. Organization of the paper. This paper is organized as follows. In Section [2] we recall some
facts on automorphic forms of weight 0 and of half-integral weights. In Section [3| we establish bounds
for sums of Fourier coefficients of Maass forms over non-split quadratic polynomials. These bounds
are a key component in the estimate for the twisted first moment of L(%, ¥ X o), which is computed
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in Section [l Using these results we complete the proof Theorem [I.I] in Section [f] Theorem [I.3] on
quantum covariance is proved in Section [f] In Appendix [A] we give an estimate for the triple product
of automorphic forms, and in Appendix [B] we express our theta series in terms of the residue of certain
half-integral weight Eisenstein series, both of which are needed in Section

1.4. Acknowledgements. We would like to thank Zeév Rudnick for helpful discussions and com-
ments. We also want to thank the referees for carefully reading the paper and providing useful com-
ments. B.H. is partially supported by the National Key R&D Program of China 2021 YFA1000700 and
NSFC 12001314 and 12031008. S.L. is partially supported by EPSRC Standard Grant EP/T028343/1.

2. PRELIMINARIES

2.1. Automorphic forms of weight 0. Let G = SLy(R), K = SO(2) and I'g(N) be the Hecke
congruence subgroup. Let H = G/K = {z + iy : y > 0} be the upper-half plane. We work on the
space L2, (Do(N)\H) of cuspidal automorphic functions equipped with hyperbolic measure du(z) =

dady/y?. A cuspidal function 1) is one such that fol Y(z +iy)dx = 0 for almost every y.
Let ¢ € Lcusp(Fo(N )\H) be a Hecke-Maass cusp form of weight zero. The weight zero Laplacian
reads A = —y (am + 88;2 ), and we have Ay = Ay1p, where the eigenvalue Ay = }1 + t2 The spectral

parameter ¢, belongs to R U [—5, 5] Each such v admits a Fourier expansion of the form
oy Z Wo ity (dmnlye(nz), z=x+iy € H, (2.1)
n;éO

where W, 5(y) is the Whittaker function (see e.g. [16], §9.22-23]) and Ay (n) denotes the nth Hecke
eigenvalue of 1. By convention, A\;(0) = 0. The Hecke bound reads A\,(n) < |n|'/2. Under GRC
Ay (n) < |n|¢ would hold. We have Ay (n) < |n|?T¢, for all 9 > 7/64 is achieved in [26].

4a

Note that ¥(z) := ¢(1aa2) = (4az) € L2, (Do(4aN)\H) with v, = <0

level 4a N and we have

(1)) is a cusp form of

(16am|nly)e(dant). (2.2)

n;éO v
2.2. Automorphic forms of half-integral weight. For odd d, define

|1, ifd=1 (mod 4),
“=N 4, ifd=3 (mod 4).

Define

o () () - ()

fory=(2%) €T'g(4) and Imz > 0. Here (§) is the extended Kronecker symbol as in [58]. Note that

0(v2)
= —= To(4
T0.9) = 55 e,
where 0(z) = y'/* > nez €(n?z) is the standard theta series.
Let M be a positive integer such that 4 | M and x be a character. Also, let k € % + Z be a
half-integer and A, := y?(0% + (95) —iky0y be the Laplacian of weight . Let H, (M, x) be the Hilbert

space of L2-integrable functions f satisfying
F(v2) = x(d)J (v,2)*" f(2)
for all v = <Ccl Z) € I'g(M). For t € C, denote by H,(M, x,t) the subspace of smooth functions

f € He(M, x) satisfying (A, + \)f = 0 with A = 1 + ¢2. Without loss of generality we shall always
assume Im¢ > 0.
Let {fjﬁ}j with

fj,n(z) = pj,n(oa y) + Z pj,m(n)ngn(n)g,itj (471-‘”‘3/)6(”%) € HH(M7 X)7 (2'4)
n#0
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be a complete orthonormal system of H, (M, x) where each f;, is an eigenfunction of A, with eigen-
value \j = %4—75?, ie. (Ax+Aj)fix=0. We call \; exceptional if t; ¢ R, i.e. A\; < 1/4. The functions
fjx may be cusp forms (in which case p;.(0,y) = 0) or residues of possible poles of an Eisenstein
series Eq . (2; s) defined as in ([2.6). In either case, A; > 3/16 (cf. the discussion preceding below).
If u is any automorphic eigenfunction of A, with spectral parameter ¢t = \/A — 1/4, then its Shimura
lift is an even weight Maass form with spectral parameter 2¢ (see e.g. [2]). It is a cusp form unless f
comes from theta functions, in which case A = 3/16. In all other cases the Kim—Sarnak bound [26]
implies

97
mt| < 2 < . 2.
[Im[ < 5 < Joe- (2.5)

We next introduce the Eisenstein series. For each equivalence class a of cusps of I'g(M), let I'y :=

{y € To(M) | ya = ~} be the stabilizer of a, o4 € SL2(R) be a scaling matrix (i.e. o400 = a and

0a'Ta0a =To) and va = 04 (1 1) ot = (1 4,) € To(N), say, a generator of I'y. A cusp a is singular

for weight x and character y, if
—2x [ €
X(du)eda <dz> =1.
For a singular cusp a, let
Eq(2;s) := Z (o) J(o7 y, 2) 72 Im (o, 1y2)* Re(s) > 1 (2.6)
’YGFH\FO(M)

be the Eisenstein series attached to a. We write the Fourier expansion as
T4 "se (—2) (25 — 1)
[(s+ k/2)(s — k/2)

s K |n|s—1
+Z (-%) gqu(n)S)ngn(n)g,s—%(47"’"‘3/)6(”@ (2.7)

Eox(2;8) = da—ocy’ + ¢a(0, s)y'~*

where

) = alns) =Y 5w (5) e () e
>0 1<d<c
(& d)€oa ' To(M)
cf. [45] p. 3876] and [11} §2].

We will now further describe the exceptional spectrum of the half-integer weight Laplacian with ¢ =
i/4. There are Maass forms of weight x which have eigenvalue 3/16; these can occur both as residues
of Eisenstein series and as cusp forms. Let A, := £/2 + y(i0, — 0y) be the Maass lowering operator.
The space H, (M, x,i/4) corresponding to the exceptional eigenvalue 3/16 is the kernel of A,. Hence
if (Ax + 3/16)u = 0, then y~*/?u is holomorphic, and so Hy jo(M, x,i/4) = {yY/*f | f € My ,2(M, x)}
and Hg/o(M, x,i/4) = {¥/4f | f € S3/2(M, x)} where M, (M, x) is the space of holomorphic modular
forms of weight «, level M and character x, and S, (M, x) is the subspace of cusp forms. Note that for
Kk € 3 4+ 27>, it follows from the presence of I'(s — x/2) in the constant term of that any form
in Hy/p(M, x,i/4) is cuspidal. For x € 3 4 2Z>, there exists an orthogonal basis of H, (M, x,i/4)
that is generated by theta series 6,,4(2) :== y'/4>",  w(n)e(tn?z) as described completely in [57]. In
particular, u € H, (M, x,i/4) has no negative Fourier coefficients.

Recall that we have the spectral decomposition of H (M, x) which consists of the following:

(i) An orthonormal basis of cusp forms f; ., where « is the weight and ¢; is the spectral parameter;
(ii) an orthogonal basis of residual forms;
(iii) a continuous spectrum provided by the Eisenstein series.

2.3. Poincaré series. The Poincaré series of weight £ and character y is defined by
Piwp(zis) = Y. x(MJ(y,2) e MmO Im(y2)°e(d Re(y2)), (2.8)
V€T oo \T'o (M)
if Re(s) > 1. Using the relation:
[Ap +5(1 = 8)| Py (3 8) =2md(k — 2ssgn(d)) Py (35 + 1), (2.9)
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which follows from [54} §2], the function Py ,(-; s) admits a meromorphic continuation to Re s > #
with a simple pole at s = 2 (see also Fay [14]). We will later on use that the explicit value of the
residue is given by a theta series.

3. NON-SPLIT SUMS OF FOURIER COEFFICIENTS

3.1. Notation. Let ¢ be a Hecke-Maass form of level N and trivial nebentypus. In this section we
estimate )
S = Z Ay (an® +bn + )W <an—|—Ybn+c>

n>1
where a,b,c € 7,0 < |a| € Q, b < QR, ¢ < QR? and A := b?> — 4ac > 0, W(z) is a smooth function
with compact support in [1,2] and W) (r) < PJ. Here the parameters P, Q, R satisfy P,Q, R < y?
for some § > 0 sufficiently small. Without loss of generality, we may assume a > 0. Recall that
W(s) := Jo© W(z)a*~1 da is the Mellin transform of W. Also, recall ¢ € [0,7/64] is the best known
exponent towards GRC. By [26], we can take ¢ = 7/64.

3.2. Main result. In the remainder of this section we will establish the following estimates for S.

Theorem 3.1. Let Cy 44 be as defined in (3.10). Each of the following holds:
(i) There exists B > 0 such that

8 = CpanW(1/2V2 4 0 (YH122(PQR)P) |

where the implied constant depends on at most ¢ and €.

(ii) If N = pip2 where py = pa =3 (mod 4) are distinct primes, a | N and a | b then we have that
Cz/),a,b,c =0.

(ili) Assume GRC. Then we have that Cy g4 = 0.

Remark 3.2. Non-split sums of the divisor function or Fourier coefficients were considered in [19] 54,
n, 65, [66], to name a few. Our approach uses Poincaré series along with a triple product estimate,
since this approach gives us an explicit expression of the constant C'y 45 .. To make this method work,
we need to extend Sarnak’s method to bounding the triple product of two cusp forms and a theta
series (see Appendix [A)).

Remark 3.3. To show Cyqp. = 0 unconditionally, the assumptions on N and a | N may not be
essential, but our argument does need an assumption such as a | b, in which case we can write the
theta function as the residue of certain Eisenstein series (see Appendix and then use the symmetric
square lift L-function of ¢ to show that the constant Cy 4. = 0. For a Maass cusp form 1, previous
works only consider the case b = 0, so the assumption a | b holds.

3.3. Reduction. In this section we prove the following lemma, which reduces the problem of esti-
mating S to analytic estimates of certain Dirichlet series. We define Ay(z) =0if z € R\ Z.

Lemma 3.4. Let d = (2a,b), o’ =2a/d, b’ =b/d, and ¢ denote the Euler totient function. Also, let
Ono=11ifn=0, and 0 otherwise. We have that

1 —~ s PA
where !
R - Uy /2 gu
Dy(s,A) == @) D X(W)2X2d Dy (s, A)
x (a')
and

n’— v ;
Dya(s,2) = S (“52) = nolx(mn”  open — Ay
bt S 7;) (tn2 + A + [tn2 — A|)st/2 (tn2 + A + |tn2 — A])ite’
for Re(s) > 1/2+ Y +e. Here v =v,, =0 or 1 such that x(—1) = (—1)".
Furthermore, if a | b and (a,2) =1 then we have
1 —~ s PA
S = Tm /(vl) Dd}lean (S, A)W(S)(gaY) dS + O(W),

where x1(n) =1 for all n € Z is the trivial character.
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Recall that WU (z) < P for all j > 0, so we have that W(s) < (1 + %)‘A
Hence the contour integrals which appear in Lemma are effectively restricted to Im(s) < PY*®.

Proof. By completing the square we have
(2an +b)* — A (2an +b)? — A
e =t
n?— A n?—A
- 7; Aw( da )W( 4aY )’ (3.2)
n=b(2a)

where A = b? — 4ac > 0. Here we use the fact that A < R? < Y'/2 and supp W C [1,2]. Then we
have

?n2 — A E2n2 — A 1 )
7; Ay (T>W< e ) = o) X%;)X(b/)SX,
n=b/(a’)

Sei= Sxtons ()W (T )

n>1

where

Note that supp W € [1,2]. Hence the sum above is restricted to n > 1 with d?n? — A > 0 and we have
that

22 dvn (2 —0np) d*n? — A
Sy = E:O (d?n2 + A + |d2n? — A|)V/2X(n) 2 Alﬁ( 4a )

(2|d?n? — Al)te W(d2n2—|—A+\d2n2—A] A )<1+ A >z‘t¢,
(d?n? + A + |d?n2 — Al)itv 8aY 4ay |d?n? — A

Since W'(z) < P, we have that

d2 2 A (2|d2n2 _ AD#UJ
= V/2_1 v v o
S 2 d ;X(n)n (2 (5n,0))\¢< 4da ) (d2n2 + A+ ‘d2n2 _ A‘)y/gJﬂ'tw

d2n2+A+\d2 2_A’ PA
W) olGy))
Hence we have that
PA
Sx =61t O(w)’ (3.3)
where
d2 2 _ A (2|d2n2 _ A|)itw
S = ov/2-1gv V(2 = 6n0)A |
;X 0) 7/1( 4a ) (d2n2 + A+ ’d2n2 _ ADV/QJ”%
d*n? + A + |d*n? — A
( % ).
By Mellin inversion, we have that
d’n* — A (2|d2n? — A|)its
— 2V/2 1dV 2 - n )\ |
ngox 0) 1/’( 4q ) (dQnQ + A+ |d2n2 _ A\)V/2+”w

N 2,2 2,2 s
1 W(s)<dn +A+|d A\) ds

% (1) SGY

1 —~
v/2—1 v s
= ov/2-1g 5 /(1 Dy, \.a2(s, A)W (s)(8aY)*ds,

where W (s = [;° W(z)z*4. This proves the first claim.
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Now we assume (2,a) =1 and a | b. By (3.2) we have that

s= % W e N ) (3.4
n=b(2)

It follows that

1 a’n? — A (2|an? — Al)itw
§= 2 Z )‘1#( 4a >(2 ~ n0) (a2n2? + A + |a2n2 — A|)ie

.W<

2,2 2,2 _ %
- +A8Z§|/?n = _zﬁy)( 5 A\)tw

’a2n2 —

Note that we define Ay(x) = 0 if z € R\ Z, so the condition n = b(2) is redundant. Repeating the
argument above gives the second claim. This completes the proof. (I

3.4. Bounding the Dirichlet series. Let y be a Dirichlet character mod r, and let ¢ > 1. Let
v = vy € {0,1} be such that x(—1) = (—1)". Recall from Section [2.1{that ¥ € L2 . (To(4aN)\H) and

cus
Oy € Hi(4r?t, x,) with k = Ky = 1/2+ v and x,(n) = x(n) (=)~ (see e.g. [231,) Theorem 10.10]).
Here 0, 4(z) = y'/4+v/? >onez X(n)n’e(n?z). We have W0, ; € Hy (M, x,) where M = lem[4aN, 4r?t].
We first prove a relation between Dy, (s, A) and (Pa .y, (;s + 1/4), %0, ). We will prove the
following lemma.

Lemma 3.5. Let s € C with Re(s) > 3/4. We have that

D,(Z)?X’t(S’ A)

—1/2 (2m)* 2T (s +v/2 4+ 1/2)

P, s+ 1/4), U
F(s+u/2+itw)l“(s+y/2—itw)< Ao (135 +1/4), WOy 1) + R(s),

= 9;1(167ra)

where R(s) is defined as in (3.9)). Furthermore, R(s) is holomorphic if Re(s) > —1/2 49+ ¢ in which

case we have

R(s) = O<t—1/2—y/2a—19A1/2—Ro(s)+19)'

Proof. Consider

_ ———dxd
I = (Payy, (15 +1/4), W0y ) = / Pa s (235 + 1/4) W (2)fy 1 (2) =5
Lo (M)\H Yy
Unfolding the integral according to the definition of Pa 4, yields
00 1 - dzd
I= / / \II(Z)HX,t(z)e_QWAnyH/‘le(Aa:)#
o Jo Y
1
= Ay (m)
= 04 Wo i, (16ma|m|y)e(damz)
/o /o mEG:Z V|m| v
dxd
. y1/4+u/2 2(2 _ (5n,o)x(n)n”e(—tnzx)6_2””2?/e_QWAnyHMe(AJ:) zQy
n>0
_ Ap(m) o s vy

mezZn>0 V m|

4dam—tn2+A=0
where

[o.¢]
B := B(m,n) = / thw(167Ta|m]y)e_(Qﬂt"Q+2”A)yy5_3/2+”/2dy.
0
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Note that Wo i, (16ma|lm|y) = \/16a|m|y K, (87almly) (cf. [16} eq. (9.235.2)]). By [16, eq. (6.621.3)],
we have

o 1
/0 Yy e YK, (By)dy

V7(28)" T(u+0)l(u—v) a-p
= F 1/2; 1/2; —— 3.6
(o + B)utv T(u+1/2) u+v,v+1/25u+ /’04—1—5 , (3.6)
if Re(u) > |Re(v)| and Re(a + 8) > 0. Here F(«, 8;7; 2) is the hypergeometric series (cf. [16], §9.1]).
Hence for Re(s) > ¢, we have

o
B = (16am|)"/? /0 Kit, (8majmly)e™ Grin* t2m8yys—1v/2qy
V7 (167a|m|)te D(s+v/2 4 ity)D(s 4+ v/2 — ity)

(27tn2 + 2w A + 8ma|m)|)sHv/2 ity I(s+v/24+1/2)
tn?>+A—4
n am (g7
tn? + A + 4a|m)|

= (16a|m|)'/?

- F <s+V/2+itw,1/2+it¢;s+u/2+ 1/2;

where 4dam = tn? — A and n € Z>o, m € Z. Expanding F in a Taylor series about zero in its last
variable gives

_ ‘ tn? + A — 4a|m)| A
P 2 ity 1/2 4 ity 24 1/2: =1+0| 5= :
<S+V/ Fity, 1/2 +ityss +v/2 + /’tn2+A+4a|m! T\ a) &

uniformly for s € C with Re(s) > o). Let
(2tn? — A|)iv
(tn2 4+ A + |tn2 — A[)sTv/2+ity

tn? — A u
Ris)= Y (") @=dwox(n
n>1
tn?=A(4a)

2 o 2
-(1—F(s+V/2+itw,1/2+it¢;s+u/2+1/2;m +A|in A’)). (3.9)

tn? + A + [tn? — A
Thus by and , we have
(s +v/2 +ity)D(s +v)2 — ity)
I(s+v/2+1/2)
tn® — A 4r|tn? — Al|)te
5 (M) b Kl %Wn_ E—
tn2=A(4a)

T
I= Q¢(167ra)1/2

tn®> + A —|tn? - A
'F<S+V/2+it¢,1/2+itw;s+y/2_|_1/2; n-+ ’TL |>

tn? + A+ [tn?2 — A

Note that F(a, 8;7;0) = 1. By (3.1) and (3.9]), we prove the first claim.
Now we deal with R(s). We first assume ¢t < A. By (3.8) and (3.9) we have

A\ 1 A 1 A
R(S)<< Z <CL> n ARGS+V/2+ Z <a> n (tn2)Res+V/2tn72

1<n<\/A/t n>+\/A/t
<A)1/2+V/2 <A>19 1 <t>19 1 A 1
<L | — — ——= + | = —_—— E s
t a ARes+v/2 a tRes+v/2 ¢ n2+2Re(s)—29

n>+/A/t

< t_1/2_”/2a_19A1/2+19_Re(5),
if Re(s) > —1/24+ 9 +e. If A < t, then we have

tn2\"? 5 1 A )" 1 A 1
R(s)<<z<a> n(th)Rew/zma<<<a> Reshi2 ¢ D AR

n>1 n>1
< t—l—u/2+19—Re(s)a—t9A < t—1/2—1//2a—19A1/2-1-19—Re>(s)7
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if Re(s) > —1/2+4 9 + . This completes the proof. O

Now we are ready establish analytic estimates for Dy , +(s, A) by using the spectral decomposition
of PA s, (38 +1/4) in He (M, x,). We will prove the following result.

Lemma 3.6. The function (s — %)D¢7X,t(s, A) has an analytic continuation to the half-plane Re(s) >
% + g. Moreover, in this region, we have that

(2m)5 /2 (4n A)3/ AT (s 4+ v/2 4+ 1/2)T(s — 1/2)

D A) =
vt 8) 0y (167a) /2T (s + v/2 +ity)[(s + v/2 — ity)
S p B Ty + Op(MAAP (L + | Tim(s)))).
fi€H (M, xu,i/4)
Hence

Res) Dy (s, A)

2y/2—17.[.V/2+1/4A1/4F(1 +v/2) Z

T 0pa PT(1)2+ v)2 + ity )T (1)2 + v)2 — ity,) P (A3 Wt);

fi€H(M,xv,i/4)
and uniformly for 1/4+9/2 4+ < Re(s) < 1/2 we have Dy, 4(s, A) = O (MAAP(1 4 |Im(s)[)9).

Proof. Spectrally expanding the inner product via Parseval’s formula, we get

(P, (5 +1/4), 00y0) = > (Pason, (8 +1/4), f5)(f, Tye) + cont,
J

where f; = f;« is as in Section with kK = 1/2 + v, and “cont” denotes the contribution from the
continuous spectrum which can be bounded in the same way as for the Maass forms. In fact, this is
easier since we can use unfolding to deal with the triple product.

By unfolding and applying (2.4]), we get that

dxd
(Pasy (5 + 1/4). 1) / / T e 2y e Aa) S

—or Ay s dzdy
- [ (o + St sgnm)lnj<47r\n\y>e<—m>)e 2y e A Y

n#0 y
o [ —27 s— dy
= pj(A)/O W%yfj(élﬂ'Ay)e 2 Ayy 3/43
— M(LLWA)?’/‘**SF(S — 1/4 —it;)T(s — 1/4 + it;)

['(s) ’

if Re(s) > 1/4 + 9/2. Here we have used [16, eq. (7.621.11)]. We have also used the fact that t;
is real or purely imaginary so that {it;, —it;} = {it;, —it;}. If t; # i/4, then |Im(¢;)] < ¥/2, and
hence (PA x, (38 + 1/4), f;) is holomorphic in Re(s) > 1/4 4+ 9/2. By Lemma we have that
(£5,90, 1) < MA(1 + |t;|)Ce 24l By Stirling’s formula, we have that

> (Panon s+ 1/4), F)(f5, Wby e) < MA(Q+ |Im(s)|)C ABem 2!,
fi¢H (M, xv,i/4)

If fj € Ho(M, xy,i/4), then (Pa 4, (s s+ 1/4), f;) has a simple pole at s = 1/2 and (f;, U6, +) only
depends on v, a, b, c. The contribution to (Pa « .y, (-;5+ 1/4), \IIOX1 02) 18

> pi(A)(Am D)5 (5 — 1/2)(f;, Uby 1)
fi€H(M,xv,i/4)
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By Lemma we have that

~(2m)*(Ar AP D(s + v/2 + 1/2)[(s — 1/2)
Dyals: 8) = 04 (16ma) /2T (s + v/2 + ity)L (s + v/2 — ity) Z
2m)* T'(s+v/2+1/2)
I(s4+v/24ity)[(s + v/2 —ity)

i (D) (£, Why1)

fi€Hs (M xv,1/4)

+0(( ‘MAAB(l + | Tm(s) ) F 0N

This completes the proof. O

3.5. Proof of Theorem (i). Apply Lemma and shift the contour of integration to Re(s) =
1/4+9/2 + e, which is justified by |3.6/ using that W (s) < (1 + |s|) . We potentially pick up a pole
at s = 1/2 and conclude that

5 ist/% p(s,8) W(1/2)(8aY)'/?
_ S N
+0 (! /(1 rayare DO AW (@)EY) ds)) Lo TR

= CyapW(1/2)YV2 10 (MAABPCY1/4+19/2+€> ,

where

(2&)1/2 (1 /2

Coabe=—— b)2¥x/2d¥x

vabe =" Z X(¥)

x (a’)

21/X/2—17TVX/2+1/4A1/4F(1+VX/2) Z

090 2T(1/2 + vy /2 +ity)T(1/2 + v, /2 — ity) 2 CH (M i/4)

7.[.l/ZJLAlM: 7.‘.der/X)—((b/) o
=17 > : — Y n @), T, ). (3.10)
2Ppp(a) Sz TU2 4 w2+ it DA/2+ /2~ ity) |, ez

pi(D)(f;, W0y 42)

Here we used the fact that 2“x7~"x/2D'(1 4+ 1, /2) = 1. Recall that d = gcd(2a,b), o’ = 2a/d, ¥’ = b/d.
This proves the first claim.

3.6. Proof of Theorem (ii). In the case a | N and a | b, we can show that the main term
vanishes unconditionally. We only need to prove (fj, W0, ,2) = 0 for all f; € H,/p(M,i/4) where
M = 4aN. By [57], the space Hy /5(M,i/4) is spanned by the theta series

- 91/4 Z e(tn’z) 2(2 — 5n,o)w(n)y1/4e(tn2z), (3.11)

nez n>0

where w is an even primitive Dirichlet character of conductor r which induces x¢, and 7%t | aN. Here
Xt is the primitive character associated to the field extension Q(1/¢)/Q. By Lemma we have

<@9X17a2’ 9w7t> = C RGSS:3/4 <@Eoo,1/2(, S), 9w7t>, (312)

where c is some constant depending on M. By unfolding, we have

— —_— _ cdzd
(BB 15 (55), ) / V0i(z) Y J2)  Im(yz) Y
LCo(M)\H A€l oo\ (M) Y
sdzdy
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By the Fourier expansions and -, we have

T Ao (—tn2/4a)@ N |
(lI/Eoo,l/Q(' wt _2 Z w / / O@tw 47Tt7’L y) —27tn yys 3/49Y

= (tn?/4a) 1/2 y
4altn?
Ay (—tn? [4a)i
— 2(47rt)3/475(4a)1/2t71/2 Z ¢( TQL /1 CLZ)CL)(TL) f(s),
n>1 nee /
40,\?712
where q
s— Y
/ Wy (W) ~u/2, 3/4?_

By [16], eq. (7.621.11)], we have
(s —1/4+ity)T(s — 1/4 —ity)
I'(s+1/4) ’
if Re(s —1/4+ity) > 0. In particular, .#(s) is holomorphic at s = 3/4. Now we consider the Dirichlet

series. Let d = (4a,t) and o’ = 4a/d, t' = t/d. Write @’ = aja3 with a; square-free. Then we have
ajas | n. Write n’ = n/ajay, then we have

S(s) =

Z Ay(—tn?/4a)o(n)  Ay(—1)@(aiaz) Z Ay (t'ar(n')?)w(n)

25—1/2 - 25—1/2 1\25—1/2
= n (a1a2) = @)
4a|tn?
)% a1a2 )‘iﬁ 2€+rp)
2s 1/2 HZ 6(25 1/2)
(a1a2) p (=0

where r, > 0 such that p™ || #'a;. For pttay, the local Euler factor is the same as those for sym? ¢ x @.
Hence we have that

3 Ay (—tn?/4a)i(n) Aw(—l)@(‘“c@)Lml(zs —1/2,sym? o x @) H (25 — 1/2),

25—1/2 - 2s—1/2
= n (ara2)
4altn?
where
2E+rp)
- 1 e 725 73
p|t'a1 £=0

which is absolutely convergent for Re(s) > 1/2. Since v is not dihedral, the symmetric square lift
sym? is a GL3 cuspidal automorphic form. Hence L(s,sym? x w) is an entire function. Thus we
know that

Ress:3/4<\Iono,1/2('; 5)7 0w,t> = 0.
Together with (3.12), we complete the proof of the second claim.

3.7. Proof of Theorem (iii). To prove Theorem (iii), we first show the following lemma.

Lemma 3.7. Let ¢ be a Hecke-Maass cusp form of level N with trivial nebentypus. Assume GRC.
Then for any integers a,b,c such that Q(X) = aX? + bX + c is irreducible over Q[X] we have that

1
Z (log z)1/18

n<a:

where the implied constant depends on ), a, b, c.

Remark 3.8. If Q(X) is reducible over Q[X] then our argument can be modified to show that assuming

GRC
= Z A (Q(n))] <

n<m

Tosa) (3.13)

for some 0 > 0. However, in this case it is possible that the methods of Holowinsky [I8] could be used
to unconditionally establish such an estimate.
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Proof. By assumption [Ay(n)| < 7(n). Hence, it follows from Henriot [I7, Theorem 4] that

S @i <o I (1 , @A) - 1>> | -

n<x p<lz p

where for n € N, pg(n) = #{a (mod n) : Q(a) = 0 (mod n)} and the implied constant depends on
Q. To estimate the Euler product above we use the inequality |y| < (8 + 11y% — ¢*), which holds
for |y| < QEI Hence,

00(p)|Af(p) QQ 2q(p /\f 20(P)As(p)!
e e < — |8 —|— 11 — —_ . 3.15
b= psx p<z p<lz
Write A = b? — 4ac. For (a,p) = 1 it follows that
2Q(p) = 1+ xa(p) (3.16)

where xa(p) is the Legendre symbol. Each of the functions L(s,sym? v ® xa) and L(s,sym? ¢ ® xa)
are analytic and non-zero in the region {s € C: Re(s) > 1 — ¢/log(]Im(s)| + 2)} for sufficiently small
¢ > 0, which depends on A and . This follows from the arguments given in Blomer et al. [6, Section
2.3.4-2.4], and in particular uses a result of Kim-Shahidi [27, Theorem 3.3.7]. Also, by the Hecke
relations
LAf(0)? = Ap(p)! = 9+ 8X;(p%) = As(p").

Since @ is irreducible we have A # [, so xa is non-principal. Thus, using along with the
previous observations gives

Z QQ —|— 112 2P )\f Z 20(p Af = 17loglogz + O(1),

p<z p<x p<zx

where the implied constant depends on a, b, ¢,?. Applying this along with and (| - in -
completes the proof.

Proof of Theorem (#3). First we consider the case where @ is irreducible over Q[X]. Combining
Theorem (i) and Lemma we get for each a,b,c € Z such that b*> — 4ac > 0 is not a perfect
square that

Cpape = lim —Z)\w (n)) = 0.

T—00 I
n<x

The case that @ is reducible is similar, only in place of Lemma we use (3.13]). Il

4. THE TWISTED FIRST MOMENT

Let D = p1p2 where p; = po = 3 (mod 4) and p; # p2. Also, let ¢ be a Schwartz function with
compact support in [l 2] such that ¢(7) (r) < P/, where P > 1 is a large parameter. Note that
A

27
s—1
dy <
/¢ VST A

for any A > 1, by repeated integration by parts. Throughout this section 1 denotes an even Hecke—
Maass cuspidal newform on I'g(D) with trivial nebentypus. Additionally, for k& € N let ¢9 be as in
. Also, let 1y (D) denote the Wp-eigenvalue of 1), where Wp is the Atkin-Lehner operator. By
Propositions A.1 and A.2 of [28], we have 1y (D) € {—1,+1}. If ny(D) = —1 then L(3, ¢ X ¢op) = 0,
which follows from the functional equation i.e. .

The first main result of this section is the following estimate for a first moment.

(4.1)

Proposition 4.1. Suppose ny(D) = 1. Then there exists Ag > 0 such that

ZL(%J/) X ¢2k) ¢ (2) = g?)(l) . CDJJJ K+ O(PAOK%""&""S)’

kEZ

3This is motivated by work of Elliott-Moreno-Shahidi [13], see also the work of Holowinsky [I8, Eq’ns (60)-(63)]. In
particular, we have not optimized our argument.
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where the implied constant depends at most on ¢, D. Here

_ o Lxp) g o Ap(P1) | Ap(p2) | Aw(D)
Cpy =2 0 L(1,sy ¢)<1+ N + N + @) (4.2)

where ¢p(s) = ¢() TTp(1 — ).

Assuming GRC holds for 1) we are also able to compute a twisted first moment. Given (3) C OQ( VD)

with 8 = M + Nwp let ng = W[N(ﬁ)\ The number ng is independent of the choice of generator
of (), which we will justify later on (see Remark |4.15)). Also, let h(-) be the multiplicative function

with
O(np)
hin)= Y TB (4.3)
N((g)=n V7
where 9(-) is the multiplicative function defined as follows

_ -1
ﬁ(pb) _ ()\w(pb) N X%(p))‘;(pb 2)> <1 + X%p(p)> 7 (44)

for p prime and b > 1. Here Ay (p~') = 0 and XY is the principal character modulo D.
Proposition 4.2. Assume GRC. Suppose 1y(D) = 1. Then there exists Ay > 0 such that for n € N

3Ll 92 - dasln) (;) = 3(1)-Cpy - (m”‘D)) K 4+ 0((Pr)™ - K34,

where Cp .y is as in Proposition[{.1]
Using the twisted first moment we can quickly deduce the following corollary.

Corollary 4.3. Assume GRC. Suppose ny(D) = 1. Also, suppose P < K9 for some § > 0 sufficiently
small. Then for any A > 1 we have that

L(L, ¢ x o) kY _ - ! =
2 L om? (K) = (1) Cpy - Cpy- K+ O<<10gK>A>

keZ
where
20(p)rp(p) . 3xpp) +h(®*)  20(p)rp®)xpp) 1
Cpy = H <1_ p3/2 + B + /2 +E

(p,D)=1

where rp(p) = ZN((B)):P 1.

4.1. Preliminary lemmas. For £ > 0 let

1 p3/2\" fy(s+w,¢x¢2k)ew2
i) = ot [ () plow s e e

where ¢ > 0 and (s, X ¢o) is as in (5.3)).
Lemma 4.4. For 0 < Re(s) <1 we have that

Ls, x d) = 30 220y (1) oy 5 Ay 0y,

ns
n>1 n>1

Write Wy, = W, we have that

o 1 1.
fJW(J) (&) < W and W) =L(1,xp) + O (fz v ) .
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Proof. The first claim is the well-known formula for the approximate functional equation. For example
see Theorem 5.3 of [25].
To establish the claimed bounds for W, first shift the contour of integration to Re(w) = A and

+3.9%¢ £t
2Re(“’)|W| < 1. Note that |Imt,| < 4. Hence, shifting

contours to Re(w) = —% + ¥ + € and collecting a pole at w = 0 with residue L(1, xp) we obtain the

observe that by Stirling’s formula &k~

second claimed bound. OJ
For £ > 0 let
3 N =
FEKN) = (K) w (5) wd FNKN) = [ F&EN) e (16)

In particular, note that
F(A\; K, N) =F(Ag; K, N) + O(K[A\1 = Aa),

Ny — N2|> (4.7)

F(\ K, Ny) =F(X\; K, Np) + O < =

for N1, No > 1, which we will use later. We will also require the following additional estimates for F.

Lemma 4.5. We have that
R K2 A P A
F(\K N K mi — T
for any A > 1.
Proof. By Lemma |W(N/&)| < (€2/N)A, hence

N

To get the second bound, observe for any integer A > 1 and A # 0 that by making a change of variables
then integrating by parts gives

N K2\ 4
|F()\;K,N)|<<K<> .

~ K dA
F(\K,N) = (_%MK)A/Re(—)\Kﬁ)-dgAF(Kf;K, N)de. (4.8)

To bound %F(Kﬁ; K, N) we note that ¢ has compact support and for any A;, Ay >0
NN N
<K’2> W (A1) (W) ¢(A2)(§) < P42,

Hence, we get that %F(K & K,N) < P# and using this in (4.8 completes the proof. O
4.2. Estimates for diagonal and off-diagonal terms. In this section we estimate the sums which
appear in the first moment computation. For Re(s) > 1/4, let L(s,-) be the multiplicative function
given by

Z >\w(13b+2j)
§>0 ~ pis

L(s,p") = —. (4.9)
9 )\ 27
S s0 e
We first give the following local computation.
Lemma 4.6. Ifpt{ D then we have
A b—2 1 -1
£, = () - ) (14 ) (4.10)

Here we use the notation \y(p~1) = 0.

Note that if p | D, then L£(s,p%) = Ay(p®). Note that we have defined the multiplicative function
I(p’) = L(1,p").
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Proof. Assume p{ D. To prove (4.10)), we will use the Hecke relation
A7) = A () (0”) = A (DAY, i B2 1L (4.11)
We first consider the case b = 1. Since Ay (p¥ 1) = Ay (p) Ay (p) — Ay (p¥ 1), we have

3 Ap(PT) ) S Ap(¥) > Ay (PP )

i P i PP
Ap(p) 1 Ay (p¥ 1)
=)y Y T

> P Pize P

Hence,

A 1425 1 -1 A 23
S ) (145 ) TR

720 L
Now we consider the case b > 2. By (4.11) with a = 2j and 5 = b, we have that

3 Ap(P"7) A S Ap(0?) A )Y Ap(* 1)

iz P iz P =P
o M) AP o AP
- )\1/)(]7 )Z pjs o S Z pjs
j=0 P
Ap(*h) ( 1>_1 A (p™)
= [ Ap(p?) = 2852 14+ — =/
( w(p) P 1/1(]?) ps ; pIs
By (4.11]) again, we prove (4.10]). O
Lemma 4.7. Let a € N. Then for 1 <Ay < K
1
)‘1/)(“”2) i 2 K - 2 9 K \2*
F(0; K,Aon”) =9(a) - d(1)L(1,sym?Y)L(1,xp)+ O [ a"T¢ - [ —= ,

where ¥(a) is defined as in (4.4)).
Proof. Using the bound Ay (a) < a’*¢ we get that for Re(s) > 1/4
L(s,a) < a’*=. (4.12)
For the sake of brevity, write vy(s) = v(s,% X ¢ai). By the definition of F we get that

2
ZMP(O; K, Agn?)
n

n>1
1 322 (s + 1) Ay (an?) s
= K— 25+ 1 L(2s+1 2 —d
1 [ - D32R?\’
= K— 2 )| ——— | L(2 1
21 © ¢( s+ ) ( AQ]‘JQ ) ( 5+ 7XD)

Y(s+3) L(25+1,a) 5 v €
D) (s 1 2) L(2s+ 1,sym“ ) . ds.

The integrand is analytic in the region Re(s) > —i + ¢ except for a simple pole at s = 0 and in this

Re(s)
region bounded by <« (%) . W@R‘e(s

*). This bound follows upon using Stirling’s formula

(the implicit constant depends on ¢, and D). Shifting contours to Re(s) = —i + ¢, collecting a simple
pole at s = 0, and using the preceding bound along with (4.12) we get that the right-hand side equals

Kq;(l)L(17XD)EC(DI(72C;)L(17SYIH2 d]) +0 (aﬁJrs . A;1/4+5 . K%+E> '

This completes the proof. O
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Let
QX,)Y)=(X+Ywp)(X +Yap).

Also, given vy = <Z Z) € GL2(Z) write

Q'(X,Y) = Q(aX +cY,bX +dY).

Also, let ||v|l1 = max{|a| + ||, |b] + |d|}.
Using the results of Section [3]leads to the following estimate.

Lemma 4.8. Let v € SLo(Z) and h € Z with h # 0. Let A € R with A # 0. Write QV(X,h) =
CL,YX2 + by, X + ¢y p. Suppose that a, divides by, or GRC holds. Then there exists Ag > 0 such that

> (@7, h)) p (A - ﬁ;K, aw2>

r
r>1

— 1
< (PIRI(IAL+ A7yl o s+, (4.13)

Proof. We may assume that [A[*!, P,|h|, ||y||1 < K° for some ¢ sufficiently small, since otherwise the
result is trivial. For the sake of brevity, we write Q(r) = Q7(r, h), note that the discriminant of @
equals A = Dh?. By Lemma it follows that for |h| > 1 the above sum is effectively restricted to r

1—e
with % <r < K. Also, using (4.7) we get that

> 2(Q) <A Mk, w2>

|A|K1—€ <p<Klte "
o A (Q(r) hy/ay e
= /ay u/\ A- Ay ;K7 r 9] K1/2 )
\/»|AK1—€Z<£<K1+8 2l F( o) Q( )> +O(K™/7)

We now introduce a smooth partition of unity. Let U be a non-negative, smooth function on R
with compact support on [1,2] with UU)(z) < 1 such that

z —
A;G:SU (M) —1,  VzeRs,

for some S C R+ which satisfies #{M € S: X ! < M < X} < log(1 + X), for X > 1. Applying
the above smooth partition of unity and making a change of variables we get that

qu(@(r))ﬁ(A. hva )
2 Q) a1

_ I = hyay Q(r)
- Z Z/\l/J(Q(T)) Q(T’)F<A Q(T’)’K’Q(T)) U<K2M> )

[A] <M<2Ke r21

<r<Kite

2PK¢®

The inner sum equals

oo (80 () (83

r>1

Applying Theorem with Y = K2M and the smooth weight function ﬁW(%)U(x}e(—Ah%)
it follows that there exists Ay > 0 such that the above sum is

_ 1
< (PIR|[IL (A + A7) o 2 H0F,

Using this bound in (4.14) completes the proof. O
log| 24|
Given (), (8) C Og(vp) We also need estimates for the quantity £ — log(i? , for £ = 0,1. Define

the angle of a nonzero element v € OQ( VD) 33 6, = log|v/7|. Here and throughout ep = = +ywp > 1
is the fundamental unit. Since 0 < ép < 1, we have z > 2 and y > 1.
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Lemma 4.9. Let («),(8) C OQ(\/E)’ with « = m +nwp,B =M + Nwp and m,n, M,N € Z. Also,
define

o _—(M,N)VD _ —(M,N)
T Blogep >~ Blogep
04:_5(1126]\;)'((1+53>wa'CDD—i-:U)—i-(y,l—:):)wD).
Let
o N o M4N _2M+Nb M+ N —2Nwp -Gp
YTOLNY T T T LNy T (M N) (M, N) ’
" _ My—N(1+uw) Nwp - wDy+(M—|—N)( + )
ST(MN)(y,1+a) (M, N)(y, 1 + ) ’
a _ N —x)+ My Nuwp - wDy+(M+N)(x—1)
TN —zy) T (M, N)(1 - z,y) '

If 00| < & then

JUpe 2
%-(a1~m—b1-n)+0 (%:?—1) if N(a- B) >0,

— = = 2
PED % gy em =ty +0 (22 +1)7) N <0

If|1—log—ED < & and N(ep) =1 then

%~(a3-m—b3-n)+0 (eD(aﬁ)—l) if N(a- B) >0,
P 2
logep G (ag-m—by-n)+0 (ED%—Fl) if N(a- 8) < 0.

Remark 4.10. Note for j = 1,2,3,4 that Cj,a;,b; do not depend on o and C; < 1, aj,b; < |M|+ |N|
where the implied constants depend at most on D.

Proof. First suppose that N(a - ) > 0 and write v = «- 8 = r + swp, where r = M'm — Nnwp - @p,
s=Nm+ Mn+ Nn. Then for £ = 0,1 we get

97 1 o,
= log (14 (2eb —1
logep logep 08 ( + (’yeD
= €n — +0 | |Le 1
ylogep \P T ( v P

Hence, if £ = 0 the claim follows since ¥ —v = s(@p —wp). For ¢ = 1 we suppose N(ep) = 1. Observe
that for any Ay, Ao, By, By € Z with % = % and A1 A > 0 that for r,s € Z

A B
AlT‘ + Bis + (AQT‘ + BQS)(,UD = ((Al,Bl) + (AQ,BQ)OJD) . ((A2 2B2)’l“ =+ (Ag 2B2)8> .

1—x

. y . . :
Since 147 = sonon Tyepop Using the above observation yields

Yep =7 =((z = )r + s(z + ywp - @p)) + (ry — s(1 + z))wp

R S )

which completes the proof for the case £ =1, N(a - 5) > 0.
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For N(a - f3) < 0 we get that

0 1 0!
f— —I = log [ 1— 16% +1
logep logep ¥

1 (5¢b+7) +0 ( ze§7+1'2> :

:ylogeD
and if £ = 0 we are done since 4 + v = 2r + s. For £ = 1 and recalling that N(ep) = 1, we argue as
before to get
ep¥ +7 =(r(L+z) + s(ywp - ©p + x)) + (ry + s(1 — x))wp
- y (z—1)
=((1+z,ywp -wp +z) + (y,1 —x)wp) - <T-—s->,
( ) Jr) (y,1— =) (y,1— )

which completes the proof. O

The numbers aj,b;, j = 1,2,3,4, arise in the calculation of the constant Cp , appearing in Propo-
sition and are analyzed in the next two lemmas.

Lemma 4.11. We have that (1 + z,y)(1 — z,y) =y and we can define py and ps as

142z Y B x—1 Y _
Q<(1+x,y)’(1+azf,y)>_p1 and Q((l—%y)’(l—w,y))_ P2

Remark 4.12. A simple consequence of the preceding lemma, which we will use later is that

2y - z+1 2y N rz—1
wpwp + ———— and po|————wpwp + ———.

To see this first write g1 = (z + 1,y), g2 = (x — L,y), r = %WD(DD + zg—tl z—ng&D + 55

u=2x+2+y, v =2x—2+y and note that gous = —D(z+ 1)y, givr = —Dy(x—1). The lemma gives

that u = g%pl, v = g%pg. Hence, combining formulas we have that sg1 = —(z + 1)p2, rg2 = —(x — 1)py

— _z+l | - _z=1
so that s = o D2 and r 7 D1

Proof. For p # 2, if p®||y then

pl\( (4.15)

r+ 1y

_ z—1
78_

0=1—N(ep)=1—2> (mod p?);
so either p®|x + 1 or p®lx — 1. Hence, p®||(z + 1,y)(z — 1,y). If p = 2 and 2%||y with a > 1 then x
is odd and (z + 1,2 — 1) = 2. As before, 2¢|(x + 1)(z — 1) so 2°71||(x + 1,y) or 2°7|(z — 1,9). It
follows that 2%||(x + 1,y)(x — 1,y). Hence, (14 z,y)(1 — z,y) = y as claimed.
Observe that since N(ep) = 1 we have

0 ( 1+ y > 0 < x—1 y )
(1+xay)’(1+xay) (1_'%73/),(1_-%73/)
= ! 2 +y+2)(2-2x—1y)
(1 + :Uay)Q(l - :E7y)2
1 )
Tt -myp VT
Also each factor above on the left-hand side is not equal to %1, since ep = x + ywp is the fundamental
unit. O

Lemma 4.13. Let (8) C Og/py and write § = M + Nwp = (M,N)(M; + Nywp). Also, let
ng = Q(Mi,N1). For j =1,2,3,4, let a;,b; be as defined in Lemma . Then

Q(b1,a1) = ng, Q(b2,a2) = —Dng, Q (b3, a3) = ping, Q(bs, as) = —pang.
Additionally, if (N(5),D) =1 then (a1,b1) = (ag,b2) = (a3, bs) = (a4,bq) = 1.

Proof. The first claim follows from a slightly tedious yet direct and elementary computation upon

using Lemma [4.T1]
To prove the second claim first note that since (N, M + N) = (M, N) we get (a1,b1) = 1. Next,

observe that since (N(B),D) = 1 and (ag,b2)?|Dng we must have ((az,b2), D) = 1, since D is
square-free. So (ag,b2)|as + 2by = —D - (TZVN) which implies (ag,bg)\%. Hence, (a2,by) = 1.
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To prove (a3, b3) = 1 notice (as, b3)?|p1ng so as before p; t (as,bs). Hence, using Lemma we get
(a3, b3)] (a(c+1 2) (yjﬂ)bg = —plﬁ S0 (ag,b3)|% and it follows (ag,b3)|% so (as,bs) = 1.

N
Sant b =~y

and we conclude (ay,bs) = 1. O

Finally, just as before ps 1 (a4, by) so using Lemma |4.11| we get (a4, by)| 0

4.3. Proof of Proposition Recall that we assumed the class number of OQ( VD) equals 1. Let
I=[-%2logep—13). Givena C Og(vp): let o = 1N {log|%|: (o) = a} be the angle of a. Note that

- _ Ba
\_k(u) =€ (k 210g6D> .

Let b= () € OQ(\/E) and write f = M + Nwp = (M, N)(M; + Niwp). Let ng = Q(M;, N1) and
e =sgn(N(B)). We will prove the following result, which implies Proposition

Proposition 4.14. Assume the GRC. Suppose 0y (D) = 1. Also, let (8) C Og(vp) with (N(B),D) =
1. Then there exists Ag > 0 such that

- EY\ - ¥(ng) o pliote
éL(é,ww%)-u%((ﬁ)W(K) = 91) - Cpy- " 2E K+ OUPING - K5,

where Cp y is as in (4.2).

Remark 4.15. The number ng is independent of the choice of generator of (3), which can be seen by
an elementary argument as follows. Let a = €™ and write a = a + bwp, € = x, + ynwp. First note
that

a= Mz, — Ny,wpwp,b= N(z, +vy)+ My,.
Write g = (a,b). Clearly (M, N)|g. Also
Mz,y, =Ny2wpip  (mod g)
~Mzpy, =N (22 + 2,y,)  (mod g).
Hence, g|N. This implies g|Mx,, and g|My,, so that g|M since (z,,y,) = 1. Thus (M, N) = (a,b).
Remark 4.16. If p is ramified in Og /55, with (72) = (p) then Z(rw) = 1, since () = (7). Hence, for

any (ﬁ) C OQ(\/E) there exist By, B2 with 81 - B2 = 8 and (N(ﬁl),D) =1 and Ek((ﬁ)) = Ek((ﬁl))
Hence Proposition [4.2] follows from Proposition

We will now proceed to prove Proposition Let F and F be as defined in (4.6). Using Lemma
[4.4] applying Poisson summation we get that

ZL(%7¢X¢2k)'EQk(b)¢<II{;) _22/\1&[ T Y (
keZ r>1 ﬂEOmr) LeZ
N(a)=r

~ 4.

> OF <e— vl ;K,r) +0 (K™, (4.16)
r logep

=0,17>1 €04 /p)

N(a)=r

) (k; K, 7)

log €D

where in the last step we used Lemma [£.5] to bound the contribution from the terms w1th {#0,1
(here we use the bound [¢ — | > |£]). Given o = m + nwp, we let (m,n) = log| )| For each

loge
a € Og(/p) there exists a unique v = m + nwp > 0 such that a = (o) and 6(m,n) 6 1. For other

a > 0 with (o) = a and 8(m,n) ¢ I we have |¢ — m")|>>1 for £ = 0,1. Hence, using Lemma

logep
and noting that N(a) = |Q(m,n)| the right-hand 51de of 6) equals
T Ap(Q(m,n)) ~ ( G(m,n) »
520;1 m,neZ |Q(m,n) logep
m~+nwp>0

where we use the convention Ay (—n) = Ay(n) (note that v is even).
We first require the following technical estimate. Let € = sgn(N(5)).
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Lemma 4.17. Let () € OQ(\/E) with B = M + Nwp. For each j =1,2,3,4 let a;, b; and C; be as
in Lemma . Also, let @; and b; be integers such that aja; —bjb; = 1 and |a;| < |bjl, |bj| < |aj|. Let

(b a
”‘(—aj —bj>‘

Also, let 61 =05 =0 and {3 =€4 =1 and 5j = —C;/(bj + ajwp). Then for each j =1,2,3,4

(@) g () Bmim)
m,zn;Z WF (EJ - IOgED aKv ‘Q(m, n)|>
(-1)71.eQ(m,n)>0
m-+nwp >0
A Vi (r, h /- B 8
= Z ’g(cg C(:)| ??T’F <Cj : ;;K, \Q(bj,aj)\ﬁ) +0 ((p‘BH‘,yjHl)lo Y2t ) .
r,h€Z,r#0 iy G

(=1)7=1.eQ (r,h)>0
(bj+aij)T>(a7j+bij)h

(4.18)

Proof. Assume N () > 0 (the case N(8) < 0 is similar). By Lemma we can restrict the range of
summation in the sum on the left-hand side of ([4.18)) to m,n with |¢; — 6(m.n) | < PK—1¢ j=1,2,3,4,

logep
at the cost of an error of size O(K ~1°). Hence, applying Lemmas and along with (4.7) we get
that the left-hand side of (4.18)) equals

Ap(Q(m,n)) A( Cj > 27-1/2
F (a;-m—>0;-n); K, |Q(m,n + O(P*K'/?). 4.19
X Ve Gy =t s Q] ) + ORI (419)
(=1)77'Q(m,n)>0
m-+nwp >0
Since 7; € SLa(Z), for each (m,n) € Z?* there exists a unique (r,h) € Z? with (m n) = (r h) ;.
So making the the change of variables m = b;jr —ajh and n = a;r — b?h the above sum equals

A Vi h)) ~ [/ ~
3 MP (c;. kv h)\) +O(K™19) (4.20)
1 hEZ, r£0 Q3 (7, h)] "
(=110 (r,h)>0
(bj+ajwp)r>(aj+bjwp)h

where CNJ’]’ = —Cj/((bj + ajwp) — (@j + bjwp)h/r) and we have bounded the contribution from the sum
over h with r = 0 by using Lemma 4.5
By the rapid decay of F established in Lemma the sum in (4.20) is effectively restricted to

|h| < K¢|B|P|lv;|* and Mﬁ% <r < K'Y, Also, for |r| > |h| we have 5; = CNYJ- + O(||7]||1|%|) and

Qi (r,h) = Q(b;,a;)r? + O(||v;]|3|hr|). Using these estimates and Lemma along with (4.7) we get
that (4.20) equals the right-hand side of (4.18) plus an error term of size

1 1
<K't H%‘”? ) Z A Z W ) m < (Hﬁ\”%’”l)m K2,

1<IRISKE|BIPlly I K= o cgite
v, 121817 =" =

This completes the proof. O
In the sum on the right-hand side of (4.17)) split the sum over m,n into two sums depending on

whether € - Q(m,n) > 0 (i.e. whether N(a - ) > 0). Combining (4.17) and Lemma it follows
that the right-hand side of (4.16) equals

Ay (@ (r, 1)) A<~..h. » )
22 Z Qa9 alr

(=1)7"eQ (r,h)>0

(b]-+aij)T>(zT]-+bij)h

+0 (s (P10 5177) (a2

1<j<4
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4.3.1. Dzagonal terms. The main terms in Proposition [{.2] arise from the terms with 2 = 0 in the inner

sum in ByLemmau 4.13] for each j = 1,2, 3,4 we get (— )J Le QW(T 0) = (=1)"LeQ(bj,a;) >
0. Applymg Lemma E 7| the h = 0 term in the inner sum in equals (replacing r with —r if
necessary)

A ( b,
\/WZ ¢ . aj ) (0 K, |Q(b]7aj)|r)
70 ] r>1

(‘Q(ijaj)‘) 1
\/|Q bj,a;)] CD

4.3.2. Off-diagonal terms. We next consider the terms with h # 0 in the inner sum in . Using
Lemma for each j = 1,2,3,4 the sum is effectively restricted to 1 < |h| < P|B|||v;]|2K¢. Also, for
Ir| > K27y, 5 = 1,2,3,4, the condition (—1)~1-e- Q% (r, h) > 0 is satisfied by Lemma
since (—1)771-€e- QY (r,h) = (=1)771 - e Q(bj, a;)r? —|— O(\hr!H'yjH ). Let €; = sgn(b; + ajwp). Hence,
using Lemma we can bound the h # 0 terms in 1)) by

by Vi(e;r.h)) ~ [ ~ ..
3 (@ o >>F<cj-€frh; 10l )| + K7

r
r>1

&( DL(1,sym?¥)L(1, xp) - K + O (K1/2+5) . (4.22)

1
Qs a5 | <P 2151
(4.23)

Let Q7(X,h) = aAYX2 + by n X + ¢y p. For B =1, we have that a,,|b,, » by (4.15), j = 3,4 and this
also holds for j = 1,2 by inspection. It follows that if 5 =1 or assuming GRC if § # 1 we can apply

Lemma (replacing ; with (:Zi —b) if e; = —1). Hence, the inner sum in (4.23) is

< (PRI + 218Dl K 20+,
unconditionally for 8 = 1 and assuming GRC for ¢ for (8) C OQ( VD) Therefore, the sum over h in
([T.23) is
< (PBl[lylh) Ao K 50+ (4.24)

4.3.3. Completion of the proof of Propositions . We now choose the generator of (3) so
that 5 € [0, 210g ED) and consequently N((ﬁ)) = M2 + N2, so |B][villh < N((B)). In we apply
the estimates along with (| and In the resulting formula we then apply Lemma
- 4.13| to evaluate Q(bj, a;), which Completes the proof of Propositions and (4 Finally, recall that
Proposition E 4.2| follows from Proposition (see Remark |4.16 - Il

4.4. Proof of Corollary We first give a short Dirichlet polynomial approximation to m
Coleman has established a zero free region for Hecke L-functions which is analogous to Vinogradov—

Korobov’s result for the Riemann zeta-function. More precisely, [8, Theorem 2] shows that L(s, ¢or) #

0 for
c

Re(s) > 1 — 4.25
(s) 2 (log(k + | Im(s)| + 1))2/3(loglog(k + | Im(s)| + 1))1/3 (4.25)
where ¢ > 0 is an absolute constant. Consequently, in this region
1
——— < (log(k + | Im(s)]))**(log log(k + | Im(s)[))'/* (4.26)
L<87 ¢2k)

(see |21, Lemma 11]). These estimates allow us to quickly derive a short Dirichlet polynomial approx-
imation of 1/L(1, ¢ox)?, by a contour integration argument (see [20, Lemma 3] for a similar result).

Lemma 4.18. For k > 3 and x > exp((log k)?/3(loglog k)?) we have that

1 (pak * pok)(n) < < —cologx >>
N )W) g
L(1, ¢ox)? Z n * P log(k + z)2/3loglog(k + z)Y/3 ) )’

n<x

where cg > 0 is an absolute constant and ok is the multiplicative function with

p2k(p) = — A2k (p)

p2k(p®) =xp(p) (4.27)

and o (p’) =0 if j = 3.
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Remark 4.19. For n = r%s where s is square-free it follows that

pak(n) = xp(r)u’ (r)u(s) Azk(5) 1 5=1- (4.28)
Proof. Using Perron’s formula, it follows that for z > 0 with = ¢ Z

1+4T 1

(por * pox)(n) 1/ z® z?
Z n N 211 1—iT L(S + 1, ¢2k>2 S ds + 0 T .

n<x

where T' > 3. Let § = ¢/(log(k + T)?/3loglog(k + T)'/3). We now shift the contour of integration to
the linear path —§ — i7" to —d + iT', which is justified since 1/L(1 + s, ¢9)? is analytic in this region
by (4.25). Collecting a simple pole at s = 0 with residue 1/L(1, ¢2;)? and using to bound the
horizontal contours as O((log(k + T))%z/T) it follows that

—644T s 2 2
Z (H2k * pog) (1) _ 1 n 1/ 1 2 as+o0 (log(k +T)) .
n L(1,¢ox)* * 2mi J_s_ip L(1+5,¢2)* s T

n<x

Applying (4.26)) the integral above is

3 —clogz
< (log(k +T))"exp <(log(k + T)2/31oglog(k + T)1/3)> '

Choosing T' = k + 2> completes the proof for = ¢ Z. If x € Z the n = x term in the sum is absorbed
by the error term, so the result holds in this case as well. Il

Proof of Corollary[{.3 Applying Lemma with z = exp((log K)3/4) we have for K < k < 2K that

1 e (pog * puog) (1) ~(log K)1/15
L(1,¢91)% Z r + O™ ); (4.29)

r<z

where pop(r) is as defined in (4.27). Note that puox(r) is multiplicative, D = pipy and for e|D,
(pok * por)(€) = Y gpe (@) pe(b) =: (% p)(e). By these observations and noting that D is squarefree

3 (p12k *:621@)(7“) -y (1 *5)(6) $ (oK * 5%)(8)' (4.30)
r<z e|D (;SDm)/:el
Let
gy = > xolrrEtr)riru(suls) Y b (552 ) xold).
ab=n d|(s1,82)

a=r?s1,b=r3s2
(r1,51)=(r2,s2)=1

Note that both g is a multiplicative function and that

9(p) = — 2h(p), 9(»*) =3xp(p) + h(p®), (4.31)
9(p*) = —2xp(p)h(p), g®") =xp (),

g(p?) =0 for j > 5. Also for (p, D) = 1 we have h(p) = rD(p)&\/%). Using the Hecke relation

Aok (@) Aok (b) = ) Aar(ab/d*)xp(d)
di(a.b)
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it follows from Proposition along with (4.28) that

Z Z (oo * o) ( ) (%’¢X¢2k)¢<lk;>

keZ s<z/e
(s,D)=1
1
= > - > o)) r)us)us) Y xp(d)
(SSDI)/fl a:rQCsLll):bs:TQSQ d(e1r2)
T s =(rasa)=1 (4.32)
8182 k
D (B2 L 2,¢x¢2k>¢(K)
keZ
= (1) Cpy K - Z 9(s) +O<PA°K2+19+5).
s<z/e
(s,D)=1

Using (4.31)), the sum on the right-hand side equals
2 %) 2 1
I (1 ~ 20(p)rp(p) n 3xp(p) + h(p”) N d(p)rp(p)xp(P) ) + Oz,

_.|_

p3/2 P? e PP (4.33)

(p,D)=1

Combine (4.29)), (4. 30|) (]4 32) and (4.33) and use Proposition [4.2] E to estimate the error term which
arises from applying (4.29) to complete the proof (we know that L( , ¥ X ¢or) > 0 by Lapid [30]). O

5. ESTIMATE OF THE QUANTUM VARIANCE

In this section, we prove Theorem using the first moment computed in Section [4] along with the
Watson—Ichino formula, which we will state below.

5.1. The L-functions. Let Z; be a Hecke Grossencharacter mod 1 of frequency k& > 1. Define its
Hecke L-function

= = -1
L(s,¢x) == ) E’ZS) =11 (1 — ;I’ES)> . Re(s) > 1. (5.1)

0#aCO
We have

— A (n)
k . _
- Z ns with Ag(n) = Z Ex(a), for Re(s) >1
n=1 N(Cl):’n,
It is easy to see that Ag(n) are real. The complete L-function is defined by

A(s, ¢r) = D*/*y(s, ¢p)L(s,¢)  with (s, ¢x) =7 °T <S +2itk> r <S _2itk> .

Let D > 0 be an odd fundamental discriminant and D;|D. We now turn to the L-functions for 1),
a Hecke—Maass cuspidal newform of level Dj. Assume v is even. We have that

A(s, ) = D%y (s,9) L(s, ¥),
A(s, ¥ x xp) = D°v(s,¢ x xp)L(s,% X xp),
A(s,sym? ¥) = Div(s,sym2 ) L(s, sym? ),

where

2 2

9 __—3s/2 S + 2it¢ f S — 2’L'7f¢
v(s,sym* ) =7 r (2 r (2) r 5 :

Recall that xp is an even real primitive Dirichlet character modulo D. We have

A(s,xp) = D**y(s,xp)L(s,xp), with ~(s,xp) =7 */*T(s/2).

Y(s,1) = y(s,% x xp) = 7 °T <S—|—it¢) r <s - itw> |
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We also need Rankin—Selberg L-functions. By [22, §A.2 & §A.3], we know the conductor and root
number of 1 X ¢op are given by

q(¢ X pox) = D?D1,  e(3h x ¢ag) = ny(D1),

and the L-function of ¢ X ¢of is given by

L(SM/J X ¢2k> = L(237XD) Z )‘Qﬂ(nzjfk(n)

n=1

Hence, the functional equation is

A5, X dor) = (D2D1)*/?y(s,1 X dap) L(5,9 X dox) = nyp(D1)A(1 — 5,9 X o), (5.2)

where for even ¢, we have

V(8,1 X og) = w2 H H (S &= th =2 Zt?’“) : (5.3)

5.2. The Watson—Ichino formula. By comparing Euler products, it is easy to see the following
factorizations for L-functions of dihedral Maass forms, that is,

A(Sa ad ¢k) = A(Sa XD)A(Sa ¢2k)a
and
A(s, 9 x ad ¢p) = A(s,¥ X XD)A(s,% X ¢ag).

Combining the above observation along with the Watson—Ichino formula due to Humphries-Khan [22]
Proposition 1.16] we get the following result.

Lemma 5.1. Let D = 1 (mod 4) be a positive squarefree fundamental discriminant and let xp be
the primitive quadratic character modulo D. Let Dy | D. Let ux(-) be as in (1.2). Then for i an
L?-normalized, even Hecke-Maass cuspidal newform of level Dy with trivial nebentypus we have that

1 A(%7¢)A(%v¢ X XD)A(%7¢ X ¢2k)
8vDv(D/Dy) A(1,sym? )AL, xp)?A(1, dox)?

where v(n) = n]],,(1 +p~ ). If is odd, then |ui()|? = 0.

(W) =

5.3. Proof of Theorem Let ¢ be an even Hecke-Maass cuspidal newform of level D and trivial
nebentypus. By Lemma we have that

h s 1 A(3,9)A(3,% X xD) A5, 0 X ¢or) <)
R AT I YYD DL P Vs

72 |D(3 +ity/2)[* L(5,¢)L(5,% X xp)
4D? 21 |T(% + ity) |2 L(1,sym2 ¢) L(1, xp)?

+’Ltw+lt2k) | |F ( ’Ltw+lt2k

r §
S e )L@’W@’“)‘I’(lrkf)

keZ

By Stirling’s formula, we get that

L(%ﬂﬁ) (27@0 X XD
L(17Sym2 ¢) ]- XD

mlogep

h SR —
Q (¢,¢7K7@) - 4_D2

V()

3 Y L1206 X u)y (I";) +O(1/K).

kEZ

By Proposition with ¢(y) = ®(y)/y, we prove the first claim in Theorem The proof of the
second claim in Theorem [I.1] follows by a similar argument, only now we assume GRC so that we may

apply Corollary [4.3] O
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6. BOUND FOR THE COVARIANCE

The purpose of this section is to show that Q(¢1,v9; K;®) — 0 as K — oo conditionally under
GRH, thereby proving Theorem [I.3] This follows from Lemma [5.1] together with the following result
and noting that under GRH we have L(1, ¢g) ! < loglogk.

Proposition 6.1. Assume GRH. Letn > 1. Also, let i1, ..., 1, be pairwise orthogonal Hecke—Maass
cuspidal newforms on Ty(D) with trivial nebentypus. Then for any real numbers £1,--- , £, > 0 we
have that

In(dn—1)
2

1(61-1)
Y LG x da) - L3, n X d) " < K- (log K) 3+ t+e.

K<k<2K

Remark 6.2. Assume GRH. We have 1/L(1, ¢oi) < loglogk. By (1.4), Lemma and Proposition
[6.1], we get

lo log K _ _
) 2 3 )] € B ST L(1/2, x gV <€ K3 (log ) VS
k,\K k<K

Remark 6.3. In the proof of Proposition we assume that GRH holds for the L-functions L(s, 1; X
$ar) and L(s,sym?¢; x ¢og) for all j =1,...,n and K < k < 2K.
Let ay, By and ooy, Bo denote the Satake parameters for ¢ and ¢gp, respectively. We have that

o asr(p) = Eok(p), Por(p) = agk(p), if xp(p) =1 where p is a prime in OQ(\/E) which lies above
p;
o ag(p) =1, Pa(p) = =1, if xp(p) = —1;
o ag(p) = Eok(p), Bar(p) = 0, if p|D;
(see Appendix A of [22]). Additionally, for (p, D) =1, let

Ay, (0") = (0 (p)" + By (p)") (2 (p)" + Bk (p)")-
In particular, we have for (p, D) =1 that
Ao (07) = Ay (%) = 1)(Aar(p) + 1 = xn(p))- (6.1)

Lemma 6.4. Assume GRH. Let 1 be a Hecke-Maass cuspidal newform on I'o(D) with trivial neben-
typus. Then for x > 10

Ay ") log 7= log K
log (L, x d) < 3 Dwxen @) +o<°g+1>

e n(3+15) logw log x

ptD
where the implied constant depends on D and 1.

Proof. This follows from [7, Theorem 2.1]. O
Lemma 6.5. Assume GRH. For x > 2 we have

3 W = O(logloglog k)

p<z

and

Z Aai(P) = O(logloglog k).

p<w

Proof. We will only establish the first bound, since the second follows from a similar yet simpler
argument. Note that L(s,sym? ) x ¢4;) has an analytic continuation to the complex plane and satisfies
a functional equation. Assuming GRH for L(s,sym? x ¢4y), it follows that log L(s,sym? ¢ x ¢4;) is
analytic in the region Re(s) > %—i— @. Moreover, by repeating a classical argument of Littlewood (see
Titchmarsh [67, (14.2.2)]) we have the bound |log L(s, sym? ¢ x ¢4x)| < (Re(s) —3) 7" log(k+|Im(s)])
in this region. By Perron’s formula, we have for x > 2 that

A 2) )\ 1+iz log(k+x)
ZM—;/ 1OgL(S+1,sym2w><¢4k)m5%+0(1)
1

p<z p —ix log(k+x)
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Shifting contours to Re(s) = —1/2+1/ log x we collect a simple pole at s = 0 with residue log L(1, sym? v x
¢4x). The upper horizontal contour is bounded by

1 1+ix log(k+) 9
/ |log L(1,sym= ¢ x ¢up)|[2"||ds|

C—
xlog(k + x) _%-t,-loéz-i-z’zlog(k—i-x)

log xlog(k + xlog(k + x)) /1
K
xlog(k + ) ~1/2

z¥du < 1

and the lower horizontal contour is also O(1). Hence we have for x > 2 that

A )\ 1 zlog(k+x) 1 k
p x —zlog(k+x) 1+ ’u|

p<x
Applying the above estimate twice we have for z > (log k)3 that

Ao (P?)A
(log k)3<p<z p

Next, using the bound |M\(p)] < 2, along with Young’s inequality 2|ab| < |a|> + |b|?, we have for
y < (log k)3 that

A (PPN Ay (p?)?
Z 7¢(p JAai(p) ‘ < logloglogk + Z 771)(]) ) . (6.3)
> p
Py
Using the Hecke relations, Ay (p?)? = 1+ Ay (p?) + Ay (p?). Also,

Ay (p? Ay (p?
Z w(P)‘<<1 and Z w(P7)
< P < P
P<y P<y

(see Blomer et. al. [6 Section 2.3.4-2.4]). Combining (6.2)),(6.3) and (6.4)) completes the proof. O

p<y

< 1, (6.4)

Lemma 6.6. Let r € N. Then for z < K'Y and real numbers ap with ap, K Y270 for some & > 0,

we have that
2r r
1 apAak(p) (2r)! a?
KZ(Zpl/Q <<2rr!22;-
K<k<2K \p<Zzx p<zx
ptD xp(p)=1

Proof. For p with xp(p) = 1 we have

A2k (p) = Eak(p) + Sak(p).
Also let an = J [, a). Note Aoi(p) = 0if xp(p) = —1. Let F be a Schwartz function which majorizes
1j1,9) with F compactly supported. We have
2r
A k
S fk(p) 7 ()
pl/2 K
keZ \plx
2r
an - -~ k 6.5
=> 12 > > T (E2k(p)) + E2k(p) F (K) , (6.5)

pl,‘..,PrCOQ“/B) k€eZ j=1

N(p1---p2r)=n
N(p;)<a,j=1,....2r
XD(NpJ):]-?]:]vaT

where the summation is over prime ideals. Next, write n = ¢;* - - - ¢5° with N(q;) = g; and q1,...,¢s
are distinct primes. The innermost sum equals

> o X (5) o (5) Tamatantatan (1) (6.6)

0<fi<er  0<[fs<es kez
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Let (o) = q L glagie T Also, let 6, = log |£] with 6, € [0,2logep). Applying Poisson

summation we have that
_ k ko, k
Z-—2k((a))F <K> —Ze (logep) F (K)

keZ keZ

*EF (K (- 55))

Since F' has compact support and N((a)) < K° it follows that the sum above equals zero unless
a = aor |£] = ep. Hence, @ = ua for some unit u. Therefore, since the primes q; are distinct
the inner sum in is zero unless f; = e;/2 for each j = 1,...,s in which case the sum on the
right-hand side of (6.7)) equals K F (0). Let g be the multiplicative function with g(p®) = 0 if a is odd
and g(p*) = (,, /2) if a is even, and v be defined by v(p®) = 1/al. Thus, the left-hand side of (6.5)

equals

a2 "
eKFO) Y g < (2;?![{( )3 ]f)v

pln=p<z and xp(p)=1 p<z
Q(n)=2r xp(p)=1
where the last bound follows since the sum on the left-hand side is supported on squares. This
completes the proof. O

Lemma 6.7. Let 11,19 be two distinct Hecke—Maass cusp forms. Then for x > 2

S A @el) o)

p<z p

Proof. This follows from [33, Corollary 1.5]. O

Given a Hecke—Maass cuspform 1 with trivial nebentypus and primitive character y recall that 1 x x
is a Hecke-Maass cusp form (see the proof of Theorem 7.4 of [23]) and that sym?1) x x is cuspidal
and has a standard zero free region (|27, Theorem 3.3.7], [6, Section 2.3.4-2.4]). Using Lemmal6.7] and
the Hecke relations we get that for 2 <y < z, ¢1,...,¢, > 0 and distinct Hecke-Maass cusp forms

U1, ., that

Z (51)\'% (p) 4. p + E'ﬂ)\wn (p))Q :% Z (€1A¢1 (p) + - p + En)\'llln (p))2 (XD(p) + 1)
o ra
1 Z > Awg o(1) (6.8)
j=1  y<p<z

ZEQ og Ing + O(1).

Before stating the next lemma let us introduce the following notation. For 2 < y < x, let

. (U1 Ay () + - 4 Ludy, (P) A2k (p) log z/p
’P(k’ %y) - Z 1 +loéz log:v

1
p<y p?

ptD
and Ag(Viz) = #{K < k < 2K : P(k;z,x) > V}. Also, define

o(K)? = (5 + - +£2)loglog K.
Lemma 6.8. Let C > 1 be fized and € > 0 be sufficiently small. In the above notation, we have for
Vioglog K <V < Clog K/loglog K that

v2
A(V:K7) < K <e%(K)2(12€) + e—ﬁ'VlogV> .
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Proof. We assume throughout that y/loglog K <V < C 10§)KK Set # = K and let z = g/ 108108 K
Write P(k;x,z) = Pi(k) + Pa2(k) where Pi(k) = P(k;x z) Also, let V1 = (1 —€)V and Vo = €V. If
P(k;x,x) >V then

Z) 731( )> %1 or Z’L) PQ( )> Va.
Using Lemma and we have for r < <& 1og log K that the number of K < k < 2K for which
i) holds is bounded by

27r)!
> Py <<KV(2T2)T (@ o(K)(1+o(1)*
vir K<k<2K
2ra(K)*(1+o(1))\"
i (2oL 0(1)
Vice
where in the second step we applied Stirling’s formula. In the range V < %UQ(K ) loglog K we set

r= L%J and for larger V' we set r = |€V/10]. Hence,

#{K <k <2K :Pi(k) >V} < K (e (172 e—ﬁ-VlogV) , (6.9)

It remains to bound the number of K < k < 2K for which i) holds. Take r = L%J As before, we
use Lemma and . to bound this quantity by

| C r
Z Pa (2r )' <V2 log log log K)
vy K<k<2K (6.10)
!

C

<K | —=

(72

where C,C’ are constants that depend at most on €, £1,...,4,, ¥1,...,¢, and D. Combining
and (|6.10) completes the proof.

rlogloglogK) < e 1V loeV,

O
Proof of Proposition|6.1. Using (6.1)) and bounding the sum over p" < x with n > 3 we get that
3 Ay o, (p ) log g 3 Ay (p) Aok (p) 108 5
=, npn(%ho}w) log = = p%+b}w log
ptD ptD
1 Ao (p?) — 1)(A +1-— log 25
iy (A (p?) = 1)( 4k(€) xp(p)) 198 ;2 +0(),
2 e log
p<Vz p
ptD
Hence, using Lemma the second sum above equals
1
—§log log z + O(logloglog k). (6.11)

Let w(K) = (=3 +€)(t1 + -+ + £,) loglog K. Also, define

L(K) = L(3,91 X ¢o1)" -~ L(G, 90 X dog)™
and Bg (V) = #{K < k < 2K :log L(k) > V}. Clearly,
LE)=— [ " dBg (V)= [ VBr(V)dV = *E) [ VB (V + u(K))dV.
K<kZS2K /R /R /R

Note that log £L(k) < Clog K/loglog K for some C' > 1, which follows from using Lemma So we

only need to consider v/loglog K <V < U3 % o?i?}( in the integral above (for smaller V' use the trivial

bound By (V) < K). Let z = K'/(V), For /loglog K <V < (loglog K)*
1
—5(81 + -+ {y)loglog x + O(logloglog k) < p(K).

It follows from Lemma and (6.11)) that
Br(V + pu(K)) < Ag(V(1 = 2¢);2)
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provided /Ioglog K < V < (loglog K)*. For V > (loglog K)* the above inequality is also true since
in this range V 4+ p(K) = V(1 + o(1)). Hence, combining estimates and applying Lemma there

exists an absolute constant C > 0 so that
log K

c 2
Z [,(k') <<K€M(K)/ ot eV <e%‘(/K)2(1E) + e_g'VlogV> dv
K<k<2K VIoglog K
0-2 - n(fn —
<K (log K)7et I+ « [ (log k) A+t e

where in the last step we used the identity

_ o 2
/@ 22 de = V2o e’ /2,
R

O

This completes the proof.

APPENDIX A. THE TRIPLE PRODUCT ESTIMATE

A.1. Introdution. For a Dirichlet character x mod r and an integer ¢ > 1 we have 6, ,(2) =
PSS, x(mnve(n®z) € Hy(r?hx,) with & = 1/2 + v, yo(n) = x(n) (5)", and v = 0,1
depending on x(—1) = (—=1)”. Recall that ¥ e L2, (To(4aN)\H) as in §2.1l We take M =
lem[4aN, 4r%t] and throughout this appendix we write I' = Tg(M). Let {f;} be a complete or-
thonormal system of H, (M, x,) where each f; is an eigenfunction of A, with eigenvalue \; = i + t?.
Both W6, ; and f; are in H,(M,x,). In this appendix, we will follow [55] (see also [3, Appendix 2])

to estimate the triple product (fj, W6, ) in terms of ¢; as t; — oo.

Lemma A.1. With the notation as above. Then there are constants A,C such that
(7, W) < MAL+ [t5]) e 21,
where the implied constant depends on ).
Remark A.2. We mainly use ideas from [55]. However, in our case we need to bound 6, ;(z) and
cannot use the L°°-norm bound as in the proof of [55, Lemma 1], since 6, ;(2) may not be a cusp

form. To get around this issue, we estimate the L%-norm instead. Our method can also be used to
give another proof of [3, Lemma A2].

Remark A.3. Together with the sup-norm bounds for ¢, we can prove the dependence on v is poly-
nomially on ¢, and N.

Remark A.4. As suggested by one of the referees, it may be possible to give an alternative proof of
Lemma using work of Qiu [46] (see also Nelson [43]) to express the triple product above in terms
of the central value of the L-function attached to sym? fj x ¥ and then apply the convexity bound for
the L-value.

Before commencing with the proof let us introduce some further notation and record some well-
known facts. For reference see Iwaniec [24] and Roelcke [50]. Let

h(t) = e~ =TV 4 g~ (+1)*,

with a fixed large real T > 0. Set

Foo - cos(r 2
g(r) = 217r/ h(r)e""dr = \;ET) e /A (A.1)

and

+00 v
) == [ g0) = JoC2loVi T T+ vE)). (A2

Here k(-) is the Selberg transform of h(-) (see e.g. [24, eq. (1.64)]). Let
K(zw) =Y x(1)J (7, w)* (2, yw))**k(z,yw)
yerl’
be the automorphic kernel of weight x and character y,, where
|z — w|?

k(z,w) =k (u(z,w)), wu(z,w)= YR o S
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Here we have used the notation of [44],

Y

w —

((z,w)) =

Note k(z,w) is a point pair invariant function, that is k(yz,yw) = k(z,w) for all v € I". The spectral
expansion ([50]) of K(z,w) is

w) = ht;) f;(2) f;w) Z / ESD (2, + ity S, (w, L +it)dt.
J

a cusp

Sl_

z —

Let us also introduce the Maass raising operator

0 0 0
Kpi=(2—2) 2 +k=iy— +y—+k

0z Ox oy
For a Maass form f of weight k, define, for each n > 0,
= 1
fn(w) = f—n(w) = EK/{/QJrnfl e Kﬁ/2+1Kn/2f(w)' (AS)
Finally, recall that the geodesic polar coordinates of the point w € H are given by
_ ' 2
z — g = tanh (g) e'?,  p=tanh (g) and u= 1 f ek (A.4)

A.2. Proof of Lemma [A.Tl Let
J(w) ::/ U(2)0y(2)K (z,w)dp(z).
I'\H

Then by the Parseval identity we have
Zh f],\I/0xt>f]( ) + cont.

and
13113 = Z [A(t){fj WOy.0)|* + cont..
Now it is not hard to see that for T" < ¢; S T + 1 we have
[(f5, 00| < 1|T]]2- (A.5)
We now consider J(w). Since the quantity ((z,w)) satisfies
((yz,yw)) = I (7, 2)* (v, w) (2, w)),

by unfolding, we have

zZ— W

aw) =2 [ wea) (2 Z>H/2k(zaw)dﬂ(z)-

Using the geodesic polar coordinates of the point w € H, as in (A.4)), we get

ijZZAmMMB@Mm (A.6)

where

27 P K/2
B(p) = V(z)0 dep.
0= [ e (321) 0
By [14, Theorems 1.1 & 1.2], we have

Z—w l'i 2 i
Oyt (2) (w — z) Z P / (Oy,t)e(w)e ty (A.7)
and _
= Z \I/m(w) 1772-4-1'751/”0(27 w)ezmcp,
MEZ
where

To(z,w) = pI™ (1= p?)° F (s, 5+ [mf; 1+ |ml; p?) .
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Hence we can write

- T o i r .1
B(p) = 271'2 g (w) (By.0)e(w)p* (1-p?) [2H1/2 ity G (2 + ity 5 +ity + 4144 p2> . (A.8)

Similar to [55, Lemma 2], by fl 2Ty
with center w and radius r with tanhQ( /2) =1—&/L we can prove

(1 + 0)| Wy (w)|* < L2 (A.9)

(2)2dedé < 1 where the integral is on the geodesic annulus

0<¢

I /\

Now we deal with the theta function 6X7t(z). We consider the integral f12 02” 0,1 (2)]?dpd€. Write
w = u+iv. Then for z = z +iy in the geodesic annulus with center w and radius r with tanh?(r/2) =
1-¢/Lel—2/L,1—1/L], we have 1 —4e™" + O(e™?") = 1 — ¢/L and r = log(L/4£) + O(£/L).
Hence v/L <y < Lv. Hence
10y.0(2)] < y1/4ze—27rtn2y < YAy V12 « L1/4(v1/4 +v‘1/4t_1/2),
nez
if y is even, and
10,.4(2)] < y3/4 Z e~ 2mtn’y y1/4t’1/2 < LMApl/4=1/2
’ILEZ#O
if x is odd. Hence

2 27
/ / 10,+(2)|2dpd€ < LY2 (04 4+ 0~ 1/4)2,
1 JO
On the other hand, by (A.7), we have

2 2 27
w2 _ ¢ 1/2 (2)2 '
> Aol [0 -gmtemas< [ pae g

£<L/100
So we get
D 1Oy e(w)? < L0 + 0712, (A.10)
(<L

We claim that the function B(p) extends to an even analytic function of z = p in |2| < 1 and
satisfies B(z) < (1 — |z|) " (v/* + v~ /%), Indeed, by [I6, eq. (9.111)], we have

‘(1 _ 2)1/2+ith <1

it
2—|—Z s

1
2+it¢—|—€;1+€;z>‘

B )1/2”%{‘(14_@)
‘F 1/2+’Lt¢,) (1/2+€—itw)

< (1+ 5)1/2/ e V21— )2 — a7V — 2|V 2da
0

1
/ x—1/2+it¢(1 _ $)€—1/2—it¢(1 _ $Z)_1/2_€_it1'/}dl'

For z € [0,1] and |z| < 1, we have [1 —xz| > 1 — 2 and |1 — 22| 7}|1 — 2| < 1. Hence

1/2+’Ltw
(1= 2y (3

1
+zt¢,2+it¢+€;1+€;z>‘

1
<<(1+e>1/2/ e V21— )V — 2| V21— 2V Pde < 1+ 0)V2 (A1D)
0

Since (1 — 2)/2T [ (3 + ity, 3 + ity + €31+ £; 2) is holomorphic in |z| < 1, we have established the
analytic continuation of B(z) to 2| < 1. Now, by (A.8), -, we have

) < ZI% De(w)[]2*[1 = 2221+ 02 < Zl‘h M O )e(w)l2*(1+ )72,

=0
Using summation by parts, we obtain

X
By < 1+ Jim [ (30 )|y )1 +0)2)dlef

1<z
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By (A.9), (A.10), and the Cauchy—Schwarz inequality, we get

X b's
B(z) < 1+ lim x3/2(vl/4 + v_1/4)d|z|2z <1+ (v1/4 + v_1/4) Xlim / z2d|z)*®
—0 J1

X—o00 Jq

< (log|2) (0  + v < (1= |2) (04 + 014,

By (A.6) and making a change of variable cosh(r) = 1 4 2u, we have
~ \_ [% rcosh(r) —1 ™\\ .
J(w) = /0 k‘(f>3<tanh (5)) sinh(r)dr.

By the first identity in (A.2) and making a change of variable v = %, we have

X o, B e dg(fhest .
J(w) = /0 ( — 72 i \/cosqh(z) i cosh(r))B(tanh (§)> sinh(r)dr.

By the second identity in (A.2)), for z > 0, we have

. <cosh(2z) - 1> _ %g (210g (\/ez+e4z+2 . \/ez+e4z _2>> _ %g(z)'

By (A.1), we get

- o0 © Tsin(2T) + 5 cos(2T) _,» ™Y .
200 = [ (757 [ oty ® ) (s (5) iy

T /22

We know the function

H(z) = B (tanh( ) smh (r) / \/2 tanh < )) sinh(&z)

\/cosh(z) — cosh(r)

\/cosh(z) — cosh(r) blnh( z(1+f)/2)) . sinh((z(1=6)/2))

z

is holomorphic in |Im(z)| < 7/2 and is odd (cf. [55, p. 259]). Indeed, we have

2 =1- 4e” cosy <1- 1 ’
€2 + 1+ 2e® cosy 4Telzl

ifreRandye€|[-n/24+1/T,7/2—1/T]. Hence

J(w) = )3/2/ H(z)e /4<Tsm(zT) §cos(zT)>d
273)3 / H(z 7z2/4< RE zzT)dZ

2 1 z _;
- H —2°/4 T —i2T <~ —i2T ]
* (271’)3/2 /_OO (2)e (Zi e )dz

T+ 1y

| tanh(

1 /oo ( * B (tanh (3)) sinh(r) dr) (T sin(2T) + gcos(zT)>efzz/4dz.

35

(A.12)

(A.13)

Now we shift the contour of integration from the real axis Im(z) = 0 to the line Im(z) = /2 — 1/T
in the first integral and to the line Im(2) = —7/2 + 1/T in the second integral. This shift is justified

by the rapid decay of e=#/4

. We will only bound the first integral, since second one can be handled

similarly and satisfies the same bound. We first bound H(z) with z = z+i(n/2—1/T). For £ € (0,1),

we have
sinh(€2) < el sinh((z(1£€)/2)) > (lz| + 1/T)(1 + €).

By (A.12) and (A.13), we get

ot il — Bl R V7R
H(z +i(m/2 - 1/T)) < Té? 1/T+H(14+ /4.

Thus we obtain

1+ |z _ a2 _n
~ 2|z 1/4 1/4 x*/4 Td
J(w)<</R]e T+ 2] |I’(v +v e (T + |x|)e 2" dx

< T*(logT)e 27 (v1/4 +v

)
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Hence ||J|2 < TCe 2T MA. Here one may use [23, Proposition 2.5] for an explicit choice of the
representatives of I'o(M)\ SLa(Z) to compute the integral of w. Our lemma follows from (A.5) easily.
(Il

APPENDIX B. EXPLICIT RESIDUE OF EISENSTEIN SERIES

Recall that
Eow(zis)= Y, J(og'7,2) " Im(o;'v2)°,
v€la\T'o (M)
We consider the case a = co and x = 1/2. In this appendix, we will prove the following lemma.

Lemma B.1. Assume that M = 250])?1]952 where By > 2, f1 >0, B2 >0, and p1 = p2 = 3 (mod 4)
are two distinct primes. Write pg = 2. Then

4g(M (Hp
2[5'1

where ty = 272 H] _op; * - Here [z] is the floor function, Gy (s) = [T, (1 —p7)7, and (u(s) =
[y (1 —p~ $)=L for Re(s) > 1

Proof. Recall that we have the Fourier expansion (see (2.7))

3]+1

Ress—3/4 oo1/2(2 s) =

)bt (2):

41 7% (—3)T(2s — 1)

st (s — 1) 20

Eoi12(z58) = y° +

(4r|n|y)e(nx), (B.1)

where

ons)=>" > () ede<ncd> o

c>1 1<d<c
M]c (d,c)=1

Let ¢ = M'q where (M',q) =1 and M | M’ | M, where the notation M’'|M means that M’ divides
a sufficiently large power of M. By using quadratic reciprocity and the Chinese remainder theorem
(see [64, Lemma 1]), we have

@ (%)=(5) W3 ()<(5) 5o (F)-(57):

Hence, we have

o(n,s) =b(n,s,w)c(n,s), (B.2)

=5 ()3 (5 (2)

g=1 d=1
and
Ml
M’ nd o
c(n,s) = Z (Z €d (d> e <J\J’>> (M)~
M’ d=1
M|M'|M>

For n = tm? with a positive integer m and square-free integer ¢, we have (see [59, Proposition 1])

B Ly(2s —1/2,wy) 25+1/2 ;o 45
b(n,s,w) = T i Lo Z;N (01w (£1)wa (L)l o (B.3)
1,422

(£162,M)=T1, £1£5|m
where (1 is the Mobius function, and (see [59, eq. (3.9)])
Ly(4s —2,wo)

b e
(0.5,w) = Ly(4s — 1, w2)
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Here wy and wo are primitive characters defined by

wi(0) = <“f> w(t) = (Z) for (6,tM) = 1,
wo(f) = w()? =1 for (¢, M) =1,

and Ly(s,w) = 32 pry=1 w(€)*. Thus we have

1 1
LonMan@: ™9 Besssnblnsw) =57 0y oy

if n = m?, and Res;—3/4 b(n, s,w) = 0 otherwise. Here we have used the fact

DRI TR SIS SO EY

l1,02>1 >1 I
(01£2,M)=1, £1£2|m ,M)=1, £|m

Res,—3/4 (0, s,w) = (B.5)

Now we consider ¢(n,s). Let G,(x') = Y ;_; X'(d)e(dn/r) be the usual Gauss sum where y’ is a
Dirichlet character mod r. Note that

140 1—i
= d
5 X-4(d) + 5

€d xX-4(d),

where x_4 = (=) is the primitive quadratic character mod 4. We have that

(20 (32) - e (1)« e (o (1))

By the Gauss sums as in [64, Lemma 2], we know that ¢(n, s) is a finite Dirichlet series if n # 0. We

have
e E (S (()) 5 (e ()

M|M'|M>

Recall that M = 250p?1p§2 where By > 2, 1 > 0, B2 > 0, and p1 = p2 = 3 (mod 4) are two
distinct primes. Let M’ = 2F0piipl? with ko > Bo, k1 > B1 and ky > B,. Define My = pl'p? and My
the inverse of M} mod 2%, and similarly M| = 2k0p§2, M{M{ =1 (mod p’fl), and M) = 2"“0plf1 and
MM} =1 (mod ph?). By the Chinese remainder theorem we have

o () = e ((Z575) ) ((225) ) e ((25)

kit+ka. ko, 0 k 0 k 0
= G,y (7 ) G (X—lplxp;«l) G (X—2p2xp§2>
ki+ko/ ki k ko, k1, k k ko .k k ko, k
— X_14+ 2(p]_1p22)X80(p]_1p22)X—1pl(2 Op22)X—2p2(2 Opll)

ki1+ks k k k
-G (x_lj 2x8°x8k0> Gn (x_lplxngl) G, <x_2p2x2§2> ;

and

-M' kr ka1 k k k
G << >> = G (PN ) G (P ) Gy (X,
. 0 1 Py 2 Po

ki+ko+1/ ki k k k1 k k ko k k ko k
= Xfl4+ ¥ (p11P22)X80(P11P22)X—1p1 (2 0p22)X—2pQ(2 0p11)
k1+ko+1_ K k k
-Gy, <X714+ 2+ Xgngko) Gn <X—1p1X2k1) G, <X_2P2X2§2> .
1

Here x1 = 1, x4 = (;4), X8 = (2) and y_g = (;2), and x_, = (=) if p = 3 (mod 4). We

understand X’il4+k2><'§° ngo as a character modulo 2%0. Similarly for other characters in the Gauss
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sums. Recall that G1(x1) = 1, G1(x—4) = 2i, G1(xs) = 2v2 and Gi(x_s) = 2v/2i. Assume n =
22"°p20‘1p2a2n0, where (ng, 2p1p2) = 1 and ng is a square. Then we have

gO(QkO), if 2 ’ ]{30 and k?g < 20[0,
Gn (Xgoxgm) =4 2v2-2%0, if ky =200 + 3, (B.6)
0, otherwise,
2i - 2200, if ko = 200 + 2,
Gn (xf4x'§°><gko) = ¢ 2v2i-220, if kg = 2a9 + 3, (B.7)
0, otherwise,
v o o(py ), if 2| kj < 2y,
Gn (X%ng) = Z\/]Tj pj 7, it kj =205 41, (B.8)
! otherwise,

for j = 1,2. Here we used the fact G1 (x—p) = i,/p if p=3 (mod 4). Hence

c(n, 1+ZZZZ

ko>pBo k1261 k222

ki1+ka Kk k k
-G <X_1+ 2X80ng0) Ghn (X_1p1x0k1> Gn <X_2p2xgz;2>

1_@ k1+k2+1(
) IDIE

k
ko>PBo k1281 k2>B2 (2 Op
ki+ko+1_ k k k
-G, (X 1+k2+ XSOX(Q]k()) G, <X—1p1X2k1) G, <X—2pzxg’;2> .
1

If 2a9 + 3 < Bo, then G, (Xlgoxgko) =G, (X 4X’§°X3k0> = 0 for all kg > Sy, and hence ¢(n,s) = 0.
Similarly, we have c¢(n,s) = 0 if 2a;; + 1 < f; for either j = 1 or 2. Now we assume

k k k k1 k k k k k
B2 (P52 ) XE° (P} P52 )X, (2R ph?)x 2, (2Ropit )

k1 k
(2kopy" py?)2s

k1 k k ki1 k k k
P11p22)X80 (P11p22)X—p1 (2k0 )X—2p2 (2k0p11)
k2)25

op > ﬂ02 3, a; > BJT for both 7 =1 and 2. (B.9)

We split the above sums to four cases depending on the parity of k; and k. We have

c(n, s) = c11(n, s) + ci2(n, s) + c21(n, s) + ca2(n, s), (B.10)

where by and ( we have

1
2 2 k
Cll(nas) \/p1p2 al a2 Z (2k0 201 +1 2a2+1) (‘0(2 O)
Bo<ko<2ag+2 \© P1 P
2|ko
1

1 201 20{2 22040+3/2

+ (1 +4)/p1p2py (22a0+3p§a1+1p§a2+1)23
14 p py ( Z 1 N 21/2 )
- 2 1 — 2 1 — ko)2s—1 2 3)2s—1 )’

4 (p1a1+ )25 1 (p2a2+ )23 1 o<k Taan 42 (2 o) s (2 ap+ ) s

2Tko

IR SEND S

ki
Bo<ko<o00+2 fa<hr<2ay (2P P27)%
2|ko 2|ka
. 1 2 2a
MNP 9200+3p201+1 F2)2 2V2- 220 /pr - i (0?)
52§k2§2a2( Py p)
2|ka
pl oy E( oy L )
- 201 +1\25— k2\925— ko)2s—1 200+3)25—1 )
4 (plal )23 162§k2§2a2( 22)25 1 o<k Tan0s2 (2 o) s (2 oo+ ) s

2/kz 2[ko
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1+ 1 k k1) s - 2
CQl(n’ S) - 2 Z Z 9ko k1, 2c0+1 25(‘0(2 0) ( 1) P2 o
Bo<hn=r00+2 fr<hie2ar (20PT P2 )
2|ko 2|k1
. 1 2(10 kl 202

* (1 * Z) Z (22a0+3 2a2+1) 2\/§ 2 ( ) VP2 Py

B1<ki<2a1 pr'p

2|k1

. 1 —1/2
_ 1+ Z 1- 2 Do / ( Z 1 n 21/2 )
- (2k0)25—1 (22a0+3)2s—1 ’

k1\25—1 (,,202+1\25—1
By <knz2a; (P1') (p™) Bo<ko<200+2
2|k1 2|]‘70

ca2(n, s) = ! —21—2 Z Z Z MSO(?%)@(P]F)SO(PSQ)

Bo<ko<2ap+2 B1<k1 <201 B2<k2<2a2

2|ko 2‘]61 2|k‘2
. 1 k
+(+D) Y > o 2v/2 - 2200 (pi ) (p}?)
B1<k1<2a1 f2<ka<2a2 ( Py p )
Q‘kl 2|k‘2

1 1
- Z k1 Z F2)2s— 1( Z (2ko)2s—1 - (22a0+3)23—1>'

25—1

r<tigaan P17 g, Gon, (P2 Bo<ko<2a0+2

2|k‘1 2‘](:2 2“6()

Thus we have (for m = 2% p{* p3?mg with o > 1)
1+ 1 21/2

2 _

c(m 78) - 4 Z (2k0)25—1 + (22a0+3)25—1)
Bo<ko<2ap+2
2[ko
1 —1/2

2

H ( Z k S 2pj 1 )

. _ a+ _ M

1 g <haa, )BT (07 )2s—1
2[k;

Hence L )
o(m?,3/4) = —~ — . (B.11)

2 Jpfotl) [FL5] Batd

272 py pa| 2 ]

If n =0 then G, (X—4 <M>) = 0 since x_4 (M> is odd. Hence

. M ,
0(0,5)21;” 3 <Z <A§)>(M’)_25. (B.12)

/ d=1
M|M'|M>

]

Assume M = H M pr(M) where vp(M) is defined as p”P(M ) || M. By the orthogonality of characters,

we have Zd 1 (J\Zl[/> = 0 if M’ is not a square, and Zd 1 (M/> = (M) =pM)M'/M if M’ is a

square. Thus

1 + i (prr(M)+142ky o (pre(M)+2k)
c(0,5) H Z p(Vp(M)—i-l—i-Zk H Z up(M )r2k)2
pIM k= pIM k=0
2tvp (M) 2|vp (M)
If M= 250]9’31 2, then we have
Bo+1 oo 22 1ok o 2[22H 4 2k
(0, 1+z Z (22175 H2h) 3 ¢ (p; D) 3 plpy 2 7)
o (22052 +2k0)2s h (25 42k )25 L= (2[‘32“]+2k2)2s
1=0 pl ko=0
Thus (po = 2)
2 2
141 1 _ 1
¢(0,3/4) = — [ =e1/8)2 | g (B.13)
] T2 j 2



40

BINGRONG HUANG AND STEPHEN LESTER

Now we are ready to compute the residue of E /5(2;5) at s = 3/4. Note that we have ([16], eq.

(9.222.1)))

(4ﬂ.m2y)3/4€—27rm2y

w
1 ﬁ

11 (dmm?y) =

/Oo 6—(47rm2y)tt—1/2dt _ (47_‘_m2y)1/46—27rm2y.
0

=

By (B.1)), (B.2)), (B.5), (B.11)), (B.13]), we have

) 1/4

c(m®,3/4)W

Ress—3/4 Eo1/2(7;8) = 4C(M)(Hpj

/e (—L1) m1/2
* n’LZ>1 2¢(an) (1)¢n(2)

(4rm?y)e(m?z)

11
474
2 /3]+1

:4<((H o

Norian (), (B.14)

2% ]
where t)s = ] 1D; 2 Il
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