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An extension of the Liouville theorem for
Fourier multipliers to sub-exponentially
growing solutions

David Berger, René L. Schilling, Eugene Shargorodsky, and Teo Sharia

ABSTRACT. We study the equation m(D)f = 0 in a large class of sub-
exponentially growing functions. Under appropriate restrictions on m €
C(R™), we show that every such solution can be analytically continued to
a sub-exponentially growing entire function on C” if and only if m(§) # 0

for £ # 0.

1. Introduction

The classical Liouville theorem for the Laplace operator A := Y7, % on
k

R™ says that every bounded (polynomially bounded) solution of the equation
Af = 0 is in fact constant (is a polynomial). Recently, similar results have
been obtained for solutions of more general equations of the form m(D)f = 0,

where m(D) := F'm(¢)F, and

Fole) =ol6) = [ e o)de md Flule) = @2m) " [ emul)de

n

are the Fourier and the inverse Fourier transforms (see [1], [2], [3], [11], and the
references therein). Namely, it was shown that, under appropriate restrictions
on m € C(R™), the implication

f is bounded (polynomially bounded) and m(D)f =0
—>  f is constant (is a polynomial)

holds if and only if m(§) # 0 for & # 0. Much of this research has been
motivated by applications to infinitesimal generators of Lévy processes.
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In this paper, we deal with solutions of m(D)f = 0 that can grow faster than
any polynomial. Of course, one cannot expect such solutions to have simple
structure, not even in the case of Af = 0 in R? (see, e.g., [21) Ch. I, §2]). We
consider sub-exponentially growing solutions whose growth is controlled by a
submultiplicative function (see (dI)) satisfying the Beurling-Domar condition
@), and show that, under appropriate restrictions on m € C(R"), every such
solution admits analytic continuation to a sub-exponentially growing entire
function on C” if and only if m(§) # 0 for £ # 0 (see Corollary FL3]). Results
of this type have been obtained for solutions of partial differential equations
with constant coefficients by A. Kaneko and G.E. Silov (see [16], [17], [26],
[7, Ch. 10, Sect. 2, Theorem 2], and Section [l below).

Keeping in mind applications to infinitesimal generators of Lévy processes, we
do not assume that m is the Fourier transform of a distribution with compact
support, so our setting is different from that in, e.g., [6], [15 Ch. XVI].

The paper is organized as follows. In Chapter 2 we consider submultiplicative
functions satisfuing the Beurling-Domar condition and, for every such function
g, introduce an auxiliary function Sy (see (I4)), (I3])), which appears in our main
estimates. Chapter [3] contains weighted L” estimates for entire functions on
C™, which are a key ingredient in the proof of our main results in Chapter [4
Another key ingredient is the Tauberian theorem [l which is similar to [3]
Theorem 7] and [23], Theorem 9.3]. The main difference is that the function f
in Theorem [ Tlis not assumed to be polynomially bounded, and hence it might
not be a tempered distribution. So, we avoid using the Fourier transform f =
Ff and its support (and non-quasianalytic type ultradistributions). Although
we are mainly interested in the case m(§) # 0 for £ # 0, we also prove a
Liouville type result for m with compact zero set {£ € R" | m(£) = 0} (see
Theorem [4]). Finally, we discuss in Section [ A. Kaneko’s Liouville type
results for partial differential equations with constant coefficients ([16], [17]),
which show that the Beurling-Domar condition is in a sense optimal in our
setting.

2. Submultiplicative functions and the Beurling-Domar condition

Let g : R" — (0,00) be a locally bounded, measurable submultiplicative func-
tion, i.e. a locally bounded measurable function satisfying

g +y) < Cg(x)g(y) forall z,yeR"

where the constant C' € [1,00) does not depend on = and y. Without loss of
generality, we will always assume that ¢ > 1, as otherwise one can replace g
with g + 1. Also, replacing g with C'g, one can assume that

gz +y) <glx)gly) forall z,yeR" (1)
A locally bounded submultiplicative function is exponentially bounded, i.e.

lg(a)] < Ce! (2)
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for suitable constants C,a > 0 (see [24] Section 25] or [13, Ch. VII]).
We will say that g satisfies the Beurling-Domar condition if

=
ZM<OO for all 2 € R". (3)

2
=1
If g satisfies the Beurling-Domar condition, then it also satisfies the Gelfand-
Raikov-Shilov condition
llim g(lx)' =1 forall z€R"
—00
while g(z) = el*l/lee(c+2) gatisfies the latter but not the former (see [9]). It is

also easy to see that g(x) = el#l/1og”(¢+l2]) gatisfies the Beurling-Domar condi-
tion if and only if v > 1. The function

g(x) = """ (1 4 |z])* (log(e + |]))'
satisfies the Beurling-Domar condition for any a,s,t > 0 and b € [0,1) (see

[91).

LEMMA 2.1. Let g : R™ — [1,00) be a locally bounded, measurable submulti-
plicative function satisfying the Beurling-Domar condition [B)). Then for every
e > 0, there exists R. € (0,00) such that

*“logg(Tx o N
/ %d7<5 forall zeS"'={yeR": |y=1}. (4)
PROOF. Since g > 1 is locally bounded,

0< M :=suplogg(y) < oo. (5)

lyl<1
Take any x € S"!. Tt follows from () that
logg((l4+1)x) — M <logg(rz) <logg(lx)+ M forall 7ell,l+1].

Hence
logg((l+ 1)z b+ logg TT) log g( lx +M
dr <
I | - e
I=L
= logg(lz) M *log g(12) logg(lx) M
Oe9Vr) M 0890 4 o
~ ¥ o [loastrn) S lonsli) M
I=L+1 I=L
for L € N.
Let
e; = (0 0,1,0 0), j=1 n e = ! ! (7)
J 7""17 ) Ly ) y J = 1 y 1y 0 \/ﬁu"'v\/ﬁ )
P

2
= Y= ) ER: o <y < ==Ly
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For every z € S"! there exists an orthogonal matrix A, € O(n) such that

.....

a ﬁmte subcover Take an arbltrary e>0. It follows from (B]) and @) that
there exists R. > 0 for which

/°° log g(TAxe;) dr < €
L 72 2\/n’

n

For any x € S"!, there exist k = 1,..., K and a; € <L, ),j: 1,...,n
such that

n
T = E ajAkej.
J=1

Using (), one gets

/OO logg TT) Ir <Z/ log g TaJAkeJ Za] /oo log g 'rAkeJ)d

ajRe
log g rAke] " €
< =n-— =2=¢.
oy e F
]
Let
o0 1
I, .(r) = / 7ogg§7'x) dr < oo,
max{r,1} T
Jyu(r) = —— /r1 (r) dr <
(7)== max(r 13 , og g(1x) dT < 00,
L[ logg(ra) L
Sy x(r) = — d >0, St
92(r) 7T/OO7'2+maX{T,1}2 TorzbEe
One has, for r > 1 and any 5 € (0,1),
1
Jgu(r) = —/ log g(1) / log g(7x) dr
0
. log g(7x) log g(Tx)
+ 207 )/1 — 25 dT+/rB —2 dr
M 1 " log g(Tx) "log g(Tx)
< = + 205) /1 > dr + /rﬂ — dr
M I,.(1)
S T_2+T2(1 ) +IQZ‘( ) (8)

(see ([@)). Further, if r > 1, then
1 1 —
7S, a(r) = / ogg(r) . / ogg(~Tx)
0 0

7—2+T2 7'2+T‘2
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</ log g(7Tx) dT+/ log g(7x) i
0 r

- r2 T2

" log g(— % Jog g(—
+/ og g(—Tx) dT+/ og g(—Tx) ir
0 r

r2 T2

= Iy o (r) + Jgu(r) + Iy (1) + Jg—a(r), 9)
"log g(7x) *log g(12)
> _
TSg(r) > /0 52 dr + /T —r2 dr

" log g(— % Jog g(—
+/ og g(—Tx) dT+/ og g(—Tx) ir
0 r

272 272

(Lga(r) + Jga(r) + Lg—a(r) + Jg—a(7)) - (10)

N | —

Since g is locally bounded, it follows from Lemma 2] that I, defined by

o0 1
I,(r):= sup I,.(r)= sup / wdT < 00, (11)
zesn—1 zeS?—1 Jmax{r,1} T
is a decreasing function such that
I,(r) =0 as r— oc. (12)
Let
1 T
J = Jy (1) = — | 1 dr, 13
)= s Jyotr) = s, s [ okt (0
L[> logg(rz)
S = S (1) = — dr. 14
0= s Spulr) = s [ Ry
Then
M I,(1)
JQ(T) < ﬁ + r;(ll_ﬁ) + ]y(rﬁ)a
1 2
Y- max {1y(r), Jy(r)} < Sy(r) < = (Ly(r) + Jy(r))
(See (&)7 (Ig)u (DIID) 807 Jg(” - 07 and

Sy(r) =0 as r— o0 (15)
(see ([I2)). It is clear that
Sy(r) =S,(1) for r€[0,1], and S, is a decreasing function. (16)

Examples.

1) If g(z) = (1 + |z|)*, s > 0, then

Sg(r):l/ 510g(1+\7|)d7_: 3/ log(1+r|)\\)d)\

T ) o T2AHT? r R |

s [ log (14 |\]) slog (14 ) /°° 1
< — d\ dA
_Wr/_oo A2 +1 i o Lo A2+
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r>1

) — )

log (1
_£+sog( + ) (17)

T T

where

1 [ log (L+]A])

2) If g(x) = (log(e + |z]))*, t > 0, then using the obvious inequality

u+v < 2uv, u,v > 1,
one gets
1 [*tloglog(e+|r]) , t [ loglog(e+r[\])
SQ(T)_W/_OO 72+ 12 dT_ﬂr/_oo A2 +1 d)\
- t /°° log (log(e+ IA]) +log(e+r)) I
T ) o A2 +1
t [ log (2log (e +|A])) tloglog(e+r) [ 1
< — dA dA
—oar o A2 +1 - o /_OO)\2+1
:cit+tloglog(e+7”)’ r>1, (18)
r r
where

1 [ log (21 A
02::—/ og( oglet | |))d)\<oo.

T ) oo A2 41
3) If g(x) = e?*" o >0, b€ [0,1), then

1 [ a|7‘|b arb=t [ |)\|b Qart=1 [ b
o(7) ﬂ/oo72+T2 T T /Oo)\2+1 T /0 241

b—1 poo 0oL b—1
= ar / 5 ds = %, r > 1 (19)
™ Jo s+1 sin (Tﬂ')

(see, e.g., [4, Ch. V, Example 2.12]).
4) Finally, let g(z) = elel/leg”(etlzD) "~ > 1. Since

1+ ¢
7-<€+T): 7'2§1+E§1+E for >,
T24r2 14 T r

T2

then for any 3 € (0, 1),

Lo 7| 2 [~ T
IS _ - dr = = d
Ry N e o L B e =
L] e
— T
0 o Jr (724 r?)log?(e+T)
rP . 2 r T
d d
/0 22 T Tlogi(e + ) /rﬂ SR

2 e o 1
— (14 - d
Jr7r< +7’>/r (e +7)log” (e +T) !

IN
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1 7B r
= log (72 + 7’2)‘0 + log(72 + TQ)‘TB

mlog” (e + rP)

2 e 1 e’}
Z (1 _> logt™"
+7r< +7’ ; og <€+T)‘T

1 log 2 2 1
< - log(1 4 r2#=D) 4 S LA— - (1 + E) log' (e + )

mlog” (e + rP) r/ y—1
r2(6-1) log 2 2 e
< = - log' ™ > 1.
- o7 mlog” (e + 1P) 7r< 7 fy—log (etr), r=z
Since
2671 + (log2) log ™" 7) log2
lim + (log2) log (e+r): %82 for all pe(0,1),

r—o00 10g_ﬂ/(e + fr) 6“/
one gets, upon taking 5 € ((log 2)47, 1), the following estimate

log™” 2
Sg(r)gm+_<
T T

1
1+ ;) — log' (e + 1) (20)

for sufficiently large 7.

3. Estimates for entire functions

Let 1 < p < oo andlet w: R" — [0,00) be a measurable function such that
w > 0 Lebesgue almost everywhere. We set
[fllze = llwfllze  and (21)
LP(R™) :={f:R" = C| f measurable, | f||;» < oo}.
LEMMA 3.1. Let g : R" — [1,00) be a locally bounded, measurable submulti-
plicative function satisfying the Beurling-Domar condition [3)). Let ¢ be a mea-
surable function such that for almost every 2’ = (xa,...,1,) € R" ©(z,2)
1s analytic in z; for Imz; > 0 and continuous up to R. Suppose also that

log |¢(z1,2")| = O(|z1]|) for |z1| large, Im z; > 0, and that the restriction of ¢
to R™ belongs to Lgil(R”), 1 <p < oo. Finally, suppose that

1 ) !
k, = esssup (lim sup w) < 0. (22)

z/eRn—1 \0<y;—o0 U

Then
llo(- + iy, ‘)HLiil(Rn) < Cge(k¢+5g(y1))y1 ||90||L’g’i1(R")> y1 >0 (23)
see , , where the constant C', < oo depends only on g.
g

PROOF. Let a™ := max{a, 0} for a € R. It follows from (1] that
0 ] + (,F1 / 00 /

/ og” (g7 (1)) 4y / log (g(t,2)) .,
o 14t e L1122

- / > log(g(t, 0)) + log(g(0, 2"))
=) L+ 12

dt < 7 ((S,(1) 4+ log(g(0,2"))) < +o0.
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Since g¥'p € LP(R"), Fubini’s theorem implies that
gil('7 .T/>30(', .T/) € Lp(R)
for almost all 2’ € R"~!. For such 2/ € R"!,
| + /
[t o,
. 1+

S/°° log* (gﬂ(tﬁc’)lsO(t,w’)\)dt+/°° log™ (¢7'(t,2"))

dt < oo.
. 1122 I >

Then

| n [~ Jogle(t.2)
1 N < k = —
og (o +im. )| < ko + 2 [~ B

([19, Ch. III, G, 2], see also [21, Ch. V, Theorems 5 and 7]).

dt {L‘lER,y1>0

Applying (Il) again, one gets

log g(x) < log g(t,2") +log g(z1 — ¢, 0),

logg(t,z') <logg(x)+logg(t —x1,0) forall == (r;,2")eR" teR.
The latter inequality can be rewritten as follows

logg~"(z) <logg~'(t,2) + log g(t — 21,0).

Hence
log g (x) < log g*!(t, ') +Hog g(£(x; — 1),0) forall z = (2,2') € R", t € R,
and

vy [ log\@(t, 37,)| +1
——= T 7 _dt+1lo T
o (t— )2+ y? 89~ (@)

> log |p(t 1
kayﬁ%/ og |p(t, ') +log g* (x)dt

log (|(w1 +iyr, @')|g™ () < koyn + =

—o0 (t_x1)2+y%
ch sl [T log (le(t, g™ (1, 2)) @/"" log g((21 —1),0) .
’ T Joo  (t—x1)*+yi T Jooo (E—21)? 447
., 1+y1 < log ([e(t, )| g*'(t,2")) dH@/w logg(r,0) ,
Y —00 (t_x1> _'_yl T J—c0 T2+y%

If y; € [0, 1], then

] 0 1 ] 0
@/ 0g9(7'72)d <ui a4 U 0g9(772)d7
T Jo TPHUYi T Jo TP+ T )1 TPHy
1 1 [1 0 1,(1
<My1 . 2d7—|——/ Ogg<27-7 >d7—§ M"— g( ) (24)
T Jr T+ Y ™ J T ™

It follows from ([I4]) that for y; > 1,

n /°° log g(7,0)

- g dr < y1Sg(y1).
1



LIOUVILLE THEOREM FOR SUB-EXPONENTIALLY GROWING SOLUTIONS 9
So,
log (|¢(z1 + iy1, ') |g7(2)) < ¢y + (kp + Se(y1) 11

&/OO log (Jio(t, 2')|g*™! (t,2"))

+
T J-x (t_xl)Q_'_y%

dt,

where ¢, := M + I’#(l) Using Jensen’s inequality, one gets

. 00 t x’)|gi1(t SL’/)
INPES! < O eketSg(y1))y1 @/ \@( ’ ’ d
|21 +iy1, @) g7 (x) < g€ ) (t—a1)?+ y%

t,

where
Iq(1)
Estimate (23]) now follows from Young’s convolution inequality and (2I)). O

REMARK 3.2. Let n =1, g : R — [1,00) be a Hélder continuous submulti-
plicative function satisfying the Beurling-Domar condition, and let

.Y [T logg(t)
st =1 e

[ —t t
+l/ (( - + )1ogg(t)dt, reR, y>0.

T o \(t—2)2+y? t?2+1

Then ¢(z) := e*®) is analytic in z for Im z > 0 and continuous up to R,
[pla)] = v = cossl) = 4(z), 5 e R
(see, e.g., [8 Ch. III, §1]), and

[p(iy)| = ") = exp (3/ og9(t) d) _ Sy,

T - t2 +y2
So,
| :
k, = limsup log Je(iy)l _ limsup Sy(y) =0
0<y—o0 Yy Yy—00
(see (IH)), and
o (1y)]

> |p(iy)| = %W = 5OV ||1]| ooy

(- +iy)llree, &) >
g
_ 659(9)3/”‘(]71@”1;00(11{) = esg(y)y”ﬁp”L;ﬁl(R%

which shows that the factor e%¥1¥ in the right-hand side of (Z3)) is optimal
in this case.

Clearly,
Sy =98, Cy=0Cy, (26)
where g(z) := g(Az) and A € O(n) is an arbitrary orthogonal matrix (see

(I4), 28) and (H)).
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THEOREM 3.3. Let g : R" — [1,00) be a locally bounded, measurable submulti-
plicative function satisfying the Beurling-Domar condition [Bl). Let p : C* — C
be an entire function such that log|p(2)| = O(|z|) for |z| large, z € C", and
that the restriction of @ to R™ belongs to inl(R"), 1 < p < oo. Then for
every multi-index o € 21,

100%0) -+ i)l , ey < Cae S WM o]l 1o ),y €R", (27)

where

log |p(x + itw)]

Kky(w) == sup (limsup ) <00, weSs (28)

TER™? 0<t—o0 t

and the constant C,, € (0,00) depends only on « and g.

PRrROOF. (Cf. the proof of Lemma 9.29 in [20].) Take any y € R™\ {0}.
There exist an orthogonal matrix A € O(n) such that Ae; = w = y/|y|
(see ([M). Let ¢(z) :== p(Az), z € C", and g(z) := g(Az), v € R". Then
@ : C" — C is an entire function, and one can apply to it Lemma B with g
in place of g (see (24l)).

For any x € R", one has p(z +iy) = ¢ (T +ilyle1) = ¢ (1 +i|y|, Ta, . . ., Tn),
where 7 := A~ 'x. Hence

o+ i)llp,, ey = 180 +alyl, i, (Rn><ce<k s+ S5(1uD) o I8lzr,, ey

< Cye (ko (y/y))+Sq (1)) |yl HSOH ’, =, e(re /1y +5g(1yl) Iy\”ﬂhp

n

®")
(see (26])), which proves ([21) for o = 0 and y # 0. This estimate is trivial for
a=0andy=0.

[terating the standard Cauchy integral formula for one complex variable, one
gets

n

o(z + e’el s + €in) "
v doy ---do,,
Cr) <H .

k=1
geA(z) ::{nEC": e — 2] <1, k=1,...,n}, zeC"

(cf. [20] Ch. 1, §1) which 1mphes

P 21 + et zn;r 2:9:1 (H €z€k> a6y - - - d,.
Hence
9 (21 + €, 1emjgz+ei€n)d91“'d9na
and
|0%p( oz + ez +e)| dby---dB,.  (29)
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Since g > 1 is locally bounded,

1< M = sup  g(s) < o0.
|5kl <1, k=1,...,n

Then it follows from () that

g Nz —cosby, ..., x, —cosb,) < Mg (x). (30)

According to the conditions of the theorem, there exists a constant ¢, € (0, 00)
such that log|p(¢)| < c,|¢| for |¢| large. Then k,(w) < ¢, (see 8)). Let
0y = p(-+iy),y = (Imz,...,Im z,). Then, similarly to the above inequality,
Ky, (W) < c,. Applying (27) with o = 0 to the function ¢, in place of ¢ and
using ([I6), (30), one derives from (29])

100%0) (- + iz, e

ol 2 2m . o . .,
S(QW)"/O /O o +iys + €, 4y, +e )HL,;ﬂ(Rn) o, ---db,
a! 2m 2 . N | N
< (27T)n/0 /0 M, ||80(-+2y1+zsm91,...,-+zyn+zsm0n)||L:il(Rn) do, - --db,
a' 7 . C Sg(1 n .
< (27r)n/0 /O M, Cyelesta( ))\/_HSO(.Jrzy)HLI;ﬂ(Rn) do, ---db,

— alMlcoe(c<p+sg(1))\/ﬁ||<p(. + iy)”L’g’il(R”)'
Applying (27) with o = 0 again, one gets
10%0) (- + i)l oy < QIMRCE T SHONTL DSy,

O

COROLLARY 3.4. Let g : R" — [1,00) be a locally bounded, measurable submul-
tiplicative function satisfying the Beurling-Domar condition [Bl). Let ¢ : C"* —
C be an entire function such that log |p(z)| = O(|z|) for |z| large, z € C™, and
that the restriction of ¢ to R™ belongs to Lzﬂ(R"), 1 <p < oo. Then for
every multi-index o € 27, and every € > 0,

[(0%p) (- + z‘y)lleﬂ(Rn) < Ca,ge“w(y/'y‘)ﬁ)\yl||¢||L5ﬂ(m, yeR",  (31)

where Ky, is defined by [28), and the constant C,. € (0,00) depends only on
a, €, and g.

ProoF. It follows from ([[H) that for every € > 0, there exists c. such that
Se(lyDly| < e +ely| forall yeR"
Hence (7)) implies (B31). 0
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4. Main results

We will use the notation g(z) := g(—=x), € R™.
Taking y — x in place of y in () and rearranging, one gets
1 _ gy — )
g9(x) = 9(y)

Using this inequality, one can easily show that f % u € L;‘il(R”) for every
f € L2 (R") and u € Ly(R"). The Fubini-Tonelli theorem implies that

fr(uxu)=(f+v)xu foral feL2:/(R") and ov,u€ Li(R™). (33)

(32)

THEOREM 4.1. Let g : R" — [1,00) be a locally bounded, measurable submulti-
plicative function satisfying the Beurling-Domar condition @), f € L;‘il(R”),
and Y be a linear subspace of LL(R™) such that

fxv=0 foreveryv eY. (34)
Suppose the set
Z(Y) = [ {¢ e R [B() =0} (35)
veY

is bounded, and u € LL(R"™) is such that i = 1 in a neighbourhood of Z(Y).
Then f = f xu.

ProoOF. It is sufficient to show that
(f.h) = (f*u,h) forevery h € Ly(R"). (36)

Since the set of functions h with compactly supported Fourier transforms B is
dense in L} (R") (see [5, Theorems 1.52 and 2.11]), it is sufficient to prove (BG)
for such h. Further,

(fmy = (£ +7) (0).
So, it is sufficient to show that
frw=f*xuxw (37)

for every w € Lé(R") with compactly supported Fourier transform w. Take
any such w and choose R > 0 such that the support of @ lies in B :=
{€ e R": [¢| < R}. It is clear that g satisfies the Beurling-Domar condition.
Then there exists up € Lé(R") such that 0 < ugr < 1, ur(&) =1 for || < R,
and ug(§) =0 for [{] > R+ 1 (see [5, Lemma 1.24]).

Let V' be an open neighbourhood of Z(Y) such that w = 1 in V. Similarly
to the above, there exists uy € Lé(R”) such that 0 < 4y <1, up = 1 in a
neighbourhood Vy C V of Z(Y), and 4y = 0 outside V' (see [5, Lemma 1.24]).

Since Y is a linear subspace, for every n € Bry1 \ Vo € R™\ Z(Y), there
exists v, € Y such that 0,(n) = 1. Since v, € L*(R"), ¥, is continuous, and
there is a neighbourhood V;, of 7 such that |0,(§) — 1] < 1/2 for all £ € V.
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Similarly to the above, there exists u, € L;(R") such that Re (0,4,) > 0, and
Re (Uyi1,) > 5 in a neighbourhood V! C V;, of 7.

Since Br1\ Vp is compact, its open cover {V,)},ep,.,\1, has a finite subcover.
So, there exist functions v; € Y and u; € Lé(R"), j=1,..., N such that

Re (o) >

N
., where o :=uy+ E vju; + 1 — up.

Then there exists v € LZ(R") such that © = 1/0 (see [5, Theorem 1.53]).

Since up(1 — u) = 0 and (1 — ) w = 0, one has

VRS
)
+
i
<)

@@(1-@)) B = (i+ (0 — (@ +1—up)0(1—0))d

=@+01-0)—(+1-uapo(l-a)d=(1-(1-ar)o(1l—a))w

It now follows from (B3]) and (B4]) that

N
frw=fx (u—i—Zvj*uj*(v—v*u)) kW
=1
’ N
=fxuxw+ fx* <Zvj*uj*(v—v*u)> * W

j=1

:f*u*w—i—Z(f*vj)*uj*(v—v*u)*w:f*u*w.

COROLLARY 4.2. If Z(Y) = 0 in Theorem[{1], then f = 0.

PROOF. It is sufficient to show that
fxw=0

for every w € Lé(R") with compactly supported Fourier transform w (see the
beginning of the proof of Theorem ET]). Take u € LL(R") is such that @ = 1
in an open set, and the support of @ does not intersect that of w. The latter
condition implies that uxw = 0. Since Z(Y') = 0, it follows from Theorem A.T]
that f = f % u. Hence,

frw=(fxu)xw=fx(uxw)=f*x0=0
(see (B3)). O
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For a bounded set £ C R™, let conv(E) denote its closed convex hull and Hg
denote its support function:

Hg(y) :=supy-&= sup y-& yeR™

¢€E ¢econv(E)
Clearly, Hg is positively homogeneous and convex:
Hp(ry) = 7Hp(y), Hp(y+z) < Hp(y) + Hp(z)
forall y,z e R", 72>0.
For every positively homogeneous convex function H,
K:={{eR"y-£ < H(y) forall y € R"} (38)

is the unique convex compact set such that Hx = H (see, e.g., [14], Theorem

4.3.2]).
THEOREM 4.3. Let g, f, and Y satisfy the conditions of Theorem[{.1], and let

H =H —y)= sup (—y)-&=— inf y-&, e R". 39
v (y) z0r)(—Y) gGZ(I;)( y)- & b V& (39)

Then [ admits analytic continuation to an entire function f : C" — C such
that for every multi-inder o € 71},

1(0%f) (- + iy)”inl(Rn) < Caeﬂy(y)wg(ly\)ly\”fHLiil(Rn)’ y € R™ (40)

(see ([Id)), ([IT)), where the constant C, € (0,00) depends only on o and g.

PROOF. Take any ¢ > 0. There exists u € Lz(R") such that 4 = 1 in a
neighbourhood of Z(Y’), and u = 0 outside the $-neighbourhood of Z(Y") (see
[5, Lemma 1.24]). It follows from the Paley—Wiener—Schwartz theorem (see,
e.g., [14, Theorem 7.3.1]) that u = F~'u admits analytic continuation to an
entire function u : C* — C satistying the estimate

lu(x +iy)| < coe™ @2 forall zy e R"

with some constant c. € (0,00). So, u satisfies the conditions of Corollary 3.4]
with ¢ in place of g, and

[ul-+ )| 1@n) < Cocya ey Welyl lull@ny,  y € R (41)
Since

Fa) = / ulz — 5)f(s)ds

(see Theorem [1.1]), f admits analytic continuation

f(z+1iy) ::/ u(z +iy — s)f(s)ds

R’ﬂ
see Corollar , and
Y
1+ iy)lleee, @y < llul-+ @)l ([ fllzs, @n)

< 00,5/2 eH"(y)“‘y'||u||L;],(Rn)||f||L;i1(Rn) —- MEGHY(Z’)“M||f||L;>°_1(Rn)
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(see ([B2)). Since
|f(z +iy)|
9(x)
one has log | f(xz +iy)| = O(|x + dy|) for |z + iy| large (see ([2))), and

log (Meg(@)l| Il ey ) + #Hy () + et

< MeeHy(yHely\ ”fHLO‘il(R")v
g

log | f(x + itw)]

lim sup < lim sup
0<t—o0 0<t—o0 t
=Hy(w) +¢.
Hence,
1 it
Ki(w) := sup (limsup og|flw +i w)|) < Hy(w)+e¢
zeR” \ 0<t—o0 t
for every € > 0, i.e.
rp(w) < Hy(w).
So, ({Q) follows from Theorem O

THEOREM 4.4. Let g : R" — [1,00) be a locally bounded, measurable sub-
multiplicative function satisfying the Beurling-Domar condition ([B) and let
m € C(R™) be such that the Fourier multiplier operator

CZ(R") 3 ¢ = (D)o == F (i)
maps C*(R™) into Ly(R™). Suppose f € L3 (R") is such that m(D)f = 0 as
a distribution, i.e.

(f,m(D)p) =0 for all p € CZ(R"). (42)
If K :={n € R"|m(n) =0} is compact, then f admits analytic continuation
to an entire function f : C" — C such that for every multi-index o € 7},

H(aaf) ( + iy)”L;’il(Rn) < CaeH(y)-i-Sg(\yDM ||f||L;°i1(R")7 Yy e R™ (43)

(see (I4), (1)), where where H(y) := Hyx(—y), and the constant C,, € (0, 00)
depends only on o and g.

Conversely, if every f € L*(R") satisfying [@2) admits analytic continuation
to an entire function f : C" — C such that

Hf( + iy)|’L;>°;l(Rn) < MseH(yHe‘y'”fHL;‘il(R")a y € R", (44)

holds for every € > 0 with a constant M. € (0,00) that depends only on €, m,
and g, then {n € R" | m(n) = 0} C K, where K is the unique convex compact

set such that Hi(y) = H(—y) (cf. (B8)).

PROOF. Let
(Ty0)(x) == ¢(x —v), z,veR"
Since T, € CX(R"™) for every ¢ € C°(R") and all v € R”, it follows from
([@2) that

—_——

(1 m(D)o) (v) = (f, Tin(D)g) = (f,7(D) (T,¢)) =0 for all v € R".
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Hence

—_——

fxm(D)p=0 forall ¢ € C(R").

It is easy to see that

—

A {UGR” | 771/(237¢(n)=0} = N {neR"|m/(ﬂ¢(_n):0}
$e0E (R peC (R™)
= {77 €R" | m(n)o(—n) = 0} ={n eR” | m(n) =0} = K.

peC(R™)
Applying Theorem with

v = {i(D)o | o € C2RM} c LR
and Z(Y) = K, one gets ([43).

For the converse direction, we assume the contrary, i.e. that the zero-set {n €
R™ | m(n) = 0} contains some vy ¢ K (see (B8))). Then there exists yo € R™"\{0}
such that yo-v > Hg(yo) = H(—yo). It is easy to see that f(z) := €7 satisfies
m(D)e7 = e®Im(y) = 0 for all z € R™. Take ¢ < (yo -~y — H(—0))/|yol-
Clearly, f € L*(R™), and

1f(- = ’iT?/o)HL;il(Rn) eT(yoy)

T Tu0)+elrwol | f[| oo (gmy €7 CH(—w0) <l
>

So, f does not satisfy (44)). O

COROLLARY 4.5. Let g : R" — [1,00) be a locally bounded, measurable sub-
multiplicative function satisfying the Beurling-Domar condition ([B) and let
m € C(R™) be such that the Fourier multiplier operator

C(R") 3 ¢ (D)o = F (i)

maps C*(R™) into Ly(R™). Suppose f € L2 (R") is such that m(D) f =0 as
a distribution, i.e. [A2) holds. If {n € R™ | m(n) =0} = {0}, then f admits
analytic continuation to an entire function f : C* — C such that for every
multi-index o € 77,

1@ )+l e gy < Cae™ Pl @y, y €R?, - (45)

where the constant C,, € (0,00) depends only on o and g. If {n € R™ | m(n) =0} =
0, then f =0.

Conversely, if every f € L*(R"™) satisfying [@2) admits analytic continuation
to an entire function f : C" — C such that

1+ i)l @ny < Mo fllz )y, y € R, (46)
g g

holds for every € > 0 with a constant M. € (0,00) that depends only on €, m,
and g, then {n € R™ | m(n) =0} C{0}.
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PROOF. The only part that does not follow immediately from Theorem [4.4]
is that f = 0 in the case {n € R" | m(n) = 0} = (. In this case, one can take
the same Y as in the proof of Theorem 4] note that Z(Y) = () and apply
Corollary to conclude that f = 0. (It is instructive to compare this result
to [17), Proposition 2.2].) O

REMARK 4.6. The condition that m(D) maps C2°(R") to L} (R") is satisfied if
m is a linear combination of terms of the form ab, where a = Fu, p is a finite
complex Borel measure on R" such that

[ iy < .

and b is the Fourier transform of a compactly supported distribution. Indeed,
it is easy to see that b(D) maps C°(R™) into itself, while the convolution
operator ¢ — fi * ¢ maps C2°(R") to L, (R™).

REMARK 4.7. We are mostly interested in super-polynomially growing weights
here as polynomially growing ones have been dealt with in our previous paper
13]. Nevertheless, it is instructive to look at the behaviour of the factor eSs{vDlvl
for typical super-polynomially, polynomially, and sub-polynomially growing
weights.

It follows from (20) that if g(x) = el#!/1oe”(¢+l2l) v > 1 then there exists a
constant C., such that

Solluhlvl < Cyei\yllog‘”(eﬂyl)(H%log(eﬂyl))

=C, (e|y\/10gw(e+\y|))%(1+%1og(e+\yl)) _ C’y(g(y))%(lJr%log(e+|y\)).

Similarly, if g(z) = e®*", a >0, b € [0,1), then (IJ) implies

eSallublyl — galul”(in(1520)) ™" _ (g y)) (n(52m) (47)
If g(x) = (1 + |z])®, s > 0, then (I7) implies
eSolloDll < gerstslos1lu) — 01 (1 4 |y|)® = C, g(y). (48)

Finally, if g(z) = (log(e + ||))", t > 0, then (I8)) implies

S < (IR — € (log(e + [y))) = Cr(v)
REMARK 4.8. If g is polynomially bounded in Corollary L5l then it follows
from (45]) and ([8) that f is a polynomially bounded entire function on C"

and hence a polynomial (see, e.g., [20, Corollary 1.7]). The fact that f is a
polynomial in this case was established in [3] and [11].

REMARK 4.9. Let n =2, g(z) := (1 +|z|)*, k € N, f(z1,79) := (21 +im2)* (or
fay, 29) = (z1 + im9)* + (21 — ixo)* if one prefers to have a real-valued f).
Then f € L;‘il(Rz), Af =0, f(z+iye1) = (2, + iy, +ixy)* for any y, € R

(see (@), and

I+ el )yl
g9(yrer) — (L fmh)”

— 1= ||f||L;°il(R2) as |’y1| — OQ.
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So, the factor e“s(WDWl < Oy g(y) (see [@R)) is optimal in (@F) in this case.

The case g(z) = e’ o >0,b€ [0,1) is perhaps more interesting. Let us
take b = 1. Then it follows from (A7) that e“s(¥Dlvl = (9(y))¥2. Let us show

that one cannot replace this factor in @F) with (g(y))V21~%), & > 0. Take any
e > 0. Since

1 1 1
\4/1—1-7'2005(—arctan—)—>— as 7—0, 7>0,
2 T V2

there exists 7. > 0 such that

1 1 1
v 1+ 72 cos (— arctan — ) < te )
2 V2

Te

Let us estimate Re/x1 + ikxo, where x = (21, 25) € R2?, k > 0 is a constant
to be chosen later, and /- is the branch of the square root that is analytic in
C\ (=00, 0] and positive on (0, +00). If x1 > 7.k|xs|, then

\/:E1+mx2<}\/x1+mx2‘—\/x1+/{2 2<14/ 1+ xl
1\ 1\
(o2) (e 2)
g 5

If 0 < 2y < T.K|xs|, then

1
Re \/xl +1kxy < }\/xl -+ Zl‘il’g’ CcOos (5 arctan KJ|$2|)

a1
- 1 1
< }\/TE/{|ZL‘2| + mxg} coS 5 arctan —

Te
1 1 1
= Hl/2|x2\1/2 v/ 1+ 72 cos (5 arctan — ) < %/@1/2\111/2-
Te

Now, take k. > 1 such that
1\ VA
T2 '

1+¢ 1/2 (

—=nr/" 2> 1+
V2 o ©

Re\/x1+m€x2< \/_ 1/2\ |1/2 (49)

for x; > 0. If 21 < 0, then the argument of /x; + ik belongs to +[r/4, 7 /2],
depending on the sign of x5. Hence

Then

o 1/2

1
\/_ 8

1/2

RevVwy + ka9 < ‘\/371 + me@‘ cos— ||

and (@) holds for all x = (z1, z,) € R%

Since the Taylor series of cosw contains only even powers of w, cos(iy/z) is
an analytic function of z € C. So, cos(iy/z1 + iz2) is a harmonic function of
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r = (11,22) € R% Hence f(x1,72) := cos(i/zy + ik.x5) is a solution of the
elliptic partial differential equation

1
(8:%1 + ? 8:%2) f([L‘l,ZL'Q) = O

It follows from (49) that

|f(z1,22)] < % (1 + el MHHE‘”) < e Vil
So, f € Ly*1(R?), where g(x) = el with a = l—jgmi/z. Clearly, the analytic
continuation of f to C? is given by the formula

f(z1 +iy1, xg + iys) = cos (l\/$1 + iy + ik (T + iyz)) .
Then (see (7))

1FC+ iy2e2) 20, 2) o MO +iges)|  Jeos(iy=rey)
(9(y2€2))V20=2) 7 g(0)(g(y2e2))V2 1= VE(-2) 5 lual /2
ere *ly] 172 ekt %y /2
el 26(1*52)"’»;/2\92“/2 = 9 — 00 as Y2 — —0OQ.

5. Concluding remarks

Corollary shows that sub-exponentially growing solutions of m(D)f = 0
admit analytic continuation to entire functions on C”. It is well known that no
growth restrictions are necessary in the case when m(D) is an elliptic partial
differential operator with constant coefficients, and every solution of m(D)f =
0 in R™ admits analytic continuation to an entire function on C" (see [22],

[6]).

REMARK 5.1. The latter result has a local version similar to Hayman’s theorem
on harmonic functions (see [12, Theorem 1]) : for every elliptic partial differen-
tial operator m(D) with constant coefficients there exists a constant ¢, € (0,1)
such that every solution of m(D)f = 0 in the ball {z € R" : |z| < R}
of any radius R > 0 admits continuation to an analytic function in the ball
{r € C": [2| < cuRR}. Indeed, let mo(D) = 3, _y @aD® be the principal
part of m(D) = 3, <y aaD®. There exists Cy, > 0 such that

Y aala+ib)* =0, a,hbeR" = |a| > Cyld|

la|l=N

(see, e.g., |25l §7]). Then the same argument as in the proof of [18] Corol-
lary 8.2] shows that f admits continuation to an analytic function in the ball
{zeC: |z] < (1+C,2)Y2R}. Note that in the case of the Laplacian, one
can take Cp, = 1 and ¢,, = (1+ C,?)""/2 = <5, which is the optimal constant
for harmonic functions (see [12]).



20 D. BERGER, R.L. SCHILLING, E. SHARGORODSKY, AND T. SHARIA

Let us return to equations in R". Below, m(&) will always denote a polynomial
with {£ € R" | m(£) = 0} C {0}. For non-elliptic partial differential operators
m(D), one needs to place growth restrictions on solutions of m(D)f = 0 to
make sure that they admit analytic continuation to entire functions on C".

We say that a function f defined on R™ (or C") is of infra-exponential growth
if for every £ > 0, there exists C. > 0 such that

1f(2)] < Cefl forall zeR™ (ze€Ch).

Let p: [0,00) — [0, 00) be an increasing to infinity function such that
p(t) <At+B, t>0

for some A, B > 0, and

> u(t
/ 1O g < oo (50)

12

1

Suppose {£ € R" | m(§) =0} = {0}. Then, under additional restrictions on
u, every solution f of m(D)f = 0 that has growth O(es*(7)) for every ¢ > 0
admits analytic continuation to an entire function of infra-exponential growth
on C" (see [17]). It is easy to see that (B0) is equivalent to the Beurling-Domar

condition (@) for g(z) := etz

One cannot replace O(e(#D) with O(e*#l) in the above result without placing
a restriction on the complex zeros of m. If there exists 6 > 0 such that m(¢)
has no complex zeros in

Im¢| <4, [Re¢|>d", (51)

then every solution of m(D)f = 0 that, together with its partial derivatives
up to the order of m(D), is of infra-exponential growth on R", admits analytic
continuation to an entire function of infra-exponential growth on C" (see [16],

7).

On the other hand, if for every 6 > 0, (&Il contains complex zeros of m((),
then m(D)f = 0 has a solution in C'* all of whose derivatives are of infra-
exponential growth, but which is not entire infra-exponential in C". The proof
of the latter result in [16], [I7] is not constructive, and the author writes:
“Unfortunately we cannot present concrete examples of such” solutions. How-
ever, it is not difficult to construct, for any ¢ > 0, a solution in C'* all of
whose derivatives have growth O(efl*l), but which is not real-analytic. Indeed,
according to the assumption, there exist complex zeros

G =& +ink, &k € R, ke N
of m(¢) such that
el < k7Y |&] > ks (52)

Choosing a subsequence, we can assume that wy := |£] 7€, converge to a point
wo € S"i={£ €eR": [§] =1} as k — 00, and that |wy — wy| < 1 for all
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k € N. Then
2 2 — 2 1+1-1 1
o — |wr|® 4 |wol? — |wi — wo - + Ll oken (53)
2 2 2
Consider
ek k- =T .
k>e—1 k>e—1

Then, for every multi-index «,

< Z <‘§k| + 1)‘0‘|e|nk||a:|

o _ (i) e’
|a f(l‘)| - Z €‘£k|1/2 €|£k‘1/2
k>e—1 k>5*1
= kz e\skw? = Cae™, TER
>e—1
(see (B2)). Further,
_ m(Gr)e
m(D)f(z) = Y " — e =0

k>e—1

On the other hand, f is not real-analytic. Before we prove this, note that
formally putting = — itwp, ¢ > 0 in place of x in the right-hand side of (54)),
one gets a divergent series. Indeed, its terms can be estimated as follows

ek HtE - wo—ny-z+iln-wo etl8klwr-wo—np-z t1Ex]/2

—elz] €
elér

— 0

|1/2 1/2 = |1/2

elék elékl

as k — oo (see (B2), (B3)).

For any j > &', there exists ¢; € N such that
GGl <4+ 1. (55)
It is clear that {; — oo as j — oo (see (52))). Note that

|wwo - i
arg (wo - < .
‘ g( 0 <k>| — |w0'§k‘ — k|£k‘
If |&| > J , then
0 2€ T
|arg (WO Ck) k|§k| 37

and

1 1
2 0 |
Re (wo - Gk) 7 > 5 |W0 Gkl = 2£j+1‘§k|gj'

Clearly, |&;] > % for sufficiently large Jj (see (BH])). Hence, one has the following
estimate for the directional derivative 0,

LY
(co.)p) )] > 3 Helen 007

k>e—
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S |Gl Y [
- e‘§k|1/2 2€j+1e\§k|1/2
k>e=1, Jenl< 22 k>e=1, Jenl> 22
1 £; 0.
S (€] +2)” L&l
- e‘§k|1/2 2€j+1e‘§j‘1/2

60
k>€_17 ‘£k|<T]z

) 20

1 /106;\" 07
> — § 1/2 ’ + r 2 1/2
e‘§k| / wk 2€j+1e(€j+1) /

60,
k>t |&pl<—#

00 20 ;
1 I .
_ N\ J _ N\ —(€;+1) y2¢
> —(10¢;)% kg_l T + S TIgh T = C(104,)5 + (2¢)~ % loss

Hence s
(=) £) (0)] > €2°

for all sufficiently large j, which means that f is not real-analytic in a neigh-
bourhood of 0.

The operator m(D) in the previous example is not hypoelliptic. If m(D) is
hypoelliptic, then every solution of m(D)f = 0, such that |f(z)] < Aedl®!
r € R" for some constants A,a > 0, admits analytic continuation to an
entire function of order one on C" (see [10 §4, Corollary 2]). For elliptic
operators, this result can be strengthened: every solution of m(D)f = 0,
such that |f(z)| < Ae??l” 2 € R™ for B > 1 and some constants A,a > 0,
admits analytic continuation to an entire function of order 5 on C" (see [10]
§4, Corollary 3]). Let us show that for every § > 1 there exists a semi-elliptic
operator m(D) (see [15, Theorem 11.1.11]) and a C'* solution of m(D)f =
0, all of whose derivatives have growth O(e?™”), but which does not admit
analytic continuation to an entire function on C".

A simple example of such a semi-elliptic operator is 02 + 8;%*2 with ¢ € N

satisfying 1 + % < pB,ie (> 2(5—171)

Let

o0 e—ik2z+1$1 +kxo

flan,m) =) BT (21, 22) € R”.
k=1
1
If 25 > 0, then the function ¢ — tz, — ™! achieves maximum at ¢ = (522;)*

20+1
and this maximum is equal to

1+
1 26 4L 1+
20 <7 Ty 2 =tcpmy .

)

20+1

Hence, for every multi-index «,

|8af($1’l*2)| S Z k(2€+1)‘0{|6k‘x2_k2€+1

k=1
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1
|::v22[:|+1
oo
_ k(2£+1)\a|6m2—k2“1+ Z k(2€+1)\a|ek(mgfk%)
k=1 1
k:|::v22£:|+2

< ([x?] +1)(2Z+1)0f|+1 o 1+2z Z 2Dl b

1+ 14+
2 1 20 20
< 2(2[-‘,—1”0&‘-{-1 <x2|04‘+ 1) 60@ Tqy C&a < C£7a6(6g+1)$2

If 25 <0, then
©  1.(26+1)]al

o
o J
0% f (21, 22)| < ZW <Zg =: Cp < 0.
=1 j=1
1 1

So, f c COO(RZ), and aaf(xhx2> =0 (e(cg-f—l)‘l‘glpf%) -0 (e(cg+1)|$|1+22>. It
is easy to see that (02 + 93:%2) f(x1,22) = 0.

The function f admits analytic continuation to the set

I = {(21,22) € C*Imz < 1}.

Indeed, let
o0 e*ik2z+l(1’1+iy1)+k($2+iy2)
flz1,22) = fl@n + iy, oa +igo) = Y e
k=1
o
_ Z ei(kygfk%"'lxl)6k2€+1(y1—1)+km2'
k=1

It is easy to see that the last series is uniformly convergent on compact sub-
sets of II;. So, f admits analytic continuation to II;. On the other hand,
f(iy1,0) = o0 as y; — 1 — 0. Indeed,

k2£+1 1— 1
th E w

Take any N € N. If y; > 1 — N_(%H), then

o) N N
. 2041 N —(2041) 2041 N —(20+1) _
j’"(zyl,())>ge’l‘C N >Eek N 2261
k=1 k=1 =1

So, f(iy1,0) > occasy; — 1—0.
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