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Dynamically selected steady states and criticality in non-reciprocal networks

Carles Martorell,! Rubén Calvo,! Alessia Annibale,? and Miguel A. Mufioz!

Y Departamento de Electromagnetismo y Fisica de la Materia and Instituto Carlos I de Fisica Tedrica y Computacional,
Universidad de Granada, E-18071, Granada, Spain

) Department of Mathematics, King’s College London, SE11 6NJ London, United Kingdom

We consider a simple neural network model, evolving via non-linear coupled stochastic differential equations,
where neural couplings are random Gaussian variables with non-zero mean and arbitrary degree of reciprocity.
Using a path-integral approach, we analyze the dynamics, averaged over the network ensemble, in the ther-
modynamic limit. Our results show that for any degree of reciprocity in the couplings, two types of criticality
emerge, corresponding to ferromagnetic and spin-glass order, respectively. The critical lines separating the
disordered from the ordered phases is consistent with spectral properties of the coupling matrix, as derived
from random matrix theory. As the non-reciprocity (or asymmetry) in the couplings increases, both ordered
phases diminish in size, ultimately resulting in the disappearance of the spin-glass phase when the couplings
become anti-symmetric. We investigate non-fixed point steady-state solutions for uncorrelated interactions.
For such solutions the time-lagged correlation function evolves according to a gradient-descent dynamics on
a potential, which depends on the stationary variance. Our analysis shows that in the spin-glass region,
the variance dynamically selected by the system leads the correlation function to evolve on the separatrix
curve, limiting different realizable steady states, whereas in the ferromagnetic region, a fixed point solution is
selected as the only realizable steady state. In the spin-glass region, stationary solutions are unstable against
perturbations that break time-translation invariance, indicating chaotic behavior in large single network in-
stances. Numerical analysis of Lyapunov exponents confirms that chaotic behaviour emerges throughout the
spin-glass region, for any value of the coupling correlations. While negative correlations increase the strength
of chaos, positive ones reduce it, with chaos disappearing for reciprocal (i.e. symmetric) couplings, where
marginal stability is attained. On the other hand, in finite size non-reciprocal networks, fixed points and
limit cycles can arise in the spin-glass region, especially close to the critical line. Finally, we show that chaos
is suppressed when the strength of external noise exceeds a certain threshold. Intriguing analogies between

chaotic phases in non-equilibrium systems and spin-glass phases in equilibrium are put forward.

Significance statement:

Diverse equilibrium systems with heteroge-
neous interactions lie at the edge of stability.
Such marginally stable states are dynamically se-
lected as the most abundant ones or as those with
the largest basins of attraction. On the other
hand, systems with non-reciprocal (or asymmet-
ric) interactions are inherently out of equilibrium,
and exhibit a rich variety of steady states, includ-
ing fixed points, limit cycles and chaotic trajecto-
ries. How are steady states dynamically selected
away from equilibrium? We address this question
in a simple neural network model, with a tunable
level of non-reciprocity. Our study reveals dif-
ferent types of ordered phases and it shows how
non-equilibrium steady states are selected in each
phase. In the spin-glass region, the system ex-
hibits marginally stable behaviour for reciprocal
(or symmetric) interactions and it smoothly tran-
sitions to chaotic dynamics, as the non-reciprocity
(or asymmetry) in the couplings increases. Such
region, on the other hand, shrinks and even-
tually disappears when couplings become anti-
symmetric. Our results are relevant to advance
the knowledge of disordered systems beyond the
paradigm of reciprocal couplings, and to develop
an interface between statistical physics of equilib-
rium spin-glasses and dynamical systems theory.

I. INTRODUCTION

Countless systems, both natural and human-made —
such as species in ecosystems, neurons in neural networks,
agents in financial markets and atomic magnetic mo-
ments in disordered materials— can be visualized as het-
erogenous networks of interacting elements. In the case
of fully connected systems with symmetric or reciprocal
interactions, the general phenomenology is that upon in-
creasing the heterogeneity in pairwise interactions, there
is a transition from a phase with a single equilibrium
to a “spin-glass” phase with multiple equilibrial™. The
latter is characterized by ergodicity breaking, slow dy-
namics, memory, and the breakdown of time-translation
invariance (TTI) among other non-trivial features. The
spin-glass (SG) phase exhibits a complex energy land-
scape with many minima, separated by large barriers,
hence different copies or ”replicas” of the system typi-
cally relax in distinct regions of the phase spacel. This
leads to the phenomenon of replica-symmetry breaking
(RSB), namely the breakdown of symmetry among dif-
ferent replicas, when averaging over the distribution of
interactions®. It is well-known that there are two main
classes of RSB, the one-step RSB (1RSB) and the full
RSB (fRSB), and that these are characterized by a dif-
ferent structure of the metastable states: marginal (and
unstable under external perturbations) in fRSB and well-
shaped and surrounded by large barriers in 1RSB>'Z,

Many systems in different situations (physics, biology,



ecology, neuroscience and economics) are intriguingly ob-
served to lie just at the edge of stability or operate near
criticality® 0. The recent application of RSB frameworks
to some of such systems has been highly revealing, sug-
gesting that they may dynamically select marginally sta-
ble states, as they could be the most numerous and/or
those with the largest basins of attraction, underpinning
a fRSB scenario'® 23, Such a powerful framework, how-
ever, is limited to equilibrium systems with reciprocal (or
symmetric) interactions, which preserve detailed balance.

For systems with non-reciprocal interactions, a gen-
eral framework to quantify the rich diversity of emerging
steady states, typically including limit cycles and chaotic
trajectories, in addition to fixed points, is yet to be estab-
lished —although recent years have seen some progress
in this direction®*28— and there is, as yet, no method
to predict which steady state is dynamically selected by
the system.

It is known that systems with asymmetric interactions
can exhibit a transition to chaotic behaviour as the ran-
domness in their interactions is increased??3! as well as
exotic so-called non-reciprocal phase transitions®!, that
constitute a topic of current research interest.

In addition, it has been shown that, for asymmetric
neural networks close to the transition into a chaotic
phase, the mean number of fixed points diverges expo-
nentially with network size, with the rate of divergence,
called topological complexity, following the trend of the
largest Lyapunov exponent®?. However, how topologi-
cal complexity affects dynamical complexity remains un-
clear; indeed, a formal connection between spin-glass-like
phases with exponentially many equilibria and chaotic
dynamics has not been established yet.

The aim of this manuscript is to advance the devel-
opment of an interface between the statistical physics of
classical disordered systems and dynamical systems the-
ory, by showing that chaotic phases in non-equilibrium
systems exhibit certain analogies with spin glass phases
in equilibrium (fRSB) systems.

We revisit a classical model for neural networks dy-
namics —introduced by Sompolinsky, Crisanti and Som-
mers in??— and modify it to allow for interactions to be
unbalanced (i.e. with a non-vanishing mean) and ran-
domly asymmetric, as well as to incorporate ”thermal
noise” in the dynamics.

We bypass the (hard) problem of calculating the topo-
logical complexity of different attractors in the configu-
ration space and focus on dynamical aspects (e.g. time-
dependent moments) of the trajectories at stationarity,
as originally proposed by SCS in?%.

By computing two order parameters, namely the mean
and variance of neural activity, we reveal the emergence
of two types of criticality, one corresponding to ferromag-
netic order and the other corresponding to spin-glass or-
der. The transition from the disordered to the ordered
phase can be rationalised in terms of spectral properties
of the interactions matrix.

Numerical analysis of the largest Lyapunov exponents

(LLE) shows that chaotic dynamics arises in the spin-
glass region of the phase diagram, for any value of the
asymmetry of the couplings.

For uncorrelated couplings, we analyse the non-fixed
point steady states and we determine the value of the
variance that is dynamically selected by the system. We
find that whenever the parameters allow for the existence
of a multitude of physical (i.e. realizable) steady-state so-
lutions, the system selects the steady state corresponding
to the separatrix curve, which delimitates the basins of
attractions of different steady states. This is reminis-
cent of the behaviour of fRSB systems at equilibrium,
which select marginally stable states, i.e. saddles in the
free-energy landscape, that are linked together by flat di-
rections. Our analysis suggests that chaotic motion is the
manifestation, at the level of single network instances, of
such an ensemble averaged dynamics lying on the sepa-
ratrix curve, delimiting different realizable steady states.
Such a motion is not time-translation invariant, similarly
to ageing dynamics in spin-glass phases. Finally, we show
that upon increasing the signal (i.e. the imbalance of in-
teractions), or the thermal noise, the system is brought to
a phase where only one bounded solution exists and chaos
is suppressed. Such a behaviour can be seen again, as
mirroring equilibrium phase transitions from spin-glass
phases (with many equilibria) to ferromagnetic or para-
magnetic phases (with a single equilibrium), when the
signal or the noise, respectively, are raised above a criti-
cal value.

The manuscript is organized as follows: In Sec. [T, we
define the model. Sec. [l delves into the linear stabil-
ity of the quiescent state, revealing the existence of two
types of criticality. Sec. [[V] explores the dynamics of the
model via a path integral formalism. In particular, we
first consider the dynamics in the absence of noise for
uncorrelated interactions (Sec. . Then, we shift our
focus to the noisy dynamics for uncorrelated interactions
(Sec. . Finally, we analyze the case of correlated in-
teractions (Sec. . We discuss the main results and
conclusions in Sec. [Vl For further technical details and
complementary analyses, readers can refer to the Appen-
dices and the Supplementary Material (SM).

Il. RATE MODEL

We consider a variant of the classical model introduced
by Sompolinsky, Crisanti and Sommers (SCS) in®?. The
model consists of a fully-connected network with N neu-
rons (as shown Fig. [1} left panel), each one described by
its time-dependent firing rate, z;(t), with ¢ = 1,2,..., N.
Their dynamics obey the following set of coupled stochas-
tic differential equations

x'iz—l‘i—Ff(gZJijmj"'ei) +&, i=1,....,N (1)
J

where the first term on the right hand side describes a
spontaneous decay of activity; the second one is the re-
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FIG. 1. The left panel illustrates a fully-connected network with N nodes and coupling strengths J;;, drawn randomly and
independently from a Gaussian distribution with mean Jo/N and variance J?/N. The central and right panels sketch typical
trajectories, x;(t), obtained from a numerical simulation of Eq. for a network instance (with v = 0). The trajectories of a few
nodes (solid grey lines) are plotted together with the mean M(t) = N™' 3. ;(t) (blue line) and variance §(t) = N~' 3, z?(t)
(red line). For type-I phase transitions (central panel), the trajectories converge to steady-state values (on the same timescale)
while for type-II (right panel) trajectories are highly irregular or chaotic. The insets show the distribution of eigenvalues (in the
complex plane) for each case: for type-I transitions, only one eigenvalue, the outlier, has crossed the line Re[A] = 1/g (shown
by the dashed line), while for type-II, a section of the bulk has crossed the line (without a gap), giving rise to a more complex

dynamics.

sponse to inputs, mediated by the gain function f(z)
which is a monotonically increasing function which satu-
rates for large (in absolute value) arguments, taken here,
without loss of generality, to be f(z) = tanh(x); ¢ is an
overall coupling strength and the ”synaptic weights”, J;;,
are (quenched) Gaussian random variables with mean
Jo/N and variance J?/N

—  J —  JE TP
ij:70; 3'_70:7 (2)
N J N2 N
where overbars stand for network average. We allow for
correlations between J;; and its reciprocal, Jj;,

2 2

-y 3)
quantified by the Pearson’s correlation coefficient + €
[-1,1], so that for v = 1, interactions are symmet-
ric/reciprocal i.e. J;; = Jj;, for v = 0 they are uncorre-
lated (or so-called “fully asymmetric”), and for v = —1
they are anti-symmetric. The external field 0, is added
to generate response functions and will be set to zero af-
terwards. Finally, the third term, &;(¢), is a zero-mean
Gaussian white noise with (& (¢)&;(t')) = 2026;;0(t — '),
so that o is the noise amplitude, and (...) stands for noise
average.

Let us remark that this model is very similar to the
classical one of SCS but differs in a few aspects: (i) the
non-linear function applies to the sum of inputs rather
than to each of them; this brings the model closer to
rate models in neuroscience®?; (ii) the connectivity ma-
trix is allowed here to have a non-vanishing mean, so
that one can study “excitation” (Jy > 0) and “inhibi-
tion” (Jo < 0) dominated regimes (we refer to these as
“unbalanced” cases); (iii) interactions have an arbitrary
degree of symmetry/reciprocity (encoded in 7y); (iv) noise
02 # 0 is included in the dynamics.

In what follows, we discuss two alternative approaches
to tackle analytically different aspects of the model: (i) a
linear stability analysis of the fixed points of the noiseless
dynamics, allowing us to compute phase boundaries and
(ii) a more complete path-integral formalism, allowing for
a full (dynamic mean-field) solution (exact in the infinite
network-size limit).

Il. LINEAR-STABILITY ANALYSIS

To scrutinize the possible steady states of the noiseless
dynamics we start by considering a linear stability anal-
ysis of the ”"quiescent” solution, where x;(t) = 0, Vi =
1,..., N and the neural network remains inactive. For
this we fix 6; = 0, 0; = 0 in Eq. (I), and expand f(z) to
the first order

.TZ:7£C1+QZJUIL’W ’L:].,,N
J

Thus, the stability of the quiescent solution is controlled
by the largest eigenvalue, \js, of the connectivity matrix
J, which depends on the model parameters (Jy,J) as
well as the degree of correlation, 7. In particular, the
quiescent solution is stable if gAy; < 1, and becomes
unstable for values of g above g. = 1/Ap.

The maximum eigenvalue can be easily computed (in
the infinite network-size limit) using well-known results
from random matrix theory (RMT) for the case of fully
asymmetric (v = 0) and symmetric (v = 1) networks. In
particular, for fully asymmetric networks with |Jo| < J
the eigenvalues obey the Girko’s circle law, meaning they
lay uniformly inside a circle of (spectral) radius J in the
complex plane centered at the origin®*% ie. the maxi-
mum eigenvalue coincides with J. If, however, |Jo| > J,
then one of the eigenvalues leaves the circle becoming a



real-valued “outlier” with value Jy2837. On the other

hand, for symmetric networks, with |.Jy| < J, the eigen-
values are all real and obey the Wigner’s semicircle law,
so that they are uniformly distributed on a semicircle of
radius 2J48, i.e. the maximum eigenvalue coincides with
2J. For symmetric networks with |Jo| > J, the distri-
bution of the bulk keeps following Wigner’s law, but a
single outlier eigenvalue appears at Jo + J2/Jg".

Hence, the limit of stability, g., is given by the largest
element between the outlier and the largest eigenvalue in
the bulk, i.e. one has, for vy =0

ge max(J, Jo) =1 — i

while, for v =1

2
Je Max (2J,J0 + §0> =1— g:J = max(Q,% + Ji0>
()

Furthermore, for general ’s, the distribution of eigen-
values has been derived for balanced matrices in*", and
the position of the outlier has been calculated for unbal-
anced matrices in#L.

Thus, depending on whether the largest eigenvalue is
an outlier or is at the edge of the bulk, two different paths
to instability emerge. If the outlier is the largest eigen-
value, as g is increased, a single collective mode (given
by the eigenvector associated to the outlier eigenvalue)
destabilizes, as illustrated in the central panel of Figll]
In this case, the system reaches a fixed steady state above
the instability threshold. If, on the other hand, the maxi-
mum eigenvalue lies at the edge of the bulk, a continuum
of modes may become destabilized as g is increased across
the edge of instability, as illustrated in Figl[l] right panel.
In this case, the dynamics of the system turns out to be
non-trivial and complex trajectories emerge. This dif-
ference is the core of the distinction between type-I and
type-II criticalities*243.,

It is important to highlight that linear stability anal-
ysis does not enable us to characterize the two types of
criticality in terms, for example, of order parameters and
critical exponents, nor does it help us to locate the tran-
sition between type-I and type-II phases, away from the
quiescent state. Thus, to tackle analytically this gen-
eral problem one needs to resort to a more sophisticated
dynamical mean-field approach as developed in the fol-
lowing section.

Before concluding this section, it is worth remarking
that a linear stability analysis of the symmetrized matrix
(H = 3(J+J7) — I**47 enables us to discern a regime
within the linearly stable phase where the dynamics is
"reactive”. This implies that perturbations are amplified

J

before returning to the steady state. Reactive dynam-
ics has been extensively discussed in neuroscience, and
significant functional advantages have been attributed to
it4849 1) SM Sec. [S.IV] we show that the model under
study exhibits such regimes of reactivity.

IV. PATH-INTEGRAL FORMALISM

To analyze the full phase diagram one can resort to a
“dynamic mean-field” approach (DMF) as originally in-
troduced by SCS2? and later developed in a number of
works (e.g,2%®3) Alternatively, one can employ a more
systematic path-integral formalism (or generating func-
tional analysis) as originally introduced by Martin, Siggia
and Rose®® and successfully applied to neural networks
in®"97 which allows to formally derive the DMF equa-
tions and quantify their limits of validity®%2%. The calcu-
lation is quite standard but, for the sake of completeness,
here we reproduce the main steps.

The starting point of the method is the definition of
the moment-generating functional of the random (vector)
function x(t)

Z[p] = <ez’ . ) dt xi(t>wi<t>> (6)

where the average (...) is taken over the probability
distribution P[x(t)] of trajectories x(t), generated by
Eq., for a fixed (quenched) connectivity matrix J.
From such a generating functional one can easily com-
pute the chief quantities describing the system’s collec-
tive dynamics, such as the mean activity of a neuron ¢

5214

M;(t) = (z(t)) = 10v;(t) ‘w—o’

(7)

the two-time pairwise correlations

A

Cij(t, ') = (zi(t)z;(t')) = W/J(t)l&l)(t')’ib ,
i J =0

(8)

and the response functions

d(zi(t)) 2 Z ]

R = 5.0y = 0,600

9)

‘1/,:0

In order to compute disorder-averaged quantities, one
needs to average the generating functional Z[1] over the
distribution P(J). This procedure leads —once the in-
finite network-size (N — oo) limit has been taken—
to a self-consistent stochastic equation for the dynamics
of a representative neuron, called dynamical-mean-field
equation®?2U98 see Supplemental Material (SM) Sec.
for further details:

#(t) = —x(t) + tanh | JogM (t) + szgQ/dt’ R(t, t)z(t') +0(t) + qb(t)} +£(). (10)



In this equation, £(t) is a zero-mean Gaussian white noise
with (€(t)E(t)) = 2028(t—t'), ¢(t) is a random Gaussian
field with zero mean and auto-correlation

(B(o(t") = J*g*C(t, 1) (11)

and the order parameters M (t), C(t,t') and R(t,t') need
to be calculated self-consistently, as averages over real-
izations of the effective single-neuron process:

M) = (o), (12)
Ot 1) = {r(D)a(t) (13)
Rit.t) = Sl = (i), (14)

where in the second equality of the last equation we have
used that # and ¢ have the same role in Eq.. The
random function ¢(t) can be interpreted as an “interfer-
ence” term that quantifies the impact, on the dynam-
ics of the representative neuron, of all the other neurons
that interact with it, while the second term in the square
brackets of Eq. accounts for the so-called “retarded”
self-interactions of the representative neuron with its own
past, i.e. past values z(t') influence z(t) at later times
t > t'. This is due to the fact that the representa-
tive neuron sends signal to its neighbours through links
which are correlated with those used by the neighbours
to send signal back to it. We note that (as usual) this
term only arises when such correlations in the links are
present (i.e. v # 0) and it makes the effective dynamics
non-Markovian. From here on, the external field is fixed
to zero, 6(t) = 0.

In the following sections, we investigate separately the
cases of (i) uncorrelated interactions (7 = 0) with noise-
less dynamics (0 = 0); (ii) uncorrelated interactions
(v = 0) with noisy dynamics (o # 0) and (iii) corre-
lated interactions (v # 0), focusing for simplicity on the
noiseless case.

A. Uncorrelated interactions (v = 0) and noiseless
dynamics (o = 0)

For uncorrelated interactions (i.e. v = 0), the equation
of motion for the noiseless dynamics (o = 0) takes a
particularly simple form

#(t) = —x(t) + tanh[JogM (t) + &(t)], (15)

that can be explicitly analyzed.

1. Fixed-point solutions

Let us start by assuming that the system reaches a sin-
gle stable fixed point z(¢) = x. In such a case, (z) = M,
(x?) = C(0) = g, and each realization of ¢(t) becomes a
static zero-mean Gaussian random variable with variance

J%g2q**60. Therefore, imposing the stationarity condi-
tion, £ = 0, in Eq. and averaging over ¢ one readily
obtains:

M = (tanh(JogM + ¢))
= / Dy tanh(JogM + gJ/qv) (16)

where the short-hand notation Dy = e’wz/de/\/ 27 has
been introduced. Similarly, the variance ¢ at the fixed-
point solution is

q = (tanh?(JogM + ¢))
= /Dw tanh?(JogM + gJ\/qv). (17)

An alternative, simpler derivation of Eqs.— —not
generalizable to the «y # 0 case— is presented in SM (Sec.
S.11)).

Before proceeding, we note that Eq. and Eq.
are identical to the equations for the magnetization
and the Edward-Anderson order parameter, respectively,
in the well-known Sherrington-Kirkpatrick (SK) model
for spin-glasses®l, within a replica symmetric ansatz,
with 1/g playing the role of the temperature (see e.g.
Eqgs.(2.28)-(2.30) in®). Such an equivalence, at the level
of order parameters, between the SK model and the
neural-network rate model under study, is surprising as
the two models are defined in rather different ways. In
particular, the SK model is defined for Ising (i.e. =+1)
variables with symmetric interactions while here Eq.
and Eq. have been derived for continuous state vari-
ables and non-symmetric interaction matrices.

From the analogy with spin glasses, it is well-known
that Eq. and Eq. have a trivial disordered so-
lution (referred to as “paramagnetic” in the context of
magnetic systems) with (M, q) = (0,0), which is stable
at sufficiently high temperatures (corresponding here to
small values of the coupling constant g). From the dis-
ordered phase, two different types of order may emerge,
depending on the relative values of the mean Jy and vari-
ance J of the coupling distribution.

In particular, for Jy > J, there is a bifurcation at
gJo = 1 from the disordered phase to an ordered (or
“ferromagnetic”) phase in which the up-down symme-
try is broken, i.e., there is a non-vanishing magnetiza-
tion, (M # 0,q # 0). On the other hand, for Jy < J,
a bifurcation occurs at gJ = 1 from such a disordered
phase to a “spin-glass” phase (M = 0,q # 0)%Y. There-
fore, the disordered phase loses its stability at the critical
value g., given by Eq., in agreement with results from
linear-stability analysis. In particular, type-I criticality
discussed in Sec. [Tl can be identified with the transition
from the paramagnetic to the ferromagnetic phase, while
type-II criticality corresponds to the transition from the
paramagnetic to the spin-glass phase. Such criticalities
can therefore be fully characterised by the order parame-
ters M and ¢, which correspond to mean neural activity
and mean-squared activity, respectively. In addition, the
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FIG. 2. Phase diagram of the model for uncorrelated (y = 0) and noiseless dynamics (¢ = 0). Panels (A, B): Heat
map of the time-averaged mean activity M (panel (A)) and mean-squared activity (or equal-time correlator) C'(0) (panel (B)),
obtained from simulations as a function of the control parameters Jo/J (as color coded) and 1/gJ. The white lines represent
the theoretically predicted critical curves (from stability analyses of fixed-point solutions) separating the paramagnetic (P),
ferromagnetic (F) and spin-glass (SG) phases. Panels (C, D): Symbols show M, from panel (A), and C/(0), from panel (B),
obtained from simulations, versus 1/gJ, at three different values of Jo/J, corresponding to the three dashed vertical lines on (A)
and (B). Solid lines show the theoretically predicted asymptotic behaviour around the critical point such that M ~ (g — g.)“
(defined only for the ferromagnetic transition) and ¢ ~ (g — gc)ﬁ . (Note that M and ¢ denote, respectively, the values of the
mean and the mean-squared activity obtained from the theory —by averaging over initial conditions and network ensemble—,
assuming a fixed-point solution, whereas M and C'(0) denote their numerical counterparts obtained from numerical simulations
by averaging over different realizations.) The inset illustrates the effect of increasing the system size (N = 100, 1000, 10000).

critical line separating the ferromagnetic from the spin-
glass phase can be obtained by analyzing the limit of lin-
ear stability of the M = 0 solution, which —as derived
in the SM (Sec. [S.I1I)— leads to
1 Jo
—=—(1-gq" 18
—=20-1) (18)
where ¢* is the solution of

g = / Dy tanh? (gJ\/(T*w). (19)

The resulting phase diagram, in the parameter space
(Jo/J,1/gJ), is shown in Fig[2] where the solid white
lines in panels (A) and (B) represent the critical lines
separating the paramagnetic (P), ferromagnetic (F) and
spin-glass (SG) phases.

Expanding the self-consistency Eqs.— to the
first sub-leading order, it is possible to obtain the crit-
ical exponents a and § such that M ~ (g — g.)® and
g~ (g—gc)” (see SM, Sec. . For the ferromagnetic
transition Jy > J, one has @« = 1/2 and 8 = 1 (as in
the Ising model) whereas for the SG transition, i.e. for
Jo < J, the exponent « is trivially 0 and 5 = 1.

In addition to fixed-point solutions, a rich set of possi-
ble non-fixed-point solutions is expected to appear with
non-symmetric interactions, including limit cycles and
chaotic trajectories??>1%7  Among these, stationary so-
lutions are characterised by a time-independent average
M(t) = M and a time-translation invariant two-time
correlator C(t,¢') = C(¢ — '), which implies a time-
independent equal-time correlator C(t,t) = C(0) (note

that for fixed-point solutions C'(0) = ¢, however for non-
fixed-point solutions C'(0) # ¢). Whenever the steady
state is not a fixed point, node activities z;(t) fluctu-
ate in time, even at stationarity. One can therefore ask
whether the phase diagram derived for fixed-points gives
reliable information on the phase transition behaviour of
the system, whose dynamics is not necessarily at a fixed
point.

To address this question, we ran .S independent com-
puter simulations of the microscopic dynamics and, as-
suming that the system eventually reaches a steady-state,
we computed the stationary magnetization and equal-
time (or zero-lag) correlator for each simulated trajec-
tory x4(t), with s = 1,...,5, as the sample average of
the mean activity92

W= Y % ) (20)

1 N
IO (21)

respectively, where t,, > 1 and t; is a sufficiently long
time to allow the dynamics to relax to stationarity. Fig[2]
shows a heat map of their averages M = S~ Zle | M|
(panel (A)) and C’(O) = §-! Zf:l CA’S(O) (panel (B)),
where the absolute value |...| is used to avoid the cancella-
tion between positive and negative states of the system.



Simulations are performed with S = 1000 realizations,
for a system with size N = 1000, for different values of
the parameters (Jy/J,1/gJ). Notably, the phase diagram
derived for fixed-point solutions captures very well the
phase transition behaviour of C(0) and M, which van-
ish in the disordered (paramagnetic) phase and become
non-zero in the ordered (spin-glass and ferromagnetic)
phases. In addition, their asymptotic behaviour close to
criticality matches the scaling theoretically predicted for
fixed-point solutions (see Figl2] panels (C) and (D) and
SM, Sec. mfor details). This suggests that close to the
instability line of the paramagnetic phase, trajectories
are at a fixed point. This is consistent with bifurcation
analysis, showing that the first non-trivial steady-state
solutions to appear below criticality are fixed-point so-
lutions (see SM, Sec. for details). In the next
subsection, we study in detail non-fixed-point solutions
at stationarity.

2. Non-fixed point steady states

Let us now focus on stationary solutions other than
fixed points. These are characterised by a constant first
moment M (t) = M and time-translation invariant corre-
lator C(t,s) = C(t — s), where M is given by

M= / D tanh (JogM + gJ/CO0)  (22)

with C(0) denoting the equal-time correlator, while the
two-time correlator C'(7) satisfies

(1-92)C(r) = E(C(r),C(0), M) (23)
with
=(C, C(0), M) = / Dy tanh|JogM +d] tanh[ JogM +]
(24)
where
C dsdd o $TCm)e
Do = 2mg2J?/det C(7) P ( 2J2g° ) » (%)

see SM, Sec. [S.VA] for details.

For C to be positive definite, we must have C2?(0) >
C?(7), i.e. C(0) > |C(7)], as expected for a stationary
process, where the correlation function (at any time-lag 7
larger than 0) is bounded to be smaller than the variance.
An expression for the variance C(0) is provided in the SM
(Sec. , however, let us remark that it requires the
knowledge of the time-dependent (or “non-persistent”)
order parameter C(7), consistently with earlier findings
in asymmetrically diluted recurrent neural networks>®
Hence, the equations for the time-invariant (or “persis-
tent”) order parameters M and C(0) are not a closed set
(not even at stationarity), when the system is not at a
fixed point. Only when the system is at a fixed point, i.e.
x(t) = z, then C(0) = ¢ and the equations for M and ¢
form a closed set.

Following®?, we note that Eq. can be cast in a
gradient-descent equation

AV (C|C(0), M)

2 = —
0:C(1) = 5C (26)
on the potential
02 C
V(C|C(0),M) = - +/ dC"Z(C',C(0), M) (27)
0

which depends on the persistent order parameters M and
C(0).

Note that for Jy = 0, the previous potential reduces to
the one governing the correlation function in the model
of SCS?Y. Although such an equivalence might seem sur-
prising —given that in the model of SCS, unlike ours,
the sum over j in Eq. appears outside the hyperbolic
tangent— it can be rationalised by a simple argument as
explained in App[A]

As already noticed in®?, solutions of Eq. conserve
the total energy

o %C? +V(C|C(0), M), (28)

Moreover, at stationarity, C'(7) = C(—7), so that C'(0) =

0 and, hence, the initial kinetic energy vanishes. Thus,

from energy conservation one has
SC3 ) + V(CIC(0),M) = V(C(O)|C(0), M), (29)

Physical solutions must be bounded, ie. |C] <
C(0), this requires V'(C(0)|C(0),M) > 0 and
V'(-C(0)|C(0),M) < 0 at the two boundaries C =
+C(0), respectively (since C'(0) = 0). It can be eas-
ily shown that, for any M, V'(C(0)|C(0),M) < 0 if
C(0) > g, hence such initial conditions are unphysical:
the system will have to select a stationary value of the
equal-time correlator that is smaller or equal than the
persistent parameter q.

Let us now study separately the cases (a) M # 0 and
(b) M =0:

a. For M # 0. One can show (see SM C) that
the potential is a monotonic non-decreasing function for
any initial condition C'(0) < ¢ and that there is only one
stationary point, at the boundary of the physical region
C = C(0) = q (see FigP| panels (A)). Therefore, the
only possible bounded steady-state solutions for M # 0
are fixed-point solutions with C' = q.

To verify this, we ran S simulations of the microscopic
dynamics to obtain trajectories x4(t), with s = 1...5
and computed, for each realization s, the equal-time cor-
relator at stationarity C,(0), as defined in Eq.(21)). The
resulting distribution

s
Z (Co — Cs(0)) (30)
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FIG. 3. Analysis of the motion in the effective potential V (C|C(0), M) for the uncorrelated (y = 0) and noiseless (6% = 0)
case. Panels (A, D): potential V(C|C(0), M) as a function of C for M #0 (ferromagnetic phase, with Jo/J = 1.5) and M =0
(spin-glass phase, with Jo/J = 0.5), respectively. Each curve is obtained for a different value of C'(0) (as shown in the legend
with a color code) and is plotted in the range C' € [-C(0),C(0)]. Note that only in the SG phase the potential may exhibit
a shape with either one or two wells. The heat maps in panels (B, C, E, F) describe the probability distribution function
(PDF) P(Co) (as defined in Eq.(30)) of finding a given value of C(0) for the ferromagnetic case (B, C) and the SG phase (E,
F), for different values of 1/gJ (obtained from S = 1000 simulations of the microscopic dynamics, averaged over a time window
tm = 2000, for system size N = 100 (B, E) and N = 1000 (C, F)). Each simulation corresponds to a different realization of
the random initial condition and quenched disorder. Stars show the values of 1/gJ and C(0) used to plot panels (A, D). In
panels (B, C), the solid line (”q-line”) describes the solution ¢ obtained from the fixed-point solution, revealing that for large
N, the PDF becomes peaked around this value, so that C'(0) = ¢q. On the other hand, in panels (E, F), the PDF becomes more
and more peaked (as the system size is enlarged from N = 100 to N = 1000) around a value C§ # ¢, corresponding to the
separatrix point (lying in the green curve) at which the potential verifies V(C(0)|C(0),0) = 0 (C(0) = 0.48 in (D)). Note that
such a green line is in between the g-line (yellow) and the threshold curve Cin (red) as described in the main text, so that in
particular C(0) # ¢ in the SG phase.

is plotted in Figl3(B, C) as a heat map, for different
values of 1/gJ, two different network sizes N, and a fixed
value of Jy/J (corresponding to the ferromagnetic region,
ie. M # 0). Results show that, as the network size N

but larger than a certain threshold value Cyy, solution of

/D?/) tanh?(gJ\/Cin ) =1 — giJa (31)

is increased, the probability density concentrates on the
curve corresponding to C(0) = ¢ (solid line), confirming
that, indeed, the value of C(0) selected dynamically by
the system coincides with q.

b. For M =0. One can show that —as illustrated
in Fig panel (D)— V has the shape of a double-well
potential for any initial condition C'(0) smaller than ¢

whereas below such a threshold (C(0) < Cyy) it becomes
a single-well potential (see SM C for further details).

Therefore, any initial condition 0 < C'(0) < ¢ leads to
bounded solutions, but —depending on the value of C(0)
that is dynamically selected by the system— different
steady-state solutions may arise as summarized in the
following:

e For 0 < C(0) < Chp, the potential has a single-well



shape, so that the motion is periodic between C(0)
and —C/(0).

e For Cy, < C(0) < g, the potential has a double-
well shape with a local maximum at C = 0, and
three possible types of dynamics can emerge:

— (i) periodic motion in one of the single
wells corresponding to motion below the
separatrix curve (C(0) > C§ such that
V(C(0)|C(0),0) <0);

— (ii) asymptotic motion towards C' = 0, cor-
responding to motion on the separatrix curve
(C(0) = C§ such that V(C§|Cy,0) = 0);

— (iii) periodic motion between C'(0) and —C'(0),
i.e. covering the two wells, corresponding to
motion above the separatrix curve (C'(0) < Cg
such that V' (C(0)|C(0),0) > 0).

e For C(0) = g, the system remains at the fixed point
C(7) = q for all values of 7, i.e. the solution is a
fixed point.

In Fig3| (E, F), we show Cyp,, C and g as a function of
1/gJ and C(0) (red, green and yellow solid lines, respec-
tively), at a fixed value of Jy/J (corresponding to the
spin-glass region, M = 0) and for two different system
sizes (panel (E), N = 100; panel (F), N = 1000).

The question that remains to be answered is: what is
the value of the equal-time correlation, C(0), that is se-
lected by the system at stationarity? To ascertain this,
we plot, in the same figure, the probability distribution
function Eq., computed from S = 1000 simulations,
versus 1/gJ, as a heat map, for two different system
sizes. These results clearly reveal that, as the system
size N increases, the probability density concentrates on
the curve C(0) = C§. This means that in the thermody-
namic limit the time-average C5(0) of any single instance
s of the system (obtained for a given initial condition and
a particular realization of the quenched disorder) settles
precisely on the separatrix curve, i.e. at the boundary
that delimits the basins of attraction of the two poten-
tial minima +C(Cf). Therefore, the solution sits on an
unstable stationary state, where any slight perturbation
causes it to move away from the separatrix in either of
the two adjacent states.

In particular, in any single network instance the instan-
taneous mean-squared activity after a transitory time ¢

Bl +7) =+ et ) (3

fluctuates in time () about the stationary value Cy(0)
(unless the system is at a fixed-point steady state).
Therefore, in the case in which Cy(0) is sufficiently close
to Cf, such fluctuations can effectively move the system
above and below the separatrix as illustrated in Fig[d

V(CI Co)

V(CI Co)

C* —value \

I
!

Fluctuations of Energy level

Fluctuations of C

FIG. 4. Ilustration of how fluctuations in the initial condition
translate into changes in the shape of the potential (upper).
Small fluctuations have a large impact when the initial con-
dition varies around the separatrix value C§ (lower).

This leads to a motion that is highly irregular and sensi-
tive to perturbations and small changes in initial condi-
tions, as shown in FigA). As a result, the motion turns
out to be chaotic. More specifically: the time-lagged cor-
relator, computed as a sliding time window average over
a single dynamical trajectory%,

tm
)= > 3 MmOt +7) (39)

t=to )
does not exhibit stationary behaviour, but an irregular
motion which is not time-translation invariant (TTI), i.e.
it retains a dependence on tg, see FigA), bottom. In-
deed, our analysis in App. [B]shows that, in the thermo-
dynamic limit, stationary solutions are unstable against
perturbations that break TTI, suggesting that such non-
TTI steady states are selected in large networks.

On the other hand, when C;(0) is far from Cf, small
fluctuations cannot shift the system across the separa-
trix and the resulting motion is periodic, as illustrated
in FigB, C). As a consequence, in finite networks of
size N, the system exhibits periodic dynamics in wide
regions of the phase diagram, where C;(0) is far from C
(see Fig[3(E)). In addition, Fig[3[E) shows that, at finite
N, there is a finite probability that the system exhibits
fixed-point dynamics, at sufficiently high values of 1/g.J.

To illustrate all this, in Figlf] we show a heat map
of the probability of finding fixed-point solutions, versus
Jo/J,1/gJ, in a system of (relatively small) size N = 100,
as well as typical trajectories exhibited by the system at
representative points of the phase diagram. Chaotic tra-
jectories are observed only at sufficiently low values of
1/gJ, where the probability distribution function of C'(0)
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FIG. 5. Single instances of the dynamics for uncorrelated (y = 0) and noiseless dynamics (6> = 0). The (upper panels)
show the time-dependent mean-squared activity g(to +7) = N=' 3 i x?(to +7) (gray line in the upper panels) plotted together

with its time average C(0) and (lower panels) Cs(7). Curves are obtained from simulations with system size N = 100 and
1/gJ = 0.58 (i.e., within the SG phase). Observe that the trajectories reveal either chaotic behavior (A) or periodic motion (B,
C, D, E). The yellow and the red dashed lines show g and Cln, respectively while the green dashed line —in between the previous
two— marks the separatrix Cg. In (A) the mean-squared activity fluctuates randomly above and below the separatrix line; in
(B, C) the mean-squared activity remains at only one side of the separatrix; in (D, E) the mean-squared activity fluctuates

about the separatrix in sync with C(7).

becomes peaked around Cj, as shown in Fig Further-
more, we note that, while chaotic trajectories seem to
arise, in finite networks, from fluctuations around the
separatrix, this does not seem a sufficient condition to
have chaotic motion. For example, when fluctuations of
the mean-squared activity around the separatrix value
are periodic and in sync with the natural oscillations of
the two-time correlator, as shown in Fig(D7 E), the sys-
tem is observed to settle on a periodic trajectory.

In this regard, the dynamics of the two-time correlator
resembles that of a forced oscillator, where the external
“force” is given by the fluctuations of the initial condi-
tion. In particular, if the driving force is periodic and it
has the same frequency as the natural frequency of the
oscillator, the system oscillates at the frequency of the
applied force as shown in FigB, D). If the frequency of
the applied force is different from the natural frequency
of the oscillator, the system may exhibit sub-harmonic
oscillations i.e. a periodic motion with a frequency that
is a fractional multiple of the input frequency, as shown

in Figh|C, E).
As discussed earlier, for large N, C(0) is peaked around
Cj. Therefore, the scenario depicted in Fig. [B[B, C)

cannot arise because dynamical fluctuations of the mean-
squared activity about its time-averaged value move the
system above and below the separatrix curve. However,
periodic trajectories as described in Fig (D, E), can in
principle still arise. In order to determine whether peri-
odic motion survives for large IV, it is therefore impor-
tant to establish whether such trajectories remain stable
in the thermodynamic limit. Our analysis in App. [B]sug-
gests that they lose stability for large N, as stationary
trajectories in the spin-glass region are unstable, in the
thermodynamic limit, against perturbations that break
TTI.

Numerical evaluation of the largest Lyapunov expo-
nent (LLE) A, in simulated trajectories of the system (see
App shows that, upon increasing N, only chaotic or-
bits prevail inside the spin-glass region. Fig (A) shows
that at small system sizes, A is positive for small val-
ues of 1/¢gJ within the spin-glass region, and it decreases
to zero as 1/gJ increases. However, as the system size
increases, the value of A at 1/gJ = 1 increases and even-
tually vanishes (see inset of Figl7] panel B), suggesting
that, in this limit, A remains positive for any 1/gJ < 1.
On the other hand, in the ferromagnetic region A remains
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FIG. 6. Probability of finding a fixed-point solution in the uncorrelated (v = 0) and noiseless (0> = 0) case in simulations
with networks of size N = 100. Panel (A): Heat map of the PDF of finding a fixed-point solution for S = 1000 different
realizations of the microscopic dynamics. Such a probability drops as 1/gJ is lowered, in agreement with Fig showing that the
probability that C'(0) = g vanishes at low values of 1/gJ. In such a region a non-fixed-point solution characterized by chaotic
behaviour emerges. Panels (B, C, D): Typical trajectories observed in simulations at different values of the parameters
Jo/J,1/gJ as indicated by circles on (A). Additional studies reveal that, in the thermodynamic limit, chaotic solutions are the

only stable solutions throughout the whole spin-glass phase.

negative for any value of 1/gJ, see Fig (C). The inset
in panel (B) indicates that the approach to zero of A at
1/gJ =1 is slow, suggesting that in large but finite sys-
tems, where C(0) has already converged to the separatrix
value C§, periodic motion as described in Fig (D, E)
can still be observed. However, as explained earlier, the
stability analysis of stationary trajectories carried out in
App[B] suggests that such a periodic motion eventually
loses its stability.

In summary, we have found two types of criticality, one
SG like (type-II), and the other ferromagnetic like (type-
I). All across the SG phase the system exhibits chaotic
behavior in the thermodynamic limit, while in finite net-
works fixed points and periodic oscillations may emerge,
especially close to the transition line.

B. Switching on fluctuations:
Noisy dynamics (o # 0) with uncorrelated interactions

(v=0)

In this section, we analyze the effect of additional
sources of external variability, particularly the presence
of an external noise (i.e., o # 0), on the firing-rate model
for uncorrelated networks (y = 0). In this case, there
cannot be any fixed-point solution, as the rates z;(t)
fluctuate stochastically. Non-fixed point steady states
are characterised by the same magnetization M as in the
noiseless dynamics, given by Eq., while the equation
for the correlator needs to be modified to (see SM, Sec.

S.VA)

_ov(c|c(o), M)
ocC
Integrating over 7 € [0, €], with € < 1 leads to

02C = —2025(7). (34)

Cle) = C(0) — 0% + O(e) (35)

and recalling that C(7) = C(—7) implies C'(0) = 0, one
gets for € — 07 that the initial velocity is C'(07) = —o2,
as previously found in®”. From now on, for the sake of
simplicity, we focus on the case M = 0.

Let us remark that, as noticed earlier,
V'(C(0)|C(0),0) < 0 for C(0) > g, so that this
led to un-physical solutions in the noiseless case, where
C(0) = 0. However, the situation is different in the
presence of noise; given that the initial velocity is
negative, a physical solution can still be obtained if the
total energy is equal to zero, which corresponds to the
separatrix curve, i.e. asymptotic motion towards C' = 0
(see Fig[§(B)). This occurs for the initial condition
C(0) = C such that

V(CHCE,0) = —%04. (36)
On the other hand, any C(0) < ¢ is physically plausible
as it leads to bounded motion. To ascertain the value of
C(0) that is dynamically selected by the system, we plot
in FigC) the distribution P(Cp), defined in Eq.7
computed from S = 1000 simulations of the microscopic
dynamics, versus 1/¢gJ, as a heat map, as well as the

value of C% and ¢, as defined in Eq. and Eq.7
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(v = 0) and noiseless (o>

= 0) case for networks of size N = 100 and S = 1000 realizations. Chaotic behavior emerges below

the isocline 0.00. Panel (B, C): A versus 1/gJ for different values of N, as shown in the legend, and 2 different values of Jo/J,
as indicated by the dashed lines on the left panel ((B) and (C) panels correspond to the left and right lines, respectively). At
the smaller value of Jy/J (panel (B)) there exists a critical value 1/¢g*J below which the LLE becomes positive; such a value
tends to 1 as IV increases as show in the inset; in particular, A(1/gJ = 1) as a function of N converges asymptotically to 0.
For the larger value of Jo/J (panel (C)) A is negative for all 1/¢gJ and remains so by increasing network size; thus, there is no

chaos in the ferromagnetic phase.

respectively. Results show that P(Cj) concentrates on
the curve C(0) = C%. As we explained above, while for
C(0) > q this is the only physical solution, for C(0) < g,
there are in principle many possible solutions. A stabil-
ity analysis of steady-state solutions (see App. shows
however that such solutions are all unstable, except for
C(0) = CZ, which is marginally stable. Then, the sys-
tem selects the one laying on the separatrix curve, which
delimits different possible (unstable) motions. As any
fluctuation leads to an instability, chaotic behaviour is
expected to emerge in single instances for C; < ¢q. The
critical line C% = ¢ is thus predicted to mark the transi-
tion to chaos. In Fig[9(A) we plot ¢ and C}; versus 1/gJ,
for different values of o. The intersection between C7
and ¢, obtained from

C; = [ Do tan(g/Cv) (37)

gives a curve in the (02, 1/g.J)-plane plotted in Fig/9[B).
A similar condition to Eq. has been derived in®! for
the model originally defined by SCS in??. Let us remark
that the variant of the model we consider here has a
narrower chaotic region than the original model, in spite
of the fact that their behaviour is identical in the absence
of noise. This observation can be rationalised by a simple
argument (see App. [A) which shows that in our variant
of the model the noise strength o2 is effectively amplified
by a factor (gJ)?, which is larger than 1, in the spin glass

region. In the inset of FigEI(B) we show the equivalent
curve g*J as a function of ¢ g*J, for fixed J, recovering
precisely the result obtained in®.,

The emergence of chaos in the noisy dynamics is con-
firmed by numerical analysis of the LLE, shown in Fig[T0}
For Jy/J = 0.5, the LLE A is plotted as a function of
1/gJ for different values of 0% and fixed N = 1000. The
critical values 1/¢*J at which the A becomes positive,
ie. A(1/g*J) =0, are plotted in the inset, which are in
agreement with the critical line defined in Eq. (solid,
red line).

Thus, the size of the chaotic phase is reduced by the
presence of external noise, so that the boundary of the
chaotic phase is shifted towards larger coupling values,
in agreement with previously reported results.

C. Switching on correlations (v # 0)

In this section, we analyse the dynamics when interac-
tions are correlated (v # 0). Any degree of correlations
introduces a so-called “retarded” self-interaction in the
equation for the effective single-neuron Eq. ie. a
term non-local in time, which makes the dynamics non-
Markovian and the analysis considerably harder. For this
reason, here, we restrict our analysis to fixed-point solu-
tions of the noiseless dynamics (o = 0).

In the fixed-point regime, the response function is
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N = 100. Stars and pentagons show the values of 1/gJ and Cy used in panel (B) and (C), respectively. Solid lines show the
values of C'(0) corresponding to C; (green) as defined in Eq.(37) and g (yellow). The intersection between both lines defines
the critical value 1/g*J at which chaos emerges in the infinite-size limit (see Sec. .
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FIG. 9. Theoretical prediction of the critical line for the uncorrelated (y = 0) and noisy system (o> # 0). Panel (A): C%,
as defined in Eq,, as a function of 1/¢J for different values of 6 (green lines) plotted together with the solution of Eq,
as a function of 1/gJ (yellow line). The intersection between each green line and the yellow line defines the critical value 1/g*J
at which chaos emerges in the infinite-size limit for each value of o. Panel (B): Critical value 1/g*J as a function of o°. As
the noise strength o2 increases, the chaotic region delimited by 1 /9" J (grey region) shrinks, eventually disappearing when the
noise amplitude is sufficiently large. In the inset, we plot the critical value g*J as a function of the "scaled” ¢’ = o g.J, where
our model becomes equivalent to the SCS (see App. . Results are consistent with the critical line derived in®%.

time-translation invariant R(¢,t') = R(t—t') and C(¢t,¢')  is found from Eq.(14)) as
becomes independent of ¢,¢, so that it can be written

as ¢ = C(t,t'). As before, each realization of ¢(t) be- _ 0x(p) _ 1 Oz (1) (39)
comes a static Gaussian random variable with zero mean X 0¢ 9JVa oY '
and variance g2.J2q. Setting ¢ = 9J\/qy, where ¢ is
a zero-average random variable with unit variance, the Averaging Eq. over 1, we obtain
fixed point of Eq. satisfies, for each realization of 1,
M = (z(v)) (40)

2(¢) = tanh[JogM +vJ2g*xx(v) + gJ/qy]  (38) L
where y = fooo drR(7) is the integrated response, which - /Dw tanh[JogM +7J%g"xx(¢) + 9 v/q¥],
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FIG. 10. For the uncorrelated (y = 0) system, the largest Lyapunov exponent A, obtained from numerical simulations, is
shown as a function of 1/gJ, for Jo/J = 0.5 and different noise levels 0® = 0,0.12 and 0.25, as shown in the legend. Results
are averaged over S = 100 realizations and system size N = 1000. In the inset, we reproduce Fig@(B), adding the value 1/¢g*J
at which A becomes positive (white diamonds).
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FIG. 11. Phase diagram emerging from simulations of networks with correlated couplings (v # 0) and noiseless dynamics
(6% = 0). Panel (A, B, C, D): Heat map of the time-averaged mean activity M for v =1,0.5,—0.5 and —0.95, respectively.
Panels (E, F, G, H): Heat map of the time-averaged mean-squared activity C’(O) for v = 1,0.5,—0.5 and —0.95, respectively.
Solid, white lines show the theoretical prediction Eq., while dotted, white lines show the curve Jo/J = 1, for visual aid.
Each panel has been obtained integrating the microscopic dynamics for a system size N = 100 and averaging over S = 1000
different realizations.

and similarly

q = (z*(¥)) (41)

theless, progress can be made close to the paramagnetic
instability, where tanh(z) can be linearised and equation
closure can be achieved. In App. [Clwe show that the crit-
ical line where the paramagnetic phase becomes unstable

- / Dy tanbk®[JogM + 1T G xa() + 9T /A

As before, for ¢ = 0 the system is in the paramagnetic
phase M = 0, ¢ = 0 and we expect this solution to
remain stable below a critical value of g. However, in
contrast with the case v = 0, the equations for the mo-
ments M and ¢ do not close, as they retain a dependence
on the realizations z of the stochastic process. Never-

can be calculated explicitly as

1 Jo J
— - 1,20 7) 42
97 mx(wr 70 (42)
Eq.([42) retrieves the line Eq.([4) for uncorrelated coupling
(v = 0) and Eq. for reciprocal interactions (y = 1),
and it is consistent with results from random matrix



theory. In particular, the first term corresponds to the
largest eigenvalue, as derived in?Y, while the second term
recovers the expression for the outlier eigenvalue in ma-
trices with a non-vanishing mean, derived in#Y. This un-
derscores the versatility and significance of the derived
expression across different analytical contexts. Also, as
noted in®¥, the largest eigenvalue of the bulk and the out-
lier are each given by the sum of their values at v = 0 and
a term which is proportional to 7. In the context of our
analysis, this term can be rationalised as the additional
contribution that M and q receive from the susceptibil-
ity (i.e. the integrated response), around the instability
line. This relation shows that positively correlated inter-
actions (y > 0) enlarge the regions of ferromagnetic and
spin-glass order, with respect to the case of uncorrelated
interactions (v = 0), while negatively correlated interac-
tions (v < 0) shrink the extension of the ordered phases,
with the spin-glass region disappearing at v = —1.

Finally, note that, owing to the non-linear and non-
closed nature of equations, analyses away from criticality
cannot be carried out exactly. Thus, we resort to numer-
ical simulations.

In Fig we show a heat map of the time averaged M
and C(0) (computed from numerical simulations) in the
parameter space Jy/J,1/gJ, together with the theoreti-
cally determined critical line Eq., for different values
of v (computed from the stability condition of fixed-point
solutions). Observe that, even if non-fixed-point solu-
tions are expected to appear in the ordered phase when
interactions are non-symmetric (i.e. v < 1), the theo-
retical lines obtained for fixed points are seen to capture
well the actual phase-transitions for all values of «v. The
figure clearly confirms the theoretical analyses: the spin-
glass phase is enlarged for positively correlated couplings
and progressively shrinks for negatively correlated ones
(disappearing in the limit case v = —1) and the theoret-
ical lines correctly reproduce the actual phase transition
in all cases.

Also, in Fig[T2 we show results for the LLE as a func-
tion of the coupling strength (1/gJ), computed for dif-
ferent values of v. The curves show that, for all values
of 7, the exponents become positive below some critical
value (marked with diamond symbol) that is consistent
with the critical line 1/g.J = 1++. Finite-size effects are
quantified in the inset (for v = —0.15). This shows that
chaotic behaviour extends to the whole spin-glass region
for all values of ~.

Some remarks are in order:

e The critical value (in terms of 1/¢J) decreases as
v is reduced, so that it is maximal for v = 1 (in
agreement with the theoretical prediction).

e Smaller values of v have larger LLEs in the limit
of large coupling values (small 1/¢.J’s), so that, in
this regime, the dynamics becomes more chaotic for
anti-correlated couplings than for positively corre-
lated ones.

15

e Indeed, as the value of v approaches 1, the LLE be-
comes very close to 0 all across the spin-glass phase,
so that, actually, the dynamics becomes marginally
stable in such a limit. This last result resembles the
recent observation of a phase of marginal stabil-
ity in fully-correlated (i.e. symmetric) random net-
works in models for theoretical ecology®. Dynam-
ics in such region can be regarded as “at the edge of
chaos”, as defined in other contexts see e.g 1165167,

In summary, the introduction of correlations in the
couplings quantitatively modifies the shape of the phase
diagram with respect to the uncorrelated case: the spin-
glass region is enlarged for positive correlations and
shrinks for anticorrelated ones. Omn the other hand,
the “strength” of chaos is larger for anticorrelations and
tends to be reduced by positive correlations, leading to
marginal stability in the limit of perfectly correlated cou-
plings.

V. DISCUSSION AND CONCLUSIONS

In this study we have considered a simple neural net-
work rate model with random Gaussian non-reciprocal
interactions, having non-vanishing mean and possible
correlations. We have analyzed the dynamics averaged
over the network ensemble in the thermodynamic limit
using a path integral formalism. These analytical studies
have been complemented with extensive numerical simu-
lations finite networks.

In general, much like in the physics of standard (recip-
rocal) disordered systems, fixed-point solutions are char-
acterised by two order parameters, namely the mean (M)
and the variance (q) of the neural activity. Thus, two dif-
ferent types of criticality emerge depending on whether
the mean becomes non-zero (type-I) or not (type-II) at
the transition, as the strength of the coupling is in-
creased.

These criticalities correspond to the transition of the
system from the paramagnetic phase to either a ferro-
magnetic (type-I) or spin-glass (type-II) phase, respec-
tively.

Our analyses show that as soon as some degree of
non-reciprocity is switched on —i.e., for any value of
the coupling correlations, from nearly symmetric to anti-
symmetric, —1 < v < 1— there is a region, within the
paramagnetic phase, where the network is reactive so
that initial perturbations can be amplified before relaxing
back to the fixed point solution. Moreover, for all values
of the coupling correlations, a chaotic behavior emerges
within the spin-glass phase (M = 0, ¢ # 0). Further-
more, we have shown how the presence of correlations
(i.e. some degree of reciprocity) in the couplings changes
the phase diagram: negative correlations shrink the spin-
glass phase (where chaotic dynamics emerges) while pos-
itive correlations enlarge it. On the other hand, negative
correlations increase the strength of chaos, while positive
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FIG. 12. For correlated (v # 0) and noiseless dynamics (02 = 0), largest Lyapunov exponent, A, obtained from simulations
of the system, with size N = 1000, averaged over S = 100 realizations, for Jo/J = 0.5 and different values of ~, as shown in the
legend. The point at which A becomes positive is depicted as a white diamond. The inset shows the value of A at 1/gJ = v+1,

for v = 0.15, as a function of V.

correlations reduce it, with chaos disappearing for sym-
metric couplings. In this case, equilibrium is attained,
and the whole spin-glass phase exhibits marginal stabil-
ity, similar to what is observed in'®, We have demon-
strated that the extent of the chaotic phase diminishes
with the introduction of external noise, indicating that
noise tends to suppress chaos, consistent with findings
from previous studies®?.

Chaotic phases observed in networks characterized
by non-reciprocal couplings represent an intrinsic non-
equilibrium phenomenon, yet they exhibit intriguing
analogies with equilibrium spin-glass phases. For in-
stance, our analysis demonstrates that within the chaotic
phase, the dynamical equation governing the global two-
time correlation function permits the existence of mul-
tiple steady states, encompassing fixed points and peri-
odic orbits. However, our analyses reveal that the sys-
tem dynamically selects the steady state that corresponds
to motion along the separatriz curve, which delimits the
basins of attractions of different types of solutions. This
behavior is reminiscent of equilibrium systems in spin-
glass (fRSB) phases, where a multitude of steady states
emerges and the system is observed to select marginally
stable ones, i.e. saddles in the free-energy landscape, that
are linked together by flat directions. Our analyses also
suggest that chaotic motion is the manifestation, at the
level of single network instances, of an ensemble-averaged
dynamics that lies on the separatrix curve delimiting dif-
ferent possible steady states. Such a motion is not time-
translation invariant (TTT), similarly to ageing dynamics
in spin-glass phases.

This last observation led us to propose a method
for identifying the initiation of chaotic behavior. This
method relies on a linear stability analysis of the steady-
state solutions with respect to perturbations that disrupt
time translation invariance. Our method is consistent
with the two-replica approach described in®%°? but it is
considerably simpler, and it shows that chaotic behaviour
emerges whenever the equation for the global correlation
function allows for multiple steady-states.

The sensitive dependence on initial conditions in the
chaotic phase implies that two ”replicas” - two copies of
the system with the same disorder but initialized with dif-
ferent configurations - exhibit distinct dynamical behav-
iors, resembling replicas of an equilibrium system ending
up in different states. Furthermore, we find that while
the global correlator exhibits multiple steady states in
the chaotic phase, the presence of both a signal (i.e., a
non-vanishing mean connectivity) and noise drives the
system to a phase where only one steady state exists.
This, again, mirrors what happens in equilibrium set-
tings, where signal and thermal noise are known to induce
transitions from the spin-glass phase to the ferromagnetic
and paramagnetic phase respectively.

A theoretical prediction for the transition line between
the spin-glass and the ferromagnetic region, for general
values of the coupling asymmetry as well as a deriva-
tion of the asymptotic behaviour of the order parameters
near criticality are currently missing. In particular, as
we have seen, when interactions are not uncorrelated (or
fully asymmetric), the equations for the time-dependent
moments of the stochastic process do not close. This
prevents an exact analysis away from the paramagnetic
instability, to address the previous questions. However,
one may be able to use closure schemes (e.g. Gaus-
sian closure) as an approximation to further characterize
the phase diagram of fixed-point solutions. In addition,
within such approximation schemes, one might be able
to obtain a closed equation for the two-time correlation
at stationarity, which can be formulated as a gradient-
descent on a potential. This approach can extend the
analysis conducted for fully asymmetric couplings to in-
teractions with arbitrary asymmetry. Another outlook
could involve adapting the methodologies outlined in%%:62
to either numerically sample or analytically calculate
fluctuations in the largest Lyapunov exponent. This ap-
proach could help identify model parameters where such
fluctuations become unusually large, indicating the onset
of chaos.

Finally, it would be important to further investigate



whether chaotic dynamics and its links with spin-glass
phases survive when different couplings, other than Gaus-
sian, are chosen. For example, for applications in neu-
roscience, it would be interesting to carry out a similar
analysis for couplings which satisfy Dale’s rulé3” or are
non-Gaussian™, whereas the choice of sparse couplings
may be relevant to applications in biology (e.g. gene
regulatory networks™*™) and theoretical ecology (e.g.
Lotka-Volterra models*#2043))
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APPENDICES

Appendix A: On the equivalence between our model and the classic one (SCS)

In this section we show that the model originally introduced in?? can be mapped to the variant we introduce here,
when interactions are uncorrelated and zero-averaged, upon suitably scaling the noise strength. Multiplying Eq.,

i; = —x; + tanh(g Z Jijr;) + &, (A1)
J

times gJy; and summing over 4, we have, upon defining y, = ¢ . Je;x; and ¢y =g, Jui&i
Je=—ye+g Y Juitanh(y;) + ¢ (A2)

where

(Ge(t)pr(t))) = g7 Z Joi i (&) () = 2¢°0° Z JoiJij0:50(t —t')

=207 " Judpid(t — 1) (A3)

For uncorrelated, zero-mean Gaussian interactions J;; ~ N (0, J%/N), we have

(Ge(t)pr(t')) = 2970 T (t — 1), (A4)

hence the two models are fully equivalent when rescaling o with gJ. If, however, the J;;’s are correlated or non-zero
averaged, then the two models are no longer equivalent.

Appendix B: Stability of steady-state solutions with uncorrelated interactions (y = 0)

In this section we study the linear stability of non-fixed points steady-states solutions. Away from stationarity, we
can write the equation of motion for the two-time correlator C(t,s) as

(14 0,) (14 95)C(t,s) = F(C(t,s),C(t,t),C(s,s),C(s,t), M(t), M(s)) (B1)

where
F(C(t,s),C(t,t),C(s,s), M(t),M(s)) = /de@/(t, s) tanh[JogM (t) + ¢] tanh[JogM (s) + ¢'] (B2)

where the Gaussian kernel is defined as

B dgdg’ @Mt s) e
Dowr(t,s) = 2wg2J?%\/det M(t, s) P ( 2.J2g2 ) (B3)

and

C(t,t) Ct,s
M(t,s) = < C((s,t% C((S,S)) )

As noted above, in Sec. [[VA] andIVB] chaotic motion is not time translation invariant, as trajectories are highly
sensitive to their initial conditions; i.e. even small initial perturbations can lead to vastly different outcomes as time
progresses.

In what follows, we examine the stability of stationary trajectories under small perturbations §(¢, s) that break time-
translation invariance. Recalling that stationary solutions are characterized by a constant first moment M (t) = M
and time-translation invariant correlator C(t,s) = C(t — s), we can write

C(t,s) =C(1) +€d(t, s) (B4)
C(t,t) = C(s,s) = C(0) (B5)
M(t)=M (B6)
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where 7 =t — s, i.e. we consider a non-stationary regime where one-time quantities remain constant and two-time
quantities break time-translation invariance —much as happens in glassy regimes.

Inserting Egs.(B4), (B5]) and in the equation for the two-time correlator C(t,s), given by Eq.(B1)), Taylor
expanding the right hand side for small € to linear order and using C(7) = C(—7) and

F(C(r),C(0),C(0),C(-7),M,M) =EZ(C(1),C(0), M), (B7)
we get (i) to O(e”) terms, Eq.(23); and (ii), to O(e), the following equation for the deviations from stationarity

0E(C,C(0), M)

(14 0¢) (1 + 05)d(t,s) = (t, s) : (B8)
Following™”, we set T'=t + s and 7 =t — s and denote §(t,s) = K (T, 7) to rewrite the above as
[(0r +1)% — 82] K(T,7) = K(T,7) =/(C(r), C(0), M) (B9)

The above partial differential equation can be solved via separation of variables, i.e. by searching for a solution in the
factorised form

K(T,7) = $(r)e"/? (B10)

Inserting this ansatz into Eq.(BY), a Schrédinger’s equation for () is obtained
[0 = V(C(IC©), o) = [1 - (5 + 12| w(r) (B11)

with quantum mechanical potential —V”(C|C(0), M). As observed in®” there will be a set of allowed energies Ey <
Ey < E;..., with E,, = 1— (% +1)?, and associated eigenfunctions t,,(7). A stationary solution C(7) will be linearly
stable if the perturbation K(T,7) decays with T, i.e. if the largest value of x, kg = —1 + /1 — Ep, is negative. This
requires the ground state energy Ey to be positive.

It is also useful to note that, as pointed out in®Y, Eq. implies

[-07 = V"(C()|C(0), M)] C(7) =0, (B12)

hence non-fixed point steady-state solutions C (1) # 0, correspond —when they exist— to eigenfunctions with energy
E=0.

As for an eigenfunction to exist, the energy must be greater or equal than the quantum-mechanical potential
—V"(C|C(0), M); if the latter is positive, all the eigenfunctions, including the ground state, have positive energy,
hence the motion is stable.

1. For M # 0, V'(C|C(0), M) is strictly decreasing for any —C'(0) < C < C(0) and 0 < C(0) < ¢, hence
V"(C|C(0), M) < 0. This implies that for any C(0) < ¢, E,, >0V n and the only allowed solution of Eq.(BI2)
is the fixed-point solution C(7) = ¢ (non-trivial solutions with zero energy are not allowed). Furthermore, this
must be stable, as Ey > 0.

2. Conversely, for M = 0, the potential has at least one minimum, either at C' = 0 or C = +C(C(0)), for any value
of C(0) < g, hence Eq. @D allows a non-trivial solution, for any C(0) < ¢, which is either a periodic orbit or
the separatrix curve. These represent eigenfunctions with energy £ = 0. Periodic solutions have multiple nodes
(as C vanishes at every turning point), whereas the separatrix curve has precisely one node in the noiseless case
(where C(0) = 0) and no node in the noisy case (where C(01t) = —¢2). As noted in®’, in the noiseless case C
has at least one node, hence it cannot be the ground state, but it must correspond to one of the excited states
Y, (1) with n > 1, implying that the ground-state energy is Ey < 0.

Recalling that, in the noiseless case, steady-state solutions are physical only for C'(0) < ¢, we have that all
physical steady-state solutions are unstable in the noiseless case.

On the other hand, in the presence of noise, solutions with C'(0) > ¢ are allowed, only for C(0) equating the
separatrix value C%, which solves Eq.. Since this is the only physical solution, it must be stable for C* > q.
Conversely, any C'(0) < ¢ leads to a physical solution. As for the noiseless case, such solutions are all unstable,
except the separatrix curve, which is marginally stable (as it has no node for o # 0). However, as any fluctuation
leads to an instability, chaotic behaviour is expected to emerge in single instances for C% < q. The critical line
C* = q is thus predicted to mark the transition to chaos.
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In this Appendix we derive the phase diagram for the fixed-point solutions of Eq.7 when interactions are
correlated. We note that for g = 0, the solution of Eq.— is M =0, ¢ =0. It is expected that (M, q) = (0,0)
remains stable for g below a critical value g., where non-trivial solutions emerge. In this region, Eq. reduces to

z (1) = tanh(vg®J*2(v))

(C1)

so that z(3) is deterministic. We have z(¢)) = 0 for vg?J? < 1 — either v > 0 and (gJ)~! > /7, or v < 0. For v > 0
and (¢9J)~! < /7, two non-zero solutions emerge +z*, one positive and one negative. Since z(y)) = £x* implies
q # 0, bifurcations in x imply bifurcations in ¢, hence we assume that x is small when ¢ is small. To locate g., we

expand Eqs.f for small M, g and z(¢)). Starting with Eq.7 we have

M = / Dp[JogM +~J*g*xx(¥) + gJ/qv]
= (Jog + v J?g*\)M

To make progress, we need an expression for x. Setting ¢ = gJ,/qy we can write Eq. as
2(¢) = tanh[JogM + 7 J*¢*xx(¢) + ¢]
Differentiating Eq. (C3)) with respect to ¢ we obtain
3I 2 8.’,U
9L 11 — tanh®(gJo M + yg2J? (ve2 x5 + 1)
96 [1 — tanh®(gJoM +~g*J*xa + ¢)] (79 X561+ 1):
and re-arranging

ox
%{1 — g2 J%x[1 — tanh?(gJo M + vg?J%xx + ¢)]} =1 —tanh?(gJoM + vg>J*xz + ¢),

so that, writing in terms of v, we have

1 Oz

m%{l — g2 T%x[1 — tanh?(gJo M + vg*J*xx + QJ\/‘MJ)]}

=1 —tanh®(gJoM + vg>J?xz + gJ/q)
Close to the transition line M, g and x are small. A leading-order expansion in these quantities gives
1 Oz
97:/2 00
Finally, averaging over 1 and using Eq. we get

x(L—~g*J%x) =1

{1 — 'yg2ng} =1

The physical solution is

1—+/1—4vg%2J?

2vg2J?

X:

(as the other diverges when g — 0). Substituting in Eq.(C2|), we have that M bifurcates at

1— /1 —4yg%2J?
J 22 =1
gJo +9g e
which gives
1 J J
= -2 v

gl T 0

(C5)

(C8)

(C10)

(C11)
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Similarly, expanding the equation for g, Eq.7 and setting M = 0 we obtain

q= /Dw[JogM + 417 xx(¥) + g Va)? = VT g P+ g TPq + 27(9J)3x\/§/73¢x(¢)¢

= (VJ'g" P+ ¢° T +27(9])"'x*)q

(C12)
where we have integrated by parts
dip 0 _y2 Ay _y2,9 0 Ox
Dz = —(——e wﬂ)x = | —e V2 ¢ :<>: J . C13
Jvato = [ (-5 W)= [ =) = (50 ) =alvix. (C13)
Substituting Eq.(C9) in Eq.(C12|) we see that bifurcations in ¢ occur at
2
- %(1 1= 4 g? % — 29¢2%) + 2 (C14)
which can be simplified to
1
2 2 _
S —(2y +37+2)927—'y('y+1) =0. (C15)
As the physical solution must be positive, it follows that
1 1
e LR RV eRa LR TRV (c16)
With little algebra, the expression above can be simplified to
1 1
gf]=5\/2+7(27+3)i\272+57+2lEa(’y)- (C17)
As 292+ 5y +2 >0 for v > —1/2, we have
a(7)={ IV2+9@2y+3) £ (202 +57+2) v >—1/2 (C18)
V24727 +3) F (22 +57+2) v<—1/2

hence there are two possible solutions, ay(y) = 14+ v and a_(y) = \/—7/2, the latter existing only for v < 0. As
for v = —1, all the eigenvalues of the interaction matrix J are purely imaginary, no (non-trivial) fixed-point solution
are expected to bifurcate from x = 0, as bifurcating solutions must be purely oscillatory. Hence, it is expected that
a(—1) = 0. This suggests that the solution a(7) is the physical one for any v € [—1,1]. Combining Eq.(C11)) with
the result a(y) = 1 + 7, we obtain the critical line where the paramagnetic phase becomes unstable given in Eq..

Appendix D: Numerical procedure
1. Computation of trajectories

In simulations, trajectories of Eq. are computed numerically by a simple Midpoint Runge-Kutta method (see,
for instance,”?). The time step is fixed h = 0.1, except for the calculation of the LLE for which A = 0.01 because
of the numerical sensitivity of the Bennetin-Wolf procedure. In order to avoid the transient regime, trajectories
are integrated up to t,;,q; = 2000 units of time. The initial step xg and the matrix J are selected randomly for
each instance of the simulation. In particular, each pair (J;;,J;;), for 1 < ¢ < j < N, is generated following a
multivariate Gaussian distribution with average p and covariance matrix 3, as defined in , respectively. The
diagonal elements, J;;, are each obtained from a Gaussian distribution with average Jy/N and variance J? /N.
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2. Shape of the potential V(C|C(0), M)

In order to numerically compute V(C|C(0), M), we simplify the function Z(C,C(0), M), defined in Eq.7 as
follows. The Gaussian kernel, Eq., is divided into two parts using the conditional probability formula of a
multivariate-Gaussian distribution, i.e. the probability of ¢ respect to fixed ¢’. In these terms, one can write

{@(qx #) =9[J(/Co=C2[Co 6+ C/\/To o) + JoM] o
U(p)  =g[IVCod + JoM]

then, by means of the Fubini’s theorem, function Z(C, C(0), M) becomes

(1]

= [ e oo { [ e wnnato,s) ). (D)

With this simple form, it is straightforward to compute V(C|C(0), M) directly by solving numerically the iterated
integrals.

3. Computation of the largest Lyapunov exponent

In order to compute the LLE we use the Bennetin-Wolf algorithm ™, that works as follows. Consider a dynamical
system described by the vector x(t) € R at time ¢t > 0, which evolves following a differentiable dynamical system
given by x(t) = F(x(t)). In order to integrate it numerically, we construct the map

Xi+1 = f(Xl)

where f is the discretization of the vector function F (which depends on the integration algorithm used) and {x; :
1 =0,1,2,...} defines the discrete trajectory of the system. We use a simple integration algorithm, i.e. the Euler’s
method: the vector function is defined as the linear evolution of state x in a time-step h,

f(x) =x+ F(x)h.

Upon defining the matrix T(x) = Jxf, where Jif is the N x N Jacobian matrix of the vector function f at state x,
we have T(xi41) = I+ h Jx,, F. Writing

T = T(xn 1) ... T(x1)T(x0), (D3)

as a matrix product, the LLE can be computed as the limit
A= lim log | T2 ul (D)
=l 2 tos [T, u

for a given vector u, where ||v|| denotes the norm of the vector v. To implement this method computationally, the
Bennetin-Wolf correction™*™® needs to be used to avoid the divergence of T, u for large n. The correction consists in

normalizing this vector at each step. Hence, fixing a starting point xg, and defining an initial vector ug = [1, ..., 1]/v' N,
the algorithm is described as follows: for i =1,...,T,

1. Obtain the new state at i + 1,

tz’+1 = t; + h

Xi+1 = X4 -+ hF(Xl)

i1 = T(xip1) w
2. Normalize the perturbation vector

i1 = Wi1 /|| Qi ]
3. Compute the LLE at time-step 7 + 1,

Liy1 = Li +log([[Qiy1|l)/tisa
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FIG. 13. Computation of largest Lyapunov exponent for S = 100 different realizations of a system with NV = 100, inside the
spin-glass regime, above (left panel) and below the onset of chaos (right panel). Each realization is plotted as a grey, solid line,
meanwhile the black, solid line is the average over realizations for each time step.

The algorithm gives a set {L; : i =0, ..., T} of exponents which, in the limit, converge to the LLE of the system, A.

Consider now a stochastic differential equation, x(¢) = F(x(t)) 4+ £(t) such that £(¢) is a (multi-component) white-
noise process with zero mean and variance equal to 202. Hence, the previous algorithm should be modified to introduce
the stochastic integration: at step 1., the integration of the trajectory should be replaced by an Euler-Maruyama
integration step™,

Xi+1 = Xy + F(Xz)h + V 2h02ui (D5)
where u;, for i = 1,2, ..., is a set of i.i.d. random Gaussian variables with zero mean and unit variance.

For the dynamical system given by Eq.7 it is sufficient to fix h = 0.01, and integrate the system up to t,,4, = 200.
As an example, in Fig[13| we show S = 100 realizations of the algorithm for a system of size N = 100 (grey, solid line)
and 02 = 0, each of them initialized with random conditions, xo and J. The system is set at Jo/J = 0.5 (i.e. inside
the spin-glass phase). We show results for 1/gJ = 0.9 (left panel) and 1/gJ = 0.35 (right panel). The solid, black line
indicates the average over different realizations at each time step, showing that the mean activity is stable (negative
LLE) for 1/gJ = 0.9 and unstable (positive LLE) for 1/gJ = 0.35. In the latter case, there exists a large amount of
unstable trajectories, such that L; is positive, and some stable trajectories, such that L; negative, e.g. fixed points.

0.2- —o— 1/g/=1.1
—Oo— 1l/g/=1.01
0.1- 1/g/=0.75
>
S~
—
<
—0.2-
—0.3-
102 103 104

N

FIG. 14. Averaged largest Lyapunov exponent, A, as a function of system size N for a dynamical system with o2 = 0, averaged
over S = 20 realizations. For Jy/J = 0.5, the averaged LLE is computed for three different values of 1/gJ (solid lines), as
shown in the legend; the standard deviations are shown as shaded areas. Parameter values are as in Fig i.e. h=0.01 and
tmaz = 200.

In order to study the convergence, we compute the LLE as a function of the system size N. In Figl[T4] we plot, as
an example, the LLE A, defined as the asymptotic value of L(t) (i.e. the value at ¢ = 200), averaged over S = 20
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realizations, for the particular case of 0 = 0. Fixing Jy/J = 0.5, we study three different values of 1/¢J in order to
characterize the stability of the system in the limit of large system size: 1/gJ = 1.1 (solid green line) corresponding
to the paramagnetic phase; 1/gJ = 1.01 (solid blue line) falling close to the critical line separating the spin-glass
and the paramagnetic region; 1/gJ = 0.75 (solid orange line), lying in the spin-glass region, away from the critical
line. Colored area shows the standard deviation of A for each value of N. For 1/¢gJ > 1 (blue and green lines), the
LLE is typically negative, indicating the existence of stable, fixed point trajectories. In this region, the standard
deviation of the LLE is smaller compared to the 1/¢gJ < 1 case (orange line). The reason behind this is that, above
this critical value of 1/gJ, the system converges towards fixed point solutions; while below it, finite size effects in the
network encourage the appearance of many different trajectories: chaotic, limit cycles and even, occasionally, fixed
points, all of it contributing to increasing the standard deviation of the LLE. In practice, for large enough systems
(i.e. N > 1000) the LLE stabilizes considerably and the standard deviation reduces, as it can be seen in Fig
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SUPPLEMENTAL MATERIAL

S.I. GENERATING FUNCTIONAL ANALYSIS

The starting point of the path-integral approach is to divide the time interval of interest [0,¢] in n = t/A segments
of length A, set t, = aA V a=0...n and change the differential equation

iy = fi(x(t)) + &) (S1)
with the finite-difference equation
wi ™t —af = fi(x")A + 0} (52)

which is obtained by integrating Eq.(S1|) over the time interval [t,, t,+1], using Euler forward integration. In the above

fi(x) = —z; + tanh(g >, Jijz; + 0;) and we have used the short-hand notation z§ = x;(t,) and 7 = f:““ dt & (t).

Note that n? is a Gaussian white noise with (n{) = 0 and <7)§‘77§?> = 202A84p,8;5. Next we compute the generating
functional

Zl] = (&' B i rivi) (33)
where the average (...) is taken over the distribution of the paths x%-"

n

p(XO...n) — p(X0> H W(Xa‘xa—l) (84)

a=1

where we have used the Markovianity of dynanncs given by Eq.(S2] . ), following from the absence of time correlations
in the noise, and denoted with W (x%|x%~1) the transition probability frorn the configuration x*~! to x®. Using the
conditional independence of the z%’s, given the system’s configuration x~! at the earlier time step, Wthh holds as
long as the noise variables at different sites are independent, we can finally write

m:ﬁﬂw%m%i%ﬂ°

% H H/dﬁ (= 1)8(af —af™t = fi(x*THA =T h)et i (S6)

a=1i=1

Using the Fourier representation of the §-function we then write

o [Ho o [l

a=0 1

a
X H H/ e (D R N L S H1C S TN
\/402A

a=11i=1
n n d)A(afl
a %Zl z;
/i1~ ] |15
a=1
n N
I IE s R R (s7)

a=11i=1
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where we have performed the Gaussian integral. Upon rescaling ¢{ — A, taking the continuous time limit A — 0
and using the definition of Reimann integrals we have

_ / DD po (x0)e S S (50 Ol (0~ Fx(O) iz (0,0 —03 (1) (S8)
where
t/A A,
) R . dx
Dx = lim dx® and Dx = lim — (S9)
A—0 o A—0 o (271’)N

In order to carry out the average over the disorder P(J), it is convenient to introduce

N t/A

1= lim /H HdZ 5(22 792(]”93 6,) = /DZDieiZ,-fdtif,(t)[zq‘,(t)—gzj Jijaj(t)—=0i(t)] (S10)

A—0
i=1a=0
leading to

w _ /DXDXpQ /DZDZ@E [ dt{iz; ()[4 (t)+x; —tanh(z;)]+iz; (£) i () —o 222 ()}

we2i Jat{izi()[z: (1) =0: (O]} o—ig [ dt 30,5 Jijzi(t)z; (¢) (S11)

The last term of Eq.(S11)) can be worked out as follows

et At g JijZi(Wzs(t) —_ =i [ dtg 3, ;[ Tis2i (W) ()4 T2 (Wwa (D)) =i [ dt g 32, Jii2i(t)ai(t)

= H/dJ”dJﬂP(JJz,JZJ) —i [ dt g[Jij 2 ()w; () +T5:2; (D (1)) [H/dJ21P Jii)eiodii [ db 2 ()i t)]

z<]

_ H/ _du TR ) -l H/ dJ“e 2 (S 28)? migdus [ dt ()i (t) ($12)
2mv/det T

z<]

where u? = (Jij» Jji), with T denoting the transpose,

(ﬂ%) z:ﬁ(iY) (S13)

and b]; = (A, Bji) with Ay = g [ dt 2;(t)x;(t) and Bj; = g [ dt 2;(t)x;(t)]. Shifting the integration variables and

executmg the Gaussian integral, the expressions above become, respectively

o—i [ dtg >, Jizi(t)wi(t) — lH o199 [t 20w (1)~ SF [ dt dt/aii(t)fi(t)éi(t’)ri(t')] (S14)

and

—ifdtg>, i [Jij2i(®)m; @)+ 52O (t)] _ —iY, . blu / dv —ivis=tv_—ibl,
e J =e€ J g (& (& J
H 2w/ det X

e 12 bl H e~ —3b];Tby; _ —e —iY, 9 V (Aij+Bji) o= v Zl<](A?j+7AijBji+7BjiAij+B]2i)
i<j
2 42 N R R R
— e—igJT\? Jdt 3, 2@z ()42 Oz ()] — 5 [dtdt 5,202 ()2 (8 ) (F) 425 (W) ()2, (F )i ()]

s oV B [ drdt Y, [ (0 (02 ()2 () 425 (D (02 ()5 (1) (S15)
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Upon introducing the following order functions:

M(t) = Z 2;(t) (S16)
Q) = 5 Y () (517)
Ot t) = % > wiltyei(t) (S18)
L(t,t) = % Z 2:(t)2:(t") (S19)
K(t#) = % POEAGENLS (S20)
J(t,t) = % PEAGETQEACHEN D (S21)

via suitable delta-functions, using their Fourier representations, and assuming a factorised initial distribution po(x°) =
[1; pio(2?), the disorder-averaged generating functional

Z[y] = / DM ... DL eNW+e+ (S22)

of a dynamical field theory for the fields M, Q,C, L, M,Q, C, L described by the action S = ¥ + & + Q, where

U= i/dt [M(t)M(t) + Q(1)Q(t)] + i/dt dt' [C(t, O, ') + L(t, t')L(t,t") + K(t, K (t,t') + J(t,t")J (¢, 1)]

o= —iJog/dt {Q(t)M(t) + ;IK(t,t)] - J2292 /dt’ [L(t,t’)(}(t,t’) +yK(t, )K (' t) + %J(t,t’)

1 R .
0= ¥ Z]og/D$iD$iDZiDZi pio(zy)

e dt{i@i (8) [ () +2i —tanh(z:)]+iz; ()i (£) — 0?27 (8) +i: () [2: ()~ 0: (1)] }
xS dt[M ()i (1) +Q(1)2: (1)]

et [ dtdt’ [C(tt)zi(t)zi(¢)+L(8t") 2 (8)2: (") + K (8,8 )i (6) 20 (¢)+T (£, )2 ()23 (i () 2:(¢) (S23)

In the limit N — oo we can calculate the integral in Eq.(S22) by steepest-descent. Maximizing the exponent in the
integral S = U + ® + ) with respect to the dynamical order parameters and their conjugate variables, we get

5S - ,

O 0 = iM(t) =1iJogQ(t)

05 0 S i0W) = idogM ()

Q) fe T

2.2

50(25#) —0 = i) =T ey

0S = J?g?
A R A e UL

69 - T / 2 2 /

5S

_— i ! =
ST0T 0 = iJ(t,t)=0 (S24)
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and

SN (t) N N 2
521) =0 = Q)= lim % Z (2(1)),,

5@?5 ;=0 = Ot = ngnm;; (@(t)#(t),,

55(55 5 =0 > Lut)= ngnw;;w)zu'm

6Kif ;=0 T K@= Nlignoo}V; (@(t)A(t),,,

5j((5: - 0 = J&t)= lim % Z (@®2(t)z(t)2(),, (S25)

where we have introduced the notation
| DaDiDzD2p;o(2?) - e

(= [ DaDiED2Dipio(x0) e (526)
with s; denoting the effective single-particle action
/ dt{id(t)[(t) + 2 — tanh(2)] + iz (£)b;(t) — T2(t) + i2(t)[2(t) — 6;(1)]
—i[M(t)x(t) —z/dtdt (t, )z () (') + Lt t')2(t)2(t")
HE ()2 (D)2(t) + Tt )z () 2()2(t)2(H)] (527)

Next, we assume 0;(t) = 0(t) and p;o(2°) = po(z°) for all i. In this case, s; (and thus (-), ) depends on i only through
(IR Whlch is however set to zero when computing the dynamical observables we are interested in (see Eqgs. (7] and
@D) Thus, from Eq. . differentiating Z[1] w.r.t. 9;(t), setting 1» = 0 and taking the limit N — oo, we obtaln

o = o,
= lim [ DM ... DN NPz (t)) Jyp—o

N —o0

[DM ... DN eN¥+®+A (g (4))

e [DM ... DN eNl¥+e+9] Hly=o = ((t))., (528)
where we have used Eq.(522)) and Z[0] = 1 and used the notation
DaDiDzDipy(z°) - €°
(= ff DxD@DzDggi(x()J)es (529)
and
5= / dt{iz(t)[2(t) + x — tanh(z)] — 0222(t) + i2(t)[2(t) — O(1)] — i[M () (t) + Q(£)2(1)]}
—i / dtdt' [C(t,t)at)xt') + Lt t)20)2(t) + K (&, ) x@®)2(t) + J(¢, )z ()2(8)z(t)2(t)] (S30)
with
M(t) = (x(t)),,
Q(t) = (2(1)),,
C(t,t") = (x(t)=(t")),,
L(t,t) = (2(1)2(t)),,
K(t,t') = (z(t)2(t)),,
J(t,t") = (@(t)2(t)x(t")2(t)),, (S31)
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Similarly, using Eqs. and @[), we obtain

02 Z[4)]

Cilt,#) = @00 = 15, et lymo = (a(Ba!)], = C(t.0) (532)
and
Ryt.t) = S = s | |¢—0] = —ila()3(t)), = R(t.V) (533)

having defined R(¢,t') = —iK (¢, t'). Additional relations follow from Z[0] = 1, implying that moments involving only
2-fields vanish, e.g.

515(75)2[0] =~ =0, M(tf;e(t)zm] = (2(1)2(t), =0 (S34)
Hence,
Qt)y=0 = M(t)=0 (S35)
Lt,t)=0 = Ctt)=0 (S36)
Finally, we substitute previous equations and Eq. into Eq. and we write Eq. as
- M (S37)

(= | Dz P[x]

thus obtaining
P[z] = po(2°) /Di:DzDz“es

— polz?) /Dﬁ:DzDé oJ At{iE(0) (1) +a—tanh(2)]~0?2 (1))

o= S [t C(t4)2(0)2() gi [ db [2(6)— JogM (£) 7> J* [ di’ R(t,t')x(t') —6(#)](t)

(S38)

Applying Gaussian linearization to the quadratic terms in the exponential and performing the path integrals over
Z(t), 2(t) and z(t), we get

Plr] = po(«") / DiDzDIDEDG e e | A€ WF] i OO ta—tanb ()~}

xefﬁ S dtat’ ¢(t)c_1(t7t/)¢(t/)eifdt [2(t)— JogM (t)—yg2J? [ dt’ R(t,t")x(t')—0(t)—p(t)]2()}

— po(a) / D2DEDye w2 I HEO T oli(t) + o — tanh(z) — £(1)]
t
xe”mt LA INCT OO TT 512(1) — JogM (1) — 79> / dt’ R(t,t")x(t') — 6(t) — 6(1)]
_ po(xo) /D§D¢ e T fdth(t)e—:,%gz Jdtdt p(t)CT(t,t)e(t)
<[]s {x’(t) + 2 — tanh [JOgM(t) +vg*J? / dt’ R(t,t)x(t') + 6(t) + qb(t)} — f(t)} (S39)
t

This is the probability of observing a path z(t) of the effective process described by equation Eq..
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S.Il. ALTERNATIVE DERIVATION OF FIXED POINT EQUATIONS FOR o =v=0

In this section we provide a simpler derivation of the equations for the fixed points of the noiseless dynamics (which
does not require the path integral approach described in the earlier section). Such derivation is however only valid for
the case of uncorrelated interactions (y = 0). Assuming the scenario where the system reaches a stable fixed point
solution (z1,...,2nN), one has

x; =tanh | g Z Jijxj | . (S40)
J

Introducing the order parameter
1
(n) — = n
¢ = Xi:xi (S41)
we can write
¢™ = 1 Ztanh" (gz Ji;x )
N < _ V%]
i J
1
- Z/dJl TS = T) - BT = i) tank” (93 ;)
7 J

- / A3 P(3) tanh” (93 Iy ) (542)
where we have defined j
P(3)=P(Ji,....Jn) = ;Vzi:l;[am — jie)
as the distribution of the interactions to a randomly picked node i. Introducing
1= /dzé(z - Zijj)
J

in Fourier representation, we can write

dz .. .
™ = /dztanh”(gz)/z—ze’zz/dJP(J)eﬂZZf i
T
n dZ sz 3 log [ dJP(J)e 7%
= [ dztanh"(gz) g€ e & (S43)
7r
where we have used the independence of the J;’s, ie. P(J) = [[; P(J;). If each J; is drawn from a Gaussian
distribution, P(J) = N(Jo/N, J?/N), one obtains

J2:222 2Jgz;
N

/dJP(J)e—iinj = e 2N’/j —1

and

ds ... g2:242
g™ :/dztanhn(gz)/ie”z_%_”%qm
2w
dz

dz
= [ ——=tanh"(gz /7
/\/271'q(2)J2 (92) V27 /q2)t ]2

d _ (z—Jga(M)? ,
-/ Tt P tal(g2)
d 22
= / \/2%6_7 tanh” [g(zJ\/ q® +Joq(1))} (S44)

This leads to a closed set of equations for n = 1,2, which, by denoting M = ¢) and g = ¢?, read as and .

. 7252,(2)
ezz(z—Joq“))—iI 5
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S.Ill.  PHASE DIAGRAM AND CRITICAL EXPONENTS OF FIXED-POINT SOLUTIONS FOR ¢ =0 AND v =0

For g = 0, the solution of the set of Egs.(L16)-(17) is (M, ¢) = (0,0). This solution exists for all values of g, however it
is expected to become unstable at higher values of g, where a non-trivial solution emerges. Bifurcations of non-trivial
solutions from (0,0) can be found by expanding to linear order in M and ¢ =0

dz _ 22
M :/fe (gJOM) — gJoM
q_/w/ _% (ngf) +(gJoM)?| = ¢*J2q + g* I3 M?

(S45)

Bifurcations from M = 0 to M # 0 will occur at gJy > 1. For gJy < 1, M = 0 and bifurcations from (0,0) to (0, q)
will occur at gJ > 1, provided that Jy < J. Conversely, for Jy > J, bifurcations will occur at gJy > 1 from (0,0) to
(M, q). Hence, bifurcations from (0,0) will occur at g = min(J~*,J; ') or 1/g = max(J, Jy), which gives the result
Eq. . Next, we derive the asymptotic behaviour of M and ¢ close to criticality, for the case Jy > J and Jy < J.

For Jy > J where both M and ¢ become non-zero at g = J ! one expands Eq. (L6} . and Eq.(17] . for small M and
q, to the first sub-leading order, at gJy = 1 4 €. The equation for M gives

dz _:2 1 3 3 2
= {(gJOM) -5 [(gJOM) +3¢°JoM.J q}}
1 2
= (14+e)M— g(l +e)> M3 — %(1 +€)*Mgq (S46)
0

The non-zero solution is given, to O(e), by

2

M? ~3e -3¢ (S47)
Jo
Anticipating that ¢ ~ g2JZM?/(1 — g>J?) (see Eq.(S49)) and using € = g.Jo — 1, we get
J2 _ J2
= (gJo—1)Y/?, 30— S48
R s (s19

Expanding the equation for ¢ we have q ~ g?>J2M? + g%>J%q, hence, rearranging and substituting Eq.(S48) we find

271270712 2
g2 JEM J2

On the other hand, for Jy < J, ¢ will bifurcate first and its asymptotic behaviour at gJ = 1 + € is found by
expanding Eq. for small g to the first sub-leading order (and setting M = 0)

2

r . [ (42,7) - 7(92 1a) } N j;ﬁ o2 [(gzjf) (ng\f ) }

= 70 2T 3 = (14 0% = 21+ ' = (14 29g — 21+ 4)g? (350)

where we have used that (%) = 3(02)? for a zero-averaged Gaussian variable z with variance o2.

(1+ 4¢€)q ~ q hence

This gives € =

q=~(9J—1) (S51)

Summarizing, close to the transition line the asymptotic behavior of M and q follows a power law as given in Egs.

(S48) and (S49)), for J > Jy and (S51)), for Jy < J. These can be simplified to
M~(g—go)* and g~ (9—g)’

where the exponents « and 8 and the critical point g. are given in Tab[SI] The asymptotic behaviour of M and ¢
close to the critical point is shown by the full solid lines in panels (C) and (D) of Fig respectively.



33

o B ge
Jo < J — 1 1/J
Jo>J 1/2 1 1/Jo

TABLE S1. Critical exponents « and 8 for M and ¢, respectively, close to the bifurcation point g.. These values change
depending on the values of Jy and J.

Finally, the critical line at which bifurcations from (0, q) to (M, g) occur can be found expanding Eq.(L6) for small
M at g#0

M ~ / \jg%e_z; { tanh (ng\/&) + !]JO]M{1 — tanh? (ng\/C})}}

- gJOM[1 —/

which leads to Eq. where ¢ is the solution of Eq..

\;l%e_f tanh? (ng\/(})} =gJoM(1—q) (S52)

S.IV. REACTIVITY BIFURCATION ANALYSIS

This section is dedicated to complementing and extending the previous linear stability analysis, which primarily
focuses on the long-term response to small perturbations. Instead, now we focus into transient dynamics, which can
play a significant role as perturbations may be strongly amplified before the system relaxes to its steady state. For
instance, in the context of ecological systems, the amplification of a small perturbation can drive the system far from
the steady state, increasing the risk of stochastic extinction®?. Different types of measures have been proposed to
study transient dynamics. Here, we focus on reactivity® 577 a5 it measures the maximal amplification rate of a
perturbation.

Consider a system evolving by a dynamical equation x(t) = F(x(t)), and assume that x* is a steady-state of the
system, i.e. F(x*) = 0. The response of the system against small perturbations y of the steady state, i.e. x = x*+y,
is well-described by the linearized dynamics y(t) = Jx+F y(t), where J+F is the Jacobian matrix of F at the steady
state. We define the reactivity parameter as

d
= (5 1og (1)

- ) (S53)

where the maximum is taken over all initial conditions y(0) = yo. Note that, as the evolution of the linear perturbation
follows an exponential form y(t) ~ e*(Y)?, the reactivity parameter coincides with the initial exponential ratio R = «(0).
Hence, the perturbation vanishes quickly if R < 0, and the system is called non-reactive; while the perturbation is
initially amplified if R > 0, and the system is said to be reactive. Furthermore, it can be easily proved that the
reactivity R is equivalent to the largest eigenvalue of H = %(jx*F + Jx+FT), the symmetric part of the Jacobian
matrixa2otd

For our system Eq., and assuming noiseless dynamics (o = 0) and 6 = 0, the steady-state is trivially x = 0 in the
paramagnetic regime. The Jacobian matrix is given by gJ — I, where J is a Gaussian matrix defined by parameters
(Jo, J,7), described in Egs. - . Hence, the symmetric part is given by the expression

H:%(J—i—JT)—Ing—I

where matrix A is nothing but a symmetric Gaussian matrix with mean and variance given by

A= D o a7 -8 Ly (S54)
WTN W N2 T VTN

The reactivity bifurcation, defined as the point in the parameter space at which the system becomes reactive, can
be computed by simply analysing the distribution of eigenvalues of matrix A. In the same terms as in Sec[[TI] the
bifurcation lines are given by

:max( 20+7), —+ —— (S55)
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y = 0.75 y = 0.00 y =-0.75
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FIG. S15. Phase diagram of the model (noiseless dynamics, o = 0) showing the reactivity bifurcation line Eq.(S55)) and linear
stability line Eq. for different values of reciprocity . Between the two lines, a stable but reactive region (green shaded)
emerges.

In Fig we compare the reactivity instability bifurcation lines (dashed, green line), described by Eq.7 and
the linear stability (solid, green line) given by Eq., for different values of reciprocity . The paramagnetic phase,
which is the region on which the steady-state x = 0 is linearly stable, contains a (green shaded) region of reactivity,
right before entering the phase of linear instability (red shaded). The shape and broadness of such an intermediate
region depend, as expected, on the asymmetry parameter v (see Figure). In particular, in the limit v — 1 in which
the synaptic matrix J becomes symmetric the reactive region needs to disappear, and it shrinks progressively as such
a limit is approached.

S.V. NON-FIXED POINT STATIONARY SOLUTIONS, 0 =0, vy=10

In this section we derive results concerning the dynamics of the correlation function in non-fixed point steady-states.

A. Dynamical equation for the correlator

Starting with Eq.(10) and setting v = 0 we have
&(t) = —x(t) + tanh[JogM (t) + ¢(t)] + £(t) (S56)

When the system is not at a fixed point, the stochastic term ¢(t) is time-dependent. At stationarity, the joint
probability of ¢(¢) taking value ¢ at time t and ¢ at time ¢’ is a bi-variate Gaussian distribution

Pt ¢/, ¥') = ————exp (—1¢TA—1<T)¢)
T 2m/det A(T) 2

with zero average and covariance matrix
_ ( A0) A(r)
A(r) = (A(T) A(0) (Sb7)

where we have denoted with ¢” = (¢, ¢), with A(0) = (¢?(t)) the equal-time correlation (which is independent of
t) and with A(7) = (¢(t + 7)¢(t)) the two-time correlation (which depends only on the time-difference) and we have
used A(7) = A(—7). From Eq. we have A(7) = ¢g2J2C(7) for all 7. The marginal P(¢,t) is then a Gaussian
distribution with zero average and variance A(0) = ¢g2J?C(0). Averaging Eq. over ¢ and ¢, and setting M = 0,
we get Eq.(]ﬁ[), for any value of o.

Following®”, an equation for C(7) can be obtained by multiplying Eq. at time t by the same equation at time
',

(0 + D)a(t) (O + 1)z(t') = tanh[JogM + ¢(t)] tanh[JogM + ¢(t')] + £(¢) tanh[JogM + ¢(t')]
+¢(t') tanh[JogM + o(t)] + £(1)E(F) (S58)
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averaging over P(p,t;¢',t') and over the Gaussian white noise £(t). Using 0y C(t — ') = —9,C(t — ') = —9,.C(7)
glves Eq and setting 0’ = 0 leads to Eq. . For ¢ = 0, an equation for C(0) can be obtained by multiplying
Eq.(1 tlmes z, using 229 2

d 22 and averaging over ¢

= dt
%%0@ t) = —C(t,t) + (x(t) tanh(gJoM + 6(t))) (859)

where we have used C(¢,t) = (z%(t)). Substituting

t
x(t) = zoe™" +/ dt’ e~ =) tanh[JogM + ¢(t')]

0
=xpe ' + /Ot dr e tanh[JogM + ¢(t — 7)] (S60)
in Eq., taking the large time limit and using lim;_, ., C(t,t) = C(0) we finally get
c(0) = /000 dre " %\/% exp ( 2% 2J2¢ c(r )qb) tanh[JogM + ¢| tanh[JogM + ¢']  (S61)
which leads to
C(0) = /0  dr e~ 2(C(r), C(0), M) (S62)
At the ﬁxed point C(7) = C(0) V 7, this retrieves C(0) = ¢ via limc_,¢(0) E(C,C(0), M) = [ Dy tanh?(JogM +

9J+/C(0)¢). However, away from fixed points, determining the stationary value of the persistent order parameter
C(0) requlres knowledge of the non-persistent (i.e. time-dependent) correlation function C(7).

B. Bifurcations of non-fixed point stationary solutions

To study the bifurcations of C(0) from zero, it is convenient to set C(7) = C(0)k(7), where —1 < k(1) < 1 (as
|C(7)] < C(0). Substituting in Eq.(S61)), we obtain

o[ dedy 1 o 1 —k(r)
C(0) = dre™ " -
) /0 e 2m\/1 — K2(T ( 2(1 — k2(7 ))¢ k() 1 ¢
x tanh[JogM + gJ+/C rj) | tanh[JogM + gJ+/C(0)¢'] (S63)
From Eq.(22) and Eq.(S63) we see that (M, C’(O)) = (0,0) is always a solution. Expanding Eq.(S63) for small M and

C(0) we find
[T [dedd’ 1 1 —k(T)
—/0 dre 277\/W ( 20— () (—f‘f(ﬂ 1 >¢>
x[JogM + gJ+/C(0)d][JogM + gJ\/C(0)¢']
_ (gJOM)2+(gJ2)C’(O) /0 dr e~ r(7) (S64)

showing that C(0) can bifurcate from zero either at M = 0 for (gJ2) [ dre "r(r) = 1 (spin-glass transition), or
when M bifurcates (ferromagnetic transition) i.e. at gJo = 1, from equation Eq.([22). As |C(7)| < C(0), bifurcations
in C(7) cannot precede those of C(0), hence, bifurcations from the paramagnetic state, for non-fixed point steady

states, occur at
1 o J
i max ( /0 dr e "k(T), JO> (S65)

For k(1) = 1, Eq.(S65) retrieves the phase diagram for fixed point solutions, Eq.[)). As x(7) <1V 7,and k(7) =1V 7
for fixed point solutions, the equation above suggests that fixed point solutions are the first non-trivial solutions to
emerge as 1/gJ is decreased below one. This is supported by numerical simulations at finite IV, shown in F1g@ Note
that only solutions which satisfies [~ dr e~ "x(7) > 0 contribute to the spin-glass phase. If [ dre™"r(7) < 0, then
there is no spin-glass transition and bifurcations occur at g = 1/J.
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C. Shape of the potential V(C|C(0), M)

We have shown in Sec. that, at stationarity, the correlator C(7) evolves according to a gradient-descent
Eq.(26)) on the potential V(C[C(0), M). In order to have a physical motion, the correlator C(7) has to be bounded,
verifying the condition |C/(7)] < C(0) for 7 > 0. For the noiseless dynamics (i.e. ¢ = 0), where C'(0) = 0, this is
equivalent to require that the derivative of the potential satisfies V' (C(0)|C(0), M) > 0 and V'(—C(0)|C(0),M) <0
at the boundaries C' = £C(0).

One can show that for any M, V'(C(0)|C(0),M) > 0 for 0 < C(0) < ¢, while V'(C(0)|C(0), M) < 0 for any
C(0) > ¢, with V'(g|q, M) = 0, see Fig[3| (A), (D). Hence, initial conditions C(0) > g, are unphysical as they lead to
unbounded motion. By diagonalizing C, we can rewrite Eq. as

E(C,C(O),M):/dwdy@f%i%tanh ljogM+ng M,g{]y C(O)_C]
2w 2 2
X tanh |;]0gM+ng % +gJy %

which shows that for M = 0, 2(C, C(0),0) = —E(-C, C(0), 0), hence V'(C|C(0),0) = —=V'(—C|C(0),0). This implies
V' (=C(0)|C(0),0) < 0 for 0 < C(0) < q and V'(—q|q,0) = 0, see Fig[3| (D). Thus, for M = 0, any initial condition
0 < C(0) < g leads to bounded solutions.

On the other hand, for M # 0, i.e. J > Jy, one can show that V'(C|C(0), M) > 0 for any —C(0) < C < C(0) with
0 < C(0) < g, while V/(Clq, M) > 0 for any —q < C < g, with V'(g|q, M) = 0, see Fig[3| (A). This shows that for any
initial condition 0 < C(0) < ¢, the potential is a monotonic non-decreasing function which has only one stationary
point, at the boundary of the physical region C = C'(0) = ¢q. Hence the only possible bounded steady-state solutions
for M # 0 are the fixed point solutions C' = q.

In the following, we discuss the shape of the potential for M = 0. We start by noting that as V’'(C|C(0),0) =
—V'(-=C1C(0),0), V'(0|C(0),0) = 0 for all C(0), hence the potential has a stationary point at C' = 0, for any initial
condition C(0). One can show that this is the only stationary point (and in particular a minimum) for C(0) below
a threshold value Cy,. Above this threshold, i.e. for Cy, < C(0) < ¢, C = 0 becomes a maximum and two minima
+C(C(0)) develop at either side of C' = 0, see Fig (D). Numerical analysis shows that C'(C(0)) is a monotonically
increasing function of C'(0) and that C(g) = q. The value Cyy, can be determined from the condition V' (0|C(0),0) = 0,
which gives

(S66)

V" (0[C(0),0) = -1+ L 1 / ded¢’ ¢ 757 € (G tanh ) (¢ tanh &)

JQQQC’OCT% 2w J2g?
2
_ 1 (L ——
=1+ 724200 / Fﬂgm(me 27220 7 (¢ tanh @)

=1+ Cio {/watanh(iﬁngm)r
=1+ Oio [ / D[l — tanhQ(wng)]ngr

= —1+ ¢*J? [1 - /sztanhQ(wng)r =0
(S67)

thus leading to Eq.(31). In Figf3| (E, F) we have plotted the curve Cy = Cyn(1/gJ) (solid red line), as a function of
1/gJ, described by Eq.. In the paramagnetic region gJ < 1, Eq.(31]) does not allow real solutions and C' = 0 is
always a minimum. Conversely, in the spin-glass region gJ > 1, Eq always allows a solution 0 < Cy, < ¢, as
| Dy tanh? (9J\/qv) = ¢ > 1—1/gJ is always satisfied. In the spin-glass region, for any 0 < C'(0) < Cyy, the potential
is single-well, whereas for any Ct, < C(0) < ¢ the potential is double-well. Hence different types of motion can arise,
depending on the value of C'(0), as it is explained in Sec.
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