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Abstract

The purpose of this thesis is to lay down the theoretical foundations necessary for the
successful application of cylindrical Lévy processes as models of random perturbations
of infinite-dimensional systems. This is accomplished in three main steps.

First, we provide a comprehensive theory of stochastic integration with respect
to cylindrical Lévy processes in Hilbert space. In fact, we go further than simply
introducing the stochastic integral, and give a complete analytic characterisation of the
largest set of predictable Hilbert-Schmidt operator-valued processes integrable with
respect to a cylindrical Lévy process. We demonstrate the strength of the developed
integration theory by establishing a stochastic dominated convergence result.

Second, we prove an It6 formula for It6 processes driven by cylindrical a-stable
noise. It turns out that in the case of standard symmetric a-stable cylindrical Lévy
processes, our integration theory simplifies significantly and it is possible to identify
the largest space of predictable Hilbert-Schmidt operator-valued integrands with the
collection of all predictable processes that have paths in the Bochner space L®. As
an application of our developed integration theory, we carry out an in-depth analysis
of the jump structure of stochastic integral processes driven by standard symmetric
a-stable cylindrical Lévy processes, which allows us to establish an It6 formula in this
setting.

Finally, we consider stochastic evolution equations driven by a-stable noise and
prove the existence of a mild solution, establish long-term regularity of the solutions
via a Lyapunov functional approach, and prove an It6 formula for mild solutions to
the evolution equations under consideration. The main tool for establishing these
results is a Yoshida approximation of the solution, which we combine with the crucial
observation that these approximations converge in the space C([0, T, LP(2, H)) of p-th

mean continuous Hilbert space-valued processes for any p < a.
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1 Introduction

Any rigorous discussion of stochastic partial differential equations (SPDEs) must be-
gin with the precise mathematical formulation of the driving noise. In an infinite-
dimensional setting, this task is highly non-trivial, since even the most fundamental
choice, the standard Brownian motion, fails to exist in the usual sense as a stochastic
process with values in the underlying infinite-dimensional space. In fact, these are ex-
actly the considerations that lead naturally to the theory of cylindrical processes and
their application as models of random perturbations of infinite-dimensional systems.

In the literature, one can find several alternative definitions for cylindrical Lévy
noise in an infinite-dimensional setting. The most popular approach is to introduce
cylindrical Lévy noise in a diagonal manner, wherein the noise is expressed as an infinite
sum of independent one-dimensional Lévy processes along an orthonormal basis, see
Peszat and Zabczyk [60], or Priola and Zabczyk [63] for the case when the components
of the orthogonal expansion are real-valued normalised symmetric a-stable processes.
Another approach, see for example BrzeZzniak and Zabczyk [9], defines a cylindrical
Lévy process by subordinating a cylindrical Wiener process, which is then used as a
theoretical foundation of their models of random perturbations. Alternatively, in Peszat
and Zabczyk [59], the authors introduce the notion of a cylindrical Lévy process, which
they call an impulsive cylindrical process, via Poission random measures.

While all these definitions are mathematically rigorous, they are somewhat dissatis-
fying for the following reasons. First, a common theme in all the aforementioned papers
is the observation that a cylindrical Lévy process can be embedded into a larger space
where it becomes a classical Lévy process. However, within the context of SPDEs,
this point of view leads to the unnatural phenomenon that one needs to impose condi-
tions on the larger auxiliary space, which a priori has no relation to the problem under

consideration, see Brzezniak and Zabczyk [9]. Second, if we introduce cylindrical Lévy



noise using one of the above definitions, we impose great limitations on the behaviour of
the random perturbation. Indeed, taking the approach in Peszat and Zabczyk [60] with
diagonal noise as an example, the assumption that the one-dimensional components are
independent imply that these processes can only jump along the basis vectors, since
the probability that two different components jump at the same time is zero. Hence,
there arose the natural question of whether it is possible to find a general framework for
modeling Lévy-type noise in an infinite-dimensional setting, which allows for a unified
treatment of a wide variety of different random perturbations.

To provide an answer to this question, the first systematic treatment of the concept
of a cylindrical Lévy process was introduced by Applebaum and Riedle in their work
[4]. Their goal was to provide a definition of a cylindrical Lévy process, that is both
analytically rigorous and, at the same time, can be seen as a natural generalisation
of finite-dimensional Lévy processes. This has been accomplished by building on the
well-established theory of cylindrical measures, pioneered by the French school of math-
ematics in a series of papers, see Maurey [45], Schwartz [72] or Badrikian and Chevet
[5], among many others. Yet, before this rather general object could be used within the
context of SPDESs as a model of noise, it became unavoidable to overcome certain tech-
nical difficulties. SPDEs with additive noise, driven by specific examples of cylindrical
Lévy processes were considered in Brzezniak and Zabczyk [9], Priola and Zabczyk [63]
and Peszat and Zabczyk [60]. However, in order to consider SPDEs with a more general
noise structure than the simple additive case, it became necessary to develop a theory
of stochastic integration with respect to general cylindrical Lévy processes.

The classical construction of the stochastic integral in finite-dimensional spaces is
based on the semi-martingale decomposition; see Dellacherie and Meyer [15]. Another
approach, beginning with the class of ”good integrators” is introduced in Protter [64],
or in Kurtz and Protter [39], in the infinite-dimensional setting. However, it is worth

noting that even in Protter’s work [64], the extension of the space of integrable pro-



cesses from adapted, caglad to general predictable processes relies heavily on the semi-
martingale decomposition. Alternatively, one might approach the problem of defining
stochastic integrals from the point of view of random measures. For an in-depth dis-
cussion of this perspective, see Métivier and Pellaumail [48] or Rao [65]. In yet another
approach, see Bichteler [7], the author successfully mimics the construction of the well-
known Daniell integral from calculus to introduce the notion of the stochastic integral.
The theory of stochastic integration presented by Kwapienn and Woyczynski in their
works [40] and [41] relies crucially on a decoupling inequality for tangent sequences.
In their approach, they also go beyond the construction of the stochastic integral, and
provide a complete characterisation of the largest space of predictable integrands as a
randomized Musielak-Orlicz space. These ideas were later generalised to Hilbert-valued
quasi-left continuous semimartingales in Nowak [57].

Considering stochastic integration with respect to cylindrical processes, an extensive
literature is available in the special case when the integrator is a cylindrical Brownian
motion, see for example van Neerven et. al. [77] for a recent extension to the general
setting of UMD Banach spaces. The problem of stochastic integration with respect to
cylindrical processes other than cylindrical Brownian motion has received significantly
less attention. As a matter of fact, the only other class of cylindrical processes with
respect to which a theory of stochastic integration has been developed is the collection
of cylindrical martingales. This has been achieved through a Doléans measure approach
by Métivier and Pellaumail in [47], via the construction of a family of reproducing ker-
nel Hilbert spaces by Mikulevi¢ius and Rozovskii in [50] and [51], or alternatively by
introducing a new type of quadratic variation for cylindrical continuous local martin-
gales in UMD Banach spaces in Veraar and Yaroslavtsev [78]. This limitation of the
literature to cylindrical martingales is due to the technical difficulty that in general,
cylindrical semi-martingales do not enjoy a semi-martingale decomposition in a cylin-

drical sense, see Jakubowski and Riedle [30, Re. 2.2]. As a consequence, one cannot use



the above mentioned classical approach to develop a theory of stochastic integration in
this setting.

The problem of stochastic integration with respect to arbitrary cylindrical Lévy
processes in Hilbert space has been successfully addressed by Jakubowski and Riedle
in their work [30]. Here, the authors introduce the stochastic integral for caglad inte-
grands using tightness arguments in Skorokhod space and the crucial observation that
tightness of the decoupled version of a collection of stochastic integrals implies tightness
of the original integrals. While the integration theory developed by Jakubowski and
Riedle in [30] made the first crucial step towards the possibility of considering SPDEs
with a rather general noise structure, it also had certain shortcomings. Most notably,
as observed in the paper by BrzeZniak et al. [8], solutions to SPDEs driven by cylin-
drical Lévy processes exhibit a rather interesting behaviour, wherein a solution can be
so irregular that it does not have a cadlag modification. Hence, to ensure that we have
sufficiently powerful theoretical tools to deal with this situation, it became necessary
to consider stochastic integrals with predictable integrands. Since the integration the-
ory presented by Jakubowski and Riedle in [30] relies fundamentally on convergence
arguments in Skorokhod space, the extension of the notion of stochastic integral to
predictable integrands could not be achieved within this framework.

The first part of this thesis is devoted to filling this gap in the literature by pro-
viding a theory of stochastic integration for predictable integrands with respect to
arbitrary cylindrical Lévy processes in Hilbert space. In fact, by building on the orig-
inal ideas of Kwapienn and Woyczyriski, see for example [42], not only does it become
possible to introduce stochastic integrals with predictable integrands, but we also give
a complete characterisation of the largest space of predictable processes integrable with
respect to an arbitrary cylindrical Lévy process. As a by-product of our construction,
we obtain an explicit analytic condition for the integrability of a predictable process,

which is expressible in terms of the cylindrical characteristics of the integrator. Struc-



turally speaking, the collection of all integrable processes forms a generalised modular
space, see Nakano [55], where the topology induced by the modular can be equivalently
metrised as a Polish space. As a demonstration of the robustness of our approach, we
provide a stochastic dominated convergence theorem in our setting, which allows for
the interchange of the limit and stochastic integral.

As a special case of our general integration theory, we consider separately stochastic
integrals with respect to standard symmetric a-stable cylindrical Lévy processes for
a € (0,2). Using the work of Kosmala and Riedle in [37], and utilising the well-known
tail properties of stable distributions, see for example Linde [43], we show that in case
the integrator is a standard symmetric a-stable cylindrical Lévy process, the largest
space of predictable integrands coincides with the collection of predictable processes
that almost surely have paths in the Bochner space L. This condition aligns perfectly
with its real-valued analogue, see Rosinski and Woyczynski [69], where the authors
obtain the same integrability condition for classical real-valued standard symmetric
a-stable Lévy processes via a random time change.

Moving away from stochastic integration, we consider another cornerstone of stochas-
tic analysis, the It6 formula. Historically speaking, the earliest form of the It6 formula
dates back to the seminal work of It [26]. Since then, It6’s formula has been extended
in several directions. First, instead of a standard Brownian motion, one might consider
1t6 processes driven by more general stochastic processes, like Lévy processes or general
semimartingales, see for example Jacod and Shiryaev [27], Meyer [49] or Protter [64].
Second, in keeping with modern mathematical developments, it is possible to leave the
one-dimensional setting behind and consider generalisations of It6’s formula to more
abstract spaces, see Metivier [46] for a proof in Hilbert space, or Gyongy and Krylov

[22] for the Banach-valued setting.



In this thesis, we develop a (strong) It6 formula for processes of the form:
dX(t) = F(t)dt + G(t)dL(t) fort e [0,T], (1.1)

where L is a standard symmetric a-stable cylindrical Lévy process for o € (1,2), while
F:Qx[0,T] - H and G: Q x [0,T] — Lo(U, H) are predictable processes satisfying

the integrability condition

T
/0 IP@)] + GO IS 0 dt <00 as. (1.2)

Whereas the process in (1.1) is a Hilbert-valued semimartingale, and a classical It6
formula is available in this setting, see Metivier [46, Th. 27.2], in order to successfully
apply this formula, it is often necessary to identify the martingale and bounded variation
parts. While this is usually accomplished through the semimartingale decomposition
of the driving noise, since cylindrical Lévy processes do not have a semimartingale
decomposition, obtaining a useful form of the It6 formula in this setting requires a
different approach. To tackle this problem, we draw upon the theory of random mea-
sures and compensators, e.g. Jacod and Shiryaev [27], and carry out an analysis of the
jump structure of stochastic integral processes driven by a standard symmetric a-stable
cylindrical Lévy process, which leads us naturally to a particularly useful form of the
It6 formula in this setting.

Armed with our Itd formula, we turn to stochastic evolution equations driven by
a standard symmetric a-stable cylindrical Lévy process. In the literature, there are
essentially two alternative approaches to this subject. The random field approach,
which originates from the work of Walsh [79], and the semigroup approach, introduced
by Da Prato and Zabyczyk in the monograph [13]. While in the random field approach,

one can find numerous publications with SPDEs perturbed by a-stable noise, see for
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example Chong [10], Mytnik [53], or Mueller [52], only in the work of Kosmala and
Riedle [37] do the authors take the semigroup approach. The scarcity of results in
the latter case can be attributed to the serious obstacle that similarly to cylindrical
Brownian motion, standard symmetric a-stable cylindrical Lévy processes exist only in
the generalised sense as cylindrical processes.

In the final chapter of this thesis, we take the semigroup approach and utilise
our developed integration theory and strong It6 formula to explore various aspects of
solutions to stochastic evolution equations driven by a standard symmetric a-stable
cylindrical Lévy process in a Hilbert space U for o € (1,2). More precisely, we consider

equations of the form:

dX(t) = (AX(t)+ F(X(t)))dt + G(X(t—))dL(t)  for ¢ € [0,T],

X(0) = a0, (1.3)

where A is a generator of a Cp-semigroup (S(t));>, in a Hilbert space H, xo is an
Fo-measurable H-valued random variable, F: H — H and G: H — L9(U,H) are
measurable mappings and 7" > 0. Our work in this direction is comprised of three main
results.

First, we build on the publication of Kosmala and Riedle in [37], and prove the
existence of a mild solution to (1.3). In fact, we significantly improve the existence
result presented by Kosmala and Riedle in [37], by showing that it is sufficient to
impose some rather natural Lipschitz and boundedness conditions on the coefficients
F and G in (1.3). The main tool in our proof is a Yosida approximation for the
solution, which is combined with the important observation that while solutions to the
Yosida approximating equations are pathwise discontinuous, they naturally live in the
space C([0,T], LP(Q2, H)) of p-th mean continuous Hilbert space-valued processes for

any p < a. This observation allows us to use the well-known Arzela-Ascoli theorem to
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establish relative compactness of solutions to the Yosida approximating equations in
the space C([0,T], LP(2, H)), from which our existence result follows immediately.

Second, we follow the work of Ichikawa [25] and take the functional Lyapunov ap-
proach to investigate regularity properties of mild solutions to (1.3). More precisely, we
provide explicit conditions on the coefficients F' and G under which the mild solution
to (1.3) is exponentially ultimately bounded in the p-th moment for every p € (0,1).
The main ingredient of our proof is the strong It6 formula developed earlier in this
thesis. However, since mild solutions to SPDEs are not semimartingales, our strong
1t6 formula cannot be applied directly. To circumvent this problem, we make use of
the fact that Yosida approximations have strong solutions, which makes it possible to
apply the developed strong It6 formula to these, and establish exponentially ultimate
boundedness of the solutions to the Yosida approximations. Since Yosida approxima-
tions converge to the mild solution of (1.3) in C([0,T7], LP(S2, H)), we then take the limit
to obtain exponential ultimate boundedness of the mild solution.

Finally, we consider the problem of proving an It6 formula for mild solutions to
(1.3). Since mild solutions to evolution equations are not semimartingales, the classical
It6 formula for semimartingales is not applicable. Hence, it becomes necessary to
develop a specific version of the It6 formula tailor-made for the evolution equation
under consideration. In the case of Gaussian noise, this problem was considered by
Ichikawa in [25], who provided one of the first examples of such a specialised It6 formula
for mild solutions. For a more recent treatment of the Gaussian case, see also the work
Da Prato et. al. [12]. For classical Lévy processes, an It6 formula for mild solutions
was obtained by Alberverio et. al. in [2]. As a final result of this thesis, we provide an
It6 formula for mild solutions to (1.3) by first applying our strong It6 formula to the
Yosida approximations, and then carefully extending this result to mild solutions via a

limiting argument.
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2 Preliminaries

2.1 Generalities

Throughout this thesis, unless otherwise stated, capital letters G, H, U,V denote sepa-
rable Hilbert spaces with norm ||-|| and scalar product (-,-). We identify the dual of a
Hilbert space by the space itself. The Borel o-algebra of a Hilbert space G is denoted
by B(G) and we denote by Bg(r) the open ball in G with centre 0 and radius r. In the
special case when r = 1, we use the notation Bg to denote the open unit ball around
the origin.

The Banach space of bounded linear operators from G to H will be denoted by
L(G, H) with the operator norm ||-||o_, 5, when G = H we use the shorthand L(G) :=
L(G,G). For each T € L(G,H), we denote by T* the adjoint operator of T. The
subspace L2(G, H) C L(G, H) of Hilbert-Schmidt operators is endowed with the norm
||FHL2 GH) "= Dbt |Fag||® for F € Ly(G, H), where (az)ren is an orthonormal basis
of G.

Let (S,S,v) be a complete finite measure space and H a Hilbert space. We denote
by L%(S, H) the space of equivalence classes of S-measurable functions f: S — H,
equipped with the topology of convergence in measure. In a similar manner, for each
p > 0, we denote by LY(S, H) the equivalence classes of measurable functions with finite
p-th moments. For p > 1, this is a Banach space when equipped with the usual norm
£ =[5 If(s)IIP v(ds), and for 0 < p < 1 it is a metric space under the translation
invariant metric d(f,g) = [q[lf(s) — g(s)|[" v(ds). For ease of notation, we also use

the notation || f||;, to denote the metric d(0, f) for 0 < p < 1.

2.2 Infinitely divisible measures

The notion of infinitely divisible measures on a Hilbert space H can be defined in

essentially the same way as in Euclidean space; see Parthasarathy [58]. Much like in
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finite dimensions, infinitely divisible distributions on a Hilbert space H are uniquely
determined by a triplet (b, @, \), where b € H, Q: H — H is nuclear and non-negative
mapping, and A is a o-finite measure on B(H) satisfying the conditions that A({0}) =0
and [ ( A% A 1) A(dh) < co. A measure A on B(H) satisfying these two properties is
called a Lévy measure. Given any § > 0 and Lévy measure A on B(H ), we say that 0 is
a continuity point of A, or in short 6 € C(\), if A\({h € H : ||h|| =6}) = 0. A sequence
of infinitely divisible measures p, L (bn, Qn, An) with associated sequence (7},)nen of

S-operators T,,: H — H, defined by

(Toha, ha) = (Quhi, ha) + / (has ) oy w) An(du)  for all B, By € H,
i<t

converges weakly to an infinitely divisible measure u L (b,Q, A) if and only if the

following conditions are satisfied:

(1)b= lim lim (bn+/1<h<5h An(dh)>; (2.1)

6l1 n—oo
seC(N)
(2) limlim sup/ (h,u)* \p(du) + (Qnh, h) = (Qh, h) for all h € H; (2.2)
00 n—oo Jin<s
(3) An, = A weakly outside of every closed neighbourhood of the origin; (2.3)
(4) (T),)nen is compact in the space of nuclear operators. (2.4)

The necessity of these conditions can be found in [43, Pr. 5.7.4], while their sufficiency

is an adaption of [58, Th. VI.5.5] to the case of a discontinuous truncation function.
In our preceding discussion of the characteristic triplet, we always assumed that the

truncation function f : H — H is of the form f(h) = hlg, . However, when dealing

with limit theorems, it is often preferable to use a continuous truncation function. In
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the following definition, we give a specific example of a continuous truncation function,

which will play an important role in the rest of this work.

Definition 2.1. Let 0: H — H be defined by

hdif bl <1

i Al > 1.

We will denote by (b%,Q, ) the infinitely divisible characteristics expressed with
respect to the truncation function 6. One of the advantages of using a continuous

truncation function is highlighted by the following observation.

Remark 2.2. Let (Z,|-||,) denote the collection of H-valued infinitely divisible random
variables endowed with a translation invariant metric |||, generating the topology of

convergence in probability. Define the mapping
9:T—H, g(X)="%,

where bg( denotes the first characteristic of X with respect to the truncation function
0. By [58, Th. V1.5.5], g is continuous and hence, by the topological characterisation
of continuity, for all € > 0 there exists 6 > 0, depending only on € and the metric ||-||,,

such that for all X € T we have the implication:
Xy <6 = Hb?XH <e

2.3 Characteristics of Lévy processes

The notion of characteristics for general real-valued semimartingales has been defined
in Jacod and Shiryaev [27]. In the case of quasi-left continuous real-valued semimartin-

gales, an alternative construction was given in Kwapien and Woyczinsky [42], which
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was later generalised to the Hilbert-valued setting in Nowak [56].

In the special case when the quasi-left continuous semimartingale is a Lévy process
L with values in a separable Hilbert space H, one might approach the problem of
defining its characteristics in two different ways. On the one hand, one can define the
characteristics of L through the Lévy-Khinchine formula. On the other hand, it is
possible to use the arguments in Nowak [56] and define the characteristics as limits of
certain increments of the process L over a suitably chosen sequence of partitions. As
one might expect, these two approaches essentially lead to the same answer provided
that we use the correct truncation function. An important relationship between the
two definitions of characteristics is given in the following theorem, for which we first

need to introduce the concept of a nested normal sequence of partitions.

Definition 2.3. Let (m,)nen be a sequence of partitions of the interval [s,t] of the form

Ty = {S =pon <Pip < .. <PN@n)n = t} .

We say that (7, )neN s a nested normal sequence of partitions if

(1) mp, €y for allm < m;

2) lim max in — Di—1n| = 0.

( ) n%OOie{l,...,N(n)} |pz,n Di 1,n|

Theorem 2.4. Let L be an H-valued Lévy process with characteristics (be, Q,)\), and
let (mp)nen be a nested normal sequence of partitions of [s,t]. If we put d; p, = L(pin)—

L(pi—1,n), then we have

@ tim 3B [ldsall A1) = =) ([ (1017 A1) 2an) + 1))

16



Proof. For a proof, see [57, Le. 3.4], or the Appendix for an argument based purely on

the theory of infinitely divisible measures. ]

2.4 Cylindrical measures, random variables and processes

The first systematic treatment of the concept of a cylindrical Lévy process has been
introduced in the work of Applebaum and Riedle [4]. Analogously to cylindrical Brow-
nian motion, cylindrical Lévy processes exist only in the generalised sense of Gel’fand
and Vilenkin [21] or Segal [73] as cylindrical processes. As a first step towards a rigorous
definition of these generalised processes, we give a brief overview of the most crucial
concepts from the theory of cylindrical measures and random variables. For a detailed
account of these topics, see Schwartz [71] or Vakhania [76].

Let G be a Hilbert space and S C G. For each fixed n € N, elements g1, ..., g, € S
and Borel set A € B(R™), we define

Clg1, 93 A) :={9 € G: ({9,91), -, (9, 9n)) € A}.

Such sets are called cylindrical sets with respect to A. The collection of all these
cylindrical sets is denoted by Z(G,S). In general, Z(G, S) forms an algebra of sets,
however, in the special case when S is finite, it becomes a o-algebra. We will use the

shorthand Z(G) to denote Z(G, G).

Definition 2.5. A set function p : Z(G) — [0, 00] is called a cylindrical measure on
Z(Q) if for each finite subset S C G, the restriction of u to the o-algebra Z(G,S) is a

o-additive measure.

A cylindrical measure p on Z(G) is said to be finite if u(G) < oo, and is called a

cylindrical probability measure if we further require that u(G) = 1.
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Definition 2.6. A cylindrical random variable X in G is a linear and continuous

mapping X : G — L% (L, R).

Analogously to the case of real-valued random variables, each cylindrical random

variable X in G defines a cylindrical probability measure px by
px: Z(G) —10,1], ,uX(Z):P((Xgl,...,Xgn)GA),

for cylindrical sets Z = C(¢g1, ..., gn; A). A cylindrical probability measure px obtained
from a cylindrical random variable X through the above definition is called the cylin-
drical distribution of X. One can define the characteristic function ¢x of a cylindrical

random variable X by
ox: G — C, vx(9) :E[eng].

Assume that H is another Hilbert space and let T: G — H be a continuous, linear

operator. By defining
TX: H— LYQ,R), (TX)h = X(T*h),

we obtain a cylindrical random variable on H. An important special case of this
transformation is when 7T is a Hilbert-Schmidt operator and hence 0-Radonifying by
[76, Th. VI.5.2]. Then, it follows from [76, Pr. VI.5.3] that the cylindrical random
variable T'X is induced by an H-valued random variable Y: Q — H in the sense that
(TX)h = (Y,h) for all h € H. This procedure of mapping cylindrical random variables
to classical ones is called Radonification. The following result shows that the inducing

random variable Y depends continuously on the Hilbert-Schmidt operator.

18



Lemma 2.7. Let X be a cylindrical random wvariable and (F,)nen a sequence in

Lo(G, H) converging to F in ||| 1, pry- Then (FoX)nen converges to FX in LY, H).

Proof. Let px denote the cylindrical distribution of X. As the sequence (F),)neN is
compact in Lo(G, H), the collection of measures {uy o F;! : n € N} is relatively
compact in the space of probability measures on B(H); see [30, Pr. 5.3]. Continuity of
X implies for all h € H that

lim (F,X,h) = lim X(F h)=X(F*h) = (FX,h) in L%(Q,R).

n—o0 n—oo
Together with relative compactness, this implies that (F,X),en converges to F X in

LY(Q, H); see e.g. [28, Le. 2.4]. O

Having defined the notion of a cylindrical random variable, we can now introduce

cylindrical processes in the following natural way.

Definition 2.8. An indexed family (X(t) : t > 0) of cylindrical random variables is

called a cylindrical process.

In this thesis, we will be interested in a special subclass of cylindrical processes, the
so called cylindrical Lévy processes. Simply put, these are cylindrical processes satis-
fying that their projections onto finite-dimensional subspaces become Lévy processes

in the classical sense. This is made precise in the definition below.

Definition 2.9. A family (L(t) : t > 0) of cylindrical random variables L(t): G —
LY(Q,R) is called a cylindrical Lévy process if for each n € N and g1, ...,gn € G, the

stochastic process

(L#)g1, - L(t)gn) : t > 0)

1s a Lévy process in R™.
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One of the cornerstones of the theory of classical Lévy processes is the Lévy-
Khinchine formula, which provides an invaluable representation of the characteristic
function of Lévy processes. As it turns out, it is possible to obtain an analogous rep-
resentation for the characteristic function of cylindrical Lévy processes, provided one
defines the correct cylindrical analogue of Lévy measures. This is accomplished in the
following.

We denote by Z,(G) the collection

{{9€G:(g,91),,(9,9n)) € B} :n €N, g1,....,9n € G,B € B(R"\ {0})}

of cylindrical sets, which forms an algebra of subsets of G. Let L be a cylindrical Lévy
process in G. For fixed g1, ...,g9, € G, we denote by Ay, . 4. the Lévy measure of the
n-dimensional Lévy process ((L(t)g1, ..., L(t)gn) : t > 0) obtained via the projection of

the cylindrical Lévy process L onto the coordinate functions g1, ..., gn.

Definition 2.10. We define a function A\: Z,(G) — [0, 00] by

AMC) = Agy..gn(B) for C={g€G: ((9,91), - (9:9n)) € B},

where B € B(R"\{0}). The fact that X is well-defined is shown in [4]. The set function

A obtained in this manner is called the cylindrical Lévy measure of L.

Similarly to how classical Lévy processes are related to infinitely divisible measures,
cylindrical Lévy processes are related to the class of infinitely divisible cylindrical mea-
sures. For an in-depth study of the theory of infinitely divisible cylindrical measures,
see [66]. Building on the theoretical foundations laid down in [66], we know that for a
cylindrical Lévy process L in G, the characteristic function of L(t) for each ¢t > 0 takes

the form

oL G —=C,  wrwlg) =exp(tS(g)),
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where the mapping S : G — C is called the cylindrical symbol of L, and satisfies

S(0) = ialg) ~ 5(Qa.g) + [ (X =1 =ilg. M) ((9.1))) Alah).

Here, a : G — R is a continuous mapping with a(0) = 0, @ : G — G is a positive
and symmetric operator, and A is a cylindrical Lévy measure on G. We call the triplet
(a,Q, \) the cylindrical characteristics of L.

In the second half of this thesis, we restrict our attention to the important class
of standard symmetric a-stable cylindrical Lévy processes in G for a € (0,2). These
are cylindrical Lévy processes with characteristic function ¢ (g) = exp(—t||g||*) for
each t > 0 and g € GG. For each n € N and g1, ...,9, € G we define the projection

Tgr,...gn - G — R™ via the prescription

Tgr,ngn () = ({9591); -+, (9, Gn))-

If (en)nen is an orthonormal basis of G, then it follows from [68, Le. 2.4] that the cylin-
drical Lévy measure A of the standard symmetric a-stable cylindrical Lévy processes

in G satisfies the spectral representation

(%

> 1
Ao w;}m’en(B) = /S Vn(dm)/o 1B(Tx)—rl+a dr for B € B(R"), (2.5)
Rn

Ca

where Spn 1= {8 € R" : || = 1}, ¢ > 0 is a constant dependent only on «, and vy,

denotes a uniform distribution on the sphere Sgn.
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3 Stochastic integration with respect to cylindrical Lévy

processes

3.1 Construction of the modular space

Originally introduced by Nakano [54], modular spaces serve as natural generalizations
of Banach spaces. While numerous different definitions appear in the literature, see
[20] for an overview of these, in this work we will always use the following adaption of

Nakano’s definition of a generalized modular, see [55].

Definition 3.1. Let V' be a real vector space. A function A 1V — [0,00] is called a

modular if

(1) A(=v) = A(v) for allv e V;

(2) oi};foA(av) =0 forallveV;

(3) Alav) < A(Pv) forall0 < a < B andveV;

(4) there exists a constant ¢ > 0 such that

Av+w) <c(AWw)+ A(w))  for allv,w € V.

Remark 3.2. A function satisfying Condition (4) of Definition 3.1 is said to be of

moderate growth.

It is known, see for example [76], that Hilbert-Schmidt operators between Hilbert
spaces map cylindrical random variables to genuine random variables. As it turns
out, a similar correspondence can be established between cylindrical and genuine Lévy

processes.
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Lemma 3.3. Let (L(t) : t > 0) be a cylindrical Lévy process in G with cylindrical
characteristics (a,Q, ), and let F' € Lo(G, H) be a Hilbert-Schmidt operator. Then,
there exists an H-valued Lévy process (LY (t) : t > 0) satisfying for allt € [0,T) and h €
H that (L (t),h) = L(t)(F*h). Moreover, L has characteristics (bp, FQF*, Ao F~1),

where for all w € H

(br, u) = a(F u) + /H<h7 u) (1, (h) = 1pg((h,u))) (A o F~1)(dh).

Proof. Existence of the H-valued Lévy process L follows from [29, Th.A]. To derive
the characteristics, first apply [67, Le. 5.4] to obtain the cylindrical characteristics of
LY, and then use [67, Le. 5.8] to convert the cylindrical characteristics into genuine

characteristics. O

Remark 3.4. Let F, Fy € Lo(G, H). Then, it follows from linearity of the cylindrical
random variables L(t) that L2 (t) = L1 () + L¥2(t) for all t > 0.

Remark 3.5. Note that in the special case, when the truncation function is 0, see

Definition 2.1, the first characteristic b% satisfies for all w € H that

() :a(F*u)+/H<9(h),u>—<h,u>1BR(<h,u>) (Ao FY)(dh).  (3.1)

For the rest of this chapter, we fix a cylindrical Lévy process L with cylindrical
characteristics (a, @, ). Our aim is to define a modular my, on a suitable subspace of the
vector space of all measurable, Hilbert-Schmidt operator-valued functions v : [0, 7] —
Lo(G, H), with mp, explicitly expressed in terms of the cylindrical characteristics of L.

The following functions play a key role in the definition of our modular.
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Definition 3.6. We define the functions kil : La(G, H) — R by

ku(F) = [ (1B A1) (v ) (@h) + To(FQE"):

IL(F)= sup
O€eL(H)!

Vo

where L(H)! denotes the collection of bounded linear operators O : H — H satisfying
10l gy <1, (a,Q, \) are the cylindrical characteristics of L, and for each O € L(H)*
the expression b%F denotes the first characteristic of the Radonified Lévy process LOF

as defined in Equation 3.1 above.
We are now ready to give the definition of our modular my..

Definition 3.7. For a measurable function v : [0,T] — Lo(G, H) we define

T
il () = /0 kL (o() + Lo ((1)) dt:

T
') i= [ (IO m A1)
M () = () + m" ().

We denote by MgeSmL = MgleiL(G,H) the space of Lebesque a.e. equivalence classes

of measurable functions 1) : [0,T) — Lo(G, H) for which mp () < co.

Remark 3.8. The fact that the integrals in the above definition are well defined follows
from Lemma 3.12 below.

The rest of this chapter will be devoted to proving that ./\/lgesé ; 1s a vector space

and my, is a modular on Mgesé ;, in the sense of Definition 3.1. As a first step towards
this direction, the next lemma provides us with an alternative representation of [z.

This will be heavily used in the sequel when we investigate various properties of the

modular.
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Lemma 3.9. Let L be a cylindrical Lévy process in G with characteristics (a,Q,\).

For all F € Ly(G,H) and O € L(H) it holds that

b = OB + /H 0(Oh) — 00(h) (\ o F~1)(dh).

Proof. The proof follows from a direct calculation using the characteristic function of
the Lévy process (LT )e>0. To get the left hand side, we Radonify L by the composition
OF and apply Lemma 3.3. To obtain the right hand side, first we use Lemma 3.3 to
Radonify L by F, and then transform the genuine Lévy process (L{");>¢ by O using
[11, Th. 4.1] to get another Lévy process. O]

Remark 3.10. It follows from Lemma 3.9 that for each F € Lo(G,H) the expres-
sion I, (F) is finite. To see this, we first note that for all h € By and O € L(H)!
we have ||0(Oh) — OO(h)|| = 0, and for all h € H and O € L(H)! it holds that
|0(Oh) — O0(h)|| < 2. By combining these observations with Lemma 3.9 we obtain

sup

Ob%” + sup
O€cL(H)!

S /H 0(Oh) — 00(h) (A o Fl)(dh)H

beoFH < sup
O€eL(H)!

< Hb%” 4200 FY(BY) < oo

Before we could prove that our modular my, is well-defined, we need to establish a
relationship between weak convergence of infinitely divisible measures and convergence

of the corresponding characteristics in the following sense:

Lemma 3.11. Let p, 2 (b8, Qun, An) be a sequence of infinitely divisible measures on

B(H) converging weakly to p 2 (b2,Q,\). Then, the following conditions hold:
W gim ([ (A1) awa) + 1@ ) = [ (I A1) Aan) + Tr(@);

(2) lim

n—oQ

o —bGH —0.
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Proof. The fact that (2) holds follows directly from [58, Th. VI.5.5/(1)]. To prove (1),
fix 6 € (0,1] such that 6 € C(A). By [58, Th. VIL.5.5/(2)] we have

lim s (HhHQ A 1) An(dh) = /h>5 (HhH2 A 1) A(dh).

n—oo

Therefore, it remains only to deal with the limit of the integrals over Bp(§). Let
e > 0 be fixed. It follows from properties of the Lebesgue integral that there exists a
91 € (0, 0] such that

/ 1Bl A(dh) < <. (3.2)
[hl|<d1 12

Let {ex}ren be an orthonormal basis of H. Since ) is a trace class operator, there

exists K1 € N such that

o0

Y (Qener) <

12°
k=Ki1+1
By compactness of the associated S-operators, see [58, Th. VI.5.5/(3)], there exists
K5 € N such that for alln € N

o0

2
> (/”h||§6<€kah> )‘n(dh)+<Qneka€k>> <

k=Ko+1

(3.3)

o

Moreover, by another application of [58, Th. VI.5.5/(3)], there exists a dy < d; and
N1 € N such that for all n > Ny and for all £ < K5 we have that

€

< K’

‘/h<6 (ex, h)* An(dh) + (Qne, ex) — (Qer, ex) (3.4)

where K := max{K1, Ks}. Furthermore, by [58, Th. VI.5.5/(2)] , there exists No € N
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such that for all n > Ny we have that

< (3.5)

N

/ 12 An(dh) — / 12 A(dh)
s2<hl|<8 s2<|Ihl|<s

Rewriting the integral over By () as

/ 12 A(dh) = / 1AJ2 A(dh) + / 12 A(dh),
<6 s2<|IR|I<5 Il <52

we obtain that

IhlI<é

/ 1A% A(dh) — / 182 Au(dh)
s2<I[hl|<8 s2<|Ihl| <5

/ 112 A(dR) + Tr(Q) — / 112 An(dh) — Te(@Q).
[h]|<d2

1Al <2

' / 112 AdR) + Tr(Q) — / 12 An(dh) — Tr(Qn)
[|h]| <8

<

N (3.6)

We define N := max{Nj, Na}. If n > N then Equation (3.5) implies

. (3.7)

DN

/ 12 An(dh) — / 182 Adh)| <
s2<|Ihl|<8 s2<|Ihl|<s

Thus, it remains only to control the second term on the right hand side of Equation

(3.6). By Parseval’s identity, Equations (3.2)-(3.4) and a repeated application of the

triangle inequality, we obtain for all n > N that
‘ [l @) 1@ = [ I Audh) - T@0)
[R]1<62

|h]| <62
/ 12 A(dh)
[|h]| <62

<

_|_

TH(Q) - / 12 An(dR) — Te(Qn)
[|1h]| <62
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+

€L, er) — er)? n —{(Qneg, e 2
(Qer. ex) /”h||<52<h’ 0 An(dh) — (Quer k>> /”h”<52 12 A(dh)

(Qersex) — / (hy ex)? An(dh) — (Quer cx)
[|1h]| <62

k=1
> €k; k) — h,e 2)\n dh) — n€k, € thdh
+ k_ZKH ((Qk ) /|h||<62< k> An(dh) — (Qnek k>> + /h|<§2 IR]? A(dh)
i (3.8)

Hence, if n > N then Equations (3.7) and (3.8) together imply

< €.

/ 1AI2 A(dh) + Tr(Q) — / 12 An(dh) — Tr(Qn)
[|h]| <8

Ihll<é

Since € > 0 was arbitrary, the result follows. O
Lemma 3.12. Let kr,,11, : L2(G, H) — R be as in Definition 5.6. Then we have:

(1) kg is continuous;

(2) U1, is lower-semicontinuous and continuous at 0.

Proof. Continuity of kj, follows immediately from Lemmata 2.7 and 3.11. To prove
lower-semicontinuity of I, we fix F' € Ly(G, H) and a sequence (Fy)nen C Lo(G, H)
satisfying that lim,, o || F, — FHLQ(GH) = 0. Let € > 0 be fixed. Since Remark 3.10 im-
plies that for each I € Lo(G, H) the expression suppe gy Hb?)FH is finite, by the very
definition of the supremum, there exists O, € L(H)! such that SUPOe L (H)! HbQOFH <
HbQOEFH + €. Moreover, for this O, we have by Lemma 2.7 and [58, Th. VI.5.5] that
lim,, 00 Hb%anH = HbeoE FH Since when the limit exists it is equivalent to the limit

inferior, we obtain
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sup
O€eL(H)!

beopH < Hb?)EF‘ +e= lim ’bQOEFnH-i-e

n—oo

= lirginf Hb%an‘ + e <liminf sup bQOFnH +e.
n—oo

N0 OeL(H)!

As € > 0 is arbitrary, the above shows that
lL(F) < lim inf ZL(Fn),
n—o0

which proves lower-semicontinuity of I;. To show continuity of [;, at 0, note that by
Lemma 2.7 and Remark 2.2, for all € > 0 there exists § > 0 such that ||F[|, ¢ ) <
0 = Hb%“ < e. Since for all O € L(H)! it holds that IOF | pyc.mry < 1F Nl Ly my We
have

1Ell Ly <0 = sup
O€eL(H)!

This concludes the proof. ]

In preparation for showing that my, is of moderate growth, see Definition 3.1/(4),

we prove the following technical lemmata.

Lemma 3.13. Let {e;}ien be an orthonormal basis of G and let P,: G — G be the
projection onto Span{ei, ...,en}. Then, for all F' € Ly(G, H) we have

7}1_{20 [Py — F||L2(G,H) = 0.
Proof. Since P,e; = ¢; for i < n, and P,e; = 0 for ¢ > n, we have

oo oo
1EPy = FllE.m = 2 N(FPa = Fleilli = Y I1Feil.
i=1 i=n+1
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As F is Hilbert-Schmidt, the sum Y 50, || Fe;||% converges, which implies that

o0
. 2 1 2. —
nh_{glo IFPn = Fl|7,cm = nh_g.lo Z [ Feillg =0,
i=n+1
which concludes the proof of our claim. O

Lemma 3.14. For all F, F}, Fy € Lo(G, H) we have
(1) kL(Fy + Fo) < 2(kp(F1) + kL (F2));
(2) sup kr(OF) < kr(F).
O€eL(H)!

Proof. Let P,: G — G denote the projections from Lemma 3.13. Using the inequality
(a+b2A1<2 [(a2 A1)+ (B* A 1)] for all a,b € R, (3.9)
we observe that for each n € N

| (I A1) (he (B + PR (@)
H
:/H(||h||2/\1) (Ao BrY) o (B + By)™Y) (dh)
= [ (1B + Pl A1) (Ao P (dg)
G
([ (1malen1) Gortyn+ [ (1Ral? A1) (o r?) o)
=2 ([ (A1) (oryorry @+ [ (IR a1) ((ort)or) an)

(3.10)
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Moreover, by symmetry and positivity of @2, and basic properties of the trace operator

Tr (((Fy 4 F2)Po)Q((Fy + F2)P,)*)
=Tr((F1FP)Q(F1F)") + Te((F1P)Q(F2Fy))

+ Tr((F2P)Q(F1 Pr)") + Tr((Fa Pr)Q(F2Pn))

2
<HF1P"Q1/2‘ Lg(G,H))

2
2 (Jrre
< 15 La(G,H)

= 2(Te((F1Pn)Q(F1 Pr)") + Tr((FaPr)Q(FaFn)™)) - (3.11)

IN

5P, 1/2’
LQ(G,H)+" 2P

2

IN

<l

Lo(G,H

By adding the Inequalities in (3.10) and (3.11) we get
ko((Fy + F)P) < 2 (ki(FyPy) + ki(FaPy)).

By taking limits on both sides, and using continuity of kr, see Lemma 3.12/(1), the
first part of this Lemma is now proved.
To prove the second part, we fix F' € Ly(G, H) and obtain for all O € L(H)! and
n € N that
| (10 a1) (xe©FR) ) @n) = [ (1OF)I* A1) (o) ()
H G
< [ (17 a1) (o B (o)
G
= / (> A1) (Ao (FP)™) (dh).  (312)
H

Moreover, using the relationship between the Hilbert-Schmidt norm and the trace op-
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erator, we obtain for all O € L(H)! and n € N that

Tr((OFP,)Q(OFP,)*) = Tr((OF P,QY*)(OF P,Q"/?)%) (3.13)

- Jorra;

L>(G,H)

L2(G,H) - Tr((FP”)Q(FPn)*)

< Jrne|

By adding Inequalities (3.12) and (3.13), and taking limits on both sides, the result

now follows from Lemmata 3.11 and 3.13. O

Lemma 3.15. For all y1,19 € Mgest,L we have

mr (Y1 +2) <4 (mp (Y1) +my (Y2)) -

Proof. Let F1, Fy € Lo(G, H) and (m,)nen be a nested normal sequence of partitions of
the interval [0, 1]. By Lemma 3.3 and the limit characterisation of Lévy characteristics

in Theorem 2.4, we obtain

N(n)
b g, = lim Z E[0 (LM 2 (t;,,) — L2 (10,))] -
=1

n—00 4

By Remark 3.4, we can rewrite the sum as
N(n)
ST E[0 (L (tim) = P (tic1)) + (L (tin) — L (tic1n)))] -

=1

In order to simplify the notation, for each n € N and ¢ € {1,..., N(n)} we define

Ai,n = LFl (ti,n) - LFI (tifl’n) and Bi,n = LF2 (ti,n) - LF2 (tiflyn).
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Using this notation, an application of the triangle inequality yields

HbeF1+F2
N(n)

n—oo || 4
=1

N(n) N(n)
= lim ||} E0(Ain + Bin) = 0(Ain) = 0(Bin +ZE Ain) +0(Biy)]

i=1

N(n)

> E[0(Ain+ Bin) — 0(Ain) — 0(Bin)]

N(n)
S E[0(Ain) +0(Bin)]

i=1

< lim

n—oo

_l’_

)

(3.14)

Applying the inequality

161 + h2) — 6(h1) — O(h2) || < 2 (0(1ha]l)® + O(l[h2]l)?)  for all by, ho € H,

we see that

N(n)
> E[0(Ain+ Bin) — 0(Ain) — 0(Bin)]
=1
N(n)
<> E[|0(Ain + Bin) — 0(Ain) — 0(B;n)ll]
=1
< ZE 0([Ainl)? + 01 Binl)?)]
=2 Z E [0(|4i0])?] + 2 Z E [0(|Binll)?] (3.15)
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Moreover, by the triangle inequality we have

N(n) N(n) N(n)
D EB(Ain) +0Bin)l|| < || Y E(A]| + | Y BB - (3.16)
=1 =1 =1

Combining Equations (3.14)-(3.16), we get

] +2 Z E [0(]|Binll)?]

HbFH-F2

N(n)
fJE&( D
B N(n)
+> EB(Ain)]| + ZE[G(BZ-,M )

=1

i=1

By taking the limit as n — oo and using the limit characterisation of Lévy character-

istics from Theorem 2.4, we obtain

<9 </H (Hh||2/\1> (Ao F[Y) (dh)+Tr(F1QF1*))
w2 ([ (10 A1) (e B @) + (R0

n Hb‘j’p1

HbFH-Fz

= 2 (kp(F) + ki (F2)) + Hb%1 (3.17)

Therefore, by Equation (3.17) and Lemma 3.14/(2), we get

I (F1 + Fy) := sup
O€eL(H)!

¢ (P || S 2 (kL (F1) + kr(F2)) +1L(F1) + 10 (F2). (3.18)

Combining Equation (3.18) with Lemma 3.14/(1) yields that

kp(Fy+ F2) + 1 (Fy + F2) < 4(kp(Fy) + kp(F2) + (L(F1) +10(F)) - (3.19)
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Hence, an application of Equation (3.19) and Inequality (3.9) implies for all measurable

functions 1,9 € MEQSLL that

mp (Y1 +12)
T T
= /0 kr (¥1(t) + ¢a(t)) + 1o (91 (t) + 2(t)) dt +/0 <||¢1(t) + 2 (0700 A 1) dt

T

T
<4 </0 kr(vr(t) +1n (¢ (t) de +/0 k(0o (t) + 1z, (1a(2) dt>

+2 (/OT (H%(t)II%Q(G,H) A 1) de+ /OT (”w(t)"%?(G’H) : 1) dt)

<4 (mp(i1) +mp(v2)).

This concludes the proof. ]

Lemma 3.16. For all r > 0 there exists ¢, > 0 such that

sup (kp(F) +1L(F)) < ¢

HF||L2(G,H)S7“

Proof. By Lemma 3.12, kr, + I, is continuous at 0, from which it follows that there

exists a § > 0 such that [|F[| ¢ gy < 6 implies (k +1)(F) < 1. Let r > 0 be fixed.

r

If we choose N, € N to be large enough so that v < d, then by a repeated use of

)
)<e.

which completes the proof. O

Equation (3.19), we obtain for some ¢, > 0 that

s (b)) = s (i) (N

1FN Ly m)<T 1EN Ly my<T

Gk

2|

<ec sup (kp +11) <
1Fll Ly my <7
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Remark 3.17. In particular, Lemma 3.16 implies that for all bounded functions v :
[0,T] — Lo(G,H) we have that ¢ € MdetL Indeed, if sup;cpo 7y VO py6m <
r for some r > 0, then by Lemma 3.16 there exists ¢, > 0 such that it holds that

SUD|| P, oy < (kp(F) 4+ 1(F)) < ¢,.. Hence we obtain

ml (1) == /0 ) (kL ®) + (1)) dt < Te, < oo,

Since by the very definition of m” we have that m” () < oo, it follows that mp, (1) < oo.

Having developed all the technical tools, we now present the main result of this
section, which shows that M5 det,r, 18 & vector space and myp, is a modular on ./\/ldet L in

the sense of Definition 3.1.
Theorem 3.18. Mgest 1, 95 a linear space and mp, is a modular on Mgest I

Proof. Let 11,19 € Mdet ;- By Lemma 3.15, we have

mr (Y1 + P2) < 4(mp(i1) +mp(ya)) < oo

which implies that Md ¢.1, 1s closed under addition. A similar argument as in Lemma
3.16 shows that /\/l tL is closed under multiplication by scalars, which completes the
proof that MFS det,r, 18 @ vector space. Hence, it remains only to show that mp, satisfies
the conditions of Definition 3.1. It follows directly from the definition of mj that
mr(—y) = mpg(¢) for all ¢ € /\/ldet - Condition (2) of Definition 3.1 is a consequence
of Lemma 3.12. Condition (3) of Definition 3.1 follows from an argument similar to
Lemma 3.14/(2) and the very definition of I;. Finally, Condition (4) of Definition 3.1

is a direct consequence of Lemma 3.15. O

Remark 3.19. We say that a sequence (¢p)nen C Mgest 7 converges in the modular

topology to Y € /\/ldctL if limy oo mp (Y, — ) = 0. Since mp(v) = 0 if and only
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if Y(t) = 0 for Lebesgue almost all t € [0,T], we have that limits of sequences in the
modular topology are Lebesque a.e. uniquely determined. For this and further properties

of the modular topology, see Section 2 of Nakano [55].

Later on, we will be interested in the space L% (£, /\/lglesm 1) of /\/lglesty ;-valued random
elements. In order to make precise mathematical sense of L(};(Q, /\/lgeSm 1), we prove that
the modular space /\/lgest’ 1,» considered as a topological space with the modular topology,

is a Polish space.
Lemma 3.20. The modular topology on Mgest 1, induced by my, is complete.
Proof. Let (1;)ien C Mgest,L be such that lim; j_,oo mr (¢ — ;) = 0. Then, for all

e € (0,1) we have by Markov’s inequality that

tim Leb (¢€ [0.7] ¢ [44(t) 5 (0) 1y ) > )

1,]—>00
< i L (t ()12 A1) dt < lim -~ — ;) =0
< Jim o [ () = 9Ol A1) @8 < Tim (=) =0,

which implies that the sequence (););en is Cauchy in Lebesgue measure. Hence, there
exists a subsequence (1);, )nen converging Lebesgue almost everywhere to a measurable
function ¢ : [0,T] — L2(G, H).

Let € > 0 be fixed. By assumption, there exists N € N such that for all 4,5 > N
we have mp(¢; — ¢j) < €/2. Since by Lemma 3.12, ky, is continuous and 7, is lower-

semicontinuous, Fatou’s lemma implies for all ¢ > N that

T
w0 =) = [ (he 1) wste) — (o)t
T
< [ tmint(e + )00 ~ i, (0) dt (3.20)

T
< liminf/o (kL + lL)(wz(t) — wln (t)) dt < I%g}me(¢l — 1/%”) <

n—o0

N
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Since (¢, )nen converges Lebesgue a.e. to v, using the dominated convergence theorem

we obtain

T
m” (; — ) = /0 (Hz/}z(t) - 1/1(15)“%2(@}1) A 1) dt

r 2
= [ i (1) = s Oy A1) (3.21)

N

n—o0

T
= lim i <||1/1i(75) — i O[Ty A 1) dt < lim mp(¢; —i,) <

Equations (3.20) and (3.21) together imply that mp(1; —¢) < € for all ¢ > N. Since
€ > 0 can be chosen to be arbitrarily small, we conclude that lim; o mz(1; — 1) = 0.
Finally, to see that ¢ € MESJ’L, fix i9 € N such that mr(¢;, — ) < 1. Since 9, €

Mgest,p we have that mp(1;,) < oo and hence

mp () <4(mp(p —ig) +mp(hsy)) <4(14+mp(ihs,)) < oo.

Thus, we have that ¢ € Mglest7 1,» which concludes the proof. O

Remark 3.21. Note that Lemma 3.20 explains the role of m” in the modular my,. In
particular, m” is needed to establish completeness of the modular topology by allowing

the identification of a potential myp-limit of an mp-Cauchy sequence.

Our next goal is to establish that step functions are dense in the modular space
./\/lgesg ;, under the modular topology induced by m . In particular, this will immediately

yield that the modular space is separable.

Lemma 3.22. The collection of Hilbert-Schmidt operator-valued step functions of the

form

n—1
¥:[0,T] — Lao(G, H), Y(t) = Folgoy(t) + Y Fil, 40 (1),
=1
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where 0 =t; < -+ < t, =T, F; € Lo(G,H) for each i € {0,...,n — 1}, is dense in

Mgest, 1, with the modular topology. Moreover, the modular topology is separable.

Proof. First, it follows directly from Remark 3.17 that each step function of the above
form is an element of the modular space Mgest’ ;- To prove the claimed result, we first
assume that ¢ € Mgesm ; is bounded, that is, there exists a constant r > 0 such that
SUDye(0,7] ”w(t)HLQ(G,H) <r. By [24, Le. 1.2.19], there exists a sequence (1, )neN of step

functions satisfying:

(1) suppen supieio.r) [1¥n (Ol 1y m) < 73
(2) (¥n)nen converges to 1 Lebesgue a.e.

Then, we have

sup sup || (t) = V()| 1, m) < 27
neN ¢t€[0,7

from which it follows by Lemma 3.16 that there exists a constant ¢ > 0 such that

sup sup (kr + 1) (Wn(t) — () < c. (3.22)
neN te[0,T

Since by Lemma 3.12, k7, and [y, are continuous at 0, using Equation (3.22) to obtain a
dominating function, and noting that (¢, )nen converges to 1) Lebesgue a.e. , Lebesgue’s

dominated convergence theorem yields

T

T
lim [ (kg + 10) (ta() — (1) dt = /0 lim (kr, + 1) (a () — (1)) dt = 0.

n—oo 0 n—oo
Arguing similarly, since (¢, )nen converges to ¥ Lebesgue a.e., another application of
Lebesgue’s dominated convergence theorem gives

. T 2
tim [ (I 0) = 0y A1)

n—oo
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:/T lim (Hw (t) — ()2 /\1) dt =0
0 n— " L2(G.H) ’

which proves our claim for any bounded v € Mgest I

In the case of a general ¢ € Mgest 1,» we define a sequence of functions

if <
¢n : [O’T] - LQ(G’ H)7 Q;Z)n(t) = d)(t) ! Hw(t)”LZ(GvH) =N,

0 otherwise.

It follows from the very definition of 1, that for every n € N and t € [0, 7] we have

(kr +10)(Yny1(t) = ¥(8) < (kp +10)(Wn(t) — (1)) < (kr + 1) (©(2)).

Since mp, () < co we get

T T
/0 (ki + 1) () — (1)) dt < /0 (ki + L) (@0(0)) dt < mp (i) < oo,

Thus, by applying the monotone convergence theorem for the non-negative, pointwise

decreasing to 0 sequence of functions ((kr + Ir)(¥n — ¥)),en» We obtain

T
lim [ (kg +10)(n(t) — (t)) dt = 0. (3.23)

n—oo 0

Moreover, since (¢, )nen converges pointwise to 1, by Lebesgue’s dominated conver-

gence theorem we have

n—oo

T 2
tim [ (in(®) = 9020 A1) At =0 (3.24)

Hence, it follows from Equations (3.23) and (3.24) that lim, . mp (¢, —¥) = 0. By

the first part of this lemma, for each n € N there exists a sequence (¢, ;)ien of step
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functions converging to 1, in the modular my, as ¢ — oo. For each n € N we can choose

in € N such that mp (¢, — ¥n,,) < % Then, it follows from Lemma 3.15 that
lim mpz (Y — ¥ni,) < lim 4 (mp(y — ¥n) +mp(Yn — Yn,)) = 0.
n—oo n—oo

Since one might require that the approximating sequence of step functions are defined
on rational partitions of the time domain and, by separability of Ls(G, H), only take
values in a countable dense subset of La(G, H), separability of the modular topology

follows. O

Proposition 3.23. The space Mgest 1, considered as a topological space with the mod-

ular topology induced by my,, is a Polish space.

Proof. Since myp, is of moderate growth, it follows from [1] that the modular topology
on /\/lgest ; is metrizable. More precisely, by [1, Th. I], there exists a metric dr, on

Mgesth satisfying for some « > 1 and ¢y, co > 0 that

crmp(thr — o) < dp(thy, P2)* < comp(iby — tho)  for all 91,91 € Myl 1. (3.25)

Combining Equation (3.25) with Lemma 3.20, Theorem 3.18 and Lemma 3.22 we obtain
that (MLS ;. dp) is a complete and separable metric linear space. Thus, [34, Cor. 2.6]
implies that there exists a translation invariant metric py, equivalent to dy, such that

(./\/lgest,L7 pr) is a Polish space. O

3.2 Characterisation of deterministic integrable processes

The definition of the stochastic integral for deterministic integrands with respect to a
cylindrical Lévy process L depends heavily on two classes of step functions. We give

in the following a precise definition of what is meant by a step function.
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Definition 3.24.

(1)

An Lo(G, H)-valued step function is of the form

n—1
Uk [07 T] — LQ(G7 H)? ¢<t) - FOl{O} (t) + Z Fil(ti,tprﬂ (t)a (3'26)
=1

where 0 =t; < --- <t, =T, F; € La(G, H) for each i € {0,....,n—1}. The space
of Lo(G, H)-valued step functions is denoted by S(Ii{e% = S(If(fﬁ(G, H).

An L(H)-valued step function is of the form

n—1

v:[0,T] — L(H), Y(t) = Folgoy(t) + Z Filg, 1,0, (3.27)

i=1
where 0 = t; < -+ < t, =T and F; € L(H) for each i € {0,...,n — 1}. The
space of L(H)-valued step functions with supcjo 11 1V(#)|| gz < 1 is denoted by

1? Pyp— 1’
Sy =SyN(H, H).

Let L(ti+1) — L(t;) be an increment of the cylindrical Lévy process L and assume

that F; € La(G, H) for each i € {1,...,n — 1}. Since Hilbert-Schmidt operators are 0-

Radonifying by [76, Th. VI.5.2], it follows from [76, Pr. VI.5.3] that there exist genuine

random variables F;(L(ti11) — L(t;)): Q — H for each i € {1,...,n — 1} satisfying

(L(tis1) — L(t))(F'h) = (Fy(L(tis1) — L(t;)),h) P-as. for all h € H.

We call the random variables F;(L(ti11) — L(t;)) for each i € {1,...,n — 1} Radonified

increments. The stochastic integral is defined for any ¢ € Sgg with representation

(3.26) as the sum of the Radonified increments

T n—1
I(w) = /0 wdL =" Fi(L(ti) - L(t).
=1
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Thus, the integral I(¢) : Q — H is a genuine H-valued random variable.
The following definition of the stochastic integral can be traced back to the theory
of vector measures, and was adapted to the probabilistic setting in [75] by Urbanik and

Woyczynski.

Definition 3.25. A function v: [0,T] — Lo(G, H) is integrable if there exists a se-

quence (Yn)nen of elements of SIS satisfying

(1) (¢n)nen converges to 1 Lebesgue a.e.;

T
T -

In this case, the stochastic integral of the deterministic function vy is defined by

(2) lim sup E
m,n—o0 1,0p
’Yesdet

/¢dL lim q,z)ndL in L%(Q, H).

The class of all deterministic L-integrable Hilbert-Schmidt operator-valued functions is

denoted by Igg L= Igg (G H).

Remark 3.26. If Conditions (1) and (2) in Definition 3.25 are satisfied, then com-
pleteness of L% (Q, H) implies the existence of the limit. Furthermore, it follows that
the integral process (fg Y dL)>0, defined by fg YdL = fOT Ijogv dL has cddldg paths.
To see this, note that for each m,n € N the process (f(f (Ym — ¢pn) dL)i>0 has cddlag
paths. By an extension of [42, Pr. 8.2.1] to H-valued processes and Condition (2)

above, we obtain

lim P( sup

/Ot (Y — 6n) dLH > >

<3 lim sup P(‘

/Ot (tm — 1) dLH > ;) —0.
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By passing on to a suitable subsequence if necessary, we obtain that there exists a
subsequence (f(f Yn, dL)ken that converges uniformly almost surely, which guarantees

that the limiting process has cddldg paths.

The following is the main result of this section identifying the largest space of L-

integrable Hilbert-Schmidt operator-valued functions with the modular space Mglest I

Theorem 3.27. The space Ii% 1, of deterministic functions integrable with respect to

the cylindrical Lévy process L in G coincides with the modular space ./\/lgesm I

The remainder of this section is devoted to proving the above theorem. As a first
step, we prove a key Lemma, which shows that convergence of step functions in the
modular topology is equivalent to convergence of the corresponding stochastic integrals

in the following sense.

Lemma 3.28. Let L be a cylindrical Lévy process in G, and ({n)neN @ Sequence in

S(Ifg. Then the following are equivalent:

(a) lim mpg(¢y,) =0;

n—oo

n—oo

(b) lim sup E[

n—oo 1,0p
’yesdct

T
/ Yibn dLH A 1} =0 and lim m”(¢,) = 0.
0

The proof of the implication (a) = (b) relies on two technical lemmata. The first

of these gives a limit representation of the modular.

Lemma 3.29. Let (L(t) : t > 0) be a cylindrical Lévy process in G with cylindrical
characteristics (a,Q,\) and assume that 1) € SIS has the representation as in (3.26).
If (7 )keN s a nested normal sequence of partitions of [0, T] containing the jumps of 1

then we have

n—1 T

Y Y B - )] = [

oo =1 P kETL 0
ti<pjk<tit+i
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and

n—

fm S S B[l e - el

1
i=1  PjkETk
ti<pjr<tit+1
T

T
:/0 /H(Wm) (Ao (1)) (dh)dt+/ Te(()Qup(t)*) dt.

0

Proof. The proof is a direct application of Lemma 3.3 and the limit characterisation of

Lévy characteristics in Theorem 2.4. O

The next result establishes the relationship between the limit characterization of

the modular given in Lemma 3.29, and the size of the stochastic integral in L% (Q, H).

Lemma 3.30. For all ¢ > 0 there exists § > 0 such that if (Xn)nequ,.. N} 95 @ sequence

of independent H -valued random variables satisfying that

N N
S EB(X,)| <8 and ZE[HQ(X,W] )
n=1 n=1
then N
E D Xa|| A 1] <e
n=1
Proof. See [42, Pr. 8.1.1/(ii)]. O

Proof of (a) = (b) in Lemma 3.28. Let € > 0 be fixed and choose ¢ > 0 so that the
implication in Lemma 3.30 holds. By assumption, we have that mz(¢,) — 0, from
which it follows that there exists an N € N such that for all n > N we have m(v,,) < 0.

To conclude the proof, it suffices to show that for all n > N and ~ € Sé’e?:p we have

T
EH/O ’ywndLH/\l] < €.
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Let ng > N and v € Ség;p be fixed. We assume the representation

N(ng)—1
7077/}”0 (t) - OO,TLO FOJIO 1{0} (t) + Z Oi,noFi,nol(ti,nO tit1,ng) (t)a

i=0
where 0 = ton, < t1ng < - < IN(m)mo = L5 Oing € L(H)' and Finy € Lo(G, H).
Let (m;)ken be a nested normal sequence of partitions containing the jumps of Yotp,,.
Since by Lemma 3.14 and the very definition of i1, we have mp(Yotn,) < mr(¥n,) < 9,

Lemma 3.29 guarantees that there exists a K € N such that the partition mx satisfies

N(ng)—1
> > E [0 (L%noTimo (p; ) — Lo ino (p;_y i))]|| <6 (3.28)
=0 pj,KEﬂ'K

ting <Pj,K Stit1,ng

and

N(ng)—1
S B[l (L0 (py ) — L0 (py )] < 8. (3.29)

=0 PjKETK
ting <Pj, K <tit1,ng

~

Since 7 contains the jumps of Y91y, by Lemma 3.30, the estimates (3.28) and (3.29)
together imply

T
E [ / 70¢n0 dLH A 1] =F Z Oi,noFi,no (L(ti-&-l,no) - L(ti,no)) A1
0 i=0
[N (no)—1
=F (LOi'noFi’nO (ti+1mo) — LO%moFino (ti,no)) A
|| =0
<€
This concludes the proof of the implication. O
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In order to prove the reverse implication (b) = (a) in Lemma 3.28, we need a
number of preliminary results. The key technical tool used in our arguments will be

the Kuratowski-Ryll Nardzewski measurable selection theorem, which we quote below.

Theorem 3.31. Let (X,S) be a measurable space, Y a Polish space, and denote by
2Y the family of all subsets of Y. If a set-valued function T' : X — 2Y satisfies that
{r e X :T(x)NA#0} €S8 for all open sets A CY, then T’ admits an S/ B(Y)-

measurable selector v: X — Y.
Proof. See [38]. O

Remark 3.32. To avoid issues with non-separability of the norm topology, we will
always endow L(H)' with the strong topology, which turns L(H)! into a Polish space,
see [32]. In particular, this implies that there exists a countable subset D' C L(H)!,

which is dense in L(H)' under the strong topology.

The following lemma provides an alternative form of fOT lr(¥(t)) dt, by allowing us

to move the supremum out of the integral.

Lemma 3.33. Ify € S(Ifsst then

T T
| uwnar= [ sup
0 0 OeL(H)!

where Sdl’e(;p was defined in Definition 3.24/(2).

)

r 0
/0 bpey At

beO’l/J(t) H dt = sup
reSa

Proof. Fix an element e € H such that ||e|| = 1. If h € H is linearly independent of e,
we define A, := Span{e, h}. For each h € H we define the mapping f : H — L(H)! by

Ry, (Wy,) + 1!y, if h € H\ Span{e}
fF(R)(R') = " (3.30)
sgn(A\)A/ if h = Je,
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where h;lh and h;x L denote the projections of i’ onto the subspace A, and its orthogonal
complement Aﬁ, respectively, and R4, denotes the rotation on the plane A; around
the origin by the angle Z(h,e), that is, by the angle which rotates the vector h into e.

We claim that f satisfies the following properties:
(1) for each h € H the mapping f(h) : H — H is a linear isometry;

(2) for each h € H and F € Ly(G, H) we have b?‘(h)F = f(h)bY;

(3) for each h € H it holds that (e, f(h)(h)) = || f(h)(R)].

Proof of (1): We first assume that h € H \ Span{e}. Then, since for any h' € H we

have that h' = hly + 1/, , and by is orthogonal to /', , it follows that

1> L
Ah Ah

2
)P = | = (W, + g Wy, + 101 )

!/ /
Ah + hAﬁ

2

2
= (Rlay W)+ (s ) = (|, [+ || (3.31)

Since rotations are isometries, we have HR A, (Wy,) H =

!/
Py,

the definition of the rotation R4, that R4, (h;lh) is orthogonal to h;xl' Using these
h

, moreover, it follows from

observations, a similar argument as above yields for all h € H \ Span{e} and b/ € H

that

2

2 2
[ AP = [|Ran0la,) + R || = 11Ran Gla DI + [ty | = i, P + |

/
Ay
(3.32)

/
1
A h

Hence, if h € H \ Span{e} then by Equations (3.31) and (3.32) we have for all »’ € H
that [[f(h)(h")]| = ||h||. If, on the other hand, we have h = e for some A € R, then
it follows from the very definition of f that || f(h)(R')|| = [[sgn(A)R/|| = ||A'||, which
finishes the proof that for all h € H the mapping f(h) : H — H is an isometry.

Linearity of f(h) follows directly from the definition.
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Proof of (2): By Lemma 3.9 and the fact that by Step (1), for each hy € H the
mapping f(hg) : H — H is a linear isometry, we obtain for all F' € Lyo(G, H) that

e = S0+ [ 007 (o)) = £ (ho)o(h) (\o =) ()
H
— F(ho)y + /H F(ho)O(h) — F(ho)O(h) (Ao F=1)(dh) = f(h)bl
Proof of (3): Assume first that h € H \ Span{e}. Then, we have that hy, = h and

h 4. = 0. By combining these observations with the fact that by its very definition, Ry,
Ah

rotates the vector h into e, we get

(e, f(h)(h)) = (e, Ra(h)) = (e, ||h]le) = [|h[| (e, e} = ||h] = [ Ra(h)]| = [ F(R)(R)] -
(3.33)

If, on the other hand, we assume that h = Ae for some A € R then
(e, f(R)(h)) = (e,;sgn(A)Ae) = |A| = [lsgn(A)Ael| = [|f(R)R]| - (3.34)

Equations (3.33) and (3.34) together imply that for all h € H we have (e, f(h)(h)) =
£ (R)(A)]I-

To finish the proof of this lemma, let ¢ > 0 be fixed. We define a set-valued function
g: Ly(G, H) — 2L 1y

g(F) = {O € L(H)': sup
QeL(H)!

bor | = [tor] < 7 ¢
QF OF <T

In order to prove the existence of a measurable selector for g, by Theorem 3.31, it

suffices to show that for all open sets S C L(H)! we have
{F € La(G, H) - g(F) NS # 0} € B(La(G, H)).
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We define the mapping h : Lo(G, H) x L(H)* — R by

h(F,0)= sup
QeL(H)!

o = ]

It follows from lower-semicontinuity of [;, see Lemma 3.12, that for each fixed O €
L(H)! the mapping F + h(F,O) is lower-semicontinuous. Moreover, by [36, Th.3],
Lemma 2.7 and [58, Th.VL.5.5], we have that for each fixed F' € Lo(G, H) the mapping
O — h(F,0) is continuous with the strong topology. By using these observations and

noting that S is an open set in the strong topology, we obtain that

(F e Ly(G,H) : g(F)N S # 0} = Upes {F € Lo(G, H) : h(F,0) < %}

— Uoesemr { F € La(G, H) s h(F,0) < =},

where D! denotes a countable dense subset of L(H)! with the strong topology, see
Remark 3.32. Since for each fixed O € L(H)!, the mapping F +— h(F,0) is lower-

semicontinuous and hence measurable, for each fixed O € S it holds that
{F € Lo(G, H) : h(F,0) < %} € B(Ls(G, H)).

Since D! is countable, we obtain

€

Uoesmpt {F € Lo(G, H) : h(F,0) < —

} e B(L2(G, H)).

Hence, we can apply the Kuratowski-Ryll Nardzewski measurable selection theorem,
to conclude that there exists a measurable selector function i : Lo(G, H) — L(H)!

satisfying for all F' € Lo(G, H) that i(F) € g(F).

50



Finally, we define a function 7 : [0,7] — L(H)! by

= Fbyy) 0 i(¥),

where 7 is measurable since it is the composition of measurable functions. Using prop-

erties (1) — (3) of the mapping f, we obtain
4 0 4 0
0 0
te 0
:/0 <f(bi(1/;)1/;)bi(7/))wae> dt
4 0 (7
:/0 Hf(biww)bi(w)wH dt
4 0
= /0 bzw)wH dt
T
[ (o
0 \OeL(H)!
T
= / sup
0 OeL(H)!

Since € > 0 is arbitrary, and by approximating 7 using processes from Séj;zp we conclude

T , T
b2, dt|| > / sup
/0 i H 0 OcL(H)!

As the reverse inequality follows directly from basic properties of the Bochner integral,

b?)W)H _ ;) dt

bsco H dt —e. (3.35)

sup b‘go¢(t) H dt.

1,0p
'yesdet

the proof is complete. O

Lemma 3.34. If a sequence (¢n)nen C Si% satisfies

T
lim sup EH/ 'ywndLH/\l] =0,
0

n—oo 1,0p
’yesdet

o1



then

lim sup
n— oo 1,
’Yesdeip

T 0

Proof. Assume, aiming for a contradiction, that this is not the case. Then, by passing
on to a suitable subsequence if necessary, there exists an € > 0 and a sequence (v, )neNn C

Séj;gp satisfying for all n € N that

On the other hand, the condition

T
/O W ) dt” > e (3.36)

lim sup EH

n—oo 1,0p
’Yesdet

T
/ wndLH A 1] =0
0

implies that the sequence (I(vn¥n))nen of infinitely divisible random variables with

0

b () dt)neN converges to 0 in

corresponding sequence of first characteristics ( fOTb

probability. By [58, Th.VI.5.5/(1)], we then have

T
b

. 6 .
dm [ Bt € =0

which contradicts Equation (3.36). Hence, the result follows. O

The product measure of two cylindrical measures is defined analogously to the case
of Radon measures; see [71, Ch. I1.2.2]. The following lemma provides an alternative
representation of an integral with respect to the product measure of the cylindrical
Lévy measure of L and the Lebesgue measure on a finite interval. To make sense out

of this, the Lebesgue measure is considered as a cylindrical measure on B(R).

52



Lemma 3.35. Let L be a cylindrical Lévy process in G with cylindrical Lévy measure

A. Then we have for each v € S(Ife% with ¥ (0) = 0 that

/OT/H (101 A1) (ro vty ™) (dh)dt:/H (112 A1) (A Leb) o ") ()

where ky: G x [0,T] — H is defined by ky(g,t) = 1¥(t)g.

Proof. First, we show that the result holds for ¢ = F'1y, ;, 1, where F' € Lo(G, H) and

0 <t; <tiy1 <T. In this case, we see that for all C' € Z,(H)

(A®Leb) o k' (C) = (A®@Leb) (F~1(C) x (ti,tit1]) = (ti — tix1) (Ao F~1)(C).
(3.37)

Since the cylindrical measure on the right hand side of Equation (3.37) is the cylindrical
Lévy measure of the Radonified increment F'(L(t;+1) — L(t;)), it extends to a genuine
Lévy measure on B(H) for which we keep the notation A o F~!. Consequently, the
cylindrical Lévy measure on the left hand side of Equation (3.37) extends to a genuine

Lévy measure on B(H), and the two extensions agree on B(H ). It follows that

/H(||h||2/\1)(()\®Leb)om¢1) (dh) (3.38)
tit1 ) T )
:/ti | (mzar) oo rty@nar= [ [ (a1 ar)own) @ ar

Let 1 € SI% be of the form as in (3.26) with 1/(0) = 0. For each C' € Z,(H) we obtain

n—1
w0 = {(g,t) €Gx[0,T): Figly,., € c}.
=1
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Since the above is a finite union of disjoint cylindrical sets, it follows

(]

((A © Leb) o ) ) Z; ( A@Leb)orph | tm]) (©). (3.39)

As the measure on the right side of Equation (3.39) extends to a genuine Lévy measure
on B(H) according to the first part of this proof, the measure on the left extends to a

genuine Lévy measure on B(H). It follows from Equation (3.38) that

/H (112 A1) (A @ Leb) o ) ()

_Z/ A2 /\1 ()\®Leb)onFl(t tm])(dh)

=§ (1 AT e (Rt

T
:/O /H(Hh||2/\1)()\oq/)(t)_1) (dh) dt

which completes the proof. O

Proof of (b) = (a) in Lemma 3.28. By assumption, we have that lim,,_,o m”(1,) =0
and

lim sup E[

n—o0 1,0p
Fyesdet

T
/ Yin dLH A 1} =0. (3.40)
0

Since for each n € N, 1, has a representation of the form

N(n)—1

(% () Fol{o} Z F 1(t”t” t)7

1’1+1

where 0 =t} < ... <ty =T, and F]" € Ly(G, H) for each i € {0, ..., N(n) — 1}, the
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integral I(v,,) takes the form

N(n)-1

I(¢n) = Z F'(L(th) — L(t)) -

i=1
Since the integral I(1),) is the sum of independent infinitely divisible random variables,
I(vy,) is also infinitely divisible and has characteristics

N(n)-1 N(n)-1 N(n)-1
Do W =ty D (Ea —FIQUED), D (th — 1) (Ao (F) ™)
i=1 i=1 i=1
Since Equation (3.40) implies that lim, . I(¢,) = 0 in L%(€2, H), and we may assume
that ,(0) = 0 since it plays no role in the definition of the stochastic integral, we

conclude from Lemmata 3.11 and 3.35 that

T
nh_{glo kr(i(t)) dt
T
= Iim / | (IR AT) o) @hyae+ [ T (0@ (e)) at
n—oo 0
T
— lim (HhHZ A 1) ((A@Leb) ok )(dh) 4T </ (U (t) QU (£)") dt) ~0.
(3.41)
Furthermore, it follows from Equation (3.40) by Lemmata 3.33 and 3.34 that
T
lim I (Y (t))dt = lim sup
4 0
= lim sup / b dtH =0. (3.42
n—00 7683,;‘2" 0 Yn(t) )

Equations (3.41) and (3.42) together imply that lim, o m} (¢,) = 0. Since by as-

sumption, we have lim,,_,o, m”(1,) = 0, we obtain that lim,,_, mz(1,) = 0. O
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We are now ready to present the proof of the main result of this section characteris-
ing the largest space of deterministic Hilbert-Schmidt operator-valued functions which

are integrable with respect to a cylindrical Lévy process L in Hilbert space.

Proof of Theorem 3.27. If ¢ € I(Ife%’ ;, then by the very definition of integrability, see
Definition 3.25, there exists a sequence (¢ )nen & Sgg such that v, — 1 Lebesgue
a.e. and SUP, ¢ glop E[I(v(¢n —¥m))|| A1] — 0. By Lemma 3.28, this implies that
mr,(¥n — ¥p) — 0. Completeness of the modular space Mgest’ 1» see Lemma 3.20, and
the fact that 1, — 1 Lebesgue a.e. allows us to conclude that ¢ € Mgfm I
Conversely, if ¢ € ./\/lgesm 1, then Lemma 3.22 implies that there exists a sequence
(¥ )nen of elements in S(Ii{e% such that v, — 1 Lebesgue a.e. and mp (1, —¢) — 0. It

follows that mr (¢ — 1m) — 0, which implies sup__q1.0p EllI(y(tn —vm))||A1] = 0
det
by Lemma 3.28 and establishes that ¢ € I(Ife% I O

3.3 Predictable integrands

For the remainder of this section, we fix a filtered probability space (2, F, (Ft)t>0, P).
As in the case of deterministic integrands, we begin by introducing two classes of

functions on which our definition of the stochastic integral depend.
Definition 3.36.

(1) An Lo(G, H)-valued predictable step process ¥: Q x [0,T] — Lao(G, H) is of the
form

N(i)

N(0) n—1
U(w,t) = [ > Forlag, W) | Loyt + > Fikda, o (@) ) Ly, (),
k=1 =1 1

k=

(3.43)

where 0 = t; < -+ < t, =T, Ao, € Fo and Fo, € Lo(G,H) for all k =
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1,..,N(0), Aip, € F, and Fy, € Lo(G,H) for all i = 1,....,n—1 and k =
1,...,N(i). The space of all Lo(G, H)-valued predictable step processes is denoted

by SIS == SUS(G, H).

An L(H)-valued predictable step process I': Q x [0,T] — L(H, H) is of the form

N(0) n—1 [N
T(w,t) = [ > Ooklay, (@) | Loy ) + D | D Oikla,, () | Lty (®)
k=1 i=1 k=1

(3.44)

where 0 =t; < --- <t, =T, Ay € Fo and Oy, € L(H) for all k =1,...,N(0),
Aip€Fy, and O; € L(H) foralli=1,...,n—1and k=1,...,N(i). The space
of all L(H )-valued predictable step processes with

sup  [[T(w,)lgpy <1
(w,£)€QX[0,T]

is denoted by S;;le = S;;ZP(H, H).

Let ¥ € Sg(si be of the form (3.43). Since Hilbert-Schmidt operators are 0-

Radonifying by [76, Th. VI.5.2], it follows from [76, Pr. VI.5.3] that there exists an

H-valued random variable Fj j(L(ti+1) — L(t;)): @ — H for each i = 1,...,n — 1 and

k=1,...,N(i), satisfying

(L(tis1) — L(t)) (Ffh) = (Fig(L(tis1) — L(t;)), h)  P-a.s. for all h € H.

In this case, the stochastic integral of ¥ is defined by

n—1 N (i)

T
() := /0 () dL(t) :=> > 14, Fip(L(tis1) — L(t)).

i=1 k=1
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Thus, the integral I(¥) : @ — H is a genuine H-valued random variable.

For the purposes of this section, it is convenient to introduce the measure space
(Q x [0,T],P, PT), where P denotes the predictable o-algebra and the measure Pr is
defined by Pr := P ® Leb|jo 7).

Definition 3.37. We say that a predictable process V is L-integrable if there exists a

sequence (U, )neN of processes in S}Ifra such that

(1) (¥y)nen converges Pr-a.e. to ¥;

(2) lim sup E

m,n—o0 1,0p
1_‘Esprd

T
/ I(¥,, —U,) dLH A 1] =0.
0

In this case, the stochastic integral of ¥ is defined by

T T
I(D) ::/ U dL = lim U, dL in LY (Q, H).
0

n—oo 0

The class of all L-integrable Lo(G, H)-valued predictable processes will be denoted by
I;I){r%,L = I;Iifl,L(Gv H). As usual, fort € [0,T], we define fg\lf dL := fOT loxog¥ dL.

Remark 3.38. An extension of [/1, Le. 2.3] to H-valued random variables shows that
Condition (2) of Definition 3.37 implies

t
/\Ilm—\llndLH/\ll = 0.
0

Hence, the notion of convergence introduced in Definition 3.37 is stronger than ucp

lim F

m,n— 00

sup
t€[0,T]

convergence. In particular, this immediately gives that for each ¥ € I;I>{r§1 1, the process

as cdadlag paths. For details, see the end of Remark 3.20.
Ot\I/st[OT]h idla hs. For detail h dof R k 3.26
S El

Let L%(9, (./\/lgest 1-pr)) denote the collection of all random variables ¥ : Q —

Mgest, ;, taking values in the Polish space (Mgesé, 1+ PL), see Proposition 3.23. We endow
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the space L%(Q, (M det,1» PL)) With the translation invariant metric
|91 = Wal, := E[pr(¥1 — Wo) A1) for Wy, Uy € LH(Q, (MES 1, p1))-

Recall, see for example [18, Th. 9.2.3] or [31, Le. 3.6], that (L Q, MBS LPL))s |HH|L>

is a complete metric linear space. For ease of notation we will often use the shorthand

L9, MES ;) = (L9 (MES . po)) ).

Lemma 3.39. Let U be a predictable stochastic process in L% (S, Mdet L) Then there
exists a sequence (Vi )ren of elements of SII){rd converging to ¥ both in the metric ||-|||

and Ppr-a.e.

Proof. If ¥ is bounded, then ¥ € L% (2 x [0,T], Lo(G, H)). Since the algebra of sets
A ={(s,t] x B:s<t,Be F,} U{{0} x B: B€ Fy}

generates P, we conclude from [24, Le. 1.2.19] and [24, Re. 1.2.20] that there exists a
sequence (Vg)ren of uniformly bounded processes in SII){r% such that ¥, — ¥ Pp-a.e.
Thus, there exists a set N € P such that Pp(N) =0 and (¥(w,t) — ¥(w,t)) — 0 for
all (w,t) € N¢. Fubini’s theorem implies that

Pr(N) = P ® Leb|jg.z () = /Q Leblj0.71(N,) P(dw) = 0
where for each fixed w € € we define
N, = {t €10,T]: (Vg(w,t) — \I/(w,t))meN does not converge to O}.

The above implies that Leb|jp 71(Nw) = 0 for almost all w € Q, that is, there exists an
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Qo C Q with P(Qp) = 1 such that for all w € Qy we have
Leb|j,7] (t €0,T]: (¥p(w,t) — ¥(w, t))meN does not converge to 0) = 0.

Because (Vg)ren is uniformly bounded and ¥ is bounded, we can conclude from
Lebesgue’s dominated convergence theorem that lim,, oo mz, (Vg(w, ) — ¥(w,-)) = 0
for each w € g. Since my and pr generate the same topology on Mgest, 1, we also
have pr(Vg(w, ) — ¥(w,-)) — 0 as k — oo for each w € Qy. Another application of

Lebesgue’s dominated convergence theorem yields

lim || — ||, = lim / (pL(\IJk(w, ) = T(w, ) A 1) dP =0,
k—o0 k—oo J
which shows the claim if ¥ is bounded. In the case of a general ¥, we define

U(w,t) if ||V(w,t <n,
U, :Qx[0,T] — L2(G, H), U, (w,t) = (w, ) 1% ( )”LQ(G,H)

0 otherwise.

Clearly, lim,, . [|¥ — ¥y ||, = 0. The first part of the proof shows that for each n € N

HS

there exists a sequence (¥, ;)ren € S.3 converging to ¥, as k — oo in |[||-||, and

p
Pr-a.e. For each n € N choose ky, € N such that [[(¥,, — ¥, 1,.)[|; < Z. It follows that

I8 = W)l <t (1000 = Bl + 1 = W), ) =0

which completes the proof, since by passing on to a suitable subsequence, we also have

convergence Pr-a.e. [
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3.4 Construction of the decoupled tangent sequence

The technique of constructing decoupled tangent sequences is a powerful tool to obtain
strong results on a sequence of possibly dependent random variables. In this section,
we briefly recall the fundamental definition, see e.g. Kwapien and Woyczynski [42] or
de la Pena and Giné [61], and construct the decoupled tangent sequence in our setting
which will enable us to identify the largest space of predictable integrands in the next

section.

Remark 3.40. We repeatedly use the fact in the following that given a random variable
X on (2, F,P) and another probability space (', F', P"), the random variable X can
always be considered as a random variable on the product space (QAx QY FQF',P® P’)
by defining

X(w,w) = X(w) forall (w,w) €2 xQ.

In this case, if X is real-valued and P-integrable we have Ep[X]| = Epgp[X].
In the next definition, we follow closely Chapter 4.3 of [42].

Definition 3.41. Let (Q,f, P, (]:n)nEN) be a filtered probability space and (X,)neN
an (Fy)-adapted sequence of H-valued random variables. If (<, F',P',(F'p)nen) is
another filtered probability space, then a sequence (Y )nen of H-valued random variables
defined on (U x U, F @ F,P® P',(Fn ® F'n)nen) is said to be a decoupled tangent

sequence to (Xp)nen if

(1) for each w € Q, we have that (Yp(w,-))neN is a sequence of independent random

variables on (', F', P");
(2) the sequences (Xp)nen and (Yn)nen satisfy for each n € N that
L(Xp|Frn-1® .7:/”_1) =L(Y,|Fna1 ® .7:/”_1) P® P — as.
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Remark 3.42. The importance of decoupled tangent sequences within the framework
of stochastic integration lies in the existence of a collection of inequalities, frequently
called decoupling inequalities, which relate convergence of an adapted sequence of ran-
dom wvariables to convergence of their decoupled tangent sequence. More precisely, by
[42, Pr. 5.7.1.(i1)], there exists a constant ¢y > 0 such that for all finite adapted se-
quences (Xy)n=1,..n of H-valued random variables with corresponding decoupled tan-

gent sequence (Yy)n=1,.. N it holds that

N N
Ep ZXn /\1] < cEpgp ZYn /\1] .
n=1 n=1

Moreover, by [12, Pr. 5.7.2], there exists co > 0 such that the following "recoupling”

inequality also holds

N N
Epgp ZY” Al| <co sup FEp Zean ALl .
n—1 en€{£1} n—1

The main tool for establishing the stochastic integral in the next section is a cylin-
drical Lévy process L on an enlarged probability space, whose Radonified increments
are decoupled to the Radonified increments of the original cylindrical Lévy process.

This cylindrical Lévy process Lis explicitly constructed in the following result.

Proposition 3.43. Let L be a cylindrical Lévy process in G, 0 =tg < ... <ty =T be
a partition of [0,T] and for eachn =1,..., N we define ©,, := Z]sz({l) Fokla,,, where
For € Lo(G,H), Ay € Fr,,_, forallk=1,...,M(n). By defining cylindrical random

variables

L#t): G > Lhop@ x %R),  (Lt)g)(w,e') = (L(t)g) (),
it follows that (z(t) 2t >0) is a cylindrical Lévy process on G and the sequence of its
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Radonified increments

O (L(ty) — L(tn_ )

(60 (L) = L))

defined on (Q xQFRQF,P®P,(F,, ®~7'—tn)ne{0,...,N}) s a decoupled tangent sequence
to the sequence of Radonified increments

(€n(Lta) ~ Lita-)))

ne{l,...,.N}
defined on (Q,}_, P, (-Ftn)ne{o,...7N})'

Proof. In order to make it easier to follow this proof, we define Q' = Q, 7' = F, P’ =P
and F';, = Fy, for all n € {0, ..., N} and instead of denoting the filtered product space
by

<Q XV F@F, PP (F, @ ftn)ne{owN}),

we write

(Q QY FoF PP (F ® f’tn)ne{ov,_,N}).

The fact that for each ¢ > 0 the mapping L(t): G — LY pr (2 x @ R) is continuous
follows directly from the definition of L and Remark 3.40. Thus L is a cylindrical
stochastic process. To prove that it is in fact a cylindrical Lévy process, let us fix
n € N and ¢1,...,9, € G and consider the n-dimensional processes Y and Z defined
by Y(t) = (L(t)g1,...,L(t)gy) and Z(t) = (L(t)g1,...,L(t)gn). It is enough to show
that for any m € N and times 0 < ¢ty < --- < t,, < T the random variables Y (¢,,) —
Y(tm-1),...,Y(t1) — Y(to) and Z(tm) — Z(tm-1),...,2Z(t1) — Z(tp) have the same
distribution. Here we only prove that for any 0 < s < ¢t < T the random variables

Y(t) — Y(s) and Z(t) — Z(s) have the same distribution. The general case follows
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analogously. To see this, let A € B(R™) be arbitrary. The very definition of L shows

(PeP)(Y(t)-Y(s) € 4)
= (P& P) ((LMg — L)1, L(t)gn — L(s)ga) € A)
= (P @ P)(Qx{(L(t)g1 — L(s)g1, . L(t)gn — L(s)gn) € A})
= P'((L(t)g1 = L(8)g1, .- L(t)gn — L(s)gn) € A)

— P (Z(t)— Z(s) € A).

To show that the Radonified increments of L satisfy Condition (1) of Definition 3.41, fix
some w € €. Then O, (w) is a (deterministic) Hilbert-Schmidt operator and (L(t)(w, ) :
t > 0) is a cylindrical Lévy process in G. Thus, for a fixed w € Q and n € {1, ..., N}, the
Radonified increment 0, (w)(L(tn)(w, -) — L(tn—1)(w,-)) is an Fi -measurable H-valued
random variable on (€', 7', P') independent of F; . It follows for each w € § that

is a sequence of independent random variables.
For establishing Condition (2) of Definition 3.41, we define for each n € {1,..., N}

the H-valued random variables

M(n)
Xn = 0n(L(ts) = L(ta-1)) := Y 1a, , Fu(L(tn) — L(tn-1)),
k=1

Yo = 0,(Ltn) = L(ta—1)) == > 1a,, Fuse(L(t) — L(ta1)),
k=1

where F), (L(tn) — L(tn_l)) and F, i, (E(tn) — E(tn_l)) refer to the Radonified incre-
ments, and by taking another representation of ©,, if necessary, we may assume that

for each n € N the representation of ©,, satisfies that A, N A,; = 0 for k # [ and
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U,i‘i(ln ) Ap . = €. Choose regular versions of the conditional distributions

(P®P)x,: B(H) x (2 x Q) —[0,1],
(P® P)x, (B, (w,w)) = (P& P) X, €B|F,_, @F4,_,)(wuw),
(P Py,: B(H) x (QxQ)—[0,1],

(P® Py, (B, (w,w)) =(P@P)(Y, € B|F,_, @ Fy,_,)(w,w).

Since Z(t) is a cylindrical Lévy process, and for each n € N we have A,, N A, ; = 0 for

k # 1 and U]k\/[:(?)Amk = (), we obtain for all h € H and n € N that

Epep [0 7, 0 7, ]
. M(n) T T
_ By [ez<(zk_1 1An,ng/Fn,k)(L(tn)—L(tn_l)),@’ £ f'tnl]

M(n)

=Y Epap [1 Ay sy @B =Lt | 7, f/tn_l}
k=1
M(n) o

— Z 14, cxsv Epgp [em,k(L(tn>—L<tn_1>>7h> Fo  ® f’tm}
k=1
M(n) o :

=" 14, xe Epsp [ez«Fn,k(L(th(tn_l)),h)
k=1 ’ i
M(n)

=" 14,00 Ep [ez’m,k<L(tn)—L(tn71)>,h>]

= 3 L ey eltn DS

— e(tn—tn—1)5(9;§h) P X P/ — a.s., (345)
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where S denotes the cylindrical Lévy symbol of L. In the same way we obtain
Epgpr [€i<X"’h> ‘Ftn_l & f/tn_l = eltn=tn-1)S(OLN) P P g (3.46)

It follows from (3.45) and (3.46) by calculating the conditional expectation from the
conditional probability, see e.g. [31, Th. 6.4], that for P ® P’ a.a. (w,w’) € 2 x Q' and

for all ©w € H we have

(p(P®P’)Xn(-,(w,w’))(u) = /H el (P ® P/)Xn (dh7 (waw/))

fr EP@P/ |:€7’<Xn7u>

‘Ftnfl ® ‘/_-./tnfli| (w7 w/)

= Epgp [ei<Y"’“>

— /H e'hu (P @ P, (dh, (w,w')) = PP2P )y (- (wew)) (1)-

]:tn—l ®F/tn_1] (w’w,)

Since characteristic functions uniquely determine distributions on *8(H), we obtain
(P P)x, (- (w,w))=(P®P)y,( (w,o) PP —as.,
establishing Condition (2) of Definition 3.41. O

3.5 Characterisation of random integrable processes

The following is the main result of this chapter characterising the largest space of
predictable integrands which are stochastically integrable with respect to a cylindrical

Lévy process L in Hilbert space.

Theorem 3.44. The space I;I){r%,L of predicable Hilbert-Schmidt operator-valued pro-
cesses integrable with respect to a cylindrical Lévy process L in G coincides with the

class of predictable processes in L%(Q,Mgest’L).
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As in the case of deterministic integrands, the above characterisation of the space
of L-integrable predictable processes strongly relies on the equivalent notion of conver-

gences in two spaces.

Lemma 3.45. Let L be a cylindrical Lévy process in G, and (Vy,)neN @ Sequence in
S;Iifl' Then the following are equivalent:

(2) lim (|2l =0;

Proof. To prove (a) = (b), let € > 0 be fixed. Lemma 3.28 and the fact that my and pr,

(b) lim sup FE

n—oo 1,0p
resh

T
/ re, dLH A 1] =0 and lim E [m"(¥,)A1] =0.
0 n—o0

generate the same topology on MgeSm ;, enables us to choose 6 > 0 such that for every

(NS S(ist we have the implication:

T
pr(¥) <6 = sup P (’/0 Y dLH > e> <e. (3.47)

1,0p
’yesdet

Since limy, . || ¥,[|;, = 0, there exists ng € N such that the set
Ap ={w € Q:pr(Vp(w)) < 0}

satisfies P(A,) > 1 — € for all n > ng. By recalling the definition of L and (€, F', P')

from Proposition 3.43, implication (3.47) implies for all w € A,, and n > ny that

>6>§6.

s 7 (wears ([ D)) dL (e, )) @)

1,0p
1_‘Esprd

Since P(A,,) > 1 — € for all n > ng, we obtain

PlweQ: sup P (w' eq: H(/OTr(w)qfn(w) dz(w,.)> (W)

1,0p
resh

>6>§e
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>P(Ay,) >1—e.

Fubini’s theorem implies for all n > ng and I' € S;;le that

®

> e) P(dw) < e+€(1—e).

(P& P ((w,w') cQx: H (/OT o, di) (w,)

:/QP’ <w’eQ’: H(/()Tr(w)qfn(w) a7 (w, ')> ()

As e > 0 is arbitrary, we obtain

lim sup Epgps =0. (3.48)

n—o0 1,0p
res’s

T ~
/ Iy, dLH A1
0

By the ideal property of Lo(G, H), for each n € N and I' € S;;Zp the integrand T'V,,

lies in SII){r% and has a representation of the from

N(n)—-1
T, =T§Fy Loy + Y TFF Lgngn ), (3.49)

=1

where 0 =17 < --- <t} =T, and I''F}" is an Fyp-measurable Ls(G, H)-valued ran-
dom variable taking only finitely many values for each ¢ = 0, ..., N(n) — 1. Proposition

3.43 guarantees for each n € N that the sequence of Radonified increments

(Crrr L) — L))

has the decoupled tangent sequence

(rrer (@) - L)) o

=1,...,

We conclude from the decoupling inequality [42, Pr. 5.7.1.(ii)] that there exists a con-
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stant ¢ > 0 such that, for alln € Nand I" € S;;?ip, we have

= Epgpr

T
Epop “ / I, dLH Al
0

N(n)—1
S IR - L) /\1]

i=1

r{N(n)—1
< Bpop | | S TREREWL) - L0D) A1]
=1

T ~
:CEP®P/ / rv, dLH /\1].
0

We conclude from Remark 3.40 and (3.48) that

T
‘ ’/ F‘I/ndLH/\l
0

Seeing that my and p; generate the same topology on Mgest 1, our assumption that

lim sup FEp
n—o0 1,
res ;¥

=0.

T
/ rv, dLH/\l] = lim sup Epgp
0

n—o0 1,0p
resh

limy, 00 ||| W5, = 0 implies lim,, oo E[m”(¥,) A 1] = 0, which immediately gives (b).
For establishing (b) = (a), given any I' € S;;?lp we may assume that I'U,, has a

representation of the form (3.49). We conclude from [42, Pr. 5.7.2] that there exists a

constant ¢ > 0 such that for all I" € S;;Zp we have

T ~
|["rowat] o
0

Epgpr = Epgp

N(n)-—1
DPER (L) = L) || A 1]
1=1

N(n)—1
< E / TR E(L(E ) — L(t7 A1l
_ceiré{{aﬁ} PRP [ ; € (L( +1) (") ]

r{N(n)—1
= E JREMN (LR ) — L(t? Al
ceigﬁxl} P ; €l Ly ( ( z+1) ( i )) ]

N(n)—1
<c sup Epl|| Y OFFML(t},) — L(t})) Al]
i=1

1,0p
SIS L
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=c sup FEp
1,
oes ¥

By choosing I' = Id1q, (9,7}, the hypothesis on (¥y,),en implies

T ~
/ v, dLH A1
0

It follows that for every subsequence (U, )meN Of (¥y,)neN, there exists a further

)jen and a set N C Q x Q" with (P ® P')(N) = 0 satisfying

T
/ ov, dLH A 1] . (3.50)
0

=0.

lim Ep@p/ [ ‘
n— 00

subsequence (¥,,,
J

j—o0

T ~
lim (/ U, dL) (w,w') =0 for each (w,w') € N°.
0

Define the section of the set NV for each w € Q by

N, = {w' et tim ([, @) a8 ) 7 o},

J]—00

where we note that since ‘Ilnmj are predictable step processes, it holds that

J

T _ T ~
(/ U, dL) (w,-) = / U, (w)dL(w,-) for all w € Q.
0 0 !

Fubini’s theorem implies 0 = (P ® P')(N) = [, P'(N,)dP(w), from which it follows
that there exists ; C Q with P(€;) = 1 such that P'(N,,) = 0 for all w € ©;. In other

words, for each fixed w € €)1, the sequence of random variables

( [ ) die ->)

converges P’-a.s. to 0 as H-valued random variables on (Q', 7', P). Since for each fixed

jEN
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w € 1, the above sequence is infinitely divisible and has characteristics

T T
( /0 b‘;,nmj () dt, /O Un,, (@, 0)Q¥;, (w,1)dt, (A® Leb) omg,jlmj M) :

by Lemmata 3.11, 3.35 and the fact that for each w € Q2 the cylindrical Lévy process

E(w, -) has the same cylindrical characteristics as L, we obtain for all w € £ that

lim ki (U, (@) = lim kg, (W, () = 0.

j—00 Jj—00 J

As P(€Q;) = 1, the above argument proves that for all e > 0 we have

n—oo

lim P (w cQ: /OT oy (W (w, 1)) dt > e> 0. (3.51)

To finish the proof, it remains to show that for all € > 0 we have

n—oo

lim P (w cQ: /OT L (U (w, ) dt > e) 0. (3.52)

It follows from Equation (3.50) that the sequence (¥y,)nen C S}I){r% satisfies

Let € € (0,1) be fixed. Since stochastic integrals with deterministic integrands with

lim sup Epgpr
" pesliop
pr

/OT re, dEH A 1] =0. (3.53)

respect to L are infinitely divisible, Remark 2.2 implies that there exists § € (0, €) such

that for all ¢ € Mgest we have the implication

]

/OqudLH>\/S> <Vi = ‘

T
/0 by dtH <e (3.54)
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By Equation (3.53), there exists an N € N such that for all n > N we have

sup (P ® P') < /OT Iy, dEH > 5) <4 (3.55)

1,0p
1—‘esprd

Chebyshev’s inequality, Fubini’s theorem and Equation (3.55) imply for all n > N and
I e SY% that

(| vt -5) <)o
>1—/P’( mndEH>5> dP

=1- %(P®P’) ( /OTNJ” dEH > 5)
>1—1/0. (3.56)

T ~
Iy, dLH > 5) > \/5>

In light of Equations (3.54) and (3.56), we have for alln > N and I € S;;(C)lp that

(

or equivalently, for all n > N we have

sup P(H/ b9 )dtH>e) < V3.
res,?

The above inequality, combined with an approximation argument using functions in

/ b w)dtH<e>>1—\/5,

Sor ! P shows that for any predictable L(H)'-valued process A and n > N it holds that

P (H/OT b ()0 () dtH > e) < V0. (3.57)
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For each fixed n > N, define a process H,, : Q x [0,T] — L(H)! by

Hy(w) = f(bf(qfn(w))qfn(w)) 0i(Vn(w)),

with ¢ and f as in Lemma 3.33. Then, H, is predictable and, by the same argument

as in Equation (3.35), it satisfies for each w € Q) that

T
/0 b3 0 ) (0.0 dtH +e. (3.58)

0
bow,, (w,1) H dt <

T
/ sup
0 OeL(H)!

By Equation (3.58), and replacing A by H,, in Equation (3.57), for all n > N we obtain

T
P / sup
0 OecL(H)!

Since we have that 0 < ¢, this finishes the proof of the claim in Equation (3.52). Finally,

T
/0 Dt i) U () dt” > 6) < V3.

Vo, (|| 4t 2 2e> <p (’

by Equations (3.51), (3.52), and the assumption that lim, . E [m"(¥,) A 1] = 0, we
obtain that lim, . E [mr(¥,) A 1] = 0. This completes the proof, since my, and py,

generate the same topology. O

Remark 3.46. In light of Lemma 3.45, it follows by the same argument as in Remark

3.38 that conditions (a) and (b) of Lemma 3.5 both imply

t
/ v, dLH /\1] = 0.
0

Proof of Theorem 3./4. If ¥ € Igr%’ ;, then Definition 3.37 guarantees the existence of

lim F

n—oo

sup
te[0,T

a sequence (¥, )nen of elements of 8113{1% converging Pr-a.e. to ¥ and satisfying

T
/ I(¥,, —U,) dLH Al| = 0.
0

lim sup E

m,n—00 1,0p
FESprd
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Lemma 3.45 implies that limy, p—oo [[|[¥m — ¥pl|;, = 0. Completeness of the metric
space (L%(Q,MgestyL), I/l ;) and the fact that (¥, ),en converges Pr-a.e. to ¥ to-
gether yield that the sequence (V¥,,),en has a limit in LOP(Q,MEB% ;) and that this
limit necessarily coincides with ¥. Thus ¥ € L% (€, MgeSn L)

To establish the reverse inclusion, let ¥ be a predictable process in the space
L%(Q,Miﬁy 1)- Lemma 3.39 guarantees that there exists a sequence (¥,)nen of el-
ements of S}I){ra converging to ¥ in ||-||; and Pr-a.e. Then, (¥, — ¥,,) converges to 0

both in ||-[|, and Pr-a.e. as m,n — co. This implies by Lemma 3.45 that

Thus W satisfies the conditions of Definition 3.37, which means that ¥ € I;Iri L ]

lim sup F = 0.

m,n— 00 1,0p
FESprd

/OT I'(¥,, —U,) dLH Al

Lemma 3.45 is crucial to characterise the space of integrable predictable processes in
Theorem 3.44, as it describes convergence of predictable step processes in the space of
integrands in terms of convergence in the randomised modular space. Having identified
the space of integrable predictable processes, we can extend Lemma 3.45 to the whole

space of integrable predictable processes.

Corollary 3.47. Let L be a cylindrical Lévy process in G, and (V,,)neN a sequence in

Igi .- Then the following are equivalent:

(a) Tim [[Wy[|, = 0;

Proof. To establish the implication (a) = (b), first note that it follows from the defini-

(b) lim sup E

n—oo 1,0p
res,q

T
/ rw, dLH A 1] =0 and lim E [m"(¥,)A1] =0.
0 n—0o0

tion of |-, and the fact that pr, generate the same topology as my, that m”(¥,) — 0

in probability. Let € > 0 be fixed. Lemma 3.45 implies that there exists a d(¢) > 0 such
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that we have for all ¥ € Sg% the implication:

W, <d(e) =  sup E
res.op

T
‘ / rve dLH A 1] < e (3.59)
0
Since lim;, o0 || U], = O, there exists an ng € N such that ||U,[|;, < @ for all
n > ng. By Theorem 3.44 we have that (¥,,)nen € L%(Q, MY | ), hence Lemma 3.39
guarantees for each n € N the existence of a sequence (¥"),,en C Sglr% converging to
U, in ||-||, and Pr-a.e. Consequently, we can find mg(n,e) € N for each n € N such

that for all m > mg(n, €) we have || U] — ¥, ||, < @. We obtain for each n > ng and

m > mo(n,€) that
Nl < 5" = Wally + l%all, < 6(e),

which implies by (3.59) that

sup F
1,
res;y

T
./ rmgdLHAl <e. (3.60)
0

Thus, if we fix an n > ng and recall that the integral of ¥,, is defined to be the limit in

probability of the integrals of ¥I" as m — oo, we obtain from Equation (3.60) that

sup F

I = sup lim FE ‘
,0
res;*

T
'/ rwgdLHAl
restop M0 0

prd L m

T
/ rv, dLH A1
0

T
< lim sup E ‘/ ror dLH ANl <e.
m—0o0 FESLOP 0

prd L E

To establish the reverse implication (b) = (a), let € > 0 be fixed. Lemma 3.45
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implies that there exists a d(€) > 0 such that we have for all ¥ € Sg% the implication:

By assumption, there exists an ng € N such that for all n > ng we have

T
/ v, dLH A1
0

T
sup FE / F\IJdLH/\l
0

1,0p
res.

+E[m"(W)A1] <6e) = [|V]], <5 (3.61)

sup F +E [m"(V,) A1) < %. (3.62)

1,0p
res 4

As (U)nen C IIEIrSdLv it follows from Theorem 3.44 and Lemma 3.39 that for each
n € N there exists a sequence (¥]"),en of elements of Sgsd converging to ¥, in |||,
and Pr-a.e. Consequently, we can find mg(n,e) € N for each n € N, such that for all
m > mo(n, €) we have

M7 = Wnlll, <e€/2. (3.63)

Since for each n € N we have that lim,, ,« ||V} — U, ||, = 0, the first part of this
Corollary and the reverse triangle inequality shows that for each n € N there exists an

m1(n,€) € N such that for all m > mq(n,€) we have

T
/ 'y, dLH Al ‘
0

Moreover, since for each n € N we have that ¥]' — ¥,, Pr-a.e. as m — oo, there exists

— sup F
1,
res ;¥

sup F
1,
res;*

T
/F\I/,TdLHAl] <UD (3.64)
0

ma(n, €) € N such that for all m > ma(n,e€) it holds that
" " m 5(6)
|E [m"(¥,) A1] — E [m" () A 1]] < R (3.65)

By combining Equations (3.62),(3.64) and (3.65), we obtain for all n > ng and m >
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max{mg(n, €),mi(n,e),ma(n,e)} that

sup F
1,
res;;’

T
/ rom dLH Al
0

+ E [m"(U)) A1) < 8(e),

which implies by (3.61) and (3.63) that
IWally, < I1Wn = T2 + 131, < e

As € > 0 was arbitrary, this concludes the proof. O

Remark 3.48. Using Remark 3./6, a similar argument as in implication (a) = (b)

of Corollary 3.47 can be used to show that conditions (a) and (b) of Lemma 5.47 both

t
I dLHM] o
0

Having introduced the notion of the stochastic integral, we now show that stochastic

imply
lim F

n—o0

sup
t€[0,T]

integral processes, obtained by fixing an integrand and varying the upper limit of the

stochastic integral, are in fact semimartingales.

Theorem 3.49. If ¥ € I;Ii%,u then the integral process (I(W)(t) : t € [0,T]) defined by

T
I(D)(t) = /0 Tjo(s)U(s) L(ds)  fort e [0,T],

s a semimartingale.
Proof. Let I' € Srl);?ip be of the form
N-1

F(t) = FO]-{O} (t) + Z Fkl(sk,sk+1}(t)a
k=1

7



where 0 = 51 < ... < sy = T are deterministic times, T'g : Q — L(H)! is Fy-measurable,
and each Ty, : Q — L(H)! is an F;, -measurable random variable taking only finitely

many values for £k =1,..., N — 1. Then we define the stochastic integral

T N-1
/0 rdr(v):=» Ty (I(\I/)(sk+1) - I(\Il)(sk)>.

k=1

To prove the claim, by [29, Th. 2.1], it suffices to show that the set

T
{/ rdi(¥):T e 8;;?;’}
0

is bounded in probability. Suppose, aiming for a contradiction, that it is not the case.

Then there exists an € > 0 and a sequence (I'y,)nen C S;;?ip satisfying for all n € N that

]

For each ¥ € S;{{r% and I € S;;le, the very definitions of stochastic integrals show

T T
/Fd](\I!):/ I dL.
0 0

This equality can be generalised to arbitrary ¥ € Ig% ;and I' € 8;;3‘) by a standard

/OT r, dI(\If)H > n) > e (3.66)

approximation argument. Using this to rewrite Equation (3.66), we obtain for alln € N

6§P< /OTI‘ndI(\I')H >n) :P(‘

On the other hand, since H‘%FH\IIH‘L — 0 as n — oo, Corollary 3.47 implies

T
/ —I,v dLH A 1] =0,
0 n

that

1
/ 1w dLH > 1> . (3.67)
0 n

lim F

n—o0 |:
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which contradicts (3.67) because of the equivalent characterisation of the topology in

LY%(Q, H). O
We finish this section with a stochastic dominated convergence theorem.

Theorem 3.50. Let (V,)nen be a sequence of processes in IgriL such that

(1) (¥)nen converges Pr-a.e. to an La(G, H)-valued predictable process U;

2) there exists a process Y € TS  satisfying for all n € N that
prd,L

(kr + 1) (Vp(w,t) < (kr +11)(T(w,t)) for Pr-a.a. (w,t) € Q x [0,T].

Then it follows that ¥ € Ig%’L and

t t
/\IlndL—/\I’dLH>e>:O for all e > 0.
0 0

Proof. By assumption, there exists a set N C Q x [0,7] with Pp(N) = 0 such that
limy, 500 U (w, t) = U(w,t) and (kp +11)(Vy(w,t)) < (kp +11)(T(w,t)) for all (w,t) €

N€¢and n € N. Fubini’s theorem yields that

lim P( sup

n—0oo t€[0,7

0= Pr(N) = [ Leblory(N.) P(d).

{t €[0,7] + Tim Wy(w, ) # W(w, t)}or (b +10) (Wn(w, 1)) > (kr, + lL)(T(w,t))} .

It follows that there exists an 1 C Q with P(21) = 1 such that Leb|y 77(N,,) = 0 for all
w € Q1. Consequently, for each w € Q; we have (kr +11)(Vy(w,t)) < (kr+12)(T(w, 1))
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and limy, 00 ¥y (w,t) = ¥U(w,t) for Lebesgue almost every ¢ € [0,7]. Theorem 3.44
guarantees that there exists Qo C Q with P(Q2) = 1 such that mp (T (w,-)) < oo for
all w € Qq. Continuity of kz, and I, at 0, see Lemma 3.12, and the classical version of
Lebesgue’s dominated convergence theorem implies that for all w € 1 N Qs we have

lim mL(\I/m(w ) - \I}n(wa ))

m,n—00

m,n— o0

T
— lim </ kr (U (@, 1) — U (w0, 1))+ L (U (w0, 1) — Uy (w, 1)) dt
0
T
+ /0 19 (0,1 = W, )2 .10y A 1dt) 0.

Hence, for each w € Q1 Ny the sequence (¥, )nen is Cauchy in the modular topology,
which by Lemma 3.20 and the fact that ¥, (w) — ¥(w) for Lebesgue a.a. t € [0,T]
allows us to conclude that ¥(w) € Mgest’L. Since P(21 N§22) = 1, Theorem 3.44 shows
velZld ;.

Another application of Lebesgue’s dominated convergence theorem establishes that

limy, 00 [[|[¥n — ||, = 0. Corollary 3.47 implies

which, by Remark 3.48, implies ucp convergence. This allows us to conclude that the

lim sup F =0,

n—oo 1,0p
l_‘E‘S‘prd

/OTF(\IJn —U) dLH A1

sequence (I(V,)), cn of processes converges in probability on compact time intervals

to the process I(¥). Hence we have

t t
/\llndL—/\lldLH>e>:0 for all € > 0,
0 0

which completes the proof. O

n—0oo t€[0,T]

lim P( sup
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4 Integral processes driven by standard symmetric a-stable

cylindrical Lévy processes

4.1 Integration theory for a-stable cylindrical Lévy processes

From this point on, instead of working with general cylindrical Lévy processes, we re-
strict our attention to the subclass of standard symmetric a-stable cylindrical Lévy
processes for a € (0,2). Recall that these are cylindrical Lévy processes with charac-
teristic function ¢, (g) = exp(—t||g[|*) for each t > 0 and g € G.

In this section, we revisit the problem of stochastic integration and show that in
the special case when the integrator is a standard symmetric a-stable cylindrical Lévy
process, our integration theory simplifies significantly and the abstract modular space
MgestL can be identified with the Bochner space L{', ([0, 7], L2(G, H)). As we shall see,
this simplification is possible due to the special tail properties of stable distributions and
the fact that standard symmetric a-stable cylindrical Lévy processes have cylindrical
characteristics (0,0, A), which implies that the modular mj, takes a much simpler form
than in the general case.

In order to identify the modular space MEB%L with L, ([0, T, L2(G, H)), it suffices
to obtain both upper and lower bounds on the modular my, in terms of ||-|| ;. This is

accomplished below in two technical lemmata.

Lemma 4.1. Let L be the canonical a-stable cylindrical Lévy process in G with cylin-

drical Lévy measure A\. Then there exists a constant c, > 0 such that

r « r 2 —1
| 1@ ar< e [ ] (IR AD) 0o v @nar

for all measurable functions 1 : [0,T] — La(G, H).

Proof. Let F be an operator in Ly(G, H). The spectral theorem for compact operators,
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see e.g. [17, Th. 4.1], guarantees that F' has a decomposition of the form
oo
F = Z’}/j@’j’ ->bj, (4.1)
j=1

where (a;);jen and (bj)jen are orthonormal bases of G and H, respectively, and (7;) jen
is a sequence in R. Let m,: H — H be the projection onto Span{b, ..., b, }. We conclude

from the spectral representation (2.5) of the stable measure o, ! for each n € N

15-50n

that

(Ao Flon1)(By) = )\({g G Zn:ﬁmj,gﬂ > 1})

j=1

=)\o 7r;117m7an ({x eR™: 27]21'3 > 1})
- T L drm(d
= e Js fyern: sy, 122>1) (12) g dr va(dz)

= <nyj J>a/2 (dx),

SRn

where v, is a uniform distribution on the sphere Srr not necessarily of unit mass.
By defining ¢, = Z?Zl 7]2 and applying Jensen’s inequality to the concave function

B — B%/2 with respect to the discrete probability measure {c; 1712, woey €y 12 ), we obtain

a /2 a/2 j
%) v |25 vn(dz).
/SRn — / J SRn : CTL ! "

Letting v} = myn, Lemma 2.4 and A2 in [68] imply

a/2

/2 2
j |z|* v (dx) = —un (Srn) Z /s 2|, (dz)
Rn

SRn . CTL
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_E? TN
=~ SR F Ay ey 2 G
Ca (2) ( 2 )j=1 Cn

1/~ )2
=2 (X9)
« j:l
1 /<& /2
= — (X IFay)?)
fe% j=1

where the last step follows from the spectral representation (4.1). Thus, for all n € N

it holds that
1 n a2 B 1 se
= (X IFal” )" < (o Pt om (B, (4.2)
« ]:1

Since m,F' — F in Ly(G, H), Lemma 2.7 implies that ((m, o F)(L(1))) converges

neN
in probability to the random variable F'(L(1)). Condition (2.3) yields

lim (Ao F~ o 1) (BS) = (Ao F~1)(BS).

n—oo
By taking limits as n — oo on both sides in (4.2), we obtain

1 _
I gm) < (Ao F)(Bip)

It follows for any measurable function v : [0,T] — Lo(G, H) that

T T
/|rw<>HLZGH>dt<ca / (Ao w(t)™Y) (dh)dt
0 0 B

T
<co [ [ (IEAD w0 (an)

0 H

which completes the proof. O
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The next lemma is a direct consequence of the inequality
(Ao F7YY (BSy) < clIFl3ymy > F € La(G. H) (4.3)

for some constant ¢ > 0 depending only on «, where A denotes the cylindrical Lévy

measure of a standard symmetric a-stable cylindrical Lévy process, see [37, Le. 1].

Lemma 4.2. Let L be a standard symmetric a-stable cylindrical Lévy process with
cylindrical Lévy measure X\. Then, for all a € (0,2) and m € N there exists al)} < o0

depending only on o and m such that

[ Ul e P an) < a1 6 (1.4)
IR]|<1/m

for all F € Lo(G, H), where limy, oo alt = 0. Moreover, if a € (1,2) then for all

m € N there ezists d)) < oo depending only on o and m such that

/h<1/ ||h||2()\oF—1)(dh)+/ IRl (Ao F=1)(dh) < 2 || FIIS oy (45)

[Al>m

for all F € Lo(G, H), where lim,_oo di = 0.
Proof. Step 1: We begin by proving that there exists an a' such that
[ Ul o P @h) < a2 1Py (4.6)
Ill<1/m ’
for some a}' < co. For each m,n € N, we define
1

Bimn = {h € H:|h| < mQ”} fori=1,..,2".
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We approximate the function ||-||* : H — R on By (L) by

1
m

2" -1 . 2
m m ?
fitcH =R, fii(h) =Y <m2n> LTIV (O

i=1

Since A o F~! is a genuine a-stable measure in H, by [43, Thm. 6.2.7] we have
(Ao F1)(Bfy(r) = r~*(X o F71)(Bf) (4.7)
for r > 0, from which we obtain
[ mrmoe ran -
[RlI<1/m

:# 2n21 <2Zn>2 <(A o F7Y) (Bfyn) — Ao F7Y) (Bfiymn) )

i=1

:ﬂ;uop—lea)Qg <2>2 <<m2> . <m+21>>

=m0 F (5 | 1 (Z— <2> 1(;,2';31“)) ™)

=1

L2l N2 o
=m®"*(\o F~1)(Bf) /0 (Z <2n> 1(&7%]@)) ar™ D dr

=1

for n € N. Hence, by the Monotone Convergence Theorem we obtain

lim Fr(R)(X o F1)(dh)

e J|nlI<1/m
1 /2"—-1 i 2
=m* 2a(Xo F~1(B%) ILm <Z <2n> l(% 1;1](7“)> rmeth qp
n o0 0 n n

1
=m®32a(Xo F_l)(B%) / r2r= (@) gy
0

1
= mo‘_2a(/\ o F_l)(BjiI) / rl=dr
0
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_ [0
:ma2

5 a(A o F~H(B%). (4.8)

At the same time, since for all h € By (L) we have lim,_,o f7'(h) = |A||* and f7(h) <

||h||? for all m,n € N, we can use the Monotone Convergence Theorem to conclude that

lim FPR) (Ao F-1)(dh) :/ 1B (Vo F-1Y(dh). (4.9

e J|hl|<1/m Irl|<1/m
Combining Equations (4.8) and (4.9) and applying estimate (4.3), we get

(07 1 —2 @
(Ao F7)(Bg) <m® ECHF”%Q(G,H)-

/ 12 (o F1)(dh) = m®?
Ih|<1/m 2

—

Hence, we arrive at the estimate (4.6), with a™ = m®~2

5o c. Since a < 2, it follows
that limy, . al} = 0.
Step 2: We claim that for all a € (1,2) and m € N there exists b < oo, depending

only on o and m, such that

/ o Bl o ) < 7 P
>m

for all F' € Ly(G, H), where for each o € (1,2) we have lim,, o b2 = 0. The proof is

analogous to Step 1. O

Theorem 4.3. The space I(Ife% 1, of deterministic functions integrable with respect to

the standard symmetric a-stable cylindrical Lévy process in G for a € (0,2) coincides

with L{,, ([0,T], L2(G, H)).

Proof. Combining Lemma 4.1, Lemma 4.2 and Inequality (4.3), we get that there exists

constants c,,d, > 0, depending only on «, such that for all measurable functions
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Y :[0,T] = Lo(G, H) we have

1 (T . T -
= [ Oemar< [ [ (WA (o an a

T
<da [ IO 6 m o (4.10)

Since L has cylindrical characteristics (0,0, \), for each measurable function v : [0, 7] —

Ls(G, H), the modular my, takes the form

T T
ma) = [ [ QbIEAr)y (ow @+ [ (1ol A1)

Hence, it follows from Equation (4.10) that mp (1) is finite if and only if |4 ;. is finite,
which implies that M5 , = L& ([0,T], L»(G, H)). Since by Theorem 3.27, we have

that Mgesm L= I(Ife%’ 1, the result follows. O

In light of the above theorem, we can now complete the picture, and characterise the
largest space of predictable integrands which are stochastically integrable with respect
to a standard symmetric a-stable cylindrical Lévy process. This result might be viewed
as the natural extension of the integrability condition obtained for real-valued standard

symmetric a-stable Lévy processes by Rosinski and Woyczynski in [69, Th. 4.1].

Theorem 4.4. The space ISE’L of predicable Hilbert-Schmidt operator-valued processes
integrable with respect to a standard symmetric a-stable cylindrical Lévy process in G

for a € (0,2) coincides with predictable processes in L% (Q, Lﬁeb([O,T], LQ(G,H))).
Proof. The proof is a direct consequence of Theorems 3.44 and 4.3. ]

While a stochastic dominated convergence theorem for general cylindrical Lévy
processes was proved in Theorem 3.50, due to the complicated nature of the general

modular, in practice, it might be rather difficult to apply this result. However, as one
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might expect, in the case of a standard symmetric a-stable cylindrical Lévy process,

the conditions become much simpler.

Theorem 4.5. Let L be a standard symmetric a-stable cylindrical Lévy process and

(U )nen @ sequence of processes in I;Iir%l,L such that
(1) (¥)nen converges Pr-a.e. to an La(G, H)-valued predictable process U;

2) there exists a process Y € TS . satisfying for all n € N that
prd,L
19Dl o) < 0@y for Pr-a.a. (w,t) € @ x [0,7).
(G,H) (G,H)

Then it follows that ¥ € I;Ii:?i,L and

t t
/\I/ndL—/\IldLH>e>—O for all e > 0.
0 0

Proof. Since Equation (4.10) implies that mp(-) and [|-||;« generate the same topol-

n—00 t€[0,7]

lim P( sup

ogy when L is a standard symmetric a-stable cylindrical Lévy process, we can apply

Theorem 3.50 to conclude the proof. ]

Later, we will need the following stochastic Fubini theorem, which provides condi-

tions under which it is possible to interchange stochastic and Lebsegue integrals.

Theorem 4.6 (Stochastic Fubini Theorem). Let L be a standard symmetric a-stable
cylindrical Lévy process for a € (1,2). If U: Q x [0,T]?> — Lo(G, H) is measurable,
U(t,-) is predictable for every t € [0,T], and fOT fOT||\I/(t, )Ty cm) dtds < oo a.s.
then it follows:

(a) W(t,-) is stochastically integrable for every t € [0,T] and fOT U(-,s)dL(s) is a.s.

Bochner integrable;
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(b) ¥(-,s) is a.s. Bochner integrable for every s € [0,T] and f(;r U(t,-)dt is stochas-

tically integrable;
T T T .
(c) / </ U(t,s) dt> dL(s) :/ (/ U(t,s) dL(3)> dt a.s.
0 0 0 .
Proof. The proof is similar as in finite dimensions; see [82]. O

Finally, we recall an important moment estimate for stochastic integrals with respect
to standard symmetric a-stable cylindrical Lévy processes, which will be heavily used

in the sequel.

Lemma 4.7. For every 0 < p < a and stochastically integrable predictable process ¥

we have
t P T p/o
E | sup / vdr < epa (E [/ Oz, w.m) dt}) , (4.11)
te[o,7] 11J0 0 ’
where L is a standard symmetric a-stable cylindrical Lévy process and e, o = aL_peg’/(j
for some es o € (0,00) that depends only on «.
Proof. A straightforward extension of [37, Cor. 3| to predictable integrands. O

4.2 Random measures and compensators

In this section, we briefly recall some results on random measures and their compen-

sators from [27, Ch. II].

Definition 4.8 (Random measure). A family p = {p(w;dt,dh) : w € Q} is called a
random measure on [0,T] x H if u(w) is a measure on B([0,T])RB(H) for each w € .

It is said to be an integer-valued random measure if moreover, we have:
(i) p({t} x H) <1 for allt €[0,T] P-a.s.;
(ii) p takes values in NU {oco} P-a.s.
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We denote by P (resp. O) the predictable (resp. optional) o-algebra on Qx [0, T]x H
and call a function W : Q x [0,T] x H — R predictable (resp. optional) if it is P (resp.
O) measurable.

If 14 is a random measure and W is optional we define

([ [ wsmuas.am) @

fo S W(w, s, h) p(w)(ds,dh), 1ff0 S5 IW (w, s, h)| p(w)(ds,dh) < oo

00, otherwise.

A random measure p is called predictable (resp. optional) if (fg S W (s, h) p(ds,dh) :
t € [0,T]) is predictable (resp. optional) for every predictable (resp. optional) func-
tion W. An optional random measure p is called P-o-finite if there exists a sequence
(Ap)nen C P with U2, Ay = Qx[0,7] x H, such that £ [fOT [y La, (5, h) p(ds, dh)] <
oo for each n € N.

For each P-o-finite, optional random measure won [0,T] x H there exists a pre-

dictable random measure v on [0,7] x H such that

[//Wsh dsdh] [//Wsh dsdh)} (4.12)

for all t € [0, T, and any non-negative predictable function W. The measure v is deter-
mined uniquely up to a set of probability zero by (4.12) and is called the compensator
of p; see [27, th. I1.1.8].

If Y is an H-valued, adapted cadlag process then the integer-valued random measure

Y characterised by

p (0,4 x By= > 1p(AY(s)), t€(0,T),B€B(H),0¢ B,
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where AY (s) := Y (s) — limp\ o4 Y(s — h) for s € [0, 77, is an optional and P-o-finite

random measure on [0,7] x H. Thus, its compensator exists, which we denote by vy,

Example 4.9. Let L be a genuine H-valued Lévy process with Lévy measure A. Then
the compensator v* of the jump measure pu* is given as the extension of u*((s,t]x B) =

(t—s)A(B), 0< s <t <T, BeB(H) to B([0,T]) ® B(H).

In the sequel, we will make use of another characterisation of compensators of
jump-measures. We denote by Ct(H) the class of non-negative, continuous functions

k : H — R bounded on H and vanishing inside a neighbourhood of 0.

Proposition 4.10. The compensator v¥ of the jump-measure p* of an H-valued
cadlag semimartingale Y is characterised by being predictable and satisfying either of

the following:

(i) The process

</ / Y(ds,dh) / / Y(ds,dh) : [0,T]>

is a local martingale for every k € CT(H).

(ii) If W is predictable and the process

</ / W (s, h) ¥ (ds, dh) : [O,T}) (4.13)

18 locally integrable, then so is

<//Wsh (ds, dh) : [0,T]>
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and

(/Ot/HW(S,h)MY(ds,dh)—/Ot/}IW(&h)VY(dS,dh): ‘e [o,:m)

s a local martingale.

Proof. The equivalence between (i) and (ii) follows by the same argument as in the proof
of [27, Th. 11.2.21.]. The fact that (ii) is an equivalent definition of the compensator is
proved in [27, Th. I1.1.8.]. O

Proposition 4.10 justifies the following standard notation: if W is predictable and

(4.13) is locally integrable, we define the following local martingale
t
[ [ wismy = s.any
0 JH

- /Ot/HW(s,h)uY(ds,dh)—/Ot/HW(s,h) VY (ds, dh)

for each t € [0, 7.

4.3 Predictable compensator of the integral process

In what follows, we will be interested in stochastic integral processes driven by standard
symmetric a-stable cylindrical Lévy processes L in a Hilbert space U. More precisely,

we fix a predictable stochastic process G € LY (Q, LYy ([O, T), Lo(U, H ))), and consider

t
([Gu)
0 te[0,7)

By Theorem 3.49, we know that these processes are semimartingales. However, as we

the integral process

shall see below, when L is a standard symmetric a-stable cylindrical Lévy process for

some « € (1,2), these integral processes become local martingales.
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Lemma 4.11. If G is a predictable stochastic process, stochastically integrable with
respect to a standard symmetric a-stable cylindrical Lévy process L in U for some

a € (1,2), then the integral process fo G dL is a local martingale.

Proof. Define the predictable stopping times 7, = inf {t >0: fg NG,y ds > n}
for n € N. It follows from Proposition 4.22(ii) and Lemma 1.3 in [13] that for each

n € N there exists a sequence of predictable step processes (G, k)ken such that

T
lim F UO ||G(s)Lpo,r (5) — Gn,k(s)HjQ(UvH) ds} =0. (4.14)

k—o00

Since inequality (4.11) guarantees for each k,n € N that
1/a

t T
/GmdeH <era <E [/ HGn,k(s)H%Q(U’H)dsD < o0,
0 0

the same arguments as in [64, Th. I:51] show that the processes fo G i AL are martin-

E | sup

0<t<T

gales. By Inequality (4.11) and Equation (4.14), we have that |, Gl dL is a limit
of martingales in L' (2, H), and thus a martingale. Since standard arguments, see e.g.

[64, Th. 1.12], establish

</ GdL) :/ Gy, dL  as., (4.15)
0 0

for the stopped integral process, the proof is completed. ]

For a standard symmetric a-stable cylindrical Lévy process L for some o € (1,2)
and a stochastically integrable predictable process G, we define the integral process

X = fo GdL and

v((0,t] x B) := /Ot (Ao G(s)™!) (B)ds for each t € (0,T], B € B(H) with 0 ¢ B.

(4.16)
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The main result of this section is that v extends to a random measure on [0,7] x H
and that the extension is the predictable compensator of the jump measure of X. We

will derive this result in a number of Lemmata.

Lemma 4.12. The set function v defined in (4.16) is well defined and extends to a
predictable random measure on [0,T) x H. This extension is unique among the class of

o-finite random measures on [0,T] x H that assign 0 mass to the origin.

Proof. Step 1: We show that for all open sets B C H with 0 ¢ B the process
f:Ox[0,T] =R, f(wt)= ()\oG(w,t)’l) (B)

is predictable. Since the set B is assumed to be open and bounded away from 0, it fol-
lows from Lemma 2.7 and the Portmanteau Theorem that the function h: Ly(U, H) — R
defined by h(F) = (Ao F~1)(B) is lower semicontinuous, and hence measurable. More-
over, as the stochastic process G: Q x [0,T] — Lo(U, H) is predictable, it follows that
the composition f = h o GG is predictable.

Step 2: We show that f is predictable for all B € B(H \ {0}), which will immediately
imply that (4.16) is almost surely well defined and predictable as it is then just an

integral of a non-negative predictable process. We define
D={BeB(H\{0}): AoG(-,) "(B) is predictable}

and claim that D is a A-system. Continuity of measures implies that H \ {0} € D since,

for all ¢ € (0,7] and w € Q, we have
(Ao G(w,t)™ 1) (H\ {0}) = le (Ao G(w,t)™") (Br (1/n)°),
where the right hand side is the limit of processes that are predictable by Step 1. If
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B € D then B¢ € D since
(Ao Gw,t)™1) (B) = (Ao G(w,t) ™) (H\{0}) = (Ao G(w, 1)) (B).

The collection D is closed under union of increasing sequences, which follows as above
from continuity of measures and predictability of the pointwise limit. This concludes
the proof of the claim that D is a A-system.

We define the w-system.

Z={BeB(H\{0}): B is open}.
The family 7 is contained in D, since for each B € 7 we have

(Ao G(w,t)™1) (B) = lim (Ao G(w,t)™!) (BN Bu(1/n)%),

n—o0

and the right-hand side is predictable by Step 1. The Dynkin 7-A theorem for sets, see
e.g. [31, Th. 1.1] implies ¢(Z) C D, and thus D = B(H \ {0}).
Step 3: Let w € € be such that f(;[ HG((J.),S)|’%2(U’H) ds < co. Equation (4.16) defines

the set function v(w) on the semi-ring
S={(0,t]xB:te[0,T] and B € B(H \ {0})}.

The set function v(w) is o-additive by its very definition and o-finite, since for n € N

we have by (4.3) and (4.7) that

T
v(w) ((O,T] X ng (1/n)) :/0 ()\o G(w,s)_l) (E;I (1/n)) ds

T —-C
:na/o ()\OG(w,s)_l) (By) ds
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T
<n® c/o G (w, )T, 0,1y ds < o0

Carathéodory’s extension theorem, see e.g. [31, Th. 2.5], implies that the set function
v(w) extends uniquely to a measure on B([0,7]) ® B(H \ {0}) which we also denote
by v(w).

Step 4: It remains to show that v is predictable. Applying the monotone class
theorem as above shows that the process [; (Ao G(s)™!) (B)ds is predictable for each
B e B(H \ {0}). Since

/' 1oy ()1a (Ao G(u)~1) (B) du = / (Vo (1 14G(w) ") (B)du,

0 0

it follows that the process [; [ W (u,h)v(du,dh)(-) is predictable for all functions
W =1 4lalp with0 < s <t <T, A€ Fsand B € B(H \ {0}). An application
of the functional monotone class theorem (follows e.g. from [81, Th. 3.14]) extends
this result to all predictable processes W on € x [0,7T] x H, which shows predictability
of the random measure v on [0,7] x H \ {0}. Defining v((s,t] x {0}) := 0 for any

0 < s <t<T extends v to a predictable random measure on [0,7] x H. O

To show that the random measure v characterised by (4.16) is the compensator of
the jump-measure u* of the integral process X, we first consider the case when the

integrand is a predictable step process.

Lemma 4.13. Suppose that G is a predictable step process in Srlfr(sj. Then the random

measure v obtained in Lemma /.12 is the predictable compensator of pX.

Proof. Since Lemma 4.12 guarantees that v is predictable, it remains to show (4.12),
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which by the functional monotone class theorem reduces to proving

E |14 Z 15(AX (u)) :E[HA/t (Ao G(u)™) (B)du

s<u<t

forany 0 < s <t <T, A€ Fsand B € B(H) with 0 ¢ B. Let G be of the form

N
G =Folpy + Y Fil( ,4), (4.17)
i=1

where N € N, 0 = ty) < t; < --- < ty = T and F; is an F;, ,-measurable and
Lo(U, H)-valued random variable taking finitely many values. Moreover, without the
loss of generality, we may assume that the points of the time partition contain s and ¢;

otherwise these can be added without changing G. Then X takes the form
t N
X(t) = / GAL =Y F(L(t:AD) = Lt AD), te[0,T],  (418)
0 i=1
and it follows that

N
1y > 1pAX@) =1ad. > 1p(A(GE)LW))

s<u<t i=1 s<t;_1<u<t; <t

:1A§: > 1s(A(RLW)).

=1 s<t; 1 <u<lt; <t

For each 7 € {1,..., N}, the random variable F; is of the form F; = Z’an’l L4, iy for
some pairwise disjoint sets A; ; € Fy, , and ¢;; € Lo(U, H) for j € {1,...,m;}. Since
0 ¢ B, we have

E |14 Z IB(A(FiL(u))) ziE TanA,, Z ]lB<A(%,jL(U)))
j=1

ti—1<u<t; ti—1<u<t;
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= i(t, —ti1)E []lAﬂAi,j <)‘ © @Z}) (B)}

<

(ti — i) E [1a (Xo 1) (B)]

because AN A;; € F;,_, and the compensator of the jump measure of the Lévy process
vi ;L in H is given by ()\ o ‘Pi_jl> dh dt since its Lévy measure is ()\ ) ‘Pz‘_jl)’ see Example
4.9. ]

Before we show that the result of Lemma 4.13 can be extended to general integrands,
we need to prove some technical Lemmata. Recall the class of functions C*(H) used

in Proposition 4.10 (and defined just before) to determine the compensator.

Lemma 4.14. Let (fn)nen be a sequence of cadlag functions f,: [0,T] — H converging

uniformly to f: [0,T] — H. Then we have for any k € CT(H) that

lim sup D k(Afals) = > k(Af(s)]| =0. (4.19)
T0E(0,T] o<t 0<s<t
Proof. Both sums in (4.19) are finite by the cadlag property of f, f,, and since k vanishes
inside a neighbourhood of 0. The assumed uniform convergence implies

lim sup ||Af.(t) — Af(t)]| =0. (4.20)

n—oo te [07T}

Denoting supp(k) := {h € H : k(h) # 0} and § := 1dist(0,supp(k)), we obtain
that supp(k)s; := {h € H,dist(h,supp(k)) < d}, is bounded away from zero, i.e. 0 ¢
supp(k)s. It follows that the set D := {t € [0,T] : Af(t) € supp(k)s} is finite, which
together with continuity of k£ and (4.20) implies

lim sup [E(Afn(t)) — k(Af(t))] = 0. (4.21)

n—o0 teD
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Since (4.20) guarantees that there exists ng € N such that we have Af,,(t) ¢ supp(k)

for all n > ng and ¢t € [0,7] \ D, we conclude from (4.21) for n > ng that

sup Z (Afn(s Z k(Af(s

e[0T |g<s<t 0<s<t
= sup Z E(Afn(s Z k(Af(s
t€l0.T] | s prjo,¢] s€DN[0,¢]

< |D| sup [E(Afn(t)) = K(Af(8))] =0, n— oo

The proof is complete. O

Lemma 4.15. Let g, 9 € L{,([0,T], L2(U, H)), n € N, be such that g, converges to
g in LY ([0,T], L2(U, H)) and pointwise for almost every s € [0,T]. Then we obtain
for each k € CT(H) that

// )\ogn dhds—// /\og )dhdSZO.

Proof. Let k € CT(H) be fixed. By Lemma 2.7, we have for Lebesgue almost all
s € [0, T] that

lim sup
=00 te[0,T]

lim k(h) ()\ogn(s)_l) dh = /Hk(h) ()\og(s)_l) dh.

n—oo H

Since k is bounded and vanishes in a neighbourhood of 0, we conclude from Inequality

(4.3) and Equation 4.7 that

/H k(h) (Ao gu(s)™) dh < i l19a()]13, 0

for a constant ¢y, independent of s € [0,7] and n € N. Since it follows from our
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assumptions that for each ¢t € [0,7T] we have

t t
i [ om0 = [ oo, d.

n—oo

the generalised dominated convergence theorem, see e.g. [70, Th. 4.19], implies

h_}m// )\ogn dhds—// )\og )1) dhds.

As the functions

t%)/i/n (Ao gn(s)™!) dhds

are continuous monotone and converge pointwise to a continuous limit on [0,77], the

convergence is uniform by [62, p. 81/127] (or deuxieme théoréme de Dini). O
Now we can prove the main result of this section.

Theorem 4.16. Let L be a standard symmetric a-stable cylindrical Lévy process L
for some a € (1,2), and G a stochastically integrable predictable process. Then the
predictable compensator vX of the jump measure p~ of X := fo GdL s characterised

by (4.16).

Proof. In light of Proposition 4.10, it suffices to show that the process M* defined by

( // X(ds, dh) // ) (o G(s)™ )dhds,té[O,T]),

is a local martingale for any k¥ € CT(H). By Theorem 3.44, we can use Lemma
3.39 to show that there exists a sequence (Gy)nen of predictable step processes in
SHS brd converging in probability in Ly ([0,T),Lo(U,H)) and Pr — a.e. to G. By tak-

ing a suitable subsequence, we may assume that (G, )nen converges almost surely in
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L, ([0,T), Lo(U, H)). Moreover, it follows from Corollary 3.47 and Remark 3.48 that
by taking another subsequence if necessary, we can assume that the sequence of inte-
gral processes ([, GndL)nen converges uniformly almost surely to the integral process
Jo GAL. Letting X,, := [, GpdL and denoting the jump-measure of X, by wXn . we
define for each k € C*(H) and n € N a process M? by

(Mﬁ(t) = /Ot/Hk(h)uX"(ds,dh)—/Ot/Hk(h) (Ao Gn(s)7!) dhds, t € [0,T]>.

Proposition 4.10 and Lemma 4.13 imply that MF is a local martingale for all n € N.
Since for each n € N and ¢ € [0, 7] we have that p*»({t} x H) < 1 almost surely, it

follows that for each n € N and ¢ € [0, 7] we have

’A (/Ot/Hk(h)an(dh,ds)>‘§||k:||oo a.s.,

which shows that [AME(t)| < ||k a.s. for all n € N and t € [0, T7.
Almost sure uniform convergence of X,, and Lemma 4.14 guarantee that there exists

an Q) C Q with P(€Q;) = 1 such that, for all w € Q;, we have

// w0 (dh, ds) // pX@(dh,ds)| =0.  (4.22)

In the same way, convergence of G, both in L{', ([0,T], L2(U, H)) a.s. and Pr — a.e.

lim sup
=00 tc[0,T)

allows us to conclude by Lemma 4.15 that there exists an 2o C  with P(€Q) = 1 such

that, for all w € 9, we have

/Ot/Hk(h) (Ao Gp(w,s)™") dhds—/ot/Hk(h) (Ao G(w,s)"") dhds| =o.

(4.23)

lim sup
=90 4e[0,T]

Equations (4.22) and (4.23) show that MF converges uniformly to M* almost surely.
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As the jumps of MF are a.s. uniformly bounded by ||k||_, we conclude from [27, Co.

IX.1.19] that M * is a local martingale and the proof is complete. ]

4.4 Quadratic variation of the integral process

The covariation of two real-valued cadlag semimartingales V7, and V5 starting from zero

is the process [V1, V3] defined by
Vi) (0 = Vi - [ Vio)avae) - [ o vt e 0.1

When V := V; = Vs, we call the process [V] := [V, V] the quadratic variation of V.

The continuous part of [V] is defined by

VIC(t)=[VI(t) = Y (AV(s))* for each t € [0,T]. (4.24)
0<s<t
If [V]® = 0 we say that V is purely discontinuous; see e.g. [64, Se. IL.6].
The concept of quadratic variation is generalised for a cadlag semimartingale Z
with values in the separable Hilbert space H in [46, Sec. 26]. Let (f;)ien denote an
orthonormal basis of H. There exists a unique stochastic process [[Z]] with values in

the Hilbert-Schmidt tensor product of H satisfying
(2], fi® f;) = [Zi,2;] for alld,j €N,

where ® denotes the tensor product and Z;(t) = (Z(t), f;) for t € [0,T] are the projec-
tion processes of Z; see [46, Se. 21.2] for brief introduction. The process [[Z]] does not

depend on the choice of the orthonormal basis (f;)ien. The process [[Z]] is called the
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tensor quadratic variation of Z and its continuous part [[Z]]° is defined by

([[2]° @), fi ® f5)
= (2N @), fi® f;) = Y A(Z'(s)Z/(s)) for all t € [0,T], 4,5 € N.
0<s<t

We say that Z is purely discontinuous if [[Z]]“=0.

Proposition 4.17. Let L be a standard symmetric a-stable cylindrical Lévy process
for some o € (1,2), and G a stochastically integrable predictable process with values in

Lo(U,H). Then the integral process X := fo G dL is purely discontinuous.

Proof. We proceed in three steps.

Step 1: Assume H = R and U = R? for some d € N. In this case, L is a U-valued
standard symmetric a-stable Lévy process, and therefore purely discontinuous; see e.g.
[64, p. 71]. Pure discontinuity is preserved also for the integral process; see e.g. [27, Se.
IX.5.5a] or [64, Th. I1.29].

Step 2: Assume H = R, but without any further restrictions on U. In that case, by

the identification U ~ Lo(U,R), the integrand G is a U-valued process satisfying
T
/ GO dt < 00 as. (4.25)
0

Fix an orthonormal basis (fi)ren in U and define for each n € N the projection
n
T U—=U,  mn(u) = (u, fi) fre

k=1

Since the projection 7, is a Hilbert-Schmidt operator, there exists a U-valued Lévy

process L, with the property (L,,u) = L(m}u) for all u € U. We define the approxi-
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mations

X ::/ GdL,, neN.
0

Since L, attains values in a finite-dimensional subspace and is a symmetric a-stable
process by [68, Le. 2.4], it follows that X, is purely discontinuous by Step 1.
Let M be a real-valued, continuous martingale and define for £ € N the stopping

times
t
Tk :inf{t>0 :/ [|G(s)||*ds > k:}/\inf{t>0: M (t)| >k} AT.
0

It follows that 7, — T as k — oo by (4.25). Since X, is purely discontinuous, it follows
from [27, Le. 1.4.14] that (X,M)™ is a local martingale for each k, n € N. Since

applying Inequality (4.11) and Equation (4.15) shows

t

E | sup [(X,M)™(t)] ; Lio,7,]G AL,

0<t<T

=FE | sup |M(t)™

0<t<T

Tk
<keiF [/ [|G(s)||* ds] <eia k? < oo,
0

we obtain that (X,,M)™ is a martingale by [64, Th. I:51].
Noting that [; GdL, = [, G, dL, Inequality (4.11) and Equation (4.15) establish
for each t > 0 that

Tim B ([[(X,M ~ XM)™(1)]] < lim kE H/ 1.7 G(mn — ) dLH
1/a
< Jim exh (5| /O IG6)m = DI 35
= 0.
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It follows that the process (X M)™ as a limit of martingales is itself a martingale. Since
X is a local martingale according to Lemma 4.11 and M is an arbitrary real-valued
continuous martingale, it follows from [27, Le. 1.4.14] that X is purely discontinuous.

Step 3: For the general case, we fix an orthonormal basis (f;);en in H and choose any
i,j € N. Since (X (t), f;) = fot G*f; dL = fg(G*fi, -y dL for every t > 0, the polarisation

formula for real-valued covariation shows

(X1, ei@ej) = [/ G*eldL/G*e]dL]

([ e at] - [[ @] - [ [ @]

Linearity of the integral and binomial formula enable us to conclude

> A(X(s),e)(X(s),e5)

0<s<t
() ()
=O§St2 <A (/OSG*(eiJrej)de A (/Osg*eidL>2—A </OSG*6jdL>2> .

The very definition (4.24) of the continuous part leads us to

(X ei@e;) = ([X]] es @ej) — D A(X (X(s),e5)

0<s<t

([ e o] - [/ ceat] - [[ @ea]).

Since Step 2 guarantees that the processes [, G*(e; +e¢;) dL, [j G*e;dL and [; G*e; dL
are purely discontinuous, it follows that ([[X]]°,e; ® ¢;) = 0 for all 4,5 € N which

completes the proof. O
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4.5 Strong Ito formula

In this section, we establish an It6 formula for processes that are given by a differential
driven by a standard symmetric a-stable cylindrical Lévy process L for a € (1,2) and

are of the form
dX(t) = F(t)dt + G(¢t)dL(t) fort e [0,T], (4.26)
where F': Q x [0,T] — H, G: Q x [0,T] — Lo(U, H) are predictable and satisfy
T
| IO+ IO i dt <0 as (4.27)

We denote by Cg(H ) the space of continuous functions f: H — R having bounded first

and second Fréchet derivatives, which are denoted by Df and D?f, respectively.

Theorem 4.18. Let X be a stochastic process of the form (4.26). It follows for each
feCiH) and t € [0,T) that

F(X ()
— F(X(0) + /0 (DF(X(s)), F(s)) ds + /0 (G(s)* DF(X(s—)), ) dL(s) + M(t)

+/Ot/H(f(X(s—)+h)—f(X(s—))—(Df(X(S_)),m) VX (dh, ds).

where My := (My(t) : t €[0,T]) is a local martingale defined by

My (t) := /0 /H (f(X(s=) +h) = f(X(5=)) = (Df(X(5-)), 1)) (¥ —v™)(dh,ds),

and we have

v (dh,ds) = (Ao G(s)™") (dh) ds.
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Lemma 4.19. Let A be the cylindrical Lévy measure of a standard symmetric a-stable
cylindrical Lévy process for a € (1,2). Then we have for each f € Cg(H), he H, and
F € Ly(U, H) that

/H [F(h+g) — F(h) — (Df(h), )] (Ao F~1) (dg)

1 o
<l (2000 + 311D ) 1P

where dY, is a constant depending only on o as defined in Inequality (4.5).
Proof. Taylor’s remainder theorem in the integral form, see [3, Th. VIL.5.8], and In-

equality (4.5) imply

| 1fh+.9) = 700 = (DS ), 9)| (ho F ) ()

By

:/BH
1

<ol [ ([ 1o -0@) o) @

=310l [ ol (vo 1) )

1
/0 (D*f(h+69)g,9)(1 - 0) d9‘ (Ao F71) (dg)

1
< d}li HDQfHOO HFH%Q(U,H) - (4.28)
Similarly, Taylor’s remainder theorem in the integral form and Inequality (4.5) show

|1t g~ sl (o P o) = [
By

B

< |er||00/3% (/Olngu ) (e ) (ag)

< dy ||Dfll o 1F Ty 01 - (4.29)

1
/0 (Df(h—i—Qg),g)d@‘ ()\OF_I) (dg)
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Another application of Inequality (4.5) shows

[ D9 (o P (dg) < 1071, [ llall (o P (do)
B, B

H

< de 1D flloo 1FI1% 07 - (4.30)

Combining Inequalities (4.28) to (4.30) completes the proof. O

Proof of Theorem /.18. The stochastic process X given by (4.26) is purely discontin-
uous as it is the sum of a finite-variation process and a purely discontinuous process
according to Proposition 4.17. The It6 formula in [46, Th. 27.2] takes for all ¢ € [0, T]

the form

AF(X(8) = (DF(X(1-)), ) X (1)
4 /H (F(X(t=) +B) — F(X(t=)) — (DF(X (=), h)) ¥ (dh, dt).

(4.31)

One can show by approximating with simple integrands that
(Df(X(t=)),-) dX(t) = (Df(X(t=)), F(t)) dt + (G()" D f(X(t=)), ) AL(D),
where both integrals are well-defined since (4.27) guarantees

T
/O (Df(X (=), FE)] + [KG(&)* Df(X (=), MLy wry dt
T T
< !DfHoo/O @) dt + HDf\ﬁo/O GO, @,y At < oo as.
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The definition of the compensator v* and Lemma 4.19 imply
T
E [ [ [ 1500604 = (X (5)) = (DX, ) M(ds,dh)}
0 H
T
B [ [ [ 1ty - x50 — Ds (X (5.0 VX<ds,dh>]

1 1 2 T a
<t (200511 + 11D ) | 16620 0s] (1.32)

The stopping times 7, := inf {t >0: fg NGy way ds > n} AT satisty 7, — T as
n — oo by (4.27). Since Inequality (4.32) guarantees for all n € N that

TNATh
- — s—)) — 5— X(ds o
E[/O /H!f(X(s )+ h) = f(X(s=)) = (Df(X(s—)), h)|p™ (d ,dh)] < o0,

Proposition 4.10 shows that M} is a local martingale. This concludes the proof, since

the claimed formula is just a different form of (4.31). O
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5 Stochastic evolution equations driven by standard sym-

metric a-stable cylindrical Lévy processes

5.1 Mild solutions to stochastic evolution equations

We recall that U and H are separable Hilbert spaces with norms ||-|| and L is a standard
symmetric a-stable cylindrical (F;)-Lévy process in U with o € (1,2). In this section

we consider the mild solution of the stochastic evolution equation:

dX(t) = (AX(t) + F(X(t)) dt + G(X(t—))dL(t)  for ¢t € [0,T7,

X(O) = T, (5.1)

where A is a generator of a Cp-semigroup (S(t));~ in H, zo is an Fo-measurable H-
valued random variable, F': H — H and G: H — Lo(U, H) are measurable mappings

and T > 0.

Definition 5.1. An H-valued predictable process X is a mild solution to (5.1) if
t t
X(t) =S(t)zo + / S(t—s)F(X(s))ds + / S(t—s)G(X(s—))dL(s)
0 0

for every t € [0,T).
We work under the following assumptions:

(A1) The Co-semigroup (S(t));>( is compact, analytic and a semigroup of contractions,

and 0 is an element of the resolvent set of A.

(A2) The mapping F is Lipschitz and bounded, i.e. there exists Kp € (0,00) such that

[1E(h1) = F(ho)l| < K ([l = hall,  [[F(h)] < KF (5.2)
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for every hi,hs,h € H.

(A3) The mapping G is Lipschitz and bounded, i.e. there exists K € (0, 00) such that

1G(h1) = G(h)ll iy < K llha = halls Gy < Ka (5:3)

for every hy,ho,h € H.

(A4) The initial condition z( has finite p-th moment for every p < a.

Remark 5.2. We shall use the notation D° := Dom((—A)?) for the domain of the frac-
tional generator (—A)° for § € [0,1], and equip D° with the norm ||h||5 := H(—A)‘shH.
It follows from Assumption (A1) that the embedding of Hilbert spaces D° < D7 is
dense and compact for every 0 <~y <6 <1, ¢f. [6, Cor. 3.8.2].

Remark 5.3. Assumption (A1) implies, cf. [35, p. 289], that for every § > 0 there

exists cg € (0,00) depending only on & such that
IS pa,psy < cst™° for every t > 0. (5.4)

Remark 5.4. By considering the cases ||h1 — ha|| < 1 and ||h1 — hz|| > 1 separately,
we conclude from Assumptions (A2) and (AS3) that there exist Kp, Kg € (0,00) such
that for any 5 € (0,1) we have

|F(h1) — F(ho)ll < Kp by — holl”,  |F(R)|| < KF, (5.5)
and
1G () = Gy < Kar b — bl 16y < Kar  (5.6)

for every hy,ha,h € H.
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The first main theorem of this chapter is the following existence result, which also

includes properties on the path regularity of the solution.

Theorem 5.5. Under the assumptions (A1)-(A4), there exists a mild solution X to
(5.1). The mild solution X is an element of C([0,T], LP(Q2, H)) for every p < a and

has cadlag paths in H.

We will obtain the solution to (5.1) by using Yosida approximations. For this

purpose, we define R,, = n (nl — A)_1 for n € N and denote by X,, the mild solution to

dX,(t) = (AX,(t) + R F (X, (1)) dt + RpG(Xn(t—)) dL(2),

X,(0) = Ryao. (5.7)

Existence of the mild solution X,, to Equation (5.7) with cddldg paths is guaranteed

by [37, Th. 12].

Remark 5.6. We recall that under Assumption (A1) we have for all 6 € [0,1] that
||Rn||L(D‘5) S 1, nc N.

This follows from the fact, that if an operator commutes with A then it commutes with

A7, see e.g. [23, Pr. 3.1.1], which enables us to conclude for every n € N that

IBall oy = sup |In(nl — A)7H(=A)h|| < sup |[n(nd — A) 7 h|| = [|Rnll ooz -
[I(=A4)7h| <1 [lR]|<1

Since (S(t))i=0 is a contraction semigroup, [19, Th. 3.5] guarantees || Ry| gy < 1 for
all n € N.

The solution to (5.1) will be constructed as a limit of X,, in C([0, T, LP(2, H)) for an
arbitrary but fixed p < «. In the first three Lemmata, we establish relative compactness

of the Yosida approximation {X,, : n € N} in the space C([0,T], LP(Q2, H)).
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Lemma 5.7. The set {X,,(t) : n € N} is tight in H for every t € [0,T].
Proof. The case t = 0 follows immediately from the strong convergence of R,. For the

case t € (0,T] we first prove that for every 1 < ¢ < a, and 0 < § < 1/ we have

sup B [IXa(@®)1I3] < co. (5.8)

Applying Hoélder’s inequality and inequality (4.11) shows for every n € N that

E [[IXn(®)]15]

—E [HS(t)ano+ /0 t S(t — 8)RpF(Xn(s))ds + /0 t S(t — 8)RpG(Xn(s—))dL

p
J
<9171 (B Ruaalf] + B | [ 16 - )R F LD ds]
t ’ =
teun (B | [ 180 = RGO 0.0 05]) ) .
Commutativity of S and R,, Remark 5.3 and Remark 5.6 verify

E[||S(t)Rnxolij] < cft=® sup IR lI7 sy E [llzol|7] < o0.

Assumption (A2) on boundedness of F' together with Remark 5.3 and Remark 5.6 yield

t tl—qé
B| [ 18 - )R F OO | < i sup IRl sy K < .

Similarly, Assumption (A3) on boundedness of G implies

([ [ 15t~ RGN 00y 5] )

tl—aé z
< q q
_65<1—a5> i‘éEHR”||L(D5)KG<OO‘
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Combining the above estimates establishes (5.8), which in turn gives the statement of
the Lemma. Indeed, choose any ¢ € (0,1/a) and use Markov’s inequality and (5.8) for
q = 1 to obtain for each N > 0 that

C
sup P (| Xa(8)l; > V) <
neN

for some constant ¢ € (0,00). Since the embedding D° < H is compact according to

Remark 5.2, we obtain tightness of {X,,(¢) : n € N} by Prokhorov’s theorem. O
The following technical result will turn out to be useful in the sequel.

Lemma 5.8. Let V be a separable Hilbert space with the norm |||\, and let A, € L(V)
be a sequence of operators converging strongly to 0. If (Bp)nen is a tight sequence of
uniformly bounded V -valued random variables, then it follows for all p > 0 that

lim sup E [|| Ay Bn|}] = 0.

m—00 neN

Proof. Let € > 0 be fixed. Our assumptions guarantee that there exists a constant
¢ > 0 such that sup,, ,en [[AmBnlll, < ¢ as. and a compact set K. C V satisfying
P(B, ¢ K.) < £ for every n € N. Since any continuous mapping converging to zero
converges uniformly on compacts, there exists m; € N such that for all m > m; we

have

sup/ | A, B (w)[[} P(dw) < e.
neN J{B,eK:}

It follows for all n € N and m > m; that

E | AnBa|2] = / | A Bu(w) 5, P(dw) + / | AnBo (@) P(dw) < 2.
{Br€Kc} {Bn¢K:}

which completes the proof. O
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Lemma 5.9. The sequence {X,(t) : n € N} is relatively compact in L%(Q, H) for
every t € [0,T7.

Proof. First, we impose the additional assumption that
T12%e5, (K& + K&) < 1, (5.9)

where K, Kg come from (5.5), (5.6) and eg 4 is defined just below (4.11). For 1 < p <

a and m,n € N we estimate the p-th moment of the difference X,,(t) — X,,(t) by

E | Xm(t) = Xn(@)]7]

< gp-! (E (1S () (R — Ru)azo|”]
|
|

e (Emsu)mm ~ Ryl

p
e ]

/0 S(t — 8) (R G(Xon(5—)) — RuG(Xn(s—)))dL(s)

/O S(t — 8) (R F(Xm(s)) — RaF(Xn(s)))ds

+FE

1)
1

LBl [ St = $)Ra(F(Xom(5)) = F(Xa(5))ds

L el /t S(t — 8)(Rpn — Ru) F(Xm(s))ds
L 0
i E| [ (1= )R (5-)) — G (5L

+E s S(t — 8)(Rm — Rp)G (X (s—))dL(s)
LIlJo

p] > (5.10)

Furthermore, using Hoélder’s inequality, Inequality (4.11), Remark 5.6, (A1) and the
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and

N
i
7N
&
O\ﬁ
=
S
o,
N——

which together with (5.10) yield

E|Xm(t) = Xa (@[]

< (E[HS(t)(Rm ~ Rayeoll) + E [H / - —pR“ PG|
+ TP e KP, < U [ X ( s)|I” dD
[ xute-yarto]
el i)

If we define

Unp(8) = (B[ Xn(t) = Xa (D7)
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te[0,T

sup E[
t€[0,T
sup E[
t€[0,T

wy :=5» 16r P <Ta—1K% - ez‘;’,aKE":)

U0 = 5f16p<p‘”( sup S5 sy (B [l (B — Ra)aolP]) ?

/ S(t—8)(Ry, — Rp)F (X (s))ds

pDZ‘
/ S(t — 5)(Rm — Rn)G(Xpm(s—))dL(s) pDz>

for t € [0,T], then after raising both sides of (5.11) to the power of «/p and simple

algebraic steps we obtain

t
p
U mp(t) < W00+ 0 / (tn mp(3)) & s,
0

which in turn by Gronwall’s inequality in [80, Th. 2] gives

un?m?p(t>
_a a—p %—P _a o (fa—0Dp %—P
< 2oy (Ug,m,p + <atwp> ) <20 P Uy gy 207 <atwp> -
(5.12)
If we show that

lim 2a-7 <O‘ —P twp) "7 = lim <2ptwp> ) (5.13)

and for any 1 < p < «

. 0 o

mlérgoo Upmp = 0, (5.14)

117



then by (5.12), for each € € (0,1) we can find p* € (1, «) such that

o 1
o (a—p" a~p et
2a—p < 5 twp*> < 5

and an N € N such that for all m,n > N

a+1
o €
ok 0
207" Up e S 5

Thus, for any m,n > N we obtain using Markov’s inequality that

1

*

P (| Xm(t) = Xn(8)]] = €) 8

IN

which concludes the proof under the additional assumption (5.9).

Argument for (5.13): Recall that 1 < p and e, = %_pegf for some ey, € (0,00)

«@

independent of p. Thus, if p is sufficiently close to o we have T ! < eg, « and estimate

J =

(2“ - ptw,,) T (20‘ — Pyt D) <TQ1K% + eﬁaKé» o
P o
_ PRS- e
<5» (2“ Pig2 (O‘ p) " enn (K +K?;)>
(6% a

< 5% (O‘;p> " (1220 (K& + K)o 7

o
\
s

-2
> (T12%e9,0 (K3 + K)o 7.
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Thus, (5.13) follows from the limit

2
lim y? (712294 (K& + K&))! = lim Y

=0
e o (11200 (K + Kg))

by using L’Hospital’s rule and the assumption in Equation (5.9).
Argument for (5.14): Let p € (1,«) be fixed. By strong convergence of R, and

Lebesgue’s dominated convergence theorem we have

lim E[|[(Ry — Ry)xol”] = 0. (5.15)

m,n—00

Moreover, by Holder’s inequality, strong convergence of R,,, Lemma 5.8 and Lebesgue’s

p
lim sup F H ]
m,n—o0 tE[O,T]

<10 s 15O (2] [ 18 - mOFC )P ) <o

tE[O,T] ) m,n— o0

dominated convergence theorem we have

/0 S(t— 8)(Ron — Ro)F(Xom(s))ds

(5.16)

where the assumptions of Lemma 5.8 are satisfied by boundedness of F', see (5.2), and

tightness of {F(X,,(s)), m € N} implied by Lemma 5.7 and continuity of F. Similarly,

P
lim sup E [ ]
m,n—0o0 te [O,T]

<o s SO (2] [ T\|<Rm—Rn>G<Xm<s>>H“ds])§=o.

tG[O,T] m,n—o0

using inequality (4.11) and (5.6), we obtain

/0 S(t— $) (R — R)G(Xon(5—))dL(s)

(5.17)

To prove the general case without the assumption (5.9), we proceed by induction.
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Fix a time

1
Ty € | 0, . 5.18
0 ( 122¢9. (KngKg)) (5.18)

If t € [0, Tp), relative compactness of {X,(¢), n € N} in LY (Q, H) follows from (5.18)
by the previous arguments. Assume that the collection {X,(t), n € N} is relatively
compact in L% (Q, H) for all t € ((k — 1)Tp, kTp]. In order to finish the proof, we need
to show that the result then also holds for all ¢t € (kTp, (k + 1)Tp]. To see this, we fix
t € (KT, (k + 1)Tp] and write

Xon(t) — Xn(t) = S (t — kTp) (5 (KTp) (R — R0

kTo
+ ; S (kTo — 8) (R F(Xm(s) — Ry F(Xp(s)))ds

kTo
+ ; S (kTy — 8) (RmnG(Xm(s—) — RyG(Xn(s—))) dL(s))
+ - S(t — 8)(RnF(Xm(s) — Ry F(Xn(s)))ds

/. S(t = 8)(RnG(Xm(s—) — RnG(Xn(s—))) dL(s)
=S (t — kTp) (Xom (KT0) — X (KT0))
. S(t — 8)(RmF(Xm(s) — RaF(X,(s))) ds

+ - S(t— ) (RmG(Xm(s—) — R,G(Xn(s—)))dL(s).

Since our inductive hypothesis implies that {X,,(kTp), n € N} is relatively compact in
L%(Q, H), it follows that the collection {S(t — Tp) X (kTp), n € N} is also relatively
compact in L% (2, H). Since t — kTp < Ty, it follows from Equation (5.18) that we

have (t — kTp) 12%e54 (K% + K2) < 1, and we can use the same argument as in the
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first part of the proof to obtain relative compactness of (X, (¢))nen in L%(Q, H) for
each t € (kTo, (k + 1)Tp]. By mathematical induction, we can now cover intervals of

arbitrary length. This concludes the proof of the general case. O

We now step from relative compactness of {X,(t) : n € N} in LY(Q, H) for
fixed time ¢ to relative compactness of the processes {X,, : n € N} in the space

C([0,T7,LP(Q, H)) for 0 < p < « using the Arzela—Ascoli Theorem.

Lemma 5.10. The collection {X,, : n € N} is relatively compact in C(]0,T], LP(2, H))

forany 0 < p < a.

Proof. We consider the case 1 < p < « as the case p < 1 follows from the fact that rela-
tive compactness in C([0, T, LP(Q, H)) implies relative compactness in C([0, T], L' (Q, H))
for p > p/. In light of the Arzela—Ascoli Theorem, cf. e.g. [33, Th. 7.17]), it suffices to
show that

(a) {X,(t) :n €N} C LP(Q, H) is relatively compact for each t € [0, T];
(b) {X, :n e N} CC([0,T], LP(Q2, H)) is equicontinuous.

The claim in (a) follows from [16, Cor. 3.3] by Lemmata 5.7, 5.9 and the fact that
Equation (5.8) with 6 = 0 and any ¢ € (p,«) implies via the Vallee-Poussin Theorem
[14, Th. I1.22] that the collection {X,,(¢) : n € N} is p-uniformly integrable and bounded
in LP(Q, H). Hence, it remains only to prove (b). To that end, we take t € [0,7") and
h € (0,T — t], and estimate

| Xn(t+h) = Xn ()]

<5 ( I(5() = 1) S Ruaol? + | [ S04 b= ) RAF (X, (3) ds

p

t+h
+‘/ S(t+h — s)RyG(Xy(s—)) dL(s)
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t p
/O (S(h) — 1) S(t — s) Ry F(X(s)) ds

.

/0 (S(h) — 1) S(t — 5) RuG(Xn(s—)) dL(s)

.

p). (5.19)

El[(S(h) = 1) 5(t) Rnaol|’] < sup 1R l17 gy £ TN(S(R) = I) o]"] (5.20)

Commutativity of R,, and S and contractivity of S implies

Boundedness of F' in Assumption (A2) and contractivity of S imply

E / Sl b O RLF(X(s)) ds

p
] < hPsup || Rul7 ) K- (5.21)
neN

We conclude from Inequality (4.11) by using boundedness of G in Assumption (A3)

and contractivity of S that

p

E / " S(t + h — 8)RuG(Xp(s—)) dL(s) (5.22)

p/o

<ea(E][ TS+ - DL as))

< epa sup || R} ) KGR
neN

It follows from Lemma 5.7 that {X,(s) : n € N} is tight in H for every s € [0,¢].

Lemma 5.8 implies

Jim sup B (S(h) — 1) S{t — ) R F(Xe () |7] = 0.

Lebesgue’s dominated convergence theorem shows

Jim, ; ilellN>E HI(S(h) = 1) S(t — s) RaF'(Xn(s))|I"] ds = 0. (5.23)
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In the same way, after applying Inequality (4.11), we obtain from Lemma 5.8

/0 (S(h) — 1) S(t — 5) RuG(Xn(s—)) dL(s)

lim sup £/ H
N0 peN

p} = 0. (5.24)

Applying (5.20) - (5.24) to Inequality (5.19) shows uniform continuity from the right.
Similar arguments establish uniform continuity from the left, which proves (b), and

thus completes the proof. O

Proof of Theorem 5.5. Let p € (0,«) be fixed and fix g € (0,1) such that p = af,
where f3 is the Holder exponent from (5.6). Lemma 5.10 guarantees that there exists a

subsequence (ny);2; such that

lim sup E[| X, (t)—Z@)|’] =0 (5.25)
k=00 ¢elo0,1]

for some Z € C([0,T], LP(Q2, H)). The proof will be complete if we show that Z is a mild
solution to (5.1). We conclude for each k € N and ¢ € [0, 7] from Lipschitz continuity

of F and Holder continuity of G in (5.2) and (5.6) and contractivity of S by applying

|

Holder’s inequality and Inequality (4.11) that

[H xo/ S(t—9)F (S))ds/Ots(tS)G(Z(S))dL(s)

< (LA4PTY) (E [S@) (B, = Daoll”] + E[1Z(2) — X, ()]

/0 S(t — 5)(G(Z(5—)) — G(Xny (5-))) dL(s)

+E[ / S(t—s)(F(Z(s)) — F(Xn,(s)))ds
0

v |

1)

< (A4 (E [S@) (B, — Daoll”] + E[1Z(2) — Xn, ()]
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t
+ TP 'E UO St = s)(F(Z(s)) = F(Xn, (s)|" ds]

e <E M 1St = $)(G(2(5)) = GXne (D)7, 11 ds] )p/a>

< (1A4Th (E [1S(8) (B, = Daol”] + E [ Z(8) — Xy, ()]

TR sup 501 8| [ 1209 nk<s>||pds}
S

p/a
+ epaky sup IS0 (] [ 1206 = X as)) )
tel0

<@ne (E 1S()(Fo, = DaolP] + (14 TPKE) sup E(IZ(t) = X O

+ epa KETP/® sup (E[|Z(t) — Xn, (1)]7)”
te[0,7)

As the last line tends to 0 as k — oo by (5.25) and strong convergence of R, to I, it
follows that Z is a mild solution to (5.1).
It remains only to establish that Z has cadlag paths, which will follow immediately

from the following corollary as well as the observation that X, has cadlag paths. [

At the end of this section, we present a stronger convergence result for Yosida
approximations that not only completes the proof of Theorem 5.5 but also turns out

to be useful in applications as will be seen in the following sections.

Corollary 5.11. For all 0 < p < « there exists a subsequence (Xy, )ken of the Yosida
approzimations, which converges to a solution to (5.1) both in C([0,T], LP(Q2, H)) and

uniformly on [0,T] almost surely.

Proof. Lemma 5.10 enables us to choose a subsequence (X,,)nen of the Yosida approxi-

mations which converges to the mild solution X in C([0, T, LP(2, H)). To prove almost
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sure convergence, we fix an arbitrary r > 0 and estimate

P ( sup || X (t) — Xn(t)[| > T)
te[0,T

<P ( sup [[S(O(I = Raao| > ;)

t€[0,T

<t:[%%] /St_s X(s)) = RnF(Xp(s))) ds >3>
+P ( sup / S(t—s)(G(X(5—)) — RaG(Xn(s—))) dL(s)| > ;) (5.26)
te[0,7 0

For the following arguments, we define m := sup;co 77 [|S(¢)|| (). As I — Ry converges

to zero strongly as n — oo we obtain

P ( sup [|S®)(I — Rp)xol| > ;) <P (mH(I—Rn)xOH > g) — 0.

te[0,7]

=

For estimating the second term in (5.26), we apply Markov’s inequality and Lipschitz

>
3

continuity of F' in (A2) to obtain

/ S(t — 8)(F(X(s)) — RaF(Xn(s))) ds

sup
t€[0,T]

< # (m [F IR - RaF )5 > §)
<p ([ 10— rorcxe s> )

w2 ([ IR exts) - Fxae ds > o)
<O | [ - moFCee) o

r

6m

+2p| [ B () — FEn())] s
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6m

<[ U - RFX) s

r

6m
2 (sup Rl ) TH sup BIIX(0) - X0
t€[0,T]

We conclude from the last inequality by Lebesgue’s dominated convergence theorem

and convergence of X,, to X in C([0,T], L'(, H)) that
AN
)=

To estimate the last term in (5.26), we apply the dilation theorem for contraction

/0 S(t — $)(F(X(s)) — RuF(Xa(5))) ds

lim P | sup
n—00 t€[0,T]

semigroups, see [74, Th. 1.8.1]): there exists a Co-group (S(t));cr of unitary operators
S‘(t) on a larger Hilbert space H in which H is continuously embedded satisfying
S(t) = w8(t)i for all ¢ > 0, where 7 is the projection from H to H and i is the

continuous embedding of H into H. Thus, if we denote m = SUPyeo,7] H7r§(t)HL(H 1’

k = supge_7,0 Hg (s)z’ LOLEY we may estimate using Markov’s inequality, Inequality
sup / S(t— 5) (G(X(5=)) — RaG(Xn(s—))) dL(s)|| > ©
te[0,T] 3
sup
te[0,7)

(4.11) and Holder continuity of G in (5.6)
[ 8= )R (G0X () - G0 - aLls)

>

3

/St—s (I = Ry) G(X (5—))dL(s)

sup
te[0,T]

S
6

_P<tes[1(1)%] /07?5(75—8) (I — R,)G(X(s—))dL(s) >6)
+P<Sup / mS(t = )i (G(X(s-)) = G(Xn(s-))) dL(5) >g>
te[0,7 0
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_p (t:%%] By / (- Ry) G(X (s=))dL(s)| > 6)
+P < sup Wg(t)/ S(—5)iR, (G(X(s=)) — G(Xn(s—=)))dL(s)|| > g)
t€[0,T] 0
(tes%%] / S(— R,) G(X(s—))dL(s) . > 6m>
+P < sup / S(—5)iRp (G(X (s—)) — G(Xn(s—))) dL(s) > 67“)
tef0,7] 11/o H m
<% p | sup / $(~8)i (I~ Ry) G(X(s-)dL(s) ]
te[0,7 H
6m L )
95 | s / §(=8)iRa (G(X(5-)) — G(X,(s-)) dL(s) ]
r t€[0,7) H

< e (B[ [ 3¢90 - R Gx()

o]
< e (B[ [ 10 - R GOy

1/
6 @
LY ( sup B [(X(0) = Xa(0)] ﬂ) ,

o 1/a
. ds])
Lo(U,H)

N 1/
S(—5)iRn (G(X(5-)) — G(Xn(s—)))‘ . dsD

1/a

te[0,7)

for g € (0,1). We conclude from the last inequality by Lebesgue’s dominated conver-
gence, strong convergence of R, to I, boundedness G in (5.6) and convergence of X,

to X in C([0,T], (2, H)) that

/ S(t — 5)(G(X(5-)) — RaG(Xa(s))) dL(s)

lim P ( sup

n—00 t€[0,7]

We have shown that all the terms on the right hand side of (5.26) converge to zero

as n tends to infinity which gives uniform convergence of X, to X in probability on
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[0,7]. This concludes the proof, since uniform convergence in probability implies the

existence of a desired subsequence. O

5.2 Moment boundedness of evolution equations

In this section, we investigate stability properties of the solution for the stochastic
evolution equation (5.1) by applying the strong It6 formula derived in Theorem 4.18.
More precisely, we shall provide conditions on the coefficients such that the mild solution
X is ultimately exponentially bounded in the p-th moment, that is, there exist constants

mq, ma, m3 > 0 such that
EIX®O|P] € mie ™2 E [||zo]|’] + ms for all t > 0.

Recall that CZ(H) denotes the space of continuous real-valued functions defined on
H with bounded first and second Fréchet derivatives. In what follows, our goal is to

derive a Lyapunov-type criterion using the following operator on Cg(H ):

Lf(h) = (Df(h), Ah+ F(h))
+ [ (10t 9) = 1) = (DS (.g)) (Ao G) (dg). e D' (.21
for f € C2(H). Note that the right hand side of (5.27) is well defined by Lemma

4.19. We can now state the main result of this section, the following general moment

boundedness criterion.

Theorem 5.12. Let p € (0,1) be fized and V be a function in CZ(H) satisfying for

some constants 51, B2, B3, k1, ks > 0 the inequalities

Bu||hl|P — k1 <V (k) < Bo|[h]|P for all h € H, (5.28)

LV (h) < —B3V (k) + ks for all h € D'. (5.29)
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Then the solution X to (5.1) is exponentially ultimately bounded in the p-th moment:

p) <« P2 gt p 1< k3>
E[X@)F] < 5. E||zol| ]+51 k1+53 :

Before we prove Theorem 5.12 we demonstrate its application by deriving conditions

for moment boundedness in terms of the coefficients of Equation (5.1).

Corollary 5.13. Suppose that there exists € > 0 such that
(Ah+ F(h),h) < —€||h||*  for all h € D,

then the solution to (5.1) is exponentially ultimately bounded in the p-th moment for

every p € (0,1).

Proof. Fix p € (0,1) and let ¢ be a function in C?([0, 00)) satisfying ¢(z) = xP/? for
2 >1and ¢(z) <1 for z < 1. By defining V(h) = ¢(||h||*) for all h € H, we obtain
V € C}(H) and

V(h)=||n|[P forallhe By and 0<V(h)<1 forall h e By.

It follows that (5.28) holds with 81 = B2 = k1 = 1. We show that (5.29) also holds. By
the definition of V', it follows for each h € D' N B} that

(DV (h), Ah + F(h)) = p||k|I"~* (h, Ah + F(h)) < —ep||hl|” = —epV (h).
For h € D! N By, one obtains by boundedness of F in Assumption (A2) that
(DV (h), Ah + F(h) < 1DV ||, (114l 1) + Kr)

Since Lemma 4.19 together with boundedness of G in Assumption (A3) implies for each
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h € H that

/H (V(h+g) — V(h) — (DV(R),g)) (Ao G (R)) (dg)
<d (2 |IDV||., + % HDZVHOO> K&,

we have verified Condition (5.29). Hence, an application of Theorem 5.12 completes

the proof. 0

In the remaining of this section, we prove Theorem 5.12 using the Yosida approxi-
mations established in the previous sections. For this purpose, let X,, denote the mild
solution to the approximating equations (5.7) for each n € N. We may assume due
to Corollary 5.11, by passing to a subsequence if necessary, that X, converges to the
solution X of (5.1) uniformly almost surely on [0, T]. In what follows, we will routinely

pass on to a subsequence without changing the indices.

Proposition 5.14. The mild solution X,, of (5.7) is a strong solution attaining values

in DY, that is, for each t € [0,T), it satisfies
t t
Xn(t) = Rpzo + / (AXn(s) + RnF(Xn(s))) ds + / R,G(Xy(s—))dL(s).
0 0

Proof. Our argument will follow closely the proof of [2, Th. 2]. As mild solution, X,

satisfies

Xo(t) = S(t) Rnwo + /0 S(t — $)RpF(Xn(s)) ds + /0 S(t — $)RuG(Xn(s—)) dL(s).

(5.30)
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The process X, is (F;)-measurable with cadlag paths and attains values in D*.

First, we obtain from (5.30) by interchanging integrals and A € L(D"') for ¢t > 0 that

AXo(t) = AS(8) Ruzo + / CAS(t— $)RuF(Xo(s)) ds
0

+ [ A8 - RO s aLls). 6:31)
0

Each term on the right hand side of (5.31) is almost surely Bochner integrable. Indeed,
integrability of the first term is immediate from the uniform boundedness principle.
For the second term, boundedness of F' in Condition (A2) and commutativity of S and

R,, implies

/ /8 |AS(s — )Ry F(Xy(r))|l; drds
0 JO

t s
< 1Al 1Bl i) /0 /0 1S(s — r)F(Xa(s))l| drds < oo as.

Almost sure Bochner integrability of the stochastic integral in (5.31) follows from
boundedness of G in Assumption (A3) and commutativity of S and R, via the es-

timate

E Uot /0 JAS(s — 1) RuG (X (1) |, 0 pry ds}

t s
< HA”%(Dl) ”RHH%(H,Dl) E [/0 /0 1S(s — T)G<XTL(T)>H%2(U,H) drds| <oo.

Integrating both sides of (5.31) results in the equality

/Ot AXp(s)ds = /Ot AS(s)Rpzods + /Ot /Os AS(s —7)R,F (X, (r))drds

+/0 /0 AS(s —r)R,G(Xy(r—))dL(r)ds.

131



Applying Fubini’s theorems, see Theorem 4.6 for the stochastic version, and the equality

fg AS(s)R,hds = S(t)R,h — R,h for all h € H enable us to conclude

/0 " A (5) ds = /0 " AS(s) R ds + /0 t / " AS(s — 1) RF (Xn(r)) ds
+ / t / " AS(s — 1) RaG(Xn(r—)) ds dL(r)
S()Rxo—Ronr/St—r)RF dr—/RF ) dr
/ S(t — 1) RuG( X, (r—)) dL(r) — /0 RaG(X,(r—)) dL(r)
X () — Rnxo_/o RuF( n(r))dr—/OtRnG(Xn(T—))dL(T),

which verifies X, as a strong solution to (5.1). O

We denote by L£,, the usual generator associated with the Yosida approximations
Xy, n € N, defined for f € C2(H) and h € D! by
Ly f(h) = (Df(h), Ah+ RnF(h))
+ [ (#(h+ Rug) = 10 = (DF(). Fug)) (Ao G0 (). (532)
The right hand side of (5.32) is well defined by Lemma 4.19. Recall that the counterpart

to L, for the mild solution X denoted by £ was introduced in (5.27). The generators

Ly, and L are related by the following crucial convergence result.

Lemma 5.15. Let (X,,)nen be solutions of (5.7) which a.s. converges uniformly to the

solution of (5.1). It follows for each f € CZ(H) that

T
lim F [/
n—oo 0

Lof(Xa(5)) —£f(Xn(s))’ds] ~0.
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Proof. We obtain for each h € D! that

[Lf(h) = Lo f(M)] < |[D [l [|(I = Bn) F(R)]

e |[f(h+g) = f(h+ Rug) = (Df(h),(I = Ru) g)| (Ao G(h)™") (dg)

[ Nt g) = F(h+ Rug)l (Mo G()™T) (dg)
+ [ DA 1= R g)l (v G ) (dg) (53
By
Taylor’s remainder theorem in the integral form implies
| 1f(h+g) = f(h+ Rug) = (Df(h), (I = Rn) g)| (Ao G(R)™") (dg)

By
1
< / / (D2f(h+0(I— Ra)g) (I~ Ru)g, (I — Ry)g)(1—0)[d0 (Ao G(h)™) (dg)
By JO

<Pl [ 1= Rygl (ho 60 ) a).
In the same way, we obtain
/B 1f(h+g) — £+ Rug)| (Ao G()™Y) (dg)
<UDl [ I = Ra)gll (Vo GEY™) (do),
By

and also

(Df(h),(I = Rn) g)| (Ao G(R)™") (dg)

|

By

< IDSIl.. /B I = R gl (Ao G(R)™) (dg).

Applying the last three estimates to (5.33) and taking expectation on both sides, it
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follows from Inequality (4.5) and for each n € N that

E [ / L F(Xa(s)) — £F(X(s)) ds]
<|IDJIl E UOTII(I— Rn>F<Xn<s>>||ds]
T
wet | [0 = ) G0 85

where ¢ :=dJ, (2||Df|l., + £ ||D?f]|..).

To complete the proof, it remains to show that both

T

din B[ [ 110 - ) PG )] =0 (5.34)
T

tim B[ [ 10 = R GO0 4] =0 (5:3)

Let t € [0,T] be arbitrary but fixed, and recall that we chose X, (¢) almost surely
convergent and thus {X,,(¢)(w) : m € N} C H is compact for almost all w € €. Strong
convergence of I — R, to zero, see [19, Le. 3.4], continuity of F' and G and the fact that
continuous mapping converging pointwise to a continuous mapping converge uniformly

over compacts together imply for each t € [0, 7] that, almost surely, we obtain

tim [|(Z ~ F) (X (1) < Jim sup (T = Ro) F(Xn(®)]] = 0.

n—oo
lim (T = Ra) G (I3, ) < 1 sup [[(T = Ra) GXm ()5, 01 = O-

n—00 meN

Since the boundedness conditions in (A2) and (A3) guarantee

(5 = R) FOG )1 < (suplT = Rull ) K s,

10 = R) Xy < (309 17 = Rulf ) K5 as
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an application of Lebesgue’s dominated convergence theorem verifies (5.34) and (5.35),

which completes the proof. O

Proof of Theorem 5.12. Let (Xp)nen be the solutions of (5.7). Because of Corollary
5.11, we can assume that (X,),en converges uniformly to the solution of (5.1) a.s.
Proposition 5.14 enables us to apply our strong It6 formula in Theorem 4.18 to X,

which results in

V(Xn(t))
/ LoV (X (s))ds + /0 (G(Xon(5-))" BEDV (X (5—)),-)dL(s)
/ / V(Xa(5-) + ) = V(Xa(5-)) = (DV (X (5-). B = 0) (ds, ah)
(5.36)

almost surely for all ¢ > 0. Applying the product formula to the real-valued semi-
martingale V (X, (-)) and the function ¢ +— e%* and taking expectations on both sides

of (5.36) shows

t
BV (Xn())] =E [V(Xn(0)] + E UO e (B3V (Xu(s)) + LoV (Xn(s))) ds | .

(5.37)

Here, we used the fact that the last two integrals in (5.36) define martingales, and thus
have expectation zero. This follows from the observation that they are local martingales
according to Lemma 4.11 and Theorem 4.18 and are uniformly bounded in mean, see

[64, Th 1.51]. The latter is guaranteed by the boundedness of G in (A3), since
[ [ 146006 DV (660 g, 0]
—F [/ GO B DV (DI 45| < 1Rl 1DV THG < .
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and similarly, by using Lemma 4.19,
E [/Ot /H [V(Xn(s=) +h) = V(Xp(5—)) = (DV(Xn(s—), )| VX"(ds,dh)]
<y (20DVIl+ S IDVILL) IRl B | [ 1GNNS ) 5] < o
The first term on the right hand side in (5.37) is finite since
BIV(Xa(0))] < B2 | Bl ) B lllzoll”] < .

The same holds for the second term, which can be shown using the same arguments as
in the proof of Lemma 5.15. By applying Inequality (5.29) to (5.37), we conclude
BBV (Xa())]

SEV(X(0)]+E

/Ot oBas ( — LV(Xn(3)) + LaV(Xn(s)) + k3) ds]

[

Lemma 5.15 together with Fatou’s lemma implies

< BV(X,(0)] +e»TE

L, V(Xp(s)) — EV(Xn(s))‘ds

+ Zz (eﬁﬁ— 1).

E[V(X(8)] < liminf E [V(Xn(8))] < e~5E [V (20)] + 2.

n—oo /83

Applying Assumption (5.28) completes the proof. O
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5.3 Mild Ito6 formula

In this section, we prove an It6 formula for mild solutions of Equation (5.1) and map-

pings f € CZ(H) such that the second derivative D? f is not only continuous but satisfies

nh—%lo lgn —gll =0 = nh_)rrolo sup |D?f(gn +h) — D*f(g + h)HL(H) =0. (5.38)
heBy

The subspace of all these functions is denoted by Ciu (H).

Theorem 5.16 (It6 formula for mild solutions). A mild solution X of (5.1) satisfies

for each f € Ciu(H) and t > 0 that

FX0) = fla0) + [ (GO DX (=) AL (5.39
[ 00+ ) = £OX ) — (D)) (6 = 0¥ (ds,dh)
0 JH

where the limit is taken in L%(Q,R).

Remark 5.17. Note that while X may not be a semimartingale, the compensated
measure X —vX in (5.39) still exists as X is both adapted and cadlag; see [27, Chap.
11].

Remark 5.18. Unlike in similar situation with the driving noise being Gaussian, see
e.g. [44], we do not identify the limit in (5.39) as then the imposed assumptions on f

are very restrictive. In applications (see e.g. [2]), it is usually enough to establish some
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bound on the limit

s ([Dr06 6. A% () ds).

which leads to natural assumptions on the generator A.

We divide the proof of the above theorem into a few technical lemmata. To simplify

the notation, we introduce the function Ty: H x H — R for f € Cg’u(H ) defined by

Ty(g9,h) = f(g+h) = f(g) = (Df(g),h), g,heH.

Lemma 5.19. Let A\ be the cylindrical Lévy measure of a standard symmetric a-stable
cylindrical Lévy process L for o € (1,2). It follows for every f € C2(H), ¢ € Lo(U, H)
and g,h € H that

/H Ty (g,b) — Ty(h, b)] (Ao o1 (db)

< 2dg ol 2, w,m) (;l;p [D?f(g+b) = D f(h + )|y + [1D*f| o llg = hH) :
€6y

Proof. Taylor’s remainder theorem in the integral form and Inequality (4.5) imply

[ 1m0 -Tymbl (e p™) @)

By

:/BH

/1<(D2f(g + 6b) — D? f(h + 6b))b, b)(1 — 6) d9’ (Aop™h) (db)
0

1 -
<5 sup [[D*f(g+0) = D*f(h+b)| / [BlI* (Ao ™) (db)
beBy Bg
1 «
< Sda (Sup |D?f(g +b) = D*f(h + b)HL(H)> eIz, ) - (5.40)
beBy
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A similar argument yields

/B [Ty(g,6) = Ty(hb)] (Mool ()

S/
7y

/1<Df(g+6b) — Df(h+6b),b) de' (Ao 1) (db)
0
+/c (Df(g) — Df(h),b)| (Aop™) (db)
By
< (supllDf(g+b)Df(h+b)y+||Df(g) f(h )H)/ 18] (Ao @™t) (db)

beH By
< 24y, |D* f|| o g = Bl 1ol 7y ) - (5.41)
Combining Inequalities (5.40) and (5.41) completes the proof. O

Lemma 5.20. Let (X,)nen denote a subsequence of the solutions to the Yosida approz-
imating equations (5.7), satisfying that (X, )nen converges to the mild solution X to
(5.1) both in C([0,T], LP(Q2, H)) and uniformly on [0,T] almost surely. Then it follows
for any f € CI?,U(H) and t € [0,T] that

: Xn ; 0
nl;n;o/ / Tr(X yh) i (ds, dh) //Tf 1 (ds,dh) in LEH(Q,R).

Proof. First, the existence of a subsequence (X, )n,en with the claimed properties is
guaranteed by Corollary 5.11. By recalling the form of X,, in Proposition 5.14, it

follows from Theorem 4.16 that for each n € N we have

d

(T3 (X (), ) — Ty(X (s—), 1)) 1 (ds. dh)H

0
E Uot /H 1 T(Xn(s—), h) — Tp(X (s—), h)| (ds,dh)}

=F Uot/H\Tf(Xn(s),h)—Tf(X(s),h)|an(ds,dh)]
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t
5| [ [ 17500060 - T (e (R (5-) ) (ah) .
0 JH

(5.42)

Since Remark 5.6 guarantees ¢ := 2dL K& sup,cn [ Rnll7 gy < o0, we obtain from

Lemma 5.19 for Pr-a.a. (w,s) € 2 x [0,7] that

/H T (Xn(5)(w), h) = Ty (X (s)(w), h)| (Ao (RnG(Xn(s—)(w))) ") (dh)

< C(f‘;p 1D (X (3)(@) +b) = D> F(X () (@) +0) |

+[[D?f]| o 1 (Xa(s)(w)) = F(X(s)())] >
Since f satisfies (5.38), Lebesgue’s dominated convergence theorem implies

limE[

n—oo

t
/0 /H (T (Xn(s—), h) —Tf(X(s—),h))uX"(ds,dh)H —0.  (5.43)
For the next step, fix €,¢ > 0, and bound for any m,n € N the expression
t
P < / / T¢(X(s—),h) (,uX”(ds,dh) - ,uX(ds,dh))’ > e)
o JH
t
<P / / TH(X(s—), h) p (ds, dh)| > ©
0 JBu/m) 3

t . e
—|—P</0 /BH(I/m)Tf(X(s—),h),u (ds, dh)| > 3>

! Xn(ds _ X (ds
+P(/O /BH(I/m)CTf(X(s—),h) (15 (ds, dh) — p(ds, dh)

Since Taylor’s remainder theorem in the integral form implies that for all h € H we have

S €
3]

(5.44)

T(X(s—),h)| <2 HD2fHOo |h]|?, we obtain by applying Theorem 4.16 and Inequality
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_Jvh)MXﬁ(d37dh)

|

/t/ s (Ao (RnG(Xn(s)))_l) (dh)ds]
0 JBu(1/m)

1
< arKes |, T

where in the last step we used that by Remark 5.6 we have || Ry | gy < 1 for all n € N.
Since the last line is independent of n € N and d}}) — 0 as m — oo according to
Inequality (4.5), Markov’s inequality implies that there exists m; € N such that for all

m >mp and all n € N

P [ X(s—),h) p¥n(ds,dh)| > < | < €. (5.45)
By (1/m) 3
Exactly the same arguments establish that for all m > my
P [ (s=),h) X (ds,dh)| > = | < €. (5.46)
Bu(1/m) 3

To bound the last term in (5.44), first note that for each m,n € N we have that

/ / Tr(X(s—),h) (u*"(ds,dh) — ™ (ds,dh))
0 JBg(1/m)c

= Y Tr(X(5=), AXn(9)) I, (1 jomye (A Xn(s))
0<s<t
— > Tp(X(5=), AX(5)) 15, (1 jmye (AX(5))
0<s<t
=3 Tf<X<s—>,AXn<s>>( Bur(tmye (BXn(3)) = 1, (1/mye(AX(5)))
0<s<t
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+ 37 (T (s=), AX(s)) = TH(X (=), AX(5))) L, (1o (DX (). (5.47)

0<s<t

For estimating the first term in the last line, we use the equality 14(x) — 1a(y) =
Ta(x)lae(y) — Lae(x)La(y). Applying this identity to the first term on the right hand

side of Equation (5.47), we conclude from Taylor’s remainder theorem in the integral

form that

O;tTf ) AXn () 1g, (1 mye (AXn($) L, (1) (DX (5))
< z |75 (X (=), AXn(5)) [ 15, 1y (A X (8) L 1y (AX (5))
< 51D lle 3 IAXa () 1 1 (X)) 5, 1y (X ()

0<s<t

<ep 32 (IAX )P + [AXa(s) = AX(5)]2) T, 1/ye(AXn(8)) 5, 1y (AX (),
0<s<t

(5.48)

where we used the notation ¢ := ||D? . Applying Theorem 4.16 and using the
f 0o ymg g

boundedness assumption on G in (A3) allows us to conclude that

—z|[ /B P <ds,dh>]

/t/ 1h]® (AoG(X(s—))—l)(dh,ds)] < d"TKE.
0 JBy(1/m)

E| > AX(S)I Ig,, 0 jm)(AX(5)
0<s<t

=F

Since d — 0 as m — oo, Markov’s inequality implies that there exists my € N with

me > mq such that for all m > ms9 and alln € N

( D IAX )P 15,1 pmye (AXn() 15, (1 ) (AX (5)) = 24;) < ;/ (5.49)

0<s<t
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In the remaining part of the proof fix m > mg > m; such that (5.49) is satisfied. Since
(Xn)nen converges to X uniformly almost surely, there exists n; € N such that the
set A 1= {supeo |AXn(s) — AX(s)|| < 5-} satisfies P(AS) < & for all n > ny.
Hence, if n > n; and w € A, then by the reverse triangle inequality it holds that if
|IAX, (w,s)]| > =+ then

[AX (w, s)[| = [|[AXn(w, s)]| = [[AXn(w, 8) = AX (w, 8)]| = o—

2m’
Consequently, we obtain for all n > ny that
P32 1AXa(s) = AX O U 0y (AXn(o) Uy 1y (AX () 2 510
0<s<t
€ ¢
<P AX ]l JAX > —.

Since X has only finitely many jumps in By (1/2m)¢ on [0,t] and AX,,(s) converges to
AX(s) for all s € [0,¢], there exists ng such that for all n > ng

€ €
< —.
- 24Cf -8

P ST AXa(s) — AX )P L, 1 pmye (AXa(3) 1, (1 jmy(AX (5)) >

0<s<t

Applying this together with (5.49) to Inequality (5.48) proves that for m > mgy there

exists no such that for all n > no

6I

< —.
— 4

P Y Ty (X(s=), AXa(9)) L5, 1 fmye (AXn(8) 1z, (1 jmy (AX (s)) =

€
12
0<s<t

(5.50)

As AX,, converges to AX uniformly on [0, 7] almost surely we obtain that for almost
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all w € Q we have

15 (1/m) (AXn(8) (@) 15, (1 jmye (AX (s)(w)) = 0

if n is large enough. Therefore

Jim ( )3 Tf<X<s>,AXn<s>>ﬂBH(1/m)<AXn<s>>ﬂB,,Wm)c(AX(s))) =0 as
0<s<t

and thus we obtain that there exists n3 such that for all n > n3 we have

P ( Z T(X(s=), AXn(8)) 15, (1/m) (AXn(8)) 15,1 jm)- (AX () = 162) < Z/
0<s<t

Combining this with (5.50) shows that for m > mg and n > max{ns, n3} we have

E

(5.51)

M
~

P ( ST TH(X(s—), AXa(s)) (]lgH(l/m)c(AXn(s)) - HEH(l/m)C(AX(S))> >
0<s<t

S
N |

Since X has only finitely many jumps in By (1/m)¢ on [0,t] and AX,(s) converges to
AX(s) for all s € [0,¢], there exits ng such that for all n > ny

P ( 3 (TH(X (s=), AXn(5)) = Ty(X (s—), AX(5)) 15, 1 e (AX (5)) > g) <€
0<s<t

Applying this together with (5.51) to (5.47) shows

! - Xn S X s 6/
P</o /BH(I/m)CTf(X(S ), k) (p*"(ds,dh) — p* (d ,dh)\z )g ) (5.52)

[SUNINS)
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By applying Equations (5.45),(5.46) and (5.52) to (5.44), the proof is now complete. [

Proof of Theorem 5.16. Let (X,)nen be the solutions to (5.7). According to Corollary
5.11, we can assume that (X,,)nen converges both in C([0,T], LP (€2, H)) and uniformly
on [0, 7] almost surely to the mild solution X, which has cadlag paths. Since X, is a
strong solution to (5.7) according to Proposition 5.14, the It6 formula in Theorem 4.18

implies for all t > 0 and n € N that

F(Xa(t)) = F(Ruo) + /0 (G(Xn(5—)) Ry Df (X (5-)), ) dL(s)

/ (DF(Xo(5)), AX,(s)) ds + / (DF(Xn(5)), BuF(Xo(s))) ds

0
//( —)+h) - f(Xn(S—))_<Df(Xn(8—)),h>>uX"(ds,dh).

(5.53)

Continuity of f shows that f(X,(t)) — f(X(¢)) and f(R,z0) — f(xo) a.s. Inequality
(4.11) implies for the first integral in (5.53) that

d

<ea (B [/ [G(Xn()) RED S (Xa(s)) — GX(5) DFX (DS m ds])l/a,

t t
/0 (G(Xn(s2)) REDF(Xn(s)). ) dL(s) — /0 (G(X(s—))"Df(X(s)), ) dL(s)

which tends to zero by a similar argument as in the proof of Lemma 5.15. It follows in

LL(9,R) that

t

lim <G(Xn(s—))*RZDf(Xn(8—))a'>dL(8)Z/O<G(X(S—))*Df(X(S—))7'>dL(8)-

n—o0 0

Lemma 5.20 implies in L% (Q,R) that

lim / / )t k) — (X)) — (DF(Xn(s—)), B)) 57 (ds, dh)

n—o0
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:/0 /H (F(X(s=)+h) = F(X(s=)) — (DF(X(5-)), h)) X (ds, dh).

Almost sure uniform convergence of (X,,),en and Lebesgue’s dominated convergence

theorem yields that

t t
lim (Df(Xn(s)),RnF(Xn(s)»ds:/O<Df(X(s)),F(X(5))>ds a.s.

n—o0 0

As all terms in (5.53) converge in L% (€, R), it follows that the remaining term

/O (DF(Xn(5)), AX,(s) )ds

also converges in L%(£2, R), which completes the proof. O
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6 Appendix

Proof of Theorem 2./. We prove the lemma for the case when s = 0 and ¢ = 1, the
general case follows similarly. By [56, Th. 3.9], both limits exist and are independent

of the partition (7, )nen.' Thus, we may choose
1 1
Ty 1= 0<2—n<...<(2 —1)2—”<1 .

Using the notation p 2 (b?,@Q, \) to denote the cylindrical distribution of L(1), since
the partitions are evenly spaced, it follows from [43, Th. 5.7.3/(iii)] that

lim 3" E[6(d})]

— lim [ 6(h) (2%*2%) (dh)

n—oo H
— lim lim ( / o(h) (271#*2%) (dh) + / o(h) (sz) (dh))
seiy o \ll>s InlI <6
— lim lim o(h) (2%*2%) (dh) + o' B
seC(N)
= lim 0(h) A(dh) + b"' B
oL - Jnl>s
seC(N)

= / 0(h) A(dh) 4 b"'2n
IAl|>1

:/ (6(h) — hlg,) A(dh) +b"en = 0.
H

'For this thesis, it would be enough to prove this lemma under the assumption of equidistant
partitions, since all step functions could be defined over rational time partitions. Hence, there is no
need to rely on any external results here.
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To prove the second assertion, recall that by [43, Pr. 5.7.2]
e<7mﬁ%)=>u (6.1)

where e (2”;[“2%) denotes the exponent measure of the finite measure (2”/1*2%). If we
express the characteristics of the exponent measure in terms of the truncation function

0, we get

2”u*2” </ 0(h Q”M*%") (dh),0, (2";1,*21">> and pu = (b9 Q,N). (6.2)

From this, it follows that

: n (|2
Tim " E |4y )? a1

= lim HQwFAQ(Wm%)mm

n—oo

= lim lim </”h”>€<Hth/\1) (znu*%n) (dh)+/”h”<€<|]h|]2/\1> (2”u*2ln>(dh)>.

(6.3)

Splitting (6.3) into the sum of two limits, we first see that

el0 n—o0

lim lim ”hll>€(||h||2/\1) (znu*%)(dh):/H(mH?M) A(dh).

It remains only to identify the second limit in (6.3). Without the loss of generality, we
may fix an orthonormal basis (e;);en € H, and assume that € < 1. Then, it follows from
the Parseval identity, [43, Th. 5.7.3/(ii)] and compactness of the sequence of S-operators

corresponding to the sequence of exponential measures (e <2”u*2i”)> N that for all
ne
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d > 0 there exists an N5; € N such that

o0

sup sup Z / (h,e;)? (2"/1*2%) (dh) < —.
e€(0,1] neNi:N&1 Ih||<e

N S

Moreover, since Tr(Q) < oo, for all § > 0 there exists Ns2 € N such that

o0

> (Qeiei) <

1=Ns 2

[N S)

Let 6 > 0 be fixed. Then, if we define N5 = max{N;1, N52} then we see that

‘ /|| e (1> a1) (2005 ) (an) - Tr(@>'

Ns—1

< /”h”<6<|]hHQA1) ( T 2" (dh) - Z /h”Q (h, e:)? 2”u*2">(dh)
Ns—1
Z /h<6 (h, e;)2 2 y zn) (dh) —Tr(Q)‘
Ns—1
| (022 <m*zn> =2 [ e (2 )
Ns—1 Ns—1 Ns—1
Z / (hoe)? (20737 ) (dh) = Y (Qessen)| + Z<Qez-,ei>—Tr<Q>‘
lIhll<e i=1 =1
N5 1 1 Ns—1
<o+ /thgfh,e»? (2%*27) (@h) = 3 (Qenes

Taking limits on both sides of the inequality above, it follows from Equations (6.1) and
(6.2) by [58, VL.Th 5.5]/(3) that

Ns—1 Ns—1
1. 1 h 2n *") dh ‘7'
i i |3 [ the? (205 ) (@)~ 3 (@

=0,
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which immediately implies

lim lim < 4.
el0 n—o0

[ () () @y -1

Since § > 0 is arbitrary, this concludes the proof.

150



References

1]

H. Aimar, B. Iaffei, and L. Nitti. On the Macias-Segovia metrization of quasi-

metric spaces. Revista Union Matemdtica Argentina, 41(2):67-75, 1998.

S. Albeverio, L. Gawarecki, V. Mandrekar, B. Riidiger, and B. Sarkar. It6 formula
for mild solutions of SPDEs with Gaussian and non-Gaussian noise and applica-

tions to stability properties. Random Oper. Stoch. Equ., 25(2):79-105, 2017.

H. Amman and J. Escher. Analysis II. Birkhauer Verlag, Basel-Boston-Berlin,
2006.

D. Applebaum and M. Riedle. Cylindrical Lévy processes in Banach spaces. Proc.
Lond. Math. Soc. (3), 101(3):697-726, 2010.

A. Badrikian and S. Chevet. Mesures cylindriques, espaces de Wiener et fonctions
aléatoires Gaussiennes. Lecture Notes in Mathematics, Vol. 379. Springer-Verlag,

Berlin-New York, 1974.

J. Bergh and J. Lofstrom. Interpolation spaces. An introduction. Grundlehren der

Mathematischen Wissenschaften. Springer-Verlag, Berlin-New York, 1976.

K. Bichteler. Stochastic integration with jumps. Cambridge University Press,
Cambridge, 2002.

Z. Brzezniak, B. Goldys, P. Imkeller, S. Peszat, E. Priola, and J. Zabczyk. Time
irregularity of generalized Ornstein-Uhlenbeck processes. C. R. Math. Acad. Sci.
Paris, 348(5-6):273-276, 2010.

7. Brzezniak and J. Zabczyk. Regularity of Ornstein-Uhlenbeck processes driven
by a Lévy white noise. Potential Anal., 32(2):153-188, 2010.

151



[10]

[11]

[12]

[14]

[15]

[16]

[19]

[20]

C. Chong. Stochastic PDEs with heavy-tailed noise. Stochastic Process. Appl.,
127(7):2262-2280, 2017.

R. Cont and P. Tankov. Financial modelling with jump processes. Chapman &

Hall/CRC, Boca Raton, 2004.

G. Da Prato, A. Jentzen, and M. Rockner. A mild It6 formula for SPDEs. Trans-
actions of the American Mathematical Society, 372(6):3755-3807, 2019.

G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions. Ency-
clopedia of Mathematics and its Applications. Cambridge University Press, Cam-

bridge, 1992.

C. Dellacherie and P. A. Meyer. Probabilities and Potential. North-Holland Pub-
lishing Co., Amsterdam, 1978.

C. Dellacherie and P. A. Meyer. Probabilities and Potential B. North-Holland
Mathematics Studies. North-Holland Publishing Co., Amsterdam, 1982.

S. Diaz and F. Mayoral. On compactness in spaces of Bochner integrable functions.

Acta Math. Hungar., 83(3):231-239, 1999.

J. Diestel, H. Jarchow, and A. Tonge. Absolutely Summing Operators. Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1995.

R. M. Dudley. Real Analysis and Probability. Cambridge Studies in Advanced

Mathematics. Cambridge University Press, Cambridge, 2nd edition, 2002.

K. J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations.

Springer-Verlag, New York, 2000.

A. Fiorenza. Modulars from Nakano onwards. Constr. Math. Anal., 4(2):145-178,
2021.

152



[21]

[22]

[23]

[31]

I. M. Gel’fand and N. Y. Vilenkin. Generalized functions. Vol. 4: Applications of

harmonic analysis. Academic Press, New York, 1964.

I. Gyongy and N. V. Krylov. On stochastic equations with respect to semimartin-

gales. II. It6 formula in Banach spaces. Stochastics, 6(3-4):153-173, 1981/82.

M. Haase. The functional calculus for sectorial operators. Birkhauser Verlag, Basel,

2006.

T. Hytonen, J. Neerven, M. Veraar, and L. Weis. Analysis in Banach spaces,

volume I. Springer, Cham, 2016.

A. Ichikawa. Semilinear stochastic evolution equations: boundedness, stability and

invariant measures. Stochastics, 12(1):1-39, 1984.

K. It6. On a formula concerning stochastic differentials. Nagoya Math. J., 3:55-65,
1951.

J. Jacod and A. N. Shiryaev. Limit theorems for stochastic processes. Springer-

Verlag, Berlin, second edition, 2003.

A. Jakubowski. Tightness criteria for random measures with applications to the

principle of conditioning in Hilbert spaces. Probab. Math. Stat., 9(1):95-114, 1988.

A. Jakubowski, S. Kwapien, P. Raynaud de Fitte, and J. Rosinski. Radonification
of cylindrical semimartingales by a single Hilbert-Schmidt operator. Infinite Di-

mensional Analysis Quantum Probability and Related Topics, 5:429-440, 09 2002.

A. Jakubowski and M. Riedle. Stochastic integration with respect to cylindrical
Lévy processes. Ann. Probab., 45(6B):4273-4306, 2017.

O. Kallenberg. Foundations of modern probability. Springer, New York, 2002.

153



32]

[33]

[34]

[41]

A. S. Kechris. Classical descriptive set theory. Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995.

L. J. Kelley. General Topology. Graduate Texts in Mathematics. Springer- Verlag,
New York-Berlin, 27th edition, 1975.

V. L. Klee. Invariant metrics in groups (Solution of a Problem of Banach). Pro-

ceedings of the American Mathematical Society, 3(3):484-487, 1952.
H. Komatsu. Fractional powers of operators. Pacific J. Math., 19:285-346, 1966.

T. Kosmala and M. Riedle. Stochastic integration with respect to cylindrical Lévy

processes by p-summing operators. J. Theoret. Probab., 34(1):477-497, 2021.

T. Kosmala and M. Riedle. Stochastic evolution equations driven by cylindrical

stable noise. Stochastic Process. Appl., 149:278-307, 2022.

K. Kuratowski and C. Ryll-Nardzewski. A general theorem on selectors. Bull.
Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys., 13:397-403, 1965.

T. G. Kurtz and P. E. Protter. Weak convergence of stochastic integrals and
differential equations. II. Infinite-dimensional case. In Probabilistic models for
nonlinear partial differential equations (Montecatini Terme, 1995), volume 1627

of Lecture Notes in Math., pages 197-285. Springer, Berlin, 1996.

S. Kwapien and W. A. Woyczyriski. Decoupling of martingale transforms and
stochastic integrals for processes with independent increments. In Probability the-
ory and harmonic analysis, volume 98 of Monogr. Textbooks Pure Appl. Math.,

pages 139-148. Dekker, New York, 1986.

S. Kwapieri and W. A. Woyczyniski. Semimartingale integrals via decoupling in-

equalities and tangent processes. Probab. Math. Statist., 12(2):165-200, 1991.

154



[42]

[43]

[44]

[45]

[47]

[48]

[49]

S. Kwapien and W. A. Woyczyniski. Random series and stochastic integrals: single

and multiple. Birkhauser, Boston, 1992.

W. Linde. Probability in Banach spaces—stable and infinitely divisible distribu-
tions. John Wiley & Sons, Ltd., Chichester, second edition, 1986.

B. Maslowski. Stability of semilinear equations with boundary and pointwise noise.
Annali della Scuola Normale Superiore di Pisa-Classe di Scienze, 22(1):55-93,
1995.

B. Maurey. Probabilités cylindriques, type et ordre. Applications radonifiantes.
In Séminaire Maurey-Schwartz Année 1972-1973, Espaces LP et applications
radonifiantes. Centre de Math., Ecole Polytech., Paris, 1973.

M. Métivier. Semimartingales: A course on stochastic processes. Walter De

Gruyter, 1982.

M. Métivier and J. Pellaumail. Cylindrical stochastic integral. Sém. de I’Université

de Rennes, 63:1-28, 1976.

M. Métivier and J. Pellaumail. Stochastic integration. Academic Press, New York,

1980.

P.-A. Meyer. Intégrales stochastiques. I, II, III, IV. In Séminaire de Probabilités
(Univ. Strasbourg, Strasbourg, 1966/67), Vol. I. Springer, Berlin, 1967.

R. Mikulevicius and B. L. Rozovskii. Normalized stochastic integrals in topological
vector spaces. In Séminaire de Probabilités, XXXII, volume 1686 of Lecture Notes

in Math., pages 137-165. Springer, Berlin, 1998.

155



[51]

[54]

[55]

[60]

R. Mikulevicius and B. L. Rozovskii. Martingale problems for stochastic PDE’s.
In Stochastic partial differential equations: six perspectives, volume 64 of Math.

Surveys Monogr., pages 243-325. Amer. Math. Soc., Providence, RI, 1999.

C. Mueller. The heat equation with Lévy noise. Stochastic Processes and Their

Applications, 74(1):67-82, 1998.

L. Mytnik. Stochastic partial differential equation driven by stable noise. Proba-
bility Theory and Related Fields, 123(2):157-201, 2002.

H. Nakano. Modulared Semi-Ordered Linear Spaces. Maruzen Co. Ltd., Tokyo,
1950.

H. Nakano. Generalized modular spaces. Polska Akademia Nauk. Instytut Matem-
atyczny. Studia Mathematica, 31:439-449, 1968.

P. Nowak. On Jacod—Grigelionis characteristics for Hilbert space valued semi-

martingales. Stochastic Analysis and Applications, 20(5):963-998, 2002.

P. Nowak. Integration with Respect to Hilbert Space-Valued Semimartingales
via Jacod-Grigelionis Characteristics.  Stochastic Analysis and Applications,

21(5):1141-1168, 2003.

K. R. Parthasarathy. Probability measures on metric spaces. Academic Press, New

York, 1967.

S. Peszat and J. Zabczyk. Stochastic partial differential equations with Lévy noise,
volume 113 of Encyclopedia of Mathematics and its Applications. Cambridge Uni-
versity Press, Cambridge, 2007.

S. Peszat and J. Zabczyk. Time regularity of solutions to linear equations with

Lévy noise in infinite dimensions. Stochastic Process. Appl., 123(3):719-751, 2013.

156



[61]

[62]

[63]

[68]

[69]

[70]

[71]

V. Pena and E. Giné. Decoupling: from dependence to independence. Springer,

New York, 1999.

G. Pélya and G. Szeg6. Problems and theorems in analysis. 1. Classics in Mathe-

matics. Springer-Verlag, Berlin, 1998.

E. Priola and J. Zabczyk. Structural properties of semilinear SPDEs driven by
cylindrical stable processes. Probab. Theory Related Fields, 149(1-2):97-137, 2011.

P. Protter. Stochastic integration and differential equations. Springer-Verlag,

Berlin, second edition, 2005.

M. M. Rao. Random and vector measures, volume 9 of Series on Multivariate

Analysis. World Scientific Publishing Co. Pte. Ltd., Hackensack, 2012.

M. Riedle. Infinitely divisible cylindrical measures on Banach spaces. Studia Math.,
207(3):235-256, 2011.

M. Riedle. Ornstein-Uhlenbeck processes driven by cylindrical Lévy processes.

Potential Analysis, 42(4):809-838, 2015.

M. Riedle. Stable cylindrical Lévy processes and the stochastic Cauchy problem.

Electronic Communications in Probability, 23, 2018.

J. Rosiniski and W. A. Woyczyniski. On It6 stochastic integration with respect to
p-stable motion: inner clock, integrability of sample paths, double and multiple

integrals. Ann. Probab., 14(1):271-286, 1986.

H. L. Royden and P. Fitzpatrick. Real analysis. China Machine Press, 4th edition,
2017.

L. Schwartz. Radon measures on arbitrary topological spaces and cylindrical mea-

sures. Oxford University Press, London, 1973.

157



[72]

73]

[74]

L. Schwartz. Geometry and probability in Banach spaces, volume 852 of Lecture

Notes in Mathematics. Springer-Verlag, Berlin-New York, 1981.

I. E. Segal. Abstract probability spaces and a theorem of Kolmogoroff. Amer. J.
Math., 76:721-732, 1954.

B. Sz.-Nagy, C. Foias, H. Bercovici, and L. Kérchy. Harmonic Analysis of Operators
on Hilbert space. Springer, New York, second edition, 2010.

K. Urbanik and W. Woyczyniski. Random integrals and Orlicz spaces. Bull. Acad.
Polon. Sci, 15:161-169, 1967.

N. N. Vakhania, V. I. Tarieladze, and S. A. Chobanyan. Probability distributions
on Banach spaces, volume 14 of Mathematics and its Applications (Soviet Series).

D. Reidel Publishing Co., Dordrecht, 1987.

J. van Neerven, M. C. Veraar, and L. Weis. Stochastic integration in UMD Banach
spaces. Ann. Probab., 35(4):1438-1478, 2007.

M. Veraar and I. Yaroslavtsev. Cylindrical continuous martingales and stochastic

integration in infinite dimensions. FElectron. J. Probab., 21, 2016.

J. B. Walsh. An introduction to stochastic partial differential equations. In Ecole
d’été de probabilités de Saint-Flour, XIV—1984, volume 1180 of Lecture Notes in
Math., pages 265-439. Springer, Berlin, 1986.

D. Willett and J.S.W. Wong. On the discrete analogues of some generalizations of
Gronwall’s inequality. Monatshefte fiir Mathematik, 69:362-367, 1965.

D. Williams. Probability with Martingales. Cambridge University Press, Cam-
bridge, 1991.

158



[82] H. Zhao and S. Xu. A stochastic Fubini theorem for a-stable process. Statist.
Probab. Lett., 160:108700, 9, 2020.

159



	Introduction
	Preliminaries
	Generalities
	Infinitely divisible measures
	Characteristics of Lévy processes
	Cylindrical measures, random variables and processes

	Stochastic integration with respect to cylindrical Lévy processes 
	Construction of the modular space
	Characterisation of deterministic integrable processes
	Predictable integrands
	Construction of the decoupled tangent sequence
	Characterisation of random integrable processes

	Integral processes driven by standard symmetric alpha-stable cylindrical Lévy processes
	Integration theory for alpha-stable processes
	Random measures and compensators
	Predictable compensator of the integral process
	Quadratic variation of the integral process
	Strong Itô formula

	Stochastic evolution equations driven by standard symmetric -stable cylindrical Lévy processes
	Mild solutions to stochastic evolution equations
	Moment boundedness of evolution equations
	Mild Itô formula

	Appendix

