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Abstract

In this thesis we examine homogeneous spaces from the viewpoint of spin geometry, with a
particular focus on the existence (or non-existence) of special spinor fields and their corresponding
geometric structures. Recalling that a reductive homogeneous space M = G/H has an elegant
description of its geometrically relevant bundles (e.g. the tangent bundle, frame bundle, bundles
of tensors and differential forms, etc.) as homogeneous bundles associated to the H-principal
bundle G — G/H, the natural objects of study are the (G-)invariant sections of these bundles.
Under certain topological conditions on the isotropy representation, there exists a G-invariant
spin structure and associated spinor bundle on M = G/H (see [DKL22, Prop. 1.3]), and we shall
be interested in the invariant sections of the latter. By working at the origin o = eH € G/H,
finding invariant objects can be reduced to a purely representation-theoretic problem, which we

approach using various results from classical invariant theory, among other methods.

Chapter [3|is devoted to the exposition of [AHL23] (joint work with I. Agricola and M.-A. Lawn),
where we have obtained a classification of the invariant spinors on the nine realizations of the
sphere as a Riemannian homogeneous space. Partial results for a few of the simpler cases have
appeared in, or may be deduced from, [Wan89], however a full classification and description of
the invariant spinors and their related geometric structures has before now not been attempted.
In each case we give an explicit basis for the space of invariant spinors, using the realization of
the spin representation in terms of exterior forms, and describe the differential equations they
satisfy (e.g. Killing, generalized Killing, etc.). Notably, we construct (to our knowledge) the first
examples of generalized Killing spinors whose associated endomorphism field has four distinct
eigenvalues. Where relevant, we also explore the relationships between the invariant spinors
and certain invariant tensors and differential forms (and their related G-structures); these are

compared with known results from the literature.



Chapter {4 presents the work [Hof22], which deals mainly with invariant spinors on homogeneous
3-Sasakian spaces, (M = G/H, g,&,m:,¢:)>_,. The dimensions of the spaces of invariant forms
of degree < 3 on these spaces have appeared already in [DOP20]. We build on this to obtain a
complete description of the invariant ¢;-(anti-)holomorphic differential forms of all degrees, as
well as an explicit description of the space of invariant spinors, which to the author’s knowledge
has never appeared beyond the isolated case of Sp(n)/Sp(n — 1) treated in [AHL23]. We show
that the invariant spinors are spanned by the Clifford products of invariant differential forms
with a certain invariant Killing spinor. It is well-known that a simply-connected 3-Sasakian
manifold of dimension 4n — 1 admits n + 1 linearly independent Killing spinors [Bar93], and
a partial construction of these spinors as sections of certain subbundles E;", i = 1,2, 3 of the
spinor bundle is given in [FK90], however this description is incomplete for spaces of dimension
> 19. We complete this description in the homogeneous case, giving an explicit basis for the
space of Killing spinors carried by a homogeneous 3-Sasakian space. It follows from our result

that any Killing spinor on a homogeneous 3-Sasakian space is invariant.

Chapters 5] and [6] are based on joint work with I. Agricola. We consider 3-(«, §)-Sasaki spaces,
which can be viewed as deformations of 3-Sasakian spaces [AD20]. The first half of the chapter
contains a novel examination of the behaviour of certain Killing spinors on 3-Sasakian spaces
under such deformations; we give a detailed proof of the new spinorial field equation satisfied
by the deformed Killing spinors on the resulting 3-(«, §)-Sasaki space. The second half of the
chapter studies the dual compact/non-compact pairs of homogeneous 3-(«, )-Sasaki spaces
described in [ADS21), Remark 3.1.1c]. We modify the dualization construction of Kath in [Kat00]
to obtain an identification of the spinor bundles for these dual pairs, and show that there is a

natural correspondence between deformed Killing spinors on the two spaces.



Statement of Originality

The work presented in this thesis is my own except where explicitly noted otherwise, and all
joint work is clearly indicated on page [§l Parts of this thesis have previously appeared in

[AHL23, [Hof22).



Breakdown of Joint Work

Chapter [3] is based on [AHL23|, which is joint work with Prof. Dr. habil. Tlka Agricola and
Dr. Marie-Amélie Lawn. The idea to study spinors using the exterior forms approach was
due to Dr. Lawn, and the body of the paper was written by me, with the exception of: the
introduction, abstract, Section 4.1, Remark 5.9, and certain parts of the preliminaries section,
which were written by Dr. Lawn; and Remark 5.3, the paragraph before Proposition 3.4, and
the paragraph after Proposition 4.7, which were written by Prof. Agricola. These parts are
not included directly in this thesis (rather, they are cited as needed). Prof. Agricola and Dr.
Lawn also proposed extensive revisions to the initial drafts and provided valuable references

and historical insights on the topic.

Chapters 0] and [6] are based on joint work with Prof. Dr. habil. Ilka Agricola. The idea to
study deformations of Killing spinors in the 3-(«, d)-Sasaki setting and their associated dual
spinors was due to Prof. Agricola, and the calculations and writing were carried out by me, with

extensive revisions of initial drafts proposed by Prof. Agricola.



Introduction

The existence of special spinor fields on a Riemannian manifold efficiently encodes a great
deal of geometric information, and is relevant, for example, to the study of immersion theory,
Einstein metrics, holonomy theory, and G-structures, among others [Fri98, [Wan89, Bar93, [Fri8(,
ACFHI5|]. The most extensively investigated special spinors are the real Riemannian Killing
spinors, i.e. those satisfying the differential equation V%1 = j:%X -1 for any vector field X,
whose existence places strong constraints on the geometry of the underlying manifold. Indeed,
it was shown by Friedrich in [Fri80] that Killing spinors are eigenspinors realizing the lower
bound for eigenvalues of the Dirac operator, and that any manifold carrying such spinors is
Einstein with scalar curvature R = n(n — 1). The classification of complete simply connected
manifolds with real Killing spinors was subsequently accomplished by Bér in [Bar93|, where it
was shown that they correspond to parallel spinors (or equivalently, to a reduction of holonomy)
on the metric cone. Comparing with Wang’s classification of geometries carrying parallel spinors
[Wan&9], one sees that Killing spinors are in fact somewhat rare and, beyond isolated cases
in dimensions 6 and 7, are carried only by Riemannian manifolds (M?"~1 ¢) such that the
holonomy of the metric cone (M x R, g+r2dr) reduces to a subgroup of SU(n) or Sp(n/2). These
are precisely the round spheres, Einstein-Sasakian and 3-Sasakian manifolds (see e.g. [BG99)]),
and these spaces play an outsized role in spin geometry. Importantly, 3-Sasakian manifolds may
be considered in full generality from the perspective of spin geometry due to Kuo’s result that
they admit a reduction of the structure group of the tangent bundle to the simply-connected
subgroup {1} x Sp(n — 1) of SO(4n — 4) and hence are necessarily spin [Kuo70]. Similarly, it is
well-known that simply-connected Einstein-Sasakian manifolds and spheres of any dimension
are spin (see e.g. [LM89, BG99]). Chapters 3| and [4] of this thesis are devoted to the study of
these three classes of manifolds from the spinorial viewpoint, with a particular focus on the

extent to which their global geometric structures are determined by their spinors. Chapters
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and [0 examine the behaviour of Killing spinors under deformations of 3-Sasakian metrics
to 3-(«v, 0)-Sasaki metrics, and how the resulting deformed Killing spinors behave under the
duality between positive (ad > 0) and negative (ad < 0) homogeneous 3-(a, §)-Sasaki spaces

fibering over Wolf spaces.
Spheres:

The spinorial properties of round spheres have been studied for some time now. Strikingly, their
spinor bundles may be trivialized by a basis of Riemannian Killing spinors for either of the
constants i% (see e.g. [CGLS806, Prop. 11, Cor. 2|, the latter of which is credited to J. Rawnsley
by the authors of that paper), and for an explicit construction in stereographic coordinates of
these Killing spinors, see e.g. Example 2 on p. 37 of [BEGK91]. This starkly contrasts with the
behaviour of the tangent bundles of these spheres, which fail to admit even a single non-vanishing
vector field in even dimensions (due to the Hairy Ball Theorem), emphasizing the power of
the spin geometry approach to capture geometric information otherwise unavailable via the
usual tensorial approach to geometry. Indeed, spheres constitute one of the most basic classes
of spin manifolds, however, apart from Killing spinors on round spheres, very little is known
about them from the perspective of spin geometry. Moroianu and Semmelmann approached
this issue in [MS14al [MS14b] by investigating, for the cases of round spheres and Einstein
manifolds, the so-called generalized Killing equation: V% = A(X) - for any vector field X,
where A € Sym?(T'M) denotes a symmetric endomorphism field. They showed that in certain
dimensions any generalized Killing spinor on a round sphere is in fact a Killing spinor (i.e. the
endomorphism A is a multiple of the identity), and gave a description of the case where the
endomorphism A has precisely two distinct eigenvalues. In Chapter [3| we approach the issue
from a different angle, focusing instead on non-round metrics. Specifically, we specialize to the

case of homogeneous spheres, which Montgomery and Samelson showed in [MS43] are limited

| Lie group | Manifold | Isotropy Subgroup | Invariant Spin Structure ([DKL22]) |

SO(n) Sn-t SO(n —1) No
U(n) g2l U(n—1) No
SU(n) §2n—1 SU(n —1) Yes
Sp(n) Sin—1 Sp(n — 1) Yes
Sp(n)Sp(1) || St Sp(n — 1) Sp(1) n even
Sp(n) U(1) || S*! Sp(n — 1) U(1) n even
Go SO SU(3) Yes
Spin(7) S7 Gy Yes
Spin(9) S5 Spin(7) Yes

Table 1.1: Homogeneous Spheres and Invariant Spin Structures
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to a relatively short list of possibilities (see Table .

The invariant spin structures on homogeneous spheres were classified by Daura Serrano, Kohn,
and Lawn in [DKL22| (see the final column of Table [1.1{ above), and we build upon this using
representation-theoretic arguments to obtain a classification of the invariant spinors carried by
these spaces and a description of the related geometries. Additionally, we note that many of
these invariant spinors are generalized Killing spinors, which are interesting from the perspective

of immersion theory [ETi98]. Our findings are summarized in the following theorem:

Theorem. The dimension of the space of invariant spinors for each realization of the sphere as
a homogeneous space is given in Table[1.9. For the realizations admitting non-trivial invariant

spinors, we find:

(1) A pair of linearly independent generalized Killing spinors with two eigenvalues on (S**~1 =

van .

SU(n)/SU(n — 1), gasp), and a related invariant a-Sasakian structure for o = TNt

(2) A 2n-dimensional space of invariant spinors on (S~ = Sp(n)/Sp(n — 1), gz), expressed in

terms of the structure tensors of the invariant 3-Sasakian structure;

e For n = 2, four linearly independent invariant generalized Killing spinors with four

eigenvalues;
(3) A generalized Killing spinor with two eigenvalues on (S” = Sp(2) Sp(1)/Sp(1) Sp(1), gus);

(4) An invariant a-Sasakian structure on (S~ = Sp(n) U(1)/Sp(n — 1) U(1), gap.) for a =

10 = 2. together with a pair of linearly independent invariant spinors not associated to

the a-Sasakian structure and which, for n > 2 are not generalized Killing spinors;

e For n = 2, a pair of linearly independent invariant generalized Killing spinors with

three eigenvalues;

(5) An invariant Killing spinor (resp. a pair of linearly independent invariant Killing spinors)

on the round sphere S¢ = G, / SU(3) (resp. the round sphere S7 = Spin(7)/ Gs);

(6) An invariant spinor on (S = Spin(9)/Spin(7), g.;) satisfying a differential equation

depending on the 3-form determined by the spinor via the squaring construction.

Finally, we investigate these spheres within the context of non-integrable geometries and adapted
connections. Roughly speaking, non-integrable geometries are given by G-structures which
the Levi-Civita connection fails to preserve under parallel transport, and it is well-known that

such structures are closely related to the existence of special spinors in low dimensions (see e.g.
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[FKMS97, Tva04, [CS07, [ACFHI5]). As such, the Levi-Civita connection is poorly adapted to
the G-geometry, necessitating instead the use of other, more compatible, connections. In this
vein, the existence of a so-called characteristic connection, i.e. a metric G-connection with totally
skew-symmetric torsion tensor, has by now been thoroughly studied for many different groups
G (see e.g. [F102, Mva04, [Agr06]). Similarly, for homogeneous spaces, a particularly useful choice
is the Ambrose-Singer connection, whose parallel sections correspond to G-invariant objects;
indeed this connection coincides with the Levi-Civita connection in the case of symmetric spaces,
allowing us to view homogeneous geometries as a torsion analogue of symmetric geometries. For
each of the cases in Table we find the Ambrose-Singer connection (by explicitly calculating
its torsion tensor), determine the torsion type, and discuss the relationship of its parallel spinors

with the non-integrable geometries in Table [1.2]

’ Lie group H dime iy ‘ Notable Spinors ‘ Geometric Structures
SO(n) 0
U(n) 0
SU(n) 2 generalized Killing a-Sasakian (a = Qb%)
Sp(n) 2n deformed Killing 3-(av, §)-Sasaki
Sp(n)Sp(1) | 1 (n=2),0 (n#2) | generalized Killing (n = 2) | co-calibrated Gy (n = 2)
Sp(n) U(1) || 2 (n even), 0 (n odd) | generalized Killing (n = 2) | a-Sasakian (;5 = 505 = @)
Go 2 Killing nearly Kahler
Spin(7) 1 Killing nearly parallel Gy
Spin(9) 1

Table 1.2: Invariant Spinors and Geometric Structures on Homogeneous Spheres

Throughout the chapter we shall refer to Hermitian and quaternionic spheres; we would like to
clarify that this refers not to Hermitian or quaternionic structures on the spheres themselves
but rather the fact that they are realized as homogeneous spaces via the action of a group on a

Hermitian or quaternionic vector space.

3-Sasakian Manifolds:

In Chapter {4 we shed new light on the correspondence between (3-)Sasakian structures and

Killing spinors by giving an explicit construction of the former in terms of the latter:

Theorem. Let (M, g) be a Riemannian spin manifold carrying a pair v, ¢, of Killing spinors
(resp. four Killing spinors 11, ¥, 13, 14) for the same Killing number A € {%, ’71 . If the vector
field &y, 4, defined by the equation

g(€¢1,7/127X) = 9%<¢17AXV ' ¢2>



13

for all X € T'M has locally constant non-zero length (resp. if the vector fields &y, yys Epsn
are orthogonal and have locally constant non-zero lengths), then this vector field determines
a Sasakian structure on M (resp. these vector fields determine a 3-Sasakian structure on M).
Conversely, any Einstein-Sasakian (resp. 3-Sasakian) structure on a simply-connected manifold

arises by this construction.

Using a new argument valid in all dimensions, this theorem generalizes previous results of
Friedrich and Kath in dimensions 5 and 7 [FK88| [FK89, [FK90|, which were proved by employing

certain special spinorial properties occuring in these dimensions.

In the latter sections of Chapter 4] we concern ourselves mainly with 3-Sasakian manifolds, which
initially appeared over fifty years ago in [Kuo70, [Udr69], among others. Notable milestones
in the subject include Konishi’s construction of 3-Sasakian structures on certain principal
SO(3)-bundles over quaternionic Kahler manifolds of positive scalar curvature [Kon75|, and
the result that, if the Reeb vector fields are complete, then the leaf space of the associated
3-dimensional foliation is a quaternionic Kahler orbifold [BGM94]. Indeed, these results show
that 3-Sasakian manifolds lie between quaternionic Kahler geometries below and hyperKahler
geometries above, emphasizing the fact that they provide natural examples of interesting odd

dimensional quaternionic geometries.

Previous work on 3-Sasakian manifolds from the spinorial perspective includes e.g. [FK90, [AF10],
which give a thorough and elegant accounting of the situation in dimension 7, however until now
very little is known about these spaces in higher dimensions. In Chapters [4.2] [4.3] and of
this thesis we provide, in arbitrary dimension, a detailed spinorial picture of the homogeneous
3-Sasakian spaces, which were classified in [BGM94]. Using Kuo’s Sp(n — 1)-reduction together
with the description of these spaces in terms of 3-Sasakian data in [DOP20], we apply our new
invariant theoretic approach developed in [AHL23l Section 4.1] to give a classification of the

invariant spinors:

Theorem. For a homogeneous 3-Sasakian manifold (M4~ = G/H, g,&,m, i), the space of
invariant spinors forms an algebra under the wedge product, and is isomorphic to the algebra of
invariant ¢;-anti-holomorphic differential forms,

0,
Einv ~ A

mv

(TEM).

Furthermore, this algebra is generated by the forms y; := \%(52—!—1'53) and w = —3(Pa |y +iPs|4),
where ®; := g(—, pi(—)).
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Finally, we use this to give a complete description of the invariant Killing spinors on homogeneous
3-Sasakian spaces. Indeed, a partial construction of the Killing spinors on 3-Sasakian manifolds
is given in [FK90] as sections of certain rank two subbundles of the spinor bundle, however this
description can produce at most six linearly independent Killing spinors and is thus incomplete
for spaces of dimension > 19. In Chapter [4.4] we resolve this issue in the homogeneous setting,

obtaining the following result:
Theorem. If n > 2 then the space of invariant Killing spinors on a simply-connected homoge-
neous 3-Sasakian manifold (M*"~* = G/H, g,&;,n:, ¢;) has a basis given by

Vg ::wk+1—i(k+1)y1 AWk, —1<k<n-—1,

where we use the conventions w™! = 0 and w® = 1. If n = 1 then the space of invariant Killing
spinors has a basis given by 1, y;. Furthermore, if (M, g) 2 (S*"™!, giouna) then any Killing

spinor is invariant.

As a consequence, we deduce explicit formulas for the Killing spinors which recover the homoge-

neous 3-Sasakian strucuture via the preceding construction.

3-(«, 0)-Sasaki Manifolds:

In Chapters |5[ and |§| we investigate the spinorial properties of 3-(«a,d)-Sasaki manifolds—a
new class of almost 3-contact manifolds introduced by Agricola and Dileo in [AD20], which
encapsulate in a single framework the notion of 3-(a-)Sasakian structures and the quaternionic
Heisenberg group, among others. In general 3-(«,d)-Sasaki manifolds are not Einstein (see
[AD20, Prop. 2.3.3]) and hence do not admit Riemannian Killing spinors, however by viewing
such structures as deformations of 3-Sasakian structures by the two real parameters «, d, we
prove in Chapter [5| that 3-(a, §)-Sasaki manifolds admit spinors satisfying a certain deformed

Killing equation:

Theorem. Any 3-(a, d)-Sasaki manifold (M, g, ¢;, &, n;) carries at least two linearly independent

spinors satisfying

o —

3
5 d > np(X)®, - forall X € TM.
p=1

Vit =SX -+

Next we focus on the homogeneous case; specifically, the duality between compact and non-

compact homogeneous 3-(«, ¢)-Sasaki spaces fibering over a symmetric base (see [ADS21, Remark
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3.1.1]). Their construction exploits the duality between compact and non-compact symmetric
spaces to obtain a notion of duality for the total spaces of the fibrations, and is similar to
Kath’s T-duality construction for Riemannian/pseudo-Riemannian pairs [Kat00]. In Chapter @
we build upon Kath’s construction to examine the relationship between the deformed Killing
spinors of a compact/non-compact homogeneous 3-(a, §)-Sasaki dual pair, and find that they

correspond in a one-to-one manner:

Theorem. Suppose that M and M’ are a dual pair of homogeneous 3-(«, §)-Sasaki spaces
of dimension 4n — 1, and identify the spinor modules ¥ 2 ¥/ 2 A*C?*~!. If ¢ is an invariant
spinor satisfying the deformed Killing equation

o —

3
2527%()()(1%-1/} for all X € TM,
i—1

Vit = SX g+

then the corresponding spinor ¢’ on M’ is also invariant and satisfies the corresponding deformed

Killing equation

o —

§
5 > n(X)®;-y forall X € TM,
i=1

vglw/_g/X.q//_F
X7

where o/ := «, §' := —6.

This result generalizes Kath’s correspondence between Killing spinors on T-dual pairs [Kat00],
and emphasizes that our notion of deformed Killing spinors is a natural one. Finally, we
examine in detail the situation in dimension 7, and determine the behaviour under the duality
construction of the canonical and auxiliary spinors ¥g, ©; := & - ¥g, ¢ = 1,2, 3 introduced in

[AFT0, [AD20].
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Preliminaries

In this chapter we give basic definitions and background related to the spin representation,
spinors on homogeneous spaces, and (homogeneous) Sasakian, 3-Sasakian, and 3-(«, §)-Sasaki
structures. For a thorough introduction to these topics, among others, we recommend [LM89,

BFGKO1], BGMO94, BG99, [Fri00, BG08, [AD20, DOP20.

2.1 The Spin Representation via Exterior Forms

Throughout this thesis we shall make use of the realization of the spin representation in terms of
exterior forms. This realization is well-known in the context of representation theory, however
its application to spin geometry and the study of spinors has not yet been widely adopted
outside of [CGLS86, Wan89]. For a detailed description of this construction we refer the reader
to [GW09, Chapter 6.1.2] (beware their different convention for the Clifford relation), and for
its application to spinorial calculations on homogeneous spaces see [AHL23]. We briefly recall

here the basic definitions and properties insofar as they relate to this work.

Let (V = R?""! g) be the standard Euclidean inner product space and {ey, ..., €s, 1} the usual

orthonormal basis. Letting ¢: V' — V denote the almost complex structure on (Re;)* given by

plezj) = ezj1,  plezj41) = —eaj,
the complexification of V' can be written as a direct sum
VEi=CeLoL, (2.1)

where Cy := Ce; and L (resp. L) denotes the space of p-holomorphic (resp. -anti-holomorphic)

17
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vectors. Explicitly, these spaces are given by

1 _ . 1 . -
L= span(c{:vj = E(€2j — Z€2j+1)}j:117 L’ = spanc{yj = E(egj + Z€2j+1)}j=11' (22)

Letting ug := ie;, we define an action of V' on the algebra 3 := A*L’ of y-anti-holomorphic

forms via
up = — Id|seven + Id|goaa, z;-7:= iv2 xjm,  yjen = iv2 yj A1, (2.3)

where X¢¥°" and $°9 denote the even and odd graded parts of ¥ = A®L’. Recalling the definition

of the complex Clifford algebra,
CU(VE,¢%) =TV /(v @w+w v =—2¢"(v,w)1),

one easily verifies using the identities (5.43) in [GW09] that the action (2.3) descends to a

representation of CI(VC, ¢%) on . Solving for the real orthonormal basis vectors ey, . .., €a,_1

in (2.2)) gives
: 1 —1 .
€1 = —lUg, €5 = E(Ij +yi), €41 = ﬁ(yj — ), Vi=1...,n—-1,
and the corresponding action on ¥ (i.e. the Clifford multiplication) is given by

e1 = i1d|geven — i Id|goaa, egj-n=i(x;om+y; An), ezjr1-n=(y; An—xz;am), (2.4)

for all n € 3. We also note that there is an equivalent realization of this representation in terms
of Kronecker products. Indeed, if we define subspaces U; := A*Cy; = C1 & Cy; of the spinor

module ¥ then we have
Y=AL=ANCy&---dCy) XU A---ANU,,
giving the vector space isomorphism
Y2U,9---0U.

Explicitly, this isomorphism is given by identifying y; A--- Ay;, € A°L' with u; ® --- ® u; €
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Uy ®---® U, where
Y; lfj € {jl)'-'ajp}7
L ¢ )

Under this identification we have
End(X) = End(U;) ® - - - @ End(U;).

With the choice of ordered bases {1,y,} for the Uj;, the representation (2.3)) of CI(VC,¢°) is
realized by the Kronecker products

U= —-H® --®H,

. 01
i iV2H® @ H® Rld® - ®1d,
0 0

——
jth place

, 0 0
y—iV2H® - @ H® RId®---@1d,
10

——
7th place

where H := diag[l, —1]. The corresponding operators associated to the real orthonormal basis

€1,...,6, are

e i H® @ H,

0 1
e 1 H® - @ H® ®ld® - - ®Id,
10

——
jth place

—1

0
ey H®@---9H® RId® - ® Id.
1 0

——
jth place

Remark 2.1.1. In odd dimensions there is another inequivalent irreducible representation of
the Clifford algebra, obtained by replacing the action of ug in (2.3) with wy := Id|seven — Id|soaa.

The corresponding operator for the real orthonormal basis vector is

62l+1 — _'L Id|zeven + 7::[d.|20dd7
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and, in the Kronecker product setting,
UQF—)H®®H, 62[+1|—>—iH®"'®H.

In this thesis we will always use the representation described in ([2.3)).

Remark 2.1.2. It is possible to similarly define the spin representation for even dimensional

spaces by deleting the C, factor in the decomposition (£2.1]) and the corresponding operators g,

e; in and .

2.2 Spinors on Homogeneous Spaces

Let M = G/H be a reductive homogeneous space for a semisimple group G, and fix a reductive
decomposition g = h &, m which is orthogonal with respect to the Killing form on g. In this
section we review the construction of some geometrically relevant bundles as homogeneous
bundles associated to the projection G — G/H. For a more detailed introduction to reductive
homogeneous spaces we refer to [Arv03], and for examples illustrating the process of finding

invariant spinors we recommend [BFGK91, Chapters 4.5, 5.4].

Letting 7: G — G/H denote the projection map, the tangent space T, M at the origin o := eH
is naturally identified with m = kerd.m. The other tangent spaces are therefore obtained by
displacements of m under the isometries in GG, leading to the realization of the tangent bundle
as a homogeneous bundle via

™™ =G X Ad|y W,

where m: G — G/H is viewed as a principal H-bundle. The natural representation of
H = Stabg(o) on T,M (by letting h € H act via dh,: T,M — T,M) is called the isotropy
representation, and it is isomorphic to the restricted adjoint representation Ady: H — GL(m),
h + Ad(h)|m. Under this identification, an invariant Riemannian metric on M correponds to
a inner product g: m x m — R with the property that Ad|y(H) C SO(m, g) C GL(m); for an

invariant metric, the oriented frame bundle is then given as a homogeneous bundle via
PSO =G XAd\H SO(m, g)

Suppose now that there exists a lift of the isotropy representation to the spin group, i.e. a group

homomorphism Ad|y such that the diagram in Figure commutes. Such a lift induces a spin
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Spin(m, g)

Ad|g ///;( lQ'l

-
-

H — = S0(m, g)

Figure 2.1: Homogeneous Spin Structure

structure and spinor bundle as homogeneous bundles via

PSpin =G Xm Spin(m,g), XM = PSpin Xa Y= Xaom E, (2.5)

where o: Spin(m) — Aut(X) denotes the spin representation. Furthermore, for a connected
isotropy group H, this was shown to be the unique G-invariant spin structure on M = G/H by
Daura Serrano, Kohn, and Lawn in [DKL22] (see also the earlier works [CGS88|, [HS90], which
consider certain special cases). For the cases in Table which don’t admit invariant spin
structures, we consider instead (and without further mention) the double coverings described in
the closing remarks of [DKL22|, which do admit invariant spin structures. We note that the
corresponding group actions on the sphere are non-effective, however the calculations in Chapter

are done at the Lie algebra level and are therefore not affected.

In Chapters [ 5 and [6] of this thesis we shall mainly be concerned with 3-Sasakian and
3-(av, 0)-Sasaki spaces, which are necessarily spin due to Kuo’s reduction of the structure group
of the tangent bundle to the (simply-connected) symplectic group of the horizontal distribution
[Kuo70, Thm. 5]. For a simply-connected homogeneous 3-Sasakian or 3-(«, §)-Sasaki space,
denote by m = m,, ® my the splitting into vertical and horizontal distributions. Invariance of
the structure tensors implies that the image of H under the isotropy representation is contained

in the above reduction, i.e.
Ad|a(H) € {1} x Sp(my) € SO(m),

and one therefore obtains a (unique) lifting of the isotropy representation and the associated
G-invariant spin structure as above. Throughout the thesis we will always use this invariant
spin structure when considering simply-connected homogeneous 3-Sasakian and 3-(«, d)-Sasaki

spaces.

In light of the associated bundle construction of the spinor bundle in (2.5)), spinors are identified
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with H-equivariant maps ¢: G — 3, i.e. maps satisfying

o(gh) = Ao Adlx(h™) - p(g) Vg€ G, he H. (2.6)

The G-invariant spinors correspond precisely to the constant H-equivariant maps ¢: G — X,
and we denote by Y, € XM the subbundle of such spinors. Equivalently, it follows from ([2.6)

—_—~—

that invariant spinors correspond to trivial subrepresentations of o o Ad|y: H — GL(Y).

One may similarly realize the bundles of k-tensors and differential k-forms on M as homogeneous
bundles via

®kTM =G X (Ad|g)®* m®k, AkTM =G XAk(Ad|H) Akm,

and invariant sections then correspond to trivial H-subrepresentations of m®* and A*m respec-
tively. The representation theoretic problem of finding trivial subrepresentations is approached
in this thesis using results from classical invariant theory, together with computer calculations

in LiE ([LCL8S|) for certain cases involving the exceptional Lie groups.

Finally, we have the following definition which is valid for any spin manifold (not necessarily

homogeneous):

Definition 2.2.1. A spinor ¢ on a Riemannian spin manifold (M, g) is called a (Riemannian)

Killing spinor for the constant A € C if it satisfies
Vi =AX -y forall X € TM.

It is a remarkable result of Friedrich that the existence of a non-trivial Killing spinor on a
connected spin manifold (M™, g) implies that the metric is Einstein and has scalar curvature
R = 4n(n — 1)\? (see [Fri80, BFGK91]). We shall refer interhangeably to Riemannian Killing
spinors and Killing spinors, and, unless otherwise stated, we will only consider real Killing
spinors (i.e. those with A € R) in this thesis. By rescaling the metric if necessary, one can

assume that any (non-parallel) real Killing spinor has A = j:%.

2.3 Sasakian and 3-Sasakian Structures

Let us briefly define Sasakian and 3-Sasakian structures and discuss some of their properties,

following the exposition in [BGM94].
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Definition 2.3.1. A Sasakian structure on a Riemannian manifold (M, g) is a unit length

Killing vector field ¢ such that the endomorphism field ¢ := —V9¢ satisfies

(Vo) (Y) = g(X, V) —n(Y)X

for all X,Y € TM (where V¢ denotes the Levi-Civita connection). It is customary to denote a
Sasakian structure by (M, g,&,n, ), where 1 := €. The vertical and horizontal distributions
are defined by

Y = R¢, H = kern,

and the vector field ¢ is called the Reeb vector field. The fundamental 2-form is defined by

O(X,Y) = g(X,0(Y)) VX,Y eTM.

Here we collect several basic properties of Sasakian manifolds:

Proposition 2.3.2. (Based on [BGM94, Prop. 2.2]). If (M, g,&,n,¢) is a Sasakian manifold,
then

P’ =—Ild4n®¢& nE) =1, ¢ =0, Im(p) CH, dy=29,
0= Ny (X,Y):=[o(X), o(Y)] + @’[X, Y] — ¢[p(X),Y] — o[ X, o(Y)] + dn(X,Y)E,

0=g(e(X),Y)+g(X,0(Y)), g(o(X),0(Y)) =g(X,Y)—=n(X)nY),
forall XY € TM.

In a similar spirit, we have the notion of a 3-Sasakian structure, which consists of three orthogonal
Sasakian structures whose Reeb vector fields satisfy the relations of the imaginary quaternions

under the Lie bracket:

Definition 2.3.3. A 3-Sasakian structure on a Riemannian manifold (M, g) consists of three
Sasakian structures (g, &, n:, i), @ = 1,2,3 such that the Reeb vector fields §;, i = 1,2,3 are

orthogonal and satisfy

€5, 5] = 26,

for any even permutation (i, j, k) of (1,2,3). It is customary to denote a 3-Sasakian structure by

(M, g,&,m, i), omitting the “4 = 1,2,3”. The vertical and horizontal distributions are defined
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by
V = spang{&; }i=123, H = Ni=123 ker(n;),
and the vector fields &;, i = 1,2, 3 are called the Reeb vector fields. The fundamental 2-forms

are defined by
DX, Y) = (X, 0iY)) VXY € TM.

In addition to the identities in Proposition [2.3.2] the tensors defining a 3-Sasakian structure

satisfy certain “pseudo-quaternionic” compatibility relations:

Proposition 2.3.4. (Based on [BGM9/), Eqn. (2.4)] and [AD20, Eqn. (1.5)]). If (M, g,&:,m;, i)

18 a 3-Sasakian manifold, then

0i=QjoPr —M®E = —roY;+1; D&

0i(§) = —9i(&) =&, m=mnjopr=—nkoy;,
for any even permutation (i, j, k) of (1,2,3).

Remark 2.3.5. Just as any two of ¢, 7, k € H generate the third, one sees that any two Sasakian
structures with orthogonal Reeb vector fields generate a 3-Sasakian structure (see e.g. [FK90, p.

556]).

For calculations on 3-Sasakian manifolds, we will often exploit a particularly nice choice of local

frame:

Definition 2.3.6. Let (M, g,&;,m;, p:) be a 3-Sasakian manifold. A local frame ey, ..., e4, 1 of
TM is called adapted if

e =&, eaptri = pileap), foralli=1,2,3, p=1,...,n—1.

For 3-Sasakian manifolds we recall that there is a particularly useful choice of metric connection
adapted to the geometry: the so-called canonical connection (see [AD20, Section 4], where this
connection is introduced for the more general class of 3-(«a, §)-Sasaki manifolds). We review its

main properties here:

Theorem 2.3.7. (Based on [AD20, Section 4]). For a 3-Sasakian manifold (M, g, &, ¢:),
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the canonical connection V 1s the unique metric connection with skew torsion such that
Vxei = =2(ne(X)e; — n;(X)er) for all X € TM.

The derivatives of the other structure tensors are

Vx& = =2(m(X)& — nj(X)&),  Vam = =2(m(X)n; — n;(X)ne),

and the torsion 3-form is given by T = 2?21 M A dn;.

Finally, we recall from [FK90] certain subbundles of the spinor bundle which will be highly

relevant for our purposes:

Theorem 2.3.8. (Based on [FK90, Thm. 1] and Theorem 1 in [BEGK91l, Chapter 4.2]). If
(M, g,&,mi, i) is a 3-Sasakian manifold (resp. a simply-connected Einstein-Sasakian manifold,
by allowing only i = 1), then the bundles

Ef ={p e XM: (£20;(X) +&- X —X-&) - =0 VX € TM}, i=1,2,3

have bases consisting of Riemannian Killing spinors for the constants $%. With respect to the
Clifford algebra representation described in Chapter (i.e. the representation with ug - n* =
FnE ), the ranks of these bundles are given in Table .

| dim(M) | rank(E;") | rank(E;) |
1 (mod 4) || 1 1
3 (mod 4) || 0 2

Table 2.1: Ranks of the Bundles E;

2.4 Homogeneous 3-Sasakian Spaces

First, we recall Boyer, Galicki, and Mann’s classification of homogeneous 3-Sasakian spaces:

Theorem 2.4.1. (Based on [BGMYJ, Thm. C]). The homogeneous 3-Sasakian spaces (M1 =
G/H,g) are precisely

Gin—1 o Sp(n) RPin-1 o~ Sp(n) SU(n + 1)
Sp(n —1)’ Sp(n—1) x Zy"  S(U(n—1) x U(1))’
SO(n + 3) G2 F4 E6 E7 Eg

SO(n—1) x Sp(1)”  Sp(1)” Sp(3)” SU(6) Spin(12) E;’
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where the permissible values of n are as follows:

| G| Sp(n) | SU(n+1) | SO(n+3) |
n=

nn=1] nz2 | n>d |

This classification was obtained by proving that any homogeneous 3-Sasakian space fibers over
a Wolf space with a finite list of possibilities for the fiber, and then using the classification of
Wolf spaces in [Wol65]. Recently, a new proof of the classification was obtained in [GRS23]
using root systems of complex simple Lie algebras to construct homogeneous 3-Sasakian spaces.
Previously, and also from the algebraic point of view, the invariant connections on homogeneous
3-Sasakian spaces were studied in detail in [DOP20]. Importantly, they gave a characterization

of these spaces in terms of purely Lie theoretic data called 3-Sasakian data:

Theorem 2.4.2. (Based on [DOP2(, Def. 4.1, Thm. 4.3]). Let M*"~' = G/H be a homogeneous

space with connected isotropy group H, satisfying the following properties:
(i) g is compact;
(i1) g is simple and there is a Zo-graded decomposition g = go @ g1 such that go = sp(1) & b;

(iii) There exists an hC-module U of complex dimension 2(n — 1) such that g 2 C*® U as a

module for g5 = sp(1)© @ h®, where C? is the standard representation of sp(1)* = sl(2, C).

Then there is a homogeneous 3-Sasakian structure (§;,m;, ;) on M = G/H determined by the

tensors

51 = > 52 = ) §3 = ) y  $Pi = %ad<€i)’5!ﬂ(1) + ad(§i>|g17

1 1
g = —m'ﬂsp(l)xsp(l) - m“|g1xgu

where k denotes the Killing form of g. Furthermore, the Nomizu map of the Levi-Civita

connection V9 is given by

(

sIX Y] if XY €sp(l) or X,Y € gy,

=
>
~
I
o

if X esp(1), Y € gy, (2.7)

(X, Y] if X €g1, Y €sp(l),

\

where subscript m denotes projection onto the reductive complement m := sp(1) & g;.
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Indeed, they proved that all simply-connected homogeneous 3-Sasakian spaces can be constructed
from 3-Sasakian data, and they gave an explicit description of the data in each case which will

be extremely useful for our purposes.

Finally, we recall the result of Agricola, Dileo, and Stecker that, in the homogeneous case, the

Nomizu map of the canonical connection (see Theorem [2.3.7)) takes a simple form:

Proposition 2.4.3. (Based on [ADS21, Prop. 4.2.1]). For a homogeneous 3-Sasakian space,

the Nomizu map /A of the canonical connection V is given by

A ad(X) ifX eV, 8

0 if X €H.

2.5 3-(«a,d)-Sasaki Structures

In this section we recall the basic definitions and properties of 3-(«, §)-Sasaki manifolds. These
structures generalize 3-Sasakian structures (which are recovered by setting a = § = 1), however
we shall take a different viewpoint than that presented in Chapter in order to emphasize the
role played by the real constants «, §; we will follow instead the notation and exposition laid

out in the foundational paper [AD20].

Definition 2.5.1. (Almost contact, almost contact metric, normal, contact metric, Reeb vector
field, horizontal and vertical spaces, fundamental 2-form, a-Sasakian). An almost contact
manifold (M?"~1 &, n, ) consists of an odd-dimensional manifold M?"~! together with a vector

field £ (the Reeb vector field), a 1-form 7, and an endomorphism field ¢ € End(T M) satisfying
P’ =-ld+n®¢ ) =1

The tensors &, 7n give rise to a decomposition T'M =V @ H into vertical and horizontal spaces
V = spang{¢}, H :=kern,

and it is well-known (see e.g. [Blal(, Chapter 4.1]) that there exists a Riemannian metric g

which is compatible with the almost contact structure in the following sense:

g(p(X),p(Y) =9g(X,Y) —n(X)n(Y) forall XY € TM. (2.9)
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By considering separately the horizontal and vertical directions, we note that the compatibility
equation simply encodes the fact that the metric g is p-invariant in the horizontal directions
and renders H 1 V and [|¢||> = 1. The fundamental 2-form is defined by ® := g(-,p(-)). An
almost contact metric manifold (M, g,&,n, ) consists of an almost contact manifold (M, &, n, )

together with a compatible metric g, and, if the additional condition
dn = 2ad, a € R\ {0}

is satisfied, this is called an a-contact metric manifold (or simply a contact metric manifold
in the case @ = 1). An almost contact manifold (M, &, n, ), is called normal if the (modified)

Nijenhuis tensor
Np(X,Y) = [p(X), o(Y)] + @*[X, Y] = ¢[p(X),Y] — o[ X, o(Y)] + dn(X,Y)¢, XY € TM

vanishes. A normal a-contact metric manifold is called a-Sasakian (or simply Sasakian if

a=1).

Remark 2.5.2. It follows immediately from [BG99, Prop. 2.1.2, Prop. 2.1.3] that a Sasakian
manifold (in the sense of Definition [2.3.1)) is a 1-Sasakian manifold in the sense of the preceding

definition, so the notion of a-Sasakian structures is truly a generalization of Sasakian structures.

Next, we define the corresponding “deformed” objects generalizing 3-Sasakian manifolds. By
Remark [2.3.5] 3-Sasakian manifolds are determined by just a pair of Sasakian structures, so any
generalization of a-Sasakian structures to the 3-contact setting should depend only on a pair of

real parameters, which we call 9.

Definition 2.5.3. (Almost 3-contact, almost 3-contact metric, 3-(«, §)-Sasaki). In a similar
spirit to the previous definition, an almost 3-contact manifold (M*"™ &, n;, ¢i)i=12.3 consists
of a manifold M of dimension 4n — 1 together with three almost contact structures (&, 1;, ;)

satisfying

i =QjoPr — M & = —Pr 0 Y; +1; D&,
©0i(&) = = (&) = &k,

i =1; ©Pr = —Nk © Py,

for all even permutations (i, j, k) of (1,2,3). There is again a splitting TM =V & H into vertical
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and horizontal spaces defined by

V= spanR{fi}i:Lg’g, H = m'L':1,2,3 ker(nz)

The horizontal restrictions ;| satisfy the defining relations of the quaternions,

Piln o il = vrln

for all even permutations (i, j, k) of (1,2,3), so in particular this defines a quaternionic contact

structure. The action of ¢1, 9, 3 in the vertical directions is determined by

wi(§5) = &k

for all even permutations (i, j, k) of (1,2,3). Notably, it is known from [Kuo70] that any
almost 3-contact manifold (M, &;, n;, ¢;) admits a metric g which is compatible in the sense of
(2.9) with all three almost contact structures, and the data (M, g,&;, n;, ;) is called an almost
3-contact metric manifold. A 3-(«, d)-Sasaki manifold is an almost 3-contact metric manifold

(M, g,&,mi, ;) satisfying the additional equation
dn; = 2a®; + 2(a — §)n; A

for all even permutations (i, j, k) of (1,2, 3).

Remark 2.5.4. Clearly this notion contains the 3-Sasakian spaces (« = 6 = 1), however it
also contains many other interesting classes such as the Einstein 3-a-Sasakian spaces (o = ¢),
parallel spaces (§ = 2a), degenerate spaces (0 = 0), and a second Einstein metric (§ = (2n+1)q,

where dim M :=4n — 1).

Remark 2.5.5. While 3-(«, 0)-Sasaki manifolds do not in general admit Riemannian Killing
spinors, one expects to recover the Killing spinors in the 3-Sasakian case (& = 6 = 1) as members
of a family satisfying a deformed Killing spinor equation. Using a modified version of the

argument in [FK90] we will prove in Chapter [5| the existence of such spinors in all dimensions.

Next we recall that, while it is impossible in general to find a nice connection parallelizing all
the structure tensors of a 3-(«, §)-Sasaki manifold, there is nonetheless a good choice available,

generalizing the canonical connection of a 3-Sasakian manifold (see Theorem [2.3.7)):

Theorem 2.5.6. (Based on Theorem 4.1.1 and the discussion in Section 4 of [AD20]). Let
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(M, g,&,mi, i) be a 3-(a,0)-Sasaki manifold. Then M admits a unique metric connection V

with skew torsion such that, for some function 5 € C*°(M),

Vxpi = Bne(X)p; —nj(X)pr) VX € I(TM).

Furthermore the function [ is determined by B = 2(§ — 2«) and the torsion of V is the 3-form

3
T = Zm/\dm+8(5—a)m A1 A ns3.
i=1

The deriwatives of the structure tensors are given by

Vxpi = Bm(X)e; —nj(X)er), Vx& = Bne(X)E — (X)), Vxni = Bne(X)n; — n;(X)mk),

and, in particular, are parallel in the horizontal directions.

The connection V from Theorem is called the canonical connection of the 3-(«, §)-Sasaki

structure. It is an important member of the class of metric connections with parallel skew

torsion, which were studied in detail in [CMS21].

Finally, we review the algebraic description from [ADS21] of homogeneous 3-(«, §)-Sasaki spaces
fibering over Wolf spaces in terms of generalized 3-Sasakian data, generalizing the 3-Sasakian
data recalled above in Theorem [2.4.2] Indeed, by omitting the compactness requirement in the
definition of 3-Sasakian data (correspondingly, omitting assumption () in Theorem , they

define the notion of generalized 3-Sasakian data and prove:

Theorem 2.5.7. (Based on [ADS21, Thm. 3.1.1 and Prop. 4.2.2]). Let M*"~' = G/H be a

homogeneous space with connected isotropy group H, satisfying the following properties:
(i) g is simple and there is a Za-graded decomposition g = go ® g1 such that go = sp(1) @ b;

(ii) There exists an hC-module U of complex dimension 2(n — 1) such that g = C*®@ U as a

module for g5 = sp(1) @ h®, where C? is the standard representation of sp(1)* = sl(2, C).

Suppose also that ad > 0 if G is compact and ad < 0 if G is non-compact. Then there is a
homogeneous 3-(a, §)-Sasaki structure (&, m;, ;) on M = G/H determined by the tensors

v 0 0 -1 0 —i 1 1
§1:=10 (O ) ;o §i=0 (1 . ) , &:=0 ( - ) s i = g5 ad(&)lsp) + 5 ad(&)lgy,

1 1
g:= —mﬁfsp(l)xsp(l) - m’ﬂmxsu
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where Kk denotes the Killing form of g. Furthermore, the Nomizu map A9 of the Levi-Civita

connection V9 is given by

JX, YT if X,Y €sp(l) or X,Y € gy,
NMX)Y =01 - 9[X,Y]m if X €sp(l), Y € gy, (2.10)
X, Y] if X € g1, Y €sp(l),

where subscript m denotes projection onto the reductive complement m := sp(1) & g;.

It is clear that taking G compact and substituting « = § = 1 above recovers the result
from [DOP20] for the homogeneous 3-Sasakian case (cf. Theorem [2.4.2). Furthermore, for
homogeneous 3-(«, d)-Sasaki manifolds fibering over Wolf spaces, a simple expression for the

Nomizu map of the canonical connection (recalled in Theorem [2.5.6) is available:

Proposition 2.5.8. (Based on [ADS21, Prop. 4.2.1]). If (M = G/H,g,&,m;, ;) is a homoge-
neous 3-(«, d)-Sasaki manifold fibering over a Wolf space, then the Nomizu map of the canonical

connection is given by

§—20 .
ACX) = scad(X) ifX eV, 2.11)

0 if X € 1.

2.6 Invariant Metric Connections on Homogeneous Spaces

By applying translations, any invariant connection on G/H is uniquely determined by its
value at the origin o := eH, and a similar principle applies to invariant spinorial connections.
Under the identification m = T,(G/H), it follows from a result of Nomizu in [Nomb4], later
generalized by Wang in [Wan58|, that an invariant metric connection corresponds to the data of

an Ad(H )-equivariant Nomizu map
A:m — so(m). (2.12)

Explicitly, the relationship between the Nomizu map A and the covariant derivative V associated
to the connection is

(Vow)o = A(X)w,, X €m,
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for any invariant tensor (or invariant differential form) w, where X is the fundamental vector
field associated to X € m and the action of A(X) € so(m) on w, is the natural one (see [ANT23]
Chapter 6] for a modern treatment of the topic). Moreover, by [KNG9, Prop. 2.3], the torsion

and curvature tensors of V are given at the origin by

T,(X,Y) = AX)Y — A(Y)X — [X,Y]m, (2.13)
Ro(X,Y) = [A(X), A(Y)] = A[X, Y]wm) — ad([X, Y]s), (2.14)

for all X,Y € m. Composing ([2.12)) with the Lie algebra isomorphism spin(m) = so(m) gives
the Nomizu map

A m — spin(m)

associated to the spin lift V of V, and the covariant derivative at the origin of an invariant

spinor ¥ can be similarly described via
(V)oth = A(X) - ¢,

where the action of 7\(X ) on vy is via the spin representation.

For an invariant Riemannian metric g, the Nomizu map AY: m — so(m) of the Levi-Civita

connection is given by

1
N(X)Y = S[X. Y]+ UXY), VXY €m, (2.15)

where the symmetric (2, 0)-tensor U is determined by
29U(X,Y), Z) = g([Z, X]w,Y) + 9(X, [Z,Y]w). (2.16)

For a proof of this fact we refer to [Nom54, Thm. 13.1], noting that there is a sign error in

Equation (13.1).

Another geometrically significant invariant connection is the Ambrose-Singer connection, some-
times called the canonical connection, whose horizontal distribution is generated by left trans-
lations of m C g. Such a connection is unique after fixing a reductive complement m. In
this thesis we shall always refer to this as the Ambrose-Singer connection, and reserve the
term canonical connection for the distinguished metric connection on 3-(«, ¢)-Sasaki manifolds

recalled in Theorem The Ambrose-Singer connection has Nomizu map identically equal
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to zero,

AN =0,

and it parallelizes all invariant tensors [KN69, Prop. 2.7]. Noting that the Ambrose-Singer
connection coincides with the Levi-Civita connection if and only if its torsion tensor vanishes, it
is evident from that they coincide precisely when the underlying space is symmetric. One
sees furthermore that the Ambrose-Singer torsion is totally skew-symmetric (i.e. a 3-form) if

and only if ¢ is a naturally reductive metric,

9(X,Y]m Z) + gV, [X, Z]w) =0, VYX,Y,Z €m.

Fixing notation, the Levi-Civita and Ambrose-Singer connections, their corresponding Nomizu
maps, and their torsion tensors will be denoted by V9, VAS A9 AAS and T9, TS respectively.
By abuse of notation we shall denote the corresponding spinorial connections also by V9, VA3,
and the associated spinorial Nomizu maps by A9 , AAS, Any other connections used will be

introduced in the relevant sections.

2.7 Metric Connections with Torsion

Let (M™, g) be an n-dimensional Riemannian manifold. In certain situations it will be advanta-
geous to consider metric connections other than the Levi-Civita connection which are better
adapted to the geometry at hand. Such connections are uniquely determined by their torsion
tensor, and for a detailed introduction to the subject we refer to [Agr06]. The space of possible

torsion tensors is given by
T:={TecTM®: T(X,Y,Z)+T(Y,X,Z) =0},
and it splits as an O(n)-representation into three inequivalent irreducible submodules,
T = Teec D Tskew © T,

called torsion classes. Metric connections with torsion in these three spaces are called vectorial,

totally skew-symmetric, and cyclic traceless respectively.
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For a metric connection V, the difference tensor is defined by
AX,Y) :=VyxY — V%Y.
We note that the space
A9 ={AcTM®: AX,Y,Z)+ A(X,Z,Y) =0}
of possible difference tensors is isomorphic to T as O(n)-representations via

T(X,Y,Z) = AX,Y, 2) — A(Y, X, Z), (2.17)

AX,)Y,Z) = %(T(X, Y,Z)=T(Y,Z,X)+T(Z,X,Y)). (2.18)

Let V be a metric connection with torsion 7" € T and difference tensor A € AY9. With respect

to an arbitrary orthonormal frame eq,...,e,, we define the trace
c12(A) = ZA(% €i, —)-
i=1
The images of the torsion classes under the isomorphism (2.18)) are given in [TV83] Chap. 3] by

Alee ={A€ A A(X,Y, Z2) = g(X,Y)g(V. Z) — g(X, Z)g(V.Y), V € TM},
A = {Ac A AX,Y,Z) + A(Y,X.Z) = 0},
‘A%T = {A e A GX’Y,ZA(X,Y*,Z) = 0, 012(14) = 0},

as well as explicit formulas for the projections of A onto each class,

Agew(X,Y, Z) = %GX,Y,ZA(Xa Y, Z), (2.20)
Act(X,Y, Z) = A(X, Y, Z) — Avee (X, Y, Z) — Ageew (X, Y, Z), (2.21)

where ¢(v) := —L=c15(A)(v) for all v € TM. Formulas for the projections of T" onto the three
torsion classes may then be easily deduced using (2.17)). We shall make frequent use of the

formulas in this section to calculate the torsion type of the Ambrose-Singer connection for each

case in Table [L.11
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2.8 Matrix Lie Algebras

Let us fix notation related to matrix Lie algebras. We will use EZ(?) (resp. Ff;”) throughout to

denote the elementary skew-symmetric n X n matrix (resp. the elementary symmetric n x n

matrix),

g _ i 1 . pm_ 1

1, ) 1]

We also adopt the convention that Fl(:l) is the diagonal matrix with 1 in the (4,%) position and
zeros elsewhere. The following commutator relations will be used extensively throughout the

thesis for calculations involving matrix Lie algebras.

EM ifi=k,
[Ei(;{)’ E}gr;)] _ 7,
0 it 4, 7, k, | distinct,
VF],(;?) ifi=k, jA1 k#£L
M) _ ) P
2(F;5 — ) ifi=k j=1k#L

(B FY) =

(51,,€FJ{’;> — 6 FMY ik =1,

U if 7, 7, k, | distinct,
~E{ fp=r,q#s,p#qr#s,

[ p] = (=04 BN — 0, BSY) it p#q,r=s,

e 0 ifp=gq,r=s,
L0 if p, q,r, s distinct,
(N ifp=r.q#sptarss
20(Fy + ) ifp=r,qg=sp#aq

ME M = A (8,0 i + Sy ) i p# g, 7 = s,

25p,r)\3FI§f}.) ifp=gq,r=s,

0 if p, q,r, s distinct,

\
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where (A1, A2, \3) is an even permutation of the imaginary quaternions (i, j, k). Note that this
doesn’t cover all possible cases, however the rest can be deduced from above using skew-symmetry
(resp. symmetry) of the matrices El(?) (resp. Fl(?)) We shall use By to denote the bilinar form

on the space of matrices (of the appropriate size, depending on context) given by
Bo(Xl,XQ) = —%tr(Xle) (222)

After fixing an invariant inner product on m, an orthonormal basis will be denoted by

€1, ..,€dimm, and the shorthand e;, _; :=e; A---Ae;, for differential forms will be used.



Invariant Spinors on Homogeneous Spheres

This chapter contains joint work with Prof. Dr. habil. Ilka Agricola and Dr. Marie-
Amélie Lawn which has appeared, in large part, in [AHL23] (see page [8).

3.1 Classical Spheres, Part I: Spheres over R and C

3.1.1 Symmetric Spheres, S"! = SO(n)/SO(n — 1)

The isotropy representation here is the standard representation of SO(n — 1) on R""!, which
is irreducible, hence the only invariant metrics correspond to negative multiples of the Killing
form (equivalently, positive multiples of Bj). We remark that any such metric is naturally
reductive. The embedding SO(n — 1) < SO(n) may be realized as the the lower right hand
(n — 1) x (n — 1) block, and we choose the reductive complement m = so(n — 1)+ with respect

to the Killing form. Explicitly,

s0(n) = spang {E\ }i<icjen,

5o(n — 1) = spanR{Ei(g)thjSm
and
m= spanR{E%)}%jgn-

One sees immediately from the main proposition in [Wan89)] that these standard round spheres

are not very interesting from the viewpoint of homogeneous spin geometry:

Theorem 3.1.1. The spheres S"~! = SO(n)/SO(n — 1) do not admit a non-trivial invariant

spinor for any choice of invariant metric.

37
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Remark 3.1.2. Since any invariant metric on S"~! = SO(n)/ SO(n — 1) is normal homogeneous,
and in particular naturally reductive, the Ambrose-Singer connection always has totally skew-
symmetric torsion, T4 € Toew (in fact, TAS = 0 since the space is symmetric). This also

applies to the other two realizations of the sphere with irreducible isotropy representation,

S¢ = Gy /SU(3) and S7 = Spin(7)/ Go.

3.1.2 Hermitian Spheres, S*"! =U(n)/U(n — 1)

The isotropy representation splits into one copy of the trivial representation R and one copy
of R*=2 = C"! leading to a 2-parameter family of invariant metrics. Note, however, that
the Killing form is no longer non-degenerate so more care must be taken when choosing a
reductive complement. The embedding U(n — 1) < U(n) may be realized as the lower right

hand (n — 1) x (n — 1) block, leading to the realization of Lie algebras given by

u(n) = SpaﬂR{Eﬂ) ) inSZ) Hi<i<k<n,

p,q=1,..n
u(n — 1) = spang { BV} iF" Yacjcpen,

D,q=2,...n

and one verifies that
m = spanR{iFl(ﬁ), Eg;')—&-l? Z'Fl(z)—s-l}lﬁjﬁnfl
is a reductive complement. The two irreducible isotropy submodules are given by
my = spang {iFy} },  my = spang { B\, L iFUY  bijenmt,
and the 2-parameter family of invariant metrics is given by
Gap = aBo|myxm; + 0Bo|myxmss @, 0> 0.

These spheres are the complex analog of the previous case and, as such, one may deduce a
similar result about the space of invariant spinors from [Wan89] by noting that my ~ C"! is
isomorphic to the standard representation of U(n — 1) and that the spinor modules in dimensions
2n — 2 and 2n — 1 are naturally identified. Here we give an alternative elementary proof of this

result:

Theorem 3.1.3. The spheres S*"~! = U(n)/ U(n — 1) do not admit a non-trivial invariant
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spinor for any choice of invariant metric.

Proof. The basis ey, ..., ey, 1 for m given by

1 1 1
e e i - (m) e

— eo; = —FE7 ., €9 = —1F) 7,
\/a 25 \/% 1,5+1 2j+1 \/% 1,541

for j =1,...,n — 1 is orthonormal with respect to g,s, and the isotropy algebra is spanned by

the operators

ad(EJ(.;?) = e o N\ eyp_o+ €251 N ep_1,
ad(sz(z)) = Ggp_z A\ 62q_1 + €2q_2 A 6217—1 (p 7é q),

ad(zFZSZ,)) = €2p—2 N €op—1-

where 2 < j <k <nandp,q=2,...,n. In particular the lifts of the operators ad(in(gﬂ)) act
on the spinor bundle via Clifford multiplication by %ezp_g - egp—1, and the result then follows by

noting that if ¢» € ¥, then

0= H€2p72 “€2p—1 wHQ = <€2p72 “€2p—1 - ¢7€2p—2 *€2p—1 7/’) = <w,w> = ’WHQ

Next, we calculate the Ambrose-Singer torsion and determine its type:

Proposition 3.1.4. For any a,b > 0 the sphere (S**~' =U(n)/ U(n — 1), gap) has Ambrose-
Singer torsion of type Tsew © Tor, given by

1 -1
TAS(€1, €2j) = %62j+17 TAS(€1, €2j+1) = %623'7

dina
TAS<€2j7 621) = TAS(€2j+1, €2l+1) =0, TAS(€2j> €2z+1) = ]Jb\/_el:

for all j,1=1,...,n — 1. The projection of T*5 onto Tsxew 15

a+2b\ 2
Tase = (W) ; e1 A egj N €541,
with TAS = TS if and only if a = b (i.e. gop is a multiple of the Killing form).

Proof. Straightforward calculation of the commutator relations, and subsequent application of
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(2.13), (2.19)-(2.21)) and the isomorphism ([2.17]). O

3.1.3 Special Hermitian Spheres, 5*"~! = SU(n)/SU(n — 1)

The isotropy group SU(n —1) < SU(n) may be realized as the lower right hand (n—1) x (n—1)
block. We take the reductive complement m := su(n — 1)+, where the orthogonal complement

is taken with respect to By. At the level of Lie algebras,

su(n) = spang {iF[), By} i ZF< (n = DFY)i(F = B ) hispcasn

p,q pQ’

p,q 7 TPp,q 7 T

su(n — 1) = spang {iF\"V, E™ i(F™ — FT(+)1 T+1)}2<p2<q<n7

and
m = spang{i( Y F — (n— DY) iF B s

=2

The isotropy representation splits into one copy of the trivial representation and one copy of the

standard representation, m ~ m; @ m,, leading to the 2-parameter family of invariant metrics

Jap = CI,BQ|m1 =+ bB()|m2, a, b> 0.

A g, -orthonormal basis of m is given by {e;}7"]", where

(n) _ (n) ) U
€ = —F— E 1F (n—1)iFY), ey :=——=F , € = —F ,
1 /—n — 1 1l ) 1,1 ) 2p /_2b 1,p+1 2p+1 /_2b 1,p+1
forp=1,...,n—1, and the two isotropy summands are given explicitly in terms of this basis as

my = spang{e;}, my = spang{es, ..., e, 1}

The complexified algebra su(n)® has a Cartan subalgebra spanned by

k+1
1 (n)
T = > Em — kF, k=1,....n—2,
k CEEY ( - p.p k+2, k+2)

Tno1 1= i/ aey,
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and the elements 7, ..., 7, o span a Cartan subalgebra for the complexified isotropy algebra

su(n — 1)€. A straightforward calculation then gives,

Proposition 3.1.5. The above Cartan subalgebra of su(n — 1)¢ acts on m® via
4 i ) ( ) ’
k(k+1)€2p+1 pr S k; \/k(k——&—l)62p pr S k;
ad(7x)eqp = %egpﬂ ifp="k+1, ad(7y,)eps1 = %egp ifp=k+1,
0 ifp>k+2, 0 ifp>k+2,

and ad(ti)e; =0 fork=1,...,n—2.

Corollary 3.1.6. The isotropy representation maps the above Cartan subalgebra of su(n — 1)

into so(m®, g5,) = s0(2n — 1,C) as the operators

. k
—1
T ad(Tk)|m<c == m (pz; 62p N 62p+1 — k€2k+2 N €2k+3> s (31)

fork=1....n—2.

Theorem 3.1.7. Using the above orthonormal basis and the corresponding description of the

spinor module from Chapter the space of invariant spinors on (S*"~! = Slsj?ﬁ)l),gaﬁb) for

any a,b > 0 is given by

Sinv = spanc{yy =1, v =y Aya A Ayn_1}.

e~

Proof. Considering the spin lifts of the operators in 1) one notes that ad(7g)|me - ¥ = 0 for
all k=1,...,n—2if and only if ey, - €2py1 - = €9pt2 - €9p3- Y forall p=1,...,n — 2. Note
that this condition is necessarily satisfied if ¢ € ¥;,,,. Using the Clifford multiplication formulas

(2.4)), one finds

Cap - €op1 P = U(Tps + YpA) (Yp A —Tp)Yp = -+ = i[) — 2y, A (zp0)],

€apt2 * €2p13 UV = U(Tps13 + Ypr1 A) (Yps1 A —Tpr12)th = -+ = i[th — 2yp1 A (p1 0],

and hence Yy, C spanc{1,y1 AyaA---Ay,_1}. Thus it suffices to show that there are two linearly
independent invariant spinors. Since the isotropy representation decomposes as the sum of one
copy of the trivial representation and one non-trivial module, the number of invariant spinors is

independent of the choice of a,b > 0. In particular we consider the round metric, corresponding
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to the parameters a = ”T’l, b= %, together with its usual SU(n)-invariant Sasakian structure

(see [DGP18] for a more detailed description). Denoting by (¢, ¢ 1= ey, 1 := £”) the Sasakian
structure tensors, we recall from Theorem m (using slightly different notation) that the spaces

Ey:={p e T(SM): (£20(X)+&- X =X -€)-p=0 VX € TM}

satisfy dim(E, 4+ E_) = 2, and hence it suffices to show that they have a basis consisting of
invariant spinors. One also remarks from [DGP18] that ¢ is an invariant tensor (in fact, using

their setup one finds the explicit algebraic description ¢ = 2=t ad(¢)). Let ¢ € I'(E,), so that
2p(X)+&-X—X-§-¢=0 forall X € TM.

Since ¢ and & are both invariant tensors, it suffices to consider this defining equation at the
origin (i.e. for X € m). By performing a similar type of calculation as in the proof of [Kat00),

Prop. 7.1], it follows that for any gy € SU(n) we have

(2p(X) +&- X =X - &) - (900))(9)

(20(X) - (9o®) +& - X - (g09) — X - &+ (909))(9)
(2p(X)+&6- X=X &) ) (9 '9)
0

)

where we have slightly abused notation to denote a spinor and the corresponding SU(n — 1)-
equivariant map SU(n) — 3 by the same symbol. One argues similarly for ¢ € T'(E_). This
shows that the spaces E are representations of SU(n). But dim(Ey) < 2 (see Table [2.1]), and
thus they must be trivial representations for n > 3, proving the result in these cases. For n = 2
the isotropy group is trivial SU(1) = {e}, so every spinor is invariant. The spinor module in
this dimension is 2-dimensional, so in particular there are two linearly independent invariant

spinors. ]

Remark 3.1.8. The fact that the space of invariant spinors is 2-dimensional also follows as a
consequence of the main proposition in [Wan89] together with the natural identification of the
spinor modules in dimensions 2n — 2 and 2n — 1, by noting that the isotropy representation

acts trivially on Re;.

Remark 3.1.9. A priori, choosing a different orthonormal basis for m can lead to different

expressions for the invariant spinors, since the identification from Chapter of spinors with
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(algebraic) exterior forms is very much basis dependent. This runs counter to the natural
expectation that the invariants here should be spanned by 1 and the anti-holomorphic volume
form, however, by choosing a well-suited orthonormal basis for m one can avoid this problem.
Indeed, our chosen g,p-orthonormal basis {e;} is adapted to the invariant almost complex
structure ¢ := \/@ad(el) on my = (Re;)t in the sense that ¢(eq,) = egpr1 for p =
1,...,n — 1. This gives my the structure of a complex representation (which is isomorphic
to the standard representation of SU(n — 1) on C"!), and complexifying the full isotropy

representation therefore gives:

m& = (m &my)® ~ (R®my)¢ ~C & my ®mj.
In particular, this shows that the image of the isotropy representation lies inside gl(L) C so(m®)
(see [AHL23, Section 4.1.2] for the details of this inclusion), which by [AHL23| Prop. 4.5] then
implies that ¥ ~ A%*m as complex representations. It follows that the spinors ¢, = 1 and
Ww_ =1y A+ A y,_1 are unaffected by orthonormal changes of adapted basis, since they are
unaffected when viewed as anti-holomorphic forms. More generally, this argument shows that it
is possible to choose expressions for the spinors in a consistent way whenever GG/H admits an
invariant orthogonal almost complex structure or an invariant almost contact metric structure,

corresponding to the cases G = SU(n), Sp(n), Sp(n) U(1), and G in this chapter.
Next, we calculate the Ambrose-Singer torsion and determine its type:

Proposition 3.1.10. For any a,b > 0 the sphere (S**~' = SU(n)/SU(n—1), gup) has Ambrose-

Singer torsion of type Tgew © Tor, given by

n n
TAS<€1762p):_ m62p+1a TAS(€1>€2p+1): m@p,

AS AS AS —0p,g\/an
T (eap, €2g) = T (€2p11, €2941) =0, T (egp, €ag41) = b\/p; -1 €1,

for allp,g=1,...,n—1. The projection of TS onto Toew S

+2b)y/n e
TAS = _(a— et Ney, ANe ,
skew Sb\/m ; 1 2p 2p+1

with TAS = T4S if and only if a = b.

skew

In order to differentiate the invariant spinors 14 from Theorem [3.1.7] we note that the Nomizu

map corresponding to V9% may be described in terms of the Lie bracket on su(n) as follows:
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Lemma 3.1.11. The Nomizu map for the Levi-Civita connection is given by

A (@i)as =0, A (a)y = (1= )y,
a 1
Ag“’b(y)x = Q_b[y’x]m’ /\ga’b(yl)yQ = 5[%, y2]m,

for x,x1, 29 € My, Y, Y1, Y2 € My, where [, | denotes the orthogonal projection of the Lie bracket

onto m C su(n).

These formulas may be proved by directly checking that A%t is skew-symmetric with respect to
gap and satisfies Adet(v)w — Aot (w)v — [v, w]y, = 0 for all v,w € m. Combining the preceding

proposition and lemma gives:

Corollary 3.1.12. The Nomizu map of the Levi-Civita connection on (S?"~! = SU(n)/SU(n —

1), gup) is given in terms of the orthonormal basis ey, ..., ea,—1 by
a n 1 an
Nat(e)=(1— =),/ ———— eu N ey, N9 (eg,) = e/\e ,
(er) = (1= 5) 1) ;1 a1 A\ €2y (e2p) = —5py [ —e1 A ezpnr
b 1 an
AIb (egp41) = % 1617\ €2,

forp=1,... . n—1.
Lifting these to the spin bundle and applying them to ¥ gives:

Theorem 3.1.13. The invariant spinors v+ are generalized Killing spinors, i.e. Vi . =

AL (X) -9y, for the endomorphisms

A+ = )\1 Id|m1 + )\2 Id‘mm A_ = (—1)”A+,

2b—a)+/n(n—1) an
where \; 1= ( — v L Ao = 4WC

Proof. The proof proceeds by direct calculation. As an example, we show that the desired
equation holds for ¥, in the direction of X = e;. Using the preceding corollary, we differentiate

at the origin o = eH:

/N\ga’b(el)'%r \/ n—l Zem €ort1 - Yy
2b—a /
1
n—l Z xl4~|—yl/\)(yl/\ ZL"ZJ)




45 3.1. Classical Spheres, Part I: Spheres over R and C

_2b—a n nil__ (20 —a)y/n(n—1)\ .
) \/a(n—l);Z_< dby/a )Z_Mel'w*'

]

Corollary 3.1.14. The spinors ¥4 are Killing spinors if and only if a = w, leading to

A=A = #% The round metric corresponds to the parameters a = "T_l, b= % (c¢f. [DGP1§]),

i which case we recover the usual Sasakian Killing spinors for the constants %, _71 (or i 1

27 27

depending on n).

Generalizing the usual Sasakian structure, we have:

Proposition 3.1.15. The sphere (S*"~1 = sg?éﬁ)l)’gaﬁb) admits:

(1) a compatible invariant normal almost contact metric structure for all a,b > 0.

(ii) a compatible invariant a-contact structure if and only if a = Qb%.

(11i) a compatible invariant o-K-contact structure if and only if o = 2b\/¢%‘

In particular there exists a compatible invariant a-Sasakian structure if and only if o = Zb%.

Proof. In order for the structure to be invariant, the only choices for the Reeb vector field are

¢ = t+e;. We note that the 2-form ® := g, (-, ¢(+)) is invariant if and only if
® e (A%my)%Y™ ~ spang{ad &|m, },

and the metric compatibility condition g,5(0(X), ©(Y)) = Gan(X,Y) — gap(&, X)gap(§,Y) is

satisfied if and only if

= madf.

n

A tedious but straightforward Lie algebra computation then shows that the Nijenhuis tensor

vanishes for any values of a,b, and the structure is a-contact (dn = 2a®) and a-K-contact

(V%€ = —ap(X)) if and only if o = 2b\/\/?’TnT1' O

7(";1)6, b = L one has the Berger

Remark 3.1.16. More generally, for the parameters a = 5

metrics ge (see e.g. [DGP1§]), with € = —1 corresponding to the round metric. We would like
to determine the spinorial equations satisfied by the invariant spinors ¢ with respect to the
invariant connections constructed in [DGPI8]. In order to deal only with the Riemannian case,

we will require € < 0. Let us focus on dimensions not equal to 5, 7 (n # 3,4), in which case
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there is a 1-parameter family of invariant connections with skew torsion,

Vi=V% —es ®An, seR, (3.2)

with torsion 7% = —2es ® An, where @ is the invariant 2-form defined in Section 2.2 of [DGP18§]

and 7 is the metric dual of £ := e;.

Generalizing Theorem [3.1.13] we have:

g2n—1 _ SU(n)

Proposition 3.1.17. For n # 3,4 the invariant spinors ¥+ on ( = 501’

ge) satisfy the

generalized Killing equation with torsion,
YU+ = AL(X) by, ViUl = AZ(X) -9,

for the endomorphisms

-1
As = A, - Mld‘ml + %Id]m,

(—1)"es(n — 1) (—1)"es
2

AS = AL — Id|m, + Id|m,

Proof. Suppose that a = w, b= % With respect to our chosen orthonormal basis {e;}2";*,

the invariant 2-form ® takes the form

n—1 n—1
b == enNeyp=—Y ey Apley),
p=1 p=1

=¥—ad(e1). One easily calculates,

Py =(n—-1¢ v, Q-9 =(1"(n—1E -, & ez by = ey,

§-egp- P = (_1)n€2p+1 o, §egprr Yy = —egp by, §regpr P = <_1)n+162p .
We now consider all possible cases:

1. If Z =& then Z.T% = —2es &, and we have

1 1
Vits = VU, = ses® iy = Au(§) - ¥y — ses(n — 1) vy,

Vit = Vi — ses®p = A () — ges(n— D(~1)"E v
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2. If Z = ey, or Z = egp4q then Z 1% = 2es o(Z) A= —2es n A\ p(Z), and we have

62p¢+ Vggp% - %Esf cegprr Yy = Ay(eyy) Yy + 56562 (-
Vi, 0o = Vi %ess Caper o = A_(en) b+ Les(—1)"en, v
e2p+1w+ = e2p+ﬂ/’+ + _555 eap - Yy = Ay (egpr1) - P4 + %6862p+1 Yy,
v22p+1¢_ - 62p+1w + %655 egp - P = A—(€2p+1) Yo+ %53(_1)n€2p+1 “p_.

Remark 3.1.18. For n = 3,4 the families of invariant metric connections with skew torsion are
larger, and depend on certain special tensors available in these dimensions [DGP1§]. We omit

these cases here in the interest of brevity.

3.2 Classical Spheres, Part II: Spheres over H

In this section we consider the quaternionic spheres S*"~* Ssggn—l where K = {1}, U(1), o

Sp(1). Under an appropriate identification of the reductive complements in the three cases, the
isotropy representations may be viewed as extensions of the standard representation of Sp(n — 1)
on R*~* to the group Sp(n — 1) - K. In particular, this allows us to easily deduce the invariant

spinors for the latter two cases from those for K = {1}. In each case we find an explicit basis

for the space of invariant spinors and discuss the relevant geometric structures at play.

3.2.1 Standard Quaternionic Spheres, S*"~! = Sp(n)/Sp(n — 1)

This is the case corresponding to K = {1}. The isotropy representation splits into three copies

of the trivial representation and one copy of the standard representation of Sp(n — 1) on R4,
4
m o~ @mi, where m; ~ R (i = 1,2,3), my ~ R

Up to isometry, there is a 4-parameter family of invariant metrics (see [Zil82]), and these are

given by rescaling By separately on the isotropy components:

ga ‘= a1B0|m1 Xmy + a2B0|m2><m2 + a3B0’m3Xm3 + CLZJLBO|I'H4><'(1147 ai, az, as, Qg > 0. (33>
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We now give an explicit description of m, together with a gz-orthonormal basis, which will be
needed for subsequent calculations. The embedding Sp(n — 1) < Sp(n) may be realized as
the lower right hand (n — 1) x (n — 1) block, and we take m := sp(n — 1)+ with respect to the
Killing form, Kepny := —4(n + 1)By. We then have, at the level of Lie algebras,

ZF(n) Frs7kFrs7 Ts}Pl

1<7’<s<n

sp(n) = spang {iF\"), jE™ kF®

wy EN RE)F),
sp(n — 1) = spang (i, jF) LF™) ZFT(”) jF(") kE™ E”)}p 2.,

7 ) Y 7.8 7,8 Y
pp pp pp 2<r<s<n

and

= spang {[iF\}, jF) R FS) iFD G kF B s e (3.4)

D

A ggz-orthonormal basis is then given by

—1

. () . (n) _ L m _ 1 (n)
e :=——1F), ey:=—FkF;{, e3:=—— , €y = Y 3.5
1 \/a—l 1,1 2 \/a_z 1,1 3 \/—3 RSN 4p \/2— I pt1 (3.5)
Cap+1 ‘= L kFl(n)-i-la Capt2 = L ZFl(n)-i-la Capt3 ‘= L EYL)-H? (36)
V2ay * V2a, 7 V2a, P
forp=1,...,n— 1, and the isotropy summands are
m; = Rel, my — Reg, ms — Reg, my = SpanR{e4, RN 7€4n71}-

We define the vertical and horizontal spaces by V := @5’:1 m; and H := my respectively; these
will be relevant to our discussion of the 3-(«, §)-Sasaki subfamily of metrics appearing later in

the section. From [AHL23, Eqn. (37)], we have:

Theorem 3.2.1. Using the above gz-orthonormal basis and the corresponding description of the
spinor module from C’hapter the space of invariant spinors on (S~ = Sp(n)/Sp(n—1), gz)
for any ay, as, a3, aq > 0 is given by

va — Span(c{wj hn A wj j= 07

n—1
where w =Y "1 Yo A Y2it1.-

Remark 3.2.2. We note that the choice of invariant metric in the preceding theorem is
immaterial, since the isotropy representation acts trivially in the vertical directions. Thus, by

choosing the 3-Sasakian metric, the result also follows from Theorem [4.3.10l The fact that the
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space of invariant spinors is 2n-dimensional may also be deduced from the main proposition in
[Wan89] by noting that the spinor module ¥4, ; in dimension 4n — 1 is the tensor product of C?
with the spinor module Y4, 4 in dimension 4n — 4, and the isotropy representation acts trivially
on the span of ey, ey, e5. Explicitly, the proposition in [Wan89] gives n linearly independent
Sp(n — 1)-stabilized spinors in ¥4, 4, and one then takes the tensor products of these with a
basis of C? to obtain 2n invariant spinors in X4, ;. Our approach has the added benefit of
providing an explicit description of the spinors, and allowing us to treat the cases G = Sp(n),

Sp(n) Sp(1), and Sp(n) U(1) in a unified way.

Before discussing the 3-(a, 0)-Sasaki case in more detail, we first calculate the Ambrose-Singer

torsion in the general case and determine its type:

Proposition 3.2.3. For any ay,as,as,as > 0 the sphere (S™~1 = Sp(n)/Sp(n — 1), gz) has
Ambrose-Singer torsion of type Toew @ ToT, given by

—9 2 -2
TAS(e1, e0) = \Vas TAS(ey, e3) = Va2 eo, TAS(ey,eq) = Vai

NG €3, Jaid 2, NG e1,
T5(ex, =) lmy = \/1671%\“14, TS (69, —)|my = \/1672@2]“14, TS (63, —)|my = \/1?3%,%
TAS(%” e1q) = TAS(e4p+1, Cag+1) = TAS(€4p+2, eag+2) = TAS(e4p+3, e1q+3) =0
T (eap, eaqr1) = Mel’ T (eap, eag42) = Mez, T (eqp, e4g43) = Meg,
aq a4 as
T3 (eapi1, €ag12) = wem TS (e4ps1, €q43) = Wez, TAS(e4pi, €aq13) = _519(7;14@61’

forp,g=1,....,n—1, where ®1, Py, 3 are defined formally as in - . The projection

of TS onto Texew 18

3
2 (a1 + as+ as 1 a; + 2ay
TS = 2 ——= A ey N\ —g — ) & N\ Dy, 3.7
sew 3 ( 10203 ) afteehety P ( (g/0; ) ‘ I (3.7)

with TAS = T4S if and only if a1 = ay = asz = ay.

3.2.1.1 Spinors on 3-(«, d)-Sasaki spheres

Among the metrics (3.3)), we consider in this subsection the distinguished subfamily of 3-(«v, §)-Sasaki
metrics gq 5. Following the notation and setup of Theorem [2.5.7] and noting that the Killing

form on sp(n) is Kepn) := —4(n + 1) By, we define the 3-(«, §)-Sasaki structure tensors

&i=10F11, &= —kdFi1, & :=joFi,, (3.8)
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1 1 1 1
Jas = EBO‘VXV + T“SBO’HXG'-L, P =55 ad(&p)]y + 5 ad(&p)|n, (3.9)
for p =1,2,3. Noting that g, s is obtained from gz by setting a; = as = a3 = 5%, as = %“5, we
inherit from (3.5)-(3.6) the g, s-orthonormal basis
e =&, ey =7JV 065F1(g)+1, eapt1 = kV aéFl(Z)Jrl, (3.10)
Capra 1= 1V OzéFl(;?Jrl, €4pts = \/04(5E§2+1, (3.11)

forr =1,2,3 and p = 1,...,n — 1. The fundamental 2-forms ®,(X,Y) := g(X, ¢.(Y)) are
given in terms of this basis by

n—1

Q) =—-HNE— Z(€4p A €spi1 + €apia N €apis), (3.12)
p=1

n—1

Dy =& NE— 2(6412 N €aptra — €qpr1 N e4p+3)a (3'13>
p=1

n—1

@3 = —§1 VAN 52 — Z(€4p N €4p+3 + Cap+1 A €4p+2)- (314)

p=1

Remark 3.2.4. It is worth noting that the spinors w’, y; A w’ appearing in Theorem m
have an interpretation in terms of the 3-(«, )-Sasaki structure tensors. Indeed, using the spin
representation described in Chapter [2.1] one has

Y1 = %(52 +1&3), w= —é(@ﬂﬂ +i®3ly).

Finally, before discussing the situation in dimension 7, we recall the existence of the second

Einstein metric on a 3-Sasakian manifold:

Remark 3.2.5. It was shown in [BGM94] that a 3-Sasakian manifold admits (uniquely up
to homothety) a second Einstein metric of positive scalar curvature, which differs from the
3-Sasakian metric by a rescaling along the fibres of the canonical fibration. In dimension 7 it is
known from [FKMS97] that this scaling factor is %, and, more generally, it was shown in [AD20),
Prop. 2.3.3] that a 3-(a, §)-Sasaki manifold of dimension 4n — 1 is Riemannian Einstein if and
only if 6 = o or § = (2n + 1)q; in particular, comparing with easily recovers the factor of
L in the 7-dimensional 3-Sasakian case. It was furthermore shown in [FKMS97] that the second

5

Einstein metric admits a proper nearly parallel Gy-structure (equivalently, a unique Killing
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spinor up to scaling), and we shall see in the following example that this spinor turns out to be

the canonical spinor of the 3-(a, §)-Sasaki structure.

Example 3.2.6. In this example we consider in more detail the 3-(«a,d)-Sasaki 7-sphere,
(S = Sp(2)/Sp(1), gas), and compare the spinors from Theorem with those described

previously in [AF10, [AD20]. At the Lie algebra level, we decompose sp(2) = sp(1) B, _ m,

sp(2)

where

sp(1) = spang {z’FQ%),jFQ(?Z), sz(QQ)} ;
V = spang {51 = iéFl(?l), & = —kréFl(i), &3 = jéFl(i)} ,
‘H = spang {64 = j\/@Fl(?, e5 1= /{;\/EF%), eg 1= i@Fl(,QZ)7 er = \/@Eﬁ)} ,
m: =V oH,
and orthogonality is with respect to the Killing form kg2 = —12B; on sp(2). By Theorem
, the 3-(a, §)-Sasaki structure is given by the tensors ga.s, &, ©p, (p = 1,2,3) described

above. The above basis for m is g, s-orthonormal, and adapted to the 3-(«, §)-Sasaki structure

in the sense of Definition [2.3.6] i.e. the fundamental 2-forms are given by

Q) =—(&3+esstesr), Po=—(&1+ess—es57), P3=—({12+ear+e56).

Using the spin representation described in Chapter 2.1} it follows from Theorem that the

space of invariant spinors is
Yiny = Span(c{la W, Y1, Y1 A\ w}?
where w := ys A y3.

Let us illustrate in detail the process of finding these invariant spinors by hand. To begin, one

finds that the isotropy operators are given by
AP | = €45 — AGF) | = — A(kFS))|m = —ea6 — 3.15
a (Z 2,2)|m €45 — €67, A (J 2,2)‘m €47 T €56, Q ( 272)|m €46 — €5,7- ( . )
Now, applying the first operator in (3.15)) to aritrary n € ¥ = A*L’ gives

—_——

, 1
ad<ZF2(,22)) /e 5(64 €5 —€6-€7) 1
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[i(z20 + y2/\) (Y2 A —220)n — i(z30+ y3A) (Y3 A —w32)7)]

DN | —

and hence

ad(iFsy)m-1=0, ad(iFyy)lm-y1 =0, ad(iFi))ln - yo = —iya,

ad(iFy))|m - ys = iz, ad(iFs3)|m - (W1 A o) = —ign Ay, ad(iF53)|m - (y2 A ys) =0,

—_— —_——

ad(iFy) | - (y1 Ays) = ivn Ays,  ad(iFyg)|m - (y1 Aya Ays) = 0.

The kernel of this operator is therefore given by

—_——

ker ad(iFQ(?g)Hm = spanc{l, y2 Ays, Y1, Y1 Ay2 AYys}.

Continuing similarly for the other two operators in (3.15) and taking the intersection of the

three kernels gives

—_—~— —_——

Siw = (ker ad(iFé?Q))|m> N <ker ad(jFQ(?Q))m> N <ker ad(k:FQ(?Q)ﬂm) = spanc{l, y2Ays, y1, y1Ay2Ay3}.

Remark 3.2.7. The canonical spinor 9y and three auxiliary spinors ¢, := &, - ¢y (r = 1,2, 3)
described in Theorem 4.5.2 of [AD20] are given in terms of the above basis of ¥,, by

(—i + 1 /\w).

Sl

(iw+y1), V= %(_1 +iy Aw), 3=

Sl

o = %(W +iyn), Y=

Let us now differentiate the spinors v;, i = 0,1, 2,3 from Remark and compare to the
spinorial equations in [AD20, Thm. 4.5.2]. Using the expression for the Nomizu map from

Theorem [2.5.7 we calculate

N9 (&1) = 6&3 +6(1 — %)(@4,5 +epr), AI(&) =081+ (1 — %)(64,6 —e57),

0]
E)(eu +es6), Ai(ey) = a(—&i Nes — & Neg — &3 Ner),

Ned(es) = a(§g Nes+E Ner —E Neg), A9 (eg) = a(=& Aer + & Neg + 3 Nes),

N9 (€3) = 6&12 +6(1 —

Nt (er) = a1 Neg — & Nes + E3 A ey).

Lifting these to the spin bundle and calculating in the spin representation, as we did above

for the isotropy operators, then gives the desired generalized Killing equations in [AD20, Thm.
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45.2):

204276& - X =&,
Vs)]?,éwi _ 35—2045], o X =& (#1), (3.16)

2

eX .y, XEH,

3a
AT

00X L qhy X €V,

2

for + = 1,2, 3. For example, one calculates

P

ACRISHRR LIS g [i(ﬂcu +y1A)(y1 A —x12) \}i(w + iyl)]
(6 —a)

5 [i(ﬂﬁzJ + yaN) (Y2 N —21)

(0 —a)
2

+

(i)

_l’_

Sl Sl

[i(ng + y3A) (Y3 A —w32) (w+ iyl)]

= g [z’(xu +nA) \2(—2' + Aw)]

+ (6 ; a) [i(wzJ + ya/) 12(i?/2 ANy1 —y3) +i(z3a+ ysA) \}i(iyg A Y1+ 12)
1) (5 —

= 227\/5 [—iy1 +w] + 2(2\@&) [(iy1 — y2 Ays) + (iy1 +y3 A yo)]

_ (2a2— 9) \}ﬁ(yl biw) = (2a2— 5) by = (2a2— 5)51 .

Later, we will show in Proposition that the second equation in (3.16)) (for the auxiliary
spinors 1, r = 1,2,3) is equivalent to the deformed Killing equation (5.1)) in dimension 7.
We conclude the 7-dimensional example by observing that substituting the parameters for the

second Einstein metric, g2 := gas]s=5q (see Remark [3.2.5)), into (3.16)) gives

(

“lag .y X =g
3o

V¥t = _TX'Q/JO’ VR = qBag 0y X =¢ (j #1),

X0 Xen

In particular, this shows that 1)y is the Killing spinor determining the proper nearly parallel
Ga-structure described in [FKMS97].

Finally, before discussing the general invariant metrics (3.3]) in more detail, we compare the
Ambrose-Singer connection to the canonical connection of the 3-(«, d)-Sasaki structure introduced

in [AD20]:

Corollary 3.2.8. The canonical connection of the 3-(c, §)-Sasaki space (S*"~1 = Sp(n)/ Sp(n —
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1), gus) coincides with the Ambrose-Singer connection if and only if the 3-(cv, 0)-Sasaki structure

is parallel (6 = 2a).

1

Proof. We have seen that g, s is obtained from gz by setting a; = ay = a3 = 5% and ay = 5.

Recalling that the canonical connection has skew torsion (Theorem 4.4.1 in [AD20]), if the two
connections are assumed to coincide then Proposition [3.2.3| implies a; = ay = a3 = a4, hence
0 = 2a. Conversely, if 6 = 2a then a; = as = a3 = a4 = ﬁ, and Proposition implies that

the Ambrose-Singer connection has skew torsion given by

3
TAS = —4a eg Ney Nes+ 20&231 A (I)i’mzx'
=1

The result then follows by comparing this to Theorem 4.4.1 in [AD20]. H

3.2.1.2 General Invariant Metrics on Sp(n)/Sp(n — 1)

We now leave the 3-(«, §)-Sasaki setting and return to the general invariant metrics (3.3). In
order to differentiate the invariant spinors from Theorem [3.2.1] it is helpful to compare gz with

the round (3-Sasakian) metric, ¢’ := ga.|a=s=1; they are related by

ga = blg,|m1><m1 + b29,|m2><m2 + b39l|m3><m3 + b4g/|m4><m4a

where b; ;= a; (i = 1,2,3) and by := 2a4. We denote by {&;} the gz-orthonormal basis defined in

(3.5)-(3.6), and by {e;} the g’-orthonormal basis defined by setting & = 6 = 1 in (3.10])-(3.11]).
By adapting the proof of Proposition 2.33 in [BHM™15], we obtain:

Lemma 3.2.9. The Levi-Civita connection 1-forms w; ; == ga(V9e;, €;) and w; ; = g (Ve e;)

are related by

/ 1 r / 1 r I
(@gﬂ“ + 61(@17,1”) wi,j<€k) + 5 (Gg,r - @p,q) wj,k(ei) + 5 (@p,q - @g,r) wi,k(ej)

N | —

wij(ex) =
I b
fore; em,, e; € my, e € m,, where ®m,n = 1/bmlbn.

Proof. Let e;,¢;, e, @fnm be as in the statement of the lemma. Using the Koszul formula and
the fact that V¢ is torsion-free, we calculate

[—ga([€i, elm, €;) — gal[Ek, €jlm: &) — gal[Ei; €], k)]

o o 1
wij(er) = ga(Vire; ;) = 3
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1 s
) [_@g,r!]/([@ia €klms ;) — ®§7rg/([€k7 €jlm, €i) — @pgg/([@i, &jlm, €k)}
1 ! ! 1 ! /
= =5 009 (A (ei)er — A7 (en)ei, ¢5) — 50,9 (A (en)e; — A% (ej)er, i)
1 ! !
= 59009 (A (ei)e; — A (ej)ers en),
and the result then follows from the fact that V9 is metric (for g'). O

In dimension 7, this comparison with the round metric allows us to easily find new examples of

generalized Killing spinors:

Proposition 3.2.10. The spinors ¢, i = 0,1,2,3 on the 7-sphere (ST = Sg—gg,g(;), defined as
in Remark[3.2.7], are generalized Killing spinors for the endomorphisms

Ai = )\@1 Id|m1 + )\@2 Id|m2 + /\i,S Id|m3 + /\i,4 Id|m4, 1= 0, ]_, 27 3,

with eigenvalues

(

1 2
\ 5(=Ohi1pra T O + O 1) — (54— Oh,) p=1,23,
0,p —
\ _%(@}1,4 + @?1,4 + @i,zﬁ p =4,
.
1 2
%(_@g—i-l,p—‘rQ + @Z;-ﬂ + @Z,J;-H) - (62,4 - 95,4) k=pandp=1,23,

>
-

=

I
N =

1 2
(—OF e+ O+ O )+ (08— O8,) k#pandp=1,2,3,

(-0, + Oki! + 051?) p=14,

where k =1,2,3, and the indices k., k + 1,k 4+ 2,p,p+ 1,p+ 2 on the right hand side are taken

modulo 3.

Proof. Using the preceding lemma together with the explicit formulas for the Nomizu map of

the round 7-sphere (set o = ¢ = 1 in Example [3.2.6]), we obtain:

- f— 1 2 —_— —_
A (ep) = (@g—i—Lp—f—Q - 62:;4-2 o @g:;-‘rl) (I)P|V - (6;4774 - 924) <Dp|7'l7 b= 17 27 3a
Ni(ey) = —@}1,451,5 — 61217462,6 - 92,453,7, Ni(es) = @i@m + 93,452,7 — 627463,67

i (= 1 - 2 — 3 - i (= 1 = 2 — 3 -
Ni(8s) = —Oy 4817 + O1 4824 + O 4835, A(E7) = O 816 — OF 4825 + O} 434,

where the indices p,p + 1, p + 2 are taken modulo 3, and @, are the forms defined by replacing
each e; with €; (and replacing each &; with €;, i = 1,2,3) in (3.12)-(3.14)). The result then follows
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by lifting these operators and calculating the Clifford products with v;, ¢ = 0,1, 2,3 in the spin

representation. ]

Remark 3.2.11. By choosing the metric parameters ay, as, as, as in appropriately, the
endomorphisms A; from the preceding proposition can be arranged to have 4 distinct eigenvalues,
providing, to the author’s knowledge, the first example of generalized Killing spinors whose
endomorphism has four distinct eigenvalues (see [AF10, [AD20] for examples of generalized
Killing spinors with two or three distinct eigenvalues). We also note that, in the case of the

3-(ar, §)-Sasaki metric (by = by = by = 5, by = =), we have

er, = @;4 = 0], o}, = laf for p,q,r € {1,2,3}.

Since S*"~1 is compact we have, by convention, ad > 0 (cf. Theorem , and thus « and §
have the same sign. If «,d > 0, then the generalized Killing equations in Proposition [3.2.10
immediately recover the known equations . If a,0 < 0, then we recover the equations
(3.16]) up to a factor of —1, corresponding to the fact that replacing o, with —a, —d in the

orthonormal basis (3.8)), (3.10])-(3.11)) gives a basis with the opposite orientation.

Somewhat surprisingly, performing a similar deformation of the 3-Sasakian Killing spinors
in dimensions larger than 7 is not guaranteed to produce generalized Killing spinors, as the

following proposition shows:

Proposition 3.2.12. Let ¢ = 1 + poys Aw™™t € By (1, 2 € C) be an invariant Killing

spinor for the round metric on S~ = Sp(n)/Sp(n — 1). If n > 2, then the spinor ¢ on

4n—1 __ _Sp(n)
(S B Spanl)’

gz) defined by the same formula is a generalized Killing spinor if and only if
by = by = by. If by = b3 = by, then ¢ is a generalized Killing spinor for the endomorphism

1
A= [(1 - 2”)@%,2 + 271@%,2} Id|m1 + 565,2 Id|m2@m3€8m4

1
2

with at most two distinct eigenvalues.

Proof. Using Lemma [3.2.9, the Nomizu map for the Levi-Civita connection of gz takes the
same form as in the proof of the preceding proposition, with €, replaced with €y, €5 replaced
with €441, and so on. Using the spin representation described in Chapter , one sees that
Clifford multiplication by @]z and @3y (resp. ®oly and ®3|y) changes the degree of the
spinors 1 and y; A w™™! by two (resp. one). On the other hand, Clifford multiplication by a
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vector changes the degree by at most one. Thus, by comparing the degrees of Ada (€2) - ¥ and
7\\57/5(63) - 1) with elements of m - ¢, we see that if ¢ is a generalized Killing spinor and n > 2
then ©3, — 03, = 0= 03, — O} ;. Simplifying these equations gives by = b3 = by, as desired.
Conversely, if by = bs = by then lifting the Nomizu operators and calculating the Clifford product

with ¢ in the spin representation gives the result. O

The preceding proposition shows that attempting to produce generalized Killing spinors with a
certain number of distinct eigenvalues by rescaling the isotropy components of metrics carrying
Killing spinors is not a straightforward process. Indeed, if one starts with an arbitrary invariant
Killing spinor for the round metric on S**~! = Sp(n)/Sp(n — 1), which, as we shall prove
in Chapter , may be written as a linear combination of 1, = W —i(k + Dy, A W*
(=1 <k <n—1), the resulting system of algebraic equations determining precisely which linear
combination of the 1;’s is needed is difficult to solve. It remains to be understood why this
deformation technique works in some situations but not others, and whether it can be used to

produce other interesting examples of generalized Killing spinors.

3.2.2 S3-Quaternionic Spheres, S¥ ! = —(TE )S S()l)

This is the case corresponding to K = Sp(1). We begin by discussing the general case, then pass
to the 7-dimensional setting, where the invariant spinor is related to the exceptional Go-geometry
available in this dimension. Using [AHL23, Eqn. (24)], we have at the level of Lie algebras

Ep(ﬂ) D 5]3(1) = SpanR{(ZFISZ)v 0) ( F[EZ)a 0) (kF[EZ)a O) (Eﬁné)v O)a (07 Z)a (07])7 (Oa k)}1§p§q§n7

1<r<s<n
sp(n — 1) @ sp(1) = spang {(iF(™,0), (GE,0), (kE™, 0), (B, 0), GE.4), G, 5)s (kFY k) Ya<peqn,

p,q
2<r<s<n

and for a reductive complement we take the orthogonal complement m := (sp(n — 1) @ sp(1))*+

with respect to the Killing form x on sp(n) & sp(1),
k((4,2), (A7) = —4(n+1)By(A, A') + 8R(22). (3.17)

The isotropy representation decomposes into two inequivalent irreducible summands, m ~

m; b my, leading to the 2-parameter family of invariant metrics,

Gap = —K|m,xm; — OK|myxmys @, 0> 0.
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A g, p-orthonormal basis for m is given by

1 /. n—+1Y\. 1 n [(n+1 1/ n+1Y\ .
&ZZQGF&)"( 2 )) 52::9(‘“1(3’( 2 )’“) 53::9(”1(4)"( 2 )‘7)
1 _(n) 1 (n)
eay = ——-(jF,".1,0), espr1 = ———ox-—(kF}", ,,0),
4p 5 2b(n—|—1)(] 1,p+1 ) 4p+1 9 2b(n—|—1)( 1,p+1 )
1 _(n) 1 (n)
eapry = —— (iFY, 1, 0), ey i= ——o-A(Ey" .0
4p+2 5 2b(n—|—1)( 1Lp+1 ) 4p+3 9 2b(n+1)( Lp+1 )

forp=1,...,n—1, where Q := /2a(n + 1)(n + 3). In terms of this basis, the two isotropy

summands are

my = spang{&1, &2, &3}, Mo = spang{eq, ..., €a1}.

From [AHL23| Prop. 4.7] we obtain:

Theorem 3.2.13. Using the above orthonormal basis and the corresponding description of the
spinor module from Chapter the space of invariant spinors on (S~ = %, Gap) for
any a,b > 0 s trivial unless n = 2, in which case dime X5,y = 1. In this case, the 1-dimensional

Yiny 18 contained in the span of y; and w = Z’;:_ll Yoi N Yoit1-

Proof. The result follows directly from [AHL23, Prop. 4.7] by noting that w = Z;:ll Y2i N\ Y21
is the symplectic form stabilized by sp(2n — 2, C). O

The 1-dimensional space of invariant spinors obtained in dimension 7 is explicitly constructed
in Example [3.2.15] which appears immediately after the following proposition describing the

Ambrose-Singer torsion in the general case:

Proposition 3.2.14. For any a,b > 0 the sphere (S"~! = %, Gap) has Ambrose-Singer

torsion of type Toew @ Tor, given by

(n—1) (n—1)

TAS<£1>€2) = 9 53, TAS(fl’fg) = — q 52’ TAS(£2’£3) _ <ng_2 1)
1 1 1

TAS(glv _)|m2 = 5¢1|m27 TAS(g% _)|m2 - §¢)2|m27 TAS(&% _)|m2 = 5(1)3|m27

fla

T (eap, €1q) = T (eapr1, €ag41) = T (€apsa, €agra) = T (€apss, €ag3) = 0

TAS(€4p» €1g+1) = me 1 TAS<€4p: €1g+2) = pr’q §a, TAS(64p7 Cag+3) = pr’qﬁg,
T (espr1, €ag12) = pr’q 5, T (eaprn, €aqr3) = bgqu, TS (eapro; Caqrs) = pr’q 1

forp,q=1,...,n—1, where &1, Py, P3 are defined formally as in — . The projection
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of TAS onto Toew 1S

Tsifwz(”g )él/\fz/\é?ﬂr < )ngmm,

with TAS = T4S if and only if a = b.

skew

The remainder of the section is devoted to discussion of the 7-dimensional example, S7 =

% We shall explicitly determine the invariant spinor in this dimension, and discuss how

it fits into the larger picture of the well-known correspondence between spinors and Gg-structures

in dimension 7.

Example 3.2.15. Following the setup outlined above, the isotropy algebra is

sp(1) @ sp(1) = { (ZFQ(? 0) , (jFQ(?;, 0) : (kFQ‘?;, 0) , <iF1(i), z) , (iji),j) , (kai), k) } :

and the two isotropy summands my, my are given by

1 —3i 1 3k 1 —37
(2) (2) - 1(2) J
my; = spang § —— | i F! ,— | —kFy, — ), Y, —
1P R{\/?)Oa( L1 9 ) 30a( L 2) V304 (‘7 Lty )}
= {61752753}7
1

1 /. 1 /. 1
My = spanyg {\/TTb (jpl(é>’o> o (kFg)’o) e (zFl(?’o) o <E§2§,0>}

= {64,65,66,67}-

N

[y

The basis {1, &2, &3, €4, €5, €6, €7} for m = my @ my is orthonormal with respect to the invariant
metric g, described above, and we shall also denote e; := ¢ (i = 1,2,3) in certain places.
Fixing the associated Clifford algebra representation as in Chapter [2.1} and letting w := yo A ys,
we have,

Theorem 3.2.16. For any a,b > 0, the space of invariant spinors on (ST = %,gmb) 18

given by

S = spnctin = o+ i)

Proof. Considering [AHL23, Prop. 4.7, Cor. 4.8] and the spinors v, i = 0,1, 2,3 from Remark
, the space of invariant spinors is the subspace of spang{vy, ¥, 12,13} annihilated by the
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spin lifts of the three additional isotropy operators

ad(iF), i)|m =262 A&+ ea Aes +eg Aer,  ad(GFT, j)|m = 261 Ao+ ea Aer + e5 A eg,

d(kFl(Ql, )|m —251 /\53 —eqg Neg+es N er.

A calculation similar to Example then gives the result. O

In order to differentiate the spinor vy, we remark the commutator relations

VyIcVa(sp(l)@sp(l),  [VHICH,  [HH SV (sp(l) @sp(l)),

and one then finds that the Nomizu map for the Levi-Civita connection is given by

SV, Wl V,W eV,

(1-2)V,Wlw VEV.WEH,
AJab (VYW =

55V Wln VeHWeV,

SV, W V,W € H.

In terms of our chosen basis, for m; this takes the form

/\ga,b<§1) — \/;m(——fz AN 53 -+ (1 — %)64 N €5 + (1 — %)66 A 67)
AJeb(£5) = \/30_a(2€1/\€3+(1_ 2—b)€4A€6— (1—2—b)e5Ae7)
NI (E) = (2 A + (1= ey A+ (1— )es Aey),

&‘

30a 2b 2b

and likewise for mo,

Nt (ey) = Ve (=&1Nhes—&Neg—E3Ner), Ndub(es) = - (51/\€4+€2A67—§3/\66),

2b6/30 2b
Nt (eg) = 2;5‘;»0(—51 Ner+ & Neg+E&3Nes), Aab(er) = 5 (51 Neg —E& Nes+E3Ney).

Applying the spin lifts of these operators to 1 gives:

Proposition 3.2.17. The spinor ¢ is a generalized Killing spinor, V5" vy = A(X) - 1y, for

the endomorphism

(2a — 5b) ]y, — V3a 1)
4bv/30a 0 4bv/10 0
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and it is a Riemannian Killing spinor if and only a =b (<= g¢ay s a multiple of the second

Finstein metric).
As in Remark [3.2.5] we briefly discuss the second Einstein metric in this case:

Remark 3.2.18. Here, the 3-Sasakian metric (the round metric) is given by gqp|,— E— and
the second Einstein metric is given by rescaling by % on the vertical component, yielding the
normal homogeneous metric gd,bla:b:i' From Theorem [3.2.16{ and Proposition [3.2.17], we see

that the 1-dimensional space of invariant spinors in this example is spanned by the Killing

spinor determining the proper nearly parallel Go-structure on (S7 = %, Gabla=b)-

We now recall (see e.g. [FKMS97, [ACFH15]) the well-known fact that a unit length spinor ¢ in

dimension 7 induces a Go-structure, via the 3-form
wp(X, Y, Z) = (XY - Z-,1). (3.18)

In particular, by comparing Proposition |3.2.17| with [Agr06, Table 6] and [ACFHI5, Lemma
4.5], one sees that the Gy-structure on (S = %, gap) induced by 1)y is cocalibrated for all

a,b > 0 and nearly parallel when a = b.

Proposition 3.2.19. The Ga-form induced by 1y is given with respect to our chosen orthonormal
basis by

3

Wy, = —€123 + €145 + €167 + €246 — €257 + €347 + €356 = — N1 N2 N 1)3 — Z ni A Dily
i=1

and 1s invariant.

Proposition 4.4 in [ACFHI15] says that the intrinsic torsion of this Ge-structure is given by
I' = —2A_wy,, where the contraction of an endomorphism into a 3-form means the 3-form
composed with the endormorphism in the first argument: (A_wy,)(X,Y, Z) == wy, (A(X), Y, Z).
Considering the Gy-connection V" := V9%t — '/ one easily verifies V"1)y = 0, as expected. We

also find:

Proposition 3.2.20. The torsion T™ of the Go-connection V" is a 3-form if and only if a = b.

When a = b,
-1

= w
V30a ¥

1s given by a multiple of the Go-form, and thus in particular is invariant and V™ -parallel.

mn
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Proof. From V" = V9% — " we see that the difference tensor between V™" and V9t is —I" =
2 A_wy,, and thus the torsion is a 3-form if and only if (X,Y, Z) — 2wy, (A(X),Y, Z) is totally

skew-symmetric. Clearly this happens precisely when A is a multiple of the identity, which

occurs if and only if @ = b. When a = b we have A = 4\/% Id and thus the torsion of V" is
given by

. 2 ~1

Remark 3.2.21. From [FI02] it is known that the characteristic connection V¢ (which exists in
this example since the Go-structure is cocalibrated) is unique, so when a = b it coincides with
V". When a # b we need to find a different way to describe V¢. Using Theorem 4.8 in [FI02],
and taking into account that our Ga-structure is cocalibrated and differs from the reference

Go-form in [FT02] by an orientation-reversing change of basis, the torsion 3-form of V¢ is given

by
. 1
T° = _6<dw¢07 *wwo>w¢o + *dww()' (3'19)

In order to compute T using (3.19)), we first prove the following lemma:

Lemma 3.2.22. The Hodge dual and exterior derivative of wy, are given by

(1) *wy, = —€us67 + €367 + €345 + €1357 — €1346 + €1256 + €1247,

(i1) dwy, = {2 (%wy,) + oL esser.

Proof. The first claim is straightforward. The proof of the second claim proceeds by a lengthy
yet straightforward computation using the above expression of the Nomizu map A9%¢ together

with the identity d = 3.7_, e; A V2. O

Recalling (e.g. from [Agr06, Table 6]) that a Go-structure w is nearly parallel if and only if dw
is a non-zero scalar multiple of xw, the preceding lemma also gives an alternate proof of the fact

that the Ga-structure induced by 1) is nearly parallel if and only if a = b.
Corollary 3.2.23. The characteristic connection V¢ is given by

1 5a — 5b
Ve = Vb — - ,
(b\/SOa “o o 123)
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and the defining 3-form wy and defining spinor 1y are both V¢-parallel.

Proof. Using (§3.19) and the preceding lemma, we calculate

. 1, a+5b —5a + 5b a+ 5b —5a + 5b
= _6<7bm(*‘”¢0) + /300 €4567, *Wypo )Wy, + * (bm(*wwo) + el 64567>
_ <—7(a+5b)+—5a—|—5b> (a—|—5bw +—5a+5b6 )
66v30a  66v/30a ) \bv3B0a T bv/30a

a 5a — Hb
= — w — [ .
300 Y bv/30a

The fact that Véw = 0 = VY follows since V¢ is a Gy-connection. [

A natural question is whether there are other invariant differential forms. To that end, one

finds:

Proposition 3.2.24. Up to taking Hodge duals, the invariant differential forms on (S7 =

%,ga,b) are given in Table .

Proof. By hand, or using the LiE computer algebra package ([LCL88]), one finds that the
dimensions of the spaces of invariant 1-, 2-; and 3-forms on Sp(2)/Sp(1) are 3, 6, and 10
respectively. Bases for these spaces are then given by {n;}?_;, {®:]y, il }iz123, and {m Ama A
nst U {n A @l }ij=123 respectively. The result then follows by checking which elements in

these spans are invariant under the additional three isotropy operators described in the proof of

Theorem [3.2.16] ’
(& [ dim A%, | Basis for A%, |
01 1
110 0
210 0
32 Wapo > 51,2,3

Table 3.1: Invariant Differential Forms on (S7 = %, Gab)

Noting from the preceding proposition that there are no invariant 1-forms, one obtains:

Corollary 3.2.25. The space (S7 = %,gavb) does not admit an invariant Einstein-

Sasakian or 3-Sasakian structure for any values of a,b > 0.
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3.2.3 S'-Quaternionic Spheres, 54! M

This is the case corresponding to K = U(1). Viewing U(1) as a subgroup of Sp(1) via
e s cos +isin @+ 05 + 0k, and from [AHL23, Eqn. (24)], we have at the level of Lie algebras:

sp(n) ®u(l) = spang {(iF7),0), (FES7), 0), (kE}, 0), (B, 0), (0,4) }1<p<qzn,

)
pa 1<r<s<n

5P(n - 1) D u(l) = SpanR{( pq)7 O)? (]F;Z 70) (kaq 70)7 (Erz)v O) (ZFl 1> )}2<p<q<n

2<r<s<n

Note that the Killing form of sp(n) @ u(1) fails to be non-degenerate, so in order to choose a
reductive complement we instead take the orthogonal complement with respect to the restriction

of the inner product x from (3.17)) to the subalgebra sp(n) @ u(1) C sp(n) & sp(1),

= (sp(n — 1) ®u(1))™

The isotropy representation splits into one copy of the trivial representation and two non-

isomorphic irreducible representations:
m~m; emy P ms,

where dimg m; = 1, dimg my = 2, and dimg m3 = 4(n — 1). This gives a 3-parameter family of

invariant metrics,

Gabc = _aff|m1><m1 - b"i|m2><m2 - CK/’mngg,J a,b,c> 0.

In particular, by manually checking the sectional curvatures, one finds that the round metric is

given by the parameters

n+3 1 1

Sn+1) © an+1) ° 8n+1)

For general a,b,c > 0, a g, -orthonormal basis for m is given by

1 n+1 1 1
=~ (iF,, — i), = (kF,0), &= ——— (jF11,0),
a=g (0= (57)1) &= g (R0, 6= s (D)
1 1
ety = (P11, 0),  apiy = — e (kFy 11, 0),
L 2c(n+1)(‘7 Lp+1,0) - eaprri= 3 26(n+1)( Lp+1,0)
1 1
Capry = ——— (iFy i1, 0), eqprs = — () 1, 0),
2T 20(n+1)( 1p+1,0) - eaprs i= 5 26(n+1)( 1p+1,0)
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for 1 < p <n—1, where Q := y/2a(n + 1)(n + 3), and, in terms of this basis, the isotropy

summands are

my = spang{&1}, my = spang{&s, &3}, M3 = spang{esy, Capi1, €apro, 64p+3}2;11-

From [AHL23, Eqn. (41)] we obtain:

Theorem 3.2.26. Using the above orthonormal basis and the corresponding description of the

spinor module from C’hapter the space of invariant spinors on (S*"~ ! = %,ga?b’c)

for any a,b,c > 0 is trivial unless n is even. If n is even,
Siny = spanc{w?, y1 Aw""D/?},

n—1
where w =Y "1 Yo A\ Y2i41.

Proof. This follows directly from [AHL23, Eqn. (41)]. Alternatively, one can argue exactly as in
the proof of Theorem [3.2.16] using only the spin lift of the operator

ad(iFl(ﬁ)a D =& N3 — 1. (3.20)

In order to differentiate these spinors, we calculate:

Lemma 3.2.27. The Nomizu map for the Levi-Civita connection of gapc 15 given by

1 a a
YGa,b,c — = Ya,b,c — _ Ya,b,c —_
A1)y = S malmy AT @)y = (1= 50l A8 (y)0 = 2y, T,
1 a a
Ya,b,c — — Ga,b,c — 1 _ Ga,b,c —
A (y1)3/2 2[3/171/2]1117 A (l’)Z ( 20)[x72]m7 A (Z)ZZ' 2c[zax]m7
1 b b
/\ga,b,c<zl)z2 = 5[21’ 22]m7 /\ga,b,c(y)z = (1 — 2_0)[% Z]m; /\ga,b,c<z>y — %[Z,y]m,

Jor all x,x1, 25 € My, Y, 1, Y2 € My, 2,21, 22 € M.

Proof. This is a straightforward calculation using the fact that s is ad-invariant and the

commutator relations

my,my] =0, [my,my] Cmy, [my,mg] CSmy, [my,me] Cmy D (sp(n—1)Du(l)),

[mo,m3] Cmg, [m3,mz] Cmy dme® (sp(n—1)Bu(l)).
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Remark 3.2.28. In terms of our chosen basis, the operators in the preceding lemma take the

form
Adbe (&) = w SaNE+ % n_1(€4p N €spi1 + €apro N €apis),
p=1
Ga,b,c — a ( _ 2£C) —
Nabe(&y) = 0 §3N&+ WICES)) ;(6417 N €apro = Capy1 N €apy3),
Ja,b _a (1 B 2%) =
Nebe(E3) = o) SEATRS m ;(6417 A €apis + api1 N apia),

in the vertical directions and, in the horizontal directions,

Vb

a
AIobe(ey) = ——— &1 A eapat — ———— (& A A
(6417) 2¢0) 51 €4p+1 46\/71—_’_1 (52 Cap+2 + 53 64p+3>7

a Vb
200) §1 N\ eqp + m(& N €esprs — E3 N €apia),

a Vb
NJnbe(eyy o) = 50 §1 N\ eaprs + ———=(Ea N eap + & N eapi),

4ev/n + 1

a Vb
AJube (e, q) = 200 &1 N eapro — m(& A eqpr1 — &3 A €gp).

Nebe(eqpir) =

In contrast to the previous section, here we do have an invariant vector field, namely &;, leading to
the possibility of invariant almost contact structures. The following proposition gives necessary

and sufficient conditions for the existence of various types of these structures:

Proposition 3.2.29. The sphere (S~ = %,ga,b,c) admits:

(i) a compatible invariant normal almost contact metric structure for all a,b,c > 0.

(ii) a compatible invariant a-contact structure if and only if 34 = 555 = a.

a

m:Oé.

(iii) a compatible invariant o-K-contact structure if and only if 3 =

In particular there exists a compatible invariant a-Sasakian structure if and only if 35 = .

a
2cQ T

Proof. Following a similar argument as in the proof of Proposition [3.1.15] the only choices for
the Reeb vector field are £ := ££;. We claim that the 2-form ® := g, (-, ¢(-)) is invariant if
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and only if
® € (A’my)3 P VUM g (A2m)SP=DUM ~ gpang fad €|, } © spang{ad €|m, }. (3.21)

The proof of the claim consists of two parts: First, by noting that m;, my, m3 are irreducible
and have pairwise distinct dimensions, we see that any invariant 2-form has trivial m; ® mo,
m; ® my, and my ® m3 components. Second, we note that A*m; = 0 (for dimension reasons)
and that each A’m; (i = 2,3) has a real 3-dimensional space of Sp(n — 1)-invariant 2-forms,

corresponding to the quaternionic structure

Ii = (I)l

m; k7"L = q)lem ]C’L = ®3

w,  1=23.

Imposing the additional condition of U(1)-invariance is equivalent to also requiring Z-complex

linearity, giving (A%m;)SP=D VW) ~ spang {Z;} = spang{ad {|y,} for i = 2,3.

Returning to the main proof, (3.21)) is equivalent to ¢ = A\ ad &|m, A2 ad |, for some A, A2 € R,
and the metric compatibility condition g4 p.c(0(X), ©(Y)) = Gape(X,Y) = Gapc(&, X)Gape(E,Y)
necessitates \; = Q/2, Ay = Q, i.e.

Q
Y= §ad£|m2 D Qadélm:‘s'

One then calculates that the Nijenhuis tensor vanishes for any values of a, b, ¢, and the structure
is a-contact (dn = 2a®) and a-K-contact (V£ = —ap(X)) if and only if & = ;%5 =a. O

Solving the equations in the preceding proposition for a, b, ¢, we immediately obtain:

Corollary 3.2.30. For each fized a > 0, the invariant a-Sasakian structures occur in a

1-parameter family:
a=8\a*(n+1)(n+3), b=2)\ c=), (A >0). (3.22)

In particular, the round metric occurs for the parameter A = m.

In contrast to the case G = Sp(n), we shall see in the following remark that the relationship
between invariant Einstein-Sasakian structures and invariant Killing spinors is more complicated

for G = Sp(n) U(1), stemming from the fact that this group has a non-trivial 2-dimensional

complex representation.
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Remark 3.2.31. We remark that the above 2-form ® takes the form (3.12). Therefore, if an
invariant Einstein-Sasakian structure exists then Theorem [2.3.8 and Proposition 4.3.11| imply
that there are two linearly independent Killing spinors inside E; = spanc{1, y; Aw" }. If
n = 1 then dim¢ X = 2, and it follows that ¥ = E] is spanned by two linearly independent
(non-invariant) Killing spinors. In fact, for all n > 1, one sees from Theorem that the
intersection of E| with the space of invariant spinors is trivial, so the Killing spinors spanning
E; are not invariant. This contrasts with the behaviour in the cases G = Sp(n), SU(n), where
the spaces F;- had bases of invariant spinors. Indeed, in each of the three cases G = Sp(n) U(1),
Sp(n), SU(n+1) it is easy to see using Kath’s arguments from [Kat00, Prop. 7.1, Thm. 7.1] that
there is a G-representation on F; which must be trivial in the latter two cases for dimensional
reasons. However, unlike the other two groups, G = Sp(n) U(1) has a nontrivial 2-dimensional
representation, which is what allows the Killing spinors spanning £ to be non-invariant in this
case. This behaviour is somewhat surprising; one would intuitively expect the Killing spinors

associated to an invariant Einstein-Sasakian structure to also be invariant.

Theorem 3.2.32. The sphere (S~1 = %, Gabc) admits an invariant generalized Killing

spinor if and only if n = 2. If n = 2 there exists a pair 1y, 11 of linearly independent invariant
generalized Killing spinors,

Vi?’b’c?ﬁi = Ai(X) -, 1=0,1,

for the endomorphisms

a 1 1 a (1—-2) a Vb
Ap = (2 = ) 1d|m S g+ (- - Y 1),
0 2Q<C b) ’1+<2bﬂ 2\/3\/5) ’2+< 4eQY 4¢3 ma
b

cvV 3

1 a (1—-21) a Vb
— =) Id|w, + + 2 N |, + | ——= + ——= | ld|mn
b) | <2bQ 2\/§\/5) | < 4c¢Q)  4e/3 s

with at most three distinct eigenvalues.

Proof. Suppose there exists an invariant generalized Killing spinor V%" = A(X) - ¢ and,

n—2

using Theorem [3.2.26] write 1) = \jw? + A\ay; Aw 2z for some A\, Ay € C. Let us examine the

spin lift of the operator A%t<(ey,). One calculates

2

1 1 n n—2 n n—4 n—2
Gegpr - =< | M <*y2p+1/\w 2 *y2p/\w2)+)\2 YINYopr1 Aw 2 — Y1 Ayzp Aw 2 ;

2 2 2

1 1 n n—2 n n—2 n—2 n—4
552'64p+2'1/1=§ A1 (§y1/\y2p/\w 2 _yl/\y2p+1/\w2>+)‘2 Yop+1 A w 2 _TyQp/\w 2 ,
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1 n n—2 n—2 n—4
553'€4p+3'¢— >\1< Y1 Ayop Aw' 2 +y1/\y2p+1/\w2>+>\2 Yopr1 Aw 2+ 5 Yop Nw 2 ,

and the explicit formula from Remark [3.2.28| then gives

8cf) dern/n+1

za)\l ia(n — 2) A o4
) et = (Taa e

—— an N n— 1a n n—
/\ga,b,c(€4p).w:—< l—|— 2 )y2p+1/\w22+<_2_|__1> yl/\ygp/\wTQ

In order for the right hand side of this expression to be equal to the Clifford product of a (real)
tangent vector with ¢, one sees that such a vector must be of the form sey, + tey,1; for some

s,t € R. Comparing with

sy nt\

2 9 > Yop1 N (A)nTiz + (iS/\l + t)\l)y2p A w%

. <_i(n —22)5A2

(5641) + te4p+1) )= <

n—4

(n — Q)t)\g n—4
+ 5 Y1 N Yopr1 AW 2

. n=2
—+ (—ZS/\Q — t)\Q)yl A Yop ANw 2
gives the necessary conditions

A n
(24(191) Yop Aw? = (isA + tA)yap Aw?,

ialy  nA n2 ' =
<4cQ2 + Tl) Yi ANyop Aw 2 = —(ishi +tA)y1 Aygp Aw' 2 .

If n # 2 then yo, A w2 and y; A Yap N\ w"2 are non-zero (the latter is non-zero independent of

ia)\1 _ ZCL/\2+7L_)\1
4 ) 4¢c) 2

It follows by taking the real part of both sides that A\; = Ay =0, i.e. ¥ = 0 is trivial. For n = 2,

n), and we have

lifting the operators in Remark [3.2.28| and applying them to the spinors

Yo = —=(w+iy), ¢ =& Y= —72(iw+ )

N
5=

gives the result. O]

Next, we calculate the Ambrose-Singer torsion and determine its type:

Sp(n) U(1)

Proposition 3.2.33. For any a,b,c > 0 the sphere (S~ = S U Jabe

) has Ambrose-
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Singer torsion of type Tgwew © Tor, given by

TAS(€17§2) - _%§37 TAS(£1,£3) - %52’ TAS(§27€3) = _%517
1 1 X

TAS (¢, — = Dy, TAS(E— e Byl T(Es ) = — By
(’Sl )‘ms Q 1’1113 (62 )‘ms 9 b(n+1) 2‘1113 (53 )|m3 9 b(n+1) 3‘m3

TAS(e4pv eaq) = TAS(e4p+17 eag+1) = TAS(e4p+2a €dg+2) = TAS(e4p+3= eag+3) =0

ad Vbé Vo,
TAS (eap, €ag11) = *ﬂ&v TS (e4p, €aq12) = —3 \/# TS (e4p, €aq13) = ~3 Wés,
\/B p q \/>5p q

AS p,q
———=8, T (€4p+27€4q+3) = —079517

TAS(64P+1> e4q+2) = - 2 Wf ) TAS(64P+17 e4q+3) 20\/717

forp,q=1,...,n—1, where &1, Py, P3 are defined formally as in - . The projection

of TS onto Toew 18

2a + 4b a+ 2c b+ 2¢ 2
TS = — + A Dy —_— E i N\ Dl
skew ( 360 ) 5172,3 ( 3¢0 ) él ’mg (60 /—b(n 1)) g 5 ‘ 3

with TAS = T4S if and only if a = b = c.

skew

Before studying the situation in dimension 7 in more detail, we conclude our discussion of the

general case with a description of the invariant differential forms of degree k < 3:

Proposition 3.2.34. The invariant differential forms of degree less than or equal to 3 on

(54" 1 % Jabc) QTE givEN in Table

Proof. The result for degrees £ = 0,1 is clear, and for £ = 2 it follows from the proof of
Proposition [3.2.29, For k& = 3 one proceeds as in the proof of Proposition [3.2.24] (a description of

the Sp(n — 1)-invariant forms in general dimension can be found in Corollary [4.3.7], for example),

using only the additional operator . O]
’ k H dim AF ‘ Basis for Af
011 1
11 &
2 2 @1|m2’ ®1|m3
34 51,2,3a SEA (I)1|m37 (52 A (I>2|m3 + & A (I)3|m3)a (52 A (I)3|m3 — & A (I)leg)

Sp(n) U(1)

Table 3.2: Invariant Forms of Low Degree on (5S4~ = = S U@ Jabe)

In what follows, we examine more closely the generalized Killing spinors in dimension 7 and
compare with the known results for the round (3-Sasakian) metric and the second Einstein

metric (see [FKMS97, [AF10, MS14b]).
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Remark 3.2.35. In the case of an invariant Sasakian metric, substituting (3.22)) into the

endomorphisms from Theorem [3.2.32] gives

—V6A —1 1 —V6A+1

1
AO = 5 Idlml@mg + 9 —6)\ Id|m37 Al = _Id|m1€Bm2 + 2\/6_>\ Id|m3'

2

It is clear that A, is never a multiple of the identity map, and A; is a multiple of the identity
if and only if A = 1/24, which occurs precisely when g, ;. is the round metric (see Corollary

3.2.30). When A\ = 1/24, we have

1 3 1
AO - 5 Id|m1€Bm2 - 5 Id|m37 Al — 5 Id .

In this case there are three linearly independent Killing spinors (the invariant Killing spinor ),
and two non-invariant linearly independent Killing spinors inside F; ), and the result of [FK90]
then implies the existence of a 3-Sasakian structure, as expected. Starting with the generalized
Killing spinor 1y, the existence of a 3-Sasakian structure also follows from [MS14b, Thm. 4.10],
which notes moreover that 1y corresponds to the canonical spinor described in [AF10] for a
general 3-Sasakian manifold of dimension 7 (and we then see that ¢ = &; - ¢y corresponds to

one of the auxiliary spinors described therein).
Finally, as in Remark [3.2.5] we comment on the second Einstein metric in this example:

Remark 3.2.36. Here, the second Einstein metric is given by gap.c|,— dpmd =L and it is clear
that this metric is not part of the family @ Substituting these values of a, b, ¢ into the

endomorphisms from Theorem [3.2.32] gives

3 3 13

2\/— Id’ml \/— Id|m2

1
1d| .,
20/5 ms

so g is the Killing spinor determining the proper nearly parallel Go-structure and v, is a

generalized Killing spinor with 3 distinct eigenvalues.

3.3 Exceptional Spheres

3.3.1 S%=G,y/SU(3)

The isotropy representation here is irreducible, so the only invariant metrics are obtained from

multiples of the Killing form. For convenience we choose the invariant inner product g = By on
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g2, and consider the reductive complement m := (su(3))* with respect to this inner product.

Following the notation of Proposition [A.3] we have

g2 = spang{vy,...,v4}, su(3) = spang{vy,... 5},
and for m we take the g-orthonormal basis given by

Vg+i L= 1a274767
m = spang{ey,...,es}, where e; ;=

—UVg1g 1= 3,5

The motivation for this choice of basis relates to the existence of an invariant nearly Kéahler
structure; it is well-known that S® = G, / SU(3) admits a unique invariant nearly Kéhler structure
up to sign [EL51]. Indeed, it appears as one of the four cases in Butruille’s classification of
homogeneous nearly Kahler 6-manifolds [But05, But10]. Inhomogeneous examples were later
constructed in [CVI5, [FHIT], and a nice overview of the topic of nearly Kéhler 6-manifolds can
be found in [ABFIS]. For (5S¢ = G, /SU(3), g), a direct calculation (by hand or using computer

algebra software) shows that the 1-dimensional space of invariant 2-forms is spanned by
J=e Nes+e3Nes+esAeg.

In particular, the invariant almost complex structures are +J and the given basis {e;} is adapted
to J in the sense that J(e;) = eq, J(e3) = e4, J(e5) = eg. This property allows us to give an

easy proof of the following theorem:

Theorem 3.3.1. Using the above orthonormal basis and the corresponding description of the
spinor module from Remark the space of invariant spinors on (S® = Gy /SU(3),g) is
given by

Uiy = spanc{l, y1 Ay2 Ays}h,
and the spinors V1 =1+ y; A ya A ys are Riemannian Killing spinors,

1
V4 =+——X -y
Xw:t 2\/§ ¢i

Proof. Since the orthonormal basis {e;} is adapted to the invariant almost complex structure

J, it follows from Remark that ¥ ~ A%*m as complex representations of SU(3), and the
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space of invariants is therefore spanned by 1 and the complex volume form y; A ya A ys (see e.g.

[FHIT, Prop. F.10]). 0

Remark 3.3.2. The preceding theorem can also be proved directly, by performing a similar

calculation as in Example [3.2.6 using the operators

ad (1) = %(em Cena), ad(ve)lm = %<eg,5 t+eag), ad(vs)|m = %(—63,6 teas),
ad(va)|m = %(em —ers), ad(vs)lm = %(-m —ere), ad(ve)lm = %(—61,4 +er),
ad(v7)|m = %(6173 +e94), ad(vg)|m = %(—61’2 —e34 + 2e56).
and
N(er) = L(‘f% +es5), A(er) = L(635 —ea5), N(ez) = L(—@16 —€25),
2¢/3 7 ’ 2¢/3" 7 ’ 23 ’

1 1 1
/\9(64) = 2—\/3(—61,5 + 62,6)7 /\g(es) = ﬁ(eM + 62,3), /\9(66) = m(ﬁ,a - 62,4).

Remark 3.3.3. It is noted in [AHL23| Remark 5.3] that the spinors ¢, induce the nearly

Kéahler structure J via
J(X) : (,@Z}:I:)O =X - (wﬂ:)() for all X € TM,

where (¢1)¢ denotes the projection onto the even half-spinor module X5 C ¥ (the fact that
this relation uniquely defines an almost complex structure is a consequence of the injectivity
of Clifford multiplication by real tangent vectors). This is a special case of the well-known

relationship between Killing spinors and nearly Kahler structures in dimension 6, see e.g.

[Gru90, BEGK91l, [ACFH15].
Next, we calculate the Ambrose-Singer torsion and determine its type:

Proposition 3.3.4. The sphere (S® = Gy /SU(3), g) has Ambrose-Singer torsion of type Texew
given by
1
TAS = ﬁ(_el,?)ﬁ —e145 — €235+ €246)-

3.3.2 ST = Spin(7)/ G

The isotropy representation is again irreducible, so we use the invariant metric induced by the

inner product g = By on spin(7), and choose the reductive complement m := (g,)* with respect
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to this inner product. Following the notation of Proposition [A.4] we have

spin(7) = {vi, ... V14, Vs, - -5 Uy ) g2 = {v1,...via}, m={ey,...,er},

where ¢; := 1], ;. A straightforward calculation in the spin representation gives:

Theorem 3.3.5. (¢f. [Wan89, §3 Case 4]). Using the above orthonormal basis and the
corresponding description of the spinor module from Chapter[2.1], the space of invariant spinors
on (ST = Spin(7)/ G, g) is given by

Yiny = spanc{—1+y1 A y2 Ays},

and the spinor ¢ := —1 + y1 A ys A yz 15 a Riemannian Killing spinor,

3
vg’ﬂp:%xw.

Proof. This follows from the same type of calculation as in Example [3.2.6] using the operators

(1)l = 3(e2s —cor) ad(m)ln = 5 (~eaa —€53), ad(v5)lm = 5(~e25+ 5.,
ad(V4)|m = %(64,7 - 65,6)7 ad(V5)|m = %(_64,6 - 65,7)7 ad(V6)|m = %(62,7 - 63,6),
()l = 5 (20 — ea7), ()l = %(ez,g — %45 + eo1),
ad(vg)|m = %(261,7 —e95 —€34), ad(vi)|m = %(261,6 +e94 —e35),
ad(v11)|m = %(—261,3 +esr+es6), ad(vi)|m = %(261,2 +eq6—e57),
ad(v13)|m = %(261,5 +eartesg), ad(vig)|m = 2—\1/3(—261,4 +ea6 — €37),

N(ey) = 21%(62,3 +easteer), N(ex) = 2_\1/6(_61’3 — 47— €56),

N (e3) = ﬁ(el,z —es6+e57), N(ey) = 2_\1/6(_61’5 +eo7+e36),

N(es) = ﬁ(em +ea6—esr), N(eg) = %(—61,7 — €25 — €34),

A9(er) = —(erg — eaa+ e35).

5

Next, we calculate the Ambrose-Singer torsion and determine its type:
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Proposition 3.3.6. The sphere (ST = Spin(7)/ Gg, g) has Ambrose-Singer torsion of type Terew
given by

1
AS
T = —\/6(—61,2,3 —e145 — €167+ €247+ €256+ €346 — €357).

3.3.3 S = Spin(9)/ Spin(7)

The isotropy representation in this case splits into two non-equivalent modules (one copy of
the spin representation and one copy of the standard representation), hence there is a two-
dimensional family of invariant metrics. Indeed, include spin(7) C spin(9) as in Proposition
and set m := (spin(7))*, where orthogonality is taken with respect to the Killing form on
spin(9). Explicitly, in the notation of Proposition [A.4]

spin(9) = spang{e(11), ..., t(v14), L(V15), - s L(V51), Vb, « -+ s Vig b
spin(7) = spang{vy,, ..., Vig},
and
m = spang{ey,..., €15}, where € = v} ;.

The two irreducible isotropy summands are given by
mp = spang{eéy,..., ey}, mp :=spang{es,...,e15},

corresponding to the tangent spaces of the fiber and base respectively of the octonionic Hopf

fibration,

Spin(8) Spin(9) Spin(9)

7 15 8

o — ) 2
5 Spin(7) 5 Spin(7) S Spin(8) (3:23)

The two-dimensional family of invariant metrics is parameterized by
Gap = aBo|mpxmp + 0Bolmpxmgs @, >0,

and a g, j-orthonormal basis of m is given by {e;}?,, where

e ifi=1,....7,

a

(3.24)

s o

e ifi=8,...,15.
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By manually checking the sectional curvatures, one finds that the round metric corresponds to
the parameters a = 3, b = £ and we recall (see e.g. [Zil82]) that the round metric is the only
member of the family g,, which can be isometric to one of the metrics for G = U(n), SU(n),
Sp(n), or Sp(n) Sp(1) considered in previous sections. In the following proposition we give a

complete description of the invariant differential forms:

Proposition 3.3.7. Up to taking Hodge duals, the invariant differential forms on (S¥ =
Spin(9)/ Spin(7), gap) are given in Table where w € A’m, U € A'm and their exterior
derivatives are defined by the formulas in Appendz'x@ and pr; ; denotes the projection onto

Aimp X Aij.

|

H dim AF ‘ Basis for AF ‘

mv mv

O U W N~ O
s O =R NN~ OO
QL
&
S

pryg(w A dw), pray(w A dw), *(wAdP), (WA W)

Table 3.3: Invariant Differential Forms on (S = Spin(9)/ Spin(7), gas)

In particular, this shows that the invariant differential forms on S = Spin(9)/ Spin(7) are
generated by w and ¥ and their derivatives, and in what follows we shall examine more closely

the geometric and spinorial features of these forms.

Remark 3.3.8. The 4-form V¥ is purely horizontal, i.e. ¥ € A*mp, and the horizontal component
of dw is a multiple of W. One finds that ¥ is not invariant for the larger group Spin(8), hence
it does not descend to an invariant 4-form on the base space S® = Spin(9)/Spin(8) of the
octonionic Hopf fibration ([3.23)).

In the following theorem we describe the space of invariant spinors:

Theorem 3.3.9. Using the above gqp-orthonormal basis and the corresponding description of the
spinor module from Chapter the space of invariant spinors on (S*° = Spin(9)/ Spin(7), gus)
15 given by

2inv = Spalg {1/1} )

where

Y = ﬁ(_iylb + Y123+ Y257 — Ys 56+ iU1247 — W1346 — Y567+ Y2,346,7),
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and we use the notation y;, . = yy N+ Ny, It satisfies the spinorial equation

a—2b e
“r a+2b Va . '
(16bﬁ+<if4b)>“'ei'¢+ (m) dw-e;-p if1=8,...,15.

Proof. We follow the same procedure as in Example |3.2.6] To differentiate ¢/, we note that the

Nomizu map of the Levi-Civita connection is given by

(11X, Y] if XY €mp,

(1—2)[X,Y]m if X emp, Y € mp,
A(X)Y = 2

%[X,Y]m ifXGmB,YEmF,

| 31X, Y] if X,Y € mp.

The fact that the spinorial equation (3.25)) depends only on the invariant 3-form w suggests that
there is an intrinsic relationship between 1 and w. Indeed, the spinor ¢ determines w via the

squaring construction:
wX,Y,Z)==2(XANY ANZ) -¢,¢) foral X|Y,Z € TM,

where (-, -) denotes the usual Hermitian inner product on the spinor bundle. Conversely, (i3.25))
shows that w determines v up to first order. In general, for each integer £ > 0 the squaring

construction determines an invariant k-form w) via
Wiy (X1, X)) = R(Xa A AXy) -9,9) forall Xy,... X, € TM, (3.26)

and one can ask whether 1 is related to other invariant forms from Table [3.3| by this construction.

Proposition 3.3.10. Up to taking Hodge duals, the differential forms obtained from the invariant

spinor ¢ via the squaring construction are given in Table[3.4)

Proof. Note that invariance of ¢ implies that each w,) is invariant too, and thus Proposition

[3.3.7 greatly limits the possibilities for w(,). One immediately sees that w(1) = w() = we) = 0,
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and the case k = 3 is given above. Examining next the case of 4-forms, we consider the projection

3va
bv/2 v

pry o (dw) = dw +

of the invariant 4-form dw onto A*mp ® A’mp, and it is easy to see that {U, pry,(dw)} is a
basis for the space of invariant 4-forms. Writing wiyy = MW + Aapry 5(dw), a straightforward

calculation in the spin representation shows that

1
w(4)(687€9a 6107611) =0, w(4)(el,e2, €s, 611) — _57

hence A\; = 0 and A\, = —% (by comparing with the formulas in Appendix Similarly, for

5-forms, one calculates
ws)(e1, es, €10, €12, €15) = 0 # \/g = dW¥(ey, es, €10, €12, €15),
and we conclude from Table that w) = 0. In degree 7, we write
w(r)y = MPry6(w A dw) + Aoprs 4(w A dw) + A3(x(w A dW)) + Ay (x(T A W)
as a linear combination of the 7-forms from Table[3.3] A straightforward calculation gives

UJ(7)(€1,68,69,610,611,612,613) = ) w(7)(617€2763768769a6107611) =1

N — N

W(7)(€37€47 €5, 6676776137614) - ) w(7)(617627637€47657 €6, 67) = _]-7

and it then follows from the formulas in Appendix [B] that

=== =—, =———, M=—-——.
1 18y/a 2 62 3 82 4 14

W2, Va o, a1

For higher degrees, we note that the squaring construction is compatible with the Hodge star in
the following sense: For any multi-index I = {iy,. .., iz}, define a multi-vector e; := e;, A---Ae;,,
and recall that *e; = sign(I U f)ef, where T = {1,2,...,15} \ I (with union and complement
taken as ordered sets). Since e;A(e7) = sign(IUT)e; AesA- - - Aeys acts on the spin representation

~

by sign(/ U I)Id, we then have

~ k(k+1) ~

wiy(er) = Rler -, ) =sign(L UT) Rieg-er-ep-,¢) = (=1) 2 sign({ UT) R(eq- 9, )




79 3.4. Generalized Killing Spinors on Round Spheres

k(k+1)
=(-1) 2 W(15—k)(*61),

k(k+1)

and it follows that wus—p) = (—1)" 2 *wgy. In particular, the forms wg with & > 8 are
determined by those in Table [3.4] O

k W(n)

01

110

210

3| w

4 —%Przg(dw)

510

610

7 —%prm(w Adw) + %prg,A(w Adw) — % *WAdY) — g x (WA T)

Table 3.4: Forms on (S = Spin(9)/ Spin(7), g.») obtained from 1) via the squaring construction

Finally, we calculate the Ambrose-Singer torsion and determine its type:

Proposition 3.3.11. For any a,b > 0 the sphere (S*® = Spin(9)/ Spin(7), gup) has Ambrose-
Singer torsion of type Tsew ® T, given by

1
TAS(ei,—):mei_:w (i=1,...,7), T*(e;,—-)=w, (i=8,...,15),

where w; are the (0,2)-tensors determined by

;w(ebejaek) ij < k;

2v/2a
1 _ ) va o
wi<6376k> - mw(ei7€j7ek) ij > k;
0 ifj =k

The projection of TS onto Toxew 5

AS (a + 2b)

— w,
skew 6b /_2a

with TAS = T4S if and only if a = b.

skew

3.4 Generalized Killing Spinors on Round Spheres

In this section we revisit our findings for the round metric in each case, and compare with the

known results of Moroianu and Semmelmann [MS14al MSI4b]. In Section 4 of [MSI4b] it is
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shown that, for the round sphere S™ (n > 3), if there exists a generalized Killing spinor with

exactly two eigenvalues, then those eigenvalues are equal to %, —% (up to a change of orientation)
and they occur with multiplicity m 1 and m_ s =m1 + 1 respectively. Furthermore, they show
that if such a spinor exists, then n = 3 or 7, giving the multiplicities (m%, m_%) = (1,2) or
(3,4). In what follows we examine each of the 3- and 7-dimensional cases from our classification
and determine whether, when equipped with the round metric, they admit invariant generalized

Killing spinors with exactly two eigenvalues.

(I). G =1S0(4), SO(8), U(2), or U(4). By Theorems [3.1.1] and |3.1.3| there are no invariant

spinors to consider in these cases.

2

(IT). G =SU(2) = Sp(1). By Theorem and Corollary [3.1.14] the round metric gqp|,_;_1
admits a pair of invariant Killing spinors for the constant %, but no invariant generalized

Killing spinors.

(III). G = Sp(1)Sp(1) or Sp(1) U(1). By Theorems [3.2.13| and |3.2.26| there are no invariant

spinors to consider in these cases.

(IV). G = Sp(2). Considering Example with the round metric g, s|a—s=1, One recovers the
canonical spinor described in [AF10, [AD20], consistent also with [MS14bl Thm. 4.10].

(V). G =Sp(2)Sp(1). The round metric in this case is given by ga,b|a:%7 b= - Substituting
these values of a and b into the endomorphism A from Proposition [3.2.17| shows that the
spinor ¥ from Theorem is an invariant generalized Killing spinor with two distinct
eigenvalues, and the associated endomorphism is consistent with [MS14b, Thm. 4.10];
this theorem also implies the existence of a 3-Sasakian structure with ¢y as the canonical

spinor, however this structure cannot be invariant as a consequence of Corollary [3.2.25]

(VI). G =Sp(2) U(1). The round metric in this case is given by ga7b7c|a:%7 b=1 =1, and by
Corollary [3.2.30] there is a compatible invariant Sasakian structure. By Remark [3.2.35]
the spinor 1 from Theorem is an invariant generalized Killing spinor with two
distinct eigenvalues, and the associated endomorphism is consistent with [MS14bl Thm.
4.10]; as in the previous case this theorem also implies the existence of a non-invariant

3-Sasakian structure with 1y as the canonical spinor (non-invariance in this case follows

from the fact that the space of invariant vectors is 1-dimensional).

(VII). G = Spin(7). In this case, for any invariant metric, the 1-dimensional space of invariant

spinors consists of Killing spinors.



Homogeneous (3-)Sasakian Structures from the Spinorial

Viewpoint

This chapter contains work which has appeared in the preprint [Hof22].

4.1 The (3-)Sasakian Structures Induced by Killing Spinors

In this section we expain how to construct Sasakian and 3-Sasakian structures from Riemannian
Killing spinors, generalizing the constructions of Friedrich and Kath in dimensions 5 and 7 [FK88|
FK89, [FK90]. By considering the rank two subbundles E;” C XM defined in [FK90] (recalled
in Theorem , we also show that all Sasakian and 3-Sasakian structures on connected,
simply-connected Einstein-Sasakian or 3-Sasakian manifolds arise from this construction. In

this chapter we shall only consider real Killing spinors for the Killing numbers A = :I:%.

Generalizing to arbitrary dimension the 1-form and dual vector field considered in [FKS8§| (also
those considered in [FK90, Section 5|, [BFGK91, Chapter 4.4], and, by letting the two spinors
in Definition be multiples of each other, the 1-form considered in [FK89, Section 4]), we

make the following definition:

Definition 4.1.1. Let (M, g) be a Riemannian spin manifold. Given a pair of spinors ), 19,

the associated 1-form ny, 4, and its metric dual &y, 4, (the associated vector field) are defined by

Ny b (X ) 1= R (Y1, X - 1), Epr by 1= nfphw, for all X € TM, (4.1)

where (-,-) denotes the usual Hermitian metric on the spinor bundle and R is the real part. We

81
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also define the associated endomorphism field @y, 4, by

1
O (X) 1= —Q(XJdWl,w)ﬁ, for all X € TM. (4.2)

Remark 4.1.2. Observe that the operator R in (4.1) is unnecessary when 1; € Rit),, since
skew-symmetry of the Clifford multiplication with respect to the Hermitian product ( , ) ensures
that (iy), X - ¢) is purely real. Thus, by setting ¢ = i), in (4.1]), our definition recovers the
1-form and vector field considered in [FK89, Section 4] and [BEGK91, Chapter 1.5]. We also
note that it is possible to choose non-vanishing spinors 11, s such that the associated vector

field &y, 4, is identically zero. This is necessarily the case when 1, = 1, for example.

As we will frequently encounter the tensors (4.1]), (4.2)) and their derivatives, we summarize here

some relevant well-known facts:

Lemma 4.1.3. Let (M, g) be a Riemannian spin manifold with spinor bundle XM , and denote
by (, ) the usual Hermitian scalar product on the fibers of M.

(i) Differentiation of the Hermitian product { , ) commutes with R, i.e.

X(R(p, 1)) = R(X(p,¢))

for all X € TM and all spinors v, € T'(XM).

(i1) For any spinor ¢ € T'(XM) and any vector fields X,Y € TM we have

ROX -, Y - 4h) = g(X,Y) [[]]*

(i11) If ¢ is a Riemannian Killing spinor then the length function ||¢|| is constant on each

connected component of M.

Proof. These can be found elsewhere throughout the literature; in the interest of comprehen-

siveness we recall the proofs here.

(i) One easily calculates:

X({o ) + T 00) = 5 X (o, ) + (9, 0))

(V& ¥) + (0, V&) + (VXY 0) + (1, V&)

X (R, ) =

N = DN =
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= & (Vo 0) + (V0.0 + (0. V40) + (0, VD))

= R(V0,1) + R, Vi) = R(X (p, ).

(ii) Using the skew-symmetry of the Hermitian product with respect to Clifford multiplication,

we calculate:

RX -,V ) = =R, XYV - 9) = R, Y - X - ) + R, 29(X, Y)9)
=R - X, 9) +29(X,Y) I = R(Y - X -4, ) +29(X,Y) ([l
= —RX -0, Y ) +29(X,Y) |9,

and the result follows.

(iii) Let ¢ be a Riemannian Killing spinor for the Killing number \. Differentiating the square
of the norm with respect to any X € T'M and using skew-symmetry of the Hermitian

product with respect to Clifford multiplication gives:

X" = X (0, ¢) = (Vi ¥) + (&, V) = MX -4, ¥) + M), X - ¢) = 0.

Since one of the defining conditions of a Sasakian structure involves the exterior derivative of
the Reeb 1-form, we also need an identity relating dny, 4, to the spinors 1, 1,. Generalizing
the identity calculated by Friedrich and Kath in the proof of [FK89, Thm. 2|, we have:

Lemma 4.1.4. If (M, g) is a Riemannian spin manifold carring a pair of Killing spinors 11,1s
(not necessarily linearly independent) for the same Killing number X, then the exterior derivative

of the 1-form ny, 4, 15 given by

ANy g (X, V) = 2000y, (V- X — X -Y) -ay)  for all X,Y € TM. (4.3)

Remark 4.1.5. Recalling the squaring construction (3.26)), we have 7y, 4, = —w1) by definition,

and it follows from the preceding lemma that dny, v, = 4 \w(g).

We now describe the relationship between the length of the vector field &, ,, and the kernel of

dnwlﬂ/& :
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Lemma 4.1.6. If 11,1y are Killing spinors (not necessarily linearly independent) for the
same Killing number X, then the length function € = ||&y, v,|| is locally constant if and only if

§w1,¢2Jd77¢1,w2 = 0.

Proof. One easily sees from the calculation on [BEGK91, p. 30] that &, 4, is a Killing vector
field (actually they prove this only for the case ¥ = i1, but the same argument works in

general by using Lemma [4.1.3[(i)). Therefore we have
1
Ednwla"h (X, Y) = g(V&&,ﬁlm, Y) forall XY e TM (44)

(see e.g. [Bla76, p. 64], noting the slightly different conventions), and the result then follows

from the calculation

X(€2) - Xg(&/nﬂﬁz? 51#1#/}2) = QQ(V)(&/,M/,Q, 57/)171#2) = dnwl,wz (X’ 57/)171#2)'
]

For a Sasakian structure (g,&,n, ) one always has £idn = 0, so we see from the preceding
lemma that it is necessary for ¢ to be locally constant (and non-zero) in order for the tensors
%{M b2 %n% o %9%1 4, to constitute a Sasakian structure. We now arrive at the first main result

of this section, which shows that for Killing spinors this condition is also sufficient:

Theorem 4.1.7. Suppose that (M, g) is a Riemannian spin manifold carrying a pair 11,1y of
Killing spinors (not necessarily linearly independent) for the same Killing number X\ € {%, _71 ,

and suppose furthermore that € := ||&y, 4, || is locally constant and non-zero. Then, the tensors

1 1 1
6 = Z&Plﬂﬁz» ni= anhwza P = z@whwz

determine a Sasakian structure on (M, g).

Proof. By [BG99, Prop. 2.1.2], it suffices to show that ¢ is a unit length Killing vector field and
the (1,1)-tensor a(X) := —V%& satisfies

(V&)Y = g(X, V)¢ —n(Y)X. (4.5)

It is clear that ||¢]| = 1 by construction, and we have already seen in the proof of Lemma [4.1.6]

that &y, 4, is a Killing vector field (as ¢ is constant on each connected component of M we then



85 4.1. The (3-)Sasakian Structures Induced by Killing Spinors

have that & = %&phw is a Killing vector field as well). The identity (4.5) has a very elegant
proof in terms of conformal Killing forms, i.e. differential forms © € A*T* M satisfying
1

1
g . o *
V4O = s X6~ X* A GO, (4.6)

where 6: A¥T*M — A*='T*M denotes the codifferential and X* is the 1-form dual to X via
the Riemannian metri Indeed, from Remark we have dn = %dnwhw = %W(g), thus
by [Sem03, Prop. 2.2] dn is a conformal Killing form (using the fact that ¢y, are Killing
spinors, hence twistor spinors—see e.g. [BFGK91]). The existence of the Killing spinors 1, ¢

for the Killing number A € {3,35!} implies that (M",g) is Einstein with scalar curvature
4n(n — 1)A\* = n(n — 1) (see [EFri80, BFGK91]), and the result then follows by [Sem03] Prop.
3.4]. O

In fact, we shall prove in the next theorem that, any Einstein-Sasakian structure on a simply-
connected manifold arises from this construction. To that end, we recall from Theorem [2.3.8

(using slightly different notation) the bundles
Be={Yp € SM: (£20(X)+€- X —X-€) =0 VX e TM).

For our purposes here, it is important to recall that rank(F_) > 1 and that F_ has a basis

consisting of Killing spinors for the constant % Using these bundles, we prove:

Theorem 4.1.8. If (M*"7! g,&,n,¢) is a simply-connected Einstein-Sasakian manifold, then

the Sasakian structure (§,m, ) arises from the preceding construction.

Proof. Let ¢ € T(E_) be a (non-trivial) Killing spinor for the Killing number A = 3, and assume
without loss of generality that |[¢)|| = 1 (if not, by Lemma [4.1.3]iii), we may rescale it to unit
length using locally constant functions). Defining ¢’ := —¢ - 1, we note that ¢’ € I'(E_), since
¢ anti-commutes in the Clifford algebra with the operators (—2p(X) 4+ £ - X — X - &) defining

the bundle F_. Furthermore, v’ is a Killing spinor due to the calculation

V! = ~VE(E¥) = ~(VE) ¥ — & Vi = p(X) - — 26 X -

1 1 1 1 ,
=S X—X -y X=X 6 p=cX ¥,

where we have used the identity ¢ = —V9¢ and the condition defining £_. Using Lemma

!The author would like to thank Prof. Uwe Semmelmann for pointing out this argument.
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4.1.3(ii), we calculate

Ny (X) = R, X - ¢) = =R, X - £ 9) = g(X, &) [[¥]]* = n(X)

for any X € T'M, hence 1y = n (and also & = ). As € = ||Ey, 0| = |[€]] = 1, it follows
from Theorem that the pair 1,1’ induces a Sasakian structure on (M, g), and, since
Eprpn = &, the two Sasakian structures must coincide (because py v = —V9Ey v = —VIE = ).
The proof for the case v € I'(E}), A = —% is similar. ]

As corollaries, we obtain analogous construction and uniqueness results for 3-Sasakian manifolds:

Theorem 4.1.9. Suppose (M, g) is a Riemannian spin manifold carrying Killing spinors
1, 9,103,104 (not necessarily linearly independent) for the same Killing number \ € {%, _71 f
Epr py and &y, are orthogonal vector fields with locally constant non-zero length, then the two

Sasakian structures induced by Theorem[§.1.7 determine a 3-Sasakian structure on (M, g).

Proof. This follows from Theorem [4.1.7/and the fact that two Sasakian structures with orthogonal
Reeb vector fields uniquely determine a 3-Sasakian structure (see e.g. [FK90, p. 556] for the
construction of the structure tensors of the third Sasakian structure in terms of those of the

other two). O

To prove a uniqueness result for 3-Sasakian manifolds analogous to Theorem [4.1.8] we consider
the three bundles E; from Theorem [2.3.8, Indeed, performing the argument from the proof of
Theorem for each of the three Sasakian structures individually yields:

Theorem 4.1.10. If (MY g, &, mi, i) is a simply-connected 3-Sasakian manifold, then the

3-Sasakian structure arises from the preceding construction.

Let us briefly compare our results with those of Friedrich and Kath in the 5- and 7-dimensional
setting. These can be found in [FK88], [FK89, Section 4], [FK90, Sections 5, 6], and also
appeared subsequently in the book chapters [BEGK91], Chapters 4.3, 4.4]. In dimension 5,
their construction uses the fact that the spin representation of Spin(5) acts transitively on the
unit sphere in the spinor module (which no longer holds in dimension > 9 [MS43]). Given a
non-zero spinor 1, this allows them to arrange a particular choice of frame in which a unique
unit length solution ¢ € TM? to the equation ¢ - v = i1} is readily apparent. For a non-zero
Killing spinor v, and under an appropriate normalization of the scalar curvature, they then show

that this vector field £ determines a Sasakian structure. Similarly, given an orthonormal pair
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of Killing spinors 11, ¥y in dimension 7, Friedrich and Kath use the orthogonal decomposition
YMT = Cyy @, (TM7 -4) to find a unique unit length vector field ¢ satisfying & - 1, = 1),
which goes on to become the Reeb vector field of a Sasakian structure. This decomposition
of the spinor bundle occurs as a coincidence in dimension 7, and fails in higher dimensions
since the dimension of the spinor module grows much faster than the dimension of the manifold.
In both cases, Friedrich and Kath note that their vector field £ is dual to the 1-form defined
essentially by , but there is no mention of the fact that this 1-form can be taken as the

starting point to perform such a construction in arbitrary dimension, as we have done here.

Aside from the preceding comments about dimension, we also note that our results are slightly
different in spirit: Friedrich and Kath prove that a Killing spinor in dimension 5 (resp. two
Killing spinors in dimension 7) defines a specific unit length vector field which is in fact the
Reeb vector field of a Sasakian structure. On the other hand, our Theorem requires the
assumption that the vector field &y, 4, induced by a pair of Killing spinors has locally constant
positive length; this is then shown in Theorem to be a reasonable assumption in the
sense that simply-connected Einstein-Sasakian manifolds always carry spinors 1, 15 such that
[|€p1 ]| = 1, s0 no cases are lost by imposing this. The similarities and differences are much

the same when comparing [FK90, Section 6] to our Theorem m

4.2 Invariance of Spinors and their Associated (3-)Sasakian

Structures

Given the relationship described above it is natural to ask whether, on a homogeneous manifold,
invariance of a (3-)Sasakian structure implies invariance of the associated unit spinors and vice
versa. One already sees from [AHL23, Remark 4.43] that the homogeneous sphere S4"~1 =
% equipped with the round metric (which is invariant and carries an invariant Einstein-
Sasakian structure) admits non-invariant Killing spinors ¢ € I'(E] ). However, it turns out
that if one applies Theorem to a pair of invariant Killing spinors then the resulting
Sasakian structure must also be invariant, as we prove in this section. This suggests that an

invariant spinor is a more fundamental geometric object than an invariant (3-)Sasakian structure,

capturing more of the homogeneity data of the space. To begin, we have the following lemma:

Lemma 4.2.1. For any X € R* and § € APRF, the identity

0-X—X-0=((-1)P+1) X0+ ((-1)’ —1) X A0 (4.7)
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holds in the Clifford algebra.

Proof. The Clifford algebra identities
X-0=(XAN0)— (X.0), 0-X=(—1)P[X N0+ X 0]

appear as Equations (1.4) in Chapter 1.2 of [BEGK91], and the result follows by subtracting
them. 0

Considering a 2-form T' = 3. Tj;e; A e; € A2R* = so(k) and its spin lift 7 = 5 2ie; Tijei - €,

1<j

we immediately obtain the corollary:
Corollary 4.2.2. Let T € so(k) be a skew-symmetric linear transformation and T € spin(k) its
spin lift under the Lie algebra isomorphism so(k) = spin(k). Then, for any X € R, the identity

T-X-X-T=T(X) (4.8)

holds in the Clifford algebra.

These formulas also easily generalize for the commutator of a 2-form with a form of arbitrary

degree:

Lemma 4.2.3. Let T € so(k) be a skew-symmetric linear transformation and T € spin(k) its
spin lift under the Lie algebra isomorphism so(k) = spin(k). Then, for any 0 € A°R*, the
identity

holds in the Clifford algebra, where T(0) refers to the standard action of so(k) on A*RF.

Proof. It suffices to prove the result for T'=e; Ae; and 0 = ¢;; A--- A e,. We calculate:

T H—G-T—%(ez €j € e ey, — ey e, * € e])
B 0 i,je{l,. ...l ord,jé&{li,....1h},
- e; -e; -0 otherwise
=T(0).
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Finally, we show that the Clifford product of an invariant vector or differential form with an

invariant spinor is again invariant.

Lemma 4.2.4. If (M = G/H, g) is a homogeneous spin manifold carrying an invariant spinor

Y, then 0 -1 € ¥ is invariant for any invariant form 6 € AF m, k > 0.

mv

Proof. For any isotropy operator h € h C so(m), it follows from (4.9)) that

Invariance of ¥ and 6 gives h- 1 =0 = h(0), hence h-0- 1) = 0 as desired. ]

With these lemmas; it is easy to prove that invariant Killing spinors induce invariant (3-)Sasakian

structures via the construction from Chapter [4.1}

Theorem 4.2.5. If (M = G/H,g) is a Riemannian homogeneous spin manifold carrying a
pair Y1, Yo of invariant spinors, then the associated tensors Ep, wy, My, ANA Py, w, are also
mvariant. In particular, if V1,1 are invariant Killing spinors for the same Killing number

A€ {%, _71}, and &y, 4, has locally constant positive length ¢ > 0, then the induced Sasakian

1 1 1 s :
structure (58, s 771wy 7Pu1 ) 15 invariant.

Proof. We show that the tensors &y, v, N1 ey P p, are invariant. Using (4.8) and invariance
of g, {, ), 11, and 1y, we calculate:

g([h’&ﬁlﬂl&LX) = _g(&ﬁmﬁw [h7 X]) = _§R<¢17 [hv X] : ¢2>
— Ry, (ad(A)lm - X = X - ad(h)[w) - 2) = =Ry, ad (B - X - 152)

—_—

= R(ad(h)|m -1, X - 1) =

for all h € b, X € m, hence &y, 4, and 7y, y, = fzjlm are invariant. Invariance of ¢y, 4, then
follows from (4.2)), completing the proof. m

By the same argument, one also obtains the analogous result in the 3-Sasakian setting:

Theorem 4.2.6. If (M = G/H,g) is a Riemannian homogeneous spin manifold carrying
wnwvariant Killing spinors 1,9, 03,104 for the same Killing number \ € {2, 5 LY and such
that &y, e and &y, 4, are orthogonal and have locally constant positive length, then the induced

3-Sasakian structure is invariant.
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4.3 Invariant Differential Forms and Spinors

Expanding upon the work [DOP20)], in this section we describe the invariant ¢;-(anti-)holomorphic
differential forms on homogeneous 3-Sasakian spaces. We also describe the invariant spinors
carried by these spaces, and the relationship between the forms and spinors. We would like to
emphasize that this approach exploits the exterior form viewpoint of the spin representation,
which greatly simplifies calculations and allows one to easily prove results for spaces of arbitrary

dimension.

Remark 4.3.1. Before discussing the invariant forms and spinors, we comment briefly about the

]P>4n—1 ~ Sp(n)

~ Sp(n—1)xZ2" The iSOtI‘Opy group Sp(n - 1) X Zig 18 not

homogeneous 3-Sasakian space R
connected, leading to non-uniqueness of lifts of the isotropy representation (see Figure 2.1)), and,
consequently, non-uniqueness of homogeneous spin structures. Moreover, non-connectedness of
the isotropy group precludes us from the usual strategy of finding invariants at the level of Lie
algebras (since the exponential map in this case is not surjective). To avoid the intricacies of

this special situation, we exclude RP**~! from consideration in this chapter by requiring that

our homogeneous 3-Sasakian spaces be simply-connected; it is the only non simply-connected

space in Theorem [2.4.1]

In order to prove the first major result of this section, we will make use of the First Fundamental
Theorems of Invariant Theory for the classical complex simple Lie groups, which can be found
e.g. in [FHI91, [SchO8]; we will use the formulations presented in [Sch08] as these are more suited
to our purposes. We will also need the description of the exterior powers of the standard
representation of SO(n,C) as highest weight modules (see e.g. [GW09, Chapter 5.5.2]). We

summarize these results in the following three theorems:

Theorem 4.3.2. (Based on the First Fundamental Theorems in [Sch08, Section 5]). Let
SO(n,C) act on C™ by its standard representation and, if n = 2l is even, let Sp(2l,C) also act
by its standard representation. Denote by ey, ..., e, (resp. ei,... e} ) the standard basis for C"
(resp. the images of the standard basis vectors under the isomorphism C" ~ (C™)* given by the

non-degenerate bilinear form defining the group), and let
T:=T(C" ®(C"))

denote the algebra of tensors on C"* @ (C™)*, with the natural algebra multiplication given by

concatenation of tensors. The subalgebra of invariant tensors for the two groups are described
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up to mutations (i.e. permutations of the tensor factors) as follows:

(i) FET for SO(n,C): The space T5°"C) of invariant tensors is the C-span of all mutations

of tensor products of flips of the tensors
n

det := Z Sign(o)es(1) ® - -+ @ €o(n); I = Zei ® e,

oES, i=1

where a flip means applying the isomorphism C™ ~ (C")*, e; — el or its inverse to one of

the tensor factors.

(i1) FFT for Sp(2l,C): The space T*C) of invariant tensors is the C-span of all mutations

of tensor products of p, p*, I, where

1 n
p = Z(€¢®€l+i—€l+i®ei)a I::Zei@)e:'
=1

i=1

Remark 4.3.3. Note that our 7T is defined slightly differently than the tensor algebra considered
in [Sch08]; we don’t require all the covariant and contravariant factors to be collected, i.e. we
don’t require elements of T to lie in T(C") @ T'((C™)*). To compensate for this, our notion of
mutations includes all permutations of the tensor factors, not just those that permute covariant
factors and contravariant factors amongst themselves (as was the definition in [Sch08§]). It is
easy to see that our mutations intertwine the group action, and that invariant elements of
T are generated by invariant elements of T'(C") ® T'((C™")*) by taking linear combinations of

mutations.

Theorem 4.3.4. (Based on [GW0Y, Thm. 5.5.11]). Denote by wy, ... ,w,—1 the fundamental
weights of SL(n,C), and A"C™ the r™ exterior power of the standard representation. The

representation A"C™ is irreducible for allr = 1,...,n, with highest weight w, forr =1,... ., n—1.

Theorem 4.3.5. (Based on [GW0Y, Thm. 5.5.13]). Forn =2l or2l+1, let wy,...w, denote the

fundamental weights of SO(n, C), and A"C" the r'* exterior power of the standard representation.

(i) For n = 2l +1 > 3: The representation A"C"™ is irreducible for all v = 1,...,n, with

highest weight w, forr=1,...,1 —1 and 2w; for r = 1.

(i) For n =2l > 4: The representation A"C" is irreducible for r =1,...,1 — 1, with highest
weight w, forr =1,...,1 —2 and wi_1 +w; for r =1 — 1. The representation A'C" splits

as the direct sum of two irreducible representations with highest weights 2w;_1 and 2w;.
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We begin with an easy result regarding the algebra of Sp(n)-invariant horizontal complex tensors

for the classical case of the 3-Sasakian round sphere:

Proposition 4.3.6. The algebra T, (m%) of invariant horizontal complex tensors on the

3-Sasakian sphere (S"1 = szﬁ)l), Ground) S generated, up to mutations, by its degree 0 and 2

elements.

Proof. The isotropy algebra is h = sp(n — 1), and complexifying the isotropy representation
gives m* ~ 3C ©2C?" 2, where C?"~2 denotes the standard representation of h® = sp(2n — 2, C).
Using the fact that C?"~2 is self-dual as an hC-representation, the space of horizontal complex

tensors is
T(m§) ~ T(2C*" %) = T(C*™ ? @ (C*" ")~ T, (4.10)

and the result follows from Theorem [4.3.2[(ii).

O

As a consequence, we are able to deduce a description of the Sp(n)-invariant forms on the round

sphere:

Corollary 4.3.7. For any k > 0, the space A¥ m of invariant k-forms on the 3-Sasakian sphere

mv

(S4n71 _ _Sp(n)

= Som_D)’ Ground) 1S spanned by wedge products of invariant 1- and 2- forms. FExplicitly,

the invariant algebra AS, ,m is spanned by elements of the form

Te1,€2,€3,a1,a2,a3 *— 77;1 A 7752 A 7753 A ((I)l’H)al A <(I)2|7‘l)a2 A ((I)3‘H)a37
where €1, €9, €3 € {0, 1}, ay, as,a3 € Z>o.

Proof. Any degree 2 horizontal tensor decomposes uniquely into symmetric and skew-symmetric
parts according to

my ® my =~ S%(my) & A*(my),

and this decomposition holds as H-representations. By Proposition [£.3.6, we then have that
Tinv (M%) is generated, up to mutations, by its degree 0 elements together with its symmetric

and skew-symmetric degree 2 elements:

®k
Ty () /mut. = P (mf; @ my)50 ~ €D (S5, (m) @ AL (mF)™"
k>0 k>0
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But any tensor containing a factor from S2_(m$;), or any mutation of such a tensor, is symmetric
in at least two positions and therefore lies in the kernel of the projection onto the skew-symmetric

tensors. In particular, this shows that

Ad(myy) = €D A* (AL (m3)
k>0
(see Case 3(i) in the proof of Proposition below for more details about the required
properties of the skew-symmetrization map), so the algebra of complex horizontal differential
forms is generated by its (degree 0 and) degree 2 elements. For U = C?"~2 the standard
representation of h® = sp(2n — 2, C), it is known that dime A2 U = 1 (see [DOP20, p. 834]),

hence

dime A2, (m$) = dime A2, (U & U) = 2dime A2, U + dimc(U @ U)" =2-1+1=3

mv mv mv

2

(since U is a self-dual H -representation), and it follows that A2 (m%,) is spanned by 1], P24,

and P3|y (viewed as complex forms). In particular, together with the constant function 1, these

L]
inv

(mf) and also the real subalgebra A$,,(my). The result then

mv

generate the complex algebra A

follows by noting that the isotropy representation acts trivially in the vertical directions. [

In fact, we expect that Corollary should hold for all homogeneous 3-Sasakian spaces (with

2
inv

an additional generator ®y € A7 (my) for the case G = SU(n + 1)), however the arguments for
the remaining cases become much harder (due to reducibility of my in the SU(n + 1) case, the
appearance of extra tensors in certain dimensions for the G = SO(n + 3) case, and the lack of
invariant theoretic tools for the exceptional cases). It seems likely that other methods would
be needed to prove such a result in general. For this reason we now prove a somewhat weaker

result, but one which can be shown for all the cases and which will nonetheless be sufficient for

the purpose of finding the spaces of invariant spinors:

Proposition 4.3.8. If (M = G/H, g,&,m;, i) is a simply-connected homogeneous 3-Sasakian
space, then the algebras A5Y(mS,), AYS(mS,) of invariant horizontal @, -(anti-)holomorphic forms

mv mv

are generated by their degree O and 2 elements.

Proof. Employing the basis for sp(1) = spang{&1, &2, &3} given in [DOP20L Eqn. (17)], the almost
complex structure |y = ad(£;) acts on (my)® = (g1)¢ via iId on (1,0) ® U and —ilId on

(0,1) ® U, hence the p;-holomorphic (resp. ¢;-anti-holomorphic) horizontal cotangent bundles
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are given by AM(m%) = (1,0) @ U ~ U (resp. A% (m$;) = (0,1) ® U ~ U). Therefore we have
AFU ~ ARO(mf)) ~ A% (mY)) for all k > 0, so it suffices to consider the invariant exterior forms

on U. We use this approach to treat the cases for GG individually.

Case 1: G = Sp(n). Here the complexified isotropy group is Sp(n — 1)¢ = Sp(2n — 2,C) and
we have U = C*"~2 (the standard representation). It then follows from Theorem [4.3.2(ii) that

AF U = AF C?"72 is generated by alternating tensor powers (i.e. wedge powers) of the 2-form

mv mv

p € A2C?"2 stabilized by Sp(2n — 2, C).

Case 2: G = SU(n + 1). The isotropy group in this case is H = S(U(n — 1) x U(1)), and we

consider separately the cases n > 2 and n = 2. When n > 2 we have U = C"! @ (C"1)*,
with the action of h© = sl(n — 1,C) @ u(1)€ on U via the standard (resp. dual of the standard)

representation of sl(n, C) on C*~! (resp. (C"71)*) and the action of 1 € u(1)® =2 C given by

1 1
1.v:<1+"2 )v, 1.v’:_<1+"2 )v' (4.11)

for all v € C", v/ € (C"1)* (see [DOP20, Section 4.5]). We then have

AU ~ AMC @ (€ ~ € (wvC ) @ (A1(C)), (4.12)
ptq=k
and examining the action of u(1)® in shows that an element in one of the summands
on the right hand side of is u(1)%invariant if and only if it has the same number of
C"~! and (C"!)* factors. By Theorem [4.3.4] the SL(n — 1,C)-modules APC"! and AIC"~!
are irreducible and non-isomorphic unless p = ¢, and it then follows from that

1 if kis even and k < dim¢ U,
dimg AF (U) = (4.13)

0 otherwise.

In particular one checks in a basis that wy o := (Pa|yy — iP3|y) (resp. w1 = (Dol + iP3|x))

is an element of AZ%(m®) (resp. A)2(m®)), and that the top power of wiy (resp. wo,) is a

¢1-holomorphic (resp. ¢i-anti-holomorphic) volume form. It follows that lower powers are
non-zero, hence they span the 1-dimensional spaces of invariant ¢;-(anti-)holomorphic forms in

the relevant dimensions. The argument for n = 2 is similar, except one only needs to consider
the action of h® = u(1)C via (4.11)).

Case 3: G = SO(n + 3). The isotropy group in this case is H = SO(n — 1) x Sp(1), and it is
shown in [DOP20), Section 4.3] that U = C"~! x C"~! with the following action of H®: identify




95 4.3. Invariant Differential Forms and Spinors

each element (a,b) € U with [a|b] € Mat(,—1)x2(C) (i.e. the matrix with first column a € C*~*
and second column b € C"™ '), and let SO(n — 1,C) act by left multiplication on the columns
of [a]b] and Sp(1)® =2 Sp(2, C) by right multiplication on the rows. This gives decompositions
U~Cr'oCr ! as SO(n—1,C)-modules and U ~ (C?)®("~1 as Sp(2, C)-modules (direct sums
of the standard representation in both cases). Letting eq,...e,_1 (resp. ef,...,e5 ;) be the
standard basis vectors for the first (resp. second) copy of C"~! in the SO(n — 1, C)-decomposition,

the i'" copy of C? in the Sp(2, C)-decomposition has basis e;, ;. In particular, on the i** copy
of C? (which we shall henceforth denote by (C?);) the symplectic form stabilized by Sp(2, C) is

given by
pi=e®e —e Qe (4.14)

For each pair i, j € {1,...,n—1}, the copies (C?); and (C?); are isomorphic as Sp(2, C)-modules
via fi;: e; = ej,ef — e, and the natural extension of this map to tensors satisfies f;;(p;) = p;.
By Theorem m(ii), the Sp(2, C)-invariant tensors in 7(C?) are spanned by mutations of
tensor powers of the symplectic form defining the group. The tensor algebra of U = @;:11 (C?),
is the direct sum of all possible tensor products of the spaces (C?);, i =1,...n — 1, hence the
Sp(2, C)-invariant tensors are spanned by mutations of tensor products of the symplectic forms
pi,i=1,...,n— 1. We now consider separately the two subcases A¥ U with k =n — 1 and

k # n — 1. It suffices to show that (4.13]) holds in both subcases, as the result will then follow

by the same argument as in Case 2.

(i) k =n — 1: The symplectic forms p; have degree 2, hence (U®"~V); , can only be non-
trivial if n — 1 is even. We assume for the rest of the subcase that n —1 = 2[. Multilinearly
expanding a tensor product of the form p;, ® --- ® p;,, or any mutation thereof, one sees
that the vectors e;,,e; , s = 1,...1 appear in each term. Similarly, each term of the
SO(n — 1, C)-invariant tensor I = "' e; ® e} from Theorem [4.3.2{i) contains a pair of

vectors of the form e;, ef. The flips of I are precisely

n—1 n—1 n—1 n—1

I:Zei@)e;‘, ]1::26’;@@, IQ::Zei®€i, 13:2262‘@6;*, (4.15)

i=1 i=1 i=1 i=1

hence any mutation of an [-fold tensor product of flips of I has the property that, when
fully expanded, each term contains a pair of vectors of the form e;, e} or e;,e; or e}, e;

171

for some i = 1,...,n — 1. On the other hand, the SO(n — 1, C)-invariant tensor det =
> ves,  Sign(o)es (1) ® -+ ® ep(n-1) from Theorem [4.3.2(i) (and any mutation and/or flip
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thereof) has the property that, for each i = 1,...,n — 1, each term contains either exactly
one copy of e; or exactly one copy of ef. Said differently, linear combinations of mutations
of [-fold tensor products of p;, I, I, I5, I3 have repeated indices in each term, whereas
linear combinations mutations of flips of det do not have any terms with repeated indices.
Comparing Theorem [4.3.2(i) with the above observation that the Sp(2, C)-invariant tensors
are spanned by mutations of tensor products of the p;, we then have that (U®™1);,, is
contained in the span of all mutations of (I-fold) tensor products of flips of I. Consider

the skew-symmetrization map Alt: T(U) — A®U given by

Uy @+ @ uy, > Z SigN(0) o) ® -+ - @ Ug(iy)-
ocESk
Indeed, any invariant exterior form, viewed as a skew-symmetric tensor, is mapped to a
positive multiple of itself under Alt, so it suffices to consider the image of (U®%);,, under
Alt. Noting that the skew-symmetrizations of a tensor and any mutation of that tensor

21

mv

agree up to sign, it follows that A U is contained in the span of all images under Alt of
[-fold tensor products of flips of I. Furthermore, since for any tensors «, § the exterior
form Alt(a ® () agrees up to positive scaling with Alt(a) A Alt(5), we have

AU CA'S

mv ?

where S := spanc{Alt(1), Alt(1y), Alt(12), Alt(13) }.

One easily checks that Alt(I) = I — I} = — Alt([), Alt(ly) = Alt(I3) = 0, and we note

furthermore that the tensor

n—1

n—1
7 :=Alt(1) = Z<€i Qe —e Re) = Zpi
i=1 i=1

is Sp(2, C)-invariant. Thus S = CZ is the trivial H-representation, and it follows that
AL U =ANS=C(ZA---ATZ) (I times). In particular we have shown that dime Al 'U is

equal to 1 if n — 1 is even and 0 if n — 1 is odd.

(ii) k # n — 1: Similarly to (4.12)), taking the k* exterior power of the SO(n—1, C)-decomposition
U~Cv!t®Cr! gives

MU~ AHC T o C ) ~ @ (NPT @ (AT (4.16)
p+q=k

as SO(n — 1, C)-modules. If n — 1 is odd, then by Theorem [4.3.5(i) the (self-dual) SO(n —
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1, C)-modules APC"~1 A9C"! in are irreducible for all p, ¢ and non-isomorphic
unless p = q or p = n — 1 — ¢ (the latter isomorphism being the Hodge star operator). The
case p =n — 1 — q is excluded by the assumption k # n — 1, so by self-duality we have that
holds. If n—1 is even, then by Theorem [4.3.5(ii) the (self-dual) SO(n—1, C)-modules
APC™ 1 AIC™ L in are irreducible for p, ¢ # 25* and non-isomorphic unless p = ¢ or
p=mn—1—¢q. The assumption k £ n — 1 then ensures that holds for all k #n — 1.

Case 4: The Five Exceptional Spaces. These are the five spaces from Theorem with G an

exceptional Lie group. Following [DOP2()], we denote the corresponding 3-Sasakian data by
o' =g, 0, () =CRUY,  5=1234,5,

and we recall that the (h*)®-modules U*® have been described in terms of highest weight modules

on [DOP20), p. 841]. This information is summarized in Table [4.1]

’ Hs:l ‘322 ‘523 \324 ‘825 ‘
G* Go F4 Eg E-, Es
Hs Sp(1) Sp(3) SU(6) Spin(12) E,
(hs)(c Al :SP(Z,C) 03 :5]3(6,@) A5 :S[(G,C> D6 :50(12,6) E7 = Q(;:
Us V(3) V(A3) V(X3) V(Xs) V(A7)

Table 4.1: The Exceptional Homogeneous 3-Sasakian Spaces

Using the LiE computer algebra package ([LCL8§|), one checks that (4.13)) holds for each

s =1,2,3,4,5, and the result in this case then follows by the same argument as in Case 2. [J

As a consequence, we immediately obtain a description of the invariant ¢;-(anti-)holomorphic

forms on the full tangent bundle:

Theorem 4.3.9. If (M = G/H, g,&,m;,p:) is a simply-connected homogeneus 3-Sasakian space,

then the invariant ¢;-(anti-)holomorphic forms are given by

n—1 n—1

Ai.ﬁ?z(m(c) = Spanc{wfm Y10 A W]f,o}k:m A?ﬂ;(mc> = span(c{wlgjl, Yo N Wg,l}kzoa

where

10 = (§&2— 1),  Yo1: =T, wio = (Pol|y —iPsl), woa:
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Proof. Since the isotropy group acts trivially in the vertical directions, we have

Afw(m®) = A*0(my) @ Af0 (%) = [10 AL (mg)] @ [y10 @ Af(m3)],

A () = A™*(m§) @ At (mg) = [1@ AL (m3)] @ [yoa @ Al (my)],

mv mv (

and the result then follows from an analogous argument as in Case 2 in the proof of the
preceding proposition, where it was noted that 1,w; o (resp. 1,wp ;) are generators of A (mS)

(resp. ADS(mS)). O

mv

Using Theorem [4.3.9, we are now ready to prove the main result of the section:

Theorem 4.3.10. Let (M = G/H, g,&;,m;, ;) be a simply-connected homogeneous 3-Sasakian
manifold of dimension 4n — 1. For any adapted orthonormal basis of the reductive complement,
and the corresponding description of the spinor module from Chapter [2.1], the space of invariant

spinors is given by
Zinv = Span(}{w Y1 A wk}k) 0’ (417>

n—1
where w 1= szl Yop N Yop1-

Proof. Tt is well-known that the 3-Sasakian structure on M gives a reduction of the structure
group of the tangent bundle to Sp(n — 1) C SO(4n — 1) (see [Kuo70, Thm. 5]). Furthermore,
since the 3-Sasakian structure on M = G/H is assumed to be homogeneous, we have that the

image of the isotropy representation ¢ is contained in this reduction:
t(H) CSp(n—1) CSO(4n —1).

The lifted action of Sp(n — 1) on ¥ = A®*L’ is given explicitly in [AHL23| Prop. 4.5] (see also
the discussion in [AHL23| Section 4.1.4]): since operators in the symplectic group (and hence
operators in ((H)) are traceless, it is simply the usual action via exterior powers of the dual of

the standard representation. Thus XM = A%*(TEM) as homogeneous bundles, and the result

follows from Theorem {4.3.9 by noting that y; = \%ym and w = —%w(),l. [

One immediate consequence of this characterization of the invariant spinors is a simple description

of the bundle E] from Theorem m

Proposition 4.3.11. If (M = G/H, g,&;,m:, i) s a simply-connected homogeneous 3-Sasakian
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manifold, with an adapted basis for the reductive complement and the associated spinor module

as above, then
Ey =spanc{l, y1 Aw" '}

Proof. As noted in the proof of [FK90, Thm. 1], the defining condition of E] implies that
ej-pi(ej) - =§& -y forally e '(E]) and all j =2,...4n — 1. Indeed, it is not hard to see

that the two conditions are equivalent, so it suffices to show that

op i1 1 =& -1 and ey e (AW =& (1 Aw™T)
forall p=1,...,2n — 1. Using the formulas , we calculate

€2p - €apy1 = UTpa + YpN) o (yp N — @pa) = i[Tpa0yy A —yp Aoxy ],
and hence

€2p - €opr1 - L =i[Tpa(yp A1) —yp A (2pal)] =1 =& - 1,
€ap - apr1 - (P AW =i [2pa(ypy Ayt Aw™™) — yp A (zpa(in Aw™))]

= —iyy Aw" T =& (yr Aw™T)

for all p = 1,...,2n — 1. The penultimate equality follows by considering separately the
cases p = 1, p # 1 and using the fact that w” ! is a multiple of y3 A y3 A -+ A ya,_1, hence
Yp A (zp ™) = w" for p # 1. O

Remark 4.3.12. Note that the preceding proposition is an immediate consequence of Proposition
[4.4.4 in the next section, where it is proved using a different method. We have also included it
here as an illustrative example of how to perform spinorial calculations using the exterior forms

realization of the spin representation.

In the proof of Theorem we relied on the identification ¥ 22 A%*(M) between invariant
p1-anti-holomorphic forms and invariant spinors. A natural question then arises as to the
relationship between invariant real differential forms and invariant spinors. The next few results
are devoted to the exploration of this topic. From this point forward we fix, without further
mention, the Clifford algebra representation associated to an adapted basis, so that the invariant

spinors take the form (4.17)).
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Lemma 4.3.13. Let (M = G/H,g,&,m:, i) be a simply-connected homogeneous 3-Sasakian

manifold of dimension 4n — 1. Then for any integer k > 0 we have

Py - Wk =0,

N
—_
0

(B1]3) - W = 2i(2k — n + 1)w",

(Psln) - w* = 2(w ! = k(n — ),

—~ —~ —~ —~
-
DO —
o] N

~— ~— ~— ~—

A
[\
—_

(P3]n) cwk = —2i(wk+1 + k(n — 1)wk_1),

—1 .
where w 1= ZZ:1 Yop A Yapi1 and we use the convention w® = 1.

Proof. These identities follow from a straightforward calculation in the spin representation.

First we consider ®; = 22;11 (€4p N €apr1 — €qpio A €gpys). For k> 0, we calculate:

n—1

Py - wh = 2(64;) N €api1 — €apta N €api3) - w”
p=1

n—1

= iZ[(xng + Y2pN) (Y2p N —T2p3) — (T2p+15 + Yopr1/A) (Yape1 A _x2p+1J)]wk
p=1
n—1

= iZ[x2pJ(y2p A W) = yop A (T2paw®) = Topi13(yaps1 A W®) + Yapi1 A (Top410")]
p=1

n—1

=1 Z[Wk — 2kyap A yopr1 AW — W 4 2kyop 1 A (—yap)]
p=1

=0.

k

The calculations for (®;]) - ", i = 1,2,3 are analogous, and we include them below for the

sake of completeness. For k > 0, we calculate:

n—1

(@1]2) - " = =Y (eap A eapir + Capya A eapya) - "
p=1

n—1

=t Z[(I%—‘ + Y2p/) (Y2p A —2p2) + (Tapr10 + YapiaA) (Yapr1 A — Tapyr)]w”
p=1

n—1

= —1 Z(—ky% A Yopi1 A+ W — kyap i1 A (—yop) AW
p=1

— kyop A yaps1 A wh Wk — kyap N yopi1 A W)

= i(4kw” — 2(n — 1)wF) = 2i(2k — n + 1)wF,
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—

n—

(Dalze) - W' = =Y (eay - Capro — Capir - Capas) - "
p=1
n—1
= [(‘r?pJ + ?J?p/\)(x2p+1J + y2p+1/\) + (?J2p N — $2p4)(y2p+1 A x2p+1J>]wk
p=1
n—1 n—1 k=1
= (Z 2Yap N Yap1 A Y2 N yzq+1> A (Z Y2q N ?/2q+1)
p,q=1 q=1
n—1 n—1 k=1
+ k (Z(_2>> A (Z y2q A y2q+1>
p=1 qg=1
= 2(wW" — k(n — 1w,
n—1
(Psly) - wh = — 2(64;) " €apy3 T Capi1 - 64p+2) cw”
p=1
n—1
= i Y (w0 + YopN) Yapr1 A —Taps13) + (Y2p A = T20) (Taps13+ Yopia A
p=1

n—1 el k-1
=i (Z 2yap N Yap+1 A Yag N y2q+1> N ( Yaq N 92q+1>
p,q=1 =1
n—1 n—1 -1
— ik <Z 2) A (Z Yaq N y2q+1>

q=1

TR

= —2i(W" + k(n — DF).

We immediately deduce:

Corollary 4.3.14. Fori € {0,1,2,3}, let S; denote the complex span of the spinors (®y]x)* - 1
with k=1,...,2n — 1. We have:

So = {0}, Sy =spanc{l}, Sy = 53 =spanc{w"}i}.

Proof. The cases Sy and S; are clear from the preceding lemma. From (4.20)) we note that the

Clifford product of the form 1®,|y with the spinor w”

is a monic degree (k + 1) polynomial
in w, hence %(@2\7{)’“ -1 is a monic degree k polynomial in w. It is straightforward to see (by

induction) that

spanc{ge (Do) - 1112, = spanc{w};2,
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for any ko € {1,...,n — 1}, and the result for Sy follows. The proof for S3 is analogous. m

This also gives a nice description of the invariant spinors in terms of the invariant real differential

forms:

Theorem 4.3.15. The space Y, of tnvariant spinors on a simply-connected homogeneous
3-Sasakian manifold is spanned by Clifford products of invariant differential forms with the

mvariant spinor 1 € Y.

Proof. In light of Theorem [4.3.10], it suffices to show that spinors of the form w* and y; A w*
can be obtained as linear combinations of Clifford products of invariant differential forms with

1 € ¥iny. This follows from Corollary 4.3.14] by noting that w* € Sy and g1 Awr € & - S, O

Remark 4.3.16. We would like to point out that the results of this section so far also hold in
the more general setting of compact simply-connected homogeneous 3-(«, §)-Sasaki spaces; The
reason for this is that the generalized 3-Sasakian data used to define homogeneous 3-(«, d)-Sasaki

structures coincides, in the case of a compact space, with the notion of 3-Sasakian data (compare

Theorems [2.4.2| and [2.5.7)). In particular, the isotropy representation of a family of compact

homogeneous 3-(a, §)-Sasaki spaces parameterized by «,d > 0 is isomorphic to the isotropy
representation of the corresponding homogeneous 3-Sasakian space obtained by setting o = § = 1.
The next section discusses Killing spinors on homogeneous 3-Sasakian spaces, which do not
carry over to the corresponding 3-(«, §)-Sasaki spaces. Rather, certain deformations of Killing

spinors in the 3-(«, §)-Sasaki setting are investigated in Chapter .

4.4 The Space of Riemannian Killing Spinors

We conclude the chapter with an explicit description of the Riemannian Killing spinors on a

homogeneous 3-Sasakian space:

Theorem 4.4.1. Let (M~ = G/H, g,&,m, pi) be a simply-connected homogeneous 3-Sasakian
manifold, and fix a description of the spinor module relative to an adapted basis as in the previous

section. If n > 2, then the space of invariant Killing spinors has a basis given by
g o= WM — (k4 Dy A WF, —1<k<n-1,

where we use the conventions w™ =0 and w° = 1. If n = 1 then the space of invariant Killing

spinors has a basis given by 1, yy. Furthermore, if (M, g) 2 (S, ground) then any Killing
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spinor is 1nvariant.

Proof. Let A, A9: m x m — m denote the Nomizu maps of the canonical and Levi-Civita
connections respectively. First we consider the horizontal directions X € H. From (2.8) we have

A(X) =0 for all X € H, and thus any invariant Killing spinor 1 satisfies the algebraic equation

3
0= A(X) = Au(X) -4 T(XT) = SX b 23 6 @lX) 0 (422
=1

for all X € H. Assume first that n > 2. Calculating in an adapted basis {es, €1p+1, €apt2, €apt3},

we find:

1 1< 1

SC4p W + 3 Zfi - pileap) - W = 5 (€4p WP & eqp W & eapra WP €3 epis - wk)
i=1

= 5 (2ixngwk + &5 - €4p+2 * wk + &3 - €4p+3 * wk>

. ko L k k
= 122p " + B <—y1 A (Y2p+1 A +Zopp12)w” + Y1 A (Yop1 A —Topp14)w )

' k k
= iZopw" — Y1 A (T2pt1w”)

and similarly,

1

3
1 .
e W1 AWh) + 5D & gilea) (1 Awk) =iyop A (1 M) +yzpir A"

i=1

Writing
n—1 n—1
P = Z Aew® + Z N (1 A wF)
k=0 k=0

in terms of the basis from Theorem we have

3 n—1 n—1
1 1 . .
Feap Y+ g D G- pileay) =Y Malimap w* — y1 A (@aps1 )] + D Nilyapra AwP +iyay A (31 Awh)).
i=1 k=0 k=0

(4.23)

For the k = [ index of the summations on the right hand side of (4.23)), the degrees of the four
terms are 2/ — 1, 2, 2l + 1 and 2] 4 2 respectively. Considering separately the even and odd
degree parts of (4.23)), we are seeking solutions of

n—1 n—1
Z[i)\kxngwk + A%ygp_H VAN wk] =0= [—)\kyl VAN ($2p+1J(JJk) + i)\;ngP AN (yl VAN wk)],
k=0 k=0
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or equivalently, solutions of the linear system of equations
A= —i(k+DA\y1, —1<k<n-1.
This gives n + 1 linearly independent spinors
Y =" —i(k+ Dy AWF, —1<k<n—1,

and a straightforward calculation of the other horizontal derivatives (by substituting X =
dpt1, €apt2, and eqp13 into (4.22)) shows that these spinors satisfy the Killing equation in the
horizontal directions. In the vertical directions, one sees from Theorem that the Nomizu
map for the Levi-Civita connection satisfies A9(&;) = &; A, for any even permutation (7, j, k) of
(1,2,3). Considering the spin lifts A9 (&) = 3&; - &, another straightforward calculation in the
spin representation shows that any spinor of the form w* or y; A w” satisfies the Killing equation
in the vertical directions, and we conclude that the v, are Killing spinors in the case n > 2.
Assuming now that n = 1, the horizontal distribution is trivial, and consequently Equation
does not apply. In this dimension the spinor bundle has complex dimension equal to
n+1=1+1= 2, hence it is spanned by 1, y;, and the above argument for the vertical
directions shows that these are Killing spinors. The dimension of the space of Killing spinors
on a 3-Sasakian manifold (M*"~! g) 2 (S*"7!, grouna) is equal to n + 1 (see [Bar93]), and the

result follows. O

Remark 4.4.2. The final assertion of Theorem [4.4.T}-that any Killing spinor on a homogeneous
3-Sasakian space (M*"~! = G/H, g) 2 (S™ !, grouna) is invariant—was previously proved using
a different method in [Kat00, Thm. 7.1]: Kath showed that G has a representation on the space
of Killing spinors, and then deduced that any Killing spinor is invariant (equivalently, this
representation is trivial) by comparing in each case the dimension of the space of Killing spinors

with the dimension of the smallest non-trivial representation of G.

Remark 4.4.3. Let us comment briefly on the case of the round sphere. Using Bar’s correspon-
dence between Killing spinors on a manifold and parallel spinors on its cone ([Bar93]), it is easy
to see that the spinor bundle of the round sphere is parallelized by Killing spinors; the cone over
the round sphere is the Euclidean space of one dimension higher, which has trivial holonomy

and therefore a parallelization of its spinor bundle by parallel spinors. In particular, for the

Sp(n)
Sp(n—1)°

3-Sasakian round sphere (S¥"! = 9,&, M, i), the Sp(n)-invariant Killing spinors
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from Theorem fail to span the whole spinor bundle when n > 1, so there exist non-invariant
Killing spinors in this case. An explicit construction of the Killing spinors on the round sphere

in stereographic coordinates can be found on [BFGK91, p. 37].

We conclude the chapter by exploring which of the invariant Killing spinors from Theorem
recover the invariant 3-Sasakian structure on (M = G/H,g,&;,m;, p;) via the construction in
Chapter By Theorem and the proof of Theorem we see that in order to recover
the Sasakian structure (&;,7;, ¢;) it suffices to find a Killing spinor ¥ such that U' := —¢; - U is
also a Killing spinor. Thus we consider the subbundles &; of the spinor bundle spanned (over

the space C°°(M) of smooth real-valued functions) by invariant spinors with this property:
&i = spance iV € Finy (M, g): V= =&V € winy(M, g)}, i=1,2,3,

where ki (M, g) = spanc{ty}7Z" | denotes the space of invariant Killing spinors. In fact,
it turns out that these subbundles coincide with the E; in the homogeneous setting, as the

following proposition shows:

Proposition 4.4.4. If (M = G/H, g,&,m;, i) is a simply-connected homogeneous 3-Sasakian
space, then & = B, for i =1,2,3. Furthermore, each & has a basis V¢, o, Ve, 1 given by

127+

Ve o=1, Weqi=y AWl Wg o= Z <_—

125+ L3]

1 1
Yormt, Veoi= Y m%k, We, 1= ) w%k—y
’ k=0 ' k=0 '

Proof. We consider first the case (M4 !, g) 2 (S ! giouna). By Theorem any Killing
spinor is invariant, thus it follows from the proof of Theorem that B, C &;. Therefore, in
order to show that E; = &; it suffices to show that rank(&;) < 2. To find elements ¥ € &;, we
write U = Zz;l_l AW, in terms of our basis of invariant Killing spinors and seek to determine

for which values of A_1,...,\,_1 there exist ©_1,...,0,_1 € C satisfying

n—1
& -V = Z Ok (4.24)

k=-1

To show that rank(&;) < 2 for i = 1,2, 3, we treat the subcases ¢ = 1,2, 3 individually:
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(i) ¢ = 1: First, we note that

&b = i — (k4 Dy AR

Substituting this into (4.24]), we are looking for solutions of

Z Me[iw"™ — (k + Dy AP Z Orlw"™ —i(k + Dy Awh],

k=-1 k=-1

or equivalently, solutions of the linear equations
i/\_l = @_1, /\n—l = i@n_l, Z/\k = @k, )\k = Z@k, for k = 0, e — 2.

The solutions of this system of equations necessarily have A\, = O, =0 forall k # —1,n—1,

hence &; contained in the span of 1 and y; A w™ L.

(ii) 7 = 2: Proceeding similarly as in the previous subcase, we first note that

o -y = iy AW+ (k + 1wk
Substituting this into (4.24]) gives

n—1
> Neliyn AW+ (b + Dw Z@ ik + Dy AW,
k=-1 k=—1

or equivalently, the linear system
(k‘i‘l))\k:@kfl, )\kflz—(k—i-l)@k, fork:(),...,n—l.

These equations give rise to the recursive relation Ay = %@kfl

) ——— \p_9, Whose space

k+1)
of solutions lies within the span of the spinors Wg, o, Wg, 1.

(iii) ¢ = 3: Similarly to the previous two subcases, we first note that

53 . ’QZJk =1 A\ wkH + l(k’ + l)wk
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Substituting this into (4.24)) gives

n—1
Z)\kyl/\wkﬂ—l—zk%— Z@ MLk + Dy AW,
k=—1 k=—1
which is equivalent to the linear system
Z(k?—l—l))\k = @k_l, /\k:—l = —Z(k+1)@k, for k:O,...,TL— 1.

01 =

P ———\_9, Whose space of solutions lies

These give the recursive relation A\, = k(k =y

within the span of Ug, o, Vg, ;.

Thus, for (M1 g) 2 (57! giouna) We have shown that & =
{We 0, Vg, 1} is a basis (over C(M
E

7

E; for i = 1,2,3, and that
)) for this vector bundle. But the defining equation for
is an algebraic equation depending only on the choice of adapted basis and the associated

Clifford multiplication, hence the result also holds for (M*"~! g) = (S*"~1 grouna)- O

As noted above, it immediately follows that these spinors recover the homogeneous 3-Sasakian
structure via the construction in Chapter [4.1], giving a full picture of this construction in the

homogeneous 3-Sasakian setting:

Theorem 4.4.5. If (M = G/H,g,&,m,¢:) is a simply-connected homogeneous 3-Sasakian
space then, for each i € {1,2,3}, the Sasakian structure (&,m;, ;) arises from the spinors
U, = Vg o and ¥, := =& - Vg, o (or V¥, := Vg, 1 and V) :=
Chapter[4.1].

—& - Vg, 1) via the construction in

The values of the spinors ¢, o and Wg, 1, in terms of the basis of invariant spinors from Theorem

4.3.10] are tabulated for a few low dimensions in Table [4.2]

L dim(M) [ e o | Vg | Uey0 |
7 1 w — Y w — 1Y
11 1 w — iy + siyr A w? w—iyl—%yl/\w2
15 1 w— iy + iy A w? — $u? w— iy — 3y Aw? + fw?
’ dlIIl(M) H \Ifgl,l ‘ \Ifg%l ‘1183,1
7 mAw |1+ Aw l—wpn ANw
11 Y1 A\ w 1+iy1/\w—%u12 1—iy1/\w—|—%w2
15 y AW | 14y Aw— 2w — 2y Aw? | 1 — iy Aw + 3w% — gigg Aw®

Table 4.2: The Spinors g, o and Vg, ; in Low Dimensions



Deformed Killing Spinors on 3-(«, §)-Sasaki Manifolds

This chapter contains joint work with Prof. Dr. habil. Ilka Agricola (see page .

Let (M, g,&,mi, pi) be a 3-(a, §)-Sasaki manifold with Levi-Civita connection V¢ and canonical
connection V. We recall from Theorem [2.3.8 Friedrich and Kath’s rank two subbundles of the

spinor bundle:
E={yel(EM): (-2p(X)+& - X —-X-&)-v=0 VX eTM}, i=1,2,3.

These were shown in [FK90] to have bases consisting of Killing spinors in the 3-Sasakian setting,
and will also be interesting in the 3-(«, §)-Sasaki setting, where we will show that they carry
spinors satisfying the deformed Killing equation . To prove this, we shall adapt the method
of Friedrich and Kath in [FK90]. While their overall strategy still works in this new setting, the
curvature calculations become somewhat more complicated than in the 3-Sasakian case. We will
mitigate this by using the canonical connection for some arguments, in order to take advantage

of the identities calculated in [ADS23]. The main result of this chapter is the following theorem:

Theorem 5.0.1. On a 3-(a, §)-Sasaki manifold (M, g,&;,1:, i), the bundle E := Ef + Ey +E5

has a basis of spinors satisfying

o —

3
5 ° > omp(X)®, 0 forall X € TM. (5.1)
p=1

Vit = SX 1+

The rest of the chapter is devoted to the proof of Theorem [5.0.1]

108
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5.1 The Modified Spinorial Connection

In this section we introduce the modified connection ¥ on the spinor bundle and show that it

preserves the bundles F;, i = 1,2, 3. To start, we recall that the Levi-Civita derivatives of the

3-(av, 0)-Sasaki structure tensors are given by:

Proposition 5.1.1. ([AD20, Prop. 2.3.2, Cor. 2.3.1]). If (M, g,&,mi, i) is a 3-(a, 6)-Sasaki

manifold then

(V¥0i) X = alg(X, V)& = m(X)Y] = 2(a = 6) [ne(Y)@;(X) — ;(Y)0r(X)] (5.2)
+ (o = 0)[m; (Y)n;(X) + mi (Y ) (X))
— (o = 0)mi(X)[n; (V)& + mi(Y )&l
V& = —api(Y) = (o = 8)[m(Y)& — 1;(Y)&k], (5.3)

for any even permutation (i, j, k) of (1,2,3).
We now prove two technical lemmas that will be necessary for subsequent calculations:

Lemma 5.1.2. Let (M, g,&,ni, i) be a 3-(a, §)-Sasaki manifold. If » € T'(E;) and (i, ], k) is

an even permutation of (1,2,3), then

(—20i(X) + & X — X&) - @5 - = [Bpp(X) — 26X + 2X & — 4ni(X)E; + 4n; (X)Ei] - o, (5.4)

(=203 (X) + &X — X&) - @ - 1p = [-8p;j(X) + 28X — 2X &5 — 4ni (X )&, + 4np(X)&] -, (5.5)

for all X € X(M).

Proof. We calculate in the Clifford algebra,

—20i(X) - ©; = 2(20i(X)2®; — ©; - (X)) = 2(=20;(0i(X)) — ;- pi(X))
= —4n;(X)&; + 4or(X) — 205 - pi(X),
§i- X - @5 =& (—2X0®; + ;- X) =26 - (X)) +&- @5 - X
= 2§ - (X)) + (=26200; + D5 &) - X
=20 (X) — 2 X+ ;& - X,
X6 D= X (<2600, + B, &) = 2X - 6+ (2X D, — B - X) - 6

=2X & —2p;(X)- & -9 - X - &
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Adding these equations and using the defining relation for E; gives

(=20i(X) + &X — X&) - @5 - Y = [dpp(X) — 26X + 2XE&k] - + [~ (X)&; + 2 - 95(X) — 205 (X) - &] - ¥
= [Aor(X) — 286X + 2X&] - b + [—4ni(X)E; + 4 (v (X))] - ¥
= [4pr(X) = 26 X + 2X&] - + [—4ns (X)&; + dpr(X) + 4n; (X)&] - o
= [Bp(X) — 26X +2X & — 4n; (X)&; + 4n; (X)&] - .

The second equation, (5.5)), is proved analogously. ]

The second technical lemma is an identity which arises from Friedrich and Kath’s calculations

for the 3-Sasakian case, and also holds for 3-(«, §)-Sasaki manifolds:

Lemma 5.1.3. (Based on the proof of [FK90, Thm. 1]). If (M, g,&,n:, ;) is a 3-(«, 6)-Sasaki
manifold and i € I'(E;), then

20X V)6 + 2H0Y = 6i1)X + X (V)] 0+ (2(X) 46X - X6) - (3 0) =0 (56)

Proof. This follows by the same calculation as on p.547 of [FK90] (note that their calculation
has a small typo on the second last line; the term “+XY¢” should instead say “+XY¢”). O

Using the preceding lemmas, we now show:

Proposition 5.1.4. If (M, g,&,m:,¢:) is a 3-(«,d)-Sasaki manifold then the modified spinorial

connection

Vytp = VY

v, Y ETM, ¢ €XM

preserves the bundles E;, 1 =1,2,3.

Proof. Let ¢ € I'(E;), and take (i, 7, k) an even permutation of (1,2,3). Differentiating the

defining equation

(—20i(X) + &X = X&) =0
with respect to Y gives
0= [-2(V§pi) X — 2¢;(VyX) + (V§&) X + &i(VEX) — (VI X)E — X(VEE6)] -

+ (=2¢i(X) + &X — X&) - Viy
= [-2(V§@) X + (V&)X — X(VY.6)] - ¥ (5.7)
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3
o a—9
+ (—2¢5(X) + &GX — X&) - (5 B Z%(Y)q)p : ¢>
p=1
+(=20i(X) + &X — X&) - Vit
(i) f Y € H then (5.7)) simplifies, using Proposition [5.1.1, to

0=[-2a(9(X,Y)& —ni(X)Y) —api(Y)X + aXpi(Y)] - ¢+ (—2¢:(X) + &X — X&) - (%Y ' w)

+ (—20i(X) + &X — X&) - Vyah,

and the fact that the first two terms on the right hand side of the above equation sum to

zero follows immediately from ([5.6)).

(i) If Y = & then Proposition reduces ([5.7)) to

0= (—2p;(X) + &X — X¢;) - ( i ¢) (—20:(X) +&X — X&) - 65#%

whose first term vanishes due to the fact that ®; acts on E; as a multiple of ;, and ¢;

anti-commutes with the operator defining E; .

(iii) If Y = ¢; then (5.7) reduces to

0= ~2[a(m;(X)& — m(X)&) + 2a = )er(X) + (@ = 6)n; (X)& — (@ = S)n(X)g] - ¢
+[(—agk + (@ = 9)&) X — X (—ag + (o — >sk> ¥
+ (~20i(X) +&X — X&) - (‘;‘@ Y+ )
+(=20i(X) + &X — X&) - V1)
= (0~ ) ~4r(X) — 205(X)& + 2(X)Es + 66X — X+ 3 (~26:(X) + &X — X&) - @] -9

+(—20i(X) + &X — X&) - Ve,

(for the second equality we have again used (5.6 to eliminate some of the terms). The

vanishing of the first term then follows immediately by substituting ((5.4)).

(iv) For the case Y = &, one performs an analogous calculation using ([5.5)).
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5.2 Curvature and Torsion Identities for the Canonical

Connection

In this section we derive some curvature and torsion identities which will be useful later. We
denote by V9, V, V the Levi-Civita, canonical, and modified connections, and by R, R, R
their respective curvature operators. For the purposes of our calculations, it will be convenient
to work in an adapted frame (in the sense of Definition [2.3.6), and to define the constant
B :=2( — 2a).

We begin by proving a curvature identity for the canonical connection:

Proposition 5.2.1. If (M, g,&, n:, i) is a 3-(«, §)-Sasaki manifold and ey, . . ., eq,_1 an adapted

orthonormal (local) frame, then

(

dnafd;(X,Y) X,Y € H,

4n—1

D> R(X,Y, e piles) =4 0 XeV.YeHo XeEHY €V,

s=1

8nafd;(X,Y) X, Y eV.
\
Proof. We consider the cases one at a time:

(i) Suppose first that X,Y € H. For horizontal e, € H and any even permutation (i, j, k) of
(1,2,3), it follows from [ADS23, Eqn. (2.6)] that

2069;(X,Y) = R(X,Y, e, 0i(es)) + R(X, Y, ;(es), pr(es))

= R(X,Y, e, 0i(es)) + R(X, Y, 0;(es), 0i(0)(es))),

and taking the sum over all e, € H then gives

4n—1
2> R(X,Y,e,, @i(es)) = 2(4n — 4)apd;(X,Y) (5.8)

s=4
(since p;(es) runs through the list tey, ..., *eq,—1 as s runs through 4,...,4n —1). In
the vertical directions, it follows from [ADS23, Eqns. (1.2), (2.5)] that R(X,Y,¢&;, &) =

2a4P;(X,Y), and hence

YT R(X,Y e, piles)) = 4aBPi(X,Y), (5.9)

s=1
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Combining (5.8) and (5.9)) then gives the result in this case:

2 R(X’}/’ €s, @z(es)) = [(4n - 4)055 + 40&5](1)1()(7 Y) = 4TLCKBCI>1(X, Y)

i=1

(ii) For the mixed cases, the first paragraph of [ADS23, Section 2.2] shows that R(X,Y) is
the zero operator when X e H, Y e Vor X € V, Y € H.

(iii) Suppose now that X,Y € V, and without loss of generality write X = ¢,, Y = &, for
(p,q,r) an even permutation of (1,2,3). Letting e, € H, it follows from [ADS23, Eqns.
(2.4), (2.5)] respectively that

R(€p7€q75j7£k) = _404/6(61973'511,16 - 6p7k5q,j) = _4aﬁ(77p A nq)(gjygk) = 40‘B<I>r(§ja k),

R<§p7 fqu €s, Spies) = 2a/6®7‘(657 Qoies),

and combining these gives

4An—1 4dn—1 In—1

Y R(XYe,pies) = > R &g e 0i6) = 2[40B0(&5,6)] + 208 > D, (e, pies)
s=1 s=1 s=4

= 8afP, (&, &) — 2aB(4dn — 4)6;, = —8afd;, — 8(n — 1)afd;,
= —8nafd;, = 8naf®;(&,.&,) = 8nafd;(X,Y),

where we have calculated using an even permutation (4, j, k) of (1,2, 3).

In order to re-translate the preceding curvature identity back in terms of the Levi-Civita

connection, it is necessary to prove several identities involving the canonical torsion:

Proposition 5.2.2. If (M, g,&;,m:, i) is a 3-(«, §)-Sasaki manifold and ey, . . ., e4,—1 an adapted

orthonormal (local) frame, then

{=16(n — 1)a? + 8a(d — 4a)}®;(X,Y) X, Y € H,

4n—1 0 X S H,Y S V:
g(T(X7 Y>7T<€S7§0i(68>>> -
s=1 0 X e V,Y S H,

| 8(0 — 40)(2(n + Da — §)®;(X,Y) XY eV,
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and
{=16a*(2n — 1) + 8af}®,;(X,Y) X,Y € H,
in-1 0 X e Y eV,
Z dT(X,Y, es, pies) =
s=1 0 XeVYeH,
32(n —1)a(d — 20)P;(X,Y) X, Y eV

\

Proof. From [ADS23, Eqns. (1.10), (1.11), (1.12)], the canonical torsion and its exterior derivative
satisfy

T(&5: k) = 2(0 — 4a)&; (5.10)
3
T(X,)Y)= 20‘2[7713(1/)9019()() — p(X)ep(Y) + (X, Y)E] — 2(a — 0)&; 5,kmij (X, V)&, (5.11)
p=1
3
AT = 40> " Dplp A Bplyy + 8a(d — 20)S; 5 Pil 3y A ji- (5.12)
p=1

We treat the cases one at a time:

(i) Suppose first that X,Y € H. If e; € H, then substituting (5.10) and (5.11)) and gives

3
9(T(X,Y), T(&;,8)) = g <2a D Pp(X,Y)E, 205 - 4O<)§z) = 4a(6 — 4a)®i(X,Y),

p=1

3 3
g(T(X7 Y)7T(68790ies>) =g (2042@17()(7 Y)fp: 20&2@[(63,@1'65)&) = _4042@7;()(7 Y)a

and hence
S GT(X, V), Tlen, pres)) = (41 — )[~402B:(X, V)] + 2[4a (5 — 4a)@,(X, V)

= {-16(n — 1)’ + 8a(J — 4a)}®;(X,Y).

The formula

4n—1

D dT(X,Y, €5, pi65) = {=160°(2n — 1) + 8af}&;(X,Y)

s=1
appears as [ADS23| Eqn. (3.4)] (note that we are working in dimension 4n — 1 rather than
4n + 3).
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(ii) Suppose that X e H, Y € Vor X € V, Y € H. If e, € H, then substituting (5.10) and
(B-11) gives

g(T(X,Y), T(&,&) =g <2ag[np(Y)sopX —p(X)pY], 2(6 - 4a)€z>
= 4a(d — 4a) g[np(Y)g(%X, &) = mp(X)g(ppY, &) = 0
and
g(T(X,Y), T(es, pies)) = g <2a i[np(Y)sﬁpX —1p(X)epY], 2ax 23: Py(es, %%)&)

p:l =1
3

= —4o? Z 77p SOPX &) — (X)g(gopY, &) =0

The formula (5.12) immediately implies that dT'(X,Y,e,, pies) = dT'(X,Y,§;,&) = 0
Both of the desired formulas then follow by taking sums.

(iii) Suppose that X,Y € V. If e, € H, then substituting (5.10) and ( gives

9(T(X,Y), T(&,6)) = 4a(6 — 4a) Y [n,(Y)g(p X, &) = mp(X)g (Y, &)]

+4a (8 — 4a)D;(X,Y) — 4(a — 8)(5 — 4a)n(X,Y)
= 4a(6 — 40)[20;(X, Y)] + 4a (5 — 4a)®;(X,Y)
+4(a — 6)(6 — 4a)D;(X,Y)
_4(6 — 4a)2D,(X, Y)

and
9(T(X,Y),T(es, pies)) = g(T(X, Y) —2a¢;)

= —4a? Z (Y 9(ppX, &) — 1p(X)g(0pY, &)

— 40P, (X, Y) + da(a — O)nn(X,Y)
= —40*[20,(X,Y)] — 40°®;(X,Y) — da(a — §)P;(X,Y)
= [~160” + 4ad]®;(X,Y),
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and it follows that

in—1
S g(T(X,Y), T(es, pies)) = (4n — 4)[~1607 + 406]®;(X,Y) + 2[—4(8 — 4a)®;(X, V)]
s=1

= 8(6 — 4a)(2(n + 1)a — 6)®;(X,Y).
On the other hand, if e; € H, then (5.12)) gives

dT(X,Y, es, pies) = 8a(d — 2a)6,, 4 Pplu(es, pies)Ner (X, Y) = 8a(d — 20) (X, Y),
dT(X7 Y7 fj? gk) = 07

and hence

dn—1
Z dT'(X,Y, es, pies) = (4n — 4)[8a(d — 2a) P (X, Y)] + 2[0] = 32(n — 1)a(d — 2a)P;( X, Y).

s=1

5.3 Projection Identities and Flatness of the Modified
Connection

In this section we show that the restriction of the modified connection V to E := ET+E5 +E5

(the non-direct sum) is flat.

Proposition 5.3.1. If (M, g,&,m:, ;) is a 3-(a, d)-Sasaki manifold and 1p € I'(E;"), then the
orthogonal projection onto E. of the spinorial curvature RI(-, )1 associated to the Levi-Civita

connection is given by

{—2(n — Da(a—6) + 362}0;(X,Y) & ¢ X, Y €V,
prp-RI (X, Y)Y = {(2n—1)ad — 2n — 3)a?}0(X,Y) & v X, Y € H,

0 XeH,YeVor XeVYeH.
Proof. From [ADS23| Section 1.2], the difference between R and RY is expressed by
1 1

Letting €1, ..., e4,—1 be an adapted frame, we recall from the proof of [FK90, Thm. 1] that
if ¢ € I'(E;") then e, - e, - ¢ is orthogonal to E; unless e, = e, or £y;e,. Additionally, the
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defining relation for E; implies that e, - p;e, - 1) = & -9 (for e, # ;). Using (5.13)), we have:

4dn—1 4dn—1
prE;Rg(Xa Y)w = Z Z Rg(X7 Y7 esa@i(es)) €s* @i(es) : ¢ = 1 Z Rg(X7 Y7 esa<pi(es)) fl ° ?ab
s=1 s=1

4dn—1

=1 3 (R Viewpite) = JoTOEY)T e pi(e) = GATOXYicngiten)) ) -0
s=1

The result then follows by substituting the expressions from Propositions [5.2.1] and [5.2.2] [

In order to prove that V is flat on E;, we first compute the orthogonal projections of various

quantities onto F; :

Lemma 5.3.2. Let (M, g,&,m:, i) be a 3-(a, §)-Sasaki manifold. For any ¢ € I'(E;) and any

even permutation (p,q,r) of (1,2,3), we have
(U Prg- (q)p ) 1/}) = _6i,p(2n —1)& -9,
(i) Prp—(Pp - g -1 = @y - O - ¥) = 205, (40 — 3)&; - ),

fiii) pry- (VL ®,) - — (VE®,) 1) = 6,,[~20 + 8(n — 1)(a - 8)|& - 0.

Proof. Letting ¢ € I'(E;), we prove the three identities one at a time.

(i) This follows by writing ®, = —1 Zgi}l es N\ ¢p(es) in an adapted frame and using

pI‘OjEi— (65 : @p(@s) : ¢) = 6i,p fz : ¢

(see the proof of [FK90, Thm. 1]).

(ii) We use the relation Vi®, = —1(V - &, — ®, - V), which may be deduced by subtracting
Equations (1.4) in Chapter 1.2 of [BEGK91|. Considering first the horizontal part of @,

we calculate

4n—1 4n—1
1 1
(I)le Dy = 5 Z €s* 9017(68) Dy = 5 €s [_2(‘Pp(68)qu) + @, - @p(es)] 0
s=4

s=4
4n—1

1

=5 D26 n(en) + e Oy pyle)] - ¥
s=4
4n—1

1
— =5 D[ prle) + (<2e00@y + @) - pple)] ¥
s=4

4n—1

= =20, |y -9 + P, - (I)p|?{ Y+ Z SOP(GS) : ‘Pq(GS) 1,

s=4
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and similarly for the vertical part,

¢p‘V'q)q'¢:_gq'fr'q)q'w:_fq'(_2£rJ<Dq+q)q'€r)'w:_fq'(2£p+q)q'£r)'¢
:_2511'gp'¢+(2€q4q>q_q>q'€q'§)'@D
:_2¢T|V'¢+q>q'¢)p|)ﬂ'¢a

Adding the above two equations, we deduce:

4An—1

(p - By — By - D) - ¥ = =20, - + Z eples) - pqles) - ¥,
s=4

and projecting onto E; using part (i) of this lemma gives the result.

(iii) From Proposition we calculate

(V0= VEg,) -t =2(2a — 6)n, @ & — 2(2a — 8)ng ® & — 4(a — 8)py

=2(2a = 0)erly — 4(a = 0)er

The result then follows by lowering indices and projecting onto E; using part (i) of this

lemma.

The final step in the proof of Theorem [5.0.1|is the following proposition:

Proposition 5.3.3. The restriction of the connection VtoE = E; + E5 + E5 s flat, i.e.
ﬁ(-, =0 for ally € T'(E).

Proof. Suppose that ¢ € I'(E;"). Using the definition

X)2, - 9,
we calculate, for any vector fields X, Y,

VxVyt = Vx[Vie - Sy .20 an

3 2
X)®, 'vg,w]—%vgf(yw)juo‘—x.y-w

—vgvg,@z)—fxv 0
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3 3
+ O S e, v - 40 1]
p=1 =
ala — 5 2 3
+(45)Z[ o (Y)X - @, - 1] + 5 Z X)®, - By, - )]
p=1 p,q=1
3
- V4V S I (X)@,  Vu] - SUVEY) v+ Y T
p=1
a? ala—0) i
+ZX'Y'w+ 1 Z[%(X)(I’p'y'?ﬂ

p=1

3
S 0y (XY) + (0= O pea (X, V) + (TR Y) By - (V) (V)

: (a—0)° ¢
DS )X -2+ O S om0, -9,
p=1 p,q=1

+1p(Y)®p V§<w}+
and hence

ﬁ(X, Y = ﬁxﬁytb - ﬁyﬁxw - ﬁ[x,y]lﬂ

= RY(X, Y)¢+—2(X Y-V X) ¢

3
Z N(Y 2®,) — (V) (X 2Bp)] - 9

p=1

—(a=06)Y [a®y(X,Y) + (& = )npi1ps2(X, V)] Dy - ¢

3
S (V) (V@) (X) (V)]

Z [1p(Y)ng(X) — np(X)ng(Y)] - ¢ - @5 - 1), (5.14)

where the indices p,p + 1, p + 2 are taken modulo 3. The result then follows by considering the

various cases of X, Y being in H, )V and projecting onto E; , using the formulas from Proposition

(.31 and Lemma (532 O

Finally, we calculate the action of the (Riemannian) Dirac operator on deformed Killing spinors:

Remark 5.3.4. If ¢ € T'(E) is a spinor with @1# = 0 then the Dirac operator acts on it via

4n—1 an—1 58
Dw = ; €s 'Vgs¢ - Z €s * <%63 w—i_ O[Tp;np<€5)q)?¢>
4 —
_ (n21 Z&’ B, - 1.



Spinorial Duality for Riemannian Homogeneous Spaces

Fibering Over a Symmetric Base

This chapter contains joint work with Prof. Dr. habil. Ilka Agricola (see page .

6.1 Duality of Extended Symmetric Data

Let us begin by defining certain Lie algebraic data generalizing the 3-Sasakian data recalled in

Theorem (and the generalized 3-Sasakian data recalled in Theorem [2.5.7)).

Definition 6.1.1. Eztended symmetric data (g,b,¢€, g) consists of a triple of real Lie algebras
with b, C g, together with an inner product g on g/bh, such that the following properties hold:

(i) The Lie algebra g is semi-simple;
(ii) There is a Zy-grading g = go @ g1 such that go = h ® &

(iii) Under the natural identification g/h = € @ g;, the inner product g takes the form
g = A()K/g|3><E + )\lﬁg‘glxgl) )\07 )\1 eR \ {0}7 (61)

where kg denotes the Killing form of g.

The idea behind the preceding definition is that the Lie algebras (g, go) constitute a Riemannian
symmetric pair, thus the pair (g,h) can be viewed as the Lie algebraic data of a homogeneous
space fibering over a symmetric base. Indeed, the Zs-grading g = go @ g1, together with the

fact that £ and h commute, gives the following commutator relations:

[ha h] C h: [E)E] C Ea [h,?] = 07 [90791] - glv [glvgl] C h@ E (62>

120
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In particular one sees that (g, go) satisfy the conditions of a Riemannian symmetric pair, as
desired. The cases of most interest for us, 3-Sasakian data and generalized 3-Sasakian data,

correspond to extended symmetric data with ¢ = sp(1) satisfying the additional condition

Theorem [2.4.2(iii) (or equivalently, Theorem [2.5.7](ii)).

Remark 6.1.2. Associated to extended symmetric data (g, b, ¢, g) is the vector space
m:=td gy

serving as a reductive complement to h C g. Conversely, the Lie algebra £ may be recovered
from m via £ = m N go. For this reason we shall also refer to (g, h, m, g) as extended symmetric
data. We shall also denote by m; :=mNg;, i« = 0,1 the components of m with respect to the

Zy-grading on g.

With the preceding remark in mind, we are ready to define our notion of duality at the Lie

algebra level:

Definition 6.1.3. Given extended symmetric data (g, h, m, g), we define (for the same €) the
dual extended symmetric data (g’, h, m’, ¢') by setting

g = goDig Cg",

m=tPpig Cg,

and taking ¢’ to be the real inner product induced on m’ by extending g sesquilinearly to g©

and restricting to the real form g’ C g©.

In the preceding definition, the extension of g to the complexification is done sesquilinearly to
ensure that ¢’ is positive-definite (analogously to the duality for symmetric spaces). Let us
briefly compare Definition with Kath’s notion of duality in [Kat00]. Apart from the fact
that Kath’s duality is between Riemannian and pseudo-Riemannian spaces, we note that it also
depends on a Lie algebra involution 7', whose 1-eigenspace (resp. (—1)-eigenspace) indicates
which tangent directions on the compact side should correspond to tangent directions on the
non-compact side with positive norm squared (resp. negative norm squared). We do not make
use of such an involution, as the decomposition m = £ ® g; automatically keeps track of which
directions are to be modified. Rather, our duality construction is obtained from the duality

between compact and non-compact symmetric spaces, by dualizing the symmetric pair (g, go)-
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Definition 6.1.4. Let K be a connected Lie group with Lie algebra €. An extended symmetric
space (relative to K') is a connected reductive homogeneous space (M := G/H,g) with Lie
algebra decomposition as in Definition . Letting G’ be the connected subgroup of G©
corresponding to the real Lie subalgebra g’, we define the dual of (M, g) to be (M’ :=G'/H,¢').

In order to investigate the spinorial properties of the dual, we must first describe the special

orthogonal group SO(m’, ¢’) of the Riemannian metric ¢’. We define

so(m)g := {A €so(m): A(¢) C € and A(my) C my},

so(m); :={B € so(m) : B(t) Cm; and B(m;) C ¢},
and the non-standard Lie bracket [[-,-]] on so(m)y @ iso(m); given by
[[A1, Ao]] i= [A1, Aglsomyc,  [[A,iB]] :=i[A, Blsome, [[iB1,iBs]] := [Bi, Basom)c

where [, Joo(m)c denotes the usual commutator in so(m)®. It is clear that the bracket [[-,]] is
constructed so that so(m)g @ iso(m); has the same commutators as so(m) = so(m)y ® so(m);.
The following two lemmas and the subsequent proposition are analogous to [Kat00, Props. 6.1,

3.1, 4.1):

Lemma 6.1.5. Let (g,h, m,g) be extended symmetric data, and (g',h,m’, ¢') the dual data. The

map 7: s0(m)y @ iso(m); — so(m’, ¢’) given by
T(A)(z) = A(z),  7(A)(iy) = iA(y), 7(iB)(x) =iB(x), 7(iB)(y) = B(y),
for all A € so(m)y, B € so(m);, x € £, y € my is an isomorphism of Lie algebras.

Proof. Let x1,x9 € &, y1,y2 € my, A € s0(m)g, and B € so(m);. Using the definitions of so(m)o,

so(m)y, and ¢’, we calculate

§(T(A+iB)x1,22) + ¢ (21, 7(A +iB)xs) = ¢'(Axy + iBxy, x9) + ¢ (21, Ay + iBxs)
= g(Axy, 12) + g(x1, Azg) = 0,
g (T(A+iB)zy,iy) + ¢ (x1, 7(A+iB)(iy1)) = ¢'(Axy + iBxy,iy1) + ¢'(x1, 1Ay, + Byy)
= g(Bx1,y1) + g(z1, Byr) =0,
g (T(A+1B) (i), iy2) + g'(iy1, 7(A + iB)(iy2)) = g'(iAys + By, iy2) + g'(iy1, iAyz + Bys)

= g(Ay1,y2) + g9(y1, Aya) = 0,
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hence 7(A +iB) € so(m’, ¢’'). The map 7 is a linear isomorphism, so it remains only to check

that it is a Lie algebra homomorphism. One the one hand, we calculate
THA + ti C+ ZD]] ([A C]so )€ + [B D}so (m)C + Z[B C]so )€ + Z[A D]so(m )
and on the other hand,

[T(A+iB),7(C +iD)|so(m gy (x) = (T(A+iB) o 7(C + iD))(x) — (1(C' +iD) o 7(A +iB))(x)
=7(A+iB)(Cx 4+ iDz) — 7(C +iD)(Ax + iBx)
= ACx +iADx +iBCx + BDx — (CAx +iCBx + 1DAx + DBx)

= T([A, O]so(m)‘c + Z[A, D]so(m)‘C + i[B, O]ﬁo(m)(C + [B: D]so(m)‘c)(l‘)
in the ¢ directions, and

[T(A+iB),7(C +1iD)|so(m ¢y (1y) = (T(A +iB) o 7(C' +iD))(iy) — (1(C +iD) o T(A + iB))(iy)
=T7(A+iB)(iCy + Dy) — 7(C + iD)(iAy + By)
=1ACy + ADy + BCy +iBDy — (iCAy + CBy + DAy + iD By)

([A C]su(m c+ Z[A D]sg(m)c + Z[B 0]50 )€ + [B D]so(m)c)(zy)

in the m; directions, completing the proof. O

Lemma 6.1.6. Let (g,h, m, g) be extended symmetric data. If x € € and y € my then
ad(z) € so(m)g, proj, oad(y) € so(m);, A9(x) € so(m)y, AI(y) € so(m);.

Proof. The first two items follow from the commutator relations (6.2). For the second two

items, we use the first two together with the standard implicit formula for the Nomizu map

(2.15). Indeed, letting x, x1, 2, x3 € € and y, y1,y2,y3 € my and using (2.16]), (6.1]), and (6.2)),

we calculate

29(U(z1,22),y) = g([y, 21, v2) + g(21, [y, 22]) = 0+ 0 =0,
29(U(21,9), v2) = g([2, 71],y) + g(21, [2,9]) = 0+ 0 =0,
29(U(y, x1), x2) = g([x2,y], x1) + g(y, [v2,21]) = 0+ 0 =0,
(U(

29(U(y1,42), y3) = 9(proju[ys, 11l y2) + 9(y1, projulys, y2]) = 0+ 0 = 0.
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Thus we have proved (z.U) € so(m)g and (youU) € so(m);, and the result follows. O

Proposition 6.1.7. Let (M, g) be an extended symmetric space, and (M', ") its dual. In terms

of the identification T, the Levi-Civita connection of (M',g") has Nomizu map given by
N (iy) = —m(iN(y)),  AY(21)ze = T(AY(11))xa, A9 (2)(iy) = —7(A(2))(iy) + 2i[z, y].

forx et yem.

Proof. In order to show that the above expression for A9 induces a metric connection, it suffices
to check that A9 (x) is skew-symmetric with respect to ¢’. Using (6.1), (6.2), Lemma [6.1.6 and

the fact that the image of 7 lies in so(w’, ¢’), we calculate:

9 (AT (21)22, 23) + ¢ (w2, AT (21)23) = ¢/ (T(AI(21))22, 23) + g/ (22, T(A9(21))25) = 0,
g (AT (21)@2, 1) + g (w2, AT (21)(iy)) = ¢ (T(A (21))22, ) + g (22, —7(A9(21)) (iy) + 2i[z1,9]) = 0,
g (N (@) (i), iy2) + g (iyr, A7 (2) (i) = g (—7(A9(2)) (i) + 2i[2, 1], o)

+ ¢ iy, —T(A9(2)) (iy2) + 2i[z, yo]) = 2Mkg([z, 11, y2) + 2A1k4(y1, [z, y2]) = 0.

To see that the given expression for A9 is torsion-free, we use the fact that A9 is torsion-free to

calculate:

A9 (21) 29 — A9 (23) 21 — projy ey, 2] = 7(AY (1)) e — T(AI(22)) 21 — [21, 2]
— AI(1)s — A9 (9) 71 — [0, 9] = O,
N () (iy) — A7 (iy) (x) = projw e, iy] = —7(A(2))(iy) + 2i[z, y] + T(IA(y))(z) - [z, iy]
= —iN(x)y + iz, y] + iN (y)z =0,
A7 (i) (iya) = A9 (i) (in) — Proju[ivs, iga] = =7 (iA (1)) (iy2) + T(iAY(42)) (i) + Projmlys, va]

= —A(y1)y2 + A (y2)y1 + Projy, [y, y2) = 0.

The result then follows from the fact that the Levi-Civita connection is the unique torsion-free

metric connection. OJ

Finally we turn our attention to the spinorial properties of the dual pairs. Inspired by [Kat00),

Prop. 7.2], we have:

Proposition 6.1.8. If (M = G/H,g) and (M' = G'/H, ¢') are a dual pair of extended symmetric

spaces, then M admits a homogeneous spin structure if and only if M’ admits one.
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Proof. Both directions of the ‘if and only if’ statement are identical, so we prove only the
forward direction here. Supposing that (M = G/H, g) admits a homogeneous spin structure,
it follows from [DKL22, Prop. 1.3] that there is a lift Ad: H - Spin(m) of the isotropy
representation Ad: H — SO(m), and it suffices to show that Ad": H — SO(m’) lifts to a map
Ad: H — Spin(m’). If {v1,..., vk, wy,...,w} is a g-orthonormal basis for m such that {v;}¥_, is
a basis for € and {w;}!_, is a basis for my, then {vy, ..., vg, fws, ..., 7w} is a g’-orthonormal basis
for m’. The identification v; — v; and wy — dw; is an H-equivariant isometry o: (m, g) — (w', ¢'),
and we have Ad'(h) = 0 o Ad(h) oo~ ! for all h € H. Noting that the isometry o naturally
extends to an isomorphism o: Spin(m) — Spin(m’) (by viewing these inside the respective
Clifford algebras), we claim that the desired lift is given by K:i/'(h) = U(A\a(h)) for all h € H.
Denoting by A (resp. ') the covering map Spin(m) — SO(m) (resp. Spin(m’) — SO(m')), this

follows from the calculation

N(Ad' (1)) (v) = X (0(Ad(h)))(v) = o(Ad(h)) - v - o(Ad(R)) " = o(Ad(h) - o (v) - Ad(h) )
= o(AAd(R) (0 (1)) = o (Ad(h) (0" (v))) = Ad'(h)(v)

for all v € m'. O

6.2 Homogeneous 3-(«, §)-Sasaki Dual Pairs

From this point forward we restrict attention to the case of generalized 3-Sasakian data,

corresponding to extended symmetric data with £ = sp(1) satisfying the additional condition

(ii) in Theorem [2.5.7

Definition 6.2.1. The dual of a 3-(«, §)-Sasaki homogeneous space (M = G/H, g,&,n;, i) is
the 3-(o/, 0")-Sasaki space obtained by applying the duality construction to the corresponding

generalized 3-Sasakian data, where o/ := « and ¢’ := —9.

Remark 6.2.2. For a 3-(«, §)-Sasaki homogeneous space (M = G/H, g) fibering over a Wolf
space, it is easy to check that Proposition is compatible with the explicit expression for
the Nomizu map of the Levi-Civita connection recalled in Theorem [2.5.7}

A (1) (2) = TS )y = AS(an)as = 5l ),
A (@) (iy) = —7(A (@) (iy) + 2ilw, y] = =N (x)y + 2i[z, Y]

= —i(1— %)[m,y] + 2i[z,y] = (1 — %)[xﬂyL
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, « o
_Z—

A (iy)(r) = —7(iIA(y))x = —iN(y)x = 5 ly, ] = y[iy,x],

Ry : , I . L. o
A (iy1) (iy2) = =T (@AY (1)) (iy2) = —A?(y1) (1) = —§PY0J5p(1)[y17y2] = §P1"0J5p(1) [iy1, iya).

We can also find a relationship between the canonical connections of a 3-(«, §)-Sasaki dual pair:
Proposition 6.2.3. If (M, g) and (M',¢') are a dual pair of homogeneous 3-(a, §)-Sasaki spaces

then the canonical connections A: mxm —m and A': m/ x m" — m’ are related by

pw < | TAVIW = VWV € spln)

0 VEiml.

Proof. Noting that M and M’ fiber over Wolf spaces, Proposition [2.5.8| gives

=21 W]V € sp(l), Y20 [y W)V e sp(l),
N AU W gy T o

0 Ve my, 0 Ve iml.

The result then follows by calculating, for V' € sp(1):

" —2a/ 2 -2 4 4o/
TRy w) = 22wy = 2R w s S = AW - Sy w)

Inspired by Theorem 7.2 in [Kat00], we have:

Theorem 6.2.4. Let (M, g) and (M',¢') be a dual pair of homogeneous 3-(c, d)-Sasaki spaces
of dimension 4n — 1, and identify the spinor modules ¥ = Y/ = A*C?*~ L, Ifop: G — X, ¢ = u is

a constant H -equivariant map whose corresponding spinor satisfies the deformed Killing equation

o —

5 > X o (63)

o

V5 = §X Y+
then the corresponding constant map ¢': G' — ¥/, ' = w is also H-equivariant and induces a
spinor satisfying

o — ¢
2

Do), (6.4)

i=1

Vglwl_g/X'l/},—f-
XT

where o = «, & := —05. Similarly, if v = u is a parallel spinor for the canonical connection
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(Vx1 =0) then Y = u satisfies

2/} =208, G X =g eV,
Ll = 7ok (6.5)
0 XeH,

for any even permutation (i, j, k) of (1,2,3).

Proof. We would like to define an isometry 6: (m,g) — (w’,¢’) in order to compare the two
spaces. The obvious choice is the identification x — z, y — 7y used in the proof of Proposition
[6.1.8 however this leads to a problem with the orientations of the two spaces. Indeed, using the
notation of [ADS21 Thm. 3.1.1], the Reeb vector fields of the dual pair are related by

5: = 5/Ui = _5Ui = —51'7

so an orthonormal frame {;,&s,&s, €4, ..., €4,_4} inside the standard orientation for (M, g)
would be identified with the frame {—&] — &}, —&;, ieq, .. . ie4n—4}, which is not oriented in the

standard way for the dual 3-(o/, §')-Sasaki space (M’, ¢'). Thus we choose instead the isometry
.= — Id|5p(1) D Id|m1,

which identifies & with &/. Then, under identification of the spinor modules as above, each
tangent vector V' € m and its image #(V') € m’ act as the same operator by Clifford multiplication
(likewise for the extension of 6 to tensors and differential forms). We recall from Theorem [2.5.7]

that

1

i = 55 ad(&)lsp) +

1 , 1 1
2" = ad (&) |im; = 2% ad(&)|spr) + 5 ad (&) im;

J
and therefore ®, = 0(®;). In the horizontal directions, it follows from Lemma and

Proposition [6.1.7] above, together with the explicit formula for the Nomizu map recalled in

Theorem [2.5.7], that

0N (i) = 67 (< (iA (1)) = 67 (~ % acl(ig) iy + 5P0lps) L) i)

r .
d(y)|sp(1) + 5PrOJgp(1) ad(y)|m,

& 2
Iy).

@
5
A
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Thus if ¢» = u is an invariant spinor satisfying (6.3), then we have

/

A (iy) - u = 6(AY(y)) -u = 0(5y) - u = T (iy) - u.

2
where /A\Zl, A9 denote the spin lifts of A9, AY. The situation in the vertical directions is

somewhat more complicated. Arguing as above, we have

0~ (A (&) = 07 (T(AY(ED)sp(1) — T(AY(&) limy + 22 ()i, )
= A9(&)lsp1) — A&y +2ad(&i)lmy = AY(Ei)lspr) — AY(&) + A(E)lspry + 2 ad (i) [my
= 2A9(&)lsp(1) — AY(&) +2ad(&)[my = ad(&)lspr) — AY(&) +2ad(&i)|m,
— 250, — AY(&)

(where for the final equality we have identified the endomorphism field ad(&;)|sp1) With the
2-form —20®;|) using the metric g). Taking the spin lift then gives

01 (AT (&) = —6; — AI(&),

or equivalently,

071 (A (&) = —8'P; + AY(E),

and hence

AT () -u = 0(=8'B; + AI(&)) - u = =8P, - u+ O(AY(E)) - u

Y / Ly
:—(5'<I>;-u+9(g€i+a @i)-u:—d’cbg-u—i-gf;ﬂLajL Q-
2 2 2 2
O/l o — &
_ Yy 3 .
g ut b
It follows that
~ o o — 8 <
N V) u= TV out — ;ng(m@;-u, for all V € m’,

proving the first part of the theorem. Assume now that ¢ = u is parallel for the canonical
connection. It is immediately apparent from Proposition that N(zy) -u = 0 for all iy € imy,

and in the vertical directions

/
/ 4a !/

o (E) =07 () - Y adl€)) = A - 5 ad(e)
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= —A(&) — 4 (¢ + pilsp)) = —A(&) + 40/ (D + Pily)

(where for the final equality we have identified skew-symmetric endomorphisms with differential

forms using the metric ¢’). Applying the spin lift of this operator to ) = u gives
K/’(SQ) cu=0+20'® - u— 28 - & - u,

as desired. O

6.3 The Special Case of Dimension 7

Let us examine more closely the situation in dimension 7. To start, let (M7, g, s, &, 1;) be any
7-dimensional 3-(«, §)-Sasaki manifold (not necessarily homogeneous). It is shown in [AD20]
Thm. 4.5.1] that the canonical connection V arises as the characteristic connection of the

Go-structure

3
w = 7]1/\772/\7]34-2771/\(1)1"7.‘ (66)

i=1

defined naturally in terms of the 3-(«, §)-Sasaki structure tensors. One then obtains a V-parallel
spinor 1y via the relationship described in [ACFHI5] between unit spinors and Ga-structures in
dimension 7. The spinor vy is called the canonical spinor, and can equivalently be realized, as

in [AD20], Def. 4.5.1], as the unique spinor (up to sign) such that

Vg =0, w - Py = =T, [o| = 1.

The three auziliary spinors are then defined via the Clifford products with the Reeb vector
fields,

¥y = &1 - o, g == & - Y, V3 = &3 - 1o.

Theorem 6.3.1. ([AD20, Thm. 4.5.2]). The canonical and auxiliary spinors are Riemannian
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generalized Killing spinors,

2a276£z' Y X =&,

20X ahy X EV, .
Vit = 83200 X =¢ (j#4), (67

2

Vit =

—3aX .y X €H,

aX . XEH,

fori,j=1,2,3.

We refer the reader to Chapter [3.2.1.1] for a detailed discussion of the homogeneous example
S4n=1 = Sp(n)/Sp(n — 1), including explicit calculations of the invariant spinors, and formulas

for the canonical and auxiliary spinors in dimension 7.

Theorem 6.3.2. Suppose that (M = G/H,g) is a compact simply-connected 7-dimensional
homogeneous 3-(c,0)-Sasaki space, and (M' = G'/H,q") its non-compact dual. Under the
identification of spinor bundles ¥ = Y as in Theorem the canonical and auziliary
spinors ¥;, 1 =0,1,2,3 on (M, g) are given by constant H -equivariant maps G — ¥, and the
corresponding spinors ¥, € ¥, i =0,1,2,3 are the canonical and auziliary spinors of the dual
3-(«’,0")-Sasaki space (M',q"). In particular they are Riemannian generalized Killing spinors,

satisfying:

;o 20/2_6/52 ’ @ZJ; X = S;a
v 2a2—6 X . wé X e V', v / /
VI i xeg SR X=gG#0. 69
2 . c

2 0 )

O X X e,

\

fori,j =1,2,3, where V', H' denote the vertical and horizontal bundles respectively of M’.

Proof. In dimension 7, one easily checks in a concrete realization of the spin representation that

the space E from Theorem [5.0.1]is 3-dimensional, and given by

F = spancoo(M){%, 1?2,1/13}‘

Since M is compact (and hence ad > 0), the generalized 3-Sasakian data determining it also

determines a compact 7-dimensional 3-Sasakian homogeneous space. From the classification of

homogeneous 3-Sasakian spaces (see Theorem [2.4.1)) it follows that M is either

_ Sp(2) SU(3)
Sp(1) S(U(1) x U(1))’
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(the case RP” is excluded by the assumption that M is simply-connected) so in particular
G = Sp(2) or SU(3). To see that vy is G-invariant, we note that it is determined up to sign as
a unit length element of the 1-dimensional (—7)-eigenspace for the action of w on ¥; then, using

G-invariance of w, we calculate at the origin

(w - (g0%0))(9) = (w-10) (g5 9) = —=Tho(g5'9) = —T(g0%0)(9), for all go,g € G.

This shows that the 1-dimensional space Ct)q is a G-subrepresentation of ¥, and this subrep-
resentation must be trivial since G = Sp(2) or SU(3) (i.e. 9y corresponds to a constant map
G — X). The auxiliary spinors ¢; = &; - ¢y, i = 1,2, 3 are then invariant as well by Lemma m
Next, we observe that the canonical Go-form ' of (M’; ¢’), defined using the 3-(¢/, §’)-Sasaki
structure tensors analogously to (6.6]), coincides with 6(w), and hence its (—7)-eigenspace inside
Y coincides with the span of 1y. The auxiliary spinors of (M’, ¢’) therefore coincide with 9,
1 =1,2,3, and the spinorial equations follow from Theorem applied to M'. O

Similarly, for the canonical connection we find:

Proposition 6.3.3. Let (M = G/H, g) and (M, ¢') be a dual pair of homogeneous 7-dimensional
3-(av, 0)-Sasaki spaces, and identify the spinor modules as in Theorem m Then an invariant
spinor ¥ = u on M is V-parallel if and only if the correponding spinor ' = u on (M’ q’) is
V' -parallel.

Proof. By symmetry of the ‘if and only if” statement, it suffices to prove either implication. If
1 = u is a V-parallel spinor on M then Theorem implies that the dual spinor ¢/ = u
satisfies . Note that v is stabilized by Gy = stabso(r) (w), since the canonical connection is
a Go-connection (see [AD20, Remark 4.4.4]). The action of Gy on the spinor module ¥ has only
one fixed spinor up to scaling (see part (d) of the main proposition in [Wan89]), so we conclude
that ¢ is a multiple of the canonical spinor . The result then follows by substituting
into (6.5). O

Finally, for any 7-dimensional 3-(«, §)-Sasaki manifold (not necessarily homogeneous) we compare
the spinorial equation satisfied by the auxiliary spinors (the second equation in (6.7)) to the
deformed Killing equation (5.1)). A straightforward calculation in the spin representation gives:

Lemma 6.3.4. If (M7, g,&,m, ) is a 7-dimensional 3-(«v, 8)-Sasaki manifold, the canonical
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and auziliary spinors satisfy

Di-tho =i, Pi-thi =& i, Qi = =36 - Yy,

foralli,j =1,2,3 with i # j. Furthermore, for any even permutation (i, j, k) of (1,2,3), the

canonical spinor satisfies
(D5 — & &) - o = 0. (6.9)

The preceding lemma immediately gives:

Proposition 6.3.5. If (M7, g,&,m:, i) is a 7-dimensional 3-(c, §)-Sasaki manifold, then a
spinor ¢ € I'(E) satisfies the deformed Killing equation if and only if it satisfies the second

equation in .

Proof. Using Lemma [6.3.4] we calculate

5 )
%X i + QT an(X>(I)p Y = %X i + QT (i (X)& — 3ni41(X)&it1 — 3ni2(X)&it2) - Yi,
p=1

where the indices 7,7 + 1,7 4+ 2 are taken modulo 3. The result then follows by substituting the

various cases for X from (6.7)). O]



An Explicit Construction of the Lie Algebras su(3), go,

spin(7), and spin(9)

The calculations involved in finding the invariant spinors for the exceptional spheres in Table
can be greatly simplified by constructing in a unified manner the Lie algebra inclusions
su(3) C go C spin(7) C spin(9). This appendix is devoted to the exposition of this construction,
parts of which may be found in Chaper 4.4 of [BFGK91]:

Lemma A.1. (Based on Lemma 15 in Chapter 4.4 of [BFGK91]). The Lie algebra gs (resp.
su(3)) may be realized as the stabilizer of one (resp. two) spinors in the real spin representation
YE = RS of spin(7). FEaxplicitly, if €1,...€7 is the standard basis of R" and ¢y, ..., ¢s is
the standard basis of the real spinor module ¥ = R®, then go and su(3) are realized inside

spin(7) = spang{ee;} via

Wi +wss+wse =0,

—w13twag —wer =0, —wi g —wrz—ws7=0,
Iav) Il .
g2 = stabepinry {01} = E Wi €€

1<i<j<7 —wie —was twsr =0, wis—woe—wsr =0,

wir +wse +wis =0, wyrt+wss —wie =0,

( )
Wi +wss+wse =0,

N W13 = Wad, Wia+wog =0, wis=we,
511(3) - 3tab5p'm(7){¢17 ¢2} = Z Wi j€€5:

1<i<j<7 wie twes =0, wys = wse, wye+wss =0,

wip = war = = wer = 0.

Remark A.2. In order to find bases for these Lie algebras we use the explicit realization of the
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spin representation obtained from the following matrices:

pler) = B + ES) — ES) — ES), ples) = —E) + ES) + ES) — B,
ples) = —E) + BS) — BSL + B, plea) = —E{) — BS) — BS) — B,
ples) = —B{ — ES) + BE) + B, ples) = BY) — B — BE) + B,
pler) = BS) — BS) — ES) + B

(see Chapter 4.4 in [BEGK91]). By substituting these into the equations of the preceding lemma

and subsequently orthogonalizing with respect to By, one obtains:

Proposition A.3. A By-orthonormal basis for gs given by

= 7 (pleples) — ple)olew), v2 = (plen)oles) + plea)oles),

s = Fples)ples) — pleaoles)),  va = Flpler)nles) + plea)olen),

Vs := 2(9(61)0(64) — ple2)ples)), v = i(ﬂ(ﬁl)l)(%) + ple2)p(es)),

= (plepled) ~ plalples)), i - ZHIIEI Pl )E)

e 2pe)pler) — ples)ples) — plea)ples) —_ 2plea)plen) — ples)ples) + plea)ples)
9 W3 ) 10 ° 3 )

L. Ple)ples) — plea)ples) = 2plec)pler) — _ plen)ples) + plea)ples) — 2p(es)pler)
11 - 4\/§ ) 12 - 4\/§ )

- pler)ples) — plea)ples) +2p(ea)pler) - pler)ples) + plez)ples) + 2p(es)p(er)
13 - 4\/§ ; 14 - 4\/§ )

with the first 8 elements vy, ... vg forming a By-orthonormal basis for the subalgebra su(3).

We now wish to extend this to Bp-orthonormal bases of spin(7) and spin(9). Denoting by
t: Matg(R) < Matg(R) the embedding as the lower right hand 8 x 8 block, one has:

Proposition A.4. The basis {v1,...,v14} extends to a By-orthonormal basis of spin(7) given by
{v1,..., v, V{5, ...,V } and a  By-orthonormal  basis of spin(9)  given by
{e(v1), .. t(via), t(Vh5), - s t(Vhy), Vb, - - -, Vi }, where

, . pler)plea) + ples)ples) + ples)ples) —,  pler)ples) — plea)p(ea) + ples)pler)

V15 = NG v Ve = WG )
. Plevpled) +plea)ples) + ples)pler) - —ple)ples) + plea)ples) + plea)pler)
17 - 2\/6 ) 18 - 2\/6 )

. pler)ples) + plea)ples) — ples)pler) = pler)p(er) + ples)ples) + ples) ples)

2v/6 26 ’
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U e _plez)pler) + P(Gg)jé%) - 0(64)0(66),
and
o= 3 (8-S odo) b= vE (B2
Vos i= V2 (Eégg - g L(”b)) ;b= V2 <E§97) +
o2 (3 ) = St

foralli=1,...,8.



Invariant Differential Forms on S = Spin(9)/ Spin(7)

Here we give explicit formulas, in terms of the basis (3.24)), for the differential forms on
S15 = Spin(9)/ Spin(7) discussed in Chapter [3.3.3}

w:= —e;g89 + €1,10,11 T €1,12,13 — €1,14,15 — €2,8,10 — €2,9,11 T €212,14 + €213,15

—e3811 1 €3,9,10 T €3,12,15 — €3,13,14 — €4,8,12 — €4,9,13 — €4,10,14 — €4,11,15

— 58,13 T €5912 — €510,15 T €5,11,14 — €6,8,14 T €6,9,15 T €6,10,12 — €6,11,13

—e78,15 — €7914 T €7,10,13 + €7,11,12,

U = eg9 10,11 + €89,12,13 — €8,9,14,15 T €810,12,14 T €810,13,15 T €8.11,12,15

— €8,11,13,14 — €9,10,12,15 T €9,10,13,14 T €9,11,12,14 T €9,11,13,15

— €10,11,12,13 T €10,11,14,15 + €12,13,14,15,

a

5 dw = €1,2,811 — €1,20,10 T €1212.15 — €12,13,14 — €1,38,10 — €1,3,9,11 — €1,3,12,14 — €1,3,13,15

+ €1,48,13 — €1,4,9,12 — €1,4,10,15 + €1,4,11,14 — €158,12 — €1,5,9,13 T €1,5,10,14 T €1,5,11,15

— €1,6,8,15 — €1,6,9,14 —
+ €2389 — €2310,11 +
+ €25815 — €2509,14 —
—€27813 — €27912 —
— €358,14 — €35915 —
—e37812 T €37913 +
+ €4,6,810 — €4,6,9,11 —
— €56,8,11 — €5,6,9,10 —

— €6,7,8,9 — €6,7,10,11 —

€1,6,10,13
€2.3,12,13
€2,5,10,13
€2,7,10,15
€3,5,10,12
€3,7,10,14
€4,6,12,14
€5,6,12,15

€6,7,12,13

_|_

_|_

€1,6,11,12 t €1,7,8,14 — €1,7,0,15 + €1,7,10,12 — €1,7,11,13
€2,3,14,15 T €2.4814 + €2.4915 — €24,10,12 — €2,4,11,13
€2,5,11,12 — €2,6,8,12 T €2,6,9,13 — €2,6,10,14 T €2,6,11,15
€27,11,14 T €34815 — €349,14 T €34,10,13 — €3,4,11,12
€35,11,13 T €3,6,8,13 T €3,6,9,12 — €3,6,10,15 — €3,6,11,14
€3,7,11,15 T €4589 T €4510,11 — €4,5,12,13 — €4,5,14,15
€4,6,13,15 T €4,7,811 T €47,910 — €4,7,12,15 — €4,7,13,14

€56,13,14 T €57810 — €57.9,11 T €5,7,12,14 — €5.7,13,15

3aegg 10,11 3a€8912,13 | 30€89 14,15
€6,7,14,15 — 2 — 2% + 2%
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3CL€8,10,12,14 3a€8,10,13,15 3G€8,11,12,15 +3a68,11,13,14 +3@€9,10,12,15

2b 2b 2b 2b 2b
309101314 30€9.1112,14  30€9,11,13,15 n 30€10,11,12,13  30€10,11,14,15
2b 2b 2b 2b 2b
. 3a€12,13,14,15
2b

a
5 dv = €1,8,10,12,15 — €1,8,10,13,14 — €1,8,11,12,14 — €1,8,11,13,15 1T €1,9,10,12,14 + €1,9,10,13,15

+ €1,9,11,12,15 — €1,9,11,13,14 — €2,8,9,12,15 T €2,8.9,13,14 T €2,8,11,12,13 — €2,8,11,14,15

— €29.10,12,13 T €2.9,10,14,15 + €2,10,11,12,15 — €2,10,11,13,14 T €3,8.9.12,14 + €3.89,13,15
— €38,10,12,13 + €3,8,10,14,15 — €3,9,11,12,13 + €3,9,11,14,15 — €3,10,11,12,14 — €3,10,11,13,15
+ €480,10,15 — €4,8,9,11,14 T €4,8,10,11,13 — €4,8,13,14,15 — €4,9,10,11,12 1 €4,9,12,14,15

— €4,10,12,13,15 T €4,11,12,13,14 — €5.8,9,10,14 — €5,8,9,11,15 — €5,8,10,11,12 1 €5812,14,15
— €59.10,11,13 T €5,9,13,14,15 1 €5,10,12,13,14 T €5,11,12,13,15 T €6,8,9,10,13 + €6,8,9,11,12
— €6,8,10,11,15 — €6,8,12,13,15 — €6,9,10,11,14 — €6,9,12,13,14 T €6,10,13,14,15 T €6,11,12,14,15
— €789,10,12 T €789,11,13 T €7810,11,14 T €7,8,12,13,14 — €7,9,10,11,15 — €7,9,12,13,15

— €7,10,12,14,15 1+ €7,11,13,14,15-

We also record in Table the isotropy types of the forms w, ¥, dw, d¥ from Chapter [3.3.3] i.e.
the number of factors from each isotropy component. The isotropy types of all other invariant

forms in Table [3.3] may be easily deduced from these.

’ Form H Isotropy Type ‘

w mr & AQmB

U A4mB

dw (A2mF X AQmB) D (A4mB)
dW¥ mer® A4mB

Table B.1: Isotropy Types of Invariant Forms on S = Spin(9)/ Spin(7)
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