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Abstract

Primordial black holes (PBHs) can form in the early universe, and there are several mass
windows in which their abundance today may be large enough to comprise a significant
part of the dark matter density. Additionally, numerical relativity (NR) allows one to
investigate the formation processes of PBHs in the fully nonlinear strong-gravity regime.
In this thesis, we will describe the use of NR methods to study PBH formation, motivated
in particular by open questions about the nonspherical effects PBH formation in a matter-
dominated early universe.

We demonstrate that superhorizon non-linear perturbations can collapse and form
PBHs via the direct collapse or the accretion collapse mechanisms in a matter-dominated
universe. The heaviest perturbations collapse via the direct collapse mechanism, while
lighter perturbations trigger an accretion process that causes a rapid collapse of the
ambient DM. From the hoop conjecture we propose an analytic criterion to determine
whether a given perturbation will collapse via the direct or accretion mechanism and we
compute the timescale of collapse. Independent of the formation mechanism, the PBH
forms within an efold after collapse is initiated and with a small initial mass compared to
the Hubble horizon, Mgy Hy ~ 10~2mz,. Finally, we find that PBH formation is followed by
extremely rapid growth Mgy o« H~# with > 1, during which the PBH acquires most of
its mass.

Furthermore, we study the formation of spinning primordial black holes during an
early matter-dominated era. Using non-linear 3+1D general relativistic simulations, we
compute the efficiency of mass and angular momentum transfer in the process — which we
find to be ©'(10%). We show that subsequent evolution is important due to the seed PBH
accreting non-rotating matter from the background, which decreases the dimensionless
spin. Unless the matter era is short, we argue that the final dimensionless spins will be
negligible.

Finally, we discuss the high computational cost of NR simulations and how these can
be remedied in specific scenarios using dimensional reduction. We extend the modified
cartoon method for the BSSN formalism by adding matter fields, specifically a real scalar
field, and give explicit cartoon expressions for the evolution equations. Additionally, we
give cartoon expressions for dimensional reduction of the CCTK method for finding NR
initial conditions. We discuss the true vacuum bubble collision in the context of first-order
phase transitions as a specific application of this work and show that our method provides

continued stable numerical evolution of this process.
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Chapter 1

Introduction

There are three main parts to this thesis: background material, research work and extra
material. The background material consists of chapters 1 and 2, in which we present key
background information. In chapter 1, we review general relativity (GR) [1] and how it
is used to describe black holes (BHs) and cosmological spacetimes. We also introduce
primordial black holes (PBHs). In chapter 2, we discuss the key technical details of numer-
ical relativity (NR), the main method used for the research presented in this work. Our
research work is discussed in chapters 3, 4 and 5 and these chapters make up the core of
this thesis. In chapter 3, we study the collapse of spherically symmetric sub- and super-
horizon overdensities in a matter-dominated early universe and the subsequent collapse
into PBHs. In chapter 4, we study the collapse of overdensities with angular momentum
in a matter-dominated early universe . In chapter 5, we discuss dimensionally reduced
NR simulations with matter fields. Finally, the extra material contains supplementary

material that has been omitted from the main text.

1.1 Primordial black holes with NR

The demand for NR simulations of PBH formation mechanisms is motivated by various
scientific questions. Firstly, NR is the most accurate method of determining the PBH
formation threshold, discussed in section 1.4.1, regardless of the exact equation of state of
the universe at PBH formation. Conventionally, simulations investigating the threshold
focus on spherically symmetric scenarios in a radiation-dominated universe, since the
high overdensities needed to form PBHs in this setting tend to be spherically symmetric,
as mentioned in section 1.4.

Another mechanism studied using NR is PBH critical collapse, referenced in section

1.4, which concerns the study of the collapse of overdensities that just satisfy the collapse



4 Introduction

threshold. Close to the threshold, there is a scaling law such that Mgy o (6 —d.), where
Y = 0.36. This means e.g. that it becomes possible to form PBHs much smaller than
the Hubble horizon at formation, even in a radiation-dominated universe, where that is
usually forbidden because of the large Jeans length.

PBH critical collapse, like collapse threshold determination, is usually simulated under
the assumption of spherical symmetry, using dimensionally reduced codes. However, in
both cases it is interesting to consider how the picture changes when deviations away
from spherical symmetry are taken into account. For instance, the effect of ellipticity
on PBH formation in a radiation-dominated universe is expected to be small [2], but
when the equation of state becomes sufficiently soft so that pressure effects become
negligible, nonspherical effects start to dominate over the Jeans criterion. In this case, a
small deviation from spherical symmetry can be amplified during collapse [3, 4], causing
collapse into a “pancake” or “line” rather than a point. Spherically symmetric simulations
are not suitable to model this type of collapse and it is unclear how to apply the hoop
conjecture, see Eqn. (1.24), in such a scenario, so that full 3+1D NR simulations are
required to shed light on this topic. Full 3+1D NR is also needed to investigate the effects
of non-sphericity on critical collapse, see e.g. [5] and references therein.

Furthermore, as alluded to in section 1.4, it is important to predict the spin distribution
of PBHs to connect current GW observations and PBH formation scenarios. Spins of PBHs
formed during a radiation-dominated era are expected to be small, but the softer the
equation of state, the more likely it becomes that nonspherical effects lead to nonzero
PBH spins at formation. The transfer of angular momentum from an overdensity to the
PBH can only be investigated in full generality in full 3+1D NR.

The research in chapters 3 and 4 is mostly motivated by this last point. In chapter 3, we
use full 3+1D NR to study the collapse of a spherically symmetric overdensity in a matter-
dominated universe, studying in detail the mechanics of collapse and the properties of
the resulting PBHs. Using full 3+1D NR here facilitates straightforward extensions to
nonspherical initial conditions and formation processes, of which we give an example
in chapter 4, where we study the collapse of overdensities with angular momentum in a
matter-dominated universe, and study the efficiency of mass and angular momentum
transfer from the overdensity to the resulting PBH.

In doing so, we show that studying nonspherical effects on PBH formation using NR
is feasible and because we run our simulations using the code GRChombo [6, 7], which is
open-source and publicly available, it is possible for any member of the PBH community
to use our method to study PBH spin in more detail, or apply the method to any other
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questions regarding nonspherical effects on PBH formation, such as those mentioned
above.

Another way to generalise NR simulations of PBH collapse is to assume axisymmetry
in lieu of full spherical symmetry, by means of which it becomes possible to study PBH
formation via e.g. vacuum bubble collisions in an early-universe first-order phase transi-
tion. This question is exactly what motivates the work in chapter 5, in which we develop
amethod to run dimensionally reduced axisymmetric NR simulations with matter. For
the case where the matter fields are real scalar fields, we show explicity how one obtains
expressions for the constraint and evolution equations and we show good numerical
convergence of our code. We apply the method by preliminarily investigating the collision
of vacuum bubbles and we note that this code is also based on GRChombo, making the
extension of our work less complicated. For instance, it might be possible to study the for-
mation of spinning PBHs using the method presented, since a Kerr black hole spacetime
possesses an axisymmetry, although one would have to relax the twist-free assumption
that we employ in chapter 5.

In the rest of this chapter, we give a brief review of GR in section 1.2, in which we
cover the most important concepts such as metric and connection and we mention BHs
and gravitational waves (GWs). We discuss the Friedmann-Lemaitre-Robertson-Walker
expanding universe and dark matter in section 1.3, after which we introduce PBHs in
section 1.4. In this last section, we specifically discuss the PBH formation threshold and
we highlight some of the experimental constraints on today’s PBH abundance.

1.2 General Relativity

Before GR, Albert Einstein published the theory of special relativity [8], which is ground-
breaking in itself and introduced the concepts of time dilation, length contraction and a
finite speed of light. In this theory already, Einstein did away with the concept of global
time, meaning clocks of two different observers could run at entirely different speeds and
time measurements became entirely dependent on the observer’s reference frame. The
acceptance of this theory asked for a reconsideration of the main theory of gravity at the
time, Newtonian gravity. Newtonian gravity is an accurate theory for relatively light bodies
that are moving relatively slowly, but the fact that it does not incorporate any of special
relativity’s abovementioned characteristics means it can at most be a low energy limit of a
more general theory.

Indeed, Einstein published his new gravity formalism some 11 years later, present-
ing the theory of der Allgemeinen Relativitditstheorie, or General Relativity [1]. Building
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heavily on concepts from differential geometry, it rephrases the laws of gravity in terms of
manifolds and tensors. There is an intricate interplay between the curvature of space and
the distribution of matter, governed by a complicated set of partial differential equations
(PDEs), the Einstein field equations (EFE), and it is incredibly succesful at describing a
wide range of phenomena, such as the prediction of the precession of Mercury’s orbit and
more recently, the first detection of GWs [9] and the image of (light bent around) the BH
at the centre of the M87 galaxy [10-15]. A more elaborate review can be found in e.g. [16].

The influence that GR has had on our understanding of the universe cannot in any way

be understated.

GRis built on two main principles: the principle of general covariance and the principle
of equivalence. The principle of general covariance dictates that the laws of physics must
be the same for all observers. This motivates the use of tensors to describe gravity, since
tensors are objects that are invariant under coordinate transformations (even though e.g.
a vector’'s components will generally change when one changes coordinates, the vector
itself still points in the same direction).

The equivalence principle states that inertial masses (as in Newton’s second law F =
ma) and gravitational masses (as in F = GMm/r?) are the same. This means that all
objects fall the with the same acceleration in a gravitational field, regardless of their mass.
The strongest form of this statement is the Einstein Equivalence Principle (EEP), which
states that all physical laws reduce to those of special relativity in any inertial (freely
falling) frame, which comes with the caveat that the region of space in which these laws
are considered should be small compared to the length scale on which the gravitational
field varies.

We will now discuss the main ingredients of GR. In GR, we consider spacetime as a
four-dimensional differentiable manifold .#, which can be mapped one-to-one to R?,
although one may need more than one coordinate chart to cover the entire manifold, like

in the two-dimensional case of the sphere S2.

1.2.1 Metric

To find the distance from one point to another, we may define a notion of distance
on the manifold M by introducing the metric tensor field, i.e. the metric is a map g:
T,(M) x T,(M) — R, linear in each argument, where T}, (M) is the vector space of vectors
tangent to M at point p € M and R is the set of real numbers. Furthermore, we require

that the metric tensor is:

1. symmetric: g(X,Y) = g(Y, X) forall X, Y € T,(M),
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2. non-degenerate: g(X,Y)=0forall Y € T,(M) «~ X =0.

By choosing a suitable coordinate basis, one can always (locally) diagonalize the metric.
In any such orthormal basis, the number of of positive and negative elements on the
metric’s diagonal is the same and is referred to as the metric’s signature. GR deals with
Lorentzian metrics specifically, meaning the sign of one dimension (the temporal one in
our conventions) is negative, whilst all other (the spatial) dimensions have a positive sign

1. A common way to specify a spacetime’s metric is to write

ds*==Y3 gu (" dx*dx" = g, (x")dxtdx", (1.1)
[TEY

where ds? is the squared distance between two points infinitesimally close to one another
and g, (x") are the metric components, dependent on spacetime coordinates. In Eqn.
(1.1), the indices u, v sum over all spacetime indices and we employ the Einstein sum-
mation convention, which implies repeated indices are summed over, and we will omit
explicit summation symbols in the remainder of this thesis. The range of these indices
isu=0,...,D—1, where D is the dimensionality of the spacetime. In special relativity
in four spacetime dimensions, this metric is given by the diagonal g,,, = (-1,1,1,1), the
Minkowski metric, so the line element becomes ds® = —dt? + dx? + dy? + dz?, which is
independent of the coordinates. In GR, the metric can be much more complicated, in the
sense that it generally includes off-diagonal terms and has non-trivial dependence on the
various coordinates. However, the EEP requires that coordinates exist in which the metric
reduces to the Minkowski metric when expanded around any given point on ./ .
Using the metric, we can define the square of the length of a vector X* as:

| XH? = g XHX". (1.2)

Depending on the sign of the length, vectors are either spacelike, null or timelike:

IX*2=0— X%isnull, (1.3a)
IXH2<0— X%is timelike, (1.3b)
IX*1?>0— X%is spacelike. (1.3¢)

IThis is the convention for the Minkowski metric that will be used throughout this thesis.
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1.2.2 Covariant derivative

Apart from the notion of distance introduced by the metric, one needs a consistent notion
of a tensor’s derivative on .4, since physical laws will generally involve such derivatives.
One such derivative is the covariant derivative, and we note that this object is a priori
completely independent of the metric. In fact, one does not need a metric to define a
covariant derivative, and a manifold with just a covariant derivative and nothing else is a
perfectly sound mathematical object (althought the covariant derivative is arguably quite
useless if there are no tensors to apply it to). In any case, for a vector field Y € T,(M), a
covariant derivative VY : T),(M) — T, (M) is any linear map that satisfies the following

properties:
VixigyZ=fVxZ+gVyZ (1.4a)
Vx(Y+2)=VxY+VxZ (1.4b)
Vx(fY)=fVxY+(Vx/f)Y. (1.4¢)

For functions f : M — R, the covariant derivative acts simply as a partial derivative, i.e.
V. f =0uf, and the Leibniz rule can be used to define the action of V on tensors of rank
higher than one.

In GR, one uses a particular covariant derivative (or connection), which is directly re-
lated to the spacetime metric. On a manifold M with metric g, the Levi-Civita connection

is a unique connection V such that
1. the metric is covariantly constant, i.e. Vg =0,
2. Vis torsion-free, i.e. V,V, f =V, V, f for any function f,

and we will assume that any reference to a connection is one to the Levi-Civita connection
from here onwards. It can be shown that the way covariant and partial derivatives act on a

vector are related as follows:
VxYH=X"e, YF+Th,Y?, (1.5)

where {e"} forms a coordinate basis and ng are the Christoffel symbols, related to the

metric components by:

1
rgv = ng (gav,p + 8op,v — gvp,a), (1.6)

where indices after a comma indicate partial differentiation with respect to a coordinate.



1.2 General Relativity 9

The Levi-Civita connection possesses the same coordinate-independent properties as

tensors, unlike regular partial derivatives with respect to the coordinates.

1.2.3 Geodesics

Geodesics are an important concept in GR. They are curves that extremize the proper
time between two points of a spacetime. The proper time between points p and g can
be defined as follows: for any timelike curve 1 between p and g, parametrized by s, the

proper time between these points along this curve is

TIA] = f ds\ /=gy (x(s) T, (1.7)

where the dot signifies a derivative with respect to s. It can be shown that the proper
time is minimized by the path x*(r), where 7 is now the proper time along the curve, that

satisfies the geodesic equation

d?x* T dx" dxP 0
dr? Odt dr

(1.8)

where Fﬁfp are given by Eqn. (1.6). Since these symbols also define the action of the

covariant derivative on tensors, it is possible to write the geodesic equation as
VxX =0, (1.9)

where the vector X* is the tangent vector of the curve.

1.2.4 Curvature

A Minkowski spacetime is flat, just like one-, two- or three-dimensional Euclidean space
(e.g. aline, flat tabletop or three-dimensional volume) is flat. This is not generally the case,
e.g. consider again the case of the two-dimensional sphere S?, whose surface is clearly
curved. To quantify the degree to which any spacetime is curved, one uses both the metric
and the Levi-Civita connection.

GR governs the interplay between the matter content of a spacetime and its curvature.
The relevant notion of curvature is given by the Riemann tensor, which is defined by the
equation R“VPUZVXF’ Y? = (R(X,Y)Z)*, where X, Y, Z are vector fields and R(X,Y)Z is
given by the vector field

R(X,Y)Z =VxVyZ-VyVxZ-Vixy Z. (1.10)
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To understand what the Riemann tensor measures, it is useful to define parallel transport
of a tensor along a curve. If a curve A has tangent X*, then for a given connection V, a

tensor field T is parallel transported along A if
VxT=0. (1.11)

Parallel transport makes it possible to map the vector space at a point on the manifold
to the vector space of any other point on the same manifold, or more generally, it maps
the spaces of tensors of any rank at two different points to one another. Given two
linearly independent vector fields X, Y, whose commutator vanishes everywhere, and a
third vector Z, € T,(M), one can obtain a vector Z; € T,;(M) by parallel transport for a
distance 6 x along X first, then for a distance 6 y along Y. One obtains a vector Z;, € T, (M)
by parallel transport along Y first, then along X. The difference AZ = Z;; — Z, in the

limit where 6,9y go to zero is

6xl’(i$r;1_)0 % =R", e Zy XPY7. (1.12)
Therefore, parallel transport along X and Y only commute when the manifold is flat.

If the Riemann tensor vanishes everywhere in a spacetime, we call the spacetime flat,
as is the case for e.g. Minkowski. If this is not the case, the spacetime is curved.

In GR, point particles move along geodesics, which are curves that obey the geodesic
equation, which is given by Eqn. (1.8). In a flat spacetime, such as Minkowski, these are
just straight lines, and initially parallel geodesics remain parallel but this is not the case in

curved spacetimes. This is captured by the geodesic deviation equation
TV, (TPV,S) = R”Vpo TVTPS?, (1.13)

where the vector T* is tangent to the geodesic and S* is the deviation vector, measuring
distance between two geodesics infinitesimally close to one another. If a spacetime is flat,
the right hand side vanishes and the above equation implies parallel geodesics remain
parallel, unlike in a curved spacetime.
In terms of the components of V, the components of the Riemann tensor can be
written as
Rguv =0,I'%

A A

v
All this is to explain that the Riemann tensor encodes information about the manifold’s
curvature and this will be instrumental in describing how the curvature is influenced by

the presence of matter and vice versa. To do so, one needs several contractions of the
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Riemann tensor, namely the Ricci tensor
Ryv = ngRpva (1.15)

and the Ricci scalar
R= g“vRuV. (1.16)

The Ricci tensor encodes, roughly speaking, how spacetime volume changes as one moves
around the manifold. In particular, in a Lorentzian spacetime, it can tell us how spatial
volume changes as one moves along the time direction. The Ricci scalar quantifies the
difference between the volume of a given spacetime and the corresponding volume in
Minkowski space.

Since the Ricci tensor is a contraction of the Riemann tensor, it has fewer degrees of
freedom and can therefore not contain the same amount of information. We can actually
consider the Ricci tensor as the trace of the Riemann tensor, as it is contracted with the
metric, so the missing degrees of freedom are the traceless part. This traceless part is the
Weyl tensor, given by

1
Coopv = Rpopv — > (8ouRvo — 8pvRuo — 8uo Rvp + 8vo Ryup) (1.17)
1
+ g(gpuRva - gpvRyJ)R- (1.18)

The Weyl tensor stores information on how a spacetime’s curvature changes without any
volume changes.

Finally, the matter content of spacetime is described by the stress-energy-momentum
tensor (stress-tensor) Ty, which obeys standard energy and momentum conservation
laws, captured in the covariant equation

v, TH =0. (1.19)

The interplay between curvature and matter is will be given by relating the Einstein tensor
GpV)
1
Guy = Ry — ERg,w, (1.20)

to Tyy.
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1.2.5 GR postulates

Having discussed the relevant concepts from differential geometry above, we are now in a

position to list the four postulates that define GR as a theory. They are:

1. Spacetime is a four-dimensional Lorentzian manifold, equipped with the Levi-Civita

connection.
2. Massive/massless free particles follow timelike/null geodesics.

3. The energy and momentum of matter are described by the stress tensor, T,;, which
is symmetric and conserved, i.e. V, T =,

4. Spacetimes curves in response to the presence of matter according to the Einstein
field equations (EFE), which are

8nG
Gy + Mgy = = Ty, (1.21)

where A is the cosmological constant, G is Newton’s gravitational constant and c is the
speed of light. The EFE can also be obtained by varying the Einstein-Hilbert action

C4

167G

SgH = f ddx\/—_g [ (R—2A) + Lmatter | » (1.22)
where g is the determinant of the metric and £y aer is the matter Lagrangian, e.g. to
couple gravity and electromagnetism one includes Zmatter, EM = —iF HYF,y in Sgy, where
F,y is the electromagnetic field strength tensor.

From this point onwards, we will assume that D =4 and A =0, unless explicitly stated
otherwise.

The EFE are the main equations in this thesis, which govern all the physics that are
discussed.

It can be shown that for a vacuum spacetime, in which T},, vanishes, the Ricci tensor
and scalar must also vanish. Therefore, vacuum effects like tidal forces and GWs are all
described by the Weyl tensor.

1.2.6 Black holes

The existence of BHs is arguably one of the most astonishing predictions of GR and dates
back all the way to the first BH solution to the EFE, the Schwarzschild solution [17], which
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proposed what is now referred to as the Schwarzschild metric, given in Schwarzschild

coordinates by

2GM/ c?
r

2GM/ c?

-1
) dr?® +r*(d6* +sin®0d¢?),  (1.23)
-

dszz—(l— )czdt2+(1
where M is a positive constant that is considered the mass of the BH and r,0,¢ are
standard spherical coordinates. The metric is time-independent and solves the vacuum
EFE equations. In fact, it is the most general spherically symmetric solution to the EFE,
and necessarily static and asymptotically flat, which is known as Birkhoff’s theoreom [18]
2. We note that the only way that the Schwarzschild solution can be the most general
solution is if it includes Minkowski space, which is indeed obtained by taking M to zero.
The Schwarzschild metric describes spacetime curvature away from a spherically
symmetric central mass distribution and has a physical singularity at the origin, at which
the Ricci scalar goes to infinity. We note that the singularity at r =2M in Eqn. (1.23) is due
to the choice of coordinates and therefore not physical. The existence of an object like a
BH, with its singularity and corresponding event horizon, is certainly a bold proposition,
but has become completely accepted and is there is indeed strong experimental evidence
that BHs exist, e.g. orbits of stars in the Galactic Center have been used to map the
gravitational potential in that region, which was found to correspond to the potential of a
supermassive BH [21-25], whilst the abovementioned GW observations and M87 photo
are other strong proofs that BHs exist.
Kip Thorne has proposed the hoop conjecture [26], which asserts that a self-gravitating
configuration of matter will collapse to a BH if and only if
M > C—ZE, (1.24)
G2
where M is the mass of the configuration and one assumes that the region is sufficiently

spherical to be described by one radius R.

1.2.7 Gravitational waves

If one assumes that the gravitational field is weak in a given region of spacetime, one can

linearize the metric, i.e. decompose it into

8uv ® Ny + Ny, (1.25)

%It was pointed out recently that the same theorem had been proven earlier by Jebsen [19, 20].
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where 77, is the Minkowski metric and 5, a comparatively small metric perturbation.
The EFE can then similarly be linearized, in the process of which one obtains a wave

equation for iy = Ry — 300 h?7 By
Ohyy =0. (1.26)

Such waves are produced in a variety of physical scenarios but most notably in binary
inspirals of BHs and neutron stars. Since the first discovery in 2015 [27], dozens of such
inspirals have been observed [28-30] and at the time of writing this thesis, LIGO’s latest

observing run O4 is just underway.

1.3 The expanding universe

In the remainder of this chapter, we will use conventions in which ¢ = 1, keeping G explicit.

The EFE are essential to describe strong gravity physics, which implies the presence of
high overdensities and therefore a highly inhomogeneous universe. However, the EFE are
equally useful to describe an extremely homogeneous universe, i.e. one that is spatially
homogeneous and isotropic. We will focus on asymptotically flat universes here, in which
case the assumptions of homogeneity and isotropy imply that the spatial line element is
2 atial = (D7 (dx* + dy* + dz°), where a(t) is an arbitrary
function of time. The full spacetime line element then becomes

simply the flat Euclidean one, ds

ds®=-dt* +a(H?) (dx")?, (1.27)
i

where the coordinates x’ = x, y, z are comoving coordinates. This metric is commonly
referred to as the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. The physical
coordinates xﬁ) hy:
which is commonly referred to as the scale factor and keeps track of how much the

o = a(t)x' are the comoving coordinates stretched by the factor a(t),

universe has expanded at a given point in time. One can obtain the physical velocity of an
object by simply taking one time derivative of x}i) hys’ which yields

i dx' da ; Hy 128
Uphys = A0 — =+~ X' = Upee + Hitppy, (1.28)
where one defines the peculiar velocity vpec and the Hubble parameter
a
H=-—, (1.29)
a
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where the dot denotes a derivative with respect to time. The Hubble parameter thusly
gives the velocity of an object that is at rest with respect to the comoving coordinates.

To find the dynamics of such a universe, one subjects it to the EFE under the influence
of energy specified by T},,. In fact, one restricts the shape of T}, to that of a perfect fluid

through the assumptions of homogeneity and isotropy,
Ty =(p+P)U,U, - Pguy, (1.30)

where p and P are the energy density and pressure of the fluid respectively, whilst U* is its
four-velocity. For a comoving observer, U* = (1,0,0,0), and the T, takes the convenient
form

Too=p(1), Tio=0, T;j=-P(£)djj. (1.31)

One may use the v = 0 equation of the conservation law V T#, = 0 to find a relation

between p, P and the Hubble parameter:
p+3H(p+P)=0, (1.32)

which can be integrated to find a scaling relation between a and p, provided that P in
terms of p is known. There are several types of energy one can consider based on this
relation, which are characterized by their equation of state P = w(p). In the context of
cosmology and the expansion of universe, one usually restricts to a linear equation of
state, i.e. P = wp, meaning the value of w specifies the type of matter one is dealing with.
Choices include

* Matter: refers to all types of energy for which the pressure is negligible compared to
the energy density, i.e. P < p or for practical purposes, P = 0. From Eqn. (1.32), this
gives

Pmatter ~ @ >, (1.33)

which is a reflection of the fact that as the universe expands, the physical volume

grows and the matter mass per volume decreases accordingly.

* Radiation: refers to types of energy for which P = p/3, as is the case for a gas of
relativistic photons or more generally, relativistic particles whose kinetic energy is

much larger than their rest mass. In this case, Eqn. (1.32) implies

Pradiation ~ a_4; (1.34)
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meaning radiation energy density falls off more quickly than matter energy density
as a function of scale factor. This is due to the fact that on top of the volume growing,
the growing scale factor stretches the wavelength of the particles, diluting their
energy further.

* Dark energy: refers to the relation P = —p, in which case
pa~a’~C, (1.35)

where we have used the conventional subscript A to indicate dark energy and the
letter C to denote a constant. The energy density is constant even as the scale factor
grows. This type of energy explains why the expansion of the universe accelerates at

late times.

In summary,
-3(1+w)
p~a . (1.36)

By computing the Einstein tensor and relating it to the stress tensor via the EFE, one

obtains the Friedmann equation

, 8nG

as well as a second equation that couples the matter content and the scale factor

a anG
—=—-——(p+3P). (1.38)
a 3

One may rewrite Eqn. (1.36) as p = po(ag/ @)1 **) and use this to integrate Eqn. (1.37) to

2
30+w) s |
alt) = | == T pot , (1.39)

giving a direct relation between the energy density and the scale factor.

obtain

One of the consequences is that if the early universe is filled with a mix of different
types of energy, e.g. matter and radiation, radiation energy density falls off more quickly
than matter energy density. One usually assumes that radiation is the dominant energy
component in the early universe, when temperatures are high. Inevitably though, af-
ter enough time passes, the matter energy density will become the dominant matter
component, since Pradiation/ Pmatter ~ @ © from Eqn. (1.36). This is why the standard
history of the universe features an early radiation-dominated epoch, followed by a late

matter-dominated one.
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It is worth mentioning that several early universe effects may cause the early radiation-
dominated epoch to be interrupted by a matter-dominated one. These effects include
inflaton preheating [31, 32] and a first-order QCD phase transition [33-35]. In this case,
the universe briefly becomes matter-dominated before pressure reappears and radiation-
domination returns. We note that whilst the early universe’s equation of state is poorly
constrained [36, 37], it is observationally required to be radiation-like at the time of BBN
to reproduce the correct light-element abundances at that time (see [38] and e.g. [39] for a

review).

1.3.1 Dark matter

Dark matter (DM) is a massive matter component in the universe that does not interact
electromagnetically, which makes DM detection extremely challenging, as DM’s interac-
tions with standard model particles through other (possibly unknown) forces are expected
to be extremely weak. In this section, we will briefly cover some pieces of evidence for the
existence of DM, referring the reader to e.g. [40, 41] for more elaborate reviews.

Rotation curves

One of the simplest arguments for the existence of some non-luminous type of matter
in galaxies is given by galaxy rotation curves, e.g. that of the Andromeda galaxy M31.
Assuming Newtonian dynamics and a circular trajectory of stars around the galaxy’s
centre, the stars’ velocities should satisfy

_[GM(n)
v =", (1.40)

where M(r) is the mass integrated over the volume of a sphere of radius r. Given that

the luminous matter in this galaxy is contained within a finite radius, one expectsa 1/r
drop at large distances. By measuring the circular velocities of stars and gas in this galaxy,
various authors found that these velocities do not decrease like 1/7, but the curve shows a
flat behaviour at large distances. The constant behaviour seen in Fig. 1.1 requires that the

mass scales like r or equivalently, the energy density like 1/72.

Large scale structure

Dark matter is commonly used to explain large scale structure formation, i.e. the formation

of galaxies and galaxy clusters. These structures are thought to stem from small density
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Fig. 1.1 Rotation curve data for galaxies M31, M81 and M101. Figure taken from [40] and
originally published in [42], in which the authors conlude that the spiral galaxies must be
larger than photometric measurements indicate.

fluctuations in the early universe, which are enhanced gravitationally until structure
forms. Since we think that dark matter only interacts gravitationally, it can start enhancing
these inhomogeneities and forming gravitational wells the second they enter the Hubble
horizon, unlike baryons, whose coupling to photons causes their inhomogeneities to not
grow in amplitude until later. The argument is that if the dark matter perturbations do not
start growing early on, there is not enough time for the baryon perturbations to grow into
galaxies [43].

CMB

Lastly, one can probe the relative dark matter densities using the cosmic microwave
background (CMB). The CMB consists of photons emitted at the epoch of last scattering.
The spectrum of these photons is a perfect black body spectrum up to small fluctuations,
whose power spectrum has peaks at certain positions and with certain amplitudes. These
tell us about the DM density today, which is found to be [44]

Qpph? =0.120 +0.001, (1.41)
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where the relative DM density Qpm = ppm/ pc, Where p¢c = 3H3/87IG is the critical density.
h is today’s Hubble parameter Hy in units of 100kms™'Mpc™! and is measured as h =
67.4 + 0.5, meaning that Qpy; corresponds to roughly 26%, compared to roughly 5% for
baryons.

1.4 Primordial black holes

One DM candidate that has received particular attention lately are PBHs, which generically
refers to BHs that form in the early universe, through mechanisms other than conventional
stellar collapse. The concept of PBHs was introduced first by Zeldovich and Novikov and
Hawking [45, 46] and it was realised soon after that PBHs could e.g. make up (part of)
dark matter [47-49], could provide the early universe inhomogeneities necessary for
structure formation [50] and that they might provide seeds for supermassive BHs [51].
One particularly neat aspect of PBH dark matter is that no new particles or forces are
required, in contrast with models for particle dark matter, which usually introduce new
types of fields and corresponding particles. However, one does need to allow for large
density perturbations in the early universe, to make sure that these cause BH formation.

The community’s interest in PBHs was sparked by two sets of measurements in par-
ticular. Firstly, the MACHO collaboration published results on Large Magellanic Cloud
microlensing events, which suggested a large number of subsolar massive objects in our
galaxy if these lensing events could be explained by PBHs [52, 53]. However, this the-
ory was subsequently disproven by EROS and OGLE results [54-58], which put stricter
constraints of the abundance of PBHs in this mass region.

Secondly, the recent GW measurements have sparked debate as to whether any of the
BHs involved in the observed events can be primordial, and various groups have argued
that the detections are consistent with PBHs [59-61].

Many formation scenarios for PBHs have been proposed and studied, but the standard
case remains the collapse of overdensities in the early universe energy density that re-enter
the Hubble horizon as it grows post-inflation. This scenario will be discussed in more
detail below, and we list several other scenarios in section 3.1.

The standard formation scenario can be explained as follows. One assumes the early
universe energy density has enhanced perturbations with a certain small typical length
scale Apgp. This typical length scale will be larger than the Hubble horizon at the end of
inflation, so that these perturbations are frozen out and therefore kept from collapsing
gravitationally. After inflation, the Hubble horizon will again grow compared to the

universe’s comoving scales until its size becomes of order Apgy. Gravitational forces



20 Introduction

Inflation RD / MD

’\(:'_\[13

i) / PRHs
O L

/\l'lHl

, Horizon
Scales

Reheating

Time ——

Fig. 1.2 Overdensity generation and collapse in the early universe leading to the forma-
tion of PBHs, schematically represented. The comoving Hubble horizon is denoted in red
and shrinks with respect to comoving scales during inflation, grows after reheating. The
green horizontal line denotes the length scale at which one finds overdensities in the early
universe. The blue horizontal line denotes CMB scales, which must be larger than Apgy; so
that the overdensities are not imprinted on the CMB. Figure taken from [62].

become relevant for the perturbation at this point and if the overdensities are large enough,
gravitational collapse can proceed and PBHs form. This process is summarized in Fig. 1.2.

In the standard picture, PBHs form in the early radiation-dominated era. In this case,
the typical mass of the PBH is proportional to the Hubble mass at the time of formation
[48]. This picture changes when the equation of state of the universe at the time of PBH
formation is softer than in the radiation case, or when the pressure vanishes completely.
Another way in which this picture can be altered is in the case of critical collapse [63-73].

Today’s PBH abundance is quite heavily constrainted, which we will elaborate on
below. However, a few mass windows remain in which PBHs could still have an appreciable
abundance in terms of the DM density. Firstly, there is the asteroid mass window 10" g <
Mpgy < 10%2g, but the lack of constraints here may just reflect that it is hard to detect
02g <
Mppy < 1026 g and thirdly the intermediate mass range 10 M, < Mppy < 103 M,, which is

compact objects that are so light [74]. Secondly, there is the sublunar range 1

of particular interest because this is the range in which recent GW detections were done.
There is also the stupendously large black hole mass region Mpgy > 10'! M, although
these BHs are too heavy to be part of a galaxy and could therefore not explain the DM
in galactic halos. The final and possibly most exotic mass region is the one below 10'°g,
which could be populated by stable Planck mass relics of PBH evaporation, but it has
been argued that this window is untestable because the relics would be too small to detect
non-gravitationally [75].
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In conventional GR, any BH is completely characterized by its mass and its angular
momentum 3. Therefore, to connect e.g. current GW observations to PBH scenarios, it
is important to have an understanding of the expected spins of PBHs. Studies into PBH
spin have only been done fairly recently, e.g. the spin probability distribution of PBHs is
investigated in [76], in which the authors find that PBHs formed in a radiation-dominated
universes are expected to have small dimensionless spins at the percent level. Similar
values for the spin are predicted in [77]. The dependence of the formation threshold
0. is studied in [78], in which the authors find that its value increases when the PBH
dimensionless spin is non-vanishing, in proportion to its square. Small spins are also
predicted in [79], who also note that expected spins may be higher for lighter PBHs, e.g.
ones that form in critical collapse scenarios. This motivated the authors of [80] to quantify
how rare high-spin PBHs are statistically, and they find that only one in a million PBHs
forms with a dimensionless spin parameter larger than 0.8.

Literature on PBH spin in a matter-dominated universe is not available much. The
authors of [81] find that in a pressureless early universe, PBHs are actually rapidly rotating
at their formation epoch. The authors of [82] study PBH formation with equations of state
between completely pressureless and radiation, finding that expected spins increase when
the equation of state parameter decreases.

In this work, we will mainly be concerned with initially spherically symmetric over-
densities, although we break this symmetry in chapter 4 to introduce angular momentum
into the system. It is known from peak theory that high overdensities are most likely to
be spherically symmetric [83, 84]. This makes the assumption of spherical symmetry
well-suited for PBH formation scenarios in a radiation-dominated universe, since the
collapse threshold is generally large and high density peaks are therefore needed for PBH
formation to proceed. This is not the case in a matter-dominated universe, in which the
formation threshold is much lower due to the absence of pressure and small overdensities
can efficiently accrete. The research in this thesis is focused on comparing to other studies
that deal with spherically symmetric scenarios and makes a start at generalizing to setups
with less symmetry, and this is certainly an interesting direction for future study.

Depending on the details of a physical setup, initial deviations from spherical symme-
try in an overdensity are expected to grow more or less spherically symmetric over the
course of the overdensity’s collapse. Deviations from spherical symmetry can be damped
e.g. when there is a type of tension present, provided for example by the mass or other
self-interactions of a scalar field. As we will see, chapters 3 and 4 deal with an overdensity
sourced by the gradients of a massless scalar field and we would therefore not expect

3This is when one neglects a BH’s electric charge, which is not expected to form in PBH scenarios.
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the spherically symmetric case to act as an attractor, but this should be put to further

numerical tests.

1.4.1 Formation threshold

One can define an overdensity threshold 6. = p/pavg, above which an overdensity indeed
collapses to a PBH. Carr obtained the first value of §, ~ ¢? in [48], using a Jeans length
argument that we will briefly review here, following the discussion in [85]. For a curved

FLRW universe with metric

dr?
1-Kr?

ds* = —dt2+a2(t)[ +r2dQ* |, (1.42)
which is a generalisation of Eqn. (1.27), where we use spherical coordinates, K is the
extrinsic curvature and d(2 the line element of the unit two-sphere, the first Friedmann
equation is given by
, (a\* 8rG K
H=|-| =—p——. (1.43)
a 3 a?
On a uniform Hubble time slice, where the Hubble parameter is identical everywhere and
equals H? = 81Gp,/3, where py, is the background energy density, we obtain

8nG 8nG K

T3 PhE TPy (1.44)
so that we can define a density perturbation as
- K
b

When the perturbation enters the horizon, its physical radius is R. = ar, = 1/ H, so that
the value perturbation value at horizon entry is 6, = Kr2.

We must take into account pressure gradients when considering whether an overdense
region will collapse to a PBH, using the Jeans criterion, which states that if the free-fall
timescale of the overdensity is shorter than the sound propagation timescale, collapse will

proceed. The soundwave propagation timescale £ is

f=—S=—% (1.46)
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where c; is the sound speed and we use ¢; = y/w. Let amax be the scale factor when the

perturbation reaches its maximum size. The free-fall timescale ¢ ¢ is

VK

Let ay, be the scale factor such that t5(a = awm) = trf(a = am). If Amax > t5(a = aw), then

-1
1 (87[Gp)7 ~ amax( a )3(1+w)/2' 147

trep=— =
T=g 3

Amax

ts < trr and pressure will prevent gravitational collapse. The condition that must therefore

be satisfied for BH formation to occur is

w -1/(1+3w)
amax < t;(a = am) = amax(K_rg) ) (1.48)
orinterms of .
Kri=6.>w=c’. (1.49)

It should be noted that in the case that if w <« 1, the Jeans length is much smaller than the
Hubble horizon and centrifugal or turbulent effects stemming from any non-sphericity of
the perturbation can have a larger effect than the Jeans criterion [48, 86].

The above calculation assumes Newtonian gravity and was generalised with GR in [86],
obtaining a value of 6. ~ 0.4 for a radiation dominated universe. Because this computation
does not take into account pressure gradients’ non-linear effects, this value is just a lower
bound.

The numerical study of BH formation via gravitational collapse was pioneered by sev-
eral works from the late seventies onwards [87-89]. More recently, analytic and numerical
studies have shown that this threshold depends on the initial shape of the overdensity,
and can range from §, = 0.4 to 0.66, e.g. the authors of [64, 66] obtained 6. = 0.7, after
which those of [67] pointed out that the threshold depends considerably on the shape of
the overdensity profile, and their results were shown to be consistent with 0.3 <. <0.5in
[90]. The work in [67] also showed that the initial conditions in [66] contained nonlinear
perturbations, and in [70] simulations similar to [64] but with linear density perturbations
were carried out, resulting in a range 0.43 < 6. < 0.47. The authors of [91] also confirmed
that an overdensity could collapse if it met a certain threshold. The authors of [71] quote
0.~ 0.45 and in [92] the authors obtain an analytic solution § . ~ 0.41 by using a relativistic
Jeans argument and taking into account the gravitational effect of pressure. The threshold
dependence on the shape of the overdensity is studied in e.g. [93, 94]. Other studies into
the PBH formation threshold include [95-97]. Determining the threshold accurately is
vital to sound predictions of the number of PBHs formed (and therefore the PBH density
today) from a given density perturbation spectrum.
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1.4.2 PBH abundance constraints

The PBH abundance today is usually characterized by fpgy = Qper/Qpwm, i.€. the average
PBH density as a fraction of the average dark matter density, so fpgp = 1 would mean that
all the DM is made up out of PBHs. Many different types of measurements have been used
to constrain the PBH abundance in various parts of the mass range, and these constraints
are summarized in Fig. 1.3. To give the reader an idea of the types of measurements used
to derive PBH abundance constraints, we will briefly discuss an inexhaustive list of such

measurements, referring the reader to e.g. [75] and [62] for more complete accounts.

PBH evaporation

Constraints can be derived from the Hawking radiation [98] that PBHs should emit. When
PBHs form with a mass of around 1076 M, they are expected to evaporate completely
over a time comparable to the age of the universe. The lighter the PBH, the more energy
is emitted through Hawking radiation and this may eventually become detectable today.
For example, bounds were obtained from measurements of extragalactic gamma rays
[99], positron annihilations in the galactic centre [100] and gamma ray observations by
INTEGRAL [101].

Lensing and GWs

PBHs can cause gravitational lensing of electromagnetic signatures, due to their compact-
ness. For example, microlensing investigations by Subaru HSC constrain PBH abundance
in the mass region 10™1° My < Mppy < 10’ M,. Additionally, PBHs may form binary sys-
tems, whose inspirals can emit GWs detectable by the LIGO/Virgo collaboration. One can
compare the rate of observed binaries to the rate expected for a given value of fppy to
derive further constraints [102-105].

Dynamical friction

If the DM halo of our galaxy had a large fraction of heavy PBHs, they would experience
dynamical friction from stars and lighter BHs around them, i.e. the gravitational inter-
actions with these lighter objects would slow them down and cause them to move into
the galactic centre. By comparing the upper limit on the mass in the galactic centre to
predictions from this effect one obtains constraints. [106, 107].
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Fig. 1.3 PBH abundance constraints today as a function of mass, assuming a monochro-
matic mass distribution. The various constraints are colour-coded by type of constraints,
i.e. the figure shows constraints from evaporation (red), lensing (magenta), dynamical
effects (green), accretion (light blue), CMB distortions (orange), large-scale structure (dark
blue) and background effects (grey). Furthermore, the constraints are labeled, e.g. the
constraints mentioned in this thesis come from the extragalactic gamma-ray background
(EGB), the galactic gamma-ray background (GGB), Subary (HSC), GWs from binaries (GW)
and dynamical friction (DF). For a full list of the different types of constraints we refer the
reader to [75], from which this figure was taken.






Chapter 2
Numerical relativity

In this chapter, we discuss the decomposition of the EFE into a 3+1 formulation that is
suitable for numerical evolution. We present the ADM formalism [108], in which the space
and time directions of GR are explicitly split, and we discuss the BSSN formulation [109-
111], which represents the same system of PDEs but has been shown to be numerically
stable, which the ADM formulation is not. Lastly, we cover gauge conditions that can be
employed to stabilize simulations further. This chapter will closely follow the treatment of
these topicsin [112] and [113].

Sticking to the conventions used in sections 1.3 and 1.4, in this chapter we set c = 1
and we keep G explicit.

2.1 3+1 decomposition

For the rest of this chapter, curvature tensors without explicit superscript will refer to three-
dimensional ones, whilst their four-dimensional counterparts will have superscripts, e.g.
@ RH vpo 18 the four-dimensional Riemann tensor, whilst R* vpo 18 the three-dimensional

one.

2.1.1 Foliation

The formulation of GR in terms of the full D-dimensional EFE is an elegant way to describe
the theory, and allows for the formulation of complete D-dimensional solutions that can
describe a spacetime in its entirety. However, these complete solutions often necessarily
have a high degree of symmetry, captured by Killing vectors. A Killing vector field X is
such that

VuXy+VyX, =0, 2.1)
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and many exact solutions to the EFE have one or more of these Killing vector fields, such

as the asymptotically flat Kerr black hole solution

P (1 ~ 2GMr) e 4GMar sin6?

))
dtdg + Zdrz +2d6?

2.2)
sinf%d¢?

+|r¥+a®+

2GMa®r sinHz)

where X = r2 + a? cos?, A = r2 = 2GMr + a®, M is the black hole mass and J = aGM is the
black hole angular momentum (note that a should not be confused with the FLRW scale
factor here). Because none of the metric components have any dependence on ¢ or ¢, %
and % are Killing vectors of this spacetime. When a = 0, one retrieves the metric for an
asymptotically flat Schwarzschild black hole given in Eqn. (1.23), which has an additional
% Killing vector. The main motivation to solve the EFE equations numerically is to be
able to find solutions without easily identifiable Killing vectors and to this end, one must
formulate the EFE equations as an initial value problem, in which the space and time
directions are explicitly split.

To this end, we assume that the spacetime (M, g,,) can be foliated into non-intersecting
spatial hyperslices, i.e. each of these hyperslices is spanned by three spacelike vectors. We
assume each of these hyperslices is identified by a unique, continuous value of some pa-
rameter ¢, which we can for our purposes interpret as a global (but not physical, except in
special circumstances) time parameter. Using the connection, we can define the 1-forms
Qu =Vt and w, = aQy, where a?= —l/g‘“’V“ tV, t. The vector field that’s normal to the
hyperslices and normalized to length one is then given by

nt=—-gw,. (2.3)

The foliation of spacetime and vector normal to a hyperslice are shown schematically in
Fig. 2.1. Using this normal vector, we can define the spatial metric

Yuv = 8uv + Nuny, (2.4)

which also serves as a projection operator to project tensors into a spatial slice, by con-
tracting each index of said tensor with y,,, e.g. for some three-index tensor T}, one

defines its spatial projection as

Tspatial B

uvo :YpaYv YU(STaﬁ(S- (2.5)



2.1 3+1 decomposition 29

Fig. 2.1 Foliation of a spacetime with two spatial dimensions and one temporal dimension.
>, corresponds to the hyperslice identified by the parameter ¢ and n is the normal vector
to this hyperslice. Figure taken from [114].

Similarly, we can define a projection operator along the normal direction as N, = —n“nj,.
We define a spatial covariant derivative D, by taking the action of the Levi-Civita

connection on a tensor and projecting it to the spatial slice, i.e.

DN Tle,On = Y,uv’}/pfl ---ngnvv T0'1...O'n) (26)

where T is a tensor of rank 7. The action on a function f can be found by simply interpret-
ing f as a tensor of rank zero. The components of this connection in terms of the spatial
metric take on the same shape as their four-dimensional equivalent

1
F':)tv = EY“U (’)/Uv,p tYop,v— va,a)-» 2.7)
and the same holds for the three dimensional Riemann tensor

— A A
RaﬁlJV —6#1—‘“1/_6’\/1—‘?;[_3+1—‘%ﬂrﬁv_rivrﬁ”. (2.8)
It is clear that we cannot capture all the degrees of freedom of the four-dimensional
Riemann tensor in its three-dimensional counterpart, which is purely spatial and therefore
intrinsic to the hyperslice by design. The missing degrees of freedom are captured by the
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Ty

e
parallel transport

Fig. 2.2 Extrinsic curvature is defined as the projected change of the normal vector as it is
parallelly transported along a hypersurface, which is depicted here for a curved line as a
hypersurface of two-dimensional flat Euclidean space. The curve is one-dimensional and
therefore necessarily intrinsically flat, since the only component of the Riemann tensor is
R o00o» Which vanishes due to Eqn. (A.1a). The fact that it looks curved is mathematically
represented by the non-vanishing extrinsic curvature. Figure taken from [115].

extrinsic curvature K, which is a projection of the gradient of the normal vector n#, i.e.
Kuv=-7,."7,"Vone. (2.9)

The extrinsic curvature contains information about the embedding of a spatial hyperslice
in the full four-dimensional spacetime. This can be nicely illustrated in the case of a
one dimensional line as a hypersurface of two-dimensional flat Euclidean space in Fig.
2.2. One can also think about a two-dimensional torus as a hypersurface of R® with a
flat Euclidean metric, as even though the torus is intrinsically flat, i.e. initially parallel
geodesics stay forever parallel, it is clear that this surface is extrinsically curved.
Additionally, we can write the Lie derivative (see appendix A.2) of the spatial metric

along the normal vector n* in terms of the extrinsic curvature
.:fn’}/uv = _zKuv, (2.10)

and therefore its trace obeys
K=g" Ky =—Lny?. 2.11)

Since we can interpret the determinant y in the above expression as a measure of spatial
volume, K is a measure of the change in spatial volume as one moves along a curve with
tangent n*.
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2.1.2 Projecting the EFE

To relate the three-dimensional curvature tensors to their four-dimensional counterparts,
one may project the four-dimensional Riemann tensor onto the spatial hyperslices and
their normals. Due to the symmetries of the Riemann tensor, this can be done in three
different ways. We will just list the results of these projections, but the interested reader
can find the computations in e.g. [115]. Firstly, projecting all indices spatially yields Gauss’
equation

Ryvpo + KypKvg = Ko Kyp = YuKYvAYpTYaU “ Rerro- (2.12)

When one index is projected in the normal direction, one obtains the Codazzi equation
DyKyup = DuKyp =77, v, 1" “ Reary (2.13)
and finally, one can project two indices in the normal direction to obtain Ricci’s equation
£LnKyy = nanp)/u’(yﬂ (4)RU,19K. (2.14)

With these relations in hand, we can project the EFE to obtain a 3+1 formulation. The EFE
are )
@Ry - ?“ng =81GTyy, (2.15)

where we set the cosmological constant A to zero for simplicity. Two contractions of Gauss’
equation combined with the EFE yield the Hamiltonian constraint

R+K* - K, K" = 167G, (2.16)

where p = nyn, T"". Contracting the Codazzi equation and substituting the EFE yields the
momentum constraints
DyK", - DyK =871GSy, (2.17)

where S, = -y, 'nPT,,.

To find evolution equations for the spatial metric and the extrinsic curvature, we must
think about the curves along which we want to evolve these spatial quantities. There are
several reasons to not just use n* for this purpose. Firstly, its dot product with Q,, is not
unity, but this can be easily remedied by multiplying n* by «a, so that the integral curves
of an* are parametrized by the parameter ¢ . This is useful, because it means that all
vectors an* originating on one hyperslice end on the same following hyperslice. Secondly,

It must be kept in mind that despite the confusing notation on which the literature seems to agree, the
parameter ¢ and vector ¢* (defined in Eqn. (2.18)) are distinct objects.
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performing time evolution along the integral curves of n* implies that the spatial grid is
also propagated along these integral curves, which is not always desirable, for instance in
black hole spacetimes (more on this in section 2.5). We therefore allow for a spatial shift
to the time integration vector, yielding

"= an* + BH, (2.18)

where « is referred to as the lapse and § is a purely spatial vector, referred to as the shift.
t*’s dot product with Q, is still unity and it is worth noting that t# does not have to be
timelike at all, and can be made null or even spacelike with a suitable choice of the shift.
Whilst this may seem strange, the only requirement is really that t* is not tangent to the
hypersurfaces. The shift does not relate to anything physical, it is merely the change in
spatial coordinates when moving from one hyperslice to the next following the normal

direction, as illustrated in Fig. 2.3, i.e.
xt, . =xi—pldr. (2.19)

Meanwhile, the lapse measures how much proper time elapses between one hyperslice
and the next along the normal direction. Both the lapse and the shift are free parameters
and can be set to any value, but in practice have their own evolution equations, which may
depend on lapse, shift, spatial metric and/or extrinsic curvature, on which we elaborate in
section 2.5.

By rewriting the Lie derivative of the extrinsic curvature and combining with the Ricci
equation, Gauss’ equation and the EFE, one can express the Lie derivative of the extrinsic

curvature as

LKy = —DyDya + a(Ryy — 2Kp K’ + KKy)

1 (2.20)
whilst the Lie derivative of the spatial metric becomes
gt')/pv = _ZaKuV + gﬁ’)fﬂv. (2.21)

Finally, we pick an adapted set of basis vectors to simplify these expressions. In this basis,
the timelike basis vector is t# = (1,0,0,0), so that the Lie derivative along t* becomes
% = 0;. In this basis, n; = 0, where the index i = 1,2, 3, i.e. it runs just over spatial indices.

This implies that any tensor with an upper index equal to zero vanishes, e.g. f* = (0, ﬁi).
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t+dt

Fig. 2.3 The lapse and shift illustrated between two hyperslices. The lapse a simply sets
the length of the vector dt, while the shift ' encodes the shift in spatial coordinates when
moving from one hyperslice to the next along the normal direction. Figure taken from

[116].

Furthermore, the normal vector becomes

H_[1 _1gi
n-= (a’ a'B )
and the metric can be written as
_[-a*+BiBt B
8uv = )
Bj Yij

meaning its corresponding line element becomes

ds*=-a*dt* +y;j(dx"+ B dn(dx! + B/ dp).

(2.22)

(2.23)

(2.24)
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This yields the above constraint and evolution equations in a form that is commonly

referred to as the ADM formalism

R+K?*-K; ;K" =16nGp, (2.25a)
D;(K" -y K) = 87GS', (2.25b)
0:yij=—2aK;;+D;iB;+D;pi, (2.25¢)
0,Kij=-D;Dja+a(R;; —2K,~kKkj +KKjj) (2.25d)

1
—BHGCK(SI']'—E ij(S—P))

+ oK + K0, B* + Ky j0: 55,

where the stress tensor’s components are given by

p =nyn, TH (2.26a)
S' =~y nT,; (2.26b)
Sij= YianbTab (2.26¢)
S=y"S;;. (2.26d)

2.2 Solving the initial constraints

Eqn. (2.25a) and Eqn. (2.25b) are different from Eqn. (2.25c) and Eqn. (2.25d) in the
sense that they depend on spatial quantities only, and therefore constrain the allowed
metric and matter configuration on any given spatial hyperslice. Because a solution to
the full system in Eqn. (2.25) is only a valid solution to the EFE if these constraints are
satisfied, it is paramount to find metric and matter configurations that solve them. The
evolution equations for y;; and K;; preserve the constraints, which reduces the constraint
problem to solving them on the initial hyperslice, after which the contraints are satisfied
on subsequent hyperslices, provided that the evolution algorithm is stable (this should
always be checked with e.g. convergence tests, which are provided for the research in this
thesis in sections 3.3.3 and 4.3.2).

One popular method to solve the constraints is the conformal transverse traceless
(CTT) decomposition, which we will describe in some detail below, referring the reader to
reviews [112-114] for more elaborate treatments.

One may do a conformal transformation of the spatial metric

Yij =v*7ij, 2.27)
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where v is a conformal factor and y;; is referred to as the conformal metric. In 3 dimen-
sions, choosing y = w2, where y is the determinant of y; j» is convenient since it makes y,

the determinant of y;;, equal to 1. One can then write the scalar curvature as
R=vw*R-8yD?y, (2.28)

where R and D are the Ricci scalar and spatial covariant derivative associated to 7;;
respectively. Eqn. (2.25a) then becomes

8Dy —wR—y°K* +y K K'Y = —161Gy°p, (229)

and K;; still needs to satisfy Eqn. (2.25b). One continues the conformal decomposition by

splitting the extrinsic curvature into a trace and traceless part, i.e.
1
Kij :Aij"‘g)/in- (2.30)
These quantities are conformally rescaled separately, namely

Al = 041 (2.31a)
K=K, (2.31b)

i.e. K is treated as a conformal invariant and we will not use the notation K in what follows.

One can then rewrite the constraints as
8D* R-2uSK2 4y Ay, A = —167Gy® 2.32
v-v _51// +y ij =-lonGy~p, (2.32a)
T .
D;AY - §w6y” D;K =8nGy'’S". (2.32b)
Finally, one decomposes A’/ into a divergenceless transverse-traceless part and a longitu-

dinal part, i.e.
A=A+ A, (2.33)

where
AL Al
DjA;;=0 (2.34)

and 9
A =D'W/+DIw' - 5«y"kaW’“ = (Lw)Y, (2.35)
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i.e. Aij is the symmetric traceless gradient of a vector W'. The divergence of A’/ then
becomes
D;AY =D;AY =D;IwW) = (A W), (2.36)

which defines the vector Laplacian A;. The momentum constraints then become
_ ) o .
(ALW)! — 51//6)7”D]—K =8nGy'’s’, (2.37)

which together with Eqn. (2.32a) makes up the CTT expressions of the constraint equa-
tions.

One approach is to solve the Hamiltonian constraint equation for v after specifying a
profile for K. E.g. by choosing a constant mean value K = K, the second term on the LHS
of Eqn. (2.37) vanishes and the four constraint equations become a coupled system of
elliptic equations.

There are a number of pitfalls related to finding solutions to this system related to
uniqueness and existence of solutions, discussed by e.g. the authors of [117], who propose
an alternative approach. Instead of solving the Hamiltonian constraint for v, it can be
solved for K after specifying an initial configuration for ¢ = v, reducing it to an algebraic

equation for K
. 3 S
K*=12y5°070 y0 + Ewglei jAY +247Gp. (2.38)

This algebraic equation is much more straightforward to solve than its elliptic counterpart
Eqn. (2.32a) and this method is referred to as the CTTK approach. It should be noted
that in the original CTT approach, when K is taken to be constant and the momentum
densities vanish, Eqn. (2.37) is solved trivially. In CTTK, this is no longer the case, since K

will generally vary spatially, but the momentum constraint can be linearised to
R, W), = 2459, 65,
(ALW)i = Zy50iK +81GY(Ss, (2.39)

which can be solved straightforwardly numerically. For instance, by assuming conformal
flatness, writing W; = V; 4+ 0; U for a vector field V; and a scalar field U and choosing U
such that

0'0;U = —iafvj, (2.40)

one can write the momentum constraints as three Poisson equations in flat space,

, 2
070, V; = §w66iK+ 8nGy®s;, (2.41)
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so that linearising and solving the four coupled equations Eqn. (2.40) and Eqn. (2.41)
amounts to solving the constraints.

An alternative method, suggested in [117], is solving Eqn. (2.40) by choosing
0, U=-V;/4, (2.42)

in which case the RHS of Eqn. (2.41) becomes a pure gradient. This can impose restrictions
on the initial matter field configuration described by S;, e.g. when v is constant, S; must
be a pure gradient as well or equivalently, its curl must vanish. For matter configurations
for which the curl of S; does not vanish, one is then not allowed to use Eqn. (2.42) and one
should instead solve Eqn. (2.40) and Eqn. (2.41) as four coupled equations. We will refer
back to this point in chapter 4.

2.3 Well-posedness and hyperbolicity

Even though the ADM formalism outlined in section 2.1.2 has all the ingredients for
succesful numerical evolution, it turns out that it allows for the development of large
instabilities over the course of the simulation, because it is ill-posed as opposed to well-
posed. To understand this notion better, we may consider a general system of PDEs in the
form

0;u=P(D)u, (2.43)

where u is a vector function with components dependent on time and space and P(D)
is a matrix with components that consist of spatial derivative operators. One can set up
an initial value problem, or Cauchy problem, for Eqn. (2.43) by specifying initial data
u(t=0,x),i.e. attime ¢ = 0 and everywhere in space. Solving this problem is considered
finding a solution u(t, x) from the initial data. The problem is considered well-posed if
such a solution exists, if the solution is unique and if the solution depends continuously
on the initial data or equivalently, if small changes in the initial data correspond to small
changes in the solution. The solution should depend continuously on any boundary data,
as well. This is captured and quantified by requiring that one is able to define a norm,
here denoted by ||... ||, such that

lu(t, )l < Cre“! | u,)Il, (2.44)

where u(t,-) denotes the set of evolution variables at a given time and the constants Cy, C,
are independent of the initial data.
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We will now introduce the concept of hyperbolicity for a system of first-order PDEs of
the form
d;u+M'o;u=0, (2.45)

where the index i runs over the spatial indices, the M I are constant matrices and we have
simplified by setting the RHS to zero. By picking an arbitrary unit vector § one can define
the principal symbol of this system of equations

P(s') = M's;. (2.46)

The properties of the principal symbol determine the hyperbolicity of the system from Eqn.
(2.45), i.e. the system is strongly hyperbolic if the principal symbol has real eigenvalues
and a complete set of eigenvectors for all s'. On the other hand, if the principal symbol
has real eigenvalues for all s’ but not a complete set of eigenvectors, the system is weakly
hyperbolic.

Importantly, it can be shown that the initial value problem for the PDE system in
Eqn. (2.45) is well-posed if and only if the system is strongly hyperbolic [118]. For a more
elaborate discussion on well-posedness in the context of Lovelock theories of gravity (such
as GR), see e.g. [119] and references therein.

The hyperbolicity discussion above is valid for the case in which the matrices M' are
constant, i.e. in the case of a linear system of PDEs. When one considers a nonlinear PDE
system in which the matrices have dependencies M I = Mi(t, x, ), one can consider the
local form of the matrices M by linearising around a background solution. Then, it can
be shown that strong hyperbolicity implies well-posedness, as well. For more details, we
refer the reader to [112, 118].

The discussion above focuses on first-order systems of PDEs. The systems we are
ultimately interested in are second-order, e.g. the ADM formulation contains second-
order space derivatives of the metric through the Ricci tensor. One can circumvent this by
treating first-order derivatives as independent quantities, e.g. one may define d; jx = 9,y jx
and replace second-order derivatives of y; ; by first-order derivatives of d; j to apply an
analysis as described above. We refer the reader to [112] for a more elaborate discussion.

It can be shown that the ADM formalism would be strongly hyperbolic if it is guaran-
teed that the momentum constraints are precisely satisfied and if an evolution equation
of the Bona-Masso type [120] is used for the lapse [112], i.e.

d,a=po;a-a’f(a)Kk, (2.47)
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where f(a) is an arbitrary positive function of @. For computational purposes, since
it impossible to guarantee that the first condition will be satisfied over the course of a
numerical evolution, one concludes that the ADM formalism is only weakly hyperbolic.
An alternative 3+1D formulation of the EFE is the Baumgarte-Shapiro-Shibata-Nakamura

(BSSN) formalism [109-111], which is closely related to the ADM formalism. This formal-
ism is implemented in GRChombo but because it is not primarily used for the research
presented in this thesis, we omit it from the main text and refer the reader to appendix A.3
for further details.

2.4 CCZA4 formalism

For the simulations presented in this chapters 3 and 4, we use the CCZ4 formulation [121]
of the Einstein equations, based on the Z4 system with the inclusion of damping terms
[122-124].

In the Z4 system [122, 123], the four-dimensional EFE are modified to

1

where the new four-vector Z* vanishes for physical solutions. This gives rise to the
following 3+1D decomposition for a vacuum spacetime:

dryij = B0ivij—2aK (2.492)
0:Kij = p'0;Kij— Diaj+al[Rij+DiZj+D;Z; (2.49b)
~2KimK"} + (K -20)K;j]
010 = §0/0+ [R+ (K~20)K ~ Ky K" (2.490)
+2Dp Z" 22", Inal
0,2 =p'0;Z" + a[ DK™ -~ D;K +0;0 (2.49d)
—2K" Zp - 00;Ina],

where ® = N, Z#. The elliptic Hamiltonian and momentum constraints have been replace

by extra evolution equations, and instead one now imposes the four constraints

®@=0, Z'=o. (2.50)
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Note that the last two evolution equations reduce to the Hamiltonian and momentum
constraints when Eqn. (2.50) is satisfied. It can now be shown that this system is strongly

hyperbolic when a generalized Bona-Masso type lapse evolution equation
0;a=p'0;a—a’f(a)(K-mo) (2.51)

is used, for a positive function f(a). Because one must choose m =2 when f(a) =1, itis
most convenient to set m = 2 generally [112].

Finally, it is possible to add damping terms to the Z4 system [124], so that the true
physical solutions to the EFE (i.e. the ones for which Eqn. (2.50) is satisfied) effectively
become an attractor of the complete set of solutions to the Z4 system. This damped

formalism in four-dimensional covariant form is
« 1
Ruy +2V 2y =2k 1nuZyy + K1(1 +K2) v 2™ = 8nG | Ty — Eg’“WT , (2.52)

in which we have set the cosmological constant A to zero n* is the unit normal to the
hyperslice foliation and x; and x» are constant damping parameters.

The conformal and traceless decomposition of the damped Z4 system is known as the
CCZ4 formulation [121]

Oy =P oKy + gx(aK —0p5), (2.53a)
0cYij =Broxyij+—2a A+ 710 b5 +710: 85 - g?ijakﬁk, (2.53b)
0,A;j =P 0rAij+ x{-DiDja+a(Ri; - 87rGaS,~]-)}TF (2.53¢)

(A (K-20) 245 A%) + A0, + Aj10:B* - gix,-jakﬁk,
0K =B*0rK + a (R+ K (K —20)) —3ax; (1 +x2)© (2.53d)

~y/*DaDik+4nGa(S-3p),

1
9,0 =650, + 5@

o o 2
R—AjkAJk+§K2—2®K)—a1<1®(2+1<2) (2.53e)

—0F3 a— 8nGap,

. . . ) N . )
0,1 =B*0; 1" + 7/ +77%0,;0, 8" + gylfajakﬁk ~179;p' (2.53f)
2 mi o' o' o' ,
+—10;p/ (P’ +21<3—) —2aK—] —2aK—+2}7’k(a6k®—®6ka:)
3 X X X
.. . 3...0; 2 .. .
—2Alfaja+2a(r;kAfk—5A”ﬁ—g"fa,-K—SnGxS’ : (2.53g)
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where R; j is the modified Ricci tensor
Rij = Ri]' + ZD(i@j) (2.54)

and _
" L. LA
I''=-0;7" +2Y =

(2.55)

2.5 Gauge conditions

Gauge conditions were already mentioned above, and it is instructive to look at specific
examples of gauge conditions and at how the gauge conditions can help a simulation
progress, or crash it. For instance, because the physical time between hyperslices is
proportional to the lapse, a high lapse value can cause the effective Courant factor to
become too high for the simulation to run succesfully. Furthermore, in some scenarios
black holes may be present, which implies the presence of singularities somewhere in the
spacetime, and clever choices for lapse and shift can steer the grid points away from these
singularities.

2.5.1 Geodesic slicing

Arguably the most straightforward gauge choice is a geodesic slicing, in which a =1 and
,Bi = 0. Whilst this is extremely easy to implement, it has obvious drawbacks, one of which

can be seen by defining the proper acceleration of the unit normal vector field as
a; = njV]-n,- =D;Ina, (2.56)

which vanishes in the case of geodesic slicing, and because the shift vanishes the co-
ordinates are free-falling and follow geodesics, which can be seen by comparing Eqn.
(2.56) to Eqn. (1.9). This would clearly be an issue in spacetimes with a concentrated
region of increased energy density, e.g. a Schwarzschild spacetime, because over time the
coordinates would cover a smaller and smaller part of the spacetime and eventually all fall
into the black hole. This effect could be countered by setting non-vanishing shift values
but other issues remain, such as grid points eventually reaching the singularity.
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Fig. 2.4 Hyperslice stretching due to a dynamical hyperbolic gauge condition for the lapse.
As the passage of physical time effectively comes to a halt near the singularity, but not
away from it, hyperslices become progressively more stretched. Figure taken from [115].

2.5.2 Hyperbolic slicing

Dynamical gauges that have proven very succesful for spacetimes with black holes are

hyperbolic formulations, such as
0,0 = —flg, a2 K + p1g, B10; 0, (2.57)

which for specific choices of the constants (uq, = 2, ltg, = Ha; = 1) is known as 1+log
slicing [120], although the optimal choice of constants depends on the exact physics one
is simulating and sometimes on the observables one is interested in. This gauge choice is
singularity avoiding, in the sense that the lapse is reduced in regions of high curvature,
slowing the effective speed of coordinate observers. This can be understood by setting
B! =0in Eqn. (2.57), so that 0; & = —2a K with 1+log constants, which gives a(t) = age 2K,
where « is the initial lapse value, often set to one. This makes clear that the lapse will
go to zero exponentially fast in regions where K > 0, i.e. collapsing regions of spacetime.
Another advantage of this method is that lapse evolution equation only depends on local
quantities, i.e. evolution variables and derivatives thereof. Other singularity avoiding
lapse choices exist, such as maximal slicing, but these require solving elliptic equations
numerically, which is computationally costly especially on three dimensional grids.
Slowing down the effective passage of time in some regions but not in others has

a major disadvantage, which is that it creates slice stretching, as illustrated in Fig. 2.4.
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Due to this stretching, large gradients can develop, not just in the lapse profile near an
overdensity but also in other evolution variables, in particular the extrinsic curvature. This
problem can be at least partially mitigated by letting the shift vector dynamically evolve,
too. We discussed in section 2.1.2 how the shift moves coordinates away from the normal
trajectories and by moving the coordinates away from the overdensity when the lapse
around the overdensity decreases, one can counteract the effects of slice stretching. The

gamma-driver condition [125] for the shift vector is

08" =np, B, (2.58a)
atBi:Hﬁla#ﬁzatfi—nﬁzBi, (258b)

with ng, =3/4,np, = ug, = 1 and pg, = 0 is a common choice. When one combines the
1+log slicing for the lapse and this gamma driver condition for the shift one speaks of
the moving puncture method or moving puncture gauge [126-128]. These conditions
maintain the well-posedness of both the BSSN and CCZ4 formalisms. In general, it is
important to use gauge conditions that keep the formalism well-posed as a whole - a
detailed discussion of suitable gauge conditions for different formalisms is outside the

scope of this thesis, but we refer the reader to e.g. [128-131].

2.6 GRChombo

All research presented in this thesis was done using the NR code GRChombo [6, 7], widely
used to study strong-gravity phenomena [132-171, 117, 172-190]. For a particularly de-
tailed account of the code’s capabilities and technical challenges involved in optimizing
its performance, we refer the reader to [166]. GRChombo is an open-source code and in-
herits the foundation of its functionality from the PDE solver software Chombo [191].
As mentioned above, GRChombo evolves the CCZ4 equations and does so using a fourth-
order Runge-Kutta method. Spatial derivatives are computed using fourth-order stencils
normally, but it is possible to switch to sixth-order stencils. GRChombo is specifically well-
suited to simulate physical scenarios in which an adaptable grid structure is important
and part of its philosophy is to keep the code easily modifiable and adaptable. This is
achieved through heavy use of object oriented programming and templating concepts in
C++.

GRChombo has full Adaptive Mesh Refinement (AMR), meaning that the full simulation
box is covered by a uniform coarse grid, on top of which a hierarchy of Cartesian grids of
increasing resolution is stacked. These finer grid levels can be added in one or in several
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regions of the simulation domain at a time. If the coarsest grid has level number [ =0,

then the grid spacing at level [ is
Axy=2malpay (2.59)

i.e. the resolution increases by a factor of 2 each time a new level is added. The Courant
factor At/Ax is adjusted accordingly, i.e. grid level [ + 1 is progressed twice as slowly as
grid level [, so that the Courant factor for all grid levels is equal.

Using AMR means that the grid shape adjusts to the physical system that is simulated
and can do so dynamically and independently. The AMR algorithm does require user-
specified tagging criteria, based on which the code decides whether or not to add or
eliminate particular grid levels. Such tagging criteria can be based on truncation errors,
degree of constraint violation or other measures, such as energy density or the gradients of
an evolution variable. When regridding takes place, the code evaluates the tagging criteria
at each grid point and adds finer levels at and around the tagged cells.

GRChombo employs both the BSSN and CCZ4 formalisms and uses Kreiss-Oliger dissi-
pation [192] to control high-frequency noise, which typically originates from truncation
errors and from interpolation errors that stem from the addition or deletion of grid lev-
els. It is currently able to implement periodic, Sommerfeld, extrapolating and reflective
boundary conditions. The public version of the code includes examples for scalar matter,
Kerr black holes and black hole binaries, with (semi-)analytic constraint-satisfying initial
data.

GRChombo simulations are typically run on high-performance computing clusters, and
the code is therefore efficiently parallelised, using a hybrid of the MPI and OpenMP imple-
mentations. For instance, each AMR level is split into boxes, which are then distributed as
equally as possible over the MPI processes available. Within an MPI process, OpenMP is
used to thread the loops over grid points to e.g. compute spatial derivatives.

Several diagnostics tools are available in the public code. An apparent horizon finder
is provided to locate black holes and deduct their masses and angular momenta. Fur-
thermore, it is possible to extract gravitational waves, energy densities and momentum

fluxes.
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Chapter 3

Primordial black hole formation with full

numerical relativity

This chapter contains the article Primordial black hole formation with full numerical
relativity [165], published in the Journal of Cosmology and Astroparticle Physics (JCAP).

In this chapter and the next, we use Planck units 7= c¢ =1 such that G = m;,lz, where
myp; is the non-reduced Planck mass.

3.1 Introduction

Primordial black holes (PBHs) form in the early stages of the universe, and their idea
was first conceived in the late sixties and early seventies [46, 45, 47]. It is notable that it
was the potential existence of small black holes from primordial origin that led Hawking
to theorize black hole evaporation [98]. It was realised shortly after that PBHs could
constitute a significant part of cold dark matter [49], and interest in PBHs has spiked
in the recent past as a result. Evaporating PBHs have been suggested as explanations
for galactic and extra-galactic y-ray backgrounds, short y-ray bursts and anti-matter in
cosmic rays [193-199] and PBHs could provide seeds for the formation of supermassive
black holes and large-scale structure [51, 200]. Moreover, PBHs could be responsible for
certain lensing events [201, 202], with recent analysis suggesting that the population of
black holes (BHs) detected by the LIGO/Virgo/KAGRA (LVK) observatories [29] may be
primordial [203, 204]. Additionally, work is underway to use next generation gravitational
wave experiments to detect PBH formation and mergers [205, 206]. Results obtained by
the NANOGrav Collaboration [207] have been associated to PBHs, as well [208-211].
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Various formation mechanisms could be relevant for PBHs [75, 74]. These mechanisms
include the formation of PBHs during inflation [212-215], the collision of bubbles that
result from first order phase transitions [216-227], the collapse of cosmic strings [228—
242, 155, 243, 244], the collapse of domain walls produced during a second order phase
transition [245-250], the collapse of a scalar condensate in the early universe [251-254]
and specific baryogenesis scenarios [255-259]. However, the mechanism that is most
relevant for this work is the collapse of overdense regions that are present in the early
universe [48, 87, 88, 63, 260, 64, 261, 73, 2], which may originate from e.g. pre-inflation
quantum fluctuations [262-269].

In the standard picture, these fluctuations collapse post inflation, while the universe is
dominated by radiation energy. The nonzero radiation pressure resists collapse, meaning
that the inhomogeneities must be fairly large for PBHs to form.

It was suggested early on, by using a Jeans length approximation, that an overdensity 6
must be larger than a critical value §, equal to % =1/3 if PBHs are to form [48] - further
analytic and numerical studies into this threshold are mentioned in section 1.4.

PBH formation in matter-dominated epochs has also been extensively studied ana-
lytically and semi-analytically. In various non-standard universe histories, inflation is
followed by a period of matter-domination [270-273]. PBH formation in such an early
epoch of matter-domination was considered early on [33]. More recently, a threshold
amplitude for the collapse of a scalar field overdensity was found [274], the effects of
non-sphericity [275] and inhomogeneity [276] on the collapse were investigated, the
resulting spin of the PBHs was studied [81], the duration of an early epoch of matter-
domination was constrained by considering the PBH abundance [277] and constraints on
the amplitude and spectral index of the collapsing scalar field were obtained [278].

In this work, we use full 3+1D numerical relativity simulations to investigate the col-
lapse of subhorizon and superhorizon non-linear perturbations in an expanding universe
that is dominated by matter. We model the expanding background and the collapsing
perturbation using an oscillating massive scalar field and massless scalar field respectively.
The massless scalar field’s initial energy is thusly contained purely in its gradients. We will
show that there are two broad mechanisms of black hole formation - via direct collapse for
the case where the overdensity is sufficiently large that it will form a black hole, and via
post-collapse accretion for the case where the overdensity is smaller. In both cases, the
process is rapid and its duration is around a single Hubble time, forming PBHs with initial
masses of Mgy H ~ 1072 mlzal. We illustrate these mechanisms in Fig. 3.1.

Our choice of fundamental scalar fields as matter component, instead of a pressureless
cold fluid (as suggested by [281]), is prompted by our focus on an early time (i.e. pre-
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Fig. 3.1 Direct collapse and accretion driven mechanisms: The figure summarizes the
two distinct processes of PBH formation studied in this paper. Top panel shows the direct
collapse mechanism, where a high density initial superhorizon perturbation collapses and
forms a black hole as soon as the perturbation reaches the centre. Bottom panel depicts the
accretion driven collapse mechanism, where a lower density initial perturbation collapses
and acts as a seed to trigger the accretion of the massive scalar field, which subsequently
collapses to form a black hole. Both start from the same initial radius Ry, but with different
initial amplitudes A¢. In the leftmost figures, we show the initial size of the Hubble horizon
(white solid line), which will grow as time evolves. In the other figures, the Hubble horizon
has grown larger than the box size. Colourbars are shown in the top right, with lighter
(darker) colours signifying higher (lower) energy densities, and scales fixed per mechanism.
Video comparisons of these mechanisms can be found here [279] and here [280].

BBN) matter-dominated phase instead of the present late time matter-dominated phase.
Such early era matter-domination is often driven by a non-thermal fundamental scalar or
moduli dynamics [282] instead of the more familiar cold pressureless fluid such as thermal
WIMP dark matter. Furthermore, early matter phases will eventually transition into a
radiation-domination epoch, such that the standard Hot Big Bang cosmological evolution
can proceed. Such a phase transition from matter-domination into radiation-domination
can then be achieved through the decay of the scalar field into either standard model
particles or intermediaries.

This paper is organised as follows. In section 3.2 we explain the numerical setup we
use to evolve a scalar perturbation in a matter-dominated background. In section 3.3, we


https://youtu.be/fqEBlCybF8I
https://youtu.be/4N5e2RnUkmU
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cover our numerical setup. In section 3.4 we introduce the two aforementioned formation
mechanisms and their characteristics, and we study the properties of the black holes that
are formed post collapse. In section 3.5 we comment on the post formation growth of the
PBHs, and we conclude in section 3.6.

3.2 Early matter-domination epoch with scalar fields

The action we will consider is

4 m,
- V=E|2R-2,- 2], 1
S fdx g[lﬁﬂ Ly- 2| (3.1)

involving a massive scalar field ¢ with mass m that models the ambient matter, and a
massless scalar field ¢ that sources the initial perturbation. They are both minimally
coupled to gravity but not otherwise coupled to one another, i.e.

mZ(pZ

1
Ly = zvyc/)v”gb + , and (3.2)

1
L = Evufvﬂf . (3.3)

Since the field ¢ has no potential, it will only influence dynamics via its gradients. Further-
more, it will dilute much more rapidly than ¢, and hence it does not affect the long term
dynamics of the system once its initial job of sourcing a perturbation is done.

In principle, we could use a single massive scalar ¢, which would be particularly
suitable if ¢ is the inflaton oscillating at the bottom of its own potential after slow-roll.
However, if ¢ models a more general early-universe scalar field with a high mass that is not
necessarily the inflaton, other (potentially massless) scalar fields may also be present and
the setup presented here is more realistic. Such a massive scalar field would temporarily
be the dominant driver of universe expansion, before it necessarily decays into radiation
before BBN. Moreover, in practice, we find that large perturbations of the massive scalar
introduce a large infusion of potential energy into the dynamics of the background re-
sulting in non-matter-dominated evolution, at least initially. Whilst such effects certainly
provide an interesting research direction, we are interested mainly in processes where the
universe expands in a matter-like fashion until the perturbation has completely collapsed,
so that the setup with two scalar fields is more suitable.

When the gradients in ¢ are negligible, the spacetime dynamics are dominated by the
behaviour of the background scalar field ¢p. When ¢ is additionally homogeneous on a
given spatial hyperslice, the metric of the spacetime is well described by the Friedman-
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Lemaitre-Robertson-Walker (FLRW) line element
ds* = —dt* +a(t)*(dr* +r*dQ3), (3.4)

where ng = d0? + sin? 0d¢?. The scale factor a(t) evolves according to the Friedmann

2
PI’

motion for ¢ reduces to the Klein-Gordon equation

equation H? = 8mp/3m?2,, where H(t) = a/a is the Hubble parameter!. The equation of

()5+3H(b+dv—0 (3.5)
dp '
where the Hubble parameter is
5,  8m (1.,
H" = -+ V() |, (3.6)
3m2 \2
Pl
and the corresponding pressure is given by
1.,
PpM = §¢ - V(). 3.7)

If the oscillation of ¢ is sufficiently undamped, which is the case if 2m > 3H 2 the friction
term in Eqn. (3.5) can be neglected. The dynamics of ¢ are then approximately given by a

simple harmonic oscillator ¢(t) = ¢g cos (mt), whose pressure is

2 2
(sin2 (mr) —cosz(mt)) : (3.8)

PpM =

As long as the oscillation period T is sufficiently smaller than one Hubble time, this
averages to zero over one Hubble time, i.e. (ppm) = 0, resulting in a matter-dominated
expansion, which can be interpreted as a model for pressureless dust [283] at large scales.

Meanwhile, the massless scalar field ¢ provides the energy density perturbation that
will trigger BH formation. In this paper, we exclusively consider initially static spherically
symmetric perturbations and we leave the generalisation to fewer degrees of symmetry
for future work. We choose the initial configuration of ¢ to be space dependent as

E(t=0,r)=A¢ tanh[r_aR0

], 3.9)

IDotted variables are derivatives with respect to cosmic time t.

2This condition is obtained by interpreting Eqn. (3.5) as the equation of motion for a damped oscillator
of the form mz—’[‘; + c% + kx = 0. The condition for undamped oscillation then becomes ¢ —4mk < 0 or

9H? —am? <.
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where A¢, o and Ry are the amplitude, width and the initial size of the perturbation
respectively. We comment further on this perturbation shape in appendix 3.3.2. The
mass of the initial perturbation scales roughly as RS. We emphasise that this perturbation
is non-linear, despite its moniker. Nevertheless, its massless nature means that it will
propagate very close to the speed of light.

We work with an overdensity shaped as a spherical shell to make the overdensity’s ini-
tial length scale very obvious, i.e. it is natural to assign an initial size Ry to the overdensity
specified by Eqn. (3.9),making it also straightforward to label overdensities as initially sub-
or superhorizon. It is common in PBH formation research to work with overdensities that
are initially peaked at the origin instead. However, this is more difficult to set up here,
because the field providing the overdensity is massless and therefore only provides energy
through its gradients. We expect that our results would hold up, at least qualitatively, if
one were to use an overdensity peaked at the origin, although this should be checked
numerically in future numerical studies.

The initial staticity of the perturbation reflects the limited dynamics of a superhorizon
perturbation that is frozen out. However, frozen out does not imply motionless. Never-
theless, the ¢ field is massless and accelerates rapidly to velocities around c, regardless of
its initial velocity. Thus, combined with the fact that a static configuration simplifies the
constraints the initial data must satisfy (which is discussed more detail in appendix 3.3.2),
we deem this an acceptable simplification.

Given the initial static configuration, we expect to see the perturbation split into an
infalling mode, which drives the PBH formation, and an outgoing mode, which rapidly
disperses. Our simulation box has periodic boundary conditions — we ensure that the
simulation domain is sufficiently large that the outgoing mode does not reach the bound-
ary before PBH formation takes place. The background scalar field ¢ starts from rest,
so that ¢» = 0 and the initial Hubble parameter in the absence of inhomogeneities is
H§ =8mmy{V (o) /3 via Eqn. (3.6).

Since the configuration of ¢ breaks the homogeneity of the initial spatial hyperslice, to
set up the correct initial conditions for the metric, we will solve the Hamiltonian constraint.

We choose a conformally flat ansatz for the 3-metric y;,
di? =y*dx*+dy* +dz). (3.10)
Then, the Hamiltonian constraint reduces to an equation for the conformal factor y

5
Jf:Aw—T—zK2+2ﬂm§121//5p:0, (3.11)
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where

-4
p=pe+pom= ”’7 0:6)2 + V(o) . (3.12)

Here the local expansion K is the trace of the extrinsic curvature, K = TrK; ;. Eqn. (3.11)
then becomes 5

Ay - 1{’—2 (K*—9H§) +mwmpiy (0;6)* = 0. (3.13)
We choose an initially expanding spacetime with K = —3 Hy, so that the periodic integra-
bility condition is satisfied® [284, 285, 134]. This condition requires that the following

integral over the simulation domain vanishes:
2 5.2 5
Ix= | dV|SY KA =16my°p| =0, (3.14)
D

There are similar conditions related to the three momentum constraints, see e.g. [117],
which vanish trivially in our setup because we set K to a constant value and all linear
momentum densities vanish (the momentum constraints themselves vanish trivially
for the same reason). The eventual Hamiltonian constraint only depends on the radial
coordinate r due to the spherical symmetry of the setup, and we solve for the conformal
factor w numerically

Py 20y v

2 o
or2 ror IZ(K 9H0)+

2
i (05) - 0. (3.15)

— =
myg, or

We note that the solution of Eqn. (3.15) is not strictly compatible with periodic boundary
conditions, which causes discontinuities near the boundaries of the simulation domain.
We make sure that these discontinuities are small enough to not affect the stability of the
evolution and we make the simulation domain large enough so that they never propagate
to the collapsing region before the simulation ends. Furthermore, it is worth specifying
that the spherically symmetric scenarios described in this chapter can be studied in
a computationally more efficient manner using a dimensionally reduced 1+1D code.
However, we choose a 3+1 setup to make subsequent generalisation to scenarios with

fewer degrees of symmetry more straightforward in terms of implementation.

3The initial energy density of the system is completely dominated by the scalar potential of the homoge-
neous matter field ¢, which allows us to neglect the perturbation field ¢. Then, the main contribution to the
initial energy density is given by the (homogeneous) value of the potential and thus K? = 247V (¢bo).
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Fig. 3.2 Initial profiles of the massless ¢ field, as a function of radial distance away from the
center. Depicted are initially subhorizon, horizon and superhorizon sized perturbations,
with same amplitude and thus same energy densities.

3.3 Numerical methodology

3.3.1 Evolution equations

This work was written based on simulations run using GRChombo [6], with the CCZ4
formulation of the Einstein equations [121]. This formulation relies on the 4-dimensional
spacetime being foliated into 3-dimensional non-intersecting hyperslices, whose intrinsic
curvature is described by a spatial metric y;;, whilst their embedding in the 4-dimensional

spacetime is encoded in the extrinsic curvature K;;. The line element is decomposed as
ds*=-a*dt* +y;j(dx" + p'de)(dx’ + B/ dt), (3.16)

where the lapse a and the shift vector g are user-specified gauge functions. The spatial
metric y;; is often written as a product of a conformal factor v and a background (or
conformal) metric y;j, so that the determinant of the conformal metric equals one,

1

= oy T (3.17)

4 - -
Yij =V Yij, dety;j=1, v
Time evolution proceeds along the vector t* = an“ + %, where n¢ is the unit normal
vector to the hyperslice that is being evolved. The gauge functions a and f’ are specified
on the initial hyperslice, and then evolved using evolution equations suitable for long-term
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Fig. 3.3 Initial setup of collapsing superhorizon overdensity (transparent shell) and inner

initial Hubble horizon depicted in black. Using symmetric (reflective) boundary condi-
tions we simulate an eighth of the system.

stable numerical simulations. The choice in this work is

0@ = — g, aK + Blo;a,
0:p' =np,B', (3.18)
0,B'=p/o,T"+0,I" —np,B',

where I'' = y/ kl_“j. . and 1_“;'. . are the conformal Christoffel symbols associated to the con-
formal metric via the usual definition

o i _ _
Uik = 57" (T + 1y =V jit).- (3.19)

This choice is known as the moving-puncture gauge [120, 126-128]. We choose o, =

0.5,1p, =0.75,1np, = 1074, which helps us control constraint violation growth and evolve
black hole spacetimes.

3.3.2 Initial data

The matter content of this work is comprised by a massive ¢ field that dominates the

background dynamics, and an inhomogeneous massless ¢ field which provides the local
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overdensity through its gradients. We choose potentials

1
w@hEM&, V() =0, (3.20)

and spherically symmetric initial field configurations

Pt =0,x") = by,

_ i T'—RO
cf(t—O,x)—AEtanh[ - ], (3.21)
0p(t=0,x") 0E(t=0,x) 0

ot ot

Examples of initial field profiles for the massless ¢ field are given in Fig. 3.2. The hyperbolic
tangents allow us to localize the gradients in the ¢ field, and thereby its energy density,
as the field is without potential. In our simulations, mH; 1 = 62.6. We also choose a

conformally flat metric y;; = §,;, so the energy density on the initial hyperslice is given by

; -4 1
p(t=0,x") = WT(S”aiéaj&EmZ(pg, (3.22)

which corresponds to a shell-like overdensity in a dark matter environment.

This setup is spherically symmetric and we reduce the computational cost of evolution
by simulating one eighth of the system using symmetric boundary conditions. A schematic
depiction of the initial setup is given in Fig. 3.3.

The equation of motion for a massive homogeneous field ¢ is given by the Klein-
Gordon equation

V() _
op

where H = a/a is the Hubble function defined with the scale factor of the universe a(t).

G+3Hp+

0, (3.23)

For the universe to stay matter-dominated for an extended period of time, we require
the solution of Eqn. (3.23) to be an undamped oscillation. This constrains the initial value
of ¢ to

$o < — mpi, (3.24)

V3m

and we use ¢y = 7.8 x 103 mp for all our simulations.
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Fig. 3.4 Convergence test of the black hole mass formed from an initial perturbation
of Rg =1.6H Land A¢ m}jll =0.075. Top panel shows the estimated mass for three base
grid resolutions Nig = 80, Nyr = 96, Nyr = 128. Bottom panel shows errors in mass
measurements between high-middle and middle-low resolutions showing convergence to
1%.

3.3.3 Grid details and convergence testing

The length of the simulation box is Lyox = 2/ Hy (Lpox = 2.5/ Hp) for initially subhorizon
(superhorizon) perturbations. GRChombo uses AMR to dynamically add resolution in
regions of the box that are physically interesting. The grid size of the coarsest level, which
covers the entire simulation box, is 48° and the refinement factor between a given AMR
level and the next is 2. The Courant factor Az/Ax = 0.0384 and is equal for each AMR level,
since level [ + 1 is evolved using timesteps twice smaller than for level /. The maximum
number of levels achieved for these simulations is 4, including the base level. Grid points
are tagged for refinement when either p¢ or the gradients of K pass a threshold value.

We test the robustness of our numerical results by finding the mass of the black hole
formed from an initial perturbation of radius Ry = 1.6 H; ' and A¢ = 0.15H; !, using three
different base grid resolutions, namely Nyg = 80, Nyr = 96, Nyr = 128. Fig. 3.4 shows the
mass obtained with an apparent horizon finder [286] for these three runs, indicating that
convergence is achieved.

Additionally, we made sure the code reproduces the FLRW limit for appropriate initial
conditions. If one uses the same initial setup as described in appendix 3.3.2, but gives the

field ¢ a uniform value throughout the simulation box, evolution should proceed in an
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FLRW manner, as the simulated universe is now completely homogeneous. We checked
this by averaging the values of the energy density p and the scale factor a over the box, and
tracking these throughout the evolution. We satisfactorily find that the scaling between

3

these two quantities is then p ~ a™°, as expected for a matter-dominated FLRW universe.

3.4 Primordial black hole formation

Our main scale of reference will be the initial size of the unperturbed Hubble horizon
Hy, which is fixed for all simulations by choosing the initial value of the scalar field ¢
to be ¢pg = 7.8 x 10~ 3mp;, with m = 62.6H,. For larger values of ¢, the ¢-oscillation
amplitude decays rapidly during the first Hubble time, which makes it hard to track its
evolution accurately. At the same time, value for m makes sure that ¢ performs around
10 oscillations during the first Hubble time, which we find is sufficiently rapid to cause
a matter-like universe expansion. At the same time, it is not so fast that we need to
reduce the size of the Courant factor to a value so small that it would make the simulation
unnecessarily computationally heavy. In the following, we will vary the initial size of
the perturbation from subhorizon to superhorizon, Ry Hy € [0.575, 1.6]. We will also vary
the perturbation amplitude within the range A¢ mljll € [0.075, 0.12], whilst keeping the
initial width fixed to 0o = 0.15H|, 1 such that the ratio between the maximum gradient
energy density to matter energy density is pg/py ~ 1. As the perturbation mass is small
compared to the Hubble mass in all scenarios we consider, the background expansion is
not significantly influenced by the perturbation’s presence.

Our simulations reach just into the superhorizon regime and at the moment, we are
limited from exploring this regime further numerically by the computational costs of
such simulations. Nonetheless, we will argue in section 3.4.2 that our simulations already
capture some superhorizon dynamics. Moreover, we argue that it may not be necessary
to probe the superhorizon regime much further, as our model is effectively pressureless.
The corresponding speed of sound is therefore small, and physics already propagate very
slowly on scales just past the horizon size.

We find that, for both subhorizon and superhorizon perturbations, PBH formation
occurs via two possible mechanisms — a direct collapse mechanism whereby the PBH is
formed by the initial perturbation of ¢ itself, and a post-collapse accretion mechanism
whereby the initial perturbation of ¢ sources a gravitational potential that then accretes
the background matter ¢ until a PBH forms. What determines the type of PBH formation
process depends (unsurprisingly) on both the geometry and mass of the initial pertur-
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bation shell, as well as the expansion rate of the background cosmology. We will discuss

these two mechanisms below * We expect that .

3.4.1 Direct collapse

In the direct collapse scenario, the perturbation collapses towards its geometric centre (to
which we will henceforth simply refer as the centre) and forms a black hole directly on its
own, without significant accretion of the background DM density. We will now estimate
the time a shell takes to undergo direct collapse. The perturbation field ¢ is massless, and
hence if we ignore the backreaction of the shell on the background geometry, it propagates
along null-like geodesics °. In an FLRW background, the scale factor a is given by the null
element dt? = a?(t)dr?. Solving this kinematic equation, the co-moving radius of the

shell is then
1/2
a
ap

where we set ag = 1 to be the initial scale factor at the initial time. The value of the

Fshell = Roag ' —2Hy ' ag* , (3.25)

scale factor at the moment the shell collapses to the centre a. is then the solution to the

equation rghe) (a«) = 0, namely

2

Ry H,
0oy (3.26)

1+

which happens after roughly a Hubble time. Notice that a. is independent of the initial
mass and depends only on Ry. We show in Fig. 3.5 that this analytic estimate is in good
agreement with our numerical results.

To determine whether or not a given initial perturbation shell will undergo direct
collapse into a black hole, we consider the width of the shell at the time when the shell

reaches the centre o = o(a.). Ignoring backreaction again, since the field ¢ is massless,

“In this paper, we have used the background energy density, or equivalently the background scale factor,
as time. This corresponds to the cosmic time infinitely far away from the centre of the PBH. However, in
numerical relativity simulations, the foliation of spatial hyperslices is dynamically driven by the so-called
puncture gauge, which is required to enforce numerical stability in the presence of future singularities. In
that context, we have assumed that the mass of a PBH is identified with its foliation, when in principle
one should identify it via null geodesics from the black hole horizon to infinity. In other words, what the
cosmological observer (with their own clocks tuned to cosmic time) far away from the black hole deduces as
the properties of the black hole, e.g. its mass, should be information that is emitted (by light or GW) from
the black hole and then propagated to this observer. Our approximation assumes this “time lag” between
the local time (i.e. foliation time) and the cosmic time is negligble. This inaccuracy should be minor and
would not affect the main conclusions of the paper.

°If the perturbation field ¢ instead has mass m; ~ myg, then the collapse time is roughly the free fall time
Tt ~ v/ mp/ mg& which is also roughly one Hubble time.
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Fig. 3.5 Black hole formation for different perturbation amplitudes. The top (bottom)
panel shows mass of the formed BHs as a function of the Hubble parameter H(t) at
infinity, for subhorizon (superhorizon) collapse respectively. Vertical dashed black lines
correspond to the time at which the perturbation reaches the centre according to Eqn.
(3.26). BHs formed through direct (accretion) collapse are shown in dash-dotted (solid)
lines. For accretion collapse BHs, increasing the amplitude A¢ makes that the BH forms
earlier with a smaller initial mass. Our simulations are in good agreement with the hoop
conjecture prediction that the threshold is A m;,ll =~ 0.1 for RgHp = 0.65 and A¢ m;,ll ~0.07
for RyHy = 1.25. In direct collapse, part of the collapsing perturbation ends up within the
black hole, corresponding to a larger initial mass.

the width of the shell as it collapses towards the centre scales as the expansion rate, i.e.
o(a)=o0q9a. (3.27)

Thus the width of the shell when it reaches the centre is simply o(a.) = gga.. At this
moment, applying the hoop conjecture® suggests that if the condition

o(as) < 2GMinfan , (3.28)

5The presence of an expanding background modifies the hoop conjecture somewhat in general [287], but
we checked that the effects are negligible in our analytic estimates.
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is satisfied, where Mi, is half’ the initial mass of the shell obtained by integrating the
gradient energy of the profile ¢(r) roughly given by Eqn. (3.9) in flat space

1 ,1 (08¢
Minfan = Efdr dar®s (E) ) (3.29)
then a black hole will form through direct collapse. This result is again in good agreement
with our numerical results, as shown in Fig. 3.5.

We note that because we do not simulate a perfect fluid with vanishing equation of
state, we cannot assume that perturbations with arbitrary small amplitudes eventually
lead to BH formation, even through accretion collapse. However, all perturbations whose
collapse is presented in this work collapse to BHs, and we have not determined a minimum
amplitude below which a BH does not form.

The fact that such simple estimates agree with our numerical results suggests that the
backreaction of the perturbation on the background dynamics is not very important, at
least at the level of determining when and how a black hole will form, even if the shell
density is large and locally ps > ppm. This is backed up by our numerical simulations,
where we see that the ppy profile is not strongly affected by the presence of p¢, at least
initially, as can be seen in a video of the numerical evolution of the energy densities here
[280].

3.4.2 Accretion collapse

On the other hand, if o (a.) > 2G Mjn¢a, a black hole does not form directly. In this case,
the energy density of the perturbation p¢ disperses after reaching the centre and becomes
locally sub-dominant to the background energy density ppym. Nevertheless, the presence
of ¢ generates a gravitational potential well in the centre, which seeds accretion of the
background DM and eventually causes a collapse into a black hole. We illustrate this
process in Fig. 3.6a, providing an equivalent graph for the direct collapse mechanism in
Fig. 3.6b.

In this phase, the initially homogeneous and expanding background spacetime is
made to locally collapse by the perturbation, with the expansion K locally changing
sign from negative (expanding) to positive (contracting), decoupling the region near the
centre from the rest of the expanding background. The local matter begins to accrete
at an extremely high rate 6 ppm/ppm x a®*, as shown in Fig. 3.7. Once sufficient DM

mass has accumulated, a PBH forms. This process takes around an e-fold to complete.

"The infalling mass is half the initial mass, since the other half will radiate outwards to infinity, so the
shell’s initial (vanishing) momentum is conserved.


https://youtu.be/4N5e2RnUkmU
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horizon (superhorizon) is shown in thin light horizon is shown in thin light blue in the
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pletely before the BH forms, and BH forma- the shell rebounds back into the center. p¢
tion happens late compared to the direct col- is still high when the BH forms.
lapse case.

Fig. 3.6 Evolution of the local expansion K and energy densities p and p; at the centre of
the collapse r =0, as a function of the Hubble parameter H(¢) at infinity — recall that K >0
corresponds to locally collapsing spacetime. The top, middle and bottom panels show the
evolution of the expansion, the background energy density and gradient energy density
respectively. Initially, the background energy density decays as ppm ~ a(t)~3. When the
perturbation reaches the centre (dotted vertical lines) and disperses, gravitational effects
decouple the system and stop the local expansion, acting as a seed for the accretion of
the background matter ppy. The accretion of the background matter continues until and
after a black hole forms (dashed vertical lines). We attribute the oscillatory behaviour of K
at late times to gauge effects in regions of high energy density.

This rapid accretion rate is much higher than that predicted from linear theory, which is
0ppm/ppm x a [288, 289], indicating that the process is highly non-linear.

From our simulations, we note two salient points. Firstly, if we consider shells that
undergo accretion collapse, for fixed initial amplitude A¢, the smaller the initial Ry (and
therefore the smaller the mass) of the initial perturbation, the more massive the initial

mass of the PBH. This somewhat counter-intuitive result is due to the fact that the PBH
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Fig. 3.7 Rate of growth for the local matter overdensity 5p4/p4 at the centre of the
collapse is well beyond the linear approximation as 6p¢/pg o a®*. Near black hole
formation (vertical dashed blue line), the accretion rate tapers off, although some of this
tapering effect is due to our gauge condition.

forms via accreting DM, thus a more massive seed will generate a steeper potential well,
and hence the Schwarzschild radius is reached earlier and at a smaller value for the PBH
mass. To confirm this, we checked that keeping Ry fixed but increasing A¢ also yields a
less massive initial PBH - this is true for both subhorizon and superhorizon cases, as can
be seen in Fig. 3.5. In Fig. 3.8 we plot the matter energy density for two different values for
Ry and A¢. We confirm that larger amplitudes (and thus more massive seeds) result in a
faster accretion rate.

Secondly, as Ry approaches H; !, the expansion rate of the universe begin to exert a
competing effect. For shells with larger Ry, it takes longer for the shell to reach the centre,
and thus a smaller p¢ and less steep potential when accretion begins. This leads to an
increase in the initial mass of the PBH following our argument above — resulting in the
“bump” in the initial mass of the black holes (e.g. the black dots in Fig. 3.9a).

We note that the distinction between direct and accretion collapse depends mostly
on how deep the gravitational well is that is formed at the moment that the overdensity
reaches its own centre. When the overdensity is relatively light (heavy), the immediate
gravitational well is shallow (deep) and we expect a BH to form via accretion(direct)
collapse. We show that this distinction is manifest for the case of two scalar fields, but we
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Fig. 3.8 Evolution of the matter energy density at the centre of the collapse for a set of
initial radii Ry and amplitudes A¢. For same radii perturbations, accretion begins at the
same time. However, the accretion rate is larger for larger amplitudes, which results in the
formation of a black hole at an earlier time.

expect that the same distinction will be present for other number of fields, including when

there is only one matter field, as long as the universe’s expansion is suitably matter-like.

3.5 PBH growth and final Mass

In the cases of both direct and accretion collapse, the initial mass of the PBH formed is

2
Pl

PBH has formed, the PBH accretes DM from its surroundings in the growth phase at a

small compared to the Hubble horizon, Mgy Hy ~ 10~2m2, — see Fig. 3.9a. Once the initial
rate that depends on the steepness of the potential and the density of the surrounding
DM “scalar cloud” [290, 147, 159, 291]. In general and regardless of the details of the
parameters, we find that the initial accretion rate is much higher than the linear theory
prediction of § ppm/ppm x a, as mentioned above. This growth rate is roughly constant,
at least initially, and its contribution to the mass of the PBH will rapidly dwarf that of its
initial mass.

In a matter-dominated universe, naive Newtonian collapse suggests that the maximum
mass of the black hole is bounded by Mg H ~ amf,l [47], where a < 1 is some constant
which depends on the exact details of the accretion. This suggests that a BH will not grow

more rapidly than self-similarly once its mass is of the same order as the Hubble mass. In
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references [292, 293], it was demonstrated numerically that while the initial growth can be
rapid, it will not achieve self-similar growth as accretion is not efficient once the black hole
decouples from the background spacetime. However, these works used a massless scalar
field equivalent to a fluid with a stiff equation of state p = p as ambient matter instead of a
massive scalar field, and the latter models an early universe dominant matter component
more accurately. From Fig. 3.9a, we find that M ~ H~? where > 1. As M approaches
the Hubble horizon, we expect < 1 although unfortunately, we were unable to track the
growth of PBH beyond a few factors of their initial mass, as the numerical cost becomes
prohibitive.

As long as the universe is dominated by DM, the black hole will continually accrete and
grow without end. This would be the case if the PBH is formed in the present late time DM
dominated epoch — however such late time PBH has already been ruled out [75, 74]. As
we mentioned in the introduction, we consider instead an early phase of DM domination
before transitioning into the era of radiation-domination prior to the onset of Big Bang
Nucleosynthesis (BBN), i.e. before the temperature of the universe is around 1 MeV. This
provides a natural cut-off for the growth of the PBH.

Nevertheless, if we assume that the rapid growth we observe continues until Mgy H ~
m12>1’ and that the BH grows self-similarly after, it is implied that the final mass of the PBH

is independent of when it forms. This means the final mass of the PBH is given by

1 MeV

Mgy =~ 10°° (—1 MeV)2

2
g~ 105( ) Mo, (3.30)

where T is the temperature of the universe at the onset of radiation-domination and
M, =~ 10% g. Taking Tgpn = 1 MeV as the natural cut-off for the growth of the PBH, the
most massive black holes that can be formed via this accretion mechanism are Mgy =
1038 g ~ 10° M, [294, 295].

On the other hand, if the PBH growth asymptotes to a slower rate than the self-similar

2
PI’

Mgy 2, 107*H~'mg,, where H is the Hubble parameter when the PBH forms. This means

that PBH formed around T ~ 5 MeV, My 2 40 M, could form the basis of the population
of massive BH that are being detected today by the LVK observatories.

rate, or achieve self-similarity before Mgy ~ H'm2,, then our simulations suggests that

3.6 Summary and discussion

In this paper, we demonstrate that superhorizon non-linear perturbations can collapse

and form PBHs in a matter-dominated universe, using full numerical relativity. We show
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(b) The same data as in figure 3.9a on a log-
log plot. Time runs from right to left on the
x-axis. The dashed black line on the left hand
side shows the relation Mgy < H~1° to make
clear that for all perturbations shown, there is
a large negative power law relation between
these two quantities, at least in the early stages
of the accretion process.

apparent horizon finder. Shaded parts of the
curves before the black dots where the appar-
ent horizon finder results are inaccurate, e.g.
because the apparent horizon is not covered by
a sufficient number of grid points.

Fig. 3.9 Evolution of the local expansion K and energy densities p and p; at the centre of
the collapse r =0, as a function of the Hubble parameter H(#) at infinity — recall that K >0
corresponds to locally collapsing spacetime. The top, middle and bottom panels show the
evolution of the expansion, the background energy density and gradient energy density
respectively. Initially, the background energy density decays as ppy ~ a(f) . When the
perturbation reaches the centre (dotted vertical lines) and disperses, gravitational effects
decouple the system and stop the local expansion, acting as a seed for the accretion of
the background matter ppy. The accretion of the background matter continues until and
after a black hole forms (dashed vertical lines). We attribute the oscillatory behaviour of K
at late times to gauge effects in regions of high energy density.

that, depending on the mass of the initial perturbation shell, this happens via either the
direct collapse or the accretion collapse mechanisms. We provide an analytic criterion
Eqn. (3.28) using the hoop conjecture to determine which mechanism is relevant for a
given setting, and compute the timescale of collapse using the same prescription. Despite

the @ (1) non-linearity, we find that the dynamics of collapse can be modeled as a simple
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superhorizon mass shell collapsing in an expanding background. This suggests that
semi-analytic estimates of PBH formation in a matter-dominated era are broadly accurate.

On the other hand, details matter. We showed that even in the cases where the pertur-
bation is insufficient on its own to form a PBH in a direct collapse, non-linear accretion
rates are far higher than what standard linear theory predicts, causing a rapid collapse
into a PBH via accretion of ambient DM. In both the direct collapse and accretion collapse
formation cases, the initial mass of the PBH is roughly Mgy ~ 1072 H ™! mg,, but formation
is followed by an extremely rapid growth M oc H~# where > 1. Presumably, this growth
will asymptote to either the self-similar rate § = 1 or the decoupled rate § < 1 [292, 293].

Interestingly, even if the self-similar rate is not achieved, the fact that most of the
mass of the PBH is gained through post-formation accretion suggests that there might
be a mechanism to generate PBHs with non-trivial spin. Such non-trivial spin might for
example be generated by the collapse of a non-spherically symmetric shell, even if the
shell is initially spinless. In that case, the PBH might not form in the centre of the initial
mass distribution and thus form with spin, whilst outgoing radiation carries away angular
momentum of opposite sign, such that angular momentum is still globally conserved, as
suggested by [275, 81]. We will explore this possibilty in a future publication.

It is an interesting question whether our results would change if we simulated a proper
dust-dominated universe using fluids, rather than an effective matter-domination using
a massive scalar field. The main difference is that in our case, the scalar field’s mass
introduces a length scale below which the dust approximation breaks down. This means
e.g. that we expect that there is a minimum perturbation amplitude below which an
overdensity does not form a PBH, because the length scales at which collapse takes place
are small enough for there to be significant pressure support. However, we have no reason
to believe that we have probed this regime and we therefore do not believe that using
fluids would significantly affect our conclusions.






Chapter 4

Spinning primordial black holes formed

during a matter-dominated era

This chapter contains the article Spinning primordial black holes formed during a matter-
dominated era [186], published in the Journal of Cosmology and Astroparticle Physics
(JCAP).

In this chapter, like in chapter 3, we use Planck units 4 = ¢ = 1 such that G = m

Pl°’
where mpj is the non-reduced Planck mass.

4.1 Introduction

The realization that cold dark matter may be partly made up out of primordial black holes
(PBHs) [46, 45, 47, 296-299] and the opportunities to test and constrain this hypothesis
[193-199, 51, 200, 201, 300, 202-204, 208-211, 207, 301, 302] has renewed interest in PBHs.
The mechanism considered standard to form these relics is via the collapse during the
radiation era of superhorizon perturbations originating from the growth of quantum
fluctuations during inflation [48, 87, 88, 63, 260, 64, 261, 73, 2, 262-269, 212-215, 303, 304],
but could also be the result of other early universe dynamical processes or epochs [216—
227, 245-250, 229-242, 155].

There is next to no observational data to constrain the thermal history of our universe
before big bang nucleosynthesis [36, 37]. Models of early matter-dominated expansion
epochs include overproduction of non-relativistic particles [33, 34], the presence of moduli
fields ubiquitous in string theory models [305, 306], or at the end of inflation during a
process known as reheating [307-310, 183, 32], when the energy stored in the inflaton is

transferred into standard model particles.
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PBHSs’ properties and abundances, and therefore corresponding detection prospects,
depend on the details of the era in which they form. In this work, we investigate the
expected angular momentum of PBHs. Angular momentum is relevant to possible PBH
signatures, e.g. the amplitude of the stochastic gravitational wave background from
spinning PBHs could increase by 50% [311], and PBHs with spin may avoid some of
the abundance bounds related to evaporation due to their lower Hawking temperatures
[312]. It is suggested that PBHs that form during a radiation-dominated era generally
have small spins [76, 77, 79, 80], reflected by the fact that the PBH formation threshold is
increased proportional to the square of the angular momentum [78], although they could
develop non-negligible spins through Hawking radiation [313, 314]. On the other hand,
PBH production is more efficient in a matter-dominated era in the absence of pressure
support, even though non-spherical effects that may resist gravitational collapse become
important [275]. PBH formation in the context of an early matter-dominated epoch
has also been studied in e.g. [315, 251, 274, 316, 317, 278, 276, 318-321]. Of particular
relevance to this work is the argument by the authors of [81] that most PBHs formed in
a matter-dominated setting are near-extremal, although this result does not take into
account PBH mass accretion.

In this work, we report on fully non-linear 3+1D numerical relativity simulations
that aim to shed more light on the role of angular momentum in PBH formation during a
matter-dominated era. We simulate the collapse of superhorizon non-linear perturbations
sourced by a massless scalar field, on a matter-dominated expanding background driven
by an oscillating massive scalar field.

We find that the formation process is quite efficient, i.e. at horizon formation the PBH
contains G (10%) of the collapsing overdensity’s mass and angular momentum. However,
the PBH dimensionless spin goes down as it accretes non-rotating background matter,
resulting in negligible final spins if the matter-dominated era lasts several e-folds. We
illustrate typical collapse behaviour in Fig. 4.1. Note that since a radiation-dominated era
must intervene before the onset of the present matter-dominated era, the background
massive scalar must reheat. Any PBHs that were formed during this era will remain as a
matter component which presumably can be the dark matter component today.

The paper is organised as follows. In section 4.2, we discuss the numerical setup of our
simulations, initial conditions and diagnostics. In particular, we provide details on finding
black hole apparent horizons in expanding spacetimes. In section 4.3, we provide details
on the numerical methodology in this work. In section 4.4 we report on our main results,

after which we conclude in section 4.5.
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Fig. 4.1 Evolution panel showing the evolution of the energy density of the field ¢ (total
angular momentum density around the z axis) in the top (bottom) row, in units of [p¢] =
Himg, ([ 7] = Hym3), for a perturbation with Ry = 1.4H; . The leftmost column shows
the initial conditions, in which p shows two peaks corresponding to the gradients of
the gaussian in Eqn. (4.7a), whilst the angular momentum density takes strictly positive
values. In the top row, we see the perturbation collapse and acquire an asymmetric
configuration before black hole formation in the third column, signalling the presence
of angular momentum in the collapsing region. In the bottom panels, we see _¢, take on
both positive and negative values over the course of the evolution, on which we comment
in section 4.4.2. In the rightmost column the PBH has formed, and the small area already
hidden behind the apparent horizon is shown in black. A video of this data can be found
here [322].

4.2 Setup

We consider a massive scalar field ¢ and a massless scalar field ¢, both minimally coupled

to gravity!, i.e.

2
S=| d*xy=g @R —Ly— L 4.1)
B e o= '

-2

bl » Where mpj is the

'We use the mostly plus — + ++ signature and Planck units & = ¢ = 1, such that G = m
non-reduced Planck mass.


https://youtu.be/CC4xBLol4aE
https://youtu.be/CC4xBLol4aE
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We also assume there is no direct coupling between them, i.e.

1 1

L= 5vl%pv,u(p + Engbz , (4.2a)
1

L= EV”«EV”-:” . (4.2b)

The scalar field ¢ with mass m plays the role of the ambient matter driving the back-
ground expansion. In the limit in which ¢ is homogeneous and dominates, the spacetime
is well-described by the Friedman-Lemaitre-Robertson-Walker (FLRW) line element

ds* = —dt* + a(t)*(dr® + r*dQ3). (4.3)

If ¢ oscillates coherently with a period considerably smaller than a Hubble time, 27/m <«
1/ H, its pressure averages to zero and the scale factor a(t) grows in a matter-like fashion,

t2/3 and p o« a~3. The massless field ¢, on the other hand, plays the role of the

ie. ax
collapsing superhorizon perturbation, and will thus be the seed triggering black hole
formation.

Going beyond the FLRW limit to study black hole formation requires solving the
Einstein field equations [1] for a more general line element, which we decompose in the

usual ADM form [108]
ds®=—a*dt* +y;j(dx'+ B dt)(dx) + B dp), (4.4)

where y;; is the three-dimensional spatial metric. The lapse and shift gauge functions
a and B’ determine the choice of spatial hypersurface and their coordinates, which
in numerical relativity are dynamically determined. At each hypersurface, the rate of
change of y;; is given by the extrinsinc curvature K;; = —(1/2) £y, where n is the vector
normal to the hypersurface. K;; can be decomposed further into its trace K and tracefree
components A;;, where K;; = A;j + (1/3)Ky;;. The trace K measures the local expansion,
where in our sign convention negative (positive) K indicates locally expanding (collapsing)
space.

We evolve the Einstein field equations using the CCZ4 formulation [121] and the
moving puncture gauge [120, 126-128], using the numerical relativity code GRChombo
[6, 166, 7]. We list explicit expressions for the matter variable evolution equations in
section 4.3.3.
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4.2.1 Initial data

We choose the initial gauge a = 1 and B¢ = 0. We set the scalar field ¢ to a homogeneous
value ¢ starting from rest, i.e. 9;¢ = 0. The initial unperturbed Hubble parameter Hj is

then ,
dnm

2 _ 2

Hy = —9%-

(4.5)
3 mg,

We break spherical symmetry and inject angular momentum into the system via the eleva-

tion and azimutal angle-dependence? of the massless field ¢ and its conjugate momentum

M = (0, - p0:¢) Ia

E(t,1,0,9) = R(r) [1+sin(0)D(¢, )], (4.6a)
e (8, 1,0,¢9) = R(r)sin (0)0,®(¢, ¢), (4.6b)
where
(r — Ro)?
R(r) = Aexp Tz | (4.7a)
®(t,¢) = Bcos (kg —wt). (4.7b)

The constants A, Ry, A, B, k, w represent the perturbation shell’s initial radial amplitude,
radius, width, spin amplitude, spin wavenumber and spin angular velocity, respectively
— Fig. 4.2 in section 4.3.1 schematically clarifies the meaning of these constants. The
expressions in Eqn. (4.6) are time-dependent, and we obtain initial data by setting ¢ = 0.
The angular momentum density around any given axis through the origin is given by

I =€T*x;S; (4.8)

where S’ = =y n%T,; and n® = (1,— ')/ a is the normal vector to the hypersurface. Here
€'/* is the antisymmetric Levi-Civita symbol and i, j, k = 1,2,3 label the spatial Cartesian
basis. We are interested in the z-component of the angular momentum density®, which

in the initial data is only sourced by the massless field ¢ and in a non-orthonormal polar

Note the difference between ¢, which denotes the azimuthal angle of a spherical coordinate system,
and ¢, denoting the massive scalar field.

3The 6-dependence introduces additional angular momentum around the x- and y-axes, but we choose
parameters that makes sure these are negligible compared to the angular momentum around the z-axis.
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basis (0,0, 0;) is expressed as

f;?,z = XSgy — ¥Sex
= —I1; (x0,€ — y0x¢) (4.9)

where we take a derivative with respect to the azimuthal angle ¢ directly in the last line
and all quantities on the RHS are evaluated on the initial slice. This expression can be
integrated over the volume to find the total initial angular momentum f?,z- In our notation,
the _# in a calligraphic font will denote an angular momentum density, while J will denote
angular momentum, i.e. J; = f dV _¢;. In what follows, if a directional subscript is omitted,
a z-subscript is implied. Finally, we note the important point that the angular momentum
is not concentrated on the equatorial plane of the shell, but is roughly Gaussian distributed
around it with angular width A8 = 0.57 (see Fig. 4.3). The implications of this distribution
is that, as we shall see, matter which is spinning but not along the equatorial plane will
still spiral into the center.

As is well known, all initial data in general relativity must obey a coupled system
of Hamiltonian and momentum constraint equations, which we solve using the CTTK
method [117]. In particular, we choose an initial spatially flat metric y;; = §;; and we
follow the CTTK prescription described in section 2.2, choosing 0;U = —V;/4 as in Eqn.
(2.42). We will refer to this method as the “original method”. The initial conditions for the
results presented in this paper were obtained using this method.

As discussed in section 2.2, the RHS of Eqn. (2.41) then becomes a pure gradient, i.e.
one must be able to write the momentum density vector S; as S; = 0;F for a function F
(note that v is constant in our case). It turns out that the matter configuration described
above does not satisfy this requirement. As a result, one must solve Eqn. (2.40) and Eqn.
(2.41) as four coupled equations, without imposing Eqn. (2.42). We will refer to this as the
“corrected method”.

We have checked that we obtain the same initial profiles for K and A;; with the original
and corrected methods to within 0.02% and that our results for final PBH mass and spin
are identical in both cases - we provide further details in appendix B.2. Hence, we are
confident that the profiles for the trace K and traceless parts A;; obtained using the
original method provide physically reliable results. This profile is equivalent to choosing
an initially homogeneous cosmological scale factor, where the rate of local expansion
is determined by the matter distribution. Note that in the absence of inhomogeneities,
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the Hamiltonian constraint reduces to the usual form of the Friedmann equation H? =

87tp/3m%,l, with K = -3H.

4.2.2 Diagnostics quantities

The key three diagnostic quantities we will track are the PBH mass Mgy, dimensionful

angular momentum /gy and dimensionless spin (dimensionless Kerr parameter)

JBH
> -
GMBH

agy = (4.10)
We obtain these values by measuring the properties of the black hole apparent horizon
(AH) - the outermost marginally trapped surface on which the expansion of outgoing null
geodesics vanishes. To find the AH we follow the procedure described in [286] — the next
paragraph is rather technical and the reader may skip it.

If the spatial metric on a given three dimensional spatial hypersurface is y;, a two
dimensional surface S with a spacelike unit outward-pointing normal vector s¢ induces a

two dimensional metric m,;, on S equal to
Mab="7Yab— SaSh- 4.11)

The expansion of outgoing null vectors k., = n® + s in this surface is defined as 0, =
mapVek 2, or equivalently
0, =D;s' +K;js's/ - K, (4.12)

which vanishes on the AH. To find this surface during the formation stage, we shoot rays
in different directions from a PBH centre guess point, which we take to be the location
of the maximum energy density, and solve r*®. (r) = 0 for r along these rays. Here r is
the - and ¢-dependent coordinate distance along a given ray and x = 0 is an arbitrary
AH expansion radius power that can be chosen to optimise AH searches depending on
underlying spacetimes - note that any solution to r*@.(r) = 0 also solves 0, (r) =0,
provided that r # 0, but performance of an algorithm solving the former equation may
be significantly better. We find that in expanding spacetimes, xk = 2 provides reliable

performance.
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To measure the area, spin and mass of the AH, we use [323, 324]

Apy = f d*v, (4.13a)
S

. 1 N
i _ 2 i Jr.
fBH——Sﬂjgs d V(cf) s'Kji, (4.13b)

A 4mJ>
Mgy = || —2 4 —BH (4.13¢)
167 ABH

where d?V is the natural area measure on S constructed from m,, and ¢’ are approximate
Killing vectors of m,, approximated well by the flat space rotational Killing vectors, (¢ i)l =
elily j» since the AH surface closely resembles a coordinate sphere. We present a more
detailed discussion of the AHs in FLRW spacetimes in appendix B.1.

In particular, when focusing on the efficiency of the formation process, we will be
interested in ratios of the collapsing seed, i.e. (Mgy/ Mg ), Usn/ ]?) and (aBH/ag), where Mg
is the initial mass of the collapsing perturbation given by integrating the initial gradient
and kinetic energy

Mngdv (%(6,~€)2+H§ .. (4.14)

The dimensionful angular momentum ]2 is given by integrating the expression in Eqn.

(4.9) over volume on the initial slice and ag = ]?/ (GMg )2. We note that in the non-static,
non-axisymmetric spacetime that we consider there is no local definition of energy of
angular momentum density. Similarly, there is no definition of total mass or angular
momentum because the spacetime isn't asymptotically flat, and any measures of these

quantities are therefore coordinate-dependent.

4.3 Numerical methodology

4.3.1 Initial data

The initial configurations for ¢ and its time derivative I1¢ are described in section 4.2.1 of
the main text and illustrated in Fig. 4.2.

In section 4.4.1 of the main text, we show that the PBHS’ initial masses and accretion
rates do not decrease significantly with increasing initial shell angular momentum and we
attribute this to the initial shape of the shell. In Fig. 4.3, we show typical initial profiles of
the quantities



4.3 Numerical methodology 77

/T“‘\ Ax(1+B) l,-\\ S 7= Ax (1+ BH
; RN . \ .

3 4 II \\ % \ /'/ \ /'/

o / \ K A

= \ Il \ 7 N /

I / B\ = : .

= S \ g \‘\ / \'\ 4

S 1 L - Ry Sel] @ " A x (1- B)
= I — — ITXBXw
E AX B xw ,/’ \ S 77N /./ \\ aAxEx

o :

r; II \‘ ? / \\ / \

o~ \ . *

< / \ 2o \ 7 \

I / \\ S / \ /
S // AN S \, /‘ '\ /
- AN o . N
() S —— z Ry Sy A —AxB x
=0 0 2m

rH, ®

Fig. 4.2 Initial configurations for ¢ and II; give by Eqn. (4.6a) and Eqn. (4.6b), for
parameters A = 0.0825mp), Ry = 1.2H,',A =0.15H;',B=0.5,k =2,0w = 12H; . The navy
blue (green) dashed lines in the top (bottom) row represent initial profiles for ¢ (Il¢). The
dashed (dashdotted) lines in the left (right) columns represent initial ¢ or I¢ profiles as a
function of coordinate radius r with elevation angle 6 and azimuthal angle ¢ kept constant
(as a function of ¢ with r and 0 kept constant). The various solid orange arrow and lines
show how the constants A, Ry, A, B, w relate to the initial shape of these profiles, whilst the
final constant k is set to 2 here, so that the profiles in the right column oscillate twice per
@ rotation.

pg(@):f drda rzp(r,B,a) (4.15a)

]9(0):f drda r* #(r,0,a), (4.15b)

i.e. the energy density and angular momentum density integrated over a conical surface
at elevation angle 6. From this figure, we note that the largest part of the shell’s mass
is located away from the equatorial z = 0 plane, where it is less susceptible to orbital
effects and more likely to spiral into the centre. Additionally, a significant part of the
angular momentum is located away from the equatorial plane. We expect that if the mass
distribution peaked more sharply around the equatorial plane, the spin effects on the
initial PBH mass and accretion rate would be stronger. This is an interesting direction for

future research.

4.3.2 Grid details and convergence testing

We use periodic boundary conditions in the x- and y-directions and reflective boundary
conditions in the z-directions, so that we effectively only simulate the top half of the
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Fig. 4.3 Initial configurations of py(0) and Jy(0), defined in Eqn. (4.15a) and Eqn. (4.15b),
as a function of elevation angle 0, for initial parameters A =0.0875mp), Ry = 1.4H,, 1A=
0.15H0_1, B=05k=2,w= 12H0_1. The solid blue (dashed light brown) line corresponds
to the y-axis on the left (right).

perturbation. The length of the simulation box is Lyox =4/ Hy (Lpox = 5/ Hp) for initially
subhorizon (superhorizon) perturbations in the x- and y directions, and half in the z-
direction. The grid details for the simulations presented in this chapter are otherwise
largely equivalent to the ones from chapter 3, but we list them here for completeness. The
grid size of the coarsest level, which covers the entire simulation box, is 96 in the x- and y
directions, and half in the z-direction. The refinement factor between a given AMR level
and the next is 2. The Courant factor Af/Ax = 0.0384 and is equal for each AMR level. The
maximum number of levels achieved for these simulations is 4, including the base level.
Grid points are tagged for refinement when either p; or the gradients of K pass a threshold
value.

We perform several convergence tests on the robustness of our numerical results, by
finding the mass and spin of a PBH formed by an initial perturbation with Ry = 1.4 H; 1
and a? =6.1 x1072. We do so using three different base grid resolutions, N; = 80, N, = 96
and N3 = 128, which correspond to base grid spacings h of h; = 6.25 x 10_2H0_1, hy =
5.21x1072 Hy land hy =3.90x 1072 Hy 1. We track Hamiltonian and momentum constraint
violation, as well.

Fig. 4.4 shows mass and spin difference between simulations of different base resolu-
tions and Hamiltonian and momentum constraint violation for all simulations, indicating
that convergence is achieved. We note that we checked the code simulates a homogeneous

FLRW universe for appropriate initial conditions in an earlier publication [165].

4.3.3 Scalar field evolution equations

Whilst the metric variable evolution equations can be found in e.g. [121], we list the
matter evolution equations here explicitly for completeness. For the generalised case of N
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Fig. 4.4 Convergence testing. We show data for the formation of a PBH formed by an
initial perturbation with Ry = 1.4 and )(g =6.1x1072. The top left panel shows the absolute
value of the difference between the masses detected by simulations of different resolu-
tions, while the bottom left panel shows the absolute value of the difference between
the dimensionless spins. The top right panel shows the Hamiltonian constraint violation
integrated over the simulation domain for different resolutions, while the bottom right
panel shows the integrated momentum constraint violation.

minimally coupled scalar fields ¢;, the evolution equations are

0p; = all; + B10;p;, (4.162)
0.I1; :,BjajHi+a6f6jgbi+6fcpi6ja (4.16b)
; dav (i)
ikl —
+a(KHz Y rjkal(/)l A, ),

whilst the energy-momentum expressions appearing in the metric variables’ evolution

equations are

1Y ,
P=§Z [H?+0’¢i61¢i+V(¢>i)], (4.17a)
i=1

N

Sj=2 ~1:d;i, (4.17b)
i=1
% 1_ ~Im

Sjk=2. [aj(/’iak¢i - Em(y 019i0mi (4.17¢)
i=1

-1 -2vign) |,
S=y/*Sk. (4.17d)

In our work we set N = 2.
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Fig. 4.5 PBH masses, angular momenta and dimensionless spins for perturbations of
varying initial size Ry. The top, middle and bottom rows show normalized PBH mass Mgy,
PBH dimensionful angular momentum /gy and PBH dimensionless spin agy respectively,
all as a function of number of e-folds after collapse initiated. The data in different columns
is for shells of different initial size, as annotated at the top. The data is labelled by the shell’s
initial dimensionless spin. The legends in the top plots are valid for their entire respective
columns. Our results show that the efficiency of the angular momentum transfer from
shell to PBH is 0 (5)%.

4.4 Results

The length scale of interest in this work is the unperturbed Hubble horizon Hj, set through
Eqn. (4.5). For all simulations we choose ¢y = 7.8 x 10~3mp; and the mass m = 62.6 H,
for the same reasons as presented in section 3.4. For the initial size of the superhorizon
perturbation we use a range of Ry € [1.2,1.5] H; ! with initial width A = 0.15H;!. The spin
amplitude and wavenumber are fixed to B = 0.5 and k = 2, respectively.

In our previous work [165] we found there exist two distinct mechanisms by which

PBHs can form in a matter-dominated era depending on the amplitude of the initial
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perturbation, i.e.

4GM§ <1 accretion collapse,

(4.18)
A@2+RoHp)® | >1 direct collapse.

The two mechanisms are

* Accretion collapse: The perturbation is not massive enough and disperses post-
collapse, but triggers a gravitational seed that accretes the (non-rotating) back-
ground matter, which then collapses into a black hole — PBH formation dominated

by ¢.

* Direct collapse: The initial perturbation is massive enough to directly collapse into a
black hole - PBH formation dominated by &.

We find that this threshold accurately predicts whether direct or accretion collapse will take
place, even when angular momentum is added. Given that the initial angular momentum
is contained in the collapsing massless field ¢, we focus on the latter mechanism - direct
collapse. This is the most optimistic scenario to form PBHs with spin, as in the accretion
case we expect most of the angular momentum of ¢ to be radiated away when the initial
perturbation disperses®. Consequently, for the perturbation’s radial amplitude we use
a range of A € [0.0825,0.09] myp;. We vary w € [0, 12] HO_1 to parameterize the amount of

angular momentum in the system.

4.4.1 PBH mass

We show PBH mass data for perturbations of three different initial sizes in the top row of
Fig. 4.5. We conclude that the efficiency is ~ 15% and is only weakly sensitive to the initial
angular momentum and size of the perturbation. Naively, one might expect that higher
initial angular momentum will prevent matter from collapsing, as inward gravitational
acceleration can to an extent be balanced by rotational motion, so an increased angular
momentum could result in a decrease in the efficiency (Mpy/ Mg ). Our results show that
this effect is not dominant — we suspect that this is related to the fact that much of the
perturbation’s angular momentum is concentrated away from the equatorial plane (unlike,
say, that of an accretion disk), and this spinning matter does not orbit but instead spirals

into the centre. We comment further on this effect in section 4.3.1.

“The angular momentum transfer between the fields ¢ and ¢ is minimal if they only couple via gravity, as
the transfer is suppressed by a factor of G through the EFE. This dependence on G is absent when the fields
are coupled directly.
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Furthermore, we note that the mass accretion rate of the PBHs is equally insensitive
to the angular momentum of the perturbation, at least for the spin values we probe.
This means that the accreted mass can quickly surpass the initial seed mass, so that
predictions for final PBH mass will depend heavily on assumptions made about the
continued accretion rate. We note that the dependence of the accretion rate on the
perturbation’s angular momentum may well change if the initial angular momentum

increases considerably, which is an interesting direction for future studies.

4.4.2 PBH spin

We investigate the evolution of the dimensionful PBH angular momentum around the
z-axis Jpy. We plot the corresponding efficiency (Jpy/ ]?) in the middle row of Fig. 4.5,
from which we see that Jgy; is consistent with zero initially, meaning the non-spinning
parts of the perturbation cause initial AH formation. The PBH then starts accreting matter
with angular momentum until /gy peaks at 2 — 4% of the initial total angular momentum
J° and finally asymptotes to a constant value.

There is a post-peak dip in angular momentum that appears consistently for all sim-
ulations, which we believe are the result of some components of the shell spinning up,
meaning local angular momentum conservation requires other parts to spin in the oppo-
site direction. This causes the formation of regions with net negative spin, whose accretion
by the PBH causes the dip.

Finally, we show the efficiency of the dimensionless spin (aBH/ag) in the bottom
row of Fig. 4.5, which peaks at a maximum ~ 25%. Overall, our results suggest that
the peak efficiencies (Jpy/ ]:3) and (aBH/ag) increase with increasing perturbation radius,
and whether or not this trend continues for even larger radii and values of ag needs to
be investigated further. Lastly, agy decreases very quickly due to the accretion of the
background matter, which is non-rotating. This demonstrates post-formation evolution

and dynamics are important.

4.5 Discussion

In this work, we use numerical relativity to show that sufficiently massive superhorizon
perturbations with inherent angular momentum will generically collapse into a PBH
with spin. This process is rather efficient: ~ 10% of the initial mass and ~ 5% of the
initial angular momentum make up the PBH at AH formation. We show that the initial

PBH mass and immediate post-formation accretion rate only depend weakly on the
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perturbation’s initial size and angular momentum, for the parameters we explore. The
PBH spin (agy/ ag) efficiency peaks at ~ 25% but crucially decreases quickly during the
subsequent evolution as during a matter-like era, black holes keep growing as they accrete
non-rotating background matter.

To illustrate this, we assume that the rapid accretion rate shown in Fig. 4.5 levels
off quickly and that the PBH continues to grow self-similarly’, i.e. Mgy o< 1/H, so that
the dimensionless spin evolves as agy < H?. Using the matter-dominated era scaling

T3/4

between the Hubble parameter and the temperature H , we obtain

3/2
aBH(T) " ( T) ) (4.19)

agn(To)  \Tp

where agy (T) is the dimensionless black hole spin at temperature T, and Tj is the tem-
perature at formation. In the most optimistic scenario where the PBH is the endpoint
of a highly rotating initial seed and is near extremal agH = 1, this implies that the typical
leftover spin is < @(0.1) if the duration of the matter-dominated epoch is AT £ 0.8Tp. In
this scenario, the final PBH mass depends on the temperature of the universe at the end

of the matter-dominated epoch T and can be approximated by

1 MeV

2
My = 10 (1 MeV)

g=10° ( )2 Mo, (4.20)
where T is taken relative to Tggy = 1 MeV and M, =~ 1033g.

Computational cost limits us from tracking the PBH evolution beyond a few e-folds
after formation, so the assumptions we make about the continued accretion rate are im-
portant. However, PBHs are expected to accrete significantly during a matter-dominated
epoch, even if the exact rate at which they do so is unknown. Therefore, we argue that if
PBHs with large spins are to form in a matter-dominated epoch, one needs two ingredients:
firstly, the PBHs must be highly spinning at formation and secondly, the matter-dominated
epoch’s duration must be short.

SWe emphasize that instead, the rapid accretion rate may be sustained until the PBH mass is proportional
to the Hubble mass. Additionally, subsequent growth could be significantly slower than self-similar.






Chapter 5

Dimensional reduction with matter fields

In this chapter, we describe an extension of the modified cartoon method from [325],
which involves the addition of matter fields. We discuss the dimensional reduction of the
initial condition solver used in chapter 4 and the evolution equations used in chapters 3
and 4. In this chapter we limit ourselves to the case of a real scalar field, but extending
the framework to other matter fields, e.g. complex scalar fields or electromagnetism, is
straightforward. Finally, we list an example of physical scenarios that could be efficiently
modelled using these equations.

Since this section’s focus is on the method’s numerical performance and we use geo-

metric units in the code, we will work in those units here, i.e. we set G=c = 1.

5.1 Introduction

NR simulations are notoriously computationally heavy and a main roadblock to densely
covering a certain parameter space with NR, or even running few NR simulations at high
resolution, is one of resources. To illustrate this, it helps to consider a D-dimensional
uniform grid with N grid points in every direction, in which case the computational cost
of a simulation on this grid will roughly scale like N?. This is the main reason 3+1D
NR simulations are computationally so costly and this only becomes worse for higher-
dimensional problems. This problem can be remedied partly by techniques such as
adaptive meshes, but the computational cost of these simulations means that one is
usually limited to numerically testing only a small part of parameter space, and this part
is often only sparsely covered by simulations.

A well-known and currently very relevant example is the case of binary BH inspirals,
for which the merger needs to be resolved by NR simulations. One is limited to inspirals

with relatively small mass ratios (where we assume the mass ratio of any binary is taken
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as larger than 1), although head-on collisions with mass ratios up to 1000 have been
performed [326]. High mass ratios require high resolutions and mesh refinement, which
eventually effectively grinds simulations to a halt. Apart from being unable to probe
this part of parameter space, it is another challenge to cover small mass ratio inspirals
with misaligned BH spins. These issues are becoming more urgent with the prospect of
next-generation GW detectors being built, such as the Laser Interferometer Space Antenna
(LISA) [327], the Einstein Telescope (ET) [328] and Cosmic Explorer (CE) [329]. which will
detect many more GW inspirals than current detectors, meaning much more elaborate
GW template banks are needed to interpret these GW signals for binary BH inspirals [330].

These issues are not unique to the area of GWs. In the specific case of PBHs, the issue
of heavy simulations can sometimes be remedied by applying techniques of dimensional
reduction, e.g. for the numerical determination of the collapse threshold of overdensities,
already referenced in chapter 3, and the study of critical PBH collapse processes, see e.g.
63, 331, 332, 64, 68, 69, 333].

Within the framework of dimensional reduction, one assumes that the physical process
one is simulating is symmetric to such an extent that it does not need to be simulated
in its full dimensionality. For instance, one only needs to simulate the radial dimension
of any spherically symmetric problem, making these investigations computationally
comparatively light. The full solutions can then be recovered by rotating the obtained
radial solution around the elevation and azimuthal angles. Dimensional reduction is
not just useful to reduce the computational cost of 3+1D simulations, but can also be
used to solve higher dimensional problems using existing two or three dimensional codes,
e.g. higher dimensional black holes [334]. One dimensional reduction paradigm is the
so-called cartoon method [335], of which a modification specifically geared towards NR
problems was published in [336]. A subsequent modification was published in [325], in
which the authers develop cartoon expressions for the BSSN formulation of GR. Fig. 5.1
contains images of the different types of grids used in these publications.

In this chapter, we will discuss how expressions and equations are adapted in the
context of the cartoon method of dimensional reduction in section 5.2. We will discuss
cartoon expressions for the CTTK method for solving the constraint equations in section
5.3 and expressions for scalar field evolution equations in the context of NR in section 5.4.
Finally, we discuss vacuum bubble collision as an example of a physical process that can

be investigated using these expressions in section 5.5.
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X

(a) Coverage using a three-
dimensional grid. The y axis
is not labeled but goes into
the page. Itis clear that there
is much redundant informa-
tion on the grid.

X

(b) Here, the grid is reduced
in the z-direction, as pro-
posed in [335]. Gradients
in the z = 0 plane can be
computed using regular fi-
nite differencing, and grid

X

(c) Here, the grid in the z-
direction is reduced to a sin-
gle layer, as proposed in [336].
Gradients in the z = 0 plane
are expressed in terms of gra-
dients in the y-direction.

points away from this plane
are filled between timesteps
using interpolation.

Fig. 5.1 Dimensional reduction with the cartoon method. Schematic representation of a
spherically symmetric physical setup covered by different types of grids.

5.2 Cartoon expressions

In the rest of this chapter, we will assume that we are dealing with 3+1D physical scenarios
that are axisymmetric around the x-axis, i.e. there is an SO(2)-symmetry. This choice is
inspired by the axisymmetry of the collision of two true vacuum bubbles in a first order
phase transition, but the same symmetry is exhibited by any head-on collision of two
spherically symmetric objects, e.g. black holes, or by any spherically symmetric object
itself. Ideally, we have a formulation of the problem in which the only data we need is
on the top half of the x — y plane, i.e. in the region x € R, y € R-¢, z = 0. It is then possible
to obtain the full three-dimensional solution at any point in time by simply rotating the
solution in the x — y plane around the ¢ direction. Therefore, one only needs to define
and evolve initial conditions in this x — y plane. The angle ¢ is defined by a new polar
coordinate system in the y — z plane, such that

p=1/y2+22, tan_l(g), (5.1a)
y=pcos¢p, z=psing. (5.1b)
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We will focus on strong gravity problems that are being simulated using a BSSN formula-
tion of the EFE. Additionally, we will assume that there is a reflective symmetry ¢ — —¢,
i.e. we consider only twist-free axisymmetric spacetimes, which makes dealing with the
dimensional reduction more straightforward. These are all simplifications of the most
general scenario of a (D — 1) + 1 dimensional spacetime with an SO(d)-symmetry, covered
in full in [325] for the case of a vacuum spacetime. To be extra clear, we note that the
processes studied in chapter 3 are axisymmetric and twist-free and could therefore be
studied using the methods described in this chapter. However, the processes in chapter 4
have angular momentum and are therefore not twist-free, so that the methods described
in this chapter do not apply and one has to use full 3+1D simulations instead, as we have
done.

Our notation regarding indices will be as follows: early uppercase Latin indices’ range
is A,B =0,...,3, while middle uppercase Latin indices’ range is I,J = 1,...,3. Similarly,
middle lowercase indices range is i, j = 1,2. Finally, early lowercase indices’ range is
a,b = 3, following the conventions in [325], in which the indices a, b range over the
cartooned dimensions.

When one assumes an SO(d) symmetry, it can be shown that various components of
several types of tensor vanish on the simulated plane. For an axisymmetry specifically,
any z-component of any vector, such as %, vanishes on the z = 0 plane, as does e.g.
0.¢, where ¢ is some scalar quantity. Additionally, for any symmetric tensor Tap, T;; =
0.T;; = 0. The price to pay for these simplified expressions is that one needs to keep
track of a new cartoon index w, which in the context of numerical GR only appears
in the additional tensor components g,,,, and T, that one needs to evolve. The ww

components represent the diagonal components of the cartooned dimensions, e.g. in this

case
8oo 801 802 8o3 8oo 8o1 &o2
811 812 813 S0(2) 811 812 , (5.2)
822 823 822
833 Sww

where we have only included the unique non-vanishing components. When there is even

more symimetry, more components vanish and the gww component represents more than
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one original metric component, e.g. in the case of an SO(3) symmetry

goo 8o1 8oz 8o3 goo 8o1
811 812 813 SO(3) 81 , (5.3)
822 823 Sww
833 Sww

It is worth mentioning that because in the cartoon formalism the metric becomes block
diagonal, one finds that g% =1/g,,,.

For instructive purposes, we will show why some specific tensor components vanish on
the dimensionally reduced domain, following the discussion in [325]. Firstly, we consider
a symmetric tensor T that transforms as

Tap= OX" 0X” T (5.4)
AB = 55C 5y D 1CD .
where X4 and Y are different sets of coordinates. To show that T;,, = 0, we use that
T;p = 0 by symmetry and we transform to Cartesian coordinates as

(5.5)

Similarly, we may transform the component T}, which also vanishes by symmetry, as

. 0x%ox®
0= Tp(p = W%TAB,
_ Oy GyT 0y 0z 0z 0y 0z 0z

LA B Rty \N e i ety
dpdp Y apdp T dpop Y dpop
=—2c08¢pTyy+ycospTy,—zsingpT,, + ysingT,,, (5.6)
2 2 2
(%_F)Tyz:%(Tyy_TZZ)’
z
Tyz = ! (Tyy = Tzz).

y2+z2
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Since we assume that we operate exclusively in the region where z = 0, the two equations
above imply that T;, = T;,, = 0. We list a more complete list of modified cartoon expres-
sions below, which can be derived in similar fashion. We stress that expressions hold in
the z = 0 plane for an axisymmetry around the x-axis, for any scalar field ¢, vector field V
and tensor field T.

az(/):aiaz()b:o, (5.73)
0y¢p
’p=—", (5.7b)
y
VE=0;V:=0,V =42V* =0, (5.7¢)
\va4
0,V?=—, (5.7d)
y
o; VY 784
alaZVZ = ( ly _51y?), (5.76)
S0, VE Y
2 (7Y
V= (-6 z). (5.70
Tiz=0;T;,=0i0;T;,= aiTiz = azTij = aiaszk =0, (5.7g)
T:z=Twuw. (5.7h)

To illustrate how these expressions are used in practice, let us consider a simple wave
equation in 3+1D Minkowski space, i.e.

O¢p = g*P040pp = —05¢p+2g%0;0,¢+g" 0,074 =0 (5.8)
It is common to decompose this second order system into two first order equations, i.e.

0:¢p =TI (5.9a)
0,11=2g"6,11+g"8,0;¢. (5.9b)

When one wants do dimensionally reduce the above set of equations, the second equation
is the only non-trivial one. We can write the RHS as

0,11=2g%0;T1+2g°0,11+ g'10;0;p+28"%0;04p + Y040 ¢p- (5.10)

The second and fourth term on the RHS must vanish, because they involve a z-derivative
of I1 and a mixed i, z-derivative of ¢ respectively, and the first and third terms only involve

derivatives with respect to dimensions that we have access to, so one only needs to rewrite
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the last term. Since we know that 0,0,¢ = 6 4,0,¢/ y, this equation becomes
. . 0
atH:2g016iH+g’]6i6j(,b+gwwL¢, (5.11)
y

We stress that the computation of these terms only requires gradients in the simulated

directions, and all derivatives in the z direction are gone.

5.3 Initial conditions

It is vital in numerical GR to be able to solve the constraint equations on the initial
hyperslice, to ensure that the obtained solution obeys the full four-dimensional EFE. In
this chapter, we will discuss dimensional reduction of the CTTK method [117], in which
the Hamiltonian constraint is solved by solving an algebraic equation for the trace of the
extrinsic curvature, Eqn. (2.38) and an elliptic equation for its traceless part, Eqn. (2.41),
which we copy here for convenience,

. 3 ..
K*=12y5°070 /yo + EwgleijA” +247p, (5.12a)
. 2
070, V; = 5w‘5(3,-1<+ 8ry®S;. (5.12b)

When one is interested in solving these equations on a two-dimensional grid represent-
ing an axisymmetric three-dimensional spacetime, extra cartoon terms are introduced.
Firstly, setting y¢ = 1 the Hamiltonian constraint Eqn. (5.12a) becomes

247w 3 - - . -
K2="7F 5 AijAT + Ay AT, (5.13)
Pl

m

The i = 3 equation of the momentum constraints in Eqn. (5.12b) vanishes on both sides

trivially, while the i = 1,2 equations are modified with cartoon terms as follows

y
ayVl-_él.Vy_z

OJOjVi+ y2 —g

w°0;K +8my®s;. (5.14)

This equation can be solved numerically using standard techniques, e.g. by linearising
and iterating to obtain a solution.
Finally, when one reconstructs the extrinsic curvature tensor from the solutions V;,

more modified cartoon expressions come into play. Because W; = V; +0;U = 3V}/4, one
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reconstructs Ay; as
- 3 1
A= 0'w! W) - Sy wk, (5.15)

where we assume explicitly that the metric is conformally flat and the conformal factor y

is normalized to one. This is cartoon modified as
5ij S nivr L Ajiy L] k z
Al =2 (@' + ol W) = Sy @ W+, W), (5.162)

3 i S 1 .. k VY
= (o'W’ JWH = ZH whry —
4(5 +0 ) 2)/ Ok + y )

- - 3 1
A = A = Z0PW - 5«y“(akw’“ +0,W?) (5.16b)
3vY 1 y

5.4 Cartoon expressions for a scalar field in twist-free ax-
isymmetry

In this section, we list the cartoon expressions for the stress-energy tensor and evolution
equations for a real scalar field minimally coupled to gravity in twist-free axisymmetry.
The cartooned evolution equations for the metric variables can be found in [325]. To
add and evolve non-trivial matter configurations, one needs to cartoon both the stress
components and the matter evolution equations. Focusing on a real scalar field, the

stress-energy components in the BSSN formalism are

p= %(HZ +Xy”a,¢a]¢) +V (), (5.17a)
Sy = —T10¢, (5.17b)
Spy=01¢p0;p— %?7 7 ok poLp + %7’ =y V@) (5.17¢)
s=ylsy, (5.17d)

while the evolution equations for the scalar field and its first time derivative are
0. =all+ o, (5.18a)
0,11=BloM+ad'o;p+0'poa (5.18b)

dv
+ a(KH—y”rfjach— %).
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In terms of the stress tensor, dimensional reduction introduces a new stress tensor compo-
nent S,,,y, which also changes the expression for the trace, so that the complete cartooned

expressions are

p= %(HZ + Xyifa,-¢a]-¢) + V() (5.19a)

Si = —T10;¢, (5.19b)
Sij=0ipdjp— %yijykzakcb@@ + %%;Hi —Yij V() (5.19¢)
Sww = %YWHZ (5.19d)
S=yISi;i +7""Swuw- (5.19€)

In the evolution equations, the only expression with a double derivative is the second, so
that the cartooned expressions become

0:¢ = all+ po;¢, (5.20a)
0,11y = B'0;T1 +ad'0;p+0'Ppo; (5.20b)
. av
_lirk _Z7
+a(KTy =y 5010 dcb)
)
vag 2 _ayvert o,

and for completeness we include the expression

= yki 8iy _5jngW_

k
1—‘ww y

(5.21)

5.5 Vacuum bubble collision with dimensional reduction

We test the formalism described in the previous two sections by using it to simulate the
collision of two true vacuum bubbles in a first-order phase transition. For completeness,
we first discuss some of the relevant research context briefly. Readers that are only in-
terested in the numerical results are encouraged to go straight to section 5.5.2. Many
extensions of the standard model introduce a first-order phase transition, in which as
the temperature of the universe drops, a new energetically favoured state is formed at
some critical temperature T,.. A simple example is that of a scalar field in a potential with
two minima, as illustrated in Fig. 5.2. In such a scenario, while T > T, the scalar field ¢

has value ¢y throughout the universe, which is the potential’s global minimum at that
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Fig. 5.2 Potential change for a scalar field undergoing a first order phase transition.

stage. The other minimum at ¢, is local, i.e. V(¢po) < V(¢1). At T = T, however, we get
V(¢o) = V(¢1) and when the temperature drops further, a new global minimum is formed,

i.e.

V(o) < V1), for T>T,
V(pg) =V(¢gy), for T=T, (5.22)
V(o) > V(py), for T<T,.

The field is now stuck in the false, local minimum at ¢y and even though there is no
obvious classical mechanism for the field to reach the new global minimum, because the
potential barrier is in the way, the field can quantum tunnel through the barrier to ¢,
[337-339], which forms a true vacuum bubble.

The energy of the inner region of this bubble is lower than the energy outside it, which
causes a pressure difference that provides a force that drives expansion of the bubble. This
outward force is counteracted by the surface tension of the bubble wall, which provides
a force that drive bubble contraction. If the energy difference between true and false
vacuum is AV and the surface tension is o, one can express the total energy of a bubble
with radius R as

Ebubble = —%nRsAV +47nR%0, (5.23)

and the bubble will expand if this energy is negative, i.e. for bubbles larger than the critical
radius R, =30 /AV. The inner true vacuum region is surrounded by an energetic bubble
wall, where the field values interpolate beween the true and false vacua. As the bubble

grows, energy is released from regions that move from the false vacuum to the true vacuum.
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This energy accelerates the outward movement of the bubble walls, which can rapidly
almost reach the speed of light. We note that this causes Lorentz contraction of the bubble
walls, which is a challenge in simulations of the expansion of vacuum bubbles, since more
resolution is needed to resolve the bubble wall accurately as the difference between the
length scales of the simulation domain and the contracted bubble wall increases. Setups
like the one described above can be found in many extensions of the standard model, e.g.
ones related to dark/hidden sectors [340-343] and electroweak baryogenesis [344—-349].

If two vacuum bubbles form in distinct regions and grow, their walls may meet and
collide. Given the high velocity of the bubble walls, these events can be violent and leave
various imprints, e.g. a GW background [350] that, if strong enough, could be probed
by future GW detectors such as LISA [351]. Because bubble collisions are such violent
events, it is possible that matter at the collision point becomes dense enough to undergo
gravitational collapse to a black hole. For instance, one can ask whether the immediate
overdensities caused by the collision of one or multiple bubbles can lead to BH formation,
as was first done by the authors of [352]. In this situation however, it is unclear whether or
not BH forms because the physics at the collision point are far from spherically symmetric,
so the hoop conjecture Eqn. (1.24) cannot simply be applied, and the volumes in which
enough energy for gravitational collapse is contained are much larger than the collision
point.

An alternative scenario is proposed by the authors of [353], in which it is assumed that
after the immediate collision of two bubble walls, the field can be reflected back to the
false vacuum at the collision point, while most of the surroundings are already in the true
vacuum and in fact, the field may oscillate between the two vacua several times at the
collision point. The authors of [354] show numerically that this process is realistic, and
this would clearly create overdensities that could potentially be dense enough to collapse.
The authors of [354] argue that these regions are not spherically symmetric and that BH

formation is therefore unlikely, but this has not been investigated with NR.

5.5.1 Initial conditions

In this section, we discuss in detail how we obtain initial conditions for dimensionally
reduced simulations of vacuum bubble collisions. One must define initial conditions for
two true vacuum bubbles seperated by a certain distance, which will subsequently expand
and eventually collide. There are several ways to obtain initial conditions for the matter

field and its first time derivative and we report on two specific examples here. Firstly, one
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may use the quartic potential from [355]

Vi(p) = %/sz — 2) +edd(p+ o). (5.24)

In the thin-wall limit where % < 1, the lowest-energy solution to the equation of motion
that interpolates between the two vacua is given by

_ ym . _ _£
¢ = go(tanh (= (r — R - 7). (5.25)
where R(t) = vt+ Ry, vy = ﬁ, m= ﬂ¢0 and Ry = 326—’}71 are the time-dependent radius,

Lorentz factor, initial width and initial radius of the bubble respectively. The gamma factor

is related to the radius via
e 4 A2

—+— .
A 27€%R?
One may take a first time derivative of Eqn. (5.25) to obtain an expression for I1 =0;¢ —

y=R (5.26)

B8;¢. These expressions can thus be very simply obtained for any given radius R, from

which one finds the corresponding value for y using Eqn. (5.26) and subsequently the

profiles for ¢ and I1. Having found these configurations, constraint-solving configurations

for the extrinsic curvature can be found using the method described in section 5.3.
Secondly, we consider the potential given in [354]

Vo(d) = v + av?¢? — 2a+ ) vd® + (a+3)¢*, (5.27)

which conveniently has a local minimum at ¢ = 0 and a global minumum at ¢ = v. We
have no approximation of an analytic solution for this potential, but it is easy to employ a

shooting method that numerically solves the equation of motion
2 3 /
0, + ;ar =V'(¢), (5.28)

where r? = ? + x*> + y? + z% and one imposes boundary conditions ¢ = 1,0, =0at r =0
and ¢ — 0 as r — oco. This configuration minimizes the Euclidean action

SE :f d4x

and will therefore dominate the tunneling probability. One may employ a shooting algo-

% (0:¢0)° + % Vo)’ + V() (5.29)

rithm to solve Eqn. (5.28) and use this numerical solution directly on the initial hyperslice.
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(a) Numerical solution for ¢ for equation 5.28, (b) Initial 2D spatial hyperslice showing the

for boundary conditions and parameters listed energy density of the configuration shown in
in the main text, obtained using a shooting al- Fig. 5.3a.
gorithm.

Fig. 5.3 Vacuum bubble initial field configuration obtained using a shooting method.

Alternatively, one may fit a hyperbolic tangent function to the profile, i.e.

I’—RO
A

¢(r) = Atanh ( )+ B, (5.30)

where A, Ry, A, B are the amplitude, initial radius, initial width and shift of the profile
respectively. Obtaining such a fit can be useful for several reasons: firstly, it simplifies
plugging the initial profile into the initial condition solver. Secondly, this initially stationary
tangent hyperbolic profile may be extended to boosted solutions as in [355], although we
have not yet attempted this and leave this to further studies.

The outcome of this procedure is illustrated in Fig. 5.3a, for parameters a = 10 and
v = 1. Itis clear that the obtained numerical solution interpolates cleanly between the
true vacuum at small radii and the false vacuum at larger distances. Furthermore, the
hyperbolic tangent fit is accurate, with parameters A = —0.499, Ry = 1.67, 1 = 0.406 and
B =0.499. A typical initial slice field configuration is shown in Fig. 5.3b, where we have
used the reflective x — —x symmetry to cut the size of the simulation box in half, and
the axis of rotational symmetry is on the x-axis. We impose an additional reflective
symmetry on the boundary on the right hand side, so that once the bubble wall reaches

that boundary it will collide with its mirror image.
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To obtain valid initial conditions for NR, we use the CTTK method to find constraint-
satisfying initial configurations for the extrinsic curvature, where we use the cartooned

expressions from section 5.3.

5.5.2 Evolution

Here, we present numerical results obtained dimensional reduction method described
above. Our aim here is simply to show that the method is numerically robust and we will

therefore in particular show good numerical convergence of our simulations.

Numerical method

For this test, we use the quartic potential from Eqn. (5.24). In our simulations, we rescale
all quantities so that Ry = 21/3em = 1 and we will report the values of other quantities
with respect to Ry.

We choose AR? =2.84 x 10°,eR3 = 1.42 x 10*, ¢y = 2.50 x 1072, after which the initial
configuration for ¢ is given by Eqn. (5.25). We choose these parameters so that the ratio
between the width of the bubble wall o and Ry is o/ Ry = (2/ m)/ Ry = 0.05, so that these
length scales are not too far apart, which makes resolving the entire system with a uniform
grid more feasible. We let the bubble start from rest, so that IT = d,¢ = '9;¢ vanishes
on the initial slice, as well as the linear momentum densities, so that the total-gradient
assumption mentioned in section 2.2 is valid.

The length of our simulation domain is L/Ry = 8 (L/Ry = 4) in the x(y)-direction,
resolved uniformly by 256 (128) grid points. To perform a convergence tests, we run two
identical simulations with the number of grid points multiplied by 2 and 4. We do not use
AMR and use a constant Courant factor of 0.125. We choose code units such that one code
length unit x.,q. equals Ry.

We evolve the system using the cartooned evolution equations from section 5.4. To
quantify Hamiltonian and momentum constraint violation, we define variables A = vV H?
and .4 = \/ M? + M3, where H and M are the Hamiltonian and momentum constraints
respectively, and these values are integrated over the entire simulation domain. and
tracked over the course of the simulation for the three resolutions h;, iy and hs of 256,512

and 1024 in the x-direction.

Results

The results of these tests are shown in Fig. 5.4 and indicate good convergence of both
the CTTK method and the evolution equations. We show the integrated moduli of the
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Fig. 5.4 Constraint violation for expanding vacuum bubbles for three different resolu-
tions. The panel on the left (right) hand side shows the absolute value of the Hamiltonian
(momentum) constraint integrated over the entire simulation domain and it is clear that
constraint violation decreases with increasing resolution over the course of the entire
simulation, showing convergence. We checked that the ratio of absolute value of the
constraints and the energy density around the bubble wall is ~ 10~° for this simulation,
indicating that the constraints are indeed satisfied.

Hamiltonian and momentum constraints for identical simulations on uniform grids with
grid spacings of h; = 3.125 x 1072/ Ry, hy = h1/2 and h3 = h; /4. We expect that using the
CCZ4 formalism in lieu of BSSN will further improve the accuracy of the simulations.

With the grid being two-dimensional, it is feasible covering the simulation domain
with a uniform resolution that is fine enough to resolve the accelerating bubble wall. Had
the grid been three-dimensional, the computational cost would increase by roughly a
factor 250 for the lightest simulation, dramatically increasing the computational resources
and time required. This impact can be softened for a three-dimensional grid by leverag-
ing GRChombo’s AMR capabilities and using fine regridding only around the bubble wall.
However, we find that since field gradients around the bubble wall are large, one needs to
cover a relatively wide region around the bubble wall with a fine resolution, meaning the
simulations’ computational cost is still significant. Furthermore, we find that interpola-
tion errors associated to the boundaries of these. finer levels are significant and tend to
cause serious constraint violation, which affects the convergence behaviour. Therefore,
we stress that dimensional reduction is crucial in obtaining the performance shown in Fig.
5.4.

We expect that even in the dimensionally reduced setup, one will have to eventually
use AMR to resolve the bubble wall, as it Lorentz contracts as it accelerates and its width

will therefore become significantly smaller than the simulation domain length. Even
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though this will cause similar problems as described above, we expect that they can be
dealt with more straightforwardly in the dimensionally reduced case. For instance, it is
computationally cheaper to use a finer base resolution, so that one needs fewer additional
AMR levels to resolve the bubble wall, introducing less interpolation and associated
errors. Moreover, these errors are also decreased by increasing the distance between the
boundaries of level / and its subsequent level [ + 1, which comes at a computational cost

that is much more manageable in the dimensionally reduced case.



Chapter 6

Conclusions

6.1 Summary

This thesis is an account of our research into PBH formation and dimensionally reduced
simulations of matter fields in strong gravity using numerical relativity techniques.

Chapters 1 and 2 make up the background material, i.e. in chapter 1, we review GR
and its applications to BHs and cosmological spacetimes, after which we introduce PBHs.
In chapter 2, we discuss NR, which is used for the research presented in this work.

The research work in chapters 3, 4 and 5 discusses the study of formation processes
of PBHs in a matter-dominated environment, as well as dimensionally reduced NR sim-
ulations with matter. In chapter 3, we study the collapse of spherically symmetric sub-
and superhorizon overdensities in a matter-dominated early universe and the subsequent
collapse into PBHs. In chapter 4, we study the collapse of overdensities with angular
momentum in a matter-dominated early universe in order to deduce whether it is possible
to form PBHs with spin in such a setting. In chapter 5, we discuss dimensionally reduced
NR simulations with matter fields and its applications.

Finally, the appendices contains supplementary material that has been omitted from

the main text.

6.1.1 Primordial black holes in matter-domination

In chapter 3, we develop a method to study PBH formation in a matter-dominated universe
using real scalar fields and we apply this method to the collapse of spherically symmetric
sub- and superhorizon non-linear overdensities. We find that in this setting, PBHs form via
two distinctive mechanisms that we refer to as accretion and direct collapse, depending
on the initial mass of the overdensity. We show that it is possible to predict via which
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mechanism a given overdensity collapses, with a criterion based on the hoop conjecture.
This shows that in a matter-dominated universe, PBH formation is more general than in a
radiation-dominated universe, in which an overdensity must collapse to a PBH directly
because radiation pressure prevents efficient accretion onto the PBH. Our simulations
confirm that the absence of pressure makes PBH formation more straightforward, as
expected. Furthermore, we show that these PBHs have relatively small masses initially,
i.e. Mgy Hy ~ 1072 mf,l, as opposed to PBHs formed during a radiation-dominated period,
whose mass is usually of the order of a Hubble mass. PBH formation is followed by rapid
growth driven by accretion Mgy o« H™P with 8> 1, during which the PBH acquires most
of its mass. This makes it harder to couple a PBH to a formation time based on its final
mass and therefore potentially to a formation mechanism. On the other hand, it opens
up the possibility that PBHs formed from overdensities with similar length scales end up
having different masses, depending on how much each PBH accretes surrounding matter.
Such an extended mass distribution can help to explain a larger part of DM today as PBHs.

In chapter 4, we study the collapse of overdensities with angular momentum in a
matter-dominated universe and we investigate how efficiently the overdensities’ mass and
angular momentum is transferred to the PBHs. We find mass and angular momentum
transfer efficiencies of 6 (10%) and 0 (5%), respectively. The mass transfer efficiency is
comparable to those found in chapter 3, which is to be expected since the overdensities’
dimensionless spins are relatively small, peaking at 7.4 x 1072, The relatively low angular
momentum transfer efficiency indicates that forming PBHs with large spins is non-trivial
and involves the collapse of overdensities with large dimensionless spins, which would
therefore deviate significantly from spherical symmetry. Such perturbations are more
likely to be affected by other nonspherical effects that resist collapse, complicating the
formation of high-spin PBHs further. Moreover, we show that subsequent evolution is
important due to the seed PBH accreting non-rotating matter from the background, which
decreases the dimensionless spin. This is expected, since it was clear from the spherically
symmetric case from chapter 3 that in the two-field setup it is the background field, which
has no angular momentum by design, that is accreted post-formation. This picture may
well be different in a changed setup, e.g. when the background field itself is perturbed, or
when there are direct couplings between the two fields, in which case angular momentum
could be transferred between the two fields more efficiently before PBH formation. In our
case however, we argue that for PBHs with large spins to form during a matter-dominated
epoch, the matter-dominated epoch cannot last too long to prevent the accretion of much
non-spinning matter, and the PBHs must be highly spinning at formation, implying they

are formed from highly spinning overdensities.
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The fact that large overdensities are required to form PBHs with significant spins
suggests that perturbative approaches are unable to tell the full story of the formation of
spinning PBHs, as such large overdensities are in the nonlinear regime that perturbative
calculations cannot accurately describe. Our work also shows that the evolution of the
angular momentum of the collapsing region after it has decoupled from the Hubble flow
cannot be ignored when determining the PBH spin at formation. Furthermore, post-
formation accretion must be taken into account to determine the final PBH spin. These
effects are not captured by perturbative work such as [81], but we show that NR takes
them into account accurately and that NR can therefore be an important tool to uncover
detailed physics in these settings.

6.1.2 Dimensional reduction with matter fields

In chapter 5, we discuss the high computational cost of NR simulations and how these can
be remedied using dimensional reduction. It should be clear that dimensional reduction
comes at the cost of lessening the generality of the method, because it only allows for
the simulation of processes that obey the assumes symmetries, axisymmetry around one
of the Cartesian axes in our case. However, it is still useful especially for the study of
processes that are conventionally studied with high degrees of symmetry, such as PBH
collapse threshold or critical collapse research, as well as for simulations of head-on
collisions of spherically symmetric objects, such as boson stars or vacuum bubbles. We
extend the cartoon formalism presented in [325] by adding matter, specifically a real scalar
field, and we give cartoon expressions for dimensional reduction of the CCTK method for
solving the Einstein constraints. Additionally, we give explicit cartoon expressions for the
evolution equations. It should be straightforward to import these expressions into working
codes, so that other members of the community can immediately start building on the
work presented here. Furthermore, our own cartoon codes for both the initial constraints
and the evolution will become public in the near future, so that continuation of our work
becomes even simpler. Finally, we discuss true vacuum bubble collision in the context of
first-order phase transitions as a specific application of this work. We discuss two ways of
obtaining initial field configurations for the field undergoing the phase transition and we
present a convergence test showing continued stable numerical evolution of this system.
We discuss why dimensional reduction is vital to obtain a code that is both numerically
stable and computationally cheap.
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6.2 Future work

Regarding the work on PBH formation in a matter-dominated early universe in chapters
3 and 4, it would be interesting to compare our results to those obtained from perfect
pressureless fluid situations, to investigate whether the effective matter domination by
oscillating scalar field method has an impact on the final results. This is of particular
interest with respect to the role of angular momentum during the collapse, as it has been
shown that it is important to know the equation of state precisely to predict the PBH
spin [82]. Since the mass of the background scalar field introduces a length scale, it is
reasonable to suspect that pressure support appears in the late stages of the collapse and
the effects of such support should be investigated further.

Moreover, the dynamics of the collapse may change if the only field present is the
background field, which is perturbed itself to provide the overdensities collapsing to PBHs.
We find that this can have large effects on the local expansion rate of the universe and how
this influences the collapse and PBH formation requires further study.

One could investigate whether a critical threshold é . for the transition between direct
and accretion collapse can be defined and determined. The extent to which the presence
of angular momentum affects the value of such a threshold is another open question, in
matter-dominated universes as well as radiation-dominated ones. Our code is well-suited
to investigate the questions in this paragraph and the previous, and would need major
additions to simulate a perfect fluid coupled to GR.

Finally, it is not clear from our simulations why there is a discrepancy between the high
predicted PBH spins from perturbative calculations, see e.g. [81], and the low PBH spins
that we find. In particular, further research is required to understand how an overdensity’s
angular momentum concentrates or disperses between the overdensity’s decoupling from
the Hubble flow and the formation of the PBH’s horizon.

The work on dimensional reduction of NR simulations with matter fields in chapter
5 is ready to be applied and we have already suggested one application, vacuum bubble
collision studies in the context of first order phase transitions. The dimensional reduction
framework can also be extended to other types of matter, e.g. complex scalar fields, in
which case one opens up possibilities to efficiently study the behaviour of exotic compact
objects, such as boson stars. For instance, boson star collisions obey the right symmetries
to be studied in an axisymmetric setups, at least in the non-spinning case. In the spinning
case, where both stars have identical spin, one loses the ¢ — —¢ reflective symmetry and
the method would need to be adapted accordingly, as discussed in [325], but this can in

principle still be done on a two-dimensional grid.
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Extra material






Appendix A

Foliation of Einstein’s equations

A.1 Symmetries of the Riemann tensor

It can be shown that the Riemann tensor R* vpo associated to the Levi-Civita connection V

of metric g,y obeys the symmetries

R', 0 =0, (A.1a)
RY\ 0 =0, (A.1b)
M —
R, i =0, (A.10)
R;wpa = Rpopv; (A.1d)

where round (square) brackets represent a symmetry (antisymmetry) operation, i.e.

Ty = (Tyv + Tvy) (A.2a)

N = DN =

T[pv] = (T[JV - Tvy) (A.2b)

and a semicolon denotes a covariant derivative.

A.2 The Lie derivative

Taking derivatives of tensors must always be done with subtlety and care, as it necessarily
involves comparing the components of tensors at two different points. The most straight-

forward thing that one can do is simply comparing the components of two tensors at
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different points in a given coordinate system, which leads to the definition of the partial
derivative. However, we know that the partial derivative of a tensor does not itself possess
tensor properties and is therefore not invariant under a coordinate transformation, so we
need to do better.

Let us say we are differentiating a tensor field T and to this end, we are comparing its
value Tp at point P and T at point Q. Somehow, we must find a way to map T to a tensor
T(’2 at Q, so we can compare two tensors at Q instead. One way to do so is by parallel
transport, which leads to the definition of the covariant derivative, which is discussed in
the main text of this thesis.

However, there is another way to do so. Consider a nonzero vector field X* on manifold
4, whose integral curve can be found by integrating the ODE

dx*

DY _xm
1 XF(x(A), (A.3)

where x is used instead of x* for cleaner notation. These integral curves form a congruence
of curves that fill the manifold, i.e. exactly one curve passes through each point on .#.
One may also use the vector field X* to define the coordinate transformation

H=xF+ 5AXH(x), (A.4)

which maps P to Q, assuming the integral curves of X* run from P to Q and the two points
are infinitesimally close. This can be used to map the tensor Tp to T’Q, i.e. the tensor
spaces at the two points are simply mapped through a coordinate transformation. We
can also Taylor expand the tensor field T around P to find the value at Q. The difference
between these two expressions will define the Lie derivative.

Specifically, let us consider a rank two tensor field T v(X), where x are the coordinates
of P, while x’ will be the coordinates of Q. We can coordinate transform to primed tensor

!
T" ,(¥) at Q using the coordinate transformation generated by X*, i.e.
v y

axt 9x° ™ ®)

~ X

oxf oxV' 7 (A.5)
=T, ®) +6A (0, X T°, -0, XPT", + G (61%)),

™ (%) =
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where we have differentiated Eqn. (A.4) to obtain

!

oxH

—— =", +620, X" (A.6a)
oxH

= = =", — A9, X", (A.6b)
X

We now apply a Taylor expansion to obtain
T, @) = T, (xP + 5AXP) = TV, x) + GAX 0, TV, + G (61?). (A7)

These two expression together define the Lie derivative, i.e.

™, ) - T ()
KTH, = Jim ! Vo (A.8)

—0 oA
We note that no connection is required for this mapping and therefore, this operation is in
some sense more fundamental than the covariant derivative. For this rank two tensor, it is
then easily shown that

ST, = XPo, TV, - T, 0, X" + T",0, X". (A.9)

Eqn. (A.8) is actually completely general and holds for any tensor of any rank. For a
tensor of a specific rank, an expression analogous to Eqn. (A.9) can be obtained through a
procedure similar to the one described above.
Finally, let’s introduce a coordinate system in which the 0™ coordinate vector is aligned
with X*. In that case, the last two terms in Eqn. (A.9) vanish and one obtains simply
0

KT, = ﬁzx T*,. (A.10)

This is explicitly used in section 2.1.2 of the main text to write the Lie derivatives of e.g.

the metric and extrinsic curvature as partial time derivaties.

A.3 BSSN formalism

The ADM system can be adapted and reformulated to obtain a strongly hyperbolic system
of equations. There are multiple ways that lead to Rome here but the formalism most
relevant to the work described in this thesis is the BSSN formalism [109-111]. We refer the
reader to [112, 113] for details on other formalisms.
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The main aim of the reformulation is to create a system of PDEs that is in fact strongly
hyperbolic and to this end, one must change the characteristic matrix. In the BSSN
reformulation, this happens mainly in three ways. Firstly, one introduces the conformal
connection coefficients I'!, which will be defined below and promotes them to dynamical
evolution variables. Secondly, one uses the constraint equations to replace certain terms
in the evolution equations and lastly, one decomposes the ADM variables into conformal
versions multiplied by a conformal factor, which will be detailed below.

The conformal decomposition begins by writing the spatial metricasy;; = y;;/x, i.e.
as a conformal spatial metric multiplied by a conformal factor 1/y. It is customary to
choose the conformal factor such that the conformal metric has unit determinant, but the
exact form of the conformal factor is not fixed and is sometimes taken to be 1/y? or y*.
For 1/y, it is useful to think about values of y less than one as gravitational wells, as it can
be related to the Newtonian gravitational potential for weak gravity cases by

1
1—2\11) )

I

x=( (A.11)
One separates the extrinsic curvature into its trace K = y'/K; j and traceless part A;j =
K;j— Ky;;/3 and then conformally decomposes the traceless part, A;; = A; /. We also
define the conformal connection functions I'* as contractions of the Christoffel symbols

of the conformal spatial metric, i.e.
SR P _ )
Tie=37 (Vije+Vik,j = Tkj1)» (A.12)

where indices after a comma indicate partial differentiation with respect to a coordinate,
and

i _ikei .

[ =p/*T = -0,7. (A.13)

The evolution equations for the conformal connections functions can be found by com-
bining their definition with the evolution equation of the conformal spatial metric, after
which the momentum constraints is used to eliminate a 0 inj term that appears. Finally,
the I'" can be used to to calculate the three-dimensional Ricci tensor, which appears in
the evolution equation of A;; (it appears in the evolution equation for K as well, but this
is eliminated using the Hamiltonian constraint). One splits the Ricci tensor as

Rjj= R?(j"‘}?ij; (A.14)
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where _ 3 . .
Yij k17 7 _kl A
RY. = —L(*IDD;y — —7*'0xx01x) + — (D;D— —08;%0; A.15
ij ZX(Y kDX 27(7’ kX01X) 27(( i 21 ix0;x) (A.15)
and
N 1._ L e ) o o
Rij= _EYklakalYij ~ ¥k )T+ T jyie + 7™ (208 T jyien + T Cicjn)- (A.16)

In this form, it was shown that the BSSN formalism is strongly hyperbolic and therefore
well-posed [356].

It is sometimes useful to have an expression for Fj. . in terms of the conformal quanti-
ties, e.g. when one adds matter terms to a simulation with evolution equations include
1“;. .- For reference, if the conformal spatial metric is defined as y;; = y"7,;, then

. . n a7 a7 a1
=T - a(?”m@kx + 7" 70,0 = X7 xj01%)- (A.17)

The full set of BSSN evolution equations is then given by

2
Oux =p*orx + S x(@K -0, (A.18a)
_ kA - i k- k2. k
0rYij =B 0rYij—2aA;j+7ix0jB" +7jr0ip _§Yijak:6 ) (A.18b)
O,Ai]—:,BkakA,-j)({—D,-Dja+a((?’)R,-j—87m:Sl-j)}TF+a(Ain—zA,-kAf)
B} } 2
+A,~kaj,6k+Ajkal-,Bk—§A,-jak/3k, (A.18c)
. I |

0K :ﬁ’“akK—DiD’ma(AijA”+§K2 +4ma(p+S), (A.18d)

. 1 .. 2

0,1 =g/, T + /¥ +77%0;0,p" + gylfajakﬁk—rfajﬁ‘ + grlajﬁf (A.18e)

.. . _.. 3 _..0; 2 .. ;
-2AY9;a+2a(T" Afk——A”]—X——)?”O-K—&I)(S’ .






Appendix B

Spinning primordial black holes in a

matter-dominated universe

B.1 Apparent horizons in FLRW spacetimes

To find the AH of the formed PBH, we follow the procedure described in [286]. The AH is
the outermost marginally outer-trapped surface on which the expansion of outgoing null
geodesics O vanishes, i.e.

®+EDiSi+KijSiSj—K:0. (B.1)

In FLRW spacetimes one often encounters cosmological horizons, for which alocal
measure can be found in a similar manner using the expansion of ingoing null vectors

k? = n%—s%, equivalent to
O_=-D;s' +K;js's —~K=0. (B.2)

In the following, we will refer to ®, (©_) as outgoing (ingoing) expansion, and we note
that it measures the fractional change in the area of an outward (inward) spherical flash of
light [113].

In general, these equations must be solved numerically, using a nonlinear root finder
algorithm such as the Newton-Raphson method or quasi-Newton methods. However, to
build some intuition for these quantities, it is useful to consider specific cases with a high

degree of symmetry, which can be solved analytically. It can be shown [113] that for a
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spherically symmetric line element of the form
ds* = —a?dt* +y(t,r)*[dr* +r*(d0* +sin*0 d¢?)] ,

and with s" = 1/w(¢, 1), s? = s? =0, the outgoing/ingoing expansion simplifies to

2
v

®i:

o, (0v 1)
a \y r)]

(B.3)

We find it instructive to treat some concrete examples here and we discuss the resulting
expressions for a Schwarzschild, FLRW and McVittie spacetime below. We will only
consider positive radius solutions to Eqn. (B.1) and Eqn. (B.2), regarding negative radius

solutions as unphysical.

(i) For a Schwarzschild black hole, the conformal factor in isotropic coordinates is
wpu(r) =1+ GM/2r)? and the lapse is apy(r) = (1 -GM/2r)/(1+ GM/2r). The

expansions are then given by

_8(GM-2nr)r

0, = , B.4
== GM T2 B4

which both vanish at r = 0 and at the black hole horizon r = GM/2.

In these coordinates, the areal radius for the Schwarzschild metric is given by
rwgn(t, r) and therefore, the area of a spherical surface is A = 4n(rypu(t,1)? L.
The outgoing (ingoing) expansion can be thought of as measuring the fractional
change in the area of an outward (inward) spherical flash of light. From the expres-
sion for A, this area decreases (increases) inside the apparent horizon and increases
(decreases) outside the apparent horizon when the coordinate radius is increased
(decreased). This justifies the fact that r = GM/2 solves both ©. = 0.

(ii) In an FLRW spacetime sliced by cosmic time t, Y rw(?) = a(t) and aprgw = 1, so
that

0. :Z(Hi i), (B.5)
ar

and ©_ vanishes at the comoving Hubble horizon r = @~ H™!. This is the point
at which the universe begins to expand superluminally relative to the origin, and
ingoing rays, that converge to the origin for smaller radii, end up receding from us.

'We note that at r = GM/2 and with units restored, this area equals 167G>M?, as it should for this
spacetime.
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(iii) A black hole immersed in an FLRW background can be represented by the McVittie

line element [357], for which & = agy (ar) and ¥ = YyrLrw () ywpH (ar), so that

_4dar(GM —2ar)
®i = 2 H+
(GM +2ar)3

(B.6)

When GMH « 1, as is the case in the situations we consider, ®_ vanishes for

1 2GM GM 2H(GM)?
and r= +
aH a 2a a

)

while O, vanishes for

GM 2H(GM)? H(GM)?
~ - and rx ———.

2a a 4a

r

This means that an AH finder should in principle be able to find the PBH and
cosmological horizon, as well as a perturbed r = 0 solution. This is confirmed by
our simulations. We are able to distinguish the two solutions for ®, = 0 because the

physical area of the latter shrinks, rendering it unphysical.

B.2 Initial data

In section 4.2.1 of the main text, we allude to the fact that to solve the Einstein constraints
on the initial hyperslice, we make an assumption through Eqn. (2.42) that the linear
momentum density obeys S; = 0;F for some scalar function F (the original method).
Since the linear momentum densities of the initial data defined in section 4.2.1 do not
obey this relation for any F, we must check that solving the constraints without this
assumption, i.e. solving Eqn. (2.40) and Eqn. (2.41) as four coupled equations (the
corrected method), results in the same initial configurations for the extrinsic curvature
K;; and does not change our final results.

To show this, we firstly solve the Einstein constraints for a perturbation shell with
A=0.09,Ry =1.2/Hy,A = 0.15/Hy, B = 0.5, k = 2,w = 10Hy, using both the original and
the corrected method. The only initial configurations that then differ are the trace of the
extrinsic curvature K and the traceless part of the extrinsic curvature A;;. We compare
configurations obtained using both methods in Fig. B.1, which shows that the normalised
difference between method 1 and 2 (i.e. the original and the corrected method respec-
tively) is smaller than 0.02%. Therefore, the initial conditions used in our production runs

are virtually identical to the ones we would have obtained using the correct method.
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Fig. B.1 Comparison between initial data obtained with method 1 (original) and method
2 (corrected) method. Shown in the top row are K and one representative component of
Ajj, along the x-direction through the entire simulation box and through the centre of
the perturbation shell. The bottom row shows the normalised difference between the two
configurations in the top row.

Secondly, we have convergence tested both the original and corrected method. We use
the same shell parameters as above, in a cubic box of length Ly = 5/ Hy and with base
grid resolutions N; = 256, N, = 384, N3 = 576, yielding resolutions A, A, and As, so that
the resolution ratio r = A;/A, = A»/A3 = 1.5. Computational constraints keep us from
going to higher resolutions. The results of these tests for the original (corrected) method
are shown in Fig. B.2 (B.3).

It is clear from the top rows of both figures that the configurations obtained at different
resolutions are very similar. In the middle rows of the two figures, we show the difference
between solutions at A; and A, (solid blue line), as well as the difference between solu-
tions at A, and As rescaled by r”* (dashed orange line), where 7 is the desired order of
convergence that we set to 2, given the stencils used in the solver. If the solver achieves
second order convergence, the orange line stays on or below the blue line, which is the
case for both methods. This shows that in this case, even though it is a mistake to use Eqn.
(2.42), it does not significantly affect the performance or rate of convergence achieved
by the solver, suggesting that the total error is not dominated by the assumption of a
curl-free S;, at least at these resolutions. It would be interesting to see whether either
method achieves this rate of convergence at arbitrarily high resolution, but we cannot
draw conclusions concerning that question based on these results.
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Fig. B.2 Convergence test for original method. Shown in the top row are the configu-
rations for K and Ay, obtained at different resolutions. The middle row compares the
difference between solutions at different resolutions, rescaled with respect to r = 1.5 and

n =2, while the bottom row shows an estimate of the remaining numerical solution error
at the finest resolution.
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Fig. B.3 Convergence test for original method, showing the same quantities as Fig. B.2.

The bottom panels of Fig B.2 and Fig. B.3 show the estimated numerical solution error
at resolution A3, defined as € = (ua, — ua,)/(r" —1). These are identical between both
methods and consistently small compared to the absolute values in the top rows.

Lastly, we have rerun a simulation using the corrected initial conditions, for the same
initial conditions as above. In Fig. B.4, we compare the mass and angular momentum of
the PBH formed from this perturbation with either method, and we show that the results
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PBH mass and spin, RyHy = 1.2
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Fig. B.4 Comparison between PBH mass and angular momentum, obtained with the
original and corrected method. Top row show these two quantities, while the bottom row
shows the normalised difference.

are qualitatively identical and are quantitatively the same within 2%. We note that this
figure has code time on the x-axis. Because the K configurations are initially slightly
different and because our lapse depends dynamically on K, one cannot expect the same
code time to correspond exactly to the same physical time with the original and corrected
method. We suspect that this causes at least part of the differences shown in Fig. B.4.

We have not run new convergence tests with the corrected method, because these runs
are computationally expensive. However, since the difference between the initial configu-
rations and PBH mass and spin data is small, we are confident that new convergence tests
would show the same level of convergence as the ones already present in chapter 4. These
tests show convergence of PBH mass and spin, as well as convergence of the norms of the
Hamiltonian and momentum constraint violation integrated over the simulation box.

In summary, we show that in this setting, the original and corrected methods generate
very similar initial configurations, that both methods show second order convergence and
that using the corrected method does not significantly change the observed PBH mass
and angular momentum. The conclusions presented in our paper do not change when

using the corrected method for solving the Einstein constraints.
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