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Abstract

It has been known for many years that there exist families of superconformal field
theories (SCFTs) connected by exactly marginal deformations. Such families are called
“conformal manifolds”. In the presence of boundaries or defects, we can study the
analogue construction, defect conformal manifolds. Just as exactly marginal operators
parameterise the conformal manifold, the corresponding operators on conformal defects
allow for their marginal deformations.

In this thesis, we consider two kinds of defect exactly marginal operators. One is
“trivial” that arises from global symmetry breaking. When a defect breaks a global
symmetry, there is a contact term in the conservation equation with defect exactly
marginal operators. The resulting defect conformal manifold is the symmetry breaking
coset and its Zamolodchikov metric is expressed as the 2-point function of the exactly
marginal operators. As the Riemann tensor on the conformal manifold can be expressed
as an integrated 4-point function of the marginal operators, we find an exact relation to
the curvature of the coset space. We confirm this relation against previously obtained
4-point functions for insertions into the 1/2 BPS Wilson loop in N/ = 4 super Yang
Mills, the 1/2 BPS surface operator of the 6d N = (2,0) theory and 1/2 BPS Wilson
loops in ABJM theory. We also construct the 1/3 BPS loops in ABJM and examine
the relation there.

However, defect conformal manifolds do not require broken symmetries. One nat-
ural setting is in 3d, where line operators have multiple marginal couplings. We con-
structed many new moduli spaces of both conformal and non-conformal BPS Wilson
loops in N' = 4 quiver Chern-Simons-matter theory on S2, connected by continuous
supersymmetric deformations. In the case of conformal BPS loops, the deformations
play the role of defect exactly marginal operators which generate the “nontrivial” con-
formal manifolds. With the same method, we also address a longstanding question of
whether ABJM theory has 1/3 BPS Wilson loop operators, where such loops are made
of a large supermatrix combining two 1/2 BPS Wilson loops.
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1 Introduction

Quantum Field Theory (QFT) remains of great interest in theoretical physics after almost
one century since its inception. A central problem is to classify the QFTs and understand
the relations between them. The concept of “space of quantum field theories” which was
introduced by Wilson, Friedan and others [8-12] in the 1970’s, plays an important role in
organizing and classifying QFTs, and allows us to tell when two theories are related by finite
variations of the coupling or by Renormalization Group (RG) flows.

In broad terms, one may classify quantum field theories according to their spacetime
dimensions, as well as the presence of any possible continuous symmetries. Given the promi-
nence of the Poincaré group in relativistic quantum field theories, the candidates of extended
symmetries turn out to be surprisingly limited. In 1967, Coleman and Mandula |13]| proved
that the Poincaré group can only be combined with internal continuous symmetries in a
trivial way, i.e. as a direct product. In the search for nontrivial extensions of Poincaré
group, conformal symmetry and supersymmetry have attracted wide interests. Theories en-
hanced with either conformal or supersymmetries can be constructed in arbitrary spacetime
dimensions and have been studied abundantly in the literaturd']

However, after more than fifty years of effort, the complete classification of QFT's is still
an unsolved mystery, except for a few special subclasses of theories. One successful example
is the two-dimensional Conformal Field Theories?’] (CFTs) [16-{18] with central charge ¢ < 1,
where the combined constraints are given by their unitarity and one loop modular invariance
[19-22]. See [23,24] for an overview of this classification.

For a long time the best existing classification of QFTs was based on perturbation theory
[25]. However, we may distrust a perturbation theory because of the large bare coupling, or
the relevant coupling that becomes large at low energy. Even more, there are many QFT's
for which the perturbation theory is not a good description, since the associated Lagrangian
descriptions are often non-existent or just useless. To that end, conformal field theory
provides a powerful tool to classify and characterize QFTs, since a UV-complete QFT can
always be thought of as a RG flow between CFT|that govern the critical behaviours near the
UV and IR fixed points, see . One famous example is the Quantum Chromodynamics
(QCD) with a free fixed point in the UV [26,27] and a triviall| fixed point in the IR [2§]. In
other words, the classification of QFTs can be addressed by identifying the CFTs that are

IThe early history of supersymmetry and a guide to the original literatures can be found in [14], and a
canonical reading for conformal field theory is [15].

2Conformal field theory is a special class of QFTs that is invariant under conformal transformations, i.e.
rotations, translations, dilation and the so-called special conformal transformations.

31t is generic to have a CFT in the IR. Though having a CFT in the UV is not essential, it is very useful
to assume one.

4Here by “trivial” we mean there is not enough energy to produce any excitations in the theory, so that
the theory is empty, or, trivial.



connected to them through RG flows, and their deformations. The main advantage of this
approach is that it requires no perturbative Langrangian descriptions of the QFTs but just
the non-perturbative definition of CFTs.

CFTuy
QFT{ | RG flow (1.1)
CFTr

Occasionally, a conformal field theory is not isolated but parameterized continuously as
a member of a family. The set of possible values for these parameters often has the structure
of a manifold, known as the conformal manifold. It occurs when the theory possesses one or
more marginal couplings \?, where two well known examples are the compactification radius
R of a compact scalar in 2d [29], and the complexified gauge coupling 7 = % + i‘;—g of 4d
N = 4 super Yang-Mills theory [30]. One can interpret these couplings as coordinates on
the manifold. More precisely, for a CFT located at point P on the conformal manifold M,
the deformation by an exactly marginal potential

W= N0, (1.2)

takes it to some nearby CFT, P’ where O; are the exactly marginal operators.

Especially, when the points along the conformal manifold describe genuinely different
theories, rather than being related by a relabelling of operators, the resulting conformal
manifold is called “non-trivial” [31,132]. Instead, if the points on the conformal manifold
are related to each other through a group generator and thus the associated deformations
do not really change the CFT, the resulting manifold is “trivial”. The most general exactly
marginal deformation one can write out is an arbitrary linear combinations of the above two
types.

Generally, for a given theory there are two approaches to determine the conformal man-
ifold [33]. The first one is based on a direct evaluation of the S-functions requiring their
vanishing [34], which is used to show that conformal manifolds are common in 4d N' = 1 su-
persymmetric gauge theories [35]. While the other approach [36] relies on group theory and
proves that when a given superconformal field theory is equipped with a global continuous
(non-R) symmetry group G’, the conformal manifold is determined by the quotient of the
space of couplings by the complexified symmetry group

M={\}/Ge. (1.3)

We have to point out that the existence of conformal manifolds is not guaranteed, and
in fact their existence imposes non-trivial constraints on the CFT data [32,[37-39]. There
are many 2d CF'Ts where exactly marginal couplings occur, but for the dimension D > 2,
conformal manifolds are much less common and so far all known examples of conformal
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manifolds enjoy some degree of supersymmetry. As shown in [40], the superconformal sym-
metry allows for the existence of marginal couplings only in superconformal field theories
(SCFT) with A/ = 1 or 2 supersymmetry in 3d and N/ = 1, 2, or 4 supersymmetry in 4d.
In even higher dimensions, not any 5d or 6d SCFTs with exactly marginal couplings exist ]
There are some independent arguments for the existence of non-supersymmetric conformal
manifolds, relying on conformal perturbation theory, discussed in [32,37]. Recently some
new holographic evidence for the existence of nonsupersymmetric conformal manifolds have
been found in [42], but to our knowledge, we still do not know any explicit examples in this
case so far.

In this thesis, we mainly concern defect conformal field theories (ACFTs) that are re-
viewed in section [2.3] Luckily, in the presence of defects, we can study analogue construction
to conformal manifolds, where the same technical restrictions do not apply any more. Much
like exactly marginal bulkl| operators, there may be defect exactly marginal operators and
they lead to defect conformal manifolds. In analogy to Goldstone’s theorem [43}/44], such
marginal defect operators are guaranteed to exist when the defect breaks a global symme-
try including R-symmetry. Thus unlike bulk marginal operators, exactly marginal defect
operators are ubiquitous.

While conformal defects and their deformations play an important role both in condensed
matter physics and in string theory (for example the truly marginal boundary deformations
of ¢ = 1 theories in [45]), this point of view remains relatively unexplored. When a defect
D breaks a global symmetry G to G', defect exactly marginal operators O; naturally emerge
from contact terms in the conservation equation . We find that the resulting defect
conformal manifold contains the symmetry breaking coset

M=G/q, (1.4)

To see the coset structure, one may think of M as the space of the defects produced by the
actions of all the group elements g of G on D, which remains the same when g € GG'. In other
words, the space of the defects at least contains the coset G/G’. A natural metric defined
locally by the two point function of the defect exactly marginal operators [46] is consistent
with the coset structure.

Our method allows defect conformal manifold to exist in very general dCFT's, even includ-
ing the non-supersymmetric ones, such as the critical O(/N) model [§] with defects studied
in [47-56]. Two symmetry breaking cosets O(N)/(O(p) x O(q)) and U(N)/(U(p) x U(q)) in
two free theories, the free scalar and spinor, in boundary conformal field theories (bCFTs)
have been already confirmed in [57]. We have to clarify that the associated defect conformal
manifolds generated in this way can be absorbed by a field redefinition, in other words,

>There are no interacting SCFTs in d > 6 [41].
6We use the word “bulk” for the spacetime of the field theory away from the defect.



the points on such manifolds can be related to each other through the action of the broken
generators of the group [57]. Consequently, we name them as the “trivial” manifolds.

Examples of “non-trivial” defect conformal manifold are also known. A distinguishing fea-
ture of three-dimensional supersymmetric conformal field theories is the vast moduli spaces
of BPS line operators including multiple marginal couplings [2,3,58-70]. We present a full ex-
ploration of connected components of the moduli spaces of both conformal and non-conformal
BPS Wilson loops in N' = 4 quiver Chern-Simons-matter theory on S3 along a great circle,
where the loops preserving the same supercharges are connected by continuous supersym-
metric deformations . We apply a similar philosophy to previous papers [5859], but
employ as the starting point of the deformation arbitrary supersymmetric Wilson loops in
the theory, and then choose a preserved supercharge and look for BPS deformations built
out of the matter fields in the proper representationsﬂ Our construction guarantees that
all the entries of the superconnection have classical dimension 1, which is a necessary but
not sufficient condition for the conformality of the loops. As a result, we exhausted all the
connected moduli spaces of BPS Wilson loops in 3d N = 4 quiver Chern-Simons-matter
theory, except for the possible isolated components that share no overlapping supercharges
with any bosonic loops.

Concentrating on the conformal Wilson loops, there is a branch of 1/4 BPS loops in-
terpolating between the bosonic and 1/2 BPS loops whose conformalities are known [59],
because of the one-dimensional conformal algebra generated by the supercharges these loops
preserve. Besides, we find a new candidate, which is another branch of 1/4 BPS loops that
interpolate between two 1/2 BPS loops, without any intersection with the first branch ex-
cept for the 1/2 BPS points. Unlike the first branch, the supercharges preserved by the
new loops do not generate the conformal algebra, but are an outer automorphism of it. In
other words, the new loops are classically conformal invariants. As we cannot rely on super-
symmetry to guarantee conformality, it would be extremely interesting to examine them at
the quantum level and verify whether they are the truly conformal invariants. Besides, the
geometric properties of the non-trivial defect conformal manifolds are still unexplored and
we will discuss them in more details in the outlook section [§

This thesis collects a number of results, organised as follows. In section [2| we start with
a quick review of the backgrounds, including the field contents and superconformal algebras
of two main superconformal field theories that will be used throughout the remainder: 3d
N = 4 super Chern-Simons theories on S® and ABJM theory in flat space. We also present
standard constructions relating to conformal manifolds and defect operators. In section [3]
we introduce the defect conformal manifold and show that when a defect breaks a global
symmetry, the resulting defect conformal manifold is the symmetry breaking coset. We
find exact relations to the curvature of the coset space, and confirm this relation against

"In most of the cases, we consider the theories contain both hypermultiplets and twisted hypermultiplets,
seeing Figure
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previously obtained 4-point functions for insertions into the 1/2 BPS Wilson loop in N = 4
SYM and 3d N = 6 theory and the 1/2 BPS surface operator of the 6d N’ = (2,0) theory.
In sections [} [f] and [6] we construct many new large classes of BPS Wilson loops in three-
dimensional N' = 4 quiver Chern-Simons-matter theory on S? including both bosonic and
fermionic ones, preserving one to six supercharges. In section [7, we address a longstanding
question of whether ABJM theory has Wilson loop operators preserving eight supercharges
(so 1/3 BPS) and present such Wilson loops made of a large supermatrix combining two 1/2
BPS Wilson loops. We also construct the defect conformal manifold arising from marginal
defect operators. Finally, we end with a discussion of possible extensions of this work,
especially how to apply the techniques we employ in trivial defect conformal manifolds to
the non-trivial cases.
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2 Background

2.1 Superconformal field theories

One of the major reasons that we study supersymmetric field theories is that, both con-
formality and supersymmetry provide powerful constraints that help to calculate a lot of
interesting quantities. Theories enhanced with either conformal symmetries or supersymme-
tries generally exist and have been studied in great detail [14}|/15]. However, if we require a
theory to preserve both symmetries, it proves to be much more restrictive requirement and
as a consequence the space of such theories are rather more limited. Still, there are many
examples of supersymmetric conformal field theories are known in 2d and 4d, though much
less was known in 3d for a long time.

It was pointed out in [71] that the supersymmetric Chern-Simons theories in three di-
mensions give rise to a natural class of conformal theories. Pure Chern-Simons theory with
U(N) gauge symmetry has a real Lagrangian in the Euclidean signature that is proportional
to

N
Los =tr |[e(A,0,A, + éAMAVAp) , (2.1)

where p,v,p = 1,2,3. For simplicity here and throughout we use A, to denote the gauge
fields Ajt?, where the Hermitian matrices ¢* are generators of the Lie algebra of the gauge
group in the adjoint representation. Such theories are topological by themselves, but may be
coupled to other matter fields. The number of supersymmetries of superconformal Chern-
Simons theories has a natural division between N’ < 3 and N > 3 theories. For the theories
with A/ < 3, the constructions are rather straight forward, see [71-76]. When N > 3,
the most symmetrical choice according to the AdS/CFT correspondence [77] is the model
proposed by Bagger, Lambert [78-80] and Gustavsson [81}[82], which can be regarded as
a special class of Chern-Simons-matter theories with N = 8 supersymmetry and OSp(8|4)
superconformal symmetry.

The N = 4 supersymmetric Chern-Simons-matter models were fistly proposed by Gaiotto
and Witten in [83] with OSp(4|4) superconformal symmetry, then generalized in [84-86]. In
the same year, Aharony, Bergman, Jafferis and Maldacena constructed a supersymmetric
Chern-Simons-matter model [87] with gauge group U(N) x U(N) and proved that it has
explicitly N' = 6 supersymmetry, which is now known as ABJM theory. Very soon later,
Aharony, Bergman and Jafferis generalized it with the same matter content and interactions,
but with gauge group U(N;) x U(Ny) where Ny # N, [88], sometimes referred to as ABJ
theory. In this thesis we make no distinction between the names and call these two cases
ABJ(M) or ABJM theory.

In the following we give a brief presentation of N' = 4 super Chern-Simons-matter theories
and ABJM theory about their field contents and superalgebras, based on [83-88]. These
theories are known to have intricate spectrums of line operators.
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2.1.1 AN =4 Chern-Simons-matter theories on S*

N = 4 Chern-Simons-matter theories can be represented in terms of either circular or linear
quiver diagrams [83-85],89]. For the most part we focus on a node labeled by I with gauge
field Ay and its adjacent node with A;.y, but in Section we also consider more nodes.
The edges of the diagram represent hypermultiplets and twisted hypermultiplets. The hy-
permultiplet (¢¢, ) couples to Ay and Ay, while the twisted hypermultiplet (¢;_14, 12?_1)
couples to A; and A;_q, and so on in an alternate fashion. The field content is summarized
in the quiver diagram of Figure [, where the solid lines between nodes represent the matter

fields.
(jI—lda %Za_ (.7[a7 &[l
(j?_lﬂﬁ[_hl U Q?, 1/}1@

—k k

~ ~a
qr+1a, ¢I+1

qlll-‘rl? ¢]+1a

Figure 1: The quiver and field content of the N' = 4 theory.

As shown in [59], the (twisted) hypermultiplets can be decomposed into pairs of chiral
multiplets. Figure [2] explicitly displays the (anti-)chiral scalars in this decomposition. Chiral
fields are consistently indicated with solid arrows, and anti-chiral fields with dashed arrows.
The arrow orientation corresponds to the field’s representation. For example, the fields ¢? is
in (N7,N71) of U(Ny) x U(Ny41) and g} is in the conjugate representation (N7, Ny ).

Q~1—1,i TIRE qr,1 1 2 141, Groq 5
\ 9171,2/\ . ar, /N Ary1,2

Tt 4 o A e
Tt Tyt B
911 ‘ﬁ—1 L qr CI} 2 1 Gri

Figure 2: The decomposition of the N' = 4 matter multiplets into pairs of chiral
multiplets.

The scalar fields in the hypermultiplet have indices a,b = 1,2 and are doublets of the
SU(2);, R-symmetry. The fermions with indices @, b = 1,2 are charged instead under SU(2) .
This is reversed in the twisted hypermultiplets. These indices are raised and lowered using

bup and v, = €,0” with €'? = €5, = 1, and similarly

the appropriate epsilon symbols: v* = €*
for the dotted indices. Together with the conformal group, they form the bosonic subalgebra
50(1,4) @ su(2)r @ su(2)g of the superalgebra osp(4/4) of 3d N/ = 4 superconformal field
theories.

Although S and R® are conformal to each other, and therefore they share the same

algebras, in the later sections [4] [5] and [6] we focus on the case of a three-sphere of radius r
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embedded in R* that is parameterised by 4d coordinates 2™, with m,n = 1,2,3,4. More
explicitly, the algebra of geometric symmetries is spanned by M,,,, the generators of S*
isometry algebra so(4), and the those of conformal maps T,

1
an = xman - xnan”w Tm = Tam - —l'ml‘nan, (22>
r

with commutators
[ana Mrs] = 5m[sMr]n - 571[5-]\47"]m ) [an7 Tr] = _5r[an] ) [Tm’ Tn] = M - (23>

It is convenient to introduce capital indices M, N = 0,1,2,3,4 and to define My,, = T},
then the above equations can be summarised by

[Muin, Mgs] = masMrin — nngsMejv (2.4)

where n = diag(—1,1,1,1,1).
The R-symmetry algebra is spanned by J; and J;

[Ju Jj] = 2Z€ijJk y [j“ jj] = 27/67,j]€jk y (25)

which are two independent sets of su(2) generators. To be consistent with our previous

conventions, we define
J% = (o) J; (2.6)

and similarly for J- ‘”", with commutators
[Jab7 ch] _ _clagbd _ Ed(ajb)c’ [jab, jc'd] _ _Eé(aji))d . Gd(aji))c'. (2‘7)

In addition, there are 16 supercharges Q% in the theory, where besides the R-symmetry
indices a, a, the spinor indices « represent that those supercharges transform as spinors of
the conformal group so(1,4). Their anticommutators are given by

{an7Q%b} — Edbeab(FMNC_1>aBMMN + edbcojﬁljab + eabct;ﬁljdb7 (28)

where '), are the 5d gamma matrices and C are the 5d charge conjugation matrices. Finally,
the mixed commutators are

[MMNanca] = _%(FMN)QQ%G ) (29>

and _ . _
[ch7 an] — 6banc + e c;[b7 [jb(':7 Qza] — €bina 4 Gc’nga. (210)
They are actually the N' = 4 superconformal subset of the ABJM (AN = 6) superalgebras.
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To write down the Wilson loops and the supersymmetry variations, it is useful to define
moment maps and currents, following [63,59]

a a = 1 a C= -ab a 7 ac _bé —

Mry =4qrqre — §5bQIQICa ]zb = QI@/J? — € Yredre

~ 4 a4 ~ lize - ~ba _ =b Ta bé _ac, ], ~

Hry = dr—191-16 — §5bQI—IQI—1é: 0t = Aoy — € ere (2.11)
Vi = q7q1a, Ur=qf 1 Gr-1a-

These are bilinears of the matter fields and transform in the adjoint representation of U (Ny).
Note that other bilinears of the same matter fields can transform in the adjoint of U(Ny41).
For example, vy1; = §r.qf is built out of the same fields as v, but it transforms in the
adjoint of U(Ny;1) because of the reversed order.

As stated in the Introduction, we define the theory on S® and the hyperloops we construct
are supported along the equator of this sphere. The corresponding on-shell N' = 4 super-
symmetry transformations were derived in [59] by relying on the decomposition of N' = 4 to
N = 2 theories and the transformation rules of the latter in [89,/90]. They are

4 .qb ~ba
5/4“[ = Efab'}/u(]]b - j? ) 5

8af = €05 810 = &}
0q;_1j = _éaiﬂ;?fl ) . 5(51671 = _gaéilflm
SVra = i7"&aDud} +iGagh — %fbd(qulI) — qyvr) + %ﬁba (fi2d) — fires)
S = iy Dqry + i qrp — %fba(quw — vrt1Qrs) + %fbé (@rofir’s — frsaare)
57/;?71 - _i’Y“gabDufﬂ—w - Z'Cai’dz_u; + %f“i’(%_uﬁf = U11d;-15)
- %fhé (Gr-1ems®y — pr-1,"qr-1¢)
57;1—1a = _i'yufabDuC?Ibq — 1 al.)q:Ii)—l + ééai)(ﬁfqzlb—l - C716—191—1)

21 =é =é
- ?&,c- (,ulbanq - QIflliI—lab) )

(2.12)
where §,; are the Killing spinors and (,; = %wvugab. The covariant derivative acts as, for
instance, D,qf = 0,47 — 1A, 147 +iq7 A, 1. _

Specifically, each supersymmetry parameter £% is a linear combination of four (confor-
mal) Killing spinors on S3 denoted {&, &, ¢, €7}, i.e.

£ = 30 + €257 (2.13)

where 2 = I,7 and 7 = [,7 label doublets of the SO(2,1) conformal symmetry along the

circle. All together they form a quartet of the SO(4,1) symmetry of S®. The index o = +
is the spinor index.
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The Killing spinors obey

Vi = o€ VET = ol (2.14)

{
2

Along the circle we take 7, = o3 and the Killing spinors reduce to [91]

1 I 0 . (e = (0
é.éz = (O) ) 52{ = (1) ) ga - ( 0 > ) €a - (eigo) ? (215>

I i 10 T i emT
whence one finds ¢} = 3% and (" = —3¢ 7.
We work in Euclidean signature and take the gamma-matrices, (v*),”, to be given by
the Pauli matrices. As usual, the spinor contractions are such that

§1&e = 160 = +62601, S = £?<7M)aﬁ627,@ = -5 (2.16)

It follows that the Killing spinors in (2.15) satisty £'¢! = ¢/¢! = 1 and {y#¢! = —¢lyre! = o,

and similarly for the contractions involving £" and £".

2.1.2 ABJM theory

The ABJM theory [87] is a conformal field theory in three dimensions with N' = 6 supersym-
metry, or a total of 12 real supercharges QX/ and 12 real superconformal charges S./, to be
discussed below. The field content are the following: Two gauge fields AS) and A,(f) belong-
ing respectively to the adjoint representation of U(N;), and U(Nz)_j, four complex scalars
C; (or C') and four complex fermions ! (1) that transform under (N, Ny) ((Ny,Ny))
of the gauge group U(Ny)r X U(N2)_k. They can be summarised in the quiver diagram of

Figure m

CI) 1/_)1

k Cl? ?/JI —k

Figure 3: The quiver and field content of the ABJM theory.

The symmetry algebra of ABJM theory in flat space includes the conformal group so(4, 1),
the R-symmetry su(4) and the supersymmetry generators forming the o0sp(6|4) superalgebra.
The first is comprised of the Lorentz generators M, , translations P,, special conformal
transformations K, and dilation D. The R-symmetry generators can be written as J 77 and

8Here we use the double lines to indicate that the amount of matter fields in ABJM is twice of those in
N = 4 theories, cross-ref to figure [T}

16



we write them in a redundant notation allowing I, .J = 1,...,4, with the constraint J,” = 0.
The supercharges are QL7 and S./ and satisfy the reality constraint QL = 3e’”**Q 1, and
SOI[J = %GIJKLS’KLQ/Q.

The nonzero commutators in the conformal algebra are [92,93]

[P, K,] =26,,D +2M,,, [D,P,] = P,, D,K,|=-K,, (2.17)
[M#W Mpa] = 5u[aMp]V - 5V[UMp]u ) [Pw MVP] = 5u[VPp] ) [K#, M,,p] - 5M[VKP] .
For the R-symmetry generators
[‘]IJ7JKL] = 5ILJKJ _5}](J1L- (2.18)
The anticommutators of the fermionic generators are
[Q, Q1) = 2 KL(y) PP, {SI, 5KV} = 26 KL (1) PK, (219)
QY SKLBY — EIJKL(,Y,uu)aﬁMMV 4 253 (GIJKLD _NIKLp T 6INKLJNJ) ’ .
Finally, the mixed commutators are
1 1
[DuQiJ] = 5 £¢J7 [D,SiJ] = _§S£J7
1 1
[M,uz/u Q({ZJ] = _i(v,ul/)aBQéJ ) [lea S(iJ] = _i(v,ul/)aﬁsl(] ) (220>
K Qi1 = (u)a"S5 [P 8271 = ()o" Q.
1 1
7, Qe = o1 Qat + 07 Qe — 507Qa" . )7 SaT) = o ST+ 07 S = 507 S

Since supersymmetry plays an essential role in section [7] it is also necessary for us to find
out the supersymmetry transformations in ABJM. Based on the conventions in [94] with
€™™ = e_, = 1 and some factors of 2 to be compatible with the algebra in Appendix
and with [95], the variations of the fields are

Qo' Crc = d1cy — Ol
QUCK = —elTKLe,
QYW = =20k (i(v"),"D,.C7 + 20a5,CV CL.CH)
+26% (i(v")," D, CT + 20as2CV CL,CH) — 8aasiCVCrC7
QUG = 27K (jcy (1), DuCr + 20660510 Cp)
+ 404@6”LMEQBC[LC'KCM} ,
QQJAE}) = —aéze”KLew(%)ﬁwCKﬂ)g — 204@(7“)&677/;[616_"” ,
iJA;(f) = Q@EUKLeaW(’Vu)ﬁvwf(CL + 2045‘(%1)045@[11;;} .

(2.21)

The anti-symmetrisation symbol is normalised with a factor of 1/2.
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2.2 Conformal manifolds

Amongst all operators of a conformal field theory, exactly marginal operators hold a special
place, as they allow for continuous deformations of the theory, forming a space of CFTs
known as the conformal manifold. In a D dimensional CFT, marginal operators O; have
scaling dimension D. If the CFT has an action, the deformations can be written as

S — S+ /Aioi dPz (2.22)

where the parameters A’ are local coordinates on the conformal manifold M. In the absence
of the action, correlation functions of any operators ¢, in the deformed theory are then
written simply with the extra insertion of the exponential of the integral in ([2.22)

<¢a1 .. ¢an>)\i = <e_f,\ioi de¢al .. ¢an>0 7 (2.23)

with subscript 0 indicating the undeformed theory.
Such a manifold admits a natural Riemannian structure given by the Zamolodchikov
metric [46]
95 = (0:(0)O;(o0)) , (2.24)

where O(o0) = lim z?PO(x). Note that we cannot put g;; = &;; globally, even though on the
T—r00

right hand of the two-point functions are indeed always proportional to ¢;;. Instead,
it has to be regarded as being defined at a local point p on M.

Differentiating the metric with respect to A gives the integrated three- and four-
point functions

Orgy = / 4P 1{04(0)0; (00) Oy (x))

(2.25)
010,95 = /dDzvl/deg 0;(00)Ok(21)O1(22)).
where (O---0O), denotes the connected 3-(4-)point functions, because with a particular
choice of regularization: the hard-sphere cutoff and minimal subtraction of the divergences
(explained below (2.30))), the disconnected contribution to the integral vanishes [96,97].
Assuming that the three-point functions vanish when the points are non-coincident, more
explicitly, they can be expressed in terms of the connections on the manifold M as [97]

(0i(0)0;(00) Or(w)) = Tipg1;0” () + Tpgud” (x — 00) (2.26)

By integrating this result over x, we actually recover the following equation in Riemannian
geometry
Ocgij = Tingrs + Tingui (2.27)
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Since minimal subtraction means that there are no finite counterterms allowed, the first
derivatives of the metric have to vanish. So that the expression for the Riemannian curvature
tensor can be written as

1
Rijkl = i(akajgli - akaigjl - alajgki + alaigjk) (2'28>

After plugging in all the terms 7 the curvature tensor consists of a sum of double
integrals of four-point functions. However, noticing that the 4-point functions depend at
non-coincident points only on the cross ratio(s) x(), one can perform one of the two integrals
explicitly and reduce the formula to just a single integral. This was done in [96] with careful
treatment of the integration domain and possible singularities giving the 1d expression

R =RV [ dnlog ] [{0:(1)0;(m)Ou(20) 010,

o

+(0,(0)0;(1 = M OK() O1)).|

——tiy| [ dntoxl[(0.)0,)0u()00))

e—0

Py +(0i(0)05(1 = MO()O(1) + AReigale)|

(2.29)

And in 2d
Rijr = — 2 RV/d27710g n1{O;(1)O;(1n)Or(00) 01(0)).

:_mm{ / d27710g|77’<Oi(1)0j(77)0k(00)0;(0)>c+ARijkl(e)}. (2:30)

e—0

e<[n|<e?

e<[1—n|
where we fix three points in the 4-point functions located at respectively 0, 1 and co, and leave
the last point at 1 so that the cross ratios are just functions of . The symbol RV represents
a particular regularisation prescription for regularizing and subtracting the divergences—a
hard-sphere (point-splitting) cutoff, i.e. the integral removing the region around n = 0,
n =1 and n = oo as expressed in the second line, and AR,y (€) is a counterterm removing
residual power-law divergences. See [96] for the full details.

In arbitrary dimension D > 2, the integration measure are obtained in [97] with the help

of inversion formula [98,99]

Rijp o —/d277 ‘u

D-2

2i log [1] {(03(1)O0; (1) Ok(00) Oy(0)).., (2.31)

with the proportionality constant given by the volumes of the (D-1)- and (D-2)-spheres.
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2.3 Defect CFTs

The inclusion of defects much extends the contents of conformal field theories, thus known

as extended CFTs or defect CFTs |[100H103]. An important feature of the conformal defects

is that they are very similar to the conformal field theories in the absence of defects.
Generally, there are two ways to define a defect [104], as:

e insertions of integrals of defect densities £
D=¢lst, (2.32)

with 3 the world volume of the defect. This form is often referred to as the order-type
defect. This is the case that we mainly focus on in the later sections. A canonical
example is the Wilson loop [105]

W = TrPexp <z’/£d8) : (2.33)

where L is the connection composed of gauge fields (as well as matter fields), which we
will explain later in details. P denotes the path ordering and s is the affine parameter
along the contour of Wilson loops. In principle it can be arbitrary lines or loops, but
since here we are interested in conformal defects, it has to be an infinite straight line or

a circle. With some specific £, for instance ([2.39)), (2.40), W also preserves additional
symmetries such as the supersymmetry.

e boundary conditions along » in the path integral

(D) = / (A6l (€59 )., (2.34)

where ¢ is the bulk elementary field. This form is known as the disorder-type defect,
such as the 't Hooft loops [106]. More general defects such as Wilson-"t Hooft lines [107]
can be defined by superimposing both types of defects.

Just like any CFT, the fundamental observables in a dCFT are the correlation functions
of local operators ¢ inserted into the defect

1

(o(21) - dlan)) = D) (Dlp(x1) - - (an)]) - (2.35)

We use the double brace notation to represent the correlation function in the dCFT normal-
ized by the VEV of the defect without insertions.

Every defect has a distinguished operator known as the displacement operator, which
captures the breaking of translation invariance by the defect. It can be seen in the divergence
of the energy momentum tensor

0,7 () = D" ()" 4z, (2.36)
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where x| represent the directions along the defect and x; the transverse ones, andn =1,---d
is an index in the x, directions. As T"” has dimension D, the displacement operator has
dimension d+1. Another important consequence of this equation is that the normalisation of
D is fixed by the normalisation of the T"” and therefore the factor Cp given by the two-point
function

(D"(z)D™(0)) = CZZ: (2.37)

is determined. It is interesting that in some cases the defect exactly marginal operators O;
are also unavoidable. Such operators play a crucial role in this thesis and we will discuss
them at length in the next section [3

Among all the conformal defects, there are some reasons to focus on Wilson loops. They
can be defined in any gauge theory and particularly in the case of pure Chern-Simons theories,
they are the principle observables. Even in a Chern-Simons theory including additional
matter fields, Wilson loops are still very natural observables.

The standard Wilson loops is constructed by the gauge fields purely

L= At (2.38)

along either a circle or an infinite straight line. Such loops are usually not supersymmetric,
which can be checked through direct calculations. In NV = 2 and N' = 3 supersymmetric
Chern-Simons-matter theories, the BPS Wilson loops were firstly constructed by Gaiotto
and Yin [76] in analogy to the 1/2 BPS Wilson loops in 4d N' = 4 super Yang-Mills
theory [108,/109], by including only gauge fields and scalar fields, thus we call them “bosonic
loops”. Such loops are 1/2 BPS in N' = 2 theories and 1/3 BPS in N' = 3 theories. Then
the idea is generalized to ABJM theory |[60-62], to find

27

L= A,i"— —] \Mic,C7, (2.39)

where M1 is a matrix whose properties will be determined by supersymmetry. The maximal
supersymmetry of such loops turns out to be 1/6 BPS. However, AdS/CFT correspondence
suggests that there should be 1/2 BPS loops in ABJM theory, which was still absent. After
about one year, finally Drukker and Trancanelli [110] proposed a way to construct the 1/2
BPS loops, by introducing the superconnection £ containing the fermionic fields

(1) - LY itaNali T PRI
r_ (Au " + aalz|M;CC ia| @]l ) (2.40)

—iald|y AP ir 4 aali| MICICy
with aa = —2mi/k and M = diag(—1,1,1,1). For U(N;) x U(N3) ABJM theory, the
superconnection £ is an U(N;|Ny) supermatrix. In the following several years, more and

more new BPS loops have been found in ABJM theory as well as N’ = 4 supersymmetric
Chern-Simons-matter theories [594/63-69,/111].
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In [58], a systematic formalism is uncovered to reorganize moduli space of BPS Wilson
loops. The idea is to start with particular block-diagonal combinations of bosonic connections
annihilated by a supercharge Q and look for their BPS deformations generated by the same
supercharge. The resulting operator is still supersymmetric by construction, and is defined
in terms of a superconnection containing the fermionic fields, which is something typical of
supersymmetric Chern-Simons theories. We develop this formalism in the later sections [4]

[}, [6] and [7]
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3 Broken global symmetries and defect conformal man-
ifolds

This section is based on [1] with minor edits.

3.1 Introduction and summary

Theories with conformal boundaries or defects are ubiquitous and play an important role
both in condensed matter physics and in string theory. They form a defect CFT (dCFT)
involving operators on and off the defect. A relatively unexplored topic (notable exceptions
are [32,45,[112-114]) are marginal deformations of dCFTs by defect operators.

For a defect of dimension d, exactly marginal defect operators O; have scaling dimension
d and the correlation function of defect operators ¢ in the deformed theory can be expressed
as

(00 .. Do = (e IO 00 ), (3.1)

where (¢ are local coordinates on the defect conformal manifold and the double bracket
notation represents the correlation function in the dCFT normalized by the expectation
value of the defect without insertions.

If the theory has a global symmetry G with current J#*, broken by the defect to G’, its
conservation equation is modified to

0 I = Oy(w))8" 0"~z ,), (3.2)

where 7 is an index for the broken generators, x| the directions along the defect and ', the
transverse ones.

In a theory in D dimensions, J#* has dimension D — 1. Therefore O; has dimension d,
so in the undeformed theory

Co0i;

(0i(z))0;(0)) = T2 (3.3)
This leads naturally to consider a defect conformal manifold, and with the usual rescaling

of the operator at infinity, it has the Zamolodchikov metric [46]
917 = (0i(0)0;(0)) = Codyj.  Oi(o0) = Jim 2y [0, () (3.4)
While the metric is locally flat, if the theory has R-symmetry group G g, broken by the
defect to G', the full defect conformal manifold is Gg/G%. Furthermore, the size of this

manifold is set by Cop.

It is no surprise that an object that breaks global symmetries transforms nontrivially
under the broken symmetries and is parametrised by this coset. Still, this point of view
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allows us to find non-trivial identities on integrated correlators. The defect analog of (2.23))
is
i dl‘
(bar - Bandye = (e IO 0y - Gy - (3.5)

In particular for a pair of » = O; we have

(0:0;) . = (e~ 1M 0,0,), . (3.6)

This is the extension of the local Zamolodchikov metric (3.4)) beyond the flat space approx-
imation and the derivatives with respect to A’ give the Riemann tensor. Indeed, as in [115],
one finds

R = / A1 [ (0, (21)04(22)0,(0)01(50)), — (0,(0)04(x2)O;(x1)0u(o0)), ] . (37)

where (.. >>c implies the connected correlator, as stressed for example in [96]. This integral
is 2d dimensional, but it can be reduced to an integral over cross-ratios [96]. See equations
, below.

Given that the manifold is Gr/GY, there is no mystery in the metric. Indeed if it is a
maximally symmetric space, the Riemann tensor is determined by the Ricci scalar R as

R
Riji = m(gikgjl — Gugijk) - (3.8)

where p is the dimension of the conformal manifold. If we know the exact value of Cp,
then we know the exact form of the curvature and equating the last two equations gives a
non-trivial relation on 4-point function, which is one of our main results.

In the remainder of this paper we apply this idea to two defects. In Section we
consider the 1d dCFT of 1/2 BPS Wilson loops in A/ =4 SYM. Then in Section [3.4] we look
at the case of surface operators in the 6d N/ = (2,0) theory. Some details of the calculations
are presented in appendices.

3.2 Maldacena-Wilson loops

We start by looking at the case of the 1/2 BPS Wilson loop in A/ =4 SYM in 4d along the
Euclidean time direction

W = Tr Pel (Aot ®a)dt (3.9)

Another 1/2 BPS loop is the circle, and there are some subtle differences between the
two [116,/117], but of our purposes here the differences are immaterial and one finds the
same results with either the circle or the line.
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3.2.1 The Wilson loop dCFT

The defect CFT point of view on the Wilson loop was developed in [118-123]. Defect
operators are any adjoint valued word inserted along the Wilson loop and their dimensions
can be calculated using integrability [118124126].

The lowest dimension insertions are the six scalar fields ®;. The one already in the
Wilson loop, ®g, has an anomalous dimension studied in [122|127-129]. In fact this scalar
is the marginally irrelevant operator at the bottom of the renormalisation group flow from
the non-BPS Wilson loop with no scalar coupling [117,(130}/131].

The remaining five scalars are marginal and in fact are O;, the superpartners of the
displacement operator. Note that deforming the loop by a finite Ai®; in the exponent gives
a non-BPS loop with a non-vanishing beta function. The exactly marginal deformation is a

D5 — Pg/1 — A2 + Nidb; (3.10)

so for finite deformations, the operator ®; includes the appropriate subtraction of ®g4 to

rotation of scalar field ®g

account for that.
The two point function of ®; is indeed as in (3.4) with Cg twice the bremsstrahlung
function B given in terms of the expectation value of the circular Wilson loop [119}|126}132]

133]
1 1
Co =2B = — Ao\ log (Wo), W, = NL}V_l(—)\/4N)eA/8N, (3.11)
T
where here A is the Yang-Mills coupling, so the bulk marginal coupling. Explicitly in the

planar limit

A . AZ n )\3 B )\4 N O()\5> \ -
oo — ) 872 19272 T 307277 4608072 ’ ’ 3.12
YV 3 3 3 (3.12)

O, A>1.

o A 16727/ ) T
Let us present the general form of the four point functions of the scalars. We define
O(z,t) = t'®;(x), (3.13)

where t' are auxiliary five vectors introduced to contract the R-symmetry indices. It is
convenient to write the four point functions as

(D (w1, t1)P (0, t2) D(23, t3) P(24, L4)) = t;2t324 G(x; C1,C2), (3.14)

T1oT3y

where t15 = t; - t3 and the cross-ratios y, (i, (3 are defined via

T12T34 t12t34 t1atas
_ : _ ’ 1 — 1-G) = . 3.15
X T13T24 G162 t13t24 ( Gl 2) t13tay ( )
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The dynamical part of the correlator is encoded in G(x; (i, (2) where it is symmetric under
(1 <> (o and it satisfies the Ward identities [123]

99 106\| (06  10G
oG 20x - \9G  20x
Moreover, the dependence of G(x; (1, (2) on (1, (s is constrained by the fact that it has to be

a polynomial of degree four in the ¢*. For a detailed discussion on this, see [123].
The superconformal Ward identities (3.16]) were solved in [123}/134] in the elegant expres-

sion?|

—0. (3.16)

X=GC2

x=C1

G(x: G, G2) = Cq (FX+Df(x))- (3.17)

where F does not depend on Y, (i, (s and can be determined from the topological sector of
the correlators, which occurs for the choice x = ¢; = (5 [123}135,/136].
X in (3.17)) is one of two superconformal cross-ratios defined in [123] as follows

X - (1-x)
xr= X X= . 3.18
6 1-601-G) 1
D is a differential operator given by
0
D =@ =G =G =G =G =) g (3.19)
Crossing symmetry (z; <> x3) is manifested on G(x; (1, (2) by
XG(x: G G) =XG(1 —x;1 =G, 1= (o) (3.20)
and on f(y) as
(1=x)f() +x*f(1—x) =0. (3.21)

The (; 2 dependence in G(x; (i, (2) comes purely from X (3.18) and D (3.19). We can
therefore also decompose it as

G(x: i, ¢2) = 92(X)(C1C2)_1 + 91(X>(C1—1 + Cz_l) + go(X) , (3.22)
where
0 0 2 0
92 =Cq (X2F - x%—i) ., a=0C; <—f + x%) . g=C2 (% - %) . (3.23)

From the crossing symmetry equation of G(x; (1, ¢2) (3.20), we can also find the properties
for go.1,2, which are

X’g2(1 = x) = (1 = x)* (92() + 291 (x) + 90(x)) ,
Xor(1—x)=—(1=x)?(g:(x) + 90(x)) . (3.24)
X*90(1 = x) = (1 = x)*90(x) -

9The factor of C% in (3.17)) is not in [123}|134] because they use operators normalised to the identity.
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To get the four point function of scalar insertions, we need to differentiate with respect

to the t’s, c.f. (3.14))

<<(I>,-(x1)<I>j (72)Pr(73) Py ($4)>>

1
= W(QZ(X)@MSJJ + g1(X) (Oirdj1 + 030k — 6urdj) + 90(X)5ij5kl) .
1234

00 0 0 [tuts .,

2
L19T34

(3.25)

3.2.2 Sum rules for Wilson loop insertions

Clearly the dCFT of the 1/2 BPS Wilson loop has a defect conformal manifold with geometry
S5 of radius /Cg (3.11]). The curvature (3.8)) is then

20
=
We would now like to identify this with the expression for the curvature (3.7)). In the case

of a 1d defect there is a subtlety, as the order of the insertions is meaningful. Taking the
4-point function {@;(1)®;(n)®x(c0)®;(0)) for example, it can be regarded as shorthand for

Rijkl = C@((Sik(sj‘l — 5il5jk:> s R (326)

(@;(n)®:(0)@;(1)Py(00)), forn <0,
(@:(1)@;(n)@r(00)21(0)), = < (@;(0)®;(n)®;(1)Py(c0)), for0<n <1, (3.27)
(®:(0)®;(1)®;(n)Pr(00)) , forn>1.
Taking the order of insertions into consideration as shown in (3.27)), the curvature tensor
(2.29) is actually the sum of six terms. In each term we make use of the expression ([3.25]) for

the 4-point functions, and conformal symmetry such that the cross ration y is in the domain
X € (0,1). Eventually we find

Rijii = (001 — 6i10k) (/ % log x (92(x) — 2g1(x) — 290(x))
0 (3.28)

+/0 % log(1 = x)(g2(x) +4g:(0) + gO(X))) ‘

We now change the variable in the second integration from x to 1 — x and then apply the
crossing relations for go 12 (3.24), to find that the second integral is exactly equal to the first
one. Therefore, the curvature tensor becomes

1
d
Rijii = 2(0i,05 — 5il5jk)/ X_>2< log X (92(x) — 2g1(x) — 290(x)) - (3.29)
0

Comparing with (3.22)), the integrand can be written as

1
TRONGGG). Ga=1EVE, (3.30)
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such that (7 + (5 = (¢ = —2.
To perform the integral, we plug in the expressions for go;2 in terms of F and f (3.23)
to find

! 12 2 2 9f(x)
Riju = 20%(5%5;‘1 - 5jk5il)/0 dx log x (F +2 (P - F) fFx) - (1 + ; - F) W) :
(3.31)

The tensor structure is as expected for a maximally symmetric space, and after contracting
the indices with the inverse of the metric (3.4, the Ricci scalar is

R:40/01dxlogX(F+2(%—%)f(x)—(14—%—%)%(;)). (3.32)

In Appendix we further simplify this to

R:4O/Oldx (— (1+§)F+(1—%) f(x)>. (3.33)

This integral with R = 20/Cs (3.26)) can also be deduced from the integral identities in |7,
as shown in Appendix [3.B]

3.2.3 Comparison to explicit 4-point functions

The 4-point function of ®; insertions was calculated at strong coupling by explicit world-
sheet Witten diagrams in [122] and extended up to three loop order in [134] based on the
formalism in [120,123].

Representing the 4-point function as in , F is given by the following series at strong
coupling |134]

3 45 1 45 1 5
F=———+——+——=+0(\2 .
Atsatiet (A72) (3.34)
Likewise f(x) is expanded in a power series
FOO) =D A5, (3.35)
n=1
where ' ) (1—2y)
() = (1 — 12 _ X=X _ X TN
[P0 =—-(1—x")log(l—x) + TENE log(x) T (3.36)

™ for n = 2,3, 4 are of transcendentality < n and are successively more complicated. They
can be found in [134] and are not repeated here.
At these orders, the integrand in (3.33)) involves terms of the form

r(z)log” zlog"(1 — z) Li, (y(z)) y(x) € {x, 1—u, - f 1} ) (3.37)
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Where r(x) is a rational function with poles at = 0 and x = 1. They can all be evaluated
recursively by integration by parts. Doing the integrals and combining back into a power
series we find

1 1 2 22 372 1572 1572
2 [ dy(—-(1+=)F+(1-= = —— + + + O\
/ﬁ Xﬁ< ( ;x) ( x3) f(X>> VAN 4N 4N (

This exactly agrees with the large A expansion of 1/Cg, whose inverse is in (3.12)).

Expressions for the 4-point function at weak coupling where given in [137,138.[7]. As [7]
checked their integral identities against those results, and can be related to those (see
Appendix , it is clearly also satisfied.

ot

).
(3.38)

3.3 1/2 BPS loops in ABJM theory
Another line defect is the 1/2 BPS Wilson loop (12.40]) of the ABJM theory [110]. The 4-point

functions of defect exactly marginal operators are studied in [95] at the tree level order in
the strong coupling.

3.3.1 The Wilson loop dcft

Now the marginal operators are chiral and have the structure of a supermatrix
S%S+X/Qm+ﬂ/@w. (3.39)

with ¢ = 1,2,3 and their complex pairs. The two point function of the exactly marginal
operators are
gi7 = {0:(0)05(1)) = 4B120;; , (3.40)

where By, = V2A\/4m + ... is the bremsstrahlung function for these operators [139-141].
For the 4-point function we need to distinguish two orderings [95]

{0i(21)05(22)Ok(3)Op(4) ) = gijglel(i)Q;QgilgkiFﬂz) 7

(3.41)
- - i H — 9irgiH.
(0i(21)05(22) 0 (23)01(4) ) = S 1(X)2 2gkgl] 2<X)~
L12T34
Here x is the cross-ratio defined in (3.15)), and the other one
T12T
p =2 (3.42)
L1432

is related to x by z = % With the ordering x1 < x5 < 23 < 24, we always have z < 0 and
0 < x < 1. Other orderings can be determined by conformal invariance. The functions F;
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and H; are expressed in terms of functions h(x) and f(z) as

Fi(z) = f(2) = 2f'(2) + 2°f"(2),  Fa(z) = 2f'(2) + 2°f"(2)

/ AN 211/ 3/ <343>
Hi(x) = h(x) = xh'(x) + X°A"(x),  Hz2(x) = x"W'(x) + x°1"(X)-
However, for reasons of simplicity we will define the following
Ki(x) =F 1( )i 1)
X (3.44)

X
K = F ( )
2(X) 2 Y1
In [95] the crossing equation was also given and it simply reads

F(z) = —2£(1/2). (3.45)

Using now equation (3.45)) and substituting in F»(z) of (3.43]), we find the following relation
between F(z) and Fy(z)
Fi(z) = =2"Fy(1/2), (3.46)

or in terms of the new K;(y), K2(x) functions

(1= x)*Ki(x) = —x*Ka(1 = x). (3.47)

Using this, we derive some useful identities in Appendix that are used to simplify our
calculations in the next sections.

3.3.2 Sum rules for Wilson loop insertions

The metric on the dCFT is read off from the two-point functions

9i; = <<Oi(oo)(_)3(0)>> = 2C36;j, 0;(00) = lim 2°0;(z). (3.48)

t—o0

Applying conjugation, since g;; is real, g;; = g;; = 2Cs0;;. Besides, we also have g;; =
gi; = 0.

Now, we wish to find the Ricci scalar of the conformal manifold by simple geometrical
arguments. First, the conformal manifold is the coset space SU(4)/SU(3) ~ CP?, the only
unkwown from this point of view is the radius of the CP?. But, from and the fact
that a simple calculation yields at normal coordinates

1
9i5 = 55@', (3.49)

after comparsion of (3.49)) with (3.48) we see that the radius is r = 24/Cp and the Ricci

scalar reads
_App+1)

- 3.50
== (3.50)
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By specifying p = 3 for our case, we have

12
=&
We would now like to identify this with the expression for the curvature (3.7)), for this, we
define the curvature tensor as usual (in normal coordinates)

R (3.51)

1
Rijkr = 5(8J8K91L - a15’KQJL - aJaLng + aIaLgJK)7 (3-52)

where the capital letters I, J run in {7,i} and {j, j} and the second derivatives of the metric
are

@jaKg[L = // dx1d172<<OJ(ZL‘1)OK(ZEQ)O](O)OL(OO)>>C (353)

where O; = {0;,0;}. By the definition and curvatute formula of integrated correlators
in [96] or , we can easily see that the curvature tensor enjoys the skew symmetry
R = Rijan = 0 and interchange symmetry R;;; = Ryy;; just like a Kahler curvature
tensor. However, a Kahler curvature tensor also has the properties

Rijl‘cl‘ =0, Rz‘jkl‘ = Rk}il‘ (3-54>

which are obvious through the definition (3.52)) but not through the one given in [96]. How-
ever, we will show in the following, by explicit calculation, that these properties are indeed

satisfied when the integrated correlator formula (2.29) is used .
Written in terms of four-point functions, the curvature tensor is (2.29) |96]. Firstly, we
want to check that the component R,;;; = 0 is true, where

Ry =RV [ dnlog ol [{0.(10,()0u(o<)010), -
+(0u(0)0,(1 ~ n)0x(20)0i(1)), |
Plugging in the expressions for the four-point functions ([3.41)), it turns to
Ry = —4C3 (605 — 00;) Inty (3.56)

where

s = [ 58 [og (5) (a0 + Kl + 2bog B + Al (550

By calculating the integral explicitly using the tree level expressions ([3.64) we obtain that
Intgl) =0 , verifying at least at leading order that R,;;; vanishes. However, since R,z = 0

0pt, = ZZO:O e"Intgn) where Intgn) means that n-th order expressions for h(), f(z) and hence Hy, Hs, Fy
and Fy are used. (See section (3.3.3) for details on €)
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must hold at all orders and not just tree level, we postulate that Int; = 0 holds at all orders,
which leads then asymptotics constraints on Hy, Hs, F7 and F3, see Appendix for more
details.

More importantly, the only non-zero independent component of curvature tensor
reads

oo
Rin = —RV/ dnlog |n| [<<Oi(1)6j(n)ok(oo)ol(o)>>c + (0,(0)0;(1 — n)ék<oo)ol(1)>>c} :
- (3.58)
Plugging in (3.41]), we have
Rt = AC3(6:50m + 040;)Ints (3.59)

where we have applied Int; = 0 and

Ldy 1—x
Inty = =2 2log(1 — x)H1(x) — 2log (T>H2(X) + log x K5 (x) — log(1 — x) K1(x)
0
(3.60)
Using now

R =2g%¢" Ry (3.61)

and finally equation (3.48) We arrive at the simplified expression for the Ricci scalar that
reads as follows

R= 24/01 i—>§ [2 log(1 — x)Hi(x) — 2log (%)Hg(x) + 2log XKQ(X)} : (3.62)

Lastly, using the constraints derived in Appendix we find
1
d
R= 48/ x_>§ [log(l - X) (HI(X> - Hz(X)) + log xKg(x)] : (3.63)
0

3.3.3 Comparison to explicit 4-point functions

The 4-point functions of {O,0} were calculated at strong coupling by explicit worldsheet
Witten diagrams and bootsrap methods in [95] at tree level.
Representing the 4-point functions as in ([3.41)), the functions f(z) and h(x) read at tree

level
(1—2)°

z

f(z) = e {— 10g(1—z)+z(3—z)10g|z!+z—1}
(3.64)

MO = € [—% log(1 - v) + x(3 — x) log(x) + x — 1}
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and hence the functions Hi(x), H2(x), K1(x), K2(x) read at tree level as

4
HP ()= —4+x+(3~ N + x%) log(1 — x) — x*log x (3.65)
H3P(x) = (=1 = 3x2 + 4x*) log(1 — x) + x(—1 +4x + (3 — 4x)x log ) (3.66)
" (=44 9x — 6x?)log(1l — x) — X(4 — Tx + 3x* + x*log (ﬁ))
K7 (x) = (3.67)
(x —1)%x
O (—1+3x —6x7)log(1 —x) — X(l +2x = 3x* + x(3 + x) log (ﬁ))

where € is a small parameter, whose precise relation with the string tension cannot be
predicted by symmetry considerations, but can be fixed by the calculation with Witten
diagrams in AdS space that e = 1/(27rv/2)) [95]. The expression of h(x) is essentially
replacing f with h and z with x in f(z), neglecting the imaginary part of the logarithm.
Because z < 0 and 0 < x < 1, f(2) and h(x) are both real.

Using now ([3.64]) to evaluate the integral (3.63) we obtain

241

R =487% = —— 3.69

o (3.69)

at leading order, which matches exactly with the large A\ expansion of é—i, again at the
specified leading order. The expansion reads as follows

12 24 12 3
——=——+—+0(\ 2
Co  V2X A (
Another example is the 1/3 BPS Wilson loops in ABJM theory that we introduce later
in section [7.5] where the symmetry breaking coset is SU(4)/S(U(2) x U(1) x U(1)) which
is a 10 dimensional manifold ([7.50)).

). (3.70)

3.4 Surface operators in 6d

The 6d NV = (2,0) theory has 1/2 BPS surface operators [142] with the geometry of the
plane or the sphere. In the absence of a Lagrangian description, we cannot write an ex-
pression like . Yet many properties of the surface operators are known: they carry a
representation of the Ax_; algebra of the theory [143-145] and we focus on the fundamental
representation, described by an M2-brane in AdS; x S* [108]. Their symmetry algebra is
05p(4*]2)?, the anomaly coefficients have been evaluated and properties of their defect CFT
were also studied.
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3.4.1 The surface dCFT

The defect CFT approach to surface operators was developed in [146]. Again the displace-
ment operator is in a multiplet, whose bosonic operators are the displacement itself and the
scalar associated to breaking of SO(5) R-symmetry

8MT’um(I||, ZL‘L) V= V[Dm(iL‘H)](sM) (I'L) s

‘ » 3.7
O, 21) V = VIO ())]6D (1) (8.71)

We write here explicitly the surface operator V' that leads to the symmetry breaking and on
the right hand side the operator with the appropriate insertion.
Their two point functions take the form

 Coby;

IETE

5 (Oi(z)0;(0))

(3.72)

As shown in |146], the normalisation constants Cp and Cp are related to each other and to
the anomaly coefficients ¢ and aq [147,148] by

1 c as 1 1 1
- (= — =2 — ([ N—Z - — . )

The value of the anomaly coefficients were fully determined in [149-154].

In order to write the 4-point function of O;, we define as in the case of the Wilson loop
dCFT (3.13)), the operator O(%;t) = ¢'0;(¥) where ¢’ are constant 4-vectors. We then give
their 4-point function as

t1ot
(O(&1;1)0(Fa; t2)O(T5; t3)O(T4; 1)) = =g G(X, X3 0, @) - (3.74)

L1oT34

As in Section , ti; = t;-t; and now the cross-ratios are x, x, @ and & are now (c.f. (3.15]))

72,72 ~ 72,72 _
74,73, L1324 (3.75)
115t t14t
_ 1324:0[@, _ 14232(1-0[)(1—0_6>,
t12t34 liats4

Since the correlator is not sensitive to the order of the four O’s, it should be invariant
under the exchanges of any two O. The simple crossing equation arises for G, arises from
the 1 <+ 3 exchange

oA 1 —x[* .
g (1 - X1 _X’E’ﬁ> N _a)g(XaX7a7CY)- (3.76)

This is the analogue of (3.20)).
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3.4.2 Sum rules for surface insertions

The expression for the curvature tensor of the Zamolodchikov metric in terms of the 4-
point function is as usual . In this case that is a pair of two dimensional integrals.
This expression was reduced in [96] to the expression (2.30) with a single integral over the
complex cross ratio. We further simplify the integral by splitting the integration domain
into three parts

Ri={nle<nl <1—¢},

Ro={nle<[l=nlin{n[l—e<|n <14}, (3.77)
Ry={nll+e<nl<e'},
In the region Ry we checked that the explicit expressions , below are maximised
along |n — 1| = € and is bound by

sup (0:(1)0;(17)0x(00)0,(0)) = O(loge) . (3.78)

neER2

The integral in (2.30]) over Ro then clearly vanishes without any counterterms.
For the region R3 we consider the conformal transformation

1
0—0, n—1, 1— -, 00 — 00 . (3.79)
n

Clearly for n € R3 we have 1/n € Ry, and that the conformal transformation of the 4-point
function of marginal operators cancels the 1/|n|* Jacobian, thus the integral in R3 becomes

- /R d*nlog|](0i(1)0;(1)0k(20)01(0)), = /R d*nlog [1(0:(1)0;(1)0k(20)01(0)),
’ 1 (3.80)
Finally we find an expression for the curfacture tensor over R; alone and (2.30) becomes

Riji = —2m llg% [ / d*nlog |n] [<<Ol<O)Oj(7l)oi(1)ok(00>>>c
e<|n|<l—e (381)

— (0u(0)0:(m)0;(1)0k(00)), | + ARW@] |

In our case of marginal operators, it turns out that AR;;x(e) — 0, but one still has to be
careful about the exact domain of integration. In this expression 7 is equal to the cross-ratio

X as defined in (3.75).

3.4.3 Comparison to explicit 4-point functions

We now are ready to evaluate (3.81]) for large N and match it to the curvature as deduced

from the breaking of R-symmetry by the surface operator, where the analogue of (3.26) is
12

Rijkl = 00(51'165]'[ - 51’1(5]'1@) ; R = C_ . (382>
o}
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The 4-point function was calculated at leading order at large N from the M2-brane with
the geometry of AdS; in AdS7 [155]. The expression for the 4-point function (3.74) can be
divided into two parts

gtree = gl + gQ (383)

where
6N, ) ) ]
G, = —?U ((U —1—V)Dy333 — UDs3325 + Daas) (3.84)
+0[(1 = U = V)Dsss3 — Dsago + Doas] + 7[(V — 1 = U)D3s33 — Digos + D2222}>

and oON

Go = —2—7T4U2(X —X)(@ — @) D333 - (3.85)
The definition of the D functions is given in appendix . Note that the expressions here
are 16 times smaller than in [155] because of a factor of 2 difference in the normalisation of
the scalar operators O; compared to the S* coordinates y; in [155].

The 4-point correlator is given by the t¢ derivatives of (3.74))

0o 0 0 0

(0i(#1)0;(Z2)0x(#3)0y(Z4))) = ﬂ@ﬁ@(o(fntl)o(fQ;tz)o(fs;t?))o(@;u)» (3.86)

G- is parity odd and does not contribute to the curvature tensor. This is easiest to see
by changing the integration variables from y, y to U,V , which gives

1
X — X

identifying U = |x?| and combining with the measure, we have

d>x = dU dv . (3.87)

log |x|
U2

Differentiation with respect to t, leaves this expression odd under y — ¥ and since the

9N i N
Gy d*x = ~5-1 log | x| sign(Im x) (v — &) D3333 dU dV' . (3.88)

integration domain R; is symmetric, the integral vanishes.
Ignoring the contribution of G,, we write the contribution of G; to the 4-point function
as

<<Ol(O)Oj(X)Oi(l)ok(OO)»c,gl = —(;—]Z <5ik5jl[(U — 1= V)D3s33 — UD3399 + Daggo]

+0udjk[(1 = U — V)DS333 — Daozg + D2222] (3.89)
+040m[(V — 1 — U)Dsz?)s — Dsgo3 + D2222]> .

The expression of {0;(0)0;(x)0;(1)0k(c0)), is similar just with ¢, j exchanged. So the final
expression of curvature tensor is

12N , _ _
Riju = —5-(0wdjt — dadjn) / d*x1og x| [(2Ix[* = 2) Dagas — [x|" Dasaz + Dazsa] - (3 0

Ix|<1
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By numerical integration, we confirm that

N
Rijr = p(@k@‘z — 6udjk) (3.91)

in agreement with (3.8)) with Ricci scalar R = 12/Co, and the large N limit of Co ~ N/m?
(13.73)).

3.5 Discussion

In this paper we used the breaking of the global R-symmetry by defects to realise defect
conformal manifolds. As the defect conformal manifold is the coset arising from symmetry
breaking, its geometry is determined up to an overall scale. The marginal operators for these
deformations are superpartners of the displacement operator and an appropriate integral of
their 4-point function (3.7)) gives the Riemann curvature of the conformal manifold [115].
Fixing the scale requires knowledge of the normalisation of the marginal operator, which
is a natural observable in the defect CFT. With that, one finds an exact identity for the
integrated 4-point functions. We studied those in the case of the Maldacena-Wilson line
dCFT and for surface operators in the 6d (2,0) theory. The exact identities that we wrote
were based on a simplification of the integral due to Friedan and Konechny [96], and some

further simplifications and are given in (3.33)) and ([3.90).

We verified those identities against the previously computed 4-point functions in [122|
123}|155]/134] and found perfect agreement.

Similar constraints can be found for higher point functions (see e.g. [138]). The fully
integrated correlators are again derivatives of the Zamolodchikov metric, and therefore fixed
by the geometry of the manifold.

The identity we derived for the Maldacena-Wilson loop is related to the two identities
noted in [7] where it was used as part of their numerical bootstrap studies and also compared
to new analytic results. It would be interesting to see if these integral identities can be used
in analytic bootstrap calculations to derive results at higher loops and in other systems.
Further integral identities were identified in [156/158].

In the two cases that we studied, the defect conformal manifolds are symmetric spaces,
S5 and S%, so have just this single scale, giving one integral identity. Defects that break the
R-symmetry in more interesting ways will give more interesting metrics, have a variety of
marginal operators with different 2-point functions and one could find integral constraints
for different components of the Riemann tensor.

The same analysis can be applied to Wilson loops and surface operators in higher di-
mensional representations, where some results for the bremsstralung function and anomaly
coefficient ¢ are known [159}/149-154]. This can be compared to explicit holographic com-
putations in terms of D3, D5 and Mb5-branes |[160H165]. In the case of the Wilson loop the
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explicit calculation was carried out in [166], where the result was proportional to the same
function of the cross-ratios as in the case of the fundamental string.

A natural next avenue would be to examine line operators in 3d supersymmetric theories,
which have a much richer spectrum (see [58,59] for an overview and recent results). Expres-
sions for the bremsstrahlung function were found in [139H141], but their interpretation is
not clear, as it is not positive definite. Beyond that, there are many other supersymmetric
theories with defects for which these techniques can be applied.

It would be interesting to study defect conformal manifolds that do not arise from broken
symmetries. Hopefully exactly marginal defect operators are not as rare or hard to find as
bulk marginal operators. It is also natural to look at systems with both defect and bulk
marginal operators to construct richer structures. Some work in that direction is in [114]
and it would be interesting to see if simple theories like mixed dimensional QED [167] and
generalisations thereof admit such deformations.
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3.A Simplifying the integral of f(x)
To simplify the expression for the Ricci scalar (3.32))

%:/(jdxl%?((F%—Q(%—%)f(X)—(1+%—%) %(XX)), (3.92)

we integrate the first term, giving —F and integrate the last term by parts, to find

%:—F— KH%—%) f(x)logx}ljt/old—x(ljtz—%) ) (3.93)

0 X X

Noticing the boundary behaviour of f(x)

2 (3.94)
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we can now use ([3.94)) to evaluate the boundary term in ((3.93))
1—e

2 2
=Floge. (3.95)

- <1+— - ?> f(x) log x

X

€

The crossing symmetry equation (3.21)) for f(x) leads to the integral identities

/616 de? =0, /616 dx% = /616 dxf(x) - (3.96)

X
This allows us to further simplify (3.93)) to

R = 40lim (—F+Floge+/:_edxf(x) (1 - %))
(e (2 n)

3.B Relation to integral identities of [7]

(3.97)

In this appendix we show that the two integral identities in [7] encode the identity ((3.32)),
and thus our results prove one of the identities stated there.

The 4-point function in |7] is expressed in terms of a function G, which in the notations
of Section 3.2l is

2 0
0G(x) = X°F - <1— —) FOx) = (X2—X+1)%- (3.98)
X X
The two integral constraints noticed in [7] are
L 0G() 3C— B of) o C
_ _ . 3.99
/O dx " (1+logx) = —m5— /0 dx . iz F (3.99)

B = C4/2 is the bremsstrahlung function and C is a function defined in [7] and since does
not appear in this paper, we can take a linear combination to eliminate it

1
fx) L, 0G(KX) 1
d -2 1+1 = — F. 3.100
Noting that 6G(x)/x? can be written as
dG(x) (( 1 1 ) )
=F-0 1—-—4+ = . 3.101
X2 X X X2 f(X) ( )
Using ((3.94)), the left hand side of (3.100)) is
! 11 1
2F + Floge +/ dx <3M —2F(1 4+ logx) —2 <— -+ —3) f(x)) : (3.102)
0 X X X X
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Then using (3.96)), this is

/01 dy ((2 _ i) = (1 _ %) f(x)> | (3.103)

and finally using our expression for the Ricci tensor (3.33)), this is

R 1 1

proving ((3.100)).

3.C Integral identities for H;, K;
To simplify the integrals in (3.57)) and (3.60]) we note that the crossing relation (3.47)) implies

1 dX 1 dX
/ — log x K; = —/ — log(1 —x) K34, (3.105)
o X 0o X

which yields
Ld
Int, = 2/ =X <1og (L)Fl +log XH1>. (3.106)
0o X I—x

Using (3.43)), this is a total derivative. Furthermore, assuming the asymptotics

agx +arxlogx, x—0,
h(X)N{

a2(X - 1) ) X — 1 )
(3.107)
boz + bizlog|z|, z—0,
f(z) ~
by + b3 log | 2|, z— —00,
we find )
d
/ Xlogx H, =0 (3.108)
0o X
and
Il’ltl = 2@0 — 2b0 . (3109)
This indeed vanishes in the perturbative analytic bootstrap, where ay = by = —by as a
consequence of the crossing of h and a braiding relation to f [95].
By using (3.105)), (3.107) and (3.108)) we can also simplify (3.60) to
1 dX
0 X

40



3.D D-functions
We collect here the recursive definition of D-functions in ([3.84)), (3.85). These expressions

can be used to obtain the explicit form of correlators as functions of the cross ratios U, V
or x, Y in . See |168] for more details.

The simplest D-function is D11, which is just the scalar one-loop box diagram in four
dimensions

_ 1 1—x
D =—1I Y) | — 2 Li — 2 Liy(x 11
i = g0 o (124 )+ 21ia() - 2Lia(x) B.11)

To obtain D-functions with higher weights, we can use the following differential operators

Day1,8041,05.80 = =00 s DAy ag.n5.04 5

Dy ngngt1,8041 = (A + Ay =X — Udy)Day pas.05.04 »
Dy ag+1,8511,80 = —Ov DAy pg Ay

Dayi1.8s 058001 = (A1 + Ay =X = VOy)Da, ay As.0s s
Day 1858001 = (Do +Udy +VOv)Da, ay asn, s

Dayi1.asnsi1.08, = (2 = Ay +Udy +VOv)Da, ayasn, s

(3.112)

where ¥ = (Al + AQ + Ag + A4)/2
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4 Conformal and non-conformal hyperloop deforma-
tions of the 1/2 BPS circle

This section is based on [2] with minor edits.

4.1 Introduction and summary

A distinguishing feature of three-dimensional supersymmetric conformal field theories are the
vast moduli spaces of BPS line operators annihilated by some supercharges. For operators
that are conformal, this was understood from an algebraic point of view in [104], but many
examples of conformally invariant circular line operators, including continuous families of
them, were found before, see for example [59,/63-69,111] and [58] for a review.

In the absence of an approach allowing for a full classification, we continue here to develop
and employ constructive methods of identifying BPS Wilson loop operators called hyperloops,
finding a plethora of new observables, some of which are conformally invariant and some of
which are not, greatly enlarging the known moduli spaces.

The theories we study are N/ = 4 supersymmetric Chern-Simons-matter with either
linear or circular quiver structure, characterized by the coupling of the gauge multiplet to
hypermultiplets and twisted hypermultiplets [83-85,/89]. The 2-node circular quiver has
N = 6 supersymmetry and is the ABJ(M) theory [87,88], so most of what we say applies
there as well. For concreteness, we consider theories on S* and focus on operators supported
along a great circleEr]

In a recent paper [59], some of us already studied Wilson loops in this same setting.
Those hyperloops were written as deformations of bosonic Wilson loops that preserve 2
or 4 supercharges (so they are 1/8 or 1/4 BPS). Starting with particular block-diagonal
combinations of bosonic connections Ly, annihilated by a supercharge (), it was found that
one can deform them as follows

»Cbos — L= »Cbos — ZQG + G2, (41)

where GG is a matrix constructed out of bosonic fields in the hypermultiplets. The resulting
operator is still supersymmetric, by construction, and is defined in terms of a superconnection
containing the fermionic fields, which is something typical of supersymmetric Chern-Simons
theories [110]. Another peculiarity of three-dimensional theories is that the ) variation of £
does not vanish per se, as it happens in the four-dimensional counterpart of these objects,
but it is instead a total covariant derivative, so the entire Wilson loop, which is a gauge
invariant object, is still annihilated by Q).

1 Of course, it would be interesting to consider other contours, such as latitudes, or generic curves on an
S2 C 83, along the lines of what has been done in [169-171] for /' = 4 super Yang-Mills in four dimensions
and in [172] for the ABJ(M) theory.

42



In the current work we apply a similar philosophy to [59], but we employ as the starting
point of the deformation the 1/2 BPS Wilson loop found in [63] (see also [65]), rather than
a bosonic loop:

L1 — L = L5 + deformation, (4.2)

with the details of the deformation given after below. The 1/2 BPS loop is also a
particular deformation of the bosonic loop as in , so our current construction includes
all of those found previously.

Moreover, unlike the construction in [59], where a single choice of supercharge based
on the original Wilson loops was employed, here we consider any supercharge annihilating
the 1/2 BPS loop, so any linear combination of a basis of 8 supercharges. In particular, in
cases when the supercharge () has an appropriate kernel, we find infinite-dimensional moduli
spaces, since (roughly speaking) we can insert any of the operators in the kernel any number
of times at any point along the loop.

This new procedure allows us to uncover new families of supersymmetric line operators.
For example, we have discovered:

e Previously unrecognized bosonic loops preserving 2 and 3 supercharges, which are there-
fore 1/8 and 3/16 BPS, in addition to the known ones preserving 2 or 4 supercharges,

see Section 4511

e New 1/8 and 1/4 BPS loops that do not share supercharges with any known bosonic
Wilson loops, so could not have been found by relying on . Of particular note is a
subclass of these loops, which depends on one parameter (after fixing 4 supercharges),
for which the variation of the superconnection under conformal transformations of the
circle is a total derivative, see Section [4.5.3]

This forms a new class of previously unrecognized line operators that are classically con-
formally invariant. Unlike the 1/2 BPS or 1/4 BPS bosonic loops, the one-dimensional
conformal algebra is not generated by the supercharges that they preserve, but is an
outer automorphism of it. As we cannot rely on supersymmetry to guarantee confor-
mality, it would be extremely interesting to examine them at the quantum level and
verify whether they are truly conformally invariant.

There are various natural directions that could be pursued starting from these results.
The most obvious one is to try to compute the expectation value of these operators, using
localization for example. This typically starts with determining to which cohomological
class the various operators belong. In previous examples [59] based on , as well as
in the original papers [111,63], it was found that the bosonic operators and their fermionic
deformations are cohomologically equivalent. In this context we know however that this does
not hold, as we find loops, such as the latitudes, that are known to have different expectation
values from the 1/2 BPS circle [173-176]. This of course makes these new classes of operators
even more interesting.
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The next natural question is about the holographic duals. While the holographic duals of
1/2 BPS loops in some N = 4 Chern-Simons-matter theories have been identified [65,/63.177],
the question of what is dual to less supersymmetric (and/or higher representation) operators
has not been addressed yet[?]

Finally, it would be interesting to study the moduli spaces of conformal loops as defect
conformal manifolds and analyze the defect conformal field theory they define, along the lines
of what has been done for the ABJ(M) theory in [95] and see also [1]. For non-conformal
loops it would be interesting to understand their renormalisation group flows [130}/117].

This paper is organised as follows. In the next section we present the notation for the
theories and the supersymmetry variations of the fields. In Section[f.2)we present the simplest
1/2 BPS Wilson loop in these theories, which is the starting point of the deformations. The
bulk of the calculations is in Sections and [£.4] focusing respectively on loops involving
only two nodes of the quiver and those involving more, respectively. For the benefit of the
casual reader we collect the main results and present a detailed analysis of special interesting
examples in Section [£.5] Some details are presented in the appendices.

4.2 The 1/2 BPS Wilson loop and its symmetries

The starting point of the deformation considered in this paper is a particular 1/2 BPS
loop of the theory. As shown originally for the ABJ(M) theory in [110] and for N' = 4
theories in [63] (see also |65]), such a Wilson loop must couple to at least two vector fields,
as well as to the matter fields charged under them. We take the loop built around the I and
I + 1 nodes of the particular form

Wi/ =sT Li5d L= ey 4.3
1/2 S rPeXPZ]{ 1/2 0@, 1/2 (iomph -AI—H _% ) ( )
with
Z' s s 7/ 5 . B .
Ar=Apr+ =i+ 07%) s A= Apra 3 (= gy i) - (44)

The constants a and @ (which are not complex conjugate to each other) satisfy aa = 2i/k
and the Wilson loop does not depend on their actual value, so we could fix them to be
equal, but we leave them instead as a constant gauge parameter. We could allow for them
to depend on ¢ at the expense of a U(1) gauge transformation at the bottom right entry:
Ar — % — A — % —ia !9, a. The origin of the shift —1/2 in the connection (and the
resulting appearance of the supertrace if compared with the original definition in [63] in
terms of the trace) is explained in [58].

12 A first examination of a possible moduli space of 1/6 BPS loops in ABJ(M) theory was done in [178}179).
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As we verify below, the eight supercharges preserved by this loop are
QX+, Ql. (4.5)

The spinor indices @ = =4 are taken upstairs, to contract with the downstairs indices of
the Killing spinors in (2.15). To relate to the notation in (2.12), we can represent the
supersymmetry transformation as § = —f;banaa — Zbanaa'

Looking at the form of the Killing spinors along the circle (2.15]), one can write a general
superposition of the preserved supercharges (4.5 as

Q=nQ)"" +1,(0"),' Q" = 1,0.Q"" + i v,Q1 (4.6)

with Grassmann-even parameters 77, 7% (which, again, are not complex conjugate) and

auxiliary SO(2, 1) spinors
et ~ 1
e ( 1 )l ’ o (e_iso)z ‘ (47>

The supersymmetry variations generated by a supercharge parameterised in such fashion
can then be computed by reading off

() ()

In the right-most expression in (4.6), Q" acts in the same way as Q{“, that is without the
extra phases e, which have been absorbed in the definition of v, and v,. There are four
n. and four 7, parameters, but the supercharges are identified up to rescalings, so the space
of real supercharges is in fact RP”.

As noted already in [63], there exists another Wilson loop with the same gauge fields and
preserving the exact same symmetries, but coupling instead to other fields in the hypermul-
tiplets. This other operator has the superconnection

2= ( A —ia¢12+> ; (4.9)

o h2 1
iy A+ 3

with the opposite sign for the v’s compared to the ones appearing in . All the moduli
spaces that we find include in them also this operator as a special point of enhanced super-
symmetry. It is then just a matter of choice to do the analysis around , rather than
around this one.

Before examining in detail the supersymmetries preserved by the loop defined in (4.3)),
let us compute its bosonic symmetries. Our notation and further details on the algebra
can be found in Appendix . Firstly, notice that the superconnection contains only
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singlets of the su(2); R-symmetry, which is clearly preserved. The bosonic part of L5 is
also annihilated by transverse rotations 7', but it acts on the fermions by the Pauli matrix
o3, see (4.147). Since spinor indices appear in L£;/3 accompanied by opposite R-symmetry
indices, we can cancel the action of T, by an appropriate multiple of the R; generator
of the unbroken u(1)g R-symmetry, and, indeed, the combination L, = —i (Tl +iR3/ 2)
annihilates £y/5. As for the action of the conformal generators J, and Jy on the 1/2 BPS

loop, using the expressions (4.145)) and (4.146))

dﬁl/g _ 861/2
do Oy

iJO £1/2 == - [03, ﬁl/g} . (410)

Since the L/, does not contain any explicit ¢-dependence, we may bring this into the formm
: c
ZJ() El/g = 'D(PI/Z (51/2 + 03) . (4.11)

Total covariant derivatives can be integrated away, so this guarantees invariance of the 1/2
BPS loop under .J,. Similar arguments show that J, are preserved as well. Finally, note
that while acting on £/, with T\ (or equivalently R3) gives a non-zero result, it still takes
the form of a covariant derivative

L
T\ Lo < [03,L1)2] = Dy %03 (4.12)

Consequently, Rs and T’ are preserved separately.

We now proceed to evaluate the action of the supercharge @) in on the supercon-
nection £/, (4.3) and to verify that it is equal to a total derivative. This also introduces a
lot of the notation required in the rest of the paper.

First, to write the action of ) on the hypermultiplet fields it is useful to define rotated
scalar fields

= 0)eq”, 1= (0)aq®, 71 =€)y, To= —€C(N0)a, (4.13)
where (nv), = 10, and likewise for (7v),. Now

Qrlt = —Tlhs, , Qr2=Ty;_, Qrn =1, Qf=—Ipl, (4.14)
where the + subscripts are spinor indices and

1 = €®(qv)a(nd)s (4.15)

is a quantity that plays a central role in our analysis.

13The precise definition of the covariant derivative Di 2 is in Appendix

46



It is not too hard to show, using (2.12)), that the second variation of the rotated scalars
is

1 2i 20
Q*rt =11 (i(nv)a&pqa - E(Uagﬂ)aqa + At — EZVITI —rt A + EZTIVIH) )

(4.16)
2.2 - a 1 — 3 a 2 2
Q*r? =11 (z(nv)aé?wq — 5(770 v)aq® + Are —r «41+1) )
Now, using
2i0,(n0)a = (M0)a — (770'317%7 —2i0,(Nv)a = (MV)a + (ﬁagv)a, (4.17)
and
i 4 12 = (¢ g + ¢*q@) = v, (4.18)
these second variations can be written as
2.1 o1 1y 1 1 20, 5 4 1= .2
Q°r =11 ( id,r — 57 + At —r Arg —E(T Tor' — 1 Tor?),
| (4.19)
Q*r* =11 (i@wrz + 57’2 + Apr? — 7’2.AI+1) .
Likewise, the anti-chiral components have double variations given by
2 o 1 - 20, 5 o
Q°r =11 ( 10,71 + 57 +Ar o — 1A | — %(Tg?ﬂ T — TrT),
(4.20)

1
Q2f2 =11 (iaﬂ”g — 5772 + .A]_Hfg — 7“2.»41) .
It is now straightforward to check that, when II # 0, the off-diagonal entries in £/, are

equal to —iII"'QH, with

=2

H:(O_ O‘T). (4.21)
ary 0

One can combine this with the results above to find that the supersymmetry variation of

the 1/2 BPS connection is
QL =Dy H. (4.22)

The covariant derivative used here includes a commutator with the diagonal part of L,

and an anticommutator with the off-diagonal part, as explained in detail in Appendix [£.B]

For the purpose of this calculation it was not needed to evaluate the action of Q% on r!,

but only on r2%. The former is included here as it is of relevance for the rest of the paper.
Also, if one wanted to repeat the calculation for the other 1/2 BPS loop in (4.9)), one would

1

need to replace 72 and 75 in H in ({.21]) with r! and 7.
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4.3 Two-node hyperloops

Here we systematically study continuous deformations of the L/, in preserving the
supercharge () defined in . Again, the strategy is not to find a superconnection which is
strictly annihilated by @), but that rather transforms as a total covariant derivative, precisely
as L/ 1n above. For the moment, we focus on the case in which the hyperloop couples
to only two nodes of the quiver of the theory, but in the next section we generalize this to
longer quivers[t]

Following [59], we take a deformation of the form

L=Lip+F+B+C, (4.23)

where F' is off-diagonal and Grassmann-odd, B is a diagonal bilinear of the scalar fields
and C' is annihilated by ). This is the most general form consistent with the gauge group
representations, the supermatrix structure and with all dimensions being equal to one. BPS
non-conformal loops with higher dimension insertions are also possible, but are not consid-
ered here.

The condition QC' = 0 distinguishes two cases: when the supercharge annhilates some of
the matter fields and when it does not. Nontrivial solutions include any BPS bosonic loop
where the supersymmetry variation should be simply zero, rather than a total derivative.
We exclude that case at the moment, because for a compact gauge group the coefficient of
the gauge field in the Wilson loop is the identity (or more precisely 7). As the gauge field
already appears in the appropriate form in L5, we should not allow for extra gauge field
terms in C'. An exception to this would arise if B also has gauge fields, a possibility discussed
in Appendix [4.C|

The other possibility is that ) annihilates fields from the hypermultiplet. Note that the
action of ) on the scalars in is always proportional to the bilinear of the parameters
n: and 7., that we called II. When II is identically zero, we see that () has a nontrivial kernel
(in this case r! oc 72, so they do not form a basis of the scalar fields). One has therefore
to distinguish the cases when II does not vanish (or has isolated zeros) and the case when
IT = 0, studied later in Section [4.3.2

4.3.1 Deformations with Il # 0

Starting from the ansatz (4.23]), we want to determine the most general F', B and C' giving
BPS loops, under the assumption that IT # 0.

The simplest term to address is C'. The only solutions to QC' = 0 which is at most
bilinear in the fields and excluding the gauge field is C' = diag(cy, ¢r41), a numerical matrix
not containing the fields. Note that we set the radius R of S® to 1, otherwise this should

14The representation of the hyperloops in terms of quiver diagrams, which may include some or all of the
nodes and edges of the original quiver defining the gauge theory, is explained in detail in [59}/69].
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scale with 1/R on dimensional grounds. The term proportional to the identity is completely
trivial, so we remove it and take C' = diag(0, ¢).
Moving on to F', in order for QF' to involve a derivative in the ¢ direction, F'is restricted

to have the fermions in (4.14)). Therefore, if IT # 0, one can take

. 0 byr®
F=—iQG, G = (b“fa 0 ) ) (4.24)

Here the b%, b, parameters may be functions of .
In terms of GG, we can combine (4.19) and (4.20) into

—iQ*G = 0,(TIG) — i[L7),, TIG] +i[H*, G] — TIG, (4.25)
with the remainder
5 0 9, (T, )r® — illbyr!
1o = (@,(Hb“)rd + 111 0 ' (4.26)

To evaluate the supersymmetry variation, it is sometimes useful to split the connection into
the diagonal (bosonic) and off-diagonal (fermionic) part: £ = £ + £F, and likewise for
L1/2. One can then write

QL= QLip —iQ°G+QB
= DAl + 9,(IIG) — i[LF,, 1IG] +i[H?, G] + QB — 11§
= DA2(H 4+ TIG) — i{ L1, IG} + i[H?, G] + QB — TIG (4.27)
= DY(H +1IG) + i[B, H + IIG] +i[C, H + 1G] + i[H?, G] — TIG
—{QG,H +1IG} —{QH,G} + @B.
The terms on the last line are all diagonal and vanish by setting B = {G, H} + [1G?. With

this form for B, also the second and fourth terms on the previous line (which are cubic in
the scalar fields) vanish. Another way to write these equations is in terms of the variations

of the extra terms in £ in (4.23)
QB =i{F,H} +{L{),+ F,AH},

5 (4.28)
QF = 0,AH — i[ﬁl/Q,AH] —i[B+ C,H + AH].
We see that this is indeed satisfied with AH = IIG.
The deformed connection can then be written as
L=2Lys—iQG+{G H}+1IG* + C, (4.29)

and it is a total derivative if we further impose that the remainders in the last equality of
(4.27) cancel
i|C,H +1IG] —11G = 0. (4.30)
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These are four differential equations for b* and b,

)
d,(IIb*) —ic(a + 1b*) =0,
p(LIb7) — defa + 1) (4.31)
Op(IIby) +i(c — 1)IIby = 0,
0,(Iby) + ic(a + I1by) = 0.
Taking ¢(¢) to be the primitive of ¢, the general solution can be written as
o = e=Hept T = B2 —a, 1My = e 7°By, Ty =e“fy—a,  (4.32)

with constant 5, 52, 1, Po.

There is a lot of freedom in choosing c. It can in principle be an arbitrary function of
©, but this is a gauge symmetry, which is absorbed in A;,;. We can always fix to the same
gauge as in by setting ¢ = 0. Note that in generic gauges, when ¢ is not periodic, the
parameters b and b are also not periodic (as it was in the original paper [110]).

In the gauge ¢ = 0, the deformed connection (4.29)) is

L= Ap1 + Mz%aﬁ’ B %mlll._ ﬂﬁz) ity * ieiwgl_wlﬂ .
iB2r, —ie BT Ag i1 + M ryre — %([Ll-&-lil — fipy15°) — % ’

where

M =TI (ﬁl.ﬂ i OO 2.) . (4.34)
€ 2905251 5252 —i
After fixing a supercharge (), the possible space of hyperloops it generates can be represented
by the matrix M in . It is given by 4 complex parameters 4 and f3,, modded out by
a C* action, which is the conifold. This is the same type of moduli space found in [58,59].
Note that the effect of the shift of 3% and 3, by o and @ in means that the “origin
of 3 space”, which is the tip of the conifold, is a bosonic loop. We can thus view all the
hyperloops that we find here as deformations around some bosonic loop by some supercharge
that it preserves. This is similar to the structure in [59], but here we have far more general
bosonic loops (see Section [4.5.1)) and choose any of the supercharges that they preserve.
Specific examples of hyperloops of this type are presented in Section £.5.2] Their symme-
try algebras are also studied there, as well as a closer inspection of the connection between
them and the hyperloops of [59].

The condition I # 0 from an algebraic point of view

The conditions on Il being zero or not can be interpreted from an algebraic point of view.
To do that, let us start by looking at the square of the supercharge (4.6[), which using (4.150))
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reads
Q*=—TI_J_ —oJo+1I,J. — AL, — %)\abR“b, (4.35)
with II4 and Il the Fourier coefficients of II, defined through
H=M_e " + 1, + e, (4.36)

and
Nab = €740 A= ey (4.37)

As mentioned in Section [£.2] Jy and Ji are the generators of the conformal group along
the circle, R% are su(2);, generators, and L is a combination of rotation orthogonal to the
circle and the unbroken u(1) (see Appendix for further details).

As manifest from (4.35)), Q* generically generates s[(2,R) @ su(2), ®u(1),, , which is the
algebra preserved by the 1/2 BPS Wilson loop. When II # 0 the conformal generators are
part of this preserved algebra (at least in part). It is now possible to consider subcases of
the condition II # 0 in which one progressively decouples some of the generators on the right
hand side of . This imposes conditions on the parameters n and 7, which we derive
below and which are going to be useful in Section 4.5, where we construct specific examples.

We start by considering cases in which the su(2); is “turned off”. In order for the
contribution of R® to Q? to vanish, one must require that A, in be antisymmetric.
This implies that

A1 = e,mn =0, (4.38)

which allows to deduce 7} o< 7}, and similarly for \gy and 75, 5. We may then factorize these
parameter in terms of some other quantities carrying a single index, as follows (bars do not
indicate complex conjugation, as usual)

N = w18, 1 =wis",
= = (4.39)
My = Wal", Ty = Wat".
It remains to impose
A2 + da1 = (e,8) (e™waws) =0, (4.40)

which can be achieved by setting either s' o< t* or w, < w,. As a consequence, the remaining
parameters that determine Q% are given by

A = (€,8')(W1we + wawy), IT = (SleH‘P/2 + Sre_i“’/Q)2 e wawy . (4.41)

b

In order to avoid that II = 0, we must ensure e*w,w;, # 0, which implies €,s't’ = 0. In

particular, the contribution of L, vanishes automatically. In other words, Q* € so(2,1).
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More restrictive cases can be easily constructed by considering special choices of s!, s". In
particular, setting s” = 0 gives Q2 o J, and similarly s' = 0 gives Q% oc J_.

Next, one could maintain the su(2);, and set instead individual Fourier coefficients of II
to zero, looking, for example, to the case Q* € u(1), @ su(2), & u(1);,. The contributions
of J4 to Q? vanish if and only if

elih =0, ePnligr =0, (4.42)

namely if the n’s are linearly dependent

l l T r

=t W,, w =124,
72? 71 72 5 (4.43)

Ny =t Wq , n, =1t2,.
Without loss of generality, one can take z,w to be normalized, finding the corresponding

parameters
IT = (e zqwy) (e,0)

_ 1 /0 1 4.44
Aah = (Ezjtztj)z(awb) + étz <1 0) tJ(ECdZde)Eab. ( )

v
One could go on and, for example, turn off II_ and IIy by imposing

0=emmy, 0= e, + e n.n; (4.45)
which is achieved by taking
Mo = SWq, M = SW, , (4.46)
and yields
Aap = 8 (nﬁbwb — wané) — twywy . (4.47)

The specific cases considered above do not form an exhaustive classification of super-
charges with Il # 0, but have been selected because they are of interest in the study of
some loops, like the bosonic loops in Section Supercharges whose squares are a linear
combination of both su(2); and conformal generators can nonetheless be easily constructed.

4.3.2 Deformations with II =0

The analysis above gives Wilson loops rather similar to those already studied in [59] (though
far more general). As seen, it requires that the function II be non-zero. Now we turn to look
at the interesting case when

I = (7jv)1(nv)2 — (qv)2(nv)1 = 0, (4.48)

and define - -
€= (o)1 _ (n0)2 (4.49)




thus £(¢) € CU {oo}.
This case is subtle because the supercharge @) in (4.6) annihilates the rotated scalars
(4.14]) and, furthermore, the pairs of rotated fields are not linearly independent

rl = 57”27 ro = =& . (45())
For convenience we define (assuming (v); # 0)
rll =2 = —T1, (4.51)

and an orthogonal pair which are not annihilated by @

rt = (iv)2q" — (v)1q*, rL = (N)iq1 + (7v)2G - (4.52)

We then find that
Qrt =AY +4y,),  QrL=-AWL - &),
@t = - (10,6~ 9 - Xetwrr! — r'vrn)) (53)
Q1L =A ((i@wf =7 + %f(VIHFH — 77||V1)) ;
where
A= ()i + ()3, (4.54)
and similarly to (4.18))
rllF, + TJ'f” = Avy, Forl 4 77”7"L = Avpyg . (4.55)
We can apply now the same formalism as in the Il # 0 case and take
L=1Lp—iQG+{G H}+C, QC =0. (4.56)

H is the same as above, see (4.21]), which in the new notations becomes

H:( 0 O‘g'). (4.57)

OéffH

In G we include only 7+ and 7, and C may contain scalar bilinears as well as the numerical
factors discussed before

(0 B (ByrlF 0
“= (BLM 0 > ’ ¢= ( 0 Bl +C) : (4.58)
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QG gives a single linear combination of the fermions i+, . In Appendix we explore
the possibility of adding another combinations of the fermions, but find that this can only
be done in the case of £ = 0, presented in Section below.

Going back to the deformation , one can get QL = ijH , provided that

Q°G =[G, H*|+ [C, H]. (4.59)

Unlike the II # 0 case, here H remains the same regardless of the deformation.
Besides, one can check that the cubic terms inside Q*G cancel |G, H?] + [C, H] provided
gl = BH- The remaining equations for the terms linear in the scalars are

ABLO,(e%€) = —ie"car ABO, (7€) = —ieEea, (4.60)

which are simple algebraic relations on 5+, 5, and c.
In the generic case, we can have

L= A%O,I + Mabraﬁi.— %(/1]11 _[L[ZQ) _Z(d + SABL)Q%_ - 1A5L¢2+
i(OZ + ASL)d}—li- - ZfAﬂL?/E Ago,[-‘rl + Mabfbra - %(ﬁ[_Hil - ﬁ[+122> +c— % ’
(4.61)
where A -
0 = + {aﬁL
Mpb = . kA , 4.62
(kLA 4 C_(ﬁL 5“ ) ( )

with a,b =_1,]|. Plugging in the solutions of (4.60]), the resulting loops generically preserve
only one supercharge. However, at some special points we find supersymmetry enhancement.

In fact, we find some very interesting subclasses of those loops, which are analyzed in detail
in Section [4.5.3

The special cases: £ =0 and £ = o0

Two further degenerations of the II = 0 supercharges are when £ in (4.49) vanishes or is
infinite. Both cases are equivalent under the replacement of n with 7 (or Q?“* and Q%“_)
and for simplicity we focus on & = 0. This means that the supercharge ) is comprised of
only the four supercharges Q%“_ and is nilpotent Q% = 0.

In all cases when IT = 0, we have two scalar fields 7!l and 7| in that are annihilated
by Q. For & = 0, as can be seen from , there are also two fermionic field in the
hypermultiplet annihilated by . Those are v, and ’QZ_}_li_ and we can therefore insert any
distribution of these fields in the hyperloop while still preserving supersymmetry.

As the bottom left entry in £/, is comprised of @}r, see , the matrix H appearing
in the variation of L/, is upper-triangular, as can indeed be read off from . To
construct the deformed loops we take G as in and add the extra fermionic fields to C.
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Alternatively, they can also be added as extra terms into F' beyond QG

0 BLTJ‘ BHTH'FH &Dz
G = C = —; + : 4.63
([5”‘7]_ 0 ) ’ ( 5¢J1r ﬁ”fHT‘H +c ( )
Plugging GG and C into QL = DgH , one gets again the same condition that appeared in
(4.59), which can be solved by

§=c=0, By =5l (4.64)
This gives the superconnection
r— A@,I + Mabrafb _é(l}{ll - /1122) _Zo_ﬂlfilf + (5 _~ZA61L)1/}%+ 5 e
i(a+ ApHYL A1+ Mo Tor® — (B i — fpgd) — 5
(4.65)

where M," is the same as with &€ = 0. Note that § and 5, appear only as the
combination 6 — iAfS|, so we can eliminate any one of them.

The same answer is found from a different approach in Appendix [£.C| where extra
fermionic fields are added in F.

The condition II = 0 from an algebraic point of view

As done for II # 0 in Section one can consider the condition II = 0 from an algebraic
point of view. Here we give a complete classification of all possible subcases. From the
discussion around (4.42), with Q* € u(1);,@su(2)®u(1l),, , the conditions on 7%, 1, for II to
vanish are easily derived, since one only needs to enforce Iy = 0, so that Q@ € su(2),Pu(1)r, .
By , there are two possibilities: either €®z,w, = 0 which implies A\sp = A\pq and
Q% € su(2)y, or €,'t’ = 0, which implies Ay = =\, and Q? € u(1)y, .

In the former case, Q* € su(2)r, one can let z, = w, without loss of generality, leading

to
Q% o wawyR™ . (4.66)
The functions £ and A are given by
th+ eetr : .
$= gy A=) (4.67)

In the case Q* € u(1);,,, one may write instead t* =t s*,* = { s*, leading to
Q% x ®zwy L, (4.68)

as well as to

oy
I
I
-
Il
)

e <€z‘<p(sl)2 e (s + QSZST(EabZaU}b)> . (4.69)
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Finally, when both of the conditions above are met the supercharge becomes nilpotent,
Q? = 0. The parameters are of the form

N, = ap'w, , Ny = ap'wg . (4.70)

This factorisation is expected since each term in (4.35) antisymmetrises over either ¢, 7 or
a,b (or both). The functions £ and A take the simple form

ae”"¥ o ip 1 2
§=—, A=a*(e¥p +p")°. (4.71)

a

Note that the function £ provides a handy way of distinguishing these cases. Concretely,
d, (e%€) = 0 if and only if @* € u(1)r,. £ vanishes identically if and only if @ is composed
entirely of barred supercharges.

4.4 Longer quivers and twisted hypers

All the constructions in Section involve only two nodes of the quiver. Here we turn to
hyperloops coupling to more nodes. As a guiding example and starting point of the deforma-
tion, we consider the 1/2 BPS loop on two pairs of nodes, with undeformed superconnection

given by
A] —Z.a{['ll)[’i_ 0 O
it ~1 0 0
Ly = farvry A =g . (4.72)
0 0 AI+2_f ¢ —iQroPria-
0 0 Z'O{[+277/J}+27+ A[+3 — C — %

We introduce a constant shift ¢ between the two pairs of nodes representing the effect of
a U(Nyy1) gauge freedom. In this block-diagonal form, there is no restriction on ¢. The
resulting Wilson loop is well defined with constant a5 and ay, o satisfying ayeay.o = 2i/k.
We find (the supertrace sums lines with signs +, —, +, —)

W = sTrPexpi]{[,dgo = W(r,141) +exp <—i%cdgp> Wirio,r+3) - (4.73)

Clearly with this block-diagonal structure, we can take any linear combination of the two
Wilson loops. Adding deformations by the hypermultiplets keeps the block-diagonal struc-
ture, so again it works with any c¢. As already noted in [59], deformations by twisted
hypermultiplets with ¢, are more subtle and fix c.

The Wilson loop based on (4.72)) still satisfies QL1/2 = Dél/ *H, this time with

0 arr? 0 0

H = O[ITIQ 0 0 _ 0 2 (474>
0 0 0 Ar42T7 19
0 0  arafrioe 0
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It is now natural to rotate the fermions from the twisted hypermultiplets
ﬁ£ (77@) wf ) IO+ (77“) erv 51+ = Eab<ﬁv)awb+ ) 527 = eab(n@)awa ) (475>
such that the supersymmetry transformations are

Qii =@, Qh=7p", Qi=p, QF =/ (4.76)

The double variations are then

2 1w -
QG = (10,01 + Aradi — @A) — T (For°Gy = Gir*ra) — 5€™ (70)a(n00)sdi
2i 1 ~ .
Q ¢ = H(Z 05 + Ari1Gs — QQAI+2) 7 7“27’ Q5 — Q57 7”2) - 56“b(n03v)a(nv)bqg7 (477)
2 1 ab/— N =i '
[(i0,G" + Ary2G — ¢ Ar) — 2 Poq' — Girar?) — € (10 0)a(0)sd"
2 P 1, s
(10,6 + Ar2@® — P A1) — — (PR — §rar?) — € (M0)a(noo)ud”
Using (4.17)), the linear terms above can rewritten as
e (0)a(nov)y = —id, 11— X, €?(70v)a(n0)y = —i0,I1 + A, (4.78)
such that the double variations become
2~ A ~ L. 2 2~ o~ 9
Qg =11 | 10,G; — 54i +1q; + Arp1qi — G A2 ) — ? (Tor°qi — Gir~T2)
- R .
Q%G =11 (Zap% t5G e+ Ari1Gs — qum) —(Far?Gs — Gar*ia)
| . | (4.79)
Q¢ = <28 q + 2q + Fq + AI+2Q —q AI—H) 7”27:251 — §'Tar?),
=9 1 =) _
Q*¢ = (z@ q — §q +Fq +~AI+2Q —q AI+1> (r*raq —q2r2r2),
where for latter convenience we introduce
1 /. A 1
in z@wlnH—l—ﬁ—i—l , =3 i0, lnH———l (4.80)

4.4.1 Deformations with II # 0

We now proceed to deform the loop (4.72)) as in (4.23). We take G to be of the form

0 brar? 0 0

G = biT1a 0:1 d}+1ql+1i - 0 ) . (4.81)
0 d1+1 14741 0 bl+2a7‘1+2
0 0 bi o424 0
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We allow a coupling to all the scalars in the hypermultiplets, but in the twisted hypers we
restrict to ¢; ;i and ¢7,,. The second pair of scalar fields is examined below.

Using (4.79), the analogue of (4.25)) adapted for a longer quiver is

—iQ*G = 0,(TIG) —i[L}),, TIG] + i[H? G] — TG, (4.82)
with
0 0, (g, )1¢ 0 0
G = Oy (1167)71 4 0 Op(T1d" ) G414 0
0 acp(Hdi)(ﬁ-H 0 acp(Hbl+2 a)r?-i-Q
0 0 O (TIb%, ) Pri04a 0
3 w( I+2) I+2 (4.83)
0 —iIlby 7} 0 0
i}y, 0 —ill(c—=T)d"gri 0
0 ZH(C + F)di§}+1 0 —iHl_)[+2 1T‘}+2
0 0 iIb} T 01 0

Proceeding as before, the analogue of ([4.27) sets B = {G, H} +I1G? and supersymmetry
invariance of £ now requires solving

i[C, H + HG] - HG =0, C= diag(cf, Cr+1, Cr+2, CI+3) . (4-84)

We recover two copies of the equations (4.31)), now for by, by, brio, and 1_7[+2. In addition,

using I' + T' = 49, InI1, we find the two following equations for d;, i and d},,
8@(&}_’_1) —i(crs1 — Cry2 +C+F)CZ}+1 =0, (4.85)
&p(HdIJrli) + i(01+1 — C142 +c+ f)HdIJrli =0.

Note that these involve not only the numerical factors arising from C' but also the relative
shift ¢ that was left arbitrary in (4.72). In particular, we can make use of this gauge freedom

to make the convenient choice c;41 = ¢r19 = 0 and then with ¢ = —T, the equations above
are solved by
: . 5
7 i I+1i
dryy = 0741, dryri = 11 (4.86)

with constant d’s. Other gauges are possible, but they are completely equivalent to this one.

One can write the explicit expression for £ using . Two points to note are that
in addition to the diagonal bosonic terms and first off-diagonal fermionic terms, there are
also off-off-diagonal bosonic terms that contain the bilinears ¢;,,ir{ , and q:} +1T1a- Also,
the diagonal terms in the central nodes now include the modification of the bilinears of the
scalars in the twisted hypermultiplets via

Ara ~ =i et —1 k’—f—gl 5 i 0
M%Gr1ai, M= ( / Of“ it . /k> : (4.87)
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Instead of writing the full complicated 4 x 4 form of the general £, we look at some special
cases in Section [£.5.4]
To couple L to G;,,5 and 7., we take instead

0 brar? 0 0
G — b?FIa 0:2 d%-‘rlqu#*lQ B O . 7 (488)
0 d1+1 24711 0 bryo alT4+2
0 0 b oT142a 0
then (4.82)) holds with
0 O, (ITby 4 )18 0 0
HG _ acp(Hb?)fIa 0 B aso(Hd%+1)€71+12 B 0
0 Op(Mdy415)d7 11 0 Op(Ibr424)r] 0
0 0 0, (I1b¢ . 5)T 1124 0
0 —illb; 7} 0 0
illbYrr, 0 —ill(c =T = 1)d%, 1G1115 0
0 (e +T = 1)dpy15G7 11 0 —ilIbrio177 4y
_ (4.89)
This time, (4.84)) gives two equations for d,, 5 and d7,,
ap(cﬁ-&-l) —i(crp1 —crpp e+ T — 1)HJ§+1 =0, (4.90)

Op(Nd;yyy5) +i(cry1 —cryp e+ T —=1)d; 15 =0.

In this case the convenient gauge is c;y; = ¢;12 = 0 where these equations are solved with
c=—-I'+1and

) . 5 .
iy = 0741, diy1s = %; (4.91)

with constant 0’s. Now M is given by

—  [—i/k 0
M = _ . . 4.92

Notice that we performed the analysis separately for the two pairs of scalars in the twisted
hypermultiplets and the resulting expressions required different conditions on ¢, namely
c=—Tand ¢ = —T'+ 1. To allow £ to couple to all scalars of the twisted hypermultiplet at
the same time, these need to be related by a gauge transformation, requiring

é((p):—/Ow(F—FnLl)dcp':/o(P%d(p', (4.93)
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to be single valued. Thus, if

- A
eiem — expi% o dp=1, (4.94)

is satisfied, £ may couple to all twisted scalars, otherwise it may couple either to the pair
Gi,q" or to Gs, ¢ .

To be concrete, if we choose the gauge ¢; = ¢;11 = ¢jyo = crpg =0and ¢ = —TI', a G
including all twisted scalars is then composed from (4.81)) and the gauge transformed version

of (I83), giving

0 brar? 0 0

G — biT14 . O‘A B d}+161+1i + ew(@d%ﬂqvlﬂé B 0
0 dryyire +e7d 5070, 0 bri2aTf o
0 0 b%+277]+2a 0

(4.95)
The construction then follows as before. Differential equations for br,, b%, byi24, b} 4o and for

dyi1is i are as in (4.31]) and (4.85)) and are solved by (1.32)) and (4.86). As for d; ,d7,;,
we find the equivalent to (4.90) in the ¢ = —I' gauge

Op (P} ) — ide ™D}, =0,
aw<HeﬂC(@)dl+12) + Meﬂc(kp)dlﬂi =0,

which is still solved by (4.91)).

We found therefore the form of £ coupling to both twisted scalars, under the condition

[#.94). Now M is given by

T _ZZ/C]: )—k_éd}+151+1i ?_ié(w)(EerléI-&-lQ ' (4.97)
e SD(5]+16[+11 Z/k+5l+151+12

(4.96)

A special case of this construction was already carried out in [59]. In the parameterization
of that paper, I = 1 and A = cosf, with 6 the so-called “latitude” angle. It was then
possible to include all scalar fields in G for § = 0 (see equation (4.9) of [59]). The analog
of the obstruction (4.94)) arose there for § # 0 (see the comment below (5.15) of [59]). The
reasoning for that is precisely the fact that e¥) = %#<s? considered there is not single
valued.
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4.4.2 Deformations with I1 =0

Generalizing Section to allow for twisted hypers, we start again with the 1/2 BPS loop
with four nodes in (4.72). H is the same as in (4.74]), now written generalizing (4.57)) to

0 ar 0 0
—agér 0 0 0
H= ! T (4.98)
0 0 0 OCI+2T[+2
0 0 —ar28freg 0

As before, the fact that II = 0 implies that the variation of the deformed loop is still a
covariant derivative of H regardless of the deformation. Since H does not include twisted
scalars, we do not expect the relative shift between the two pairs of nodes (¢ in ) to
be fixed by the requirement that the deformed loop is supersymmetric. Below we see that
this is indeed the case.

The IT = 0 version of the double transformations (4.77)) is
~ 20, . - A
Q*qi = ?S(THT"% —Gyrlry) + 50
20, aL Ll A
Q*q = Eﬁ(ﬂﬂ“”qg — GyrTy) — 50
=i 2 _ =i =1 A
Q¢ = =<t — gy =
k 2
:. 2/[: — i. i. — A :A
Q¢ =LE0 G = ) + 57

. (4.99)
q,

The building blocks are then the 4 x 4 versions of G and C' (we set ¢; = ¢;49 = 0 for
convenience)

0  Brurt 0 0
= By 9 d%Gri1a ) 0
0 ddg?+1 . 0 BI+2J_7’%+2 ’
Y N O Pretnar 0 (4.100)
B]”TI?“[” 0 O 0
oo 0 it ben 0 0
0 0 Braa |l 4oF 142 0
0 0 0 Bl o142 T g + Cria

With these in hand, the superconnection £ = L;,, —iQG + {G, H} 4 C' is supersymmetric
provided that the same condition as in (4.59) is obeyed.

The analysis for the S parameters follows as in the 2-node case. Cubic terms on the fields

cancel for BIH = By and BHQH = Bﬂ 4o- Linear terms are such that we find, in addition to
(4.60), its I 4+ 2-node version
ABria10,(e€) = —ie¥eriaarye,  ABra0,(e%€) = ie¥eriarisf . (4.101)
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For the central block containing the d parameters, one realizes that the cubic term in
the double variations (4.99) is exactly equal to [G, H?]. There is no contribution related to
d from [C, H], so one is left with the linear terms arising from Q*G

=0. (4.102)

Solutions with nonvanishing d parameters and a non block-diagonal structure are only pos-
sible for supercharges with
A=0. (4.103)

In this case there are no constraints on d* and d,, and they can be arbitrary functions. At the
level of the algebra, see Section [£.3.2] this means that loops in this section are constructed
from Q’s that square only to su(2),, generators R%.

Note that as anticipated the derivation above does not set restrictions on the relative
shift ¢ appearing in , in contrast to the IT # 0 case. We examine some special cases of
the resulting operators in Section [£.5.5]

The special cases: £ =0 and £ =

The analysis of £ = 0 and £ = oo follows in analogy with Section [£.3.2 As before, both

cases are equivalent under the replacement of 1 and 7, so we focus only on the & = 0 case.
Here, since we are considering longer quivers coupling to twisted hypermultiplets, we

need to include in G not only v+, ¥, but also the twisted scalars that are not annihilated by

Q. From (@.76) we see that these are §; and ¢2, so we have

0 fBrrt 0 0
L i~
G = 5[ 92 d Ar+11i a OL (4104)
0 dsqryy 0 BriaTTys
0 0 Briafrver 0

Conversely, the fields ¢; and éi are annihilated by () and are included in the matrix C.
In addition to them, we should also include g% and py+, which are the linear combination of
fermionic fields from the twisted hypermultiplet that are annihilated by (). Thus, we have
(setting again ¢y and cyyo to zero for convenience)

[_{{ Sﬂbzﬂ :WMHM 0 |
C— (iliw}t K; —:F Cr41 51+1/312r+1,+ V214157 142 ’ (4.105)
V3414171 51+1PI+_131+ K{{rz Or+2¥r 05y
0 VaTr42re1 Or42¥ryay Kipo + crps
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with K; = ﬂﬂ”rg + TI+1§I+1Qq:}+1 and K; = BIHT%IH + 715}_16]1_12.
As before, the superconnection £ = Ly, —iQG+{G, H} +C is supersymmetric provided
that (4.59)) is obeyed. This is solved by

BIH = Bﬂ ; B]+2|| = 51|r|+2 ) Y1Q42 = Y207, (4.106)

and by setting the remaining parameters in C' to zero, except for &7, d;42 and 741, which
are left arbitrary. We write down the resulting operator at the end of Section [4.5.5]

4.5 Special cases

Having carried out the systematic construction of BPS hyperloops described above, we turn
now to some special examples of the constructions. This includes making contact with
previously described operators and identifying new ones. Our emphasis is on operators
preserving more than one supercharge.

4.5.1 Single node bosonic loops

We start with the simplest possible BPS Wilson loops in three-dimensional Chern-Simons-
matter theories, those involving only a single node and L is a 1 x 1 block with only the gauge
field and bilinears of the scalars. The first such bosonic loops were constructed by Gaiotto
and Yin in off-shell A/ = 2 language in [76]. Analogues of them in ABJ(M) theory were
described in [60-62] and that description carries over also to N/ = 4 theories. Such loops
preserve at most four supercharges. The other previously identified family of bosonic loops
are the “bosonic latitude” loops of [172}/176,59], which preserve a pair of supercharges.

To get such loops in our setting we may decouple the nodes by simply setting 3! = 5% =
B1 = B3 = 0 in the analysis of Section for the case IT # 0 (we comment below on the
case Il = 0). This eliminates all the fermions in the superconnection £, which becomes
block-diagonal with a connection in the I-th block taking the form

A=A, + %H_l(rlfl —2) — %(gii i), (4.107)

It is easy to show that these loops preserve at least two supercharges. Consider in fact

the supercharge ) gotten by the replacement 7!, — —7 in (4.6))

Q =nhQrt —(oh), Q" . (4.108)

Under this change of sign, II — —II, > — —r% and 7, — —7, such that is left
invariant. Note that because II # 0, () is the sum of barred and unbarred supercharges and
by the above argument these must be preserved separately.

Alternatively, this can be seen by investigating the bosonic symmetries. In particular,
note that the transverse rotation 7', keeps the loop fixed pointwise, and therefore acts
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trivially on the scalars as well as on the parallel component of the gauge field, the only fields
in the bosonic loop. Closure of the symmetry algebra then implies that, in addition to @,
the supercharge [T, Q)] is preserved by the loop. From (4.147)) we see that this generates
@', so we come to the same conclusion as above (an analogous argument can be made using
the generator Rg).

A useful way to write the connection is in terms of the moment maps u“, as

? l

A=A, + Eﬁ (O + 20ty = i) +20%) = 2xx p'y) — k(ﬂii - /]QQ) ; (4.109)
with (n0) ()
_ v V!

e Y o (4.110)

which are generally linear fractional transformations of e (and as usual, they are not
conjugates).

The most degenerate case is when both y and y have no ¢ dependence. This requires the
numerators and denominators to be proportional to each-other, spanning a two dimensional
space of n’s and likewise 7’s. This implies that the loop preserves 4 supercharges and having
no ¢ dependence, it also preserves the SO(2,1) conformal group. To recover the Gaiotto-
Yin Loop [76] we take y = 1/x — oo. Other values of x, y are related by the action of the
complexification of the broken SU(2); symmetry.

When Y is a constant and y depends on ¢ (or vice versa), there is only partial degeneracy,
and the loops preserve three supercharges, or are 3/16 BPS. Such loops have not been
previously discussed in the literature.

When both y and Y depend on ¢, the loops preserve a pair of supercharges. A sim-
ple example is when they are just monomials, for example y = —tan(f/2)e”* and y =
cot(0/2)e~*. The connection takes the form
- (i =) (@1
These are the latitude loops found in [172] and studied in [176,59]. As the ¢ dependence
breaks conformal invariance, acting with the (complexified) conformal group SLy(C) on the

A=A, - % (cosO(p'y — p?y) +sinfep'y +sinf e )

loop above generates many other loops, including those where x and y are proper rational
functions and not mere monomials.

There are yet more peculiar bosonic loops that preserve two supercharges, but are not
similar to the latitude loops. Representatives of those have

x=e"¥+uv, X=€e%—v, (4.112)

with an arbitrary parameter v.
Despite all the machinery in the previous sections, the analysis of the most general BPS
bosonic loop requires yet further techniques, so those will be explored in the next section

64



Bl That exploration will also relax the condition in this paper that the loops arise from
continuous deformations of the 1/2 BPS loop, which could give rise to further BPS bosonic
loops.

4.5.2 Two-node hyperloops with II # 0

Let us look now at some special examples of the hyperloops with two nodes constructed in
Section [4.3.1] Examining (4.34), the most symmetric possibility is that M is proportional
to the identity, restoring SU(2); symmetry. There are two such solutions. The first with

!'= B = 0 and 3?3, = 2i/k, which is just the original 1/2 BPS loop in (4.3)). The second
has 32 = B, = 0 and '3, = —2i/k, which is the second 1/2 BPS loop with the same
symmetries in (4.9)) (albeit written in a different gauge).

A less symmetric case is when M is diagonal, but not necessarily proportional to the
identity, so when 3152 = .8 = 0. If B = 82 = 0 or B; = f» = 0, the connection becomes
upper or lower triangular, respectively. As discussed in [58,59,69], the resulting loops are
effectively the same as if all the 8 = B, = 0, since they are all identical as quantum
operators. The interesting case is then when 3; = 8! = 0 or 35 = 3% = 0. Taking the former
as an example, we find

L= A%I + Mabrafb t%(ﬁjll - ﬂ[22) _iBlei— ] )
i52¢}+ Ago,1+1 + Mbafbra - %(ﬂ]-ﬁ-lil - /11+122) - % ’
(4.113)
with ,
L 0
M=1" (k _ ) 4.114
0 B3 —+ ( )

In addition to the supercharge @, these hyperloops preserve a supercharge )" arising from
same 7., but with 7, — —n.. The argument is identical to the case of the bosonic loops
presented in Section [1.5.1] In this case we see that the fermionic terms are unchanged if we
keep the same 3’s and M — —M, so the diagonal entries M, 'r'7; and M,?r*r, are also left
invariant. The requirement that M is diagonal guarantees, therefore, that the loop is also
invariant under " and is 1/8 BPS.

Thus, for any choice of ) with II # 0, if we restrict the parameters such that ' = 8, = 0,
we find a family of 1/8 BPS hyperloops parametrized by 5% and 3,. However, as we can
conjugate L by a constant matrix

o (b)), a1

this gauge transformation eliminates one of the parameters, and we end up with a one
(complex) dimensional moduli space.
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This is very similar to the discussion in [59], but it is much more general, as it works
with any of the supercharges @ in with IT # 0. To make contact with the constructions
in [59] we can look at the moduli space of 1/4 BPS hyperloops studied there, which are
all deformations of the usual bosonic Gaiotto-Yin loops [76]. Those loops preserve a one-
dimensional conformal group, under which the supercharges are charged. Looking at the
algebra and requiring only conformal transformations in the square of the supercharge
imposes €, (7.m, + 7)) = 0. To realize this, we choose two vectors w, and w, (as usual,
bar does not indicate complex conjugation). For an arbitrary vector s', define parameters
7,1 as

Ny = WeS", Ny = Wys" . (4.116)

The resulting supercharges are all linear combinations of
w, Q¥ w,Ql (4.117)

whose anticommutators generate the bosonic algebra so(2, 1)@u(1), where the u(1) summand
is generated by L + sw,w,R™ (see Section for details).

In [59] the vector w, was 6> and w, was §'. Other choices can be achieved by an SU(2),
rotation. What was more restrictive there is that only a single choice of @) (or s*) was used.
As long as we turn on only the parameters as in (4.114]), we preserve all the supercharges in
(4.117)), so any choice (with II # 0) is equivalent. When turning on more 3 parameters, we
find different moduli spaces, depending on the exact choice of (). Our analysis here therefore
generalizes also this simple case of deformations of the 1/4 BPS bosonic loop.

As discussed in Section [4.5.1] there are several new bosonic loops generated by our
construction that are not related to those in [59]. Clearly their deformations with 5 # 0 are
also new.

4.5.3 Two-node hyperloops with Il =0

This case is presented in Section [1.3.2] where it is shown that the general deformation is of
the form (4.56|) with G and C' as in , subject to the constraints that BH = Gl and the
conditions on 3, #*+ and ¢ in (4.60). The resulting expression for £ is then in (4.61).

A simple way to find loops with enhanced supersymmetry is when the superconnection

is invariant under su(2);, which arises when M 'rr, oc v7. Looking at the expression for v
in (4.55) and M in (4.62), we see that one needs to impose

pl=0,  ¢aB=ap". (4.118)

These equations are consistent with E, combining all the parameters to a single periodic

15 [60) is also solved with & = &ye™*, with a constant & # 0, arbitrary 8+, 8., 8l = B and ¢ = 0.
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function v = 1 — ikAaS+ appearing in the superconnection as

_(Aea v — (i) — R) =5+ DY — 5y — DE sy
B (y 4 1)L — 2y — )€ Agrir + 2y — 2, L = iy, D +e—1 )
(4.119)
and ¢ = i1, log(£e'™).
The degree of supersymmetry enhancement depends on the choice of supercharge Q).
Specifically, following Section we distinguish three cases.

1/8 BPS loops

First, suppose 0 # @Q? € su(2);. Putting together (4.43) and (4.46)), one sees that the
parameters 7, 7 may be cast into the form

ny =t w,, =t w,, (4.120)

with some vector w, # 0 and €,t't’ # 0. Acting on the resulting supercharge with su(2)y,
we find that, regardless of the choice of w,, the loop preserves the two supercharges (with a
convenient normalization)

Q=

(t’ Q!+ (o1)/ jSl) ;o Q= (t’ Q2 + 1 (o1)/ Q?) . (4.121)

1 1
€t et

Using (4.150) it is easy to verify that their anticommutators generate su(2),
1 1
{Qla Ql} = §R+ ) {Qla Q2} = _R3 s {QQ, QQ} = —§R, . (4122)

1/4 BPS loops and conformal loops

Another case is when the supercharge satisfies 0 # Q* € u(1),. In this case, as derived
in ([4.69)), we have £ = e, which immediately implies ¢ = 0. As discussed in Section m,
the parameters of () take the form

' = ts'w,, n, =1ts"2,,

_ _ 4.123
ﬁé = tshw, , M, =1ts"2,, ( )

where both €%w,z, # 0 and s's” # 0. Knowing that the loop is invariant under su(2); we
can project to those terms involving either only w, or only z,. Acting then with
raising and lowering operators projects further to the two components a = 1,2, removing
the dependence on w, and z, altogether, and leaving us with four supercharges

Q= tQ* + QM Q2 = 1QF + Q1

— t0®2 L 02 _ 422 | iz (4.124)
Q3 - th +th 9 Q4 — th +th .
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Examining these, we see that they form doublets of s0(2,1) (exchanging [ and r).
The algebra generated by these supercharges is very simple, with the only non-vanishing
anticommutators

{Qu,Quy = —2ttL,  {Qo,Q3} =2tL, . (4.125)

Note that the bosonic part of this 1/4 BPS algebra is just u(1),,, while su(2), and the
one-dimensional conformal algebra s0(2,1) act as outer automorphisms.

We noted that the superconnection is invariant under su(2),. It is interesting to
check whether it is also invariant under so0(2,1). This clearly requires v to be a constant,
as otherwise £ is not invariant even under rotations. Considering then a general conformal

generator J = ayJ, + agJy + a_J_ and using (4.145)-(4.146)), one finds that the conformal
transformation of £ in (4.119)) is a total derivative

JL=D5(aL + H), (4.126)
with

a=a,e% —iay+a_e ", H= < 8 652 ) : (4.127)

The resulting Wilson loops are then invariant under so(2,1) @ su(2), @ u(1).,, providing a
previously unidentified family of conformal 1/4 BPS loops.

Note that the argument here is classical and as the superalgebra does not include
the conformal generators, we cannot be sure that it is not spoiled by quantum corrections.

Further 1/8 BPS loops

The last example arising from (4.119)) are loops with nilpotent (). Since this case lies at the
intersection of the previous two, we have to impose all the conditions discussed above. For
the parameters, we have

o = ap'Wa, T = Gp'Ws . (4.128)

They give a pair of nilpotent supercharges
Q1= ap'Q;" +ap'(01),Q5",
Q2 = ap' Q) + ap'(01),/QF,

whose anticommutator vanishes as well.

(4.129)

Another family of loops with enhanced supersymmetry arises if, instead of su(2), sym-
metry (as in (4.119)), we demand conformal invariance from the beginning. Generalising
the discussion in Section , we impose the equation directly on the supercon-
nection (4.61). The off-diagonal components of this matrix equation are satisfied, as in

68



Section 4.5.3] as long as & = e and ¢ = 0, which identically solves the supersymmetry
conditions (4.60). Additionally, if we redefine

L_ 3, = O (% [N
=—(( -1 =—((-1 = — 4.130
then we need to impose that v, ¥ and 4!l are constants.
The expression for the superconnection (4.61]) then becomes

(At MR = i ) SO D - (- DE T,
%(7 + 1)¢i - %(7 - 1)&/}3 Apri + M, ryr® — %(ﬂl+1f - ﬂ1+1g2) - % 7
(4.131)
with the couplings to the rotated scalars given by

bt (07
M, _kj—A(7 7I). (4.132)

The remaining check is whether the diagonal part of equation is satisfied, which
imposes that the couplings to the unrotated scalars ¢%, g, are constant. This can be arranged
in two ways. Firstly, by we can set 7 = 7,7/ = 0 to obtain scalar terms proportional
to vy, vr41 without any explicit ¢ dependence. These loops are just the conformal 1/4 BPS
loops described in the previous section.

Alternatively, constant scalar couplings can be obtained for arbitrary =, 7, v/l by demand-
ing instead e®qL 77 = 0 or, equivalently, @* = 0. In order to derive the symmetries preserved
by these loops, we parametrise the supercharge using and act on it with the conformal

generators. This process generates another supercharge, so in total we have
Q1 =wq (aQi +aQl") . Q= w, (0@ +aQ)"). (4.133)

Both these supercharges are nilpotent and their anticommutator vanishes. By construction,
50(2,1) acts on the algebra as an outer automorphism.

There is yet another example of supersymmetry enhancement without su(2); symmetry,
but with invariance under 7', (but not L, in (4.149))). Recalling that 7 acts diagonally
and separates barred from unbarred supercharges, it is easily seen that the commutator
Q' = [T, Q] is linearly independent of @, provided ) comprises both barred and unbarred
supercharges (so & # 0, 00). To see which loops are invariant under ¢)’, we note that keeping
n: and changing 7!, — —n. leaves II = 0, likewise A is unmodified, and £ — —&. Noticing
that contains terms proportional to both A+ and ¢AB+, we have to set 3+ = 0 and
similarly for 3, , which by also fixes ¢ = 0. The resulting superconnection is

el 0
L=Lyp+ ( 0 | ﬁfnr”) , (4.134)

where $l can be an arbitrary periodic function of ¢. One can check that generically the
supersymmetry is not enhanced further.
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The special cases: £ =0 and £ = o0

When ¢ = 0, the superconnection of loops are the same as (.61)) with ¢ = ¢ = 0 and 8+, 5.
and Al free. If we want to study the su(2); enhanced points, we should impose 8+ = gl = 0
and get the loops

(4.135)

L="Lyy+ (0 _ZMW”) .

0 0
The case £ = 0o is similar with a term on the lower left corner.
In all of these examples the free parameters 8!l 4+ (and in the last case also 3, ) are any
periodic functions of ¢. The reason is most transparent with regards to £l, as @ annihilates
THFH and we can insert any density of them along the loop.
In Sections [£.5.1], [.5.2] and [4.5.3] above, we noted multiple examples of hyperloops that
in addition to @) preserve also @' with 7, — —n". They clearly also preserve @ £+ @)’, which

are supercharges with II =0 and £ = 0 and £ = oo.

4.5.4 Hyperloops with twisted hypers and II # 0

To couple our hyperloops to the twisted hypermultiplets, the starting point in Section [4.4]
is a 4 x 4 superconnection which takes a block-diagonal form and is deformed with
parameters 3 and 6. Here we focus on special examples of these loops. As a first step, we
set all the 3’s to zero. In the absence of the § terms, this would give a diagonal connection
with only bosonic fields.

With 8 = 0 and 6 # 0, we find instead a block-diagonal form, with a 2 x 2 block involving
the nodes I + 1 and I + 2, and two decoupled nodes [ and I + 3. We ignore in the following
the decoupled nodes and concentrate only on the remaining 2 x 2 block. Note that often the
decoupled nodes do not preserve the symmetries of the central block. This can be remedied
in the setting of a circular quiver.

In the case of a deformation with d;,,; and 5} +1, the central block takes the form

L — AsoJJrl + Mbaflbr? + M%QVIH a§?+1 - % _@'511+1:5%+1ft B B
—ill™" 07y ipryra- Aprvo+ MOr9 ooy + Mi)a@lﬁﬂﬁﬂa +T
(4.136)
with (see (4.107))
i {1 0 ~  [=i/k+6 0,1 O
M= 11" M = [HEL : 4.137
k <o —1) ’ ( 0 i/k (4.137)

This structure is the analog of the two-node quiver with a coupling to a single pair of scalars
in the hypermultiplets as in . Just as in that example, these loops have enhanced
supersymmetry with the second supercharge @)’ given by exchanging 77, — —7. So all these
loops are at least 1/8 BPS.
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Further supersymmetry enhancement arises in the schemes explained in Section [4.5.1
leading to operators that can preserve either 3 or 4 supercharges. Even further supersymme-
try enhancement arises by setting d;, 1511+1 = 2i/k, as then the loop enjoys su(2) r symmetry.
In this case, the analysis of the previous paragraph is extended to supercharges with 1 <> 2
and we have a doubling of the amount of preserved supersymmetry. Note that because of
the 1 <+ 2 exchange, these supercharges are not preserved by the original 1/2 BPS loop, see
. The 1/4 BPS loop becomes the 1/2 BPS operator coupling to the single pair of scalars
i, q:i from the twisted hypermultiplet. The 1/8 BPS operator becomes 1/4 BPS and for the
particular parameterization

. r .
T = —7p = sl

it = nb = cos (4.138)

2 2
we recover the “fermionic latitude” loops constructed first in ABJM theory in [172] and
generalized to N’ = 4 theories in [59], see also [176]. The 3/16 BPS operator becomes 3/8
BPS.

Completely analog constructions arise with d;,,; = 5} 41 = 0 and nonzero couplings ;5
and 512 +1- The most symmetric loop of this class is the second 1/2 BPS loop coupling instead
to the pair of scalars g, q:Q. The cases with all four § parameters non-vanishing is allowed, as
long as is satisfied. The analysis follows as before, but su(2)z symmetry is preserved

only when we restrict to a single pair of 9.

4.5.5 Hyperloops with twisted hypers and Il =0

These operators are considered in Section [4.4.2] where we find supersymmetric loops built
out of the G and C in . In particular, the g parameters that couple to scalars from
the untwisted hypermultiplet satisfy the same constraints as in the 2-node case, while the
couplings to the twisted scalars, d* and d, are arbitrary periodic functions as long as A = 0.
Denoting the superconnection in (4.61)) as Ly—o, the expression we find for £ is

Liio B @ché‘rﬂd{ﬂa ) 0
L= - __ B 'y + @Ppryy o d*ariaGra aTLQ
—daalf(j?ﬂflll diprite— + dspriaa+
_ ~a 'CH:O
0 —041+2da§7”1+2||qI+1

(4.139)

Note that the coupling to the twisted scalar bilinears is unchanged and the M in the central

nodes does not receive contributions from the d’s. In general, these loops preserve a single
supercharge.

One special case is similar to the 1/4 BPS hyperloop of Section when & is of

the form &ye~* with constant &. This can arise with either & = 1" /7" or & = n'/ij! leading
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to a two fold degeneracy. This is a symmetry of the superconnection (4.139)) when

d'=ds = . dP=dj= , (4.140)

and (7v); = (7v)a, (Nv); = (n0)2. The resulting hyperloop preserves two supercharges and,
as before, s0(2,1) acts as an outer automorphism on the preserved superalgebra. Unlike
the 2-nodes case in , there is no way to restore su(2); symmetry and find further
supersymmetry enhancement.

The special cases: £ =0 and { =

In Section the analysis of the case of £ = 0 is extended to include the twisted hyper-
multiplets. Denoting the superconnection in (4.65) as L¢—o, the extension to include twisted
hypermultiplets gives

Lo T’g(’ylcjl_i_l‘gi-;&[dlq[-i-l i) - ) 07 = I
[ i —id Py 4 ;2 (M1 + ard' G 1)774
0 (0141 —idy)prinas r
0 0 =

(4.141)
Note that, as ;11 and ds appear only through the linear combination 6;1; — id;, we can
eliminate one of them. Supersymmetry enhancement relying on manifest su(2); symmetry
happens only by setting to zero off-block-diagonal parameters, in which case we simply

recover two decoupled copies of (4.135)).
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4.A Symmetries of the 1/2 BPS Wilson loop

We start by recalling that the symmetries of an N' = 4 superconformal theory on S® form
an osp(4[4) = D(2,2) superalgebra, with the bosonic symmetries s0(4, 1) & s0(4). These are,

72



respectively, the three-dimensional conformal algebra and the R-symmetry algebra. The lat-
ter is conveniently thought of as so(4) ~ su(2), ® su(2)g. The 16 supercharges transform as
conformal spinors under s0(4, 1) and in the fundamental representations of both R-symmetry
su(2)’s.

The circular 1/2 BPS loop breaks part of these symmetries. Specifically, of the conformal
generators, it preserves only the one-dimensional conformal algebra along the contour of the
loop and the rotations in the plane perpendicular to it

s0(2,1) du(l), . (4.142)

su(2);, is preserved by the loop, whereas su(2)p is broken to u(1) [
We denote the conformal generators along the circle by Jy and J., with nonvanishing
commutators

o, Ju] = £Jy,  [J, J] =2Jp. (4.143)

Parametrising the circle by the angular coordinate ¢, these generators can be represented
by differential operators

Jo=—i0,,  Jp=e%0,. (4.144)

The action on the fields can be obtained by evaluating the usual conformal transformations
on the circle. Suppressing R-symmetry indices, we find for the bosonic fields involved in our
Wilson loops

JoA, = —i0,A,, JiA, = e (0, +1i) A,
Joq = —i0,q, Jrq= (0, +i/2)q, (4.145)
Joq = —i0,4q Jiq=e (0, +i/2)7.

The second term in the action of Ji picks up the scaling dimension of the respective fields.
Similarly, for the fermions

Jop = —i (0, + i03/2) 1), Jip = (0, i +io3/2)0,

S , g L o (4.146)
Jo = =1 (0, + i03/2) ), Jitp =¥ (0, £ i+ 103/2)1.

We denote by T, the generator of rotations u(1), in the orthogonal plane to the contour,
which commutes with all other preserved conformal generators. The normalization of T is
fixed such that

1 . 7.
TMZJ = 503@0, [TJ_7 Q;w] = 5@?(17

- P . i (4.147)
T = §Us¢, [T, Q7] = —§Q§m-

160f course, the choice of which of the R-symmetry factors is broken and which one is preserved is a matter
of which 1/2 BPS loop one considers, as explained in [63].
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The generators of su(2),, are Ry, Rs, with commutation relations
[R3, Ry] = £ Ry, [Ry,R_] =2R;. (4.148)

As mentioned above, these symmetries are preserved by the loop. We distinguish su(2)g
with bars: R, Rs. Only Rs is preserved by the loop. It is also useful to defined the twisted
generator

LLE—¢@1+%RO, (4.149)

which mixes the rotations in the perpendicular plane in (1), with the R-symmetry rotations
in u(1)g [104].
The supercharges preserved by the loop are given in (4.5)) and anticommute to
(@ Q1" =€ (Jo+ L) + R, {Q1", Q1" = ey
{Q, Q" = —e*J_, (4.150)
{QF,QFy = (Jo— L) — R,

Here, we have contracted the su(2);, generators with the Pauli matrices in the usual fashion
and raised one index by €% (with €'? = 1), such that

R —R
ab + 3
= . 4.151
h <—R3 —R> (4.151)

In order to fully specify the superalgebra, one computes the commutators of bosonic and
fermionic generators using the super-Jacobi identities. Explicitly, we find that the residual
conformal generators act on the supercharges as follows

w(o)=(a) (@)=
(o) =) (@)= (%)
w(g)=3(5) (@) =3(g").
r(g)=(a)  (e)--(3):

These (anti-)commutators together with the bosonic structure outlined above define the Lie

(4.152)

superalgebra s[(2|2). As is easily checked, L, commutes with all supercharges as well as all
bosonic generators. Indeed, sl(2|2) is a central extension of the classical Lie superalgebra
A(1,1) by u(1), so this structure is expected [180].
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4.B The covariant derivative

Here we explain what it concretely means when a supersymmetry transformation on a su-
perconnection £ acts as a total covariant derivative, as in (4.22])

QL=TDEH . (4.153)

Consider the open Wilson loop (we shall worry about taking the supertrace later)
2
WQW,O =P exXp 1 / dg& L s (4154)
0

and act with @ on the loop. It is crucial that the superconnection £ = £Z + £F is an even
supermatrix, 4.e. a matrix whose diagonal entries £Z are exclusively bosonic and whose off-
diagonal entries £ are exclusively fermionic, and likewise for the Wilson loop. Commuting
@ through a product of two such superconnections £1 and Lo, one gets Q(L2L1) = Q(Lo) L1+
03Lo03Q L1, where the Pauli matrix is introduced to flip the sign of the odd part of L.

Acting with @ on Wa, o, one needs to apply the Leibniz rule, as () can act on any L(¢p).
Keeping track of the sign changes, one finds

2T
QWaro = ios / do War o (03QL(p)) Wy - (4.155)
0

Now let us assume it exists an H(i), such that QL = 03D%5(03H (¢)). Then, by the standard
relations for Wilson loops, one finds

2
QW2W7O = i03 / dg& WQW,LpDi(O-?)H(SD))ch,O = Z'H(27T)W27r70 — Z'O'3W27r700'3H(0) . (4156)
0

Assuming H (¢) to be periodic and taking the supertrace, one gets
QW = Z.STI"(H(O)WQTHO — 03W2W7003H(0)) = ZTT([UgH(O), ngo]) =0. (4157)

This implies that the covariant derivative that should appear in the supersymmetry trans-
formations is

QL = 03D5(03H) = O, H — i[Lyos, H] + i{ Ler, H} - (4.158)

In the main text we write this as DgH , but we really mean the expression above with the
anticommutator of the fermionic part of the superconnection.

If one prefers working instead with bosonic variations, one can introduce a Grassmann
parameter £ and write 6 = £Q). The analogous supersymmetry condition reads

0L =DE(EH). (4.159)
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4.C Extra fermionic terms

In this appendix we examine the possibility to add extra fermionic terms to the F' in the
superconnection, beyond the term —:QG in (4.56)). This term arises in the case of Il = 0
in Section , where GG includes only two scalar fields and, consequently, QG has
only two linear combinations of the fermions . To generalize it, we take an extra term
related to the fermions in the original 1/2 BPS connection

F =—iQG+ (D —1)L{),. (4.160)

Here D = diag(d, d).

The result of the analysis below is that such addition is only possible for £ = 0 or £ = o0,
and those cases are already treated in Section [£.3.2] So this appendix leads to no further
hyperloops beyond those described in the main text.

Taking and using the same equations for the variations QB and QF in (4.28)),
one gets AH = (D — 1)H, because there is no derivative term in Q*G. Plugging everything

known into (4.28]) yields

—iQ*G = (0,D)H —i[B + C, DH],

@B ={QG,DH} +i(det D — 1){L{ )y, H} . (4.161)

Focusing on the second equation for now and using QH = 0 and QE’IB/Q = i{ﬁf/z, H}, one
gets
@B = Q{DH,G} + (det D — 1)QLY, , (4.162)

which is simply solved by
B={DH,G} + (det D — 1)L}, . (4.163)

Extra terms annihilated by @) are included in C'.

The case of det D = 1 is simply a gauge transformation, changing o and &. So we are
left with examining the case det D # 1. This results in B having a term proportional to
[,’13/2, which includes the gauge fields. Since the gauge fields cannot appear in a Wilson loop
with an arbitrary prefactor (they should have prefactor i), one needs to cancel part of this
term with factors of the gauge field in C'. This amounts to finding a connection annihilated
by @, which one can assume to be purely bosonic: L5 = diag(A}, A}, — 1/2). We take

7 s s
A=A, — E(Mabr“ﬁ, + i — i3), (4.164)
where a,b € {||, L}, and the task is now to find the coefficient matrix M,°. Using

(@} +€02) — (Evin — o, )Ty

o » 4.165
=AMyl 4 M) () = €02) — A€ + by ) (ML ry + M try) ( )
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and imposing Q.A; = 0 results in

; ) . 2% .
Q (Aw - %(—1/1 + i — ﬂ%)) = —%(&pi_m +ripl)y, (4.166)

which is solved by
E=M*=0, MF=-MIl=1/A. (4.167)

We see that indeed this works only for & = 0 and therefore it falls under the cases already
analyzed in Section [4.3.2

To compare with the analysis in Section [4.3.2] we note that for £ = 0 there are many
specific features, such as Q*G = H? = 0. We can also check that E?ﬂ — LB commutes with

DH and the only remaining supersymmetry conditions is
d,d = —icd . (4.168)
Including the bosonic loop
Z’ B B L Z i s
A=A, - M(AMIIHTHTH +rl7, — 7)) - E(,u} —[3), (4.169)

and the analogous expression for A7, in C with prefactors 1 —det D and combining all the
terms, one finally gets the superconnection

o (Aot M,brery — H(i ) — k) —iadii_ —iABLYs,
Z(Oéd + Aﬁlﬁbi A«p,]-}-l + Mabfb'ra - %(ﬂ[Jrlil - /1]+122> +c— % ’
(4.170)

with ¢ = 0, log d and

b 0 i

Ma" = (mczm (2d — 1) ZA> ’ (4.171)
where M”” has been absorbed into B!, since both of them are free parameters. One can
further absorb d into @ and /3,, which sets ¢ = 0 and replaces a — ad and - — pd.
Then, with 4+ = (a(dd — 1) + AB+d)/A the bottom left entry in £ becomes (o + ABL)@E}F

and the bottom left entry in M," becomes @3+ + i/kA.
This eliminates the parameters d and d from £, so they are completely redundant. Fur-
thermore, we see that these loops are exactly those found directly in the £ = 0 case in (4.65))

in Section 4.3.2
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5 Classifying BPS bosonic Wilson loops in
3d NV =4 Chern-Simons-matter theories

This section is based on [3] with minor edits.

5.1 Introduction and conclusions

Over the past few years, more and more examples of supersymmetry preserving (BPS) line
operators have been found [2,/59-69,/111] in Chern-Simons-matter theories like ABJM [87].
For a relatively recent introduction to the topic, see [58]. While many papers discuss the
bosonic 1/6 BPS loop and fermionic 1/2 BPS loop, there are in fact many more Wilson
loops including rich moduli spaces of 1/6 BPS loops with fermionic fields and Wilson loops
preserving fewer supercharges.

Following work on A/ = 2 theories [69], the recent papers [59,2] started to methodically
treat the space of BPS Wilson loops in the context of theories with N' = 4 supersymmetry,
called there “hyperloops”. In the course of writing the last paper in the series, we realised
that even the case of Wilson loops with a single gauge field and no fermi fields is very rich
and includes previously unnoticed operators preserving 1, 2 and 3 supercharges. As the
classification of those was beyond the scope of that paper and requires many different tools,
it is the topic of this paper.

A generic NV = 4 Chern-Simons-matter theory has vector multiplets, hypermultiplets as
well as twisted hypers which can be organised graphically in either a circular or linear quiver
diagram [83185,189]. Restricting to bosonic fields, those are the vector fields A, and the
bi-fundamental scalars in the hypermultiplet, ¢%, ¢, and in the twisted hypermultiplets, g,
q*.

The scalar fields in the hypermultiplet have undotted indices and are doublets of the
SU(2)r, R-symmetry. The fermions 1;, Y with dotted indices are charged instead under
SU(2)g. This is reversed for the twisted hypermultiplets. We use the usual epsilon symbols
to raise and lower indices: v® = €%y, and v, = €,40” with €'? = €57 = 1, and likewise for the
dotted indices.

We consider the theory on S? with the loops supported along the equator of this sphere
with coordinate (. The theories are conformal and this setup allows for conformal line op-
erators preserving SO(2,1) x SO(2) C SO(4, 1), but the loops we study are not necessarily
conformal, as is discussed below. Still, we restrict the connection £ to have canonical dimen-
sion one, so it does not have dimensionful couplings. With this restriction, £ is comprised
of the gauge field and bilinear of the scalars. This leads to the natural ansatz

7; Z a7 r b~
Eq“Ma”% + 4 M,y . (5.1)

W:TrPeij{iﬁchp, L=A,+ 2
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M and M—the couplings of the scalar bilinears—are the main protagonists of this paper.
We allow for them to have explicit ¢-dependence, which breaks rotational symmetry and
therefore also the conformal symmetry along the circle.

The scalar fields may be charged under a flavour group or in fact other gauge groups.
The ansatz above assumes that they form singlets of those groups, since the supersymmetry
variation below requires a cancellation between the variation of the gauge fields that
are not charged under these other groups and that of the scalar bilinears.

More general Wilson loops in these theories include also fermi fields and a connection that
is naturally extended to a supermatrix with multiple gauge fields, fermions and scalar bilin-
ears. The restriction to bosonic structures still allows the scalar bilinears. Those appearing
in are in the adjoint of the gauge group (plus the singlet), but in a quiver theory one
could also construct bilinears of scalars from different multiplets ¢*g; which transform in the
bifundamental of next to nearest neighbours in the quiver. Wilson loops without fermions
but with these couplings are BPS only when the supercharge annihilates these bilinears. As
this is a rather trivial additional constraint on our general analysis of (5.1]), we do not discuss
this possibility further.

With the increasingly rich and intricate structure of BPS loops in 3d theories, it is
worth mentioning some of the possible applications of such operators. First, BPS protected
quantities serve as a rich laboratory for refining the tools of quantum field theory, for example
Seiberg-Witten theory [181}(182] or AdS/CFT [183]. The circular BPS Wilson loop, in
particular, is amenable to exact calculations [184-189,|176] and the rich spectrum of BPS
Wilson loops in 4d [169-171},190,(191,|186] allows for further exact results in quantities such
as the bremsstrahlung function [119,|133] and its 3d generalisations [140},/141},/172,192-195].
Some of these loops or close analogues of them arise in our analysis and we hope that the
new examples we uncover here will play a similar role in future work.

With this analysis of the bosonic loops complete, it is evident that the story of Wilson
loops involving fermi fields and more than one gauge field is still richer than all those already
identified in [594/63/69.2]. This is explored in [4].

5.2 General analysis

We start by looking at the variation of under a generic supercharge. This leads to
a set of conditions on the supercharges that can preserve such a loop. These are then
used in the subsequent section to reconstruct the loop operator invariant under the possible
supercharges.

N = 4 Chern-Simons-matter theories were constructed in [83-85,[89] and the supersym-
metry transformations in flat space were presented there. Those were adapted to S® in [59],
relying also on the decomposition to A/ = 2 theories and the transformation rules in [89,90].
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Suppressing spinor indices, the variations of the bosonic fields are ([2.12))

7 a 7l ac _bé — =b Ta bé _ac. =~
QA = 2 m(g"" — € Yol — GV + " Peie) |

Qg = €%y, Qqa = £,40°, (5.2)
Qf, = —E,i0° QF = —£),,

This is all in Euclidean signature and in the frame outlined below v, = o3 .
The supersymmetry variation of the connection (5.1)) is then

Q£ = % (55@(03)6a + Mabgl()ld> qa&g - % (ffa(a3)5a — fg‘debcMchda> ¢gqa (5 3)

IV ~a 7a ¢ el a _beyr d Ta~a
Tk (5fa(03)6a + Mab §b> q Vg + i (55@(‘73)5 - fabeb Médedd> Ve q” .

The supercharge Q is a linear combination of the 16 supercharges Q*, Q2*, Q¢* and Q2*

r o

given by (2 takes values [, r and likewise 7)
Q =1, Q" + lea(Ul)sz;a : (5.4)

The interpolating o, guarantees that 7!.,7.., transform in the same representation of the

conformal group, see Appendix for details. The right-hand-side of ([5.3)) is expressed in

(e}
aa’

terms of £%,, which package together the 7 parameters and the four Killing spinors &’ &,

oy = el + Moo (01),/ 65 (5.5)

Note that the Killing spinors appear here with raised spinor and lowered 7, 7 indices compared

to (€T9).

Let us recall some facts about the Killing spinors. They obey the equations

_ 7 - i 7 _
Vil = o, Vi = g (5:6)

Specifically, following [187,91], we can use the Lie group structure of S3 to construct a left-
invariant dreibein e; with spin connection w;; = €;;e*. Then the spin connection in the first
equation cancels the right-hand-side and the solutions are simply constant spinors. For the
great circle along the ;. = ¢ direction, those can be chosen as eigenstates of o3. In this setup,
the second equation reads

D" = —iosE™" . (5.7)

Clearly they can again be chosen along the circle to be eigenvectors of o3 such that we find

a=(p) =) «=() «=(%) 63
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In particular note that the unbarred spinors have only 4+ components and the barred ones
only —. This makes the indices redundant and allows us to eliminate some of them as already
done in (5.4]). With those expressions for the Killing spinors, ([5.5)) becomes

i = ﬁfm - ﬁgaew7 o = Uzlme_w ~ g (5.9)

For the supersymmetry variation of the connection to vanish, all four terms in ([5.3]) must

vanish. A Wilson loop can also be invariant under a symmetry when the variation of the

connection is an appropriate covariant derivative [58|, but as there are no derivatives on the

right-hand-side, this is not the case here. Multiplying from the left the second term in ([5.3))
by M and the fourth by M , and both by o3 from the right, we find

ffa(‘73>ﬁa + M, =0, ffa(a?))ﬁa + Mabfjb =0,

bea B @ A7 beo A7\ B @ <510>
M, & — det(M)faa(Ui%)ﬁ =0, M, faz, - det(M)gaa(Uii)ﬂ =0.

Comparing the two lines, this can only be solved by all £, = 0 (which means no supersym-
metry) or by
det M =det M = —1. (5.11)

The supersymmetry parameters then have to satisfy the eigenvector equations
M, 6 = F&o Mabfjj = FEL- (5.12)

If this is solved by any nonzero &, both M and M must have an eigenvalue —1, and if it is
solved by &, one eigenvalue of both M, M must be 1. From we see that regardless,
M and M have both the eigenvalues 1 and —1.
The simplest possibility is of course when M = M = diag(1, —1). Plugging them back
i1 22
l,T” IRz

into ([5.1)), we find the Gaiotto-Yin loop [76] with four preserved supercharges Q)

l _ _ =i ~ =9 ~
L=Ae+ 200~ +00—TD) (5.13)
This is indeed the most symmetric and supersymmetric bosonic loop, discussed in more
details in Section [5.3.1} Up to rotations to other matrices with eigenvalues 1 and —1, this is
the only possibility with constant matrices. So in fact the main focus of this work are the

cases when M or M have @ dependence. For example,

1 0 —~ cosf) e ¥sinf
(O —1) ’ (e“p sinf  —cos6f ) ’ (5.14)
also have eigenvalues 1 and —1, but are not constant. Those are “latitude” bosonic loops

[172,176,/59], preserving two supercharges and are discussed in detail in Section [5.3.3, Loops
with different values of @ are not related by symmetry and are truly different (and their
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expectation values are also different [196]). We find below one further inequivalent example
in the same class as well as a few new classes of Wilson loops preserving two supercharges.
To study all the possible supersymmetric bosonic loops systematically, we now proceed
to look for the most general configurations of M and M which allow for nonzero solutions
to . Since any 2 x 2 matrix with two distinct eigenvalues is uniquely determined by its
eigenvectors, it is sufficient to determine those.
Note that in the two equations in there is a free parameter. For example

or = M1, a=1,2. (5.15)

In other words, both £ . and £ ., are eigenvectors with the eigenvalue 1, so are linearly
dependent. In particular, if we view £, as a 2 X 2 matrix, its determinant must vanish. This

already incorporates the second equation in (5.12)) and likewise for £, giving

1 L 1
detos(€,,) = 56“1’6“[’5;& = 0, detae( :) 2e“be“b§+ T =0. (5.16)

Being of rank < 1, we can clearly write §aid as the outer product of two vectors. But
recall that these are linear combinations of two Killing spinors

ot = Maas - (5.17)

The expression for the determinant translates to
2 deta () = €€ (&) nhattyy + 267 & nbaryy + (&) mhamy) - (5.18)

Since &, are different functions (as are their squares), (2.15)), this vanishes only if the three
terms vanish separately

detaa(nLs) = detaa(nly) = el = 0. (5.19)

The first two equations allow us to represent 1 as a the product of two vectors (no sum
implied on the right-hand-side)
w2 (5.20)

Nag = W4 »

where w! and z} are constants and the remaining condition is
(G wb)(e“bzl 2;) = detq, (wy,)dets,(27) detaa(Zw 2; > =0. (5.21)

All the same arguments carry over to £, expressing

aa’

=t 5.22
naa a (



subject to the constraint
(e“bwflw’")(eabzl zj) = dety, ( Z (e ) =0. (5.23)

We may define two matrices of Killing spinors 2~ = diag(§;, &) and = = diag(&F, &),
where the indices are properly raised and lowered with respect to (2.15)). Also, it is natural
to incorporate the action of 01, as in , such that they both have two unbarred 2 indices

and we can now combine - to erte £ as
£ = w;Ez_]zfl , = w;E;;Zi . (5.24)

Going back to - there is a nonzero &, giving a preserved supersymmetry if either
detg, (w?) or detg,(2z]) vanish. To enumerate the different possibilities:

1. w! = w,y', but can immediately absorb y* in 2z, such that n!, = w,z}.
2. z} factors, so n., = wiz4-
3. If both determinants vanish independently, we have 7!, = y'w,z,.

In the first two cases all the components of 1!, are related, representing a single preserved
supercharge. In the last case the factorization to y* means that we have two independent
solutions with 7', = w,z; and another one with 7", = w,z,.

All the same analysis carries over to £ allowing to find zero, one or two independent
solutions.

Lastly, because &, and &', have different eigenvalues, they cannot be proportional to
each-other, so for any pair of nonzero eigenvectors

€PE bl #£0, Pk #0. (5.25)

When both &, and &, factorise, this translates into conditions such as €*w, 1w, # 0.

5.3 Representative examples

We are now ready to write down examples of Wilson loops preserving varying number of
supercharges. In this section we list the cases up to actions of symmetries explained in Ap-
pendix [5.A]l We also outline the proof that the examples we present are indeed representatives
of every orbit and demonstrate some details of the other elements in the orbit.

The relevant symmetries are the R-symmetry group SU(2), x SU(2)g (and its complex-
ification) acting on the indices a and a respectively and the conformal group SL(2,R) (and
its complexification), acting on functions of ¢ (and on the indices [, r, [, 7). In addition the
supersymmetry equations have two discrete transformations relating different solutions:
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e The exchange M < M or equivalently SU(2),, <+ SU(2)x relates cases with factorised
w and/or @ to cases with factorised z and/or Z.

e The simultaneous change of sign of M and M exchanges the 1 and —1 eigenvalues in
. Since those are matched to the spinor index and then via to the exchange
I, <> [,7. This has the effect of relating cases with factorised w and/or z to cases with
factorised w and/or Z.

The symmetry actions are explained in more detail in Appendix [5.4]
If we know two eigenvectors of M with the different eigenvalues, say £ . and 5:;2, we can
easily reconstruct M as

M. = ( al a+2> (é 01) ( b b2>_1 N ﬁ (51_1 52;%_1 : 5—_2+£1_i 5-_2- +) :
aiSp2 21522 11522 7 S2i512

(5.26)
and likewise M. In this way we can find all BPS Wilson loops by going over all possible
preserved supercharges. If the loop preserves both £ . and & ; (and say one 5:1), we would
get the same expression from any linear combination of the two £~. The cases with single
£~ or ¢F arise from not fully factorised n*, which is different from a linear combination of
factorised ones.

In the case when the loop preserves only one or two £~ and no £', we can plug into
the formula above any vector £ which is not proportional to the eigenvector £~ to get an
appropriate M. As £ is any vector not necessarily made of the Killing spinors, it can have
arbitrary dependence on ¢, and in turn so does M. See Section and Section
below.

5.3.1 1/4 BPS loops

The most supersymmetric bosonic loops preserve two components of £, and two of £
They are given by 1’ = y'w,z; and 7, = §"W,zs. We can choose w, = 0}, z, = 8}, W, = 52,
Z; = 02 such that the four independent supercharges have the nonzero parameters

! T —1 _r
i i M > Mg - (5.27)

Clearly they are eigenvector with eigenvalues 1 of

M=M= ((1] _01) : (5.28)

which is also what one gets from (5.26]), matching ((5.13)).
This is the N/ = 4 avatar of the Wilson loops first constructed by Gaiotto and Yin [76]

and then rediscovered as the 1/6 BPS loops of ABJM theory [60-62]. These M and M break
SU(2) x SU(2)g to U(1)%. Conjugation of M by elements of the complexified SL(2,C).
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can produce any other constant matrix with eigenvalues £1, and likewise for M. So this is
the orbit of the broken symmetry group.

Looking at it from the point of view of the parameters w,, w,, 24, Zs, y* and y*, starting
with any other factorised choice, we can use two SL(2,C). g actions to set w, = 6! and
Zo = 53 as in the above example. This on its own does not fix the barred parameters. But as
they cannot be linearly dependent on the unbarred ones , we can use the Gram-Schmidt
process to produce w, o 02, z; o 52, and then can rescale them to reproduce ([5.27)).

The superalgebra generated by the four preserved supercharges in includes the
SO(2,1)¢c conformal group of the circle, guaranteeing that these loops are conformal [195][2].
In fact, of all the loops discussed in this paper, these are the only ones that are conformal
and all the other ones have explicit ¢ dependence in M and/or M.

5.3.2 3/16 BPS loops

This case arises when three of w, z, w, Zz factorise while the remaining one doesn’t. Let us
focus on the case when z does not factorise. As above, we take w, = 61, z, = 01, W, = 62
and z: = 0% (with [ ~1).

The preserved supercharges are then linear combinations of

i Uiy, (5.29)

and the connection is as in (5.1]) with

M= ((1) _01> . M= ((1) 26__1@) . (5.30)

This is a new example of a Wilson loop with an exotic number of preserved supercharges.
Unlike the 1/4 BPS loops, this is not conformally invariant, as is evident by the explicit ¢
dependence in M. Acting with the broken SU(2), x SU(2)g x SO(2,1)¢ (possibly com-
plexified) gives a rich orbit of further examples. Note that the action of the complexified
conformal group SL(2,C) can transform e to any fractional linear function. Other exam-
ples include the replacement of M < M as well as changing their signs. Those correspond
to a choice of a different parameter among w, z, W, Z that doesn’t factorise. In partlcular
the example with lower triangular M is related by symmetry to the case where M and M
have opposite signs.

To prove that there is a single orbit of the group and is indeed a representative,
note that any unfactorised z is a rank 2 matrix which can be brought into the form above
with the action of either SL(2,C)g or SL(2,C)¢. It is still invariant under conjugation
by any identical element of the two groups, which means we have SL(2,C)g freedom to set
2y = 5; Then the SL(2,C), action can bring @ into the desired form. This procedure leaves
w as a vector not parallel to w, so we can choose a linear combination producing w, = §..
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Supersymmetry enhancement can be easily seen by exploiting the action of SL(2,C)c,
which allows us to apply arbitrary constant rescalings to ¢*?. In the limit where the phase
in (5.30)) vanishes, supersymmetry is enhanced to 1/4 BPS.

5.3.3 1/8 BPS loops
There are of course (;l) = 6 different pairs out of w, z, w, Z to factorise, but they are pairwise
related by extra symmetries. We discuss the three inequivalent classes below.

Factorised w and w

In this case we can take representatives with w, = 4!, w, = 62 and 2} = 6%. To get to this
form from an arbitrary unfactorised 2%, we can either act from the left with SL(2,C)g or
from the right with SL(2,C)c. This form is still invariant under conjugation by the same
elements of the two groups, so that is the remaining freedom we have to act on z, as well
as overall rescaling, which is immaterial. By rescaling we can make dets, Z = 1 (since it has
rank 2) and then by conjugation bring it to Jordan normal form

I 3r
(& AN L A0 o 11 1
“ ( ! zg) (0 1) =\ 1) (5:31)
Plugging the diagonal case into ([5.26|) gives
1 0 — 1 A=A —2)\e
M = M=—_ . . .32
(0 —1) ’ A— At ( 2X7 e N+ )\1) (5:32)

These loops are in fact related to the “bosonic latitude loops™ (5.14)) of [172,|176,59]. To
see that, we take cos = —(A + A1) /(A — A71), such that

[N

I\

My = (5.33)

—~ cos ide ¥ sin @
—iXx"te®sind  —cosf. |

Conformal symmetry acts on e as Mobius transformations, which in particular includes
the rescaling that eliminates i\ from the matrix above, reproducing ({5.14)). This can also be

realised by conjugating M by
1/vVix 0
5.34
(5 ) (5.4

which is an SL(2,C)g transformation.
In terms of z and z, this SL(2,C)g acts on them from the left giving

z— (1/5/5 27) . B — (_Z(\)/a U&J) . (5.35)
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Inserting the resulting £, into and taking the above relation between A and 6 produces
the same result . Since the original and new z and z are all diagonal, the exact
same result can be achieved by right multiplication, which is an SL(2,C)¢c transformation.
The fact that we can act with either of the groups indicates that these loops are invariant
under a particular combination of the two group actions, which is a known symmetry of the
latitude [19612].

Turning to the non-diagonal case in . This is a new example, which to our knowledge
has not been previously described. We find the matrices

1 0 ~— (1427 e 4 2020
M= M= ) . .
(0 —1) ’ ( —2 1 — 2e7i% ) (5.36)

Another representative of this orbit is given by

1 —1 _ 01
z = (O _1) : zZ= (1 1) , (5.37)
which leads to

1 0 ~ 1—2e*% 2% (1 + e¥)

M= (0 —1) M= (2&@(1 —e?) =14 2e% ) ‘ (5.38)
Instead of constructing the detailed map between the two cases, as we did for the latitudes,
note that z and z offer a simple way to identify the orbit. Since z, z both transform in
the fundamental of SL(2,C)r and the antifundamental of SL(2,C)c. The matrix 2!z
transforms in the adjoint of SL(2,C)¢ and is invariant under the other group. Conversely
zz~!is in the adjoint of SL(2,C)g and invariant under the other group. The eigenvalues of
these matrices are then invariant under both groups, but these two matrices have the same
eigenvalues. Since any nonzero rescaling is immaterial, we can always set them to A and 1/\
and compare with .

Clearly for the latitudes in , we reproduce the same eigenvalues as Zz, in .
Likewise, the Jordan form of those for is the same as 2’.

The case with factorized z and z gives similar loops under the exchange M <> M.

To see how to get supersymmetry enhancement to the previous examples, the case of
enhancement to 4 supercharges in Section is obvious, by taking 6§ — 0 in (|5.14]).

To get to the 3/16 BPS case in Section [5.3.2] we need to take A — oo in (5.32). In terms
of 6, this is a double scaling limit by first using a complexified conformal transformation
that scales €'¥ — 2¢? /0 and e~ — fe? /2 and then take § — 0. The expression in ([5.14])
then clearly becomes the transpose of , which is another example of a 3/16 BPS loop.

The nondiagonalisable case admits similar limits. Rescaling e=% in allows us to
tune out the ¢ dependent terms entirely, which brings us back to the 1/4 BPS case. To
hit a 3/16 BPS orbit instead, we first rescale the phases by 2, and then conjugate M with
diag(z, z~!), which shifts one factor of z* from the bottom left to the top right. The limit
x — 0 then removes all but one phase, and we recover the 3/16 BPS loop , as before.
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Factorised w and z

As an illustration of this case, we can take w, = 0}, z, = 02, @, = 616! — 620" and 2z, = 8¢
to get

1 —2e7% — 1 0
T N R N -

Unlike the previous example, here we could use the symmetry to choose a unique rep-
resentative, so there is only one conjugacy class (the argument follows the same logic as in
the previous examples). To our knowledge, such loops have not been previously described.
The action of the conformal group on these loops produces more loops with fractional linear
functions in both M and M.

The case when w and z are instead factorised is related again by M <« M.

The loop admits 3/16 BPS limits. Conjugation with diag(z,z™') € SL(2,C)r, and
taking x — oo allows us to tune out the phase in M and the same can be done with M.

Factorised w and z

When w and z both factorise, we have two preserved £~ supercharges and no £ ones. We
choose representative supercharges with w, = ! and z; = ¢;. This does not completely fix
M and M, as (5.26)) requires also to specify £*. From the above information alone, we find

M'=M'=1, M'=M"=0. (5.40)

Then, since det M = det M = —1, we get M,? = ]’\‘4“22 = —1, which leaves M,? and Mf as
completely arbitrary periodic functions of ¢. We denote them 2u(p) and 2fi(p) respectively

to get
M= (é 2“_(;0>> . M= ((1] Q’z(f)) . (5.41)

Alternatively, we can arrive at the same result by choosing the second eigenvectors for M

and M as
1(e) [i(¢)
. 5.42
(. (" (5.42)
Of course, if u(ip) or fi(p) are constants or e, these eigenvectors are in fact Killing spinors
and the loop will have enhanced supersymmetry to 3/16 or 1/4 and will match the forms in
Section [5.3.2] or Section [5.3.1] up to symmetry action.

To understand the reason for this freedom of arbitrary functions in M and M , it is
instructive to reconstruct the general supercharge preserved by these loops, that is ((5.4)

Q=@ (5.43)

Examining the supersymmetry variations (2.12), we clearly see that Q(¢'q) = Q(G'G) = 0.
So this Wilson loop is simply the 1/4 BPS Wilson loop of Section with arbitrary
insertions of these bilinears that are chiral under this pair of supercharges.
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5.3.4 1/16 BPS loops

Among the four possible cases, we choose the one with factorised w, so in particular no £
supercharges. If we choose w, = 6} and 2} = ¢}, then for M things are similar to the last
case, where we get M,! = 1, M,' = 0, and by det M = 1 we have the other two entries
M,% = 2u(p), My? = —1. The second matrix, M, is different. Its entries satisfy the two
equations

Mle® — M =e,  Mle™ - M?=-1, (5.44)
and there is the extra condition det M = —1, tr M = 0. It therefore still has one completely
free parameter and we take M I — fi(¢). Then

— i e~ ([
Vo (1 2#(90))7 - ( i A(e) (A(p) — )). (5.45)

0 -1 —e (i) + 1) —f(p)

5.4 Theories without twisted hypers

In the discussion so far, we assumed that the theory contains both hypermultiplets and
twisted hypermultiplets, but this is not necessary for N’ = 4 supersymmetry. The discussion
follows through if the theory has only hypermultiplets. The supersymmetry variations are
as in (2.12)) except that we should remove all the twisted hypermultiplet fields.

The ansatz for the Wilson loops is as in , but without the term involving M. The
theory has the same 16 supercharges and Killing spinors, but the supersymmetry conditions
impose far fewer constraints. Specifically, only the left equation in (5.12) remains, meaning
that there is no constraint on the dotted indices of the supercharges.

In terms of the conditions on n and 7, the z and z parameters are always factorised, so

equation ([5.20) becomes
772@ = wzzd ) (546)

and the requirement for supersymmetry is that det,, w!, = 0 or det,, ! = 0, meaning one of
them also factorises.
The completely factorised case is as in Section [5.3.1] with

M= (3 _01) , (5.47)

Now this loop preserves 8 supercharges, so is 1/2 BPS.
When only w factorises but not w we have loops similar to the construction in Sec-

tion [©.3.2) A
1 2e7%

M = 5.48

(O » ) (5.48)

which are now 1/4 BPS. Likewise, when only @ factorises we can get a similar M with the
phase in the bottom left.
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In a linear quiver theory with two nodes, bifundamental hypermultiplets and no twisted
hypermultiplets, there are then two bosonic 1/2 BPS loops, one at each of the nodes as well
as fermionic 1/2 BPS loops. The bosonic loops break SU(2), and preserve SU(2)g. The
1/2 BPS fermionic loops break SU(2)g and preserve SU(2)y.

Acknowledgements

We would like to acknowledge fruitful discussions with E. Pomoni. ND is supported by
STFC under the grants ST/T000759/1 and ST/P000258/1 and by the National Science
Foundation under Grant No. NSF PHY-1748958. The work of ZK is supported by CSC grant
No. 201906340174. ND would like to thank Ecole Polytechnique Fédérale de Lausanne, the
Simons Center for Geometry and Physics, Stony Brook and the KITP, Santa Barbara for
their hospitality in the course of this work. ZK would like to thank DT and the University
of Modena and Reggio Emilia as well as T. Fiol and the University of Barcelona for their
hospitality.

5.A Symmetries

The theories studied here have SO(4) = (SU(2), x SU(2)r)/Z2 R-symmetry and SO(4,1)
conformal symmetry, which are packaged together into an OSp(4[4) supergroup. The geom-
etry of the circle breaks the conformal group to SO(2,1)c x SO(2), and the particular choice
of line operator can break the symmetry further. However, the bosonic loops all are invariant
under the transverse SO(2), so what we focus on is the action of SU(2), xSU(2)gxSO(2,1)¢
on the loops constructed in the body of the paper.

To be precise, we are not imposing any reality or hermiticity conditions, so we allow
for the action of the complexified group SL(2,C), x SL(2,C)r x SL(2,C)c. The scalars
o are in the fundamental of SU(2), and ¢ in the anti-fundamental. The scalars from the
twisted hyper are charged under SU(2)g. Clearly the matrices M and M are in the adjoint
of SU(2)r, and SU(2)g respectively. The action on the supercharges as well as on 7,7 and
their decomposition into the parameters w, z, y, w, zZ and y can be read off from their index
structure.

The action of the conformal group is more involved. The parameters 7., and 7., are
doublets, with the indices ¢ interchanged under the action of the conformal generators J.
satisfying the algebra

[Jo, Ju] = 4, [, J_]=2Jy. (5.49)

Under a finite conformal transformation U € SL(2,C)¢, they transform as

J

7

Maa ¥ Toa (UT) Maa = TMaa (UT)J (5.50)
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The action on M and M is set by their ¢ dependence. The 1/4 BPS loops in Sectionm
are all invariant. In all the other cases we know that the conformal group acts on the unit
circle via Mobius transformations

de’? — b U_(a b

U: ¥ —s _—
—ce¥ + a c d

) : ad —bc=1. (5.51)

This determines the transformations of all the Wilson loops discussed in Section |5.3|
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6 A net of hyperloops

This section is based on [4] with minor edits.

6.1 Introduction and conclusions

In three-dimensional supersymmetric conformal field theories there are vast moduli spaces of
BPS Wilson loops. In addition to the bosonic loops that couple to only one gauge field and
bilinear of the scalars |76], most BPS Wilson loops have the superconnections £ comprised
of at least two vector fields as well as the matter fields in figure

W = sTrPexpi%Edgo. (6.1)

More and more such examples have been found in the past years [2,3,5870]. For a recent
review about what was known at the time on this topic, see [58].

To discover new BPS Wilson loops, instead of relying on complicated ansatze, there is a
more efficient algorithm constructed in the series of “Hyperloop” papers [59,2,|3]
Algorithm 1

1. Pick a BPS Wilson loop of the theory with (super)connection L.

2. Choose a supercharge it preserves, Q.

3. Look for deformations that still preserve that supercharge.
The hyperloops refer to the supersymmetric Wilson loops, especially those coupling to the
fermionic fields in N = 4 supersymmetric Chern-Simons-matter theories with either linear or
circular quiver structure [83-86,[89] on S? along a great circle. However, this algorithm can

be easily applied to other supersymmtric theories such as ABJ ME Step 3 of this algorithm
centers on the formula

L— L—iQG+ {H,G}+1IIG? + C, (6.2)

where IT, IT ([£.15)), (6.29)are parameters related to the supercharge Q, and H is determined
by the relaxed supersymmetry condition E

QL=D;H, (6.3)

and G, C are some other supermatrices that will be explained in detail later (6.34])), (6.63)),
[6.:62).

17 Actually this algorithm is firstly proposed by [58] in ABJM theory.
'8The definition of the covariant derivative is consistent with |2] that DSH = 8, H —i[Lyes, H]+i{ Lser, H },
where Ly,os, Lie; are the bosonic and fermionic part of the supermatrix £ respectively.
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The first Hyperloop paper [59] studied the cases with bosonic loops as the starting points,
and deformed with certain linear combinations of supercharge Q. The resulting moduli
spaces are composed of hyperloops preserving the same supercharge. The second Hyperloop
paper [2] focused on the deformations of 1/2 BPS loops with arbitrary linear combination of
the supercharges. Since there are eight supercharges preserved by a 1/2 BPS loop, in this way,
we discovered an eight-dimensional space, where each point corresponds to one moduli space
generated by a fixed supercharge. These moduli spaces intersect where hyperloops preserve
more than one supercharge, for example loops with SU(2) R-symmetry enhancements.

We dub the connected components of moduli spaces as the “network”. In this paper,
instead of a fixed starting point, we allow £ to travel along the network, and look for all
possible moduli spaces produced by the algorithm. At each step of the itinerary we run the
whole algorithm [1{ to obtain the consequent moduli spaces with 7 and the starting point
L and the superchargﬂ Q are chosen as below

i) Starting with the 1/2 BPS loops and arbitrary non-nilpotent superchargeﬂ preserved
by it, the resulting moduli spaces are found in |2,

ii) Starting with the bosonic loopﬂ [3] and arbitrary supercharges preserved by them. In
the resulting moduli spaces, there are some special points that receive supersymmetry
enhancements, especially those preserving SU(2) R-symmetry (thus being 1/2, 3/8 and
1/4 BPS).

iii) Starting with the SU(2) enhanced points and any preserved supercharge including both
nilpotent and non-nilpotent ones.

Note that in step ii) we actually employ a further trick. The 1/2 BPS loops we start
with are built around the adjacent I and 41 nodes, when it comes to the bosonic loops,
since they contain no terms that are linear in the matter fields, one may decouple the nodes
and rebuild a superconnection around the /41 and /+2 ones, which are the starting point
of the second deformation. All of the new hyperloops constructed here are in this setting.
Alternatively, one can also take the superconnections in larger supermatrices that are built
around I, I4+1, I+2 nodes and study BPS deformations in such cases, like in the section 5
of [2].

In fact, we can choose any supersymmetric loop in the network as the new starting point
for the deformation, which will always take the same form as with the replacement of
the corresponding IT', IT' and @', H'. However, the resulting moduli spaces will be subspaces
of those generated in i), ii) and iii). In other words, the network is closed under the algo-
rithm. Compared to the previous Hyperloop papers, the difference in the implementation of
algorithm [I] is summarised in the flowcharts

19Tn this paper, we do not consider Q combined with only supercharges in the same chirality.
20The II # 0 supercharges in [2].
21There are some subtleties that we will explain later around (6.11)).
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[69.2] Start

!

Choose Q

Deformation (6.2)) Deformation (6.2)

Figure 4: Strategies used in [59,2] and this paper. “New points” in the conditional
block refers to those with supersymmetry enhancements.

Let us review some of the resulting network. One special kind of loops is the bosonic
loops. Their full classification in N/ = 4 Chern-Simons-matter theory is given in the third
Hyperloop paper [3], where in the notation employed here, all of them can be summarized

Abos _ A(p + k_H(Tlfl . T’Qfg) N k_ﬁ(,ﬁl?’zl — 7327:2) , (64)

where r,7 (6.13), are the rotated scalar fields. Because of the full classification of
bosonic loops, in step ii) we exhaust all the hyperloops with SU(2) R-symmetry
enhancements in the diagonal entries. By setting them as the new starting point in step iii)
and perform the supersymmetric deformations, we find all the moduli spaces of hyperloops
that are connected to theirs.

All the hyperloops in this network can be classified into two types. One is what we
call IT # 0 (or II # 0) loops that can be deformed from all the possible bosonic loops and
arbitrary preserved supercharge Q. The other one is what we call IT = 0 (or = O) loops,
first found in [2], where the preserved supercharges Q are nilpotent and some scalars are
annihilated by them. They are produced in step i) and iii) and do not live in the moduli
spaces generated by the deformation from bosonic loops ii). In particular, in this case we
find other loops that preserves SU(2), (or SU(2)r) R-symmetries.

Then a question naturally comes up, whether these moduli spaces are really complete?
Although we have exhausted all the connected moduli spaces of hyperloops through our

22Except for two special cases given in section 3.3.3 and 3.4 in [3] where the preserved supercharges are
composed entirely of either barred or unbarred ones.
23T and II do not vanish at the same time.
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construction, we are still unable to give a definite answer since there might be some isolated
components in the complete moduli space. It would be very interesting to look for such BPS
Wilson loops. In particular, a longstanding question was whether 1/3 BPS Wilson loops
exist in ABJM theory. This was answered in the recent paper [5], but when we set the 1/3
BPS loop as the starting point and played our algorithm, we did not find more 1/3 BPS
loops up to global gauge symmetries. Therefore, if other 1/3 BPS loops really exist, they
probably live in the isolated points.

Another question is about Wilson loops with superconnections in larger supermatrices,
especially those coupling to repetitive gauge fields [69]. We attempted to set the starting
point as two copies of 1/2 BPS loops (6.5)), in which case the gauge symmetry is S(GL(2, C) x
GL(2,C)), where S denotes that the center of GL(4,C) is excluded. The outcome is very
similar to [2] and does not include new conformal hyperloops in the moduli spaces, expect
for the ones that are direct sums of two conformal loops in 2 x 2 supermatrices [2] up to the
gauge transformation, so we skip the presentation of this in the paper.

Other future directions are very similar to those mentioned in [2]. One is to compute the
expectation value of all the hyperloops in the network, among which cases of Gaiotto-Yin
loops and their fermionic deformations are studied in [63}/2,111] and the “latitude” loops are
in [173H176,/196]. Another direction is about the holographic duals of hyperloops [65,63,177-
179,195/197]. Besides, since all the hyperloops newly found in this paper are not conformal,
they do not contribute to the defect conformal manifolds [1,32,|45[112-114]. However, it
would be interesting to understand their renormalization group flows [130,/117.|70].

This paper is organised as follows. In the next section we present notations for the
theories and supersymmetry variations of the fields, as well as details of the bosonic loops
and the hyperloops with SU(2);, and SU(2)g supersymmetry enhancements, which by
the amount of preserved supercharges can be classified into 1/4, 3/8 and 1/2 BPS loops. In
Sections and we discuss the moduli spaces produced by deformations from 1/4 and
3/8 BPS hyperloopﬁ respectively. The supersymmetry transformation rules are collected
in section 2111

6.2 N = 4 Chern-Simons-matter theories on unit S° and hyper-
loops

Our setting is N/ = 4 Chern-Simons-matter theories, with either a circular or a linear quiver
diagram [83185,89]. In the quiver diagram [I the edges represent hypermultiplets (¢¢, ¢r)
and the twisted hypermultiplet (G;_1g4, 12?_1), and so on in an alternate fashion.

The fields with indices a,b = 1,2 are doublets of the SU(2); R-symmetry, while those
with indices a,b = 1,2 are of SU (2)r R-symmetry. These indices are raised and lowered

24The deformation from 1/2 BPS hyperloops have been studied in [2].
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bup and v, = €upv? with €2 = €9 = 1, and

using the appropriate epsilon symbols: v* = €*
similarly for the dotted indices.

Our first example of a hyperloop in the theory is the 1/2 BPS loop [110]. We take a
1/2 BPS Wilson loop built around the I and I + 1 nodes, whose superconnection is in the

GL(N;|Nry1) supermatrix preserving SU(2), symmetry
A; —iéﬂ/)lif
L = = , 6.5
where

{ T i B _— .
E(UI — fr'y + i), A =Ap e+ E(VH-I — fippait +iggsS),  (6.6)

and the constants a and @ (which are not complex conjugate to each other) satisfy aa = 2i/k.

./4] - A%I —|—

The Wilson loop does not depend on their actual value, since the loops are invariant under
the (constant) gauge transformation [69]

1 0 1 0
Lrip— (O 1/$) Lra2 (O x) ; (6.7)

the equivalence relation (a,a) ~ (az,a/x) gives the global gauge symmetry C*, so the
moduli space is just one point. We could also allow for a;, & to depend on ¢ at the expense
of a U(1) gauge transformation at the bottom right entry

1 1
AI-H — 5 — -AI-H — 5 — 2'01_183004. (68)

This shift in the connection can be compared with another 1/2 BPS loop, which includes
the same gauge fields and preserves the exact same symmetries [63], but couples instead to
other fields in the hypermultiplets

A’ 1 s
=T 2+ 6.9
1,1/2 (’LOH/J% ,I+1 + %> ) ( )

where A7 = Ay — +(vr + [Llii - /1]22). The shift +1/2 can be transformed to —1/2 by
bringing in extra phases to @’,a’. These two loops preserve the same eight supercharges,
where we can write a general superposition of them as

Qs = QX + 7 (a) Q1 (6.10)

Analogous to [2], we start with either of the two 1/2 BPS loops and play the algorithm
with (6.10). Among all the resulting moduli spaces, in particular we pay our attention to
the bosonic loops where the nodes get decoupled

i boq s
AP = A o (7T — ) — (i — i), (6.11)
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with
IT = (i) a(nv)s - (6.12)

The rotated scalar fields r, 7 are defined as

= (nﬂ)aqaa 2 = (Tlv>aq , 1= 6ab<ﬁv)aq_b7 f2 = _eab(n@)GCjba (613>

where (nv), = 10, and likewise for (fv),, with the auxiliary vectors

6+i<p B 1
UV, = ( 1 ) s U, = <ei80) . (614)

The bosonic loops (6.11]) preserve (at least) two supercharges Q2+ and 7% (0)'QM.
As discussed in [3], we can further classify them into the following cases:

e When both 7, and 77!, factorise, i.e. 0’ = y'w,, 7, = y'W,, (6.11]) preserves 4 supercharges
and thus is 1/4 BPS. In particular, with the choice w, = 62 and w, = 4}, we recover
the Gaiotto-Yin loop [76]

i

7: _ _ =1 ~ =) ~
—(¢'q — @) — —(3'Gi — ¢°3) - (6.15)

bos_
Aéy k( k;<

e When one of 1,7, factorises while the other does not, we get a 3/16 BPS bosonic
loop [2,3]. For instance, when 7} = 775 = 1}, = 1 and other n,7’s vanish, it leads to the

loop .

2e 1 " (3 — (6.16)
k(qq1+ CHCN = aR) — (06— ) :
e When neither 1’ nor 7, factorises, the resulting loop is 1/8 BPS. For example, when

bos
A3/16

. 0 R

and other 7, 7’s vanish, the resulting loops are the “bosonic latitude loops [89,/59,|/172]
i

0s Z a— ~1 ~9
APR = Ay + —Mpag Gy — — (Y — %), Mpa = (

cosf  sinfe ¥
. Nl
p k; > (6.18)

sinfe™® —cosé

=1 —r l r

7 1 0 non 1 1

Cm=00 (0 m-(). (6.19)
Mo T2 UDIRID!

the resulting loops are the non-trivial Jordan normal form bosonic loops in section 3.3.1
of [3]

And when

/l' a 'l i s
AN = A, + EMJN(]G% - E(Nli — %), My = (

14 2% —2(e' + %)
2 —(1 4 2¢%%)

) . (6.20)
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Note that not all the bosonic loops found in 3] can be represented as (6.11]). There are
some other 1/8 BPS loops in section 3.3.2 of [3] that will be presented later in (/6.86)).

Furthermore, from the deformation of the bosonic loops we can get the general
fermionic hyperloops in GL(Ur41|Urs2) supermatrices that preserves SU(2)r symmetry

A 1 32
Lo (A O (6.21)
—igp2- Ap2+T

where II # 0 and

~ 1 i N v, = 1/[. A
A=A, + k—H(rlrl — r°Fy) + L I'= 5 (ZQD log IT — T 1) : (6.22)
with
A = e i (6.23)
satisfying
e () a(no)y = —i0 11— A, €(700)a(n)y = —i0,I1 + . (6.24)

The rotated fermions p%,p,_ are defined as follows, forming a set of complete bases of
fermionic fields together with p*, 14

plo=—(m)adt, 7= (1)}, pry = €([0)atsy, P = € (n0)athy- . (6.25)

Similar to the parametrization in 1/2 BPS Wilson loops, the constants ' and 8; (which
are again not complex conjugate) satisfy 5151 = % They are also allowed to depend on ¢
with proper transformation of the shift, whose origin I' in the superconnection is obtained
in [2] to satisfy the relaxed supersymmtry condition . Depending on the factorisation of
0., 7., the supersymmetries of the hyperloops in could vary from 1/4, 3/8 to 1/2 BPS.
Analogous to the other 1/2 BPS loops , we can also construct the other hyperloops
with the same gauge fields that preserve exactly the same symmetries as , with the
replacements ,5% — ﬁi_, pa— — —p1s, I = I + M/II and the opposite sign for the ©'’s,
compared to the ones appearing in .

In the following sections 6.3 and we study 1/4 and 3/§%| BPS respectively and

their supersymmetric deformations.

6.3 1/4 BPS hyperloops

We notice that with the special choice of parameters in (6.17)), the hyperloops in (6.21))
become the 1/4 BPS “fermionic latitude” loops [90,176,59], and the supercharges preserved

25We skip discussions about the 1/2 BPS case, because in principle it should be the same as the two-node
hyperloops in [2] with exchange of hypermultiplets and twisted ones.
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by them are not the subset of those of any 1/2 BPS loop. In other words, they are not in
the moduli spaces of hyperloops obtained in [2], so we can take them as the new starting
point of supersymmetric deformation to discover new moduli spaces of hyperloops.

However, since the latitude loop is just a special case of the general 1/4 BPS hyperloops
in (6.21) given by unfactorized 7 and 77, we prefer to take the later ones as the starting
point, in which case the preserved four supercharges are

Mm@ mQrT, m(eh)Q T, (e (6.26)

These supercharges make up the bases of a more general Q with constant coefficients w; and
w;, that carry SU(2)p indices
Qi /4 = win, Q7 + Wy, (0,0 (6.27)
where the subscript 1/4 is written explicitly here to distinguish with the 3/8 BPS case in
the next section.
We now proceed to evaluate the action of this supercharge Q;/4 on the superconnection
L4 in (6.21)) and to look for H; /4 given in the total derivative (6.3]). To do so we define the

rotated twisted scalar fields

Fi = —ePwGy, Ty = Pwady, T o= wagt, 7= wad” (6.28)
It is useful to introduce a new parameter analogous to II (6.11))
I = ®wwy (6.29)

such that the supersymmetry variations of the rotated twisted scalar fields can be written
in terms of it as

Q4T = ﬁﬁi, Q1 /4Ty = 117 Q) = Ips, Q47 = Tpy s . (6.30)
So far it is not hard to see the similarities between 7 and r, IT and II. Moreover, using
FroniTior + Fransfio = Wiy,  FoyFrani + i Fris = 1D (6.31)
I+1,i7141 T 14127141 +15 TraTr4,0 T4 1412 1+2 5 :

we get the second variations

Q%/zlfi = 1:[ (H (i&pfi + A[.Hfi — 7:1./41[_,_2 770' v)brl)

) 1
2
2 = N i s s 2 L oap, - 3 N\ =
Q1/47’2 =1 {1l (Zaso?”? + Arpa7s — 7’2~AI+2> ? (U417 — T3lr42) — 26 (°0)a(n0)p7
~ . =i < =i =i 5 1 N =i
f/4r1 =11 (H (z&prl + Apyof — rlAI+1> 5 b(70%v), (nv)m*l)
~ . =9 It =9 =9 5 2 1 ab/ — N =9
f/4r2 =1I (H (Z@SOTQ + Ay o7 — r2A1+1> ? y1+27"2 — r21/1+1) —5€ P (7)o (na?0), 7

(6.32)



At this point all the supersymmetry variations of rotated twisted scalar fields have been
figured out, we can then proceed to study the supersymmetric deformations of 1/4 BPS
hyperloops in (6.21]).

6.3.1 Deformations with II # 0

We choose the starting point to be £;/4 in (6.21)) preserving the supercharge Q;,4 defined in
(6.27)). Following [59,2], we take a deformation of the form

where G is off-diagonal and Grassmann-even, so linear in the (twisted) scalar fields, B is
a diagonal bilinear and C is annihilated by Q;/,. BPS non-conformal loops with higher
dimension insertions are also possible here, but again are not considered. On this condition,
Q,,4C = 0 splits into two cases: when the supercharge annihilates some of the matter fields
and when it does not. As explained in [2], we exclude the solutions in C' that includes any
BPS bosonic loop where the supersymmetry variation is simply zero. Thus C' includes only
matter fields from the twisted hypermultiplet that are annihilated by Q4.

However, when II # 0, the only solutions to Q;,4C' = 0 which is at most bilinear in the
fields is a numerical matrix containing no fields. So here we fix the gauge of deformation by
setting C' = 0.

Moving to the off-diagonal —Q; /4G term, we take

0 b7
p— —_ a . 4
G (W O), (6.3)

where the parameters b%, b; may be functions of ¢.
By splitting the connection L£;,, into the diagonal (bosonic) part £{3/ 4 and off-diagonal
(fermionic) part £f/4, the second supersymmetry variation of G can be written as

—iQ3},G = 0, (TG — iLy,, IIIG] + i[H}),,G) — G, (6.35)

where we use Q4 H, /4 = z'l_[lzlﬁjf/4 with Hy 4 given by Q4L = D£H1/4 in (6.3

0 TI0LF,.,
Hyy = i ke I (6.36)
517"I+1 0
and the remainder G is
. T(H Por. — iNTH27
_ ) :Q N HI1(0,0%) 7, — tAILb*7s . (6.37)
Oy (IIIbg )7 4 T AITbyT 0
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Since we are looking for the supersymmetric hyperloops with superconnections with the
action of Q;/4 on it to be a total derivative

Ll .
Q1/4£ =D, /4H1/4 - @Q%MG + Q1/4B = Di(Hl/zL + AH) ) (6'38)

by pluggmg in equation (6.35), we get that AH = IIIIG and B = {Hy1,G} + IIIIG? on the
condition G = 0. Consequently, almost the same as [2], the deformation in form of - is

L=Lyy—iQ14G + {Hyy, G} + TG + C . (6.39)
The vanishing G gives four differential equations for b% and b,

i0,(Tb;) = 0, 0, (TIbY) = (i0,I1)b!

g y (6.40)
i0,(Iby) = Aby,  i0,(I1b?) = (10,11 — \)b*.
As discussed in section 5.1 of [2], for
©
o) = [ Amag (6.41)
0

when (%) is single valued, i.e. €“?™ = 1, £ in (6.39) may couple to all twisted scalars,
otherwise it could only couple either to the pair 7,7 or to 7s,72. Note that with the
unfactorised n’, 7., A is probably non-vanishing, so the periodical condition (|6.41]
is not guaranteed. However, we still focus on the case with two pairs of scalars, whose
coefficients are given by

A gt =o' B — peidls) bi — Bi — i by — ﬁée_lé(w (6.42)

1
b 1:[ ) - ~ 5 i— = 2 — T o5

IT ITIT I1IT

where 3%, 3; are constants, and to be consistent with the results in the later section [6.4] we
put II in the denominator explicitly rather than absorb it into 3%, 8, since is a constant

parameter.
As a result, the deformed connection £ in ([6.39) is
A1/4 I+1 — '1 B Zﬁ P1+1 Z'Bgeié ~}+1,— (6.43)
—Z’B—P1+1 92— — 2%6 ) pritay A1/4 r2+ T ’
where , )
~ i
./41/4:14 +kH(T 7’1—7“ T2)+HMGN Nb. (644)

Note that the subscript 1/4 means this is the deformation away from 1/4 BPS loops rather
than A, 4 itself preserves 1/4 BPS supersymmetry, and

o (i T8 e
M = (Bgﬁieié(cp) %+5252 ‘ (6.45)
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After fixing a supercharge Q; /4, the possible space of hyperloops is given by four complex
parameters 3%, 3, modded by C*, which is a conifold. This is the same type of moduli space
found in [58,[59,[2], but totally independent from them except for some joint points, for
example , the starting point of deformation. Generally such loops preserve only one
supercharge thus being 1/16 BPS, but there are some special cases where they receive
certain supersymmetry enhancements as the discussion in the following.

e Single node bosonic loops.
We may decouple the nodes by simply setting Bi =32 = Bi = B = 0. This eliminates
all the fermions in the superconnection , thus it becomes block-diagonal with
entries . _—_ .
(' =) - klﬁ(“fi — ) (6.46)
Under the condition that n}, 7! are unfactorised, these can only be 1/8 BPS bosonic
loops, in a rotated version of . The two preserved loops are naturally the barred
and unbarred parts of . Noticing that now we can write the double supersym-

metric variations of the twisted scalar fields in (6.32)) in terms of the bosonic loops

A?% = A,

~ -t . ~ os - 5 os 1 . - B )
Q%/Mﬂi =11 (H (Za,ori + A}f/871+17“i — TiAlla/S,I-i-Q) _ 56 b(m/)a(ﬁa?’v)bri)
: ' i _ =i 1 | (6.47)
Q%/‘f1 =1 (H Oaﬂé’?l + All)(/)g,Hz?El - ?IA?(/);,IJA) B §€ab(7_703@)a(7]17)b7:1> J

likewise for 7, 72. This implies us another path to obtain all the loops in the form of
(6.43)), which is to deform from the bosonic loops ((6.46|) with proper supercharge (/6.27)).
Actually, if we take

0 L(BiF, + e -
G = _. B =0+ - 6.48
(ﬁwl + BRI 0 Cestry 69
with T’ defined in (6.22)), and the deformation
diag(AY, AP%) — diag(AY, AP + ¢) —iQG + TITIG?, (6.49)

we are able to recover arbitrary hyperloops in (6.43)).

e Fermionic loops with non-trivial diagonal M.

When turning on only one pair of 3, 8’s, for example Bi and (i, we get diagonal M
and the resulting loops receive a natural supersymmetry enhancement. In addition to
the supercharge in (6.27)), these loops preserve at least the other supercharge

Q)4 = wymh QU — wyi (0 ); QY. (6.50)
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To see this, in the case of Q’1/4 we change II — —II and M — —M, with the same
3, B’s the connection remains invariant. In particular, when B'B; =2 (or BBy = —2
in the case 3%, 3, are turned on), M is proportional to the identity and restore SU(2)r
R-symmetry, so the resulting loops become 1/4 BPS.

e “Fermionic latitude” loops and “Jordan normal form” fermionic loops.

Another special case is the “fermionic latitude” loops constructed in [59], which here can
be recovered with parameters in . Besides the latitude loops and their conjugates
up to SU(2), X SU(2)r x SLz(R) which are the symmetries preserved by a great circle,
similar analysis to [3] tells that there is the other class of hyperloops, with 7, or 7, in the
non-trivial Jordan normal forms . With such choices of preserved supercharges,
(6.43]) can be viewed as fermionic deformations of .

6.3.2 Deformations with II = 0

The other possible case is for

Il = wjws — wsw; =0, (6.51)

where Q4 has a nontrivial kernel ((6.28) (see ((6.30]) for the short proof), that brings out some
novel cases. Although II = 0, the four parameters wg, w, can not be all zero, otherwise the
supercharge (6.27]) just vanishes. We assume w; # 0, and introduce the quotient parameter

wsi W5
w=—=-2 (6.52)
wj Wy

where the constant w € C U {0}

The pairs of rotated fields defined in (6.28|) are not linearly independent

Fi=—wiy, 0= wi (6.53)

So in order to construct a new basis of the twisted scalar fields, besides

=75, =7, (6.54)

we also need an orthogonal pair which are not annihilated by Q. Define

FL=wig + Wyds, T = Waq — Wi’ (6.55)

so that similar to (6.31]), there are

~ = ~ | o ~ . =] ~ :” ~ o ~ .
Fren|Tgr + TPy = Mrer, Ty + g, = Mg, (6.56)

w = oo corresponds to wi = ws; = 0, which is the case we avoid discussing where only the unbarred

supercharges are preserved. Similarly for w = 0.
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where B
A= o} + ;. (6.57)

Since wg, w, can not be all zero, Ais always nonvanishing. With it we get single and double

supersymmetric transformations of v, , x*
Quufs = Mwpt +57),  Quui™ = Mwpa- — pry)

. = .2 - .
Qf/ﬂl =A (W)‘XII + EWH(VIHXII - XIIVI+2)> (6.58)
2 =1 i a2 =l _ 2l
147 = —A{wAX! — EWH(VH—QX —X'vr1) ) -
Now we proceed to reconsider the deformation (6.33)), for which the same formalism
(6.39) as in the II # 0 case can be applied
£:£1/4—’iQ1/4G+{H1/4,G}+C, Q1/4C:0, (659)
where H is the same as above ((6.36)), just in the new notations it becomes
0 WIToL |7
Hyy = = renn) (6.60)
51+1,ir1+1 0
The action of Q4 on the superconnection £ will again be a total derivative
Q1L = DEH, 4. (6.61)

The most significant distinction between ((6.59)) and the previous case is C. Because of
the fact that the supercharge Q4 in (6.27) annihilates the rotated twisted scalars xj, X, ¢
may contain their bilinears as well as the numerical factor ¢, explicitly

C = (BH’;”?” 0 ) . (6.62)

B”?E”TH +c

The new off-diagonal matrix G is comprised of the other pair of the rotated twisted scalar

G:( 0 BLﬁ) , (6.63)

fields only

Bt 0
where the parameters 5+, 5, may be functions of ¢. If the parmeters satisfy
/:\(,u)\BL = —cwlld?, /:Xw/\ﬁL = —co;, Bl = By, (6.64)
The resulting supersymmetric loops obtained by (6.59)) are
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where

A9, =A, + kLH(rlfl — 127y) + M7, (6.66)
with a,b =L, | and
iy Blg,
M-d — . 0 _. kA +76 51 (667)
b\ K ety el ’

with (., B+, ¢ solutions of . Because of the unfactorised 7., 7., the resulting loops
are independent from the II = 0 ones in [2|, in which case the factorisation of %, 7. is
required automatically by the condition II = 0. Generically, these loops only preserve one
supercharge, while just like IT # 0 case at some special points again we find supersymmetry
enhancements.

It is shown in that the solutions of parameters 3,3 with L and || indices are
independent from each other. The simplest case for loops with enhanced supersymmetry is
when the superconnection is invariant under SU(2)g, i.e. when Bl = 0 and 3+§; = wIId1 B,
which is consistent with the solutions of (6.64). Since 7 and 7% are unfactorized, it turns
out this is the only enhancement that the resulting loops receive, thus being 1/8 BPS. The
preserved supercharges are

W@, + (01 )iQ:", W Q"+, (o), (6.68)

Two further degenerations are when w vanishes or goes to infinite. In both cases the
preserved supercharges are composed entirely of either barred or unbarred ones which as
mentioned in the introduction, are beyond the discussion of this paper.

6.4 3/8 BPS hyperloops

When one of !, 7!, factorises while the other does not, the hyperloops in are enhanced
to 3/8 BPS. As an example, we focus on the case where the factorised ones are 7", i.e.
7, = §'U,. Following the definition of II in (6.29), now it turns into IT = (yv)e®u,(nv)s,
where the same factor jv appears also in r? and 7, . This allows us to define the
corresponding “factorised” parameters and rotated fields without such a common factor

IV = P, (o), 1'% =taq®, 7 =g, (6.69)

so that the bilinears of untwisted fields in (6.22)) remains unchanged with factorised I1/

1 1
m(rlf{ — Tf2f2) = ﬁ(rlfl — 7"2772) . (67())

However, if we furthermore want to express the fermions in (6.21)) with factorised parameters
as well, because of partial derivatives in the supersymmtric condition (6.3)), the shift part in
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the connection has to be 0 adaptively. Explicitly

i 1 i
Es/g=<A“”I$1 2 0P (6.71)

. 1 =
—UrrP2- Ap 112

where the factorised rotated fermions [)f is defined by ﬁf = ﬁa@i Note that since (6.71)) is
just a U(1) symmetry transformed version of (6.21)), we can also take the latter one directly
with factorised 77, and unfactorised 7., as well as the original rotated fields defined in (6.13]),

(6.25)) and (|6.28)). Besides, the periodical condition ((6.41)) is always satisfied, though the shift
is generally non-zero. The real reason that drives us to turn to (6.71]) rather than sticking

with (6.21]) is that instead of the four preserved supercharges in ((6.26)), now we have six

1 Mia 1 M)2a = ia . ia — 2a — 2a
Moy s Ny s anl_ ) U7 anl_ ) U7 (672>

which can be packaged into a superposition
Qs/s = wyna QY + Whtig (o )iQM . (6.73)

Instead, the factorised version of 1/4 BPS supercharge (6.27) is just Q7 = wbnlefaJr +

wbglﬂa(al)fQé’“’, which is identical to if and only if w; factorises. So to be more
general, we would like to consider both of the cases with factorised and unfactorised wy, and
the proper gauge we should choose is the one in which superconnection can be written as
(6.71)).

There are other fields and parameters that are “factorised” as well along with the super-
charges

M= (0)ag, = (00):d", ply = Uatny, T = (00)aw; (6.74)

Loosely summarizing, the phases v, v dropping out of 7 are picked up by w in this case. In
this way, (6.31)) now becomes

~ :fl ~f =9 o f~ :fl ~ ) =9 ~f o ~f~
TrpniTr 7 57T = o, T+ 1T = I opys. (6.75)

Analogous to (6.30]), in the factorised notation, the supersymmetry variations of the
scalar fields are

Qs = 17 )2, Q3/8f§ =115, Q:a/sffi =1/ p,_, Q3/87§2 =1/ 5, (6.76)
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and the second variations
. ~ o < o 1 e o
Qg/gri =11/ (Hf <Z&pri + Arari — 7’1./4[4_2) ~5¢ bua(na?’v)bri>
1 21
Qs/sr =1/ (Hf (28 Ty + «41+17“ — T «41+2 +5 5 2) - Eﬂf(’/l-i-lrf - TfVI+2))

s ~ L . . L 1.
Q3 =11 (Hf <z’8¢fﬂ + Ap ot —F A+ iffl))
21 1

Q§/8 =11/ (Hf (za T+ A1+2T —T ./41+1> _EHf(VI-&-QT - 7“2V1+1) - §Ea %(770317)177?
(6.77)
Then we can easily check that similar to the 1/2 and 1/4 cases, here we have Qg/sH3/s =
ZHfo£3/8 with
0 IR
Hapo = o 1 6.78

which is equal to the factorised (/6.36)).

6.4.1 Deformations with II7 # 0

A general supersymmetric deformation from the 3/8 BPS loops (6.71)) is totally the same as
(6.39), except that everything is in the factorised notation now

/:, - £3/8 - ng/gG + {Hg/g, G} + Hf].:[fG2 + C, (679)

where we take same coefficients b,b in G as in (6.34)), but of the factorised rotated fields

i, fg Rz L and 72. Again we have Qg5 acting on £ to be a covariant derivative

QssL = DE(Hyys + VI G) (6.80)
as long as '
i0,(I 11 b)) =0,  i0,(I176") =0 (6.81)
i0,(Ibs) = —117by, 0, (IVII70%) = T TI/ B2 . '
The solutions are
pio B 517 B @ b0 by = Bre® , (6.82)
I/ I/11/ [/11f I/
which leads to supersymmetric loops that preserve (6.73))
./Zl3/8 I+1 — % 51 57— 5211;“/) pL
—igr — 155€"¥ Py, A3/8,I+2
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where

~ y 1 - d~ _ 3
A3/8 A + m(rlf{ — szfQ) + EMJ T(gf)T(f)b, (684)
with - -
o (—E4 A8 WAl
M = (Lﬂﬂie—w i +525, : (6.85)
11 ~1 & P

After fixing Qs/s, the moduli space of hyperloops in ([6.83) is another conifold indepen-
dent from (6.43]) and those in the previous references [58,59,2]. They are somehow at an
unexplored state between the deformed 1/4 BPS and 1/2 BPS loops. The special points
with supersymmetric enhancement are very similar to those deforming from 1/4 BPS loops
(6.21)), while allowing more possibilities. An example is the novel “Factorised w and Zz”
bosonic loops found in [3] are included in the moduli space of (6.83). Explicitly, from the
choice Bi = BQ =[;=p0;=0, we get single node bosonic loops

i ~ = ~f =9
ka (rlr{ —rf?r,) — m( rfl Tgr2) ) (6.86)

Compared to the 1/8 BPS bosonic loops in ([6.46)), we might think that the resulting loops
are 3/16 BPS naively. However, this is only true when wj factorise. If not, since 7’ is

Ay = Ap+

unfactorised, these loops are also 1/8 BPS, preserving the barred and unbarred supercharges
in separately. Especially, taking 4, = 01, 17! =5 = 1,w, = 62,0} = 1,0} = —1, we
recover the “Factorised w and z” 1/8 BPS bosonic loop.

Again by deforming the bosonic loops above, we are able to obtain any fermionic loops
in (6.84]). This also implies us that the fermionic partners of the “Factorised w and z” loops
are included in our discussion.

6.4.2 Deformations with II/ = 0
The other case is for

ﬁf = (U_m)iwi — (u‘;v)iwi =0. (6.87)
Similar to (6.52)), we define the quotient parameter

Wl = (wv)i _ (IDU)Q. (688)

wy Wy

However, instead of a constant in (6.52)), here it takes the form a+be? with a, b free constant

parameters. Since 71,7 are linearly dependant with 72, fg

orthogonal bases

in this case, we construct new

Nﬁf =7, Al — ;27 fi = wid; + wsds, L _ wgtjl _ w1§2, (6.89)
where the scalars with parallel indices are annihilated by the supercharge (6.73]). Define

A=w?+w}, (6.90)
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in terms of which similar identities as (6.56|) exist, and supersymmetric variations of the new
scalar bases are

Qa5 = A(p + w5, Qs/aﬂzfl = A(po —wipl)

) 2% 5 4.
Q357 = —All'w/ ((@3 10gH + D7 k<”f+”"f_rf”f+2)) (6.91)

= e 2 = = -
Qg/srﬁ = Aw/TI/ ((26 logH— + 1)+ = 7 (Dol — f||y]+1)> .

The deformation is the same as (6.79) with II/ = 0, where H is also (6.78) in the
replacement of 7y — 7y, 1 — WIFl With 5+, 5, satisfying

_ wf - o
O = —iftATY w f@ log (Hf ’“"), cojw! = —i/BLAwafQOlog (%6_“") , (6.92)

the resulting loops are

( ~ A3/8 T Tt +[\wfﬁl)ﬁf> (6.93)
iNo?BLp], — (Hf + ABL)pa- Ag/S,I—f—Z t+c 7 '
where

Ay = Ap + g ! = e+ NPT (6.94)
with i falL

Again generally the hyperloops obtained above are 1/16 BPS that are independent from
and the II = 0 ones in [2]. Analogous to section , there are points of enhanced
supersymmetry on the moduli space as well. Those loops with 3l = 0 and 6;w/ 3+ = S/ b1
which is consistent with solutions of are enhanced to be 1/8 BPSE], preserving two
supercharges

Q" + w0 )IQ),  mhQY + w012 (6.96)

where w/* are components of w/ with w/ = w/lv; +wf™v,, according to its definition in (6.88)).
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2"In the I/ # 0 analogy, one might expect to find 3/16 BPS loops in this case as well, but it is in fact
impossible because of the preserved SU(2)g R-symmetry.
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7 1/3 BPS loops and defect CFTs in ABJM theory

This section is based on [5] with minor edits.

7.1 Introduction

ABJM theory [87] has a rich spectrum of line operators including the 1/2 BPS loop [110] and
1/6 BPS loops. The latter may be bosonic [60-62] with only a single gauge field or include
fermi fields like the 1/2 BPS ones [64.66,68,58]. There are also Wilson loops preserving fewer
supercharges [172,/69}59,23,70], though they are not conformal. Finally there are vortex
loops [111] that are 1/2 BPS or 1/3 BPS (though there should also be less supersymmetric
versions).

A natural question that many experts have tried to address, is whether there are also 1/3
BPS Wilson loops in this theory. Given that a vortex loop exists, there is an appropriate
superalgebra. Indeed, the 0sp(6]|4) superalgebra of ABJM is broken to su(1,1]3) @ u(1) by
the 1/2 BPS line and to su(1,1]1) @ su(2) @ u(1)* by the 1/6 BPS loops (for the bosonic
loop, one u(1) is enhanced to another su(2)). The 1/3 BPS algebra is su(1,1]2) @ u(1)’.
This latter algebra (up to a u(1) factor) is also the symmetry of the 1/2 BPS loops of N’ =4
Chern-Simons theories, which is a hint for our construction.

The 1/2 BPS Wilson loops of N/ = 4 theories [65,63] have a degeneracy of pairs of loops
preserving the same eight supercharges. Choosing then eight of the twelve supercharges of a
1/2 BPS loop W;" of ABJM that generate an su(1,1|2) subalgebra, there should be another
Wilson loop, W, preserving the same supercharges. This second Wilson loop is also 1/2
BPS, but the linear combination Wy 3 = ny Wit +n,W, is 1/3 BPS. Explicit expressions for
W, and W, are presented in Appendix [7.A} (7.66)), (7.67).

Defining an operator as a linear combination of other ones may not seem fundamental,

and one may raise the objection that they should each be studied independently. One
way to see that this is not the case is that this linear combination arises naturally when
considering Wilson loops based on superconnections larger than that of the 1/2 BPS loop.
Such larger constructions with repeated entries from the same gauge field were proposed
in [69,/59,2] and give rise also to operators that cannot be expressed in the block-diagonal
form of ny W™ + nyW, . While the 1/3 BPS loop itself can be written this way, it can be
deformed into non-diagonal loops, so operator insertions into W3 cannot be factorised as
insertions into W™ and those in W, .

Having realised this 1/3 BPS line, we turn to studying its properties and in particular
the defect CFT for operator insertions along it [118/101},121,|122,/95]. Part of this analysis
relies on the explicit realisation of W 3 presented here and part is based on representation
theory of the superconformal group, so is valid for any 1/3 BPS line operator including the
vortex loop of [111] or any further line operators that may be found in the future.
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The displacement and tilt operators are insertions that arise from broken translation
and R-symmetry, respectively. As reviewed in Appendix [7.B] the two point functions of
these operators are related to bremsstrahlung functions [119,/133]. ABJM theory has a rich
spectrum of such functions [192,/198,/199,/141], and the case of the 1/3 BPS Wilson loop is
even richer.

Any 1/3 BPS line breaks the conformal group so(4,1) — s0(2,1) @ s0(2), just as the
1/2 BPS or any other conformal line operator, so has two displacement operators from the
broken translations. The su(4) R-symmetry is broken to su(2) @ u(1)® with five different
pairs of tilt operators: a conjugate pair denoted @ and O for the broken generators between
the two u(1)s and the others relating each of them to su(2) (they are denoted as 0%, O,, O,
0" with a € {2,3}). These are really different operators with different normalisations, i.e.
there are three bremsstrahlung functions related to R-symmetry breaking in addition to the
one for a real cusp.

Following [141},200], we use in Section Ward identities and the explict form of the tilt
operators to find relations between the bremsstrahlung functions. O is in the same multiplet
with the displacement D, so the associated bremsstrahlung functions are clearly related. For
the other tilt operators, their sum is equal to that of O.

In the case when the bremsstrahlung functions for 0% and O, are equal (for ny = ny), they
are half of that of O or D. A similar relation exists between the bremsstrahlung functions
for the tilt and displacement of the bosonic loop, but here we find a very simple setting of
the same phenomenon and a far easier proof of it.

Another natural object that arises in this context is a permutation operator, which
we denote by o, that replaces the connection of W™ with that of W, . This is the most
clear manifestation of the nontrivial interplay between the two Wilson loops. This operator
preserves two supercharges and has vanishing conformal dimension, so is topological. This
enriches the spectrum of protected operators on Wj/3, but can also be considered as an
operator on the 1/2 BPS W,". We study some of its properties, but leave most of them for
future work.

Going back to the five pairs of tilt operators, they are exactly marginal operators on W 3
and in Section [7.5| we study the deformation of the loop by them. We follow [1] to calculate
the geometry of the resulting defect conformal manifold and precisely match it with the coset
SU4)/S(U(2) x U(1) x U(1)).

Some background information and many technical details are relegated to the appendices.

7.2 Realising 1/3 BPS Wilson loops

We construct here 1/3 BPS Wilson loops in ABJM theory and then recall some subtle
features of general loops in this theory that play an important role for these new loops.
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The simplest 1/2 BPS loop W;' is formed out of £ (7.66))

Wit = TrPeXp/ il dx. (7.1)
Here we take it to be a straight line in the x3 direction (which we denote as x). For the
circular loop there is subtlety of taking the trace or supertrace [110,58|, but here we are
taking the infinite line, so really it is an open line. We write trace, and if adapting to a
circle, one should include a twist operator or following the convensions of [58], use a
supertrace.

Another 1/2 BPS Wilson line is W, made out of the superconnection £; (7.67). Each
of Wi~ and W, preserves twelve supercharges, and when they are along the same line, they
have eight supercharges in common.

To define the 1/3 BPS loop, we take a bigger structure combining both superconnections

o0

W3 = TrPeXpi/ diag(?f,-~- ,ETJ,\ o, Ly)dr. (7.2)

J/

—00 N —~~
ni ng

To avoid confusion, each £F is an (N;|N,) supermatrix, so this is not a (2n;N;|2n4N5)
supermatrix, but rather ((ny + n4)N1|(n1 + ng)No). With this diagonal structure, this loop
can also be written as nyW;" + n,W, .

This loop on its own is 1/3 BPS, resolving this long-standing question. One may wonder
whether there are other 1/3 BPS loops with non-diagonal structure, as there are many
constructions of BPS Wilson loops that do not respect it. We made an extensive and
systematic search, based on the techniques of [59,2] and all the 1/3 BPS loops we found
could be diagonalised to ([7.2)).

This construction of Wilson loops out of supermatrices has an S(GL(ny 4+ ny) X GL(n; +
ny)) global symmetry, which was pointed out in [58,/69]. If we reorder the superconnection
in a way that all A are at the top left and A® at the bottom right, this group acts by
independently rotating the n, + n4 copies of A and of Ag(f), see [69] for details. This global
symmetry is important in the analysis of the space of BPS Wilson loops, as the Wilson loop
is a trace, so we should really identify operators related by conjugation. It is also this action
that allows us to diagonalise all other 1/3 BPS loops we found to the same form as ((7.2)).

In general, this action is not a local symmetry. The simplest manifestation of that is
in the case of a single £], where the group is simply GL(1) = C* and it acts on the 2 x 2
structure within £ as conjugation by elements like

T = (Ig _?N) . (7.3)

This has the effect of changing the signs &« — —a, @ — —a. The local action of this operator
was studied in [201], where it was found to be a nontrivial operator in the defect CFT of the
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1/2 BPS line. Though it has vanishing classical dimension, it is not BPS, so its dimension
receives quantum corrections.

We focus instead on a diagonal SL(n; + n4) subgroup which acts simultaneously on A
and A? , not modifying £ and £ . This is the obvious group acting by conjugation on the
ny + ng matrix of superconnections in ([7.2]).

7.2.1 Permutation operators

Of the diagonal SL(n;+n4) action on the matrix in (7.2)), an S(GL(n;) X GL(n4)) subgroups
is in fact a local symmetry, as the superconnection is proportional to the identity in those
blocks. Other group elements change the form of the connection and are nontrivial operations
on the Wilson line and can be viewed as operators in a 1d defect CFT.

To keep the gauge fields on the diagonal, the group elements we employ are permutations,
changing the order of the entries. Explicitly for the case of ny = ny = 1, there is a single
non-trivial permutation

0 Injan, £i o £; 0
_ _ 4
’ ([N1+N2 0 ) ’ ’ < 0 ‘CZ ’ 0 ‘Ci’— (7 )

As both £ and £ have the same gauge-group structure, there is no obstruction to doing
this, and it is particularly nice since W™ and W, share eight supercharges. Furthermore, as
we show in Appendix this combination preserves half the supercharges shared by the
two lines.

Another natural operator is 7 = diag(l, —I), satisfying ToT = —o. This is different from
T of (7.3), which acts within a single block of these matrices, so on a single LF. In this
setting there are then two basic T-like operators, diag(7T, 1), diag(1,T) = o diag(T, 1)o, and
one can also multiply them with ¢ and 7.

Unlike T', the permutation o and 7o are protected local operators. As their conformal
dimension vanishes, they are topological and correlation functions of any other operators do
not depend on the exact position where the permutation happens, as long as it does not
cross any of the other operators.

o, T and 7 are “line changing operators”, similar to boundary changing operators in 2d
CFTSF_EI The most studied such operators in Wilson lines are cusps, where the direction
of the line changes, or there is a change in some internal parameters [203,204}94,/132}|192].
Indeed in both N'=4 SYM in 4d and in ABJM theory those were studied extensively and
some cusps were shown to be BPS [190,|132,|192]. T is similar to a non-BPS cusp and o
to the BPS cusp. But unlike the usual cusps, both T and o are discrete operations, so one
cannot study them in a small or large angle expansion.

281t is also natural to relate o to permutation branes, see e.g. [202].
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7.2.2 1/2 BPS loop with alternating superconnections

The operation of replacing part of a line with another connection arises naturally from the
permutation symmetry above, but does not require large supermatrices. To see that consider

a+:%(1+7)a:<g é) 0:3(1—7)0:(? 8) (7.5)

Clearly (6%)? = (67)? = 0, so we should avoid that. On the other hand, 0o~ and o= c™
are projectors on the top or bottom parts of diag(£], £;). Inserting this into the 1/3 BPS
line we find

a0 (L@ o )m ; oo<ci(x> 0 )dm
Wi 300707 (0)] = Tr Pe Loo( 0 Ly (=) (é 8) Pe Jo 0 L@/ =W, (7.6)

So this reduces the 1/3 BPS loop to the 1/2 BPS one. Inserting o~ o™ reproduces W, .

As stated, both o and 7 are protected topological operators, and hence also o*. We can
therefore separate the two insertions and in particular move o~ to x — oo, leaving us with
the operator

0

Wi slo™(0)] = Tr P {exp /

—00

iL] (x) dz exp /000 iLy () dx} = Wto]. (7.7)

This loop starts with a single superconnection £] and switches at 2 = 0 to £;. In the last
expression, we employed the notation W;"[o], where ¢ is now an insertion in the 1/2 BPS
loop that changes the connection. We can then denote o~ ~ &, where it is assumed that
there is first a o insertion. On it’s own & is a good insertion in W, .

Unlike W5 (7.2)), the line Wit is 1/2 BPS, but if we insert ¢ into it as in (7.7,
it is natural to analyse it in the same context as the 1/3 BPS line. In the following we
study both objects: the true 1/3 BPS line constructed from a larger superconection and
the 1/2 BPS line with the topological operator o in its spectrum and splitting the 1/2 BPS
supermultiplets to 1/3 BPS ones.

A subtlety when writing expressions like in terms of ABJM fields, is that one
should treat the o’s as a book-keeping device indicating where the connection and spectrum
of insertions changes. One is not meant to implement a substitution rule like mﬁ}j =t
Such notations may also possible, but they are not what we use here.

Not all line operators are Wilson lines, for example the vortex loops of [111], and in those
cases we may not be able to write the expression on the right hand side of explicitly.
For that reason, we try to rely as much as possible on algebra, rather than on the explicit
realisation of ;3 and the operator insertions.

114



7.3 Displacement multiplets of 1/3 BPS line operators

Among all operator insertions into the Wilson loop, the displacement operator and its super-
partners are special, as they arise from broken global symmetries. The conservation equation
for translation, supersymmetry and R-transformations are violated by the Wilson lines.

We study here how the displacement multiplets of 1/2 BPS line defects constructed
in [195}|141}95] split into 1/3 BPS multiplets. Most of the analysis is based on the breaking
of global symmetries, so valid for any 1/3 BPS line operator.

7.3.1 First 1/2 BPS line

The 1/2 BPS defect along the = x3 axis preserves the rigid 1d conformal group, rotation
around the line, and an SU(3) x U(1) R-symmetry, rotating I, J = 2,3, 4 indicated by i, j.
In addition, it preserves the supercharges Qf, f’, f, 2%, Q** and the corresponding
S’s. A realisation of such an operator is W;" with the superconnection in ([7.66)).

For all lines along x, the broken translation generators are the components 7#' and 72
of the stress tensor. The other symmetries broken by this particular line includeFE] the six
components of the supercurrents S*'* and S*” and the 6 components of the R current J#
and J*.'. The conservation equations for the currents are then

0T ()W = 6(21)d(x2) 0y W [D"(2)], n € {2,3},
0uSE (@)W = 0(21)0(x2) W [0105 7 (2) + €108 k()] (7.8)
Oud" /(@)W = 0(21)d(2) Wi[0707 (2) + 67 0s ()]

Together, the operators on the right hand side form most of the displacement multiplet [195,
95| including the displacement itself D = D' — iD?, a fermionic operator ; and the tilt O'.
In fact there is one element missing, F, which is fermionic and the lowest weight state in the
multiplet. There are eight further operators in the complex conjugate multiplet.

The action of the preserved supersymmetries on the multiplet are [141}95]

{Q}&—ivF}:Oi’ [ i»oj] = ¢ ks {Qi—l’ j}:_Qéj‘D? [ }&—i’D]:O' (7'9)
From the Jacobi identities for the superalgebra one also finds [Qi_j, F] = 0 and
[QY,0%] = —2ie"*D,F, {QY, }=2i0iD, 0" —2i5)D,0", [QY,D] =i, . (7.10)

D, is an appropriate covariant derivative along the line operator.

Explicit expressions for the operators in terms of the fields of ABJM theory are presented
in [95] and also in Appendix [7.E] These operators can also be identified with fluctuations of
the sigma-model describing an AdS, string in AdSy x CP? [193].

29Broken rotations, special conformal transformations and superconformal generators all vanish at the
origin, so do not give further operaotrs.
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7.3.2 Second 1/2 BPS line

The second line we consider also preserves the conformal group along x, rotation around
the line, and an SU(3) x U(1) R-symmetry, rotating I, J = 1,2,3, now indicated as 2, J.
It preserves the supercharges Q'?, Q?, Q%, Q*, @**, Q! and the corresponding S’s. A
realisation of such an operator is W, with the superconnection in (7.67)).

We can write the action of the symmetries broken by W, on that loop as

T ()W, = 6(21)0(x2)0, Wy [@*(2)],  n€{2,3},
0uSE (@)W = 0(21)0(x2) Wi ["5005 1(2) + 0704 ()], (7.11)
Tty (@)W = 8(21)5(w2) Wy (8]0 () + 6707 ()]

These operators fit into the displacement multiplet (and its conjugate) for the appropriate
su(1,1]3) superalgebra. Compared to the previous case we need to exchange 1 <+ 4, though
one should also take into account that the spinors change chirality as do some signs in the
matrix M7, .

The analogue of is now

{1, A} =0y, [QL.O =0, 7—6 ', {Q}, *}=-2¢"a, @, =0, (712
and the analogue of (7.10)) is
[Q*,0)) = —2i0iD, A, {Q", 7} =2ié*D,0;, [Q* A =D, °. (7.13)

7.3.3 Decompsition into 1/3 BPS multiplets

The 1/2 BPS displacement multiplets are in the representation B;;;,o,o of their respective
su(1,1]3) in the notations of [195] and LA, with primary [%](1)’/02 in the notation of [104]. This
representation splits into two representations of su(1,1|2) denoted as LA; with primaries
[5)1), and [1]7 in the notations of [104).

A simple way to see this in practice is to match the symmetries broken by both W;" and

W, or only one of them. The symmetries broken by W;" and preserved by W, are
SN O LY ML A a=2,3. (7.14)
Those give rise to the operators
B oy, JP 0% JP 0%, F, (7.15)

and their complex conjugates. We include F to complete the multiplet and in the following
often omit the subscript 4 from the singlet . We call this the tilt multiplet.
Likewise the symmetries broken by W, and not by W;" are

},-4’ Q2—3a J4a7 Ja47 a = 273 (716)
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Those give rise to the operators
Yoas 20 L1 0y, Jyt 03, 7, (7.17)

and the complex conjugate multiplet. We name this the tlit multiplet, to distinguish from
the tilt.
The symmetries broken by both W™ and W, are

P, B, QR QP QF, QF, 4t U, (7.18)
In the case of W, they correspond to
P —iP,~D, Q¥~— 3, Q¥ 5, J'~0", (7.19)
and in the case of W,
P —iP ~ A, Mam 20 Q¥ P LT 0. (7.20)

7.3.4 Multiplets of W3

In the case of a 1/3 BPS line operator based on symmetry breaking alone, we should have
the combination of terms in and (7.11))

0T (2)Wrjs = o )0(ea)0 Wia[D"()] . e {23},
0 SE ()W 3 = 6(1)8(22) Wiy [ 1“14(5‘](5+ o) + 81875, “(2)

+ 06305 (6% (2)+ 0, (2)) +616{ (05 (z)+6, (2))], (7.21)
O " ()W = 6(1)8(x2) Wiy [ 5‘]@)( ) + 070{ O(x) + §;6870%(x)

+ 076704 () + 676/ 04(x) + 676.0%(z)] .

For W3 in (7.2), where the connection is a larger supermatrix, the operators on the right
hand side are now matrices. In the n; = ny = 1 case, the operators form the tilt multiplet

(E 8)’ (cz)a 8) (04 8) (7.22)
(8 2) (8 cg)) (8 01>’ (7.23)

and the displacement multiplet is
ot 0 0 D 0
0= =1 " , D= . 7.24
(0 01)’ (0 €ab b) (0 CI) (7.24)
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We do not introduce different notation for the matrices in and and at times
below refer to the entire larger matrices with the same letter as the operator inside. It should
be clear from the context, which of those is meant.

The action of the preserved generators on the different operators are presented in Ap-
pendix[7.D] Explicit expressions for these operators in terms of the ABJM fields are presented
in Appendix [7.E.2

In addition to the multiplets inherited from the 1/2 BPS displacement multiplet, we have
the permutation multiplet constructed in Appendix

0 1 . [ 0 G -G
(O (0 IO e

For the expression for o, see . We can also think of them more abstractly as a short
representation of the 1/3 BPS algebra with a primary with labels [0] in the A; A; multiplet
the notations of [104]. Unlike the fields in the other multiplets, this operator is real.

We can of course form composites of these operators, which include the combinations
like F as well as off-diagonal entries arising from ¢ times another operator. As usual, if two
operators do not share supercharges, the composite would not be protected. An example of
that is ¢ and O.

We can also endow the operators with Chan-Paton factors

9 0 0 4 0 0 0 0
:|1N :|2N :|1N :|2N ) 2
L (O 0)’ ! <O 0)’ 2 (:| O)’ 2 0 4 (7.26)

In particular operators like A,' = 03,20 are inserted into the £] line and enable our con-
struction in the next subsection.

7.3.5 1/3 BPS multiplets of the 1/2 BPS Wilson line

The 1/2 BPS line W' has a displacement multiplet, as presented in Section|7.3.1} It combines
the 1/3 BPS displacement multiplet with O, , and D as well as the 1/3 BPS tilt with F,
0% and .

As presented in Section , The operators ot and o~ (or o and &) (7.5) are also
natural insertions in W;". They are in the 1/3 BPS multiplet and as o changes the
superconnection from £ to £, we can then insert operators naturally living on W, . In
particular this applies to the tlit operators, as

o, 00, o . (7.27)

We can adjoin to all these operators ¢ from the right, so they become insertions into the
W, loop without a change in connection.
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Some care is required in analysing o and composites like 09 or 695. Recall that a special
feature of the ABJM Wilson lines is that the preserved supercharges do not annihilate the
connections in Appendix but give total derivatives . When acting on the entire
line, these total derivative integrate to zero, hence the loops are BPS.

When acting on the line with insertions, we find extra boundary terms. As discussed
in Appendix , the action of a supercharge on an odd supermatrix insertion in Wy is
covariantised to

leo = QL e —{G" o}, Qe = Q™ e —{G", e}, (7.28)

with G* and G* in (7.87). In the case of W, the roles of G* and G* are reversed (7.86]).

In evaluating the variation of o, the direct action by Q7 is trivial and we only have the
covariant part, with that from W;" on the left and from W, on the right. This is the source
of the terms in the expression for  ([7.25)).

An [ insertion into W, is annihilated by three supercharges of which two are shared by
Wit. Yet, when inserting it as 095 into W;", there are different total derivative terms. In
fact, no supercharges annihilate it and only the combination of Q1% + Q** acting on it gives
€?50,5.

This construction seems to introduces several new marginal operators into the 1/2 BPS
loop: 00,7, 05 and (D,0)5 (7.93). Unlike 02, 0* and O*, these operators do not arise from
broken global symmetries, so it is not guaranteed that they are indeed exactly marginal. We
leave this question for further study.

Of particular note is the operator (D,o)a, the descendant of o , which is an infinites-
imal deformation in the direction of the ABJM version of the loops described in Section 6.3.2
of [2]. The loops described there are classically conformal, but conformality is not guaran-
teed by the preserved supercharges. The question raised in the last paragraph is another
avatar of the question of whether these loops are truly conformal.

For explicit expressions in terms of the ABJM fields, see Appendix

7.4 Two point functions

For the operators arising from broken symmetries, as in , their normalisations are fixed
by the normalisation of the conserved currents. We study here the relations between the
normalisations of the different operators and their relation to the bremsstrahlung functions
of these loops.
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7.4.1 Ward identities

From conformal symmetry we know that the correlators of the operators in the displacement
multiplet take the form

(7.29)

)
I'4

(OB =
(0 @) = S (730
©ODE) = 2. (7.31)

The notation << o .o >> represents the expectation value of the e insertions into the line

normalized by the expectation value of the line without insertions.

The coefficients Cp and Cg are fixed from the definition of the operators and the normali-
sation of the broken currents in . They are also related to the bremsstrahlung functions
of the line operators, as in (|7.74]), (7.75)). The relations between them can be found from the
ward identity for supersymmetry, followmg [141 200].

Starting with the Vamshmg correlator << [D(m)>> = 0 and acting with the preserved

supercharge Q12, using , we find
2DODE) = ( 20D, *a). (32

where D, is an appropriate covariant derivative along the Wilson line. This gives 2Cp =
3C

a*

Likewise starting with {©(0) 73(x)>> = 0 and acting with the preserved supercharge Q*?
as in ([7.10]), we find
3 _
—{ 3(0) “(z)) =2(0D,0(z)), (7.33)
or C' , = 4Cg. Combining the two, we find Cp = 6C.

These expressions were already derived in [95] from a superspace representation of the
displacement multiplet in the case of the 1/2 BPS loop and they are not modified in the 1/3
BPS case.

For the operators in the tilt and tlit multiplets

(O @y=5, ( 0 *<x>>> -2 (7.3)
(O (0)0s(a)) = 2 0wy =2k
(FOO)F(2)) = 7. (0)3()) = % (7.36)

To find relations among those, we start with the vanishing correlator (0*(0) (z)) and act
with the preserved supercharge Qf, which yields

—{ (0) (2)) =2(0%(0) D,0s(2)) = C =4Con. (7.37)
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Then taking (F(0) Oz(z)) and acting with the preserved supercharge @2, we find

—(0(0) O(z)) = 2(F*(0) D,Fa()), (7.38)

This gives Coa = 2CF and finally C' = 8CF.

The expressions for the tlit multiplet are identical, but Co. does not have to be equal to
Coe. Likewise, for the 1/2 BPS loop we know that C' = C' | and Co. = Cg, but this does
not necessarily hold for 1/3 BPS operators, as we discuss in the next section.

7.4.2 Relations accross multiplets

We can go further and relate the different multiplets to each-other, using the explicit repre-
sentation of W3 and its expression in terms of 1/2 BPS loops. We consider the case
of ny copies of £] and ny copies of Ly, but for simplicity write them as 2 X 2 matrices.

Using the representation in , the two point function of the operators from the tilt
multiplets can be related to those of the 1/2 BPS loop W' as

we- {0 DO Y- om

This is a simple consequence of having n; insertions. Likewise for O, and O, we have

1/3 U2 1/2 1/3 1/2
CO(/L — nl + n4 CO/ ; O®/ — CO/ . (740)
In particular
Ol + 0 = . (7.41)

Though we derived this from the expressions in , we expect this relation to hold for any
1/3 BPS loop.

The story is very different when considering the operators inserted into the 1/2 BPS
Wilson loop with the aid of . In that case Coe = Coa = C’cl)/ 2, as these are simply the
usual tilt operators of the 1/2 BPS line. If we look at {(¢0,5(0) a@bﬁ(x)», assume C, =1
to cancel the middle ¢(0)a(x) and move the other ¢’s far away, then it is natural to expect
that this too is C(l)/ ?. This indicates that in this case all three normalisation constants are
equal to Cé/ 2 though this deserves more careful study.

7.4.3 Bremsstrahlung functions of I, 3

As reviewed in Appendix [7.B] the normalisation constants are related to the bremsstrahlung
functions arising from nearly straight cusps.

We can characterise cusps of the 1/3 BPS loop by an angle ¢ and an R symmetry
SU(4) matrix U. When this matrix is close to the identity we can write it in terms of the
symmetry breaking generators as

U=1+i0J*+40,J,* +i0"J*. (7.42)
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Then the cusp anomalous dimension takes the form (where we omit the indices from the 6)
1/3 1/3 1/3 1/3
D(¢,U) =~ By*0* + 0 By* + 0™ B, — *BY/*. (7.43)

W13 has therefore four brensstrahlung functions and the usual relations (7.74]) and (7.75)
give

1 1 1

1/3 1/3 1/3 1/3 i3 1 s 1/3 1/3
B =G B =10yt B =205, By =0 (7.44)
The relation after ((7.33) and ([7.41]) then lead to the equalities
B = By” = B)/* + By . (7.45)

This allows us to write ((7.43) in terms of only two independent functions
(¢, U) 2 (67 + 0% — ¢*) By + (0> + 0 — ¢*) By (7.46)

Furthermore, we can rely on the relation to the 1/2 BPS loop (7.40)) to write this in terms
of the 1/2 BPS bremsstrahlung function B;/ > and ni, Ny as

F(¢,U):<62—¢2+ . 9"2) By, (7.47)

n1+n4 n1+n4

This relation can be seen as a generalisation of that found for the 1/6 BPS bosonic loop,
where 2Bp = Bgos [140,|195]. To see the relation, take § = 6” = 0 and n; = ny in (7.47))
and then identify ¢ with the angle in the 1/6 BPS cusp.

7.5 Defect conformal manifolds

We identified multiple marginal operators living on the 1/3 BPS line as well as possible new
marginal operators on the 1/2 BPS line. Such operators allow to deform the defect along
a defect conformal manifold, the space of all connected conformal defects. For complex
marginal operators ®; and ®; we define the coordinates ¢* and (* and express the deformed
line as

WCf[. el =W {. .. eXp/d:E (Cl¢l(x) + iéi@)) ‘ (7.48)

This space of dCFTs is endowed with the Zamolodchikov metric

9i7(C; C) = Weg[®i(0)®5(00)],  j(00) = lim v*®y(z). (7.49)
Clearly at ¢ = ( = 0 the metric is given by expressions like Coe, Co, and Cg ,
(7-35). According to [115,96] the curvature is as in Riemann normal coordinates; the second
derivative of the metric with respect to the coordinates, leading to the integrated 4-point
function ((3.55) and . Again we have to take care of the ordering of points, which
should be by increasing argument which depends on the value of 0 and 1 or n .
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7.5.1 The case of W3

Of all the marginal operators, the simplest ones are those that arise from global symmetry
breaking. In the case of 1/3 BPS line operators, they break the global symmetry group
OSp(6]4) to SU(1,1|2) x U(1) x U(1). The SU(4) R-symmetry group is broken to SU(2) x
U(1) x U(1). This indicates that the space of allowed 1/3 BPS loops is (at least) the coset

M = SUA)/S(U©2) x U1) x U(1)). (7.50)

This is a 10 dimensional manifold (or 5 complex-dimensional).

Symmetry breaking gives rise to the tilt, tlit and displacement multiplets and they contain
five complex operators of dimension one, 0% O, and 0. To conform with the notation in
(7.48), we label the marginal operators collectively as

®; ~ {0%,0°,0,0,,05}, o, ~ {0,,05,0,0°,0°}, ii=1,---,5. (7.51)

For finite ¢!, ¢?, the L] entries in the line (7.2) are rotated into another one with £,. Finite
¢* and ¢® change the £ block.

The nonvanishing components of the metric are ((7.39)), (7.40))

1/3 n 1/2 .
Col’ 8y = 7357Ce "8y, 1,7=1,2.
9iy = Oé)/3 = C(Cl)/2 ) Z7j_ =3, (752>
Ccl)ig(sij = ﬁcg/zéi]—, 1,7=4,5.

To calculate the curvature we use (2.29)), where we insert the operators (7.22)), (7.23) and
(7.24)) into the superconnection. For example, for i =k =1and7=1=1

o= [ (57 D5 ) CE DO ),
A EE e YCE )

(7.53)
We write here 2 x 2 matrices, but they should be larger, as appropriate. This expression
involves only the insertions of the tilt operators of W;" into W;", so is the same as in [1],
except for the normalisation, which is n;/(nq 4+ n4), because there are no insertions into the
W, block. The 4-point function in the case of the 1/2 BPS Wilson loop was calculated
in [95] and the integral was evaluated in [1] with the final expression (accounting for the

normalisation) being

2ny 1/2
Ry = 2911 = 208°% = =L, 7.54
1111 g11 N1+ na 0 ( )
In Appendix we calculate the Riemann tensor of the coset (7.50) in a matching
coordinate system and write down all its nonzero components. Indeed R;7;7 = 2¢;1, as
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in the CF'T calculation above. In the same way we can match all the components of the
curvature for ¢ = a + b except for terms mixing 1,2 and 4,5 indices, such as Ryii
and Rjs.

In those cases, plugging the expressions from and into would give
something like , but with two non-zero entries at the top left and two on the bottom
right, which seems to vanish.

To fix that, we need another ingredient ignored so far.m The expression for the tilt
and tlit in , are the terms arising from symmetry breaking, as in ([7.21). If
symmetries are not broken, then there should be a conserved current along the line. In the
case of the preserved supercharges these are the total derivatives in , where G and G*
can be considered as supercurrents along the line. For the R-symmetry charges

. 0" B,
e = [aow | (5, 570 @] (7.55)

where I';* are SU(4) generators and serve as 1d conserved currents (they should be written as
", but we omit the repetitive superscript). Their derivative vanishes, since this symmetry
is preserved for those three entries, but these expressions are important to reproduce the
missing components of the curvature.

Looking at the first term in the first line of in the case of R,341, we get the integrand

0,4 9,Ty 0.2 0,2 0% 9,2 O, 0,1}
<<(amr24 0, ) Nare o @ are are) Olor, o))
(7.56)
The derivatives 9, vanish at the points 0 and oo, so we keep there only 0% and O,. We

then ignore Oy and 0” from the first two terms, since they give disconnected contributions.
Integration over the remaining 0,I"; for the ordering 0 < z; < x5 gives

(S Dl Sy w3 o)
R (R HI R G

(7.57)
It is natural to consider only the off-diagonal terms as contributing to the connected part of
the correlator, as the other terms would arise also in the case of the 1/2 BPS loop in [1].

For a general W3 = n, Wit +nyW,, we would get contributions from n;ny off-diagonal
entries, giving the answer

ning C1/2

1/3 1/3
51141 = —7140 é = —77,100(/1 = —
Ny + Ny

, (7.58)

30We thank V. Schomerus for clarifying this point to us.
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in agreement with . One would expect another contribution from the rotations of Oy

and (32, but one can see that there is no such term in . In that expression, symmetry

was used to reduce four terms to two, so we could recover the other contribution and divide

them both by 2. In any case, they are identical, so the expression in is correct.
Another case is Ry545, where the same calculation yields

{3 T o ) =), &

with the same result as in (|7.58]), in agreement with . Terms like Ry357 vanish in
and this is true also from the field theory side, since I';* does not act on Oy. It is
easy to verify then that such arguments exactly reproduces all terms in .

The results presented above are for the marginal operators arising from broken global
symmetries. Those are guaranteed to be marginal. We mentioned above possible other
marginal operators, like insertions of 00,5 in W, or o and (D,0) from the o multiplet in
Wi3 or for ny > 1 an insertion of O, into only one of the L’f blocks. We postpone the
question of whether they are exactly marginal as well as the resulting conformal manifolds
to future work.

7.6 Discussion

We found an explicit realisation of a 1/3 BPS Wilson line operator in ABJM theory in terms
of a large superconnection, combining two 1/2 BPS Wilson lines, and discussed general
properties of 1/3 BPS line operators. Many of these results are valid for any 1/3 BPS
loop, including the vortex loop of [111]. We have not attempted to verify them by detailed
microscopic calculations in that setting, as the explicit forms of defect operators on the
vortex loop may be subtle, given that there is a singularity along the line.

The entire discussion was for the straight line operator, but it carries over to the case of
the circle. The preserved and broken symmetries are related by conjugation and we do not
think that there are any subtleties in our calculation due to the difference between compact
and non-compact loops. Of course, when we consider only one ¢ insertion in W, we should
remember the ¢ at infinity, when mapping to the circle.

The circular Wilson loop has a finite expectation value that can be calculated using
localization [205,187H189]. Given that Wi,5 = nyW;" + ngy W, , the expression for the 1/3
BPS loop is exactly the same as the 1/2 BPS one.

The operators o, ¢ are a side product of our construction and should be studied more fully
on their own right. They are presented in Section Section and Appendix [T.E.1]
There is also the 7 operator and 7" (studied already in [201]) and the relations among them
should be examined more closely. For example, whether anything changes if we replace o
by o7r. With those operators under control, one could then try to study operators like 0O,
and whether they are truly marginal.
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Our analysis of the relation between the normalisation constants in Sections|7.4.1jand|7.4.2|
is modeled closely after [141]. There this was done for the 1/6 BPS bosonic Wilson loop,
preserving the superalgebra su(1,1|1) and in addition a bosonic su(2) @ su(2). The super-

multiplets are much shorter, one has the complex displacement D and a superpartner (and
their descendents). There are also four complex twist operators in the (2,2) representation
and each has a superpartner.

In that case, the symmetry guaranties that the normalisation factors of all of the dis-
placements Cp are equal, and a similar result to Section shows that they are half what
they would be if they were in the same multiplet as D (as below (7.33)), so Cp = 12Co and
the two bremsstrahlung functions are related by this factor of 2.

The defect conformal manifold constructed in Section [7.5|is a generalisation of that in [1].
It is higher dimensional and not a symmetric space. Technically we also had to take care of
the seemingly vanishing mixed curvature terms, which required the inclusion of the conserved
R-symmetry currents on the line.

For the bosonic loops and their four tilts, the conformal manifold is four complex di-
mensional, and should be SU(4)/S(U(2) x U(2)) = Gry(C*), the Grassmannian for complex
2-planes in C*. Since the preserved symmetry includes the S(U(2) x U(1) x U(1)) of the 1/3
BPS loops studied here, our conformal manifold is a CP! bundle over this Grassmannian.
Shrinking the fibers would give the base, in the same way we can reduce our conformal
manifold in Section to that of the 1/2 BPS loop, CP3, by simply taking n; — 0 or
ng — 0.

In the case of our 5 complex dimensional conformal manifold the size of the CP!, which
is fixed by Cgq is related to the other two length scales via Cg = Coa + Cp, , so it
cannot be shrunk, without also shrinking the base.

Interestingly, this shrinking can be realised with the aid of the 1/6 BPS fermionic
loops [64,58]. They all preserve the same su(1, 1|1) superalgebra of the bosonic loop, but
the bosonic symmetry is only SU(2) x U(1) x U(1), enhancing to SU(3) x U(1) at the 1/2
BPS points and S(U(2) x U(2)) at the bosonic point.

The general 1/6 BPS loop still has one complex displacement and a superpartner. There
should then be five complex tilts, as in the case of the 1/3 BPS loop. The two doublets form
multiplets {0%, “}, {O% “} and the singlet is now in a different multiplet {F, ©}. This last
multiplet is not in the spectrum of the bosonic loop and this tilt generates motion along the
CP!, so we expect its normalisation Cg, which starts as Cp /6 at the 1/2 BPS point, to vanish
as we approach the bosonic loop. Presumably there are still relations like Coa +Co, = Cp /6,
as in the case of the 1/3 BPS loop studied here.

The fact that the singlet tilt is in the same multiplet with F is consistent with the
breaking the 1/2 BPS multiplet , but cannot arise from the 1/3 BPS loop, where there
are a pair F and 7 in different multiplets without the singlet tilt. This is another indication
that there is no 1/3 BPS loop in the same muduli space of 1/6 BPS loops based on 2 x 2
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superconnections unrelated to 1/2 BPS loops.

Another family of 1/6 BPS loops that have previously not been studied are based on
superconnections £ and L3, where the latter, unlike £, is the direct SU(4) rotation of
L. Unlike the 1/3 BPS loops, one can continuously rotate W;" into W5~ while preserving
4 supercharges. These have the same bosonic symmetries as the generic 1/6 BPS loops, so
are a simpler setting to study this system and one can redo our calculation in Section [7.5]
again relying on the 4-point functions that were calculated for the 1/2 BPS loop.

A better understanding of the space of line operators in the field theory could help in
identifying the holographic duals, which is still an open question [60,58(178,/197]. To this
we now add the puzzle of the holographic dual of the 1/3 BPS Wilson line. This is unlikely
to be the 1/3 BPS solution of [111], but rather a superposition of two strings at different
points on CP3,

Other natural questions are the values of the normalisation constants (bremsstrahlung
functions) for arbitrary 1/6 BPS loops, which are not bosonic. Likewise, one could push the
analysis here to theories with A/ = 4 supersymmetry [83,84], and their equally rich spectrum
of line operators [91}/63-67,1206,, 59,2 3]. We hope to address some of these questions, and
many more that arise from this work, in the near future.
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7.A° Some 1/6 and 1/2 BPS Wilson lines

We present here the BPS Wilson loops that are used in our analysis. All of them are straight
lines along the x3 axis denoted as x. The first is the bosonic Wilson loop [60-62] which is the
ABJM analogue of the Gaiotto-Yin loop in N/ = 2 theories [76]. It is 1/6 BPS, preserving
the four supercharges Q'?, @**, 512, S34. It is given as

Whes = Tr P exp </ 1 Abos dx> , (7.60)
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where in the case of a loop in the first gauge group

o _
Apos = AD — %M{, ;07 M = diag(~1,-1,1,1), (7.61)

and similarly for the second group.
There is a large moduli space of Wilson loops preserving these supercharges [58,59]. One
first needs to elevate the bosonic Wilson loop to couple to both gauge groups as

A0
Whes = Tr P exp (/ iLbos dx) , Lpgs = | 7 Pos @ | (7.62)
0 Abos

Then we can deform it as (w; and w’ are not necessarily complex conjugate)

0 w! C,)

ol 0 (7.63)

'C:'Cbos_i( 1+2+Qi4)g+2g27 g:<
The explicit action of the supercharges on the fields is given in Appendix [2.21] The resulting
loop is 1/6 BPS for arbitrary constant wy, ws, w', w? and the other vanishing or vice versa.
Modding out by a C* action discussed in Section [7.2] the moduli space is two copies of the
conifold [58/69).

In the case with ws = wy = w*

= w* = 0 we write those loops as in (7.62) with

o A +aaM’,CiC7 —iw 2 + i)
o\ dwied —iweyt AP+ aaM!, 0,07
1 ¥ 2% T Qo L

2
M) = (Myos)"; + —w" 7.64
)» J (b)J+a@wa7< )
with a@ = —27i/k. In the other case we have

2
M, = (M), + —alw,;. (7.65
7 = (M )J"‘O@wa ( )

. AW a0, CY —2@3&‘; + iR
—iwgy +iwyy; AP + @Ml 07
Within this space, the loops with wyw! + wyw? = aa are 1/2 BPS as are those with
wsw® + wy,w* = —ad. The particular cases that are used in the body of the paper are:

W1+ . Taking wy = o and w? = & satisfying aa = —27i/k, and all others vanishing we get a
loop with SU(3) symmetry among indices 2, 3, 4

o= AV 1 aa(M),00C7 2 iavt
—ion)it AP + aa(My)!,C7Cy

) . M, = diag(—1,1,1,1).

(7.66)
Explicitly, Wi preserves Q1?, Q%?, Q1*, @**, @*, @** and the corresponding supercon-
formal generators.
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W, : The loop with SU(3) symmetry among indices 1, 2, 3 has

(1) = I ~J !
EI - <Ax i aa(M4) JCIC Zawi My = dlag(_L _]-7 _]-a ]-) :

—io] AP + aa(My) JOJOI> ’
(7.67)
Wy preserves Q12 Q'3 Q%, @, Q*, QM and the corresponding S’s. It shares 8

supercharges with W;".

7.B Cusps, bremsstrahlungs and displacements

In this appendix we review the necessary background on cusped Wilson loops, the small
angle limit giving the bremsstrahlung functions and their relation to displacement and tilt
operators.

7.B.1 Cusped Wilson loops

A cusped Wilson loop is comprised of two semi-infinite rays meeting at an angle ¢ such that
¢ = 0 is a straight line. We can parametrise the curve as

(&) = {(0,0,x), x <0, (768
(0,z8inp,xcosg), x>0.

Generically such loops suffer from logarithmic divergences [203,204], which means that the
singular point obtains an anomalous dimension I'(¢). For small angles this should be an
even function, so to lowest order

L(¢) = —Bs¢” + 0(¢"), (7.69)

and B? is known as the bremsstrahlung function.

For loops coupling to scalar fields or fermions, we can also change those at the same
point. With the structure of the 1/2 BPS loops, we can use the expressions in ((7.64)) and
take

a(0,—-1,0,—-1), <0,
(wn(a), wale), @ (@), @) = { O BO D (7.70)
a(sin g, —cosg,sing, —cos3), x>0.
This would also lead to an anomalous dimension
['(0) = Byb* + O(6%). (7.71)

More generally we have a function of both ¢ and 6.
One may wonder why the case of a straight line with a nonzero 6 there is an anomaly, given
that all the loops in ([7.64)) share four supercharges. The reason is that the supersymmetry

129



variation of the superconnection £ does not vanish, but is a total derivative c.f. . For
different 6, these total derivatives are different, so leave a boundary term at the location
the change occures. In the special case of § = ¢ the two rays also share supercharges and
the boundary terms cancel, so the combined system is BPS |192]. In this case there should
not be any anomaly and from the small angle expansions and we conclude that
B}* = By*.

For the bosonic loops , the ¢ cusp is as above and for the 6 cusp we can take

M along the second ray to be

—1 0 0 0
0 —cosf —sinf 0
M = 7.72
bos 0 —sinf cosf 0 ( )
0 0 0 1

In this case, ¢ = 6 is not a BPS configuration so the relation between B};"S and Bp°® remained
unclear until it was proven [198,|199}/141] that

By =2By*. (7.73)

We are left with two independent functions BEOS and B;/ ®. The first is expressed as the
derivative of the n-wound Wilson loop, which can be evaluated using localisation [207]/139).
The second can be related to the so-called latitude Wilson loop [194,/140,(195,/176]. They
are also related via the framing anomaly factor that arises in calculating Wilson loops in
Chern-Simons theory [194}174].

7.B.2 Displacement and Twist

The bremsstrahlung function of N' =4 SYM in 4d was defined in [119], where it was also
related to the exact expectation value of the circular Wilson loop [184}[185,1205] via the
exact expectation value of other BPS Wilson loops [208,/170,(169]. The bremsstrahlung
function is related to the two point functions of the displacement operator, and with enough
supersymmetry, also of its superpartner, the tilt [200].

In the context of ABJM theory, the relation between the bremsstrahlung function and
the two point functions of displacement operators was presented in [195]. We do not repeat
the derivation here, but the result is that the normalisation Cp in is related to B?
asPl]

Cp = 24By. (7.74)

Such expression are valid for any BPS conformal loop, so the 1/2 BPS one, the bosonic loop
and the 1/3 BPS loop as well.

31This is for the complex D = D; + iD3, so double the usual expression in [119)].
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A similar argument relates the two point function of the tilt O to BY. Specifically [95],
Co=4By. (7.75)

In the case of the 1/2 BPS loop, this is consistent with Bf/Q = Bf/Q and Cp = 6Co.

7.C Algebras and subalgebras

We present here the subalgebras preserving various Wilson loops. We follow closely the
notations in [195] so do not impose reality conditions. In [195] some factors of i were
introduced in describing the su(1, 1|3) algebra. We refrain from doing that to avoid confusion
and also do not introduce separate notations for the subalgebras associated to W;" and w;
or spell out their commutation relations, as they are all directly inherited from the original
algebra. We could have imposed the reality condition on osp(6]4) that would be appropriate
for a theory in R%!, but the benefit of that extra works seems marginal compared with
consistency with [19595].

7.C.1 1/2 BPS su(l,1|3) subalgebras
For the 1/2 BPS loop W', the preserved supercharges are Q1?, Q%3, Q%*, Q*, Q**, @*, and
likewise S3?, etc.

Choosing 73 = 03 and (03),* = 1, their anticommutators give the bosonic generators

1
Py, Ks, My+2D), JA]—gcika"’, i, 5,k € {2,3,4}. (7.76)

(2

Since [Ps, K3] = 2D, we get separately this generator and M. The full algebra can be easily
read off from the commutators in Appendix and can also be found in [195].

Inside osp(6]4) there is an extra u(1) symmetry J;' (or being pedantic about the trace-
lessness condition J;' — J,*/3) that commutes with this su(1,1|3). This generator acts
nontrivially on the off-diagonal entries in £, the fermionic fields ¢! and ;. It’s action on
LT is the commutator with the supermatrix 7' = diag(/, —1) (7.3) (studied recently in [201]).
M5 has a similar action on the fermions, so the combination My + J;!/2 acts trivially on
the superconnection. Still each generator is a symmetry of the Wilson loop W;", since their
action either vanishes, or can be expressed as a total derivative of 7, which integrates to
zero [110}2].

For the second 1/2 BPS loop, W, , the preserved supercharges are Qlf, f’, f’, M
Q*, @*, and likewise S12, etc.

Their algebra closes onto the bosonic generators

1 . N
Py, Ks, D, Msy, Jij—gdgjl%k, 5,k €{1,2,3}. (7.77)

And again, My — J,;*/2 generates an extra central u(1) symmetry.
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7.C.2 1/3 BPS su(1,1]2) subalgebra

The supercharges preserved by both Wi" and W, are Q!2, Q12, Q*, Q*, and likewise S3?,
ete.
Their algebra close onto su(1,1|2) and in particular the bosonic generators

Py, Ks, D, My, J° L% J2-JL°. (7.78)

Though not generated separately by the supercharges, the intersection of the two algebras

and includes also Mo + J;'/2 and J; ' — J, %

7.C.3 Broken and unbroken generators

The table below lists all generators in 0sp(6]4) and whether they are broken by Wi, W,
and/or Wy3.

Generator Wit | W | Ways
Ps, K3, D o/ v
P, P Ky, Ky X X X
My o/ v
Mz, Mas X X X
I3, J2 12— T8 |/ v
L ik VS R VA ¥ A A 4 v
J 2 T3, LY Tt v X X
J, 2 3, Lt It X v X
J4 It X X X
—1i-2’ f)’ 2_47 Q?fl / / /
O o x| X
Ty x| v | x
oY, QY QY X | x| X
Sl S8 52§34 |/ v
S, 8% v X X
S 6% X | v | X
Siz o1 52, 53 X X X

7.D Multiplet structure

We list here the explicit action of the preserved supercharges on the tilt and displacement
multiplets
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7.D.1 The tilt multiplets

with a = 2,3 and €2 = —ey3 = 1
{Q_li_a’ F} — Oa’ [ }Fa7ob] — Eab ’
[S°4 0%] = 2¢"°F, {S*, } = —20°, (7.79)

[Q*, 0% = 2ie®D,F, {Q™, }=—i2D, 0,

{Q“,F} = €0y, [Q™,0)) = -0y ,
[S1%,04) = —20F, {Sle, 7} = —2¢0,, (7.80)
Q1% 0y) = 2i6¢D,F, {QY, } =2ie"D,0y,

7.D.2 The tlit multiplets

{QY, A} = €0y,  [QY. 0] = -5
[5%4,0,) = =267, {8, } = —2¢"0,, (7.81)
[Qti47 Ob] = _2261()1DCC:| ) {Q(fla } = _2i6ameOb7
{Q*,A}=0", [Q.0=e"",
[S1%,0") = 269, {8, "} = —20", (7.82)
Q0" = 2ie*D, A,  {Q', } = —i2D,0",

7.D.3 Displacement multiplets
[Q1%,0] = —e* ,  {Q), »} = —26;D,
{5, 1} = 26,0, (S, D] = —2¢ (7.83)
{Q(fl’ b} = 2?’51?2)50@7 [Q(fl? D] = _ieabe b

— )

Q4,01 ="",  {Q“ "} =-2D,

{Sle, "} = 2¢0, (Sl B) = —27°, (7.84)
{Q'*, "} = —2ie"D,0, QD] =iD, °,

7.E Explicit expressions in terms of ABJM fields
7.E.1 The ¢ multiplet

The permutation operator o in the 1/3 BPS loop is given in (7.4]). Let us start with a more
general GL(2) matrix g (or more precisly g € Irxo ® GL(2)c) acting by conjugation as

oo Loy L
(5 2)=o(5 o) (7:59)
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To examine its variation under supersymmetry, we recall that [110]

@l icf]=DfGe,  [QYiLy] =D Ge, 7.56)
[Q,iLf] = D5 Ge, [Q“,iLy) = DL Ge, '
where ,
o (0 2iae”Cy —a 0 0
o= (0 0 > ’ o= (—2mca 0) ’ (7.87)
Integrating the total derivaties, we find the boundary terms
G* 0 G* 0
la _ o
Q+W[9]—WKO G“)g 9(0 G)} ; (7.88)

as this is a local action, we can identify the action of the preserved supercharges on g as

Q. 9] = [(G;a C?“)’g]’ Qg = K% Goa),g]. (7.89)

A nicer action arises from the sum and difference of the supercharges

G+ G° 0
la ad _ _
[ + + —79]7 |:( 0 Ga+Ga),g:| 70

[ik'%MZK@BGL4m2wQ”}*m—WWwwL -

In the last expression we view g as a 2 x 2 matrix and use the tensor symbol explicitly. We

i (é _0]) | (7.91)

Clearly for a diagonal g all variations cancel, so we can focus on off-diagonal g, which are

also use

linear combinations of ¢ and 7o. We find then the descendents of o and 7o as

1 _
a:_[ la (1_470']:(Ga—Ga>®7'0',

2 ) (7.92)
azé[ la 114’7_0_]:<Ga_Ga)®0_'

Looking at the second variation, first acting with the sum, then with the proper covariant

derivative ([7.116[) we find
1 la ad by __ _ab _Q@QCCCC ZO_é(IEi - 1;}%)
HQEHQT T = gt v —2aacec, ) ©TC

ab 0 ‘CZ - Ei_ ab
‘ (ﬁj N 0 € e

(7.93)
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Here C,C¢ = C,C? 4 C5C? and the result is the covariant derivative of o, in agreement with
the algebra (2.19)). We find a similar result for .

Acting with the other combinations of supercharges we find the descendant

1 20000 0
ab  __ ~ la _ ~aed by _ _adb [ _
o ={Qy - QT Th=e ( 0 —2aaCcCc) wo -
—eab( 0 z‘@(wi+¢4_)> o :
iy +¢t) 0 '
The expressions become a bit easier when starting with o* = (¢ 4 70)/2
1 2a0C.Cc  —ia(dt +*)

+_ 12 _ 24 3 3y _ al L + +

=gt e = (L e ) o (7.99)

B TR H S N 200C,C°  ia(yl +¢t) -
° = 8{Q+ - b= i@l +9¢1)  —2aaC°C, weo
7.E.2 The tilt multiplets

We can act by the broken generators J,%, J,!, J % and J,* on £] and L] to find the tilt
operators

0° — (—25«10@“ o) ) o, - (2@a0a01 0 ) |

0 —2aaC*C, iapt  2aaClC,
_ - _ (7.96)
ge _ (2a0CiC iyt 0. — —2aaC,C* 0
N 0 2aaC°Cy )’ “ i)y —2aaC*C,
By matching the fermionic parts of (see Appendix [7.D))
~1a’F :Oa7 ~(14,|_: — ab(_) :
tQ Py =0 Q= Py =<0, (7.97)
{Q, A} = €70y, {Q*,3} =0".
we get
0 alC = 0 O
F— F— _
0% (e o)
(7.98)

= 0 —iaCy 0 0
:|: :|: = .
@ ") = (aer o)

To make these expressions work, one needs to use the form of the variation on odd super-
matrices in ((7.116])).

The covariant supercharges acting on Grassmann odd matrices like F and F inserted into
Wit as (see the discussion in Appendix

~}’_ao = i_a o —{G" e}, Q% = Q™" e —{G", e}, (7.99)
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with G* and G* in (7.87). For the tlit operators inserted into W, we need to use the
corresponding covariantisation with the roles of G* and G® reversed.

We can then check that conversely (with a mixed anti-commutator for the even and odd
entries in £])

(@™, 0" = 2ie™(8,F +i[LF,F}), (7.100)

and likewise should be the case for the other operators, in accordance with and .

We can carry over the tlit operators 9, O, and  to be insertions in W;". We denote
those operators as 07, etc., but in terms of the field expressions, they have the same form
as above. The difference is that when acting on them with a preserved charge, we need to
use instead the appropriate covariantisation for W;t.

Since Q1%+ Q** annihilates o , these operators have the same covariantisation with

G — G inside both W;" and W, , so acting with them on o3¢ we find
Jla “ad p ab —
+ Q% ,095| = €007 ,
[~1+ 94 10]=€"00, (7.101)
QY +Q*,095] =007,

which is the appropriate covariantisation for operators in W, .

Acting with Q'* and Q** according to (7.79), (7.80) and the corresponding covariant
derivatives (7.113]), we get the remainging operators in the tilt multiplets

_ )2 08 — 3 C% + Oy —L(D, —iD,)C,
= —2aa +~ T+ N - a L L
2ia(CPC,C% — C?CLC?) 7 Cy — C%3 + C3¢2 )
- _ (UAC + O — Cspf 2ia(C3CM Cy — CL,CMC)
= —2aa 1 : ~4 ~1,74 + + :
(D1 +iD9)C Cp2 + 193 Cy — by C

a

(7.102)

Dy and Dy are covariant derivatives (with the usual connections A,(}) and A,(f) in the trans-
verse 1 = 1,2 directions.
Likewise from [Q}*,0p] = —d7 and [Q™, 0"] = €% we get

— % (w_li_c_ﬂl + ngg’_ — Cg?/}Q_ 22@(020403 — 036402>>
= 1 Yo A4, 71 - - ,
—=(D1 —iDy)C C*y + 13 Gy — 95 Cs
(OG- BC D win)Cy
2ia(C?CLC3 — C3C,C?%) C3? + 4 Cy— O3 ) -

(7.103)

7.E.3 The dispalcement multiplet

It is easy to get the tilt operator in the displacement multiplet by replacing a in (7.96|) with
4 and 1 we find

o (—2aa0104 ianp} ) 5 (2aaC4Cl 0 >
- y 4 = )

0 —2aaC*Cy iatp]  2aaC'Cy (7.10)
ol _ (200CiCiay! o, _ (~20aCiC 0 '
B 0 20aC'Cy )’ U e —2aalicy )
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O and O are then expressed in terms of those as in (7.24)).

Then we find the explicit expressions for ,, ¢ “and , as
o Oy = e (@O — 91 CY) ~1(D, —iDy)C,
o = —200 ~ s s Talal o ~4,b b
_2ZOé€ab(C 010 - C OlC ) wa 01 — Eab(C ¢+ - C w-i-) (7 105)
"o _ _oan (wa_él — (O + Cypf)  2iae(C1C'Cy — Cbc‘*lc4)) ’
5(D1+iDy)Ce CH — et (i Cy + 5 Ch)
and
a __ —26{0( (_104 —1 €ab(01¢b_ +_Cb¢1_) 2_2.466761111(056;’401 - 010401,))
—=(Dy —1iDy)C" C*Y% — e (Y, Cy + ] C
a( 1 2) ¢+ (@/)b 1+ 7 Cy) (7.106)

a = —

= _oag [ Crva - €ar(P°. CT — YL CY) (D +iDy)C,
—2iaeab(éb046_’1 — 6104éb) 'QD;'_C4 - Eab(c_ﬂ&b_ - C”%EE)

The expressions for D and d can then be found by further action with the supercharges.

7.E.4 Subtlety in covariant derivatives of supermatrices

For a Grassmann-even matrix @ inserted into a Wilson line
0 [e'e)
W[O0)] =TrP {(exp/ iﬁ(x)dx) 0(0) (exp/ Z,C(x)da:)] : (7.107)
—00 0

as well as a Grassmann-even symmetry generator § with 6(i£) = DG, the variation of the
Wilson line is

SW[O(0)] =W K / : DEG(2') dz’' O(0) + 50(0) + O(0) / OonéQ(x’) dw)} (7.108)

—00 0

=W [0+ GO —0G)(0)].
So that we can define a covariant symmetry & acting by
00 =30 + GO — OG . (7.109)
Turning to the case of Grassmann-odd operators, for example, the Grassmann-odd @)

and G
0 912)
G = , 7.110

(921 0 ( )

with even g;;. We can use a unit Grassmannian 6 to repackage them into even objects § = 0@
and G = 0G.

In the case where O is an even supermatrix (like O* and D)

Bll F12)
0= , 7.111
(F21 B22 ( )
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so the covariant action of () can be found from ([7.109) to be

00 — (QBH + gi2Fo1 + Fiaga1r QF12 + g12Boz — 311912> (7.112)
QF5 + go1B11 — Bagor QBas + ga1F12 + Fa1912
In other words,
QO =QO0 +{G,0r} + |G,0p], (7.113)
where Op and Op are the bosonic and fermionic parts of O.
The other case is for an odd supermatrix
I, B
0:(11 ”) 7.114
Boy Iy ( )
We take an odd e such that O = e’ is an even supermatrix. Then plugging this into ((7.109)),
we get
00’ — (QFH — (g12B21 + Bi2ga1) QB2 — (g12F%2 — F11912)> (7.115)
Q) By — (921F11 - F22921) QF5 — (921312 + B21912)-
In short
QO = Q0 —{G, 0} — [G, OF]. (7.116)

7.F The geometry of SU(4)/S(U(2) x U(1) x U(1))

As explained in Section [7.5] the defect conformal manifold is the coset SU(4)/S(U(2) x
U(1) x U(1)) and the integrated 4-point functions of the tilt operators are related to the
curvature of this manifold. We follow [209] (see also [210]) to describe this coset and evaluate
the Riemann tensor.

We start by choosing explict generators of SU(4) in terms of the 4 x 4 matrices, ay, with
entry 1 at location ab. The generators of S(U(2) x U(1) x U(1)) are the three diagonal ones
and v2aq5 and v/2as;. Note that this is not a Hermitian basis, but we normalise them such
multiplying by the hermitian conjugate and tracing gives 2. We denote them collectively as
hawith A=1,....5.

The remaining generators are

my = \/50413, my = \/50423, ms3 = \/§Oé4l ) my = \/50442 ) ms = \/50443,

mi =V2az, my=V2a3, mz=+V2u4, mi=V2a, ms=V2a.
(7.117)
We denote them collectively as m;. One can then define structure constants such that

[ha, hg) = fapChe, (ha,mi] = fu'm;, [mi,mj] = fi; ha+ fi;fmy. (7.118)
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We do not wish to write explicit coordinates on the coset, but in any (local) representation
in terms of group elemets g, the Maurer-Cartan form on the coset can then be decomposed
as g 'dg = l'm; + Q?h 4. The metric on the coset can then be written as

ds® = g ('l (7.119)
and this metric is SU(4) invariant if g45 are constants and satisfy
Fai" i+ Faj g = 0. (7.120)

In our case the possible solutions are

Gi=gn=9gn=gn=0,  g3=gn=C, ga=gu=ygs=gs=>0. (7.121)
In terms of the dCFT data (7.31)), (7.35)), those are
a = Coa s b= Coa s Cc = C@ . (7122)

The Levi-Civita connection is then given as

ij :§(glflj gkm+glflk gjm+fkj ), (7.123)
And the Riemann tensor is
Rijkl - (Ckimclmj _ Climckmj . C«mz’j fo™ - fAjifklA) ‘ (7.124)

The full explanation of these expressions and their implementation for other cosets can be
found in [209).

Lowering the first index and plugging in the metric and structure constants, we find that
up to the usual symmetries of the Riemann tensor, the nonzero components of the form R,

are
Ri111 = Roags = 2a, Ry195 = Ry201 = a,
a+b—c)®—4ab
Ry133 = Roag3 = —( 4b) )

Ri141 = Ry345 = Ro1s1 = Rosss = ,

4e
a—b+ce)la—b—c
Riaar = Rizas = Roast = Rozsa = ( 31(0 ), (7.125)
a+b—c)? —4ab
Rs341 = Rgzs5 = _{ 4) ;
a
CL+C—b b—|—c—a

Ry331 = Ro33s = Rsay3 = Rgss3 =

2 ’ 2 ’
Rs333 = 2c, Ryzya = Rss55 = 20, Ryas5 = Rys52 = b.
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There are also nonvanishing R, ;z; components

a+b_c b+C—a a+b_c a+C—b
Ry313 = Ra303 = ( i ) , R3iz1 = R3sss = ( I ) )
4b 1a
a+b—c
Rini = Riazs = Rosia = Rasos = ————, (7.126)

Such terms are incompatible with a Kéhler structure and they all vanish for v = a+ 3, which
is in fact the case for the 1/3 BPS loop (7.41]). With that condition also ((7.125]) simplifies to

§R1111 = —R2222 = R1122 = 31221 = R1133 = 32233 = 31331 = R233Q =a,
ab
Riisa = Risss = Roisi = Rosss = Rist = Risas = Roist = Rossa = — :
1144 1245 2154 2255 1441 1542 2451 2552 atb (7.127)

Rs3s3 = 2(a + ),

1
Rs341 = Rass5 = Raauz = Rsssz = Ryass = Rassa = 5342;421 = ~Ryz55 =
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8 Conclusions and outlook

As we already discussed in the introduction, while conformal defects and defect conformal
manifolds are ubiquitous and important, the latter remains relatively unexplored. This thesis
is intended to invigorate the realm of conformal defects of dimension one or two and their
exactly marginal deformations.

The main results of this thesis can be divided into two parts. In section [3| and [7.5] we
construct the “trivial” defect conformal manifolds generated by the breaking of the global R-
symmetry. We check the Riemann curvature , given by an integrated four-point
function against known 4-point functions in four different examples and find a match with the
curvature of the metric as in . In the first three cases, the defect conformal manifolds
are symmetric spaces, S°, CP? and S*, that have just a single scale, which is accessible by
a single integral of the 4-point function. While for the last one, the 1/3 BPS defects break
the symmetry in more interesting ways and have multiple sectors of defect exactly marginal
operators with different 2-pt functions, giving rise to defect conformal manifold with more
interesting metrics.

Though these examples are in supersymmetric theories, symmetry breaking defects exist
in many CF'Ts including the non-supersymmetric ones. Recently the line and surface defects
in O(N) model are attracting considerable attention, see |[50-56}(117,211-213] and references
therein. In an ongoing work [214], we check that our analysis indeed applies there, against
the dCFT data and four-point functions obtained in [51]. We also expect that similar
calculations can be carried out in 2d CFTs, for example [112], which we leave for future
work.

Another promising direction to develop the formalism is to calculate the curvature ten-
sor of more general vector bundles over the defect conformal manifold. Instead of 4-point
functions of just defect exactly marginal operators living in the tangent bundle, this requires
insertions of two marginal and two other operators. Such cases have been studied in CFTs
without any defect in [97]. Besides, analogous constraints should also be found for higher
point functions [138}215,216].

Then in the other sections, we focus on 3d theories where line operators are known to
have multiple marginal couplings. We adopt the algorithm [1I| that allows us to exhaust all
the connected components of the space of BPS Wilson loops in any three-dimensional N' = 4
Chern-Simons-matter theory on S®. Among them, a subset of the conformal loops underlie
the “non-trivial” conformal manifolds. Matching their geometry with that of the moduli
space could provide some other integral constraints, as a complement to the symmetry
breaking case. However, this has not been done so far.

The most direct reason is that the associated correlation functions of exactly marginal
operators are not known, including both the 2-point functions that give the Zamolodchikov
metric and the 4-point functions producing the curvature tensor. Since correlation functions
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can be calculated by the means of standard Witten diagrams [122], the real problem is to
find holographic duals of these BPS Wilson loops as well as their marginal deformations,
which have not been found yet.

A comparable example for reference is the conformal Wilson loops in ABJM theory, whose
moduli space is two copies of conifolds [58]. Among the moduli space there is a special family
of Wilson loops interpolating between the 1/6 BPS bosonic loop and the 1/2 BPS loop. Their
holographic duals are studied in [178,/197], described as strings in AdS; x CP? with different
boundary conditions. More precisely, the dual description of 1/2 BPS loops is given in terms
of Dirichlet boundary conditions for all the CP? directions [95], and that of bosonic loops is
of Neumann boundary conditions for a CP* ¢ CP? [60,/139]. Concomitantly, the holographic
interpolating BPS loops are interpreted in accordance with mixed boundary conditions that
interpolate between Dirichlet and Neumann. The 2- and 4-point correlation functions of
excitations in the strong coupling limit are indeed calculated there as well, however, they
are not consistent with the conformal symmetries. All of these outstanding problems imply
us that there is still a long way to go.

Another more basic question is about the general properties of defect conformal manifold,
though we know very little about it so far. Before we move to the discussion of defect
conformal manifolds, let us collect some known facts of the case without defect firstly.

The conformal manifolds of 2d CFTs are especially interesting, since when the CFTs
are the worldsheet of a string theory, the conformal manifolds play the role of the moduli
space of vacua. Some well-known examples include the free theories where the conformal
manifolds are homogeneous of constant negative curvature [97], and the N' = (2,2) SCFTs,
whose geometry is that of a smooth compact complex Kéhler manifold [217] with trivial
Kéhler class |218].

In four dimensions, most known conformal manifolds are either non-compact or com-
prised of a single point. A famous example of the non-compact case is the the space of
marginal couplings of A' = 4 super Yang-Mills theory with an exact Zamolodchikov metric
drd7/(Im7)?, where 7 = & —I—i‘;—g. And for the latter case, an example is QCD in the Banks-
Zaks phase where there are no exactly marginal deformation, and the resulting conformal
manifold is just a single point. Compactness provides a better control on the conformal
manifolds that are systematically studied in [219]. Additionally, in the theories with super-
symmetry, it is proved in [220] that the supersymmetric conformal manifolds are necessarily
Kahler. In particular, for N/ = 1 theories, the conformal manifold is the quotient of the
space of marginal couplings by the complexified continuous global symmetry group [36].

The 3d N = 2 supersymmetric theories is closely related to N/ = 1 theories in 4d. Among
them, the conformal manifold of N/ = 2 super Chern-Simons-matter theory is given by a
symplectic quotient [221,133]. More generally, it is proved that in d > 3 the supersymmetric
conformal manifolds with at least four supercharges are Kéhler—HodgeF’E]

32 Kihler-Hodge manifold is a Kahler manifold for which the flux of the Kahler 2-form through any
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As we mentioned in the introduction, the construction of defect exactly marginal defor-
mations, especially the trivial ones, requires no supersymmetry. Consequently, the space of
defect conformal manifolds should be even wider than the one without defect. So a series of
questions arise: in which cases the defect conformal manifolds are compact, or connected,
or Kéhler, or something we can put definite limits on in any way? All the defect conformal
manifolds we study in this thesis: S° S*, CP? and SU(4)/S(U(2) x U(1) x U(1)) together
with the two in [57]: O(p+q)/(O(p)xO(q)) and U(p+q)/(U(p) x U(q)) are coset spaces thus
homogeneous. Though these examples are all compact, it is not always true for an arbitrary
quotient space G/G’. Defects that break the global symmetry in more interesting ways will
give more diverse geometric structures, for example the noncompactness. Moreover, when
it comes to the cases including non-trivial defect exactly marginal deformations, such as the
conifold comprised of BPS Wilson loops in ABJM theory [58], we further lose the restrictions
for the space to be homogeneous, and the situation shall become even more complicated.

A consequent question is, instead of the explicit theories and defects we focused on in
this thesis, is it possible to bypass the concrete cases and use abstract tools such as the al-
gebraic approach to classify the defect conformal manifolds? For example, the classification
of unitary superconformal line defects in 3 < d < 6 unitary superconformal field theories
has already been studied in [104], just relying on the superconformal symmetry and its as-
sociated unitary representations. The conclusion is that in SCFTs of d > 3, superconformal
lines preserving transverse rotations (or sufficient supersymmetry) admit no marginal de-
formations, while in 3d, there is a much richer structure and the superconformal lines do
permit marginal deformations. It will be very interesting to see its generalization to higher
dimensional defects, or to defects in non-supersymmetric theories. It will be particularly
exciting to compare the results with those of conformal manifolds in the absence of defects,
when we have answers to our questions one day.

As a final remark, the field of defect conformal field theory and defect conformal manifold
is rich, inviting, and mostly unexplored. We hope this thesis may share our interests and
provide a bit of motivations and tools for the study of defects in the future.

2-circle is an integer.
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