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The magnetic field optimization of RE-Ba-Cu-O (REBCO, RE ¼ rare earth) bulk superconducting
undulators is a fundamental step toward their implementation in an accelerator driven photon source, like a
synchrotron or a free electron laser. In this article, we propose a sorting algorithm to reduce the undulator’s
phase error based on the reconstruction of the trapped current inside the bulks of a staggered array
undulator. The results obtained with a YBCO short prototype field-cooled down to 10 K in a 10 T magnetic
field are reported. Finally, its performance is critically discussed in light of 2D magnetic field maps of its
individual components, obtained at LN2 after the magnetization tests.
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I. INTRODUCTION

Modern accelerator-based photon sources, such as syn-
chrotrons and free electron lasers (FELs), are based on
undulator radiation. To improve their brightness and/or to
reduce their costs, alternatives to the existing permanent
magnet undulator (PMUs) [1–3] technology are required.
Low temperature superconductors, likeNbTi [4–6] andmore
recently Nb3Sn [7], have been employed to wind undulator
coils with shorter period and higher magnetic fields. High
temperature superconductors (HTS) in the formof tapes [8,9]

and bulks [10–12] promise to be the next step in increasing
the performance of undulators. The increased operating
temperature of HTS may also offer the prospect of reduced
running costs. The present authors have concentrated their
research effort on RE-Ba-Cu-O (REBCO, RE ¼ rare earth)
bulk [13,14] staggered arrays in both planar [15,16] and
helical undulator [17] configurations. The first approach is
more suitable for synchrotrons [18], while the second one
could be used in FELs [19,20].
Manufacturing variation in the properties of bulk super-

conductors, in particular the local critical current density Jc,
has to be compensated by an optimization strategy in undu-
lator applications, as is the case for PMUs. To permit
this, the bulks are stacked one after the other in our
design, and their order can be changed to improve the
periodicity of the on-axis magnetic field profile (i.e., the
rms phase error [21]). In this work, an optimization
algorithm is proposed and its efficiency is demonstrated
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on a YBCO-based short prototype undulator specially
prepared for this purpose. The characterization of the short
undulator prototype was performed in the 12 T solenoid
facility available at the Royce Institute at the University of
Cambridge.

II. THE SORTING ALGORITHM

To develop an algorithm to find the optimum location of
a set of bulks in a staggered array undulator, it is first
required to identify which attributes are to be used for the
optimization process. The inverse analysis proposed in [22]
will be used for this purpose. Kinjo’s approach estimates
the contribution of each n-bulk to the on-axis magnetic
field profile BðzÞ as a positive coefficient that multiplies the
critical current density: pnJcðB; TÞ. The model assumes
homogeneous properties within each bulk, where Jc
depends solely on the local magnetic field and temperature,
without direct dependence on coordinates. Under these
assumptions, the field profile of an infinitely long undulator
(see Fig. 1) can be well approximated by the following
analytical expression:

BðzÞ ¼
X
n

ð−1Þnbnψðz − nλu=2Þ; ð1Þ

where λu is the period length of the undulator, ψð−zÞ ¼
−ψðzÞ is the nominal magnetic field profile generated by a
single bulk, and bn its amplitude variation which is
intimately related to pn, even if not identical, since the
complexity of the bulk magnetization is neglected and thus
no variation in penetration depth is taken into account. In
other words, the amplitude of the nth pole can be written as

Bn ¼
����
X
k

ð−1Þkbkψ ½λu=4þ ðn − kÞλu=2�
����: ð2Þ

To simplify the notation, it is convenient to define

ψk ≡ ψ ½λuð2k − 1Þ=4�: ð3Þ

Using this definition results in (2) becoming,

Bn ¼
����
X
k¼1

ð−1Þkðbnþk þ bn−kþ1Þψk

����: ð4Þ

The aim of the optimization process is to reduce the
standard deviation of Bn

σ2B ¼ 1

N

XN
n¼1

ðBn − hBniÞ2; ð5Þ

which can be written as a function of bk using (4). To
simplify the expression and to draw some preliminary
conclusions, we are accounting only for the nearest
neighbours, so we may write the above formula as

σ2B=ψ
2
1 ¼

1

N

XN
n¼1

ðbn þ bnþ1 − 2hbniÞ2 ð6Þ

and subtracting the average value (δbn ¼ bn − hbni) it
further simplifies to the expression below

σ2B=ψ
2
1 ¼

1

N

XN
n¼1

ðδbn þ δbnþ1Þ2; ð7Þ

where the standard deviation σb can be highlighted and
compared to the final one of σB:

σ2B=ψ
2
1 ¼ 2σ2b þ

2

N

XN
n¼1

δbnδbnþ1: ð8Þ

Recognizing that the last term above is an average value, it
can be written in the following compact form:

σ2B=ψ
2
1 ¼ 2σ2b þ 2hδbnδbnþ1i; ð9Þ

and dividing by hBi2 on both sides, we obtain the final
formula that does not depend any longer on ψ1:

σ2B=hBi2 ¼
1

2
σ2b=hbi2 þ

1

2
hδbnδbnþ1i=hbi2: ð10Þ

If the spatial distribution of bn is completely random, the
second term is close to zero, and the relative standard
deviation of B is σb=

ffiffiffi
2

p hbi. The coefficient
ffiffiffi
2

p
indicates

that the relative error in one pole is reduced compared to
that of a single bulk because, in this approximation, one
pole is the sum of two bulks, thus statistically mitigating the
error. More remarkably, a specific choice of bn spatial
distribution can either increase or decrease the final sigma.
If the sign of δbn oscillates as ð−1Þn, then the spread

FIG. 1. The scheme of an infinite staggered array undulator
where the magnetic field, ψðzÞ, generated by the nth bulk (in
black) and the nþ 1th bulk (in red) are plotted. The position of
the undulator peak field is marked with gray solid circles.
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generated by the bulk production is reduced thanks to the
second term (the average term) because it is negative. In
Fig. 2(a), an oscillating spatial distribution of δbn is
proposed that positions the average value in one of the
extremes of the array. In Fig. 2(b), the numerical solution of
Eq. (10) is calculated that gives the estimation of the
reduction of σB=hBi as a function of the number of bulks,
up to 200 units, which is the target for the future full scale
prototype. The following short prototype, prepared for this
experiment, consists of 20 bulks and the above distribution
was used for its optimization where the model predicts an
average spread reduction of 4.0� 1.1.

III. SHORT PROTOTYPE UNDULATOR
PREPARATION

The short prototype undulator was prepared following
almost the same approach presented in [16]: a magnetic gap
of 4 mm and a period length of 10 mm. The YBCO bulks
fabricated by ATZ GmbH were ground to 4 mm thickness
with a precision of 5 μm and wire eroded with electrical
discharge machining to their final half moon shape with the
same accuracy. This precision is required for shrink fitting
them into their oxygen free copper sleeves that are only
10 μm smaller. The sleeves have to be heated up to 200 °C
to allow the bulk to be inserted. 1.0 mm thick CoFe poles
are added in between the bulks to enhance the undulator
field strength. In contrast to [16], the stack of poles and
bulks fits into an aluminum hollow cylinder (later referred
simply as the Al-shell), which guarantees the relative
position accuracy of the bulks within the array and provides
additional prestress to the YBCO after the cooldown. As
demonstrated in [16], it is not essential to shrink fit the
Al-shell onto the copper disks. Consequently, the Al-shell

was designed based on transition fitting (for easy assembly,
the long shell is heated up to 200 °C). To determine the
contact status between the Al-shell and copper disks after
cooldown, we mounted 20 strain gauges along the shell of
the one spare short prototype and two gauges on a small
stress-free aluminum block for thermal compensation, as
shown in Fig. 3 (top). Figure 3 (bottom) summarizes the
recorded mechanical strains after each thermal cycle at
77 K. All strain data are positive, because the Al-shell
experiences tensile hoop stress along the axial length and
the copper disks are well compressed at 77 K. This
demonstrates that the transition fit between the long
aluminum shell and copper disks is a feasible solution in
terms of mechanical stability. It should be pointed out that
the right end of the Al-shell is connected to a thick copper
plate and experiences large tensile mechanical strains
combined with training effects. This is believed to be
caused by the fact that the copper plate shrinks less than the
aluminum shell and partially retards its shrinkage.
After assembly, the short undulator prototype was

connected to the vertical magnetic field measurement
system and installed in a variable temperature insert in
the 12 T superconducting solenoid in the Cambridge Royce
Institute. The undulator is cooled directly by flowing
helium gas and its working temperature is controlled by
a heater wrapped on the outer aluminum shell. A 3-mm-
diameter x3yz-probe supported by a meter-long carbon
fiber reinforced plastic tube and controlled by a motorized
linear stage outside the cryostat is employed to characterize
the on-axis magnetic field in three orthogonal directions.

FIG. 2. On the left, (a) the proposed spatial distribution of δbn is
shown, which reduces the magnetic field errors σB in the
staggered array undulator. For reference, the optimum distribu-
tion for a large number of bulks (asymptotic), starting from a
normal distribution of bn, is shown in gray. In black, 20 bulks are
overlapped to schematically illustrate the optimization algorithm.
In this distribution, the average value is set at the right edge of the
array, though other configurations are also possible. On the right,
(b) the reduction of the error using this spatial distribution is
depicted, where the δbn values also follow a normal distribution.

FIG. 3. On the top, (a) the cross section of the sample where the
Al cylinder, the Cu disk and YBCO bulk are highlighted and
(b) the short undulator prototype after mounting strain gauges; on
the bottom, (c) the measured mechanical hoop strains along the
length of the aluminum shell after each thermal cycle training
at 77 K.
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The undulator field By is measured at three different
y positions, with one on-axis and the other two off-axis
of �0.1 mm. For other details regarding the experimental
setup, refer to [15].

IV. EXPERIMENTAL RESULTS

The prototype was field-cooled magnetized (FCM) first
at 8 T, and the undulator magnetic field profile was
recorded during the rampdown of the external solenoidal
field to monitor its evolution. This lower initial field-
cooling value was selected prudently to avoid damaging the
prototype before acquiring preliminary data. After reaching
zero external field, the undulator was subcooled to 7 K to
continue the magnetization process the following day
without significant field loss. The sample was then warmed
to the nominal 10 K, and the solenoid was driven below
zero, ending the experiment at Bs ¼ −3 T. After warming
the undulator to 100 K, a second FCM experiment was
performed at the nominal magnetic field value of 10 T. The
full set of data is reported in Fig. 4, where the undulator
magnetic field profiles are shown, with the 8 T FCM profile
in blue and the 10 T FCM profile in red. Due to technical
problems, data from the second run are available only at
two points along the charging ramp, ΔBs ¼ 8.5 T and
ΔBs ¼ 10 T. It is noticeable that the prototype assembly
exhibits highly uneven bulk behavior. Consequently, the
prototype was warmed up, disassembled, and its individual
disks were magnetized separately at LN2 to investigate the
issue. A representative example of these 2D magnetic field
maps of individual bulks is presented in Fig. 5, showing

clear damage that qualitatively explains the highly inho-
mogeneous magnetic field profiles.
The final magnetic field profile recorded during the

second run (ΔBs ¼ 10 T) was used for a quantitative
analysis of the contribution of individual YBCO disks.
Utilizing the inverse analysis algorithm presented in [22],
the coefficients pn were evaluated. A new undulator
prototype was then assembled using the same disks, but
sorted according to the distribution bn proposed in this
article, assuming bn ≃ pn. Finally, it underwent FCM at
10 T and its magnetic field profile measured during the
entire magnetization phase. The full set of data is reported

FIG. 4. The on-axis magnetic field measurement results before
sorting. The blue curves result from the field-cooled magnetiza-
tion at 8 T while the red at 10 T.

FIG. 5. The 2D maps of the magnetic field component (Bz)
perpendicular to the bulk surface of two Cu-YBCO disks
measured at LN2. The left plots (a) and (c) show the maps of
their top surfaces, while the right plots (b) and (d) display the
maps of their bottom surfaces. These results are representative of
this production batch, though not all data are presented here.

FIG. 6. The on-axis magnetic field measurement results after
sorting at different ΔBs.
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in Fig. 6, showing a clear improvement in field homo-
geneity. Figure 7 provides a quantitative analysis of both
prototypes, with the average undulator field B0 and σB=B0

among the central 17 peaks presented in the top and bottom
sections of the plot, respectively. The σB was estimated with
the following formula that rejects the impact of a nonzero
average of the peaks (Bi):

σB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�XN1

i¼1

ðBþ
i − Bþ

0 Þ2 þ
XN2

i¼1

ðB−
i − B−

0 Þ2
��

N

vuut ; ð11Þ

where Bþ
i are the positive peaks, Bþ

0 is the mean value of
the positive peaks, B−

i are the negative peaks, B−
0 is the

mean value of the negative peaks, N1 is the number of
positive peaks, and N2 is the number of negative peaks
(N1 ¼ 8, N2 ¼ 9, and N ¼ N1 þ N2 ¼ 17).

V. CONCLUSION AND OUTLOOK

The sorting algorithm proposed to minimize the undu-
lator on-axis magnetic field errors was experimentally
tested on a YBCO short prototype. The on-axis field
homogeneity is significantly improved for the operating
conditions, Bs ¼ 0. The value of σB=B0 drops from 23%
before sorting to 7% after sorting; the mean undulator field
B0 slightly increases from 1.88 to 1.90 T within the

expected statistical fluctuation. The achieved σB=B0 reduc-
tion of a factor 3.2 validates the prediction (4� 1.1) of the
statistical model introduced in this article.
Extrapolating this result to our full scale prototype (200

bulks) indicates a potential improvement in the homo-
geneity of the on-axis undulator field by more than an order
of magnitude, which substantiates the technical decision of
a modular design made of independent disks. Additionally,
by adjusting the heights of CoFe poles [23,24], we expect
that the field inhomogeneity can be further minimized and
an rms phase error [21] of only a few degrees can be
achieved. Finally, cracks in the YBCO bulks were identi-
fied as the cause of the large initial spread among the
undulator’s poles, leading to a future systematic quality
assessment of the YBCO bulks both before and after
machining and embedding into the copper sleeves to
prevent the assembly of faulty components.
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