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Abstract

In this thesis, we prove local-global compatibility results at ¢ = p for the
torsion automorphic Galois representations constructed by Scholze, general-
ising the work of Caraiani—-Newton. In particular, we verify, up to a nilpotent
ideal, the local-global compatibility conjecture at £ = p of Gee-Newton in the
case of imaginary CM fields under some technical assumptions.

The key new ingredient is a local-global compatibility result for Q-ordinary
self-dual automorphic representations for arbitrary parabolic subgroups.
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Chapter 1

Background and introduction

1.1 Langlands reciprocity

In this thesis, we make progress towards Langlands reciprocity by veri-
fying new cases of local-global compatibility at p. Given a number field F,
a rational prime p and an integer n > 1, Langlands reciprocity, explicated
by Clozel [Clo90] and combined with the conjecture of Fontaine-Mazur, pre-
dicts a precise correspondence between certain automorphic representations
of GL,(AFr) and n-dimensional p-adic Galois representations of F. Let us
start this thesis with carefully explaining the mentioned correspondence by
breaking it into several separate conjectures, the first of which is concerned
with associating Galois representations to automorphic forms.

Conjecture 1.1.1 (Construction of Galois representations). Consider a field
isomorphism ¢ : Qp = C, and an algebraic cuspidal automorphic representa-
tion 7 of GL,,(Ar). There is a (necessarily unique) irreducible Galois repre-
sentation

ri(m) : Gal(F/F) — GLn(Qp)
that is unramified at every finite place v t p of F' where 7, is unramified,

1-n
and the Satake parameters of ¢t~'m,|det|,?> match with the eigenvalues of
the geometric Frobenius Frob, acting on r;(7). In other words, r;(7) satisfies
local-global compatibility at unramified places of 7.

We now explain the statement of the conjecture in more detail.

Algebraic automorphic representations

First, Conjecture is concerned with so-called algebraic automorphic
representations. This is a rationality (or indeed, algebraicity) condition on
the infinity component of our automorphic representations introducedﬂ by

1Clozel’s motivation for introducing this notion was to single out the class of cuspidal
automorphic rerpesentations that should correspond to absolutely irreducible pure motives
of rank n under Langlands’s envisioned correspondence [Lan79).

11



12 CHAPTER 1. BACKGROUND AND INTRODUCTION

Clozel in [Clo90]. Given an automorphic representation m of GL,,(AF), it is,
by definition, an irreducible (go, ®r C, Ko ) X GL,(AY)-subquotient 7o, @ m¢
of the space of automorphic forms A(Resp/qGLy,). Here goo = ®yjscy is the
Lie algebra of (Resp)qGLy)(R) = I1yje0 GLn(F), and Ko := 100 Ky is the
product of maximal compact subgroups K, of GL,(F,). In particular, 7, is
an irreducible admissible (g, ®r C, K )-module. Therefore, by a version of
Schur’s lemma, the centre Z(g., ®r C) of the universal enveloping algebra
U (g ®r C) acts via a character

W, : Z(goo ®r C) — C,

called the infinitesimal character of m,,. We can express this in simpler terms,
using the Harish-Chandra isomorphism. Let T,, C B, C GL,, denote the usual
choice of Borel subgroup of upper-triangular matrices and torus of diagonal
matrices. Set t to be the Lie algebra of (Resg;qT,)(R) and W to be the
Weyl group W ((Resp/qGLy)c, (Resp/qThn)c). Then Harish-Chandra sets up
an isomorphis

Z(gs0 @r C) = U(tso @r C)V.

In particular, one identifies w,_ with a W-orbit in t_ := Homg (t-, C). Inside
t’,, we have as a W-invariant lattice the group of characters X*((Resp/qQ7})c)
by sending a character to its derivative. In particular, its shift by the half-sum
of positive roots X*((Resp/qT%)c) — p is again W-invariant.

Definition 1.1.2. Let 7 = 7., ® 7y be an automorphic representation of
GL,(AF). Wesay that 7 is algebraic if, under the normalised Harish-Chandra
isomorphism, the W-orbit w,_ lies within X*((Resg;qTn)c) — p where p is
the usual half-sum of positive roots of Resp/qGL,.

Remark 1.1.3. Another way of introducing the notion of algebraicity is
using Langlands’s archimedean local correspondence [Lan89]. Namely, for an
archimedean place v : F' — C, irreducible admissible (g, ®g C, K,)-modules
T, are parametrised by semisimple representations rec(m,) : Wg, — GL,(C)
where Wy, denotes the Weil group of F,. Depending on v being a complex or
a real place, W, is given by C* or the nonsplit extension of Gal(C/R) by C*.
In either case, C* is canonically a subgroup of Wg . Then an automorphic

1-n
representation m of GL,(Ar) is algebraic if and only if rec(m,| - | )lcx :
C* — GL,(C) is an algebraic representation for every archimedean place v

of F. In other words, if it is of the form rec(m,| - |2;Tn)|cx = B Xr,.s for
some pairs of integers (r;, s;) € Z? where x,, 5, : C* — C*, 2 — 2"z%. For
details on the dictionary between the two definitions, see the remark on p.90
of [Clo90].

2We consider here the normalisation of the isomorphism that is independent of the
choice of the Borel subgroup. In particular, we take W-invariants with respect to the
natural action, not the dot action.
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Example 1.1.4. Any cuspidal Hecke eigenform f of weight k and character
Y (Z/NZ)* — C* gives rise to a cuspidal automorphic representation 7( f)
of GLa(Aq) (cf. [Gel75|, §5) with central character ¢ and 7(f) given by
the unique infinite-dimensional subrepresentation of the normalised parabolic
inductio n—IndgiJ&(:){)G "2 ®|-|"="). One can then compute that, under
the normalised Harish-Chandra isomorphism, wr ()., is given by the S;-orbit
of the C-algebra map U(tc) = C[Z, H]*> — C, sending

Z— 0, H—Fk—1.

Here Z = <é (D, H = <(1) _01), and S; acts by interchanging H and

—H. On the other hand, one sees that the lattice X*(T¢) — p C tg =
Home((Z, H)c, C) is given by the C-linear maps sending

Z—a, H—b

with a,b € Z such that a — b is odd. In particular, after observing that
the infinitesimal character of | det |% sends Z to 1 and H to 0, we see that
7(f)" == 7(f) ® | det |z is an example of an algebraic automorphic rep-
resentation. For k > 2, the system of Hecke eigenvalues of m(f)! is the
one we see appearing in H'(I';(N),Sym* >C?) under the Eichler-Shimura
isomorphism.

We note that automorphic representations associated with cuspidal Hecke
newforms exhaust a huge portion of all algebraic automorphic representa-
tions. Namely, one sees that the rest of the cuspdidal algebraic automorphic
representations for GLy(Aq) are associated with algebraic Maass forms.

Satake parameters

To make sense of Conjecture [1.1.1] we first recall the definition of Satake
parameters of unramified smooth irreducible representations of GL,,(F,) for
v a finite place of F'. To keep the discussion in context, fix an automorphic
representation m = mo ® 7y of GL,(Ar). A theorem of Flath [Fla79] shows
that the smooth irreducible C-representation 7, of GL, (A%) decomposes as
a restricted tensor product ®! m, for some unique collection of irreducible
smooth C-representations 7, of GL,(F,) where v runs over finite places of
F. Moreover, for all but finitely many finite places v of F', m, is unramified,
meaning that it admits a fixed vector under the compact open subgroup
GL,.(OF,) C GL,(F,). Fix such a place v of F, and consider the usual
induced action of the spherical Hecke algebra(

H(GLN(FU>7 GLn(OFu))C =

3In other words, it is the (limit of) discrete series of type (k — 1,0).
4The algebra structure is given by the usual convolution product.
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{f : GL,(Op, )\GL,(F,)/GL,(OFf,) — C compactly supported }

on o Or) given by convolution. This action makes the space of fixed

vectors a simple module over the Hecke algebra, and the representation m,
can be recovered from this Hecke module.

On the other hand, the (normalised) Satake isomorphism sets up an iso-
morphism (see [Car79], Theorem 4.1 for instance)

H(GLn(Fv)’GLn(OFu))C = H(Tn( ) (OFU)) (GlonT) o C[Xlﬁﬂ? -'-vX?z:l]Sn

In particular, H(GL,(F,), GL,(OF,))c, turning out to be commutative, acts

Ln(OR,)

through s via a C-algebra homomorphism

that, under the Satake isomorphism, corresponds to a GL,(C)-conjugacy
class ¢(m,) of a diagonal matrix diag(as, ..., a,) € GL,(C) that we call the Sa-
take parameter of m,. Finally, note that this construction sets up a correspon-
dence between unramified irreducible smooth C-representations of GL,,(F,)
and GL,(C)-conjugacy classes of semisimple elements in GL,(C).

Then the determining property of r4(m) is that for every finite place v { p
of F' for which 7, is unramified, the characteristic polynomial of the Satake

parameter ¢ c(m, @ | det |UlTn ) matches with the characteristic polynomial of
the geometric Frobenius Frob, acting on r4(m).

More classically, this condition is also often expressed in terms of the
usual generators T,,; € H(GL,(F,),GL,(OF,))c, ¢ = 1,...,n given by the
characteristic function of the double coset

GL,(Op,)diag(w,, ..., wy, 1, ..., 1)GL,(OF,)

where the first ¢ elements in the diagonal are given by a choice of uniformiser
w, € Op, and the rest by 1. Namely, after unravelling the normalised Satake
isomorphism, one finds that, if we denote by a,; € Qp the eigenvalue of T, ;
acting on t~'m,, then the characteristic polynomial of Frob, on r,(r) is asked
to coincide with

iG=1 n(n—=1)

X" = a1 X"+ (D) T an XM+ 4 (D) T au, € QX

Example 1.1.5. Going back to the case of modular forms, consider a nor-
malised cuspidal newform f = >, 5, a,q" of weight k, level I'y (V) and charac-
ter ¢. Then m(f)" is of level K;(N), and therefore is unramified at any £ { N.
After unravelling the construction of 7(f), one finds that, for ¢ ¢ N the Satake
parameter c(m(f)$h) is given by the conjugacy class of diag(f=2ay, ! 26g)
where a, and 3, are the roots of the polynomial X% — a,X + £ - £*~2%)(¢). In

particular, Conjecture predicts, for any isomorphism t : Qp = C, the

existence of an irreducible Galois representation

pre = r(m(f)") : Gal(Q/Q) — GL2(Q,)
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unramified at every ¢ 4 Np with characteristic polynomial of the geometric
Frobenius Frob, given by

X2 =t ag) X + 471N (0(0)).

This is the more classical formulation of (part of) Langlands reciprocity for
cuspidal newforms, by now a theorem of Eichler—Shimura (k = 2), Deligne
(k > 2) and Deligne-Serre (k = 1).

We note that the computation of the Satake parameters c(m(f)$°") sheds
some light on the presence of the twist | - ]an in the conjecture. Namely, it
is the collection of the Satake parameters of 7(f)®" @ | -|~2 that reflects the
rationality properties of f.

Conjecture [1.1.1] allows us to associate a unique Galois representation
r«(m) to any algebraic cuspidal automorphic representation m of GL,(AF)
characterised by matching the local behaviour of the Galois representation
with that of the automorphic representation at the unramified (non-p-adic)
finite places of the latter. In fact, as we saw, for such finite places v { p of F,
7, amounts to the same piece of data as r,(7)|q.F, /r,) as explained by the
Satake isomorphism. Therefore, thanks to the strong multiplicity one theorem
for GL,,/F, the automorphic analogue of Chebotarev’s density theorem, we
obtain an injection of sets of isomorphism classes

almost everywhere unramified

{ algebraic cuspidal automorphic
irreducible Galois representations of F

continuous p-adic n-dimensional
. —
representations of GL,(Ar) }

There are two obvious questions that one can raise.

i. Does r;(—) set up a more precise correspondence? Namely, can we
write down m, for all finite places v of F' in terms of r4(7)|c.F, r,)’
Conversely, how much of r(7)|q. 7, /r,) can be reconstructed from 7,?

ii. Can we describe the image?

Let us first focus on the first of these questions that is a vague formu-
lation of the problem of local-global compatibility. In order to turn it into a
precise conjecture, we first need to discuss how to relate p-adic Galois rep-
resentations of the f-adic field F), to smooth irreducible C-representations of
GL,(F,). Even though the answer will differ depending on whether ¢ # p
or ¢ = p, in both cases the main ingredient bridging the two worlds will be
the local Langlands correspondence, a vast generalisation of (consequences
of) local class field theory (the n = 1 case) and the discussed unramified
correspondence realised by the Satake isomorphism.
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The local Langlands correspondence

To explain the local correspondence, let ¢ be a rational prime and K/Q;
be a finite extension, and denote by ¢ the cardinality of its residue field.
For Q an algebraically closed field, set Irrq(GL,(K)) to be the set of iso-
morphism classes of irreducible smooth Q-representations of GL, (K). The
correspondence matches such representations with so-called n-dimensional
Frobenius-semisimple Weil-Deligne representations of K over ). To define
these gadgets, we have to work with the Weil group Wi of K, as opposed to
the whole Galois group G := Gal(K/K). Recall that W is the subgroup
of G sitting in a short exact sequence

0 — Ix — Wx — Frob% — 0

where [x is the inertia subgroup of Gg and Frobg denotes the geometric
Frobenius. Moreover, it is endowed with the topology making Ix C W an
open subgroup.

Definition 1.1.6. A Weil-Deligne representation of K over €1 is a triple
(r, N, V') where

o V is a finite-dimensional 2-vector space,
1 is a representation Wy — GL(V) with open kernel, and
e N is a nilpotent endomorphism

subject to the compatibility that, for every o € Wi, we have
r(o)Nr(o)™ = g UON

where 0 = Frob%” mod Ix. We say that (r,N,V) is n-dimensional if
dimg V' = n. Moreover, we call (r, N, V') Frobenius-semisimple if r is semisim-
ple.

Remark 1.1.7. Given a Weil-Deligne representation (r, N, V') of K, we can
introduce its so-called Frobenius-semisimplification (r, N, V)¥=%% := (r**, N, V)
where 7% : W — GL(V) is the semisimple representation obtained from r
by setting 7**(¢) € GL(V) to be the semisimple part of r(¢) for a fixed lift
¢ of Frobg, and keeping r**|,. = 7|7, unchanged. One easily checks that the
definition is independent of our choice of lift of Frobenius.

We further define the semisimplification of (r, N, V) to be (r, N,V)** :=
(r#s,0,V).

Denote by WD, (K) the set of isomorphism classes of n-dimensional Frobenius-
semisimple representations of K over €). One then has the celebrated local
Langlands correspondence for GL,,(K).
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Theorem 1.1.8 (Harris-Taylor, Henniart). There exists a unique collection
of bijections
rec : Irre(GL,(K)) — WDE(K)

for every n > 1 such that, for n = 1 it is induced by composition with the
Artin ma]ﬂ of local class field theory, compatible with character twists, central
characters, taking contragradient to the dual Weil-Deligne representation, and
matches L— and e—factors of pairs.

In fact, we will work with the arithmetic (or Tate) normalisation reck (=) :=

1-n

reck((—) ® |det |2 ) instead. The advantage of this normalisation is that it
is compatible with automorphisms of C. In particular, it provides a unique
correspondence

reck : Irrg(GL,(K)) +— WDg(K)

over arbitrary € isomorphic to C (independent of the chosen isomorphism),
and the rationality properties of 7 € Irrq(GL,,(K)) will match with that of

T
recy (7).

With the local Langlands correspondence in hand, to make our first ques-
tion more precise, we have to relate 7(7)|q.F, /r,) to Weil-Deligne represen-
tations. This is where the case of £/ = p becomes significantly more subtle
than the case of £ # p. Let us first consider the latter.

Local-global compatibility at ¢ # p

Let ¢ be a rational prime different from p, and v|¢ a place of F'. As it turns
out, when ¢ differs from p, p-adic Galois representations of an f-adic field are
just special cases of Weil-Deligne representations. More precisely, there is a
fully faithful functor WD(—) from the category of continuous p-adic Galois
representations of F, to the category of Weil-Deligne representations of F,
over Qp. The point is that Grothendieck’s ¢-adic monodromy theorem shows
that on any such Galois representation some open subgroup I C Iz, will act
unipotently and, therefore, by taking its logarithm, we can rewrite this piece
of information as a nilpotent endomorphism N.

We can then finally state local-global compatibility away from p.

Conjecture 1.1.9 (Local-global compatibility at ¢ # p). Assume Conjec-
ture , and fix an isomorphism ¢ : Qp = C. Let 7 be an algebraic cuspidal
automorphic representation of GL,(AFr) and v { p be a finite place of F.. We
then have an isomorphism

WD (r(m) |Ga1(fv/Fv))F_ss = rec’ (t7'm,).

5We normalise the Artin map so that it sends uniformisers to lifts of the geometric
Frobenius.
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Notice that Conjecture indeed generalises the unramified case as the
characteristic polyonomial of Frob, acting on rec” (t7'm,) is exactly given by

1-n
the characteristic polynomial of the Satake parameters of 7, @ |det |, 2 .

Example 1.1.10. For f a cuspidal newform of level I'y(N), consider 7 (f)c".
Then, for £ # p, a rational prime with ¢|N but £ N, we see that 7(f)$°" ad-
mits an Iwahori fixed vector. In particular, it is either an unramified principal
series, an unramified twist of the trivial representation or a special series rep-
resentation (i.e. an unramified twist of the Steinberg representation). Since
f is a newform, m(f)® cannot be unramified and, therefore, it must be a
special series St ® (x o det) for some unramified character y : Q; — C*.
Then Conjecture predicts that WD (py¢|qaig,/q,)" * is isomorphic to
the Weil-Deligne representation (r, N, V) where (r, V) is the representationf
X@X|"ZIJ and N = (8 0
of the wild inertia at ¢ are expected to have a non-trivial action on py;.

). In particular, arbitrarily small open subgroups

Local-global compatibility at ¢/ =p

Now let v|p be a finite place of F, and set K = F,. When trying to
mimic the prime-to-p case, the first problem we run into is that, in general,
p-adic Galois representations of K cannot be realised as Weil-Deligne rep-
resentations as they amount to a significantly more complicated collection
of data thanks to the possibly highly non-trivial action of the wild inertia
subgroup.ﬂ There is, however, a subcategory of p-adic Galois representa-
tions of K singled out by Fontaine called de Rham Galois representations.
To such representations a p-adic version of the monodromy theorem (first
proved by Berger) applies and, by a construction of Fontaine, de Rham Ga-
lois representations of K do have an associated Weil-Deligne representation.
However, we must warn the reader that in this p-adic setup a (de Rham) Ga-
lois representation cannot be reconstructed from its associated Weil-Deligne
representation. Without going into the details, a de Rham Galois repre-
sentation p : Gal(K/K) — GL,(Q,) is determined by a so-called filtered
(¢, N, Gal(L/K))-moduld Dps(p)] (cf. [Fon94], §5.6.3). The associated
Weil-Deligne representation WD(p) is constructed from this semilinear al-
gebra gadget by forgetting the filtration.

®We consider smooth characters of Q; as characters of Wq, by composing them with
the Artin map of local class field theory (sending ¢ to the geometric Frobenius).

"We can already think of the example of the p-adic cyclotomic character.

8Here L is some suitably large finite extension of K.

9This is a finite free Ly ®qQ, Qp-module where L/Ly/Q, is the maximal unramified inter-
mediate extension. It is equipped with an (arithmetic Frobenius)-semilinear automorphism

¢, an L-semilinear Galois action, a nilpotent endomorphism N and an L ®q, Q,-linear
filtration on L ®r, Dpst(p)-
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The upshot of the previous paragraph is that one arrives at an obvi-
ous guess for local-global compatibility at ¢ = p if we are to believe that
7e(™)| g7, /r,) 1S de Rham. However, when reciprocity is formulated in terms
of Galois representations, it stays slightly mysterious why this de Rham prop-
erty should be expected. The author therefore feels the urge to motivate this
expectation by going back to the more classical motivic formulation of Lang-
lands reciprocity |[Lan79] as was explicated in [Clo90]. Namely, the a priori
stronger conjecture of Langlands—Clozel predicts that cuspidal algebraic au-
tomorphic representations of GL,,(Ar) should admit associated irreducible
pure motives of rank n over F with coefficients in some suitable number field
E C C (cf. [Clo90], Conjecture 4.5). Whatever the category of motives over
F might be, every smooth projective variety over F' provides an example and
each motive comes with a collection of realisation functors (Betti, ¢-adic, de
Rham,...) that, for varieties, specialise to taking their respective cohomology
groups. Moreover, these realisation functors come with all the extra struc-
tures and comparison theorems that the corresponding cohomology theories
admit. In particular, r,(7) is expected to be realised as the p-adic realisation
of the conjectural motive corresponding to 7 (and t) and therefore should be
de Rham by the p-adic de Rham comparison theorem.

Before finally stating a local-global compatibility conjecture at £ = p,
there is one more subtle point that is to be explained. The reader might
have already noticed that we made no mention of "local-global compatibility
at oo". Furthermore, soon after trying to come up with a guess for what
such a compatibility should look like, one easily gets stuck when realising
that for an archimedean place w of F, Gal(F,,/F,,) is either the trivial group
(when w is complex) or the group of two elements {1,c} (when w is real).
However, as Langlands’s parametrisation of irreducible admissible GL,,(F),)-
representations shows, m, is described by an n-dimensional complex repre-
sentation of the Weil group W, that fits into a short exact sequence

0— C* —» Wg, — Gal(F,/F,) — 0.

Therefore, we have no chance of reconstructing ,, from r(7)|q. 7, /5, More
precisely, at real places, the action of the complex conjugation ¢ on rec(m,)
should be possible to be matched with its action on Tt(ﬂ->|Gal(Fw /F,) and in-
deed there is a precise conjecture of this kind (see [BG14], Conjecture 3.2.1).
However, it is not clear how to tell rec(m,)|cx from some local data of r(m).
The reason for raising this issue just now is that in fact it is r4(7)|quF, /5,
that is expected to mirror the shape of rec(m,)|cx for v|p the place induced
by w under ¢t. In particular, when reciprocity is formulated in terms of p-adic
Galois representations, (part of) local-global compatibility at oo is incorpo-
rated into local-global compatibility at p. Let us first explain briefly the
prediction and then we will provide some motivation as well.

Consider an archimedean place w : F' < C, set v|p to be the correspond-

ing p-adic place under the identification ¢, and denote by ¢, : F, — Q,
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the induced embedding. Recall that, since 7, is algebraic, rec(m,| - |;Tn ) =
B 1 Xr 1,50, fOr some tuple of integers (ru,1, ... Twns Sw,1s s Swn) € 7" (see
Remark for the notation) with r,; < ... < r,,. On the other hand,
Tt(ﬂ')‘Gal(fU /r,) is de Rham, and, in particular, Hodge-Tate, and we obtain
its ¢,~-Hodge-Tate weights A, 1 < ... < A, by recording the corresponding
jumps of the filtration on Dy (r4(7)|gaF, /r,))z- Then local-global compati-
bility predicts that (Sw, ... Sw,1) = (Aw1s o A )-

Remark 1.1.11. Note that thanks to purity of m, (see Clozel’s purlty

lemma" [Clo90], Lemma 4.9), (Sy.1, ..., Swn) already determines rec(m,|- |w )|C><

Again, to motivate this expectation, we revisit the motivic formulation
of reciprocity. Given 7 and w : F,, — C as before, |Clo90|, Conjecture 4.5
tells us that there should be an associated motive M. Its Betti realisation
with respect to the embedding w : F' — C admits a Hodge decomposition
Hp (M) = @, 1s—qH" where d is the purity weight of 7 and, therefore,
of M. Moreover, if w is a real place, there is an action of Gal(F,/F,) on
Hp (M) induced by the action on the motive (i.e. by complex conjugation on
X x rC for a motive induced by a smooth proper F-variety X ) and not on the
coefficients. This Galois action interchanges the components H™* and H*®",
and all of its eigenvalues lie in {+1, —1}. The Hodge numbers then give rise to
an algebraic representation @, 4 dxd‘mcH : C* — GL,(C). In the complex
case we treat this as a representation of W, and denote it by r(M, w). In the
real case, by a recipe of Serre ([Ser69], |Clo06] p.17), the action of complex
conjugation on Hp ,, (M) allows us to extend the given representation of C* to
a representation r(M,w) : Wg, — GL,(C). Then local global compatibility

predicts that there is an isomorphism rec(,,| det |c ) = r(M,w) (cf. [Clo90],
4.3.3).

Now the point is that the p-adic realisation sees the Hodge numbers,
and in the real case, even the action of Gal(F,/F,) through comparison
theorems. In the case of the former, this is a consequence of the Hodge—
Tate comparison theorem that shows that the Hodge numbers of Hp ,,(M)
can be read off from the ¢,-Hodge-Tate weights A\, 1 < ... < A, , of the
Gal(F,/F,)-action on the p-adic realisation of the motive. More precisely,
one obtains that 7(M,w)[cx = @} X-d-»,, .1, In the case of the latter,
it follows already from the (properties of the) comparison theorem between
the Betti and p-adic realisations.

We can now finally state a hopefully well-motivated conjecture.

Conjecture 1.1.12 (Local-global compatibility at ¢ = p). Assume Conjec-

ture , and fix an isomorphism ¢ : Qp = C. Let 7 be an algebraic cuspidal

automorphic representation of GL,,(Ar) and v|p be a finite place of F.
Then r4(7)|quF, /r,) is de Rham. Moreover, we have an isomorphism

WD(ri(7)| G, ymy) " =t rec! (), (1.1.1)
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and, for every embedding ¢ : F' — Qp inducing v, the (-Hodge—Tate weights
At <o S A of ()| g F, sy Satisty

1-n
rec<7TtL| det ‘CZ )|C>< g @?:1X7d7AL,’L'7)‘L,i
where x, s : C* — C*, z = 2"2°, and d is the purity weight of m,.

Example 1.1.13. Let f = 3, >, a,q" be a normalised cuspidal newform of
weight &k and level To(N). Assume that p { N. In particular, (f)5" is un-
ramified, so rec” (m(f)$°") is unramified as well, meaning that the action of the
inertia subgroup Iq, is trivial and the monodromy N is zero. Consequently,
according to Conjecture , the same should hold for WD(p f7t|Gal(6p /Q,)-
One concludes from this that ps; must be crystalline meaning in particu-
lar that we have an isomorphism Dcris(pf,t|Ga1@p Q) = WD(pf7t|Gal(6p Q)
where we treat the former as an unramified Weil-Deligne representation by
inflating the action of the crystalline Frobenius (playing the role of the arith-
metic Frobenius). After unravelling [[.1.1, we then obtain that the trace of
the inverse of the crystalline Frobenius of py; is expected to coincide with
t~ta,.

As for the Hodge-Tate weights of ps,, we indicated already that, under
the normalised Harish—-Chandra isomorphism, the infinitesimal character of
m(f)2h is given by (3, 2—k). In particular, one sees that rec(m(f)%"| det 72)|ax
X0,1—k D X1-k0 (cf. [Clo90], p.90). Then Conjecture predicts that the
HodgeTate weights of pf, should be (k — 1,0).

We are now ready to answer our first question. As we can see from Conjec-
ture and Conjecture (and the discussion beforehand), for every
place v of F, m, is expected to be determined by the corresponding local
behaviour of r(m). In fact, in the case of v { p, 00, m, and 74(7)|gaF, /5,y de-
termine each other. When v[p, however, ry(7)|q.F, /r,) Dot only determines
Ty, but the infinitesimal characters of the corresponding archimedean factors
of m as well. On the other hand, 7, and the corresponding archimedean factors
of 7 are still not sufficient to reconstruct Tt(ﬂ-)|Gal(fv /F,)» only up to passing
to the associated graded on Dyst (r4(T)| g7, /k,))- Wondering what the filtra-
tion should correspond to on the automorphic side is the starting point of the
p-adic Langlands program, and is beyond the scope of this thesis.

Automorphy

We finally discuss our second question, the question of automorphy of
Galois representations. On the way of investigating our first question, we ob-
served that in fact every irreducible continuous p-adic Galois representation
coming from an algebraic cuspidal automorphic representation has a special
local behaviour. Following Fontaine-Mazur, we isolate such Galois represen-
tations by calling them geometric.
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Definition 1.1.14. Let p : Gal(F//F) — GL,(Q,) be a continuous represen-
tation. We call p geometric if

i. it is unramified at all but finitely many places, and
ii. is de Rham at p.

The striking conjecture of Fontaine-Mazur says that every irreducible
geometric p-adic Galois representation is motivic.

Conjecture 1.1.15 (Fontaine-Mazur). Any irreducible geometric Galois rep-
resentation

p:Gal(F/F) — GLn(Qp)

can be realised as the Gal(F'/F)-equivariant subquotient of

H'(X xp F, Q) ()
for some smooth proper variety X/F, i € Z>g, and j € Z.

The Fontaine-Mazur conjecture combined with Langlands’s prediction
and the observations of Clozel (cf. [Clo90], Question 4.16) tells us what
the answer to our second question should be.

Conjecture 1.1.16 (Automorphy). For every irreducible geometric p-adic
Galois representation p : Gal(F/F) — GL,(Q,), and isomorphism ¢ : Q,, =
C, there is an algebraic cuspidal automorphic representation 7 of GL, (Ar
and an isomorphism p = ry(7).

Example 1.1.17. Let E/F be an elliptic curve without CM (i.e. End(F) =
Z). As is well-known, the dual of its Tate module T,F = fm  E [p"](F)

is isomorphic to HL(E xr F,Z,) as a continuous Gal(F'/F)-module. By
inverting p and fixing a basis, we obtain a 2-dimensional geometric Galois
representation

PEp : Gal(F/F) — GLQ(QP)

A theorem of Serre says that £ having no CM means that pp, must be
irreducible. By looking at the Hodge numbers of E, we see that all of its
labelled Hodge-Tate weights are given by (0,1). In particular, for every
choice of isomorphism ¢ : Qp = C, Conjecture predicts the existence
of an algebraic cuspidal automorphic representation 7 of GLy(Ag) with all

of its archimedean components having infinitesimal character (%, —%)

0Here (—)(j) denotes the Tate twist of the Galois action by the j* power of the cyclo-
tomic character.

"Note that this is the infinitesimal character of the trivial representation of GLa(F,),
i.e. the representation with highest weight (0, 0).
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On the other hand, at any v { p finite place of F' where E has good
reduction, pg, is unramified and by the Lefschetz fixed point formula for £,

trpg p(Frob,) = 1+ |Op, /w,| — |E(Op, /wy)| =: a,(E).

In particular, the L-function of E' is exactly the L-function of pg, that is the
L-function of 7. In other words, E is expected to be modular, and therefore,
its L-function should enjoy the properties of an automorphic L-function.

In the case of F' = Q, algebraic cuspidal automorphic representations with
infinitesimal character (3, —3) are exactly the ones of the form m(f)" for
weight 2 normalised cuspidal newforms. In this case, the conjecture translates
exactly to modularity of elliptic curves E/Q (cf. [Wil95], [TW95], [Bre+01])
in the classical sense: the existence of a newform f = 3,51 a,(f)q" of weight 2
matching the dconductor of £ with the level of f and satisfying a,(f) = a,(E)

at all primes ¢ where E has good reduction.

Combining Conjecture[l.1.1], Conjecture[1.1.9] Conjecture[I.1.12]and Con-
jecture [1.1.16| we obtain Langlands reciprocity.

Conjecture 1.1.18 (Langlands reciprocity). For any choice of integer n > 1,
and isomorphism ¢ : Qp = C, there is a (necessarily unique) bijection of sets
of isomorphism classes

irreducible geometric
n-dimensional p-adic

{ algebraic cuspidal automorphic } re(—)
Galois representations of F

representations of GL,(AF)

satisfying local-global compatibility at every place of F.

1.2 Known cases of Langlands reciprocity

After a general introduction to the statement of reciprocity, we now turn to
discussing known cases of Conjecture with a focus on progress towards
Conjecture [I.1.12] However, we do not attempt to do enough justice to the
history of Langlands reciprocity here, instead provide an incomplete list of
the major achievements of the subject most relevant to this thesis.

1.2.1 The case of GL;/F

The only integer n > 1 for which Langlands reciprocity is known in its
entirety is n = 1. For GL;/F for a general number field F', Conjecture
is about matching algebraic Hecke characters of F' with 1-dimensional Galois
representations of F' and it can be deduced from Class Field Theory as for
instance is explained in |[Farll].
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The correspondence is set up by first noting that the global Artin reci-
procity map Arty : A3/F* — Gal(F*?/F) induces an isomorphism of profi-
nite groups A5/(FX)°F* = mo(Aj/F*) = Gal(F**/F). In particular, every
finite order (i.e. weight 0 algebraic) Hecke character gives rise to a finite order
character Gal(F/F) — Gal(F*/F) — C* =t Q; . For general algebraic
Hecke characters, one notes that the finite part of the Hecke character must
always land in some number field E and the induced algebraic character of
FZ descends to an algebraic character (Resp/qGim)e — Gin,p. This allows
for exchanging the algebraic character at oo to an algebraic character at p on
the cost of landing in a p-adic coefficient field.

We note that local-global compatibility away from p then follows from
compatibility between local and global Class Field Theory. At ¢ = p one fur-
ther needs to check that the induced local character is potentially semistable
(in fact potentially crystalline) with the right Hodge-Tate weights to verify
the predicted compatibility.

We mention that the construction is even proved to factor through the
category of motives, matching algebraic Hecke characters with rank 1 motives
generated by potentially CM abelian varieties and Artin motives (cf. [Sch8§],

Chapter I, §4, [Farl1|, Proposition 7.4).

1.2.2 The case of GL,/Q

The next group for which significant progress has been made is GLy/Q.
However, already in this case, Conjecture is far from known in its
entirety. The most developed case is that of regular algebraic cuspidal auto-
morphic representations.

Definition 1.2.1. Let F' be a number field, and n > 1 be an integer. An
algebraic automorphic representation = of GL,(AF) is called regular if, for

1-n
every place w | oo of F, if we write rec(m, ® |det | )|lox = By Xpw 1w b

the integers p,; are all distinct for 7 = 1,...,n. Equivalently, 7 is regular if
T has the same infinitesimal character as a highest weight representation of
(RGSF/QGLn)R.

We say that a regular algebraic automorphic representation 7 of GL,, (A F)
is of weight A\ € (Z")Hem(FC) if the infinitesimal character of 7., coincides
with that of the dual of the highest weight representation of (Resp/qGLy)r
of highest weight .

Example 1.2.2. Given a cuspidal newform of weight k£ > 2, the infinitesimal
character of 7(f)%" coincides with that of (Sym" 2C?)V. Conversely, every
regular algebraic cuspidal automorphic representation of GLy(Aq) is of the
form m(f)*°" @ |det | for a unique normalised cuspidal newform of some
weight £ > 2 and an integer m € Z.

12G0e Remark for the notation.
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By work of plenty of mathematicians, we have the following result towards

Conjecture [1.1.18|

Theorem 1.2.3. For any choice of field isomorphism t : Qp = C, there is
an injective map of sets of isomorphism classes

irreducible odd geometric
{ reqular algebraic cuspidal automorphic } re(—) 2-dimensional p-adic
representations of GLy(Aq) - Galois representations of Q
with distinct Hodge—Tate weights

satisfying local-global compatibility at every rational prime. Moreover, it is
known to be a bijection as long as p > 5.

Let us indicate the construction of r;(—) in the weight 0 case (i.e. in the
case of weight 2 cuspidal newforms), already going back to Eichler—Shimura.
The first important point is that the Eichler-Shimura isomorphism tells us
that, for every weight 0 cuspidal automorphic representation 7w of GLy(Aq),
Ty sits in

H = ling(XK(C),C)

as a GLy(Ag)-equivariant direct summand with multiplicity 2 where X /Q
is the compactified modular curve. On the other hand, X being a smooth
algebraic variety over Q already, H ®c,— Q, is naturally a Gal(Q/Q) x
GLy(Ag)-module. Therefore, we get a 2-dimensional Galois representation
of Q

ri(m) = HomGLQ(Ag)(Wf, H®ci1Q,).

Now enters the Eichler-Shimura relation to show that 7;(7) is the right can-
didate for verifying Conjecture [1.1.1, More precisely, the Eichler-Shimura
relation tells us that, for N > 3 and ¢ { Np, the geometric Frobenius acting
on Hy (X, (v .q> Qp) satisfies the polynomial

X2~ Ty X + 0Ty

In particular, 7;(7)(Froby) is killed by X2 —ay(7)X +fagz(7) and with some
extra work (see for instance [Conl0]) one sees that it is in fact its characteristic
polynomial.

The construction for general (dominant) weight (k—2,0) is due to Deligne
and goes along similar lines but considering cohomology with coefficients in
the local system attached to the algebraic representation Sym*~?C? of GL, /Q
and the étale local system attached to its p-adic variant (see |[Del71]).

Local-global compatibility of r;(m) away from p is a theorem of Carayol
[Car86]. The fact that the modular Galois representation is de Rham with
the right Hodge—Tate weights follows from the de Rham comparison theorem
and Falting’s p-adic Eichler—Shimura decomposition [Fal87]. The rest of the
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compatibility at p is a result of Saito [Sai97| reducing the question to Carayol’s
work.

Finally, the fact that the associated Galois representations are irreducible
is a theorem of Ribet (cf. [Rib77], Theorem (2.3)).

Remark 1.2.4. The modularity part of Theorem has a lot more com-
plicated history starting with the work of Wiles [Wil95] and Taylor—Wiles
[TWO95]. They proved that in the residually irreducible case suitable local-
global compatibility and residual modularity together imply modularity in the
Barsotti-Tate case by introducing the so-called Taylor—Wiles method. Their
argument was generalised to certain potentially Barsotti—Tate and crystalline
cases with small weight as wel™| (see for instance [Dia96], [Dia97], [CDT99),
[DFGO04]). Kisin later introduced a modification |[Kis09a] making it flexible
enough to succeed even in cases when the local deformation ring at p is not
formally smooth.

More general modularity results (in the residually irreducible case) were
proved by Kisin [Kis09b] and Emerton [Emell].

In the residually reducible case there is the work of Skinner—Wiles [SW99)
for ordinary representations. In general, it was established by Pan in his
thesis work [Pan22].

However, the proof of all of the more uniform results (|[Kis09b], [Emell],
[Pan22|) rely on the p-adic local Langlands correspondence for GLy(Q,). In
particular, these arguments as of now have no chance of being generalised
beyond the case of GLy/F with p being completely split in F'.

Nevertheless, we mention that recently a major breakthrough has been
made by Pan [Pan23| that reproves the modularity results of [Emel1] without
the use of the p-adic local Langlands correspondence giving some hope for
generalisations to other groups.

Remark 1.2.5. We also note that, in light of Example [I.T.4] the irregular
algebraic automorphic representations all come either from weight 1 mod-
ular forms or algebraic Maass forms. In the case of the latter very little
is known. In the case of the former, even though these forms can only be
found in coherent cohomology, Deligne-Serre [DS74] showed that one can as-
sociate Galois representations to them by using the Hasse invariant to find
mod p congruences with higher weight modular forms. All of these modular
Galois representations will be odd and have finite image and in particular
have Hodge—Tate weights (0,0). For modularity results in this direction see
[Pan20], Theorem 1.0.5 and the references in loc. cit. Remark 1.0.6.

IBAll of these cases are so that the local deformation rings at p are formally smooth
integrally.
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1.2.3 GL,/F, the self-dual case

As we saw, in the case of GLy/Q the main point that allowed us to
have a good grip on the problem of reciprocity was the existence of a tower
of Shimura varieties (that of the modular curves) with Betti cohomology
groups realising our automorphic representation. In particular, in light of the
Eichler—Shimura isomorphism, we had to assume that our algebraic automor-
phic representation satisfies a certain regularity condition. This is not special
to GLQ/Q

To make this more precise, let G/Q be a connected reductive group. Then
it is a theorem of Matsushima when G is compact mod centre at infinity and
of Franke ([Fra98|, Theorem 18) for general G that a cuspidal automorphic
representation m of G(Aq) contributes to the Betti cohomology of the asso-
ciated locally symmetric spaces if and only if 7 is cohomological in the sense
of [BG19], Definition 7.2.1. On the other hand, for G = Resp/qGL,, 7 is
cohomological if and only if it is regular algebraic.

In particular, in the hope of generalising the construction of Galois repre-
sentations to GL, /F, we restrict ourselves to regular algebraic automorphic
representations. However, even after making this assumption, another issue
is waiting to be dealt with: The locally symmetric spaces associated with
GL,/F typically do not give rise to Shimura varieties, only possess the struc-
ture of a real manifold. One can already see this happen for instance in the
case of GLy/Q(v/—2) where the induced locally symmetric spaces are unions
of Bianchi manifolds, having real dimension 3 leaving no chance for them to
carry a complex algebraic structure.

The key idea that still allows for some progress is to involve another major
player from the Langlands’s programme, functoriality. Given an imaginary
CM number field F with totally real subfield F'* and complex conjugation c,
we can consider certain n-dimensonal quasi-split unitary group U/F™*. These
groups do admit Shimura data and so bring us one step closer to carry out
the strategy of GLy/Q for their automorphic representations.

On the other hand, they are related to general linear groups by being
forms thereof. Namely, we have an identification Resp/p+ (U X p+ F)(Ap+) =
U(Ar) = GL,(AFr). Now enters functoriality in the form of automorphic
quadratic base change for U. A theorem of Clozel-Labessd ]| asserts that ev-
ery cuspidal cohomological automorphic representation IT of U(A p+) admits
a base change BCp/p+ (IT), an automorphic representation of Res F/F+ (U X+
F)(Ap+), and if 6 is the automorphism 1®c of Resp/p+ (U X p+ F'), then coho-
mological cuspidal automorphic representations 7 of Resp/p+ (U X p+ F)(Ap+)
satisfying m = 7 o 0 are all of the form BCg/p+ (H)E The automorphism ¢
under the isomorphism Resp/p+(U X p+ F)(Ap+) = GL,(Ap) is given by

14To be more precise, their unconditional results only hold under some mild constraints
that in practice can be be assumed to be satisfied.
5Note that II is typically not unique here.
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g —' (g7¢) motivating the following definition.

Definition 1.2.6. Let I’ be an imaginary CM number field with complex
conjugation ¢, and 7 be a regular algebraic cuspidal automorphic representa-
tion of GL,(AFr). We call 7 conjugate self-dual if there is an isomorphism

as automorphic representations.

In particular, for conjugate self-dual regular algebraic cuspidal automor-
phic representations 7 one can at least find their system of Hecke eigenvalues
in the cohomology of unitary Shimura varieties (that does admit a Galois
action) by considering their descent to the corresponding unitary group.

One then would like to pick a suitable unitary group U/FT of rank n, set
G := Resp+,QU, consider the (£Y-cohomological) descent II of m to U, and
define () to be the Galois module

Homeg(ag) (11>, lim H%(Sh(C), Wye))
KCG(AZ)

where {Shg }x is a tower of Shimura varieties attached to G, d is the middle
degree for the Shimura varietym and W, is the p-adic local system induced
by the algebraic representation £ of G¢. Guided by the Kottwitz conjecture,
the quasi-split unitary group with signature (1,n — 1) at one, and (0,n) at
the rest of the archimedean places is the right group to pick( provided that it
exists) [7] The existence of such a U can be ensured as long as n and [F* : Q]
are not simultaneously even. In the latter case one goes around this issue by
working with the isobaric sum 7 H y for some suitable self-dual character y.

A subtlety to be pointed out is that to check that the characteristic
polynomials of the Frobenii are the right ones one has to employ something
significantly more complicated than the Eichler—Shimura relation called the
Langlands—Kottwitz—Rapoport method. This is a systematic programme that
expresses the L-function of the Shimura variety in terms of automorphic rep-
resentations for the unitary group and its endoscopic groups. For how this
works in the case of the modular curve (and to compare its nature to that of
the Eichler—Shimura relation) the reader can consult [Sch13] and for a survey
on the method see [Zhu20].

16The reason for considering only the middle degree originates in the combination of
the expectation that the tempered spectrum is concentrated in the middle degree for
Shimura varieties and the Ramanujan—Petersson conjecture predicting that cuspidal (glob-
ally generic) automorphic representations should all be tempered at every place.

1"The corresponding Shimura varieties are often referred to as Harris-Taylor Shimura
varieties as they were famously used in [HT01] to construct the first examples of r;(7) in the
self-dual case in great generality and use them to prove the local Langlands correspondence
for GL,,.
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Without attempting to explain the many complications one has to face to
make this strategy work, we point the reader to the excellent surveys [Shill],
[CS23], §2.2 on the subject and the references therein.

As the culmination of the effort of several mathematicians starting with
the work of Harris—Taylor [HT01] we have the following theorem.

Theorem 1.2.7. Let F' be an imaginary CM field with complex conjugation
c. Let w be a reqular algebraic conjugate self-dual cuspidal automorphic rep-
resentation of GL,(AFr) of weight \. Then for any isomorphism t : Qp = C
there is a continuous semisimple Galois representation

ri(m) : Gal(F/F) — GLn(Q,)

satisfying the following conditions:

i. We have an isomorphism ry(m)¢ = ri(m)¥ (1 — n).

it. For each p-adic place v of F, Tt(ﬂ-”Gal(fu/Fv) is de Rham and, for each
embedding ¢ : F, — Qp, the labelled 1-Hodge—Tate weights are given by

HTL(Tt(W)’GaI(FU/Fv)) = {)\tOL,n < )\tOL,nfl +1<...< )\tOL,l +n — 1}

1ii. For each finite place v of F', we have
1-n
WD(re(7)| gz, ym,) T = veck, (t 1wy det o2 ).

Remark 1.2.8. We note that Theorem [[.2.7 is not concerned with irre-
ducibility of the associated Galois representations and indeed, it is not known
in general. Nevertheless, r;(m) is proved to be irreducible as long as 7, is
square integrable for some finite place v { p of F' (cf. [TYO07], Corollary B).

On the other hand, besides the question of irreducibility, Theorem [1.2.7]
completely settles Conjecture [I.1.1} Conjecture [I.1.9] and Conjecture [I.1.12
under the extra regularity and self-duality assumption.

Even though in this self-dual setup the construction of Galois representa-
tions satisfying full local-global compatibility is established, the problem of
automorphy is still far from solved. However, the Taylor—Wiles—Kisin method
generalises well (JCHTO08]) and allows for a great source of automorphy lift-
ing theorems. For some of the sharper results of this kind (in the residually
irreducible case) the reader can look at [Thol2|, Theorem 7.1, and [Bar+14],
Theorem B. Moreover, in [Bar+14] it is shown that using their automorphy
lifting results, one can deduce potential automorphy (i.e. automorphy af-
ter possible base change along some finite Galois extension L/F') of certain
irreducible geometric Galois representations.
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1.2.4 GL,/F, beyond the self-dual case

Relaxing the self-duality condition in Theorem proved to require a
genuinely new and more indirect construction. As we saw, the self-duality
condition was key to find the corresponding systems of Hecke eigenvalues in
the étale cohomology of Shimura varieties. However, as was made precise in
[JT], certain non-self-dual geometric irreducible Galois representations (under
some standard conjectures) cannot be found in the cohomology of Shimura
varieties.

Another new phenomenon that comes with going beyond the self-dual
case is the presence of genuine "torsion automorphic forms'[¥] We elaborate
on the significance of extending Langlands reciprocity to torsion classes at
the end of the subsection.

Construction of Galois representations

The first major step in establishing reciprocity in this generality was made
in [Har+16] and shortly after independently in [Sch15]. The authors con-
structed r(m) for arbitrary regular algebraic cuspidal automorphic represen-
tation 7w of GL,, over imaginary CM fields. Let us now briefly sketch their
argument. We will follow the construction of [Sch15] as this is the perspective
on which this thesis builds on.

In light of |[JT| perhaps not surprisingly, the construction goes via p-adic
congruences and reduces the question to the self-dual case. The two main
ideas are the introduction of a robust Eisenstein series construction for the
Betti cohomology of locally symmetric spaces and a novel automorphic result
concerning congruences between automorphic forms appearing in completed
cohomology and classical cusp forms for groups giving rise to (Hodge type)
Shimura varieties. We start by explaining the first of these on a regular al-
gebraic cuspidal automorphic representation 7 of GL,, /F for some imaginary
CM field F/F*.

Consider the quasi-split unitary group G=U (n,n)/F* associated with
the imaginary quadratic extension F/F*t, a form of GLg,. The group G
has a maximal parabolic subgroup P (called the Siegel parabolic) with Levi
quotient Resp/p+GL,. From this point on we impose as a blanket assumption
the existence of an imaginary quadratic subfield Fy C F[?’] The end product
of Scholze’s construction is, for every integer m > 1, an "Eisenstein series'
for G associated with m mod p™ appearing in the Betti cohomology of the

18To support this sentence mathematically, we invite the reader to look at for instance
[BV13| where, in the defect 1 case (such as the case of GLy over an imaginary quadratic
field), they prove exponential growth of torsion in the cohomology of locally symmetric
spaces as we deepen the level while the space of characteristic 0 automorphic forms con-
tributing to the cohomology stays small.

This is only a w technical point ensuring that we have access to unconditional base change
along F/F* for G cf. |[Shil4].
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corresponding unitary Shimura variety. To make this more precise, set 1" to
be the set of finite places v of F' where either 7 ramifies or v is p-adic. Then
7 is determined by the associated system of Hecke eigenvalues

¢ TT = Z[GL,(AXT)//GL (0¥ T — Z,.

Moreover, 1, := 1 mod p™ factors through the Hecke action on the Betti
cohomology group H(Xf,Z/p™) of the GL,,/F-locally symmetric space for
some integer ¢ > 0 and level subgroup K C GL,,(A%). Then, abstractly, the
'Eisenstein series' for G induced by ,, is the system of Hecke eigenvalues

Yt TT = Z[G(AST) ) /GO = Z,/p™

obtained as the mod p™ reduction of the system of Hecke eigenvalues attached

-~ 00,S —
to Indggifﬂ))ﬂ;‘f. Scholze’s observation is that 1, always appears in the
rt

compactly supported (degree i + 1) or ordinary (degree i) Betti cohomology
of the unitary Shimura variety with p-torsion coefficients.

The proof of this fact is a topological argument making use of the Borel—-
Serre boundary of the unitary Shimura variety. Namely, the Borel-Serre
boundary admits a stratification labelled by G(F*)-conjugacy classes of (proper)
parabolic subgroups with the open strata corresponding to conjugacy classes
of maximal parabolic subgroups (cf. [NT16], §3.1.2). The stratum corre-
sponding to P contains as an open subspace a torus bundle over Xy (cf.
[Sch15], §V.2, [Clo22]). The point is then that the natural map induced be-
tween the cohomology of the Borel-Serre boundary and the (interior) coho-
mology of X descends the (unnormalised) Satake transform S : T7 — T7.

Moreover, the Satake transform has the property that @71; is given by precom-
posing 1, with §. To conclude, one relates the cohomology of the Borel-Serre
boundary to the cohomology of the Shimura variety via the usual excision long
exact sequence.

The other ingredient is the main automorphic result of [Sch15| whose proof
occupies most of loc.cit. It states that every system of Hecke eigenvalues ap-
pearing in the compactly supported completed cohomology of a Hodge type
Shimura variety (like the unitary Shimura varieties in our consideration) is
lifted by the Hecke eigensystem of a finite linear combination of classical cus-
pidal eigenforms of the corresponding group.[?] As for its proof, as mentioned
this is the main result of [Sch15] using the full strength of the most significant
innovation of the paper: the introduction and analysis of perfectoid Shimura
varieties and their Hodge-Tate period map.

One can now construct r.(m) with relative ease. The Eisenstein series

construction tells us that, for every integer m > 1, we can find 1//1\; =Y, 08
in the compactly supported cohomology of the Shimura variety, and so also

20For a precise formulation, see loc. cit. Theorem IV.3.1.



32 CHAPTER 1. BACKGROUND AND INTRODUCTION

in its compactly supported completed cohomology. In particular, Jm is glued
from a finite collection of classical cusp forms for é(A r+). By making use
of the trace formula and Theorem [I.2.7] we can attach to these cusp forms
2n-dimensional Galois representations of F . Since % is glued from these
forms, we obtain a 2n-dimensional determinant D~ : Gal(F'/F) — Z,/p™
(in the sense of Chenevier |Che09]) matching Frobenii away from 7" with the
Satake parameters of Jm We can pass to the limit over m to obtain Dy :

Gal(F/F) — Z,, the 2n-dimensional determinant associated with . We can
then look at the unique semisimple Galois representation rj Gal(F/F) —

GL2,(Q,) associated with it. By unravelling the effect of the Satake transform
on the Satake parameters, we further obtain that, for v ¢ T

1—-n

(rglwe, )™ = t 'recg, (m,| det |%) @® t 'recr, (m,|det |2 )V4(1 —2n) (1.2.1)

where (—) denotes the usual twist by the p-adic cyclotomic character. Then
the expectation would be to obtain a global factorisation of s of this kind
as then the first factor was forced to be ry(m). This is achieved by a twisting
argument. Namely, one notices that twisting = by |det|™ for some integer
M and looking at the induced system (M) allows us to tell apart the two
factors of for r— for any fixed place v ¢ T. Then an elementary group

(M)
theory argument shows (cf. [Har+16], §7) that, for any sufficiently large M,
ik re(m| det |M) @ ry(w] det |M)V¢(1 — 2n). The construction of r(m) is

then finished by setting r(7) := ry(n| det |M)(—M).

Torsion automorphic Galois representations

As was already hinted at, the cohomology groups H*(X, Z/p™) can con-
tain Hecke eigenclasses that do not lift to characteristic 0 (cf. [BV13]). One
is tempted to study these Hecke eigenclasses as well.

Definition 1.2.9. Given a system of Hecke eigenvalues v : TT — A valued
in some local Artinian Z,-algebra, we call ¢ automorphic if it factors through
the natural Hecke action on H*(Xg,Z/p™) for some level subgroup K C
GL,(AY) and integer m > 1.

The novelty of Scholze’s construction is that it deals with arbitrary auto-
morphic Hecke eigensystems.

Theorem 1.2.10 (Scholze). Given an automorphic system of Hecke eigen-
values 1 : TT — A, there is an associated n-dimensional determinant Dy, :

2'What we mean by this is that the corresponding cuspidal automorphic representations
base change along F'/F* to (isobaric sums) of regular algebraic conjugate self-dual cuspidal
automorphic representations of GL,,/F for some integers m < 2n (cf. [Shil4]). These
then admit associated Galois representations with full local-global compatibility above
split places of '™ thanks to Theorem m
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Gal(F/F) — A" unramified outside T, and matching characteristic polyno-
mial of Frob, with Satake parameters at v ¢ T. Here A’ is a local Artinian
quotient A — A" with kernel I C A having nilpotence degree bounded by an
integer only depending on n and [F : Q).

In particular, every automorphic mod p Hecke eigensystem ¢ : TT —
F, admits an associated continuous semisimple Galois representation Ty

Gal(F/F) — GL,(F,).

Remark 1.2.11. From now on we will largely ignore the subtle point that the
associated determinant is only defined up to a nilpotent ideal and will simply
write A’ for the quotient. However, whenever we appeal to this notation, the
nilpotence degree of the kernel of A — A’ will always satisfy the property of
stated in the theorem.

Note that, as we have seen, the nilpotent ideal causes no issues for appli-
cations to classical reciprocity.

We also note that Newton—Thorne [NT16] has proved that the bound on
the nilpotence degree can always be chosen to be 4 in Scholze’s theorem.
However, this bound is only known for r,; without knowing local-global com-
patibility and in the soon to be discussed local-global compatibility results
the nilpotence degree might be larger than this.

Since the deformation theory of absolutely irreducible determinants coin-
cides with the deformation theory of the corresponding Galois representations,
the following class of automorphic Hecke eigensystems is of special interest.

Definition 1.2.12. Given an automorphic Hecke eigensystem 1 : T — A,
we call it non-Eisenstein if the Galois representation associated with the cor-
responding mod p system of Hecke eigenvalues v : TT — A/m, is absolutely
irreducible.

For such automorphic Hecke eigensystems, we will denote by 7, the Galois
representation associated with D,.

Local-global compatibility at ¢ # p

With the non-self-dual automorphic Galois representations of |[Har+16|
and [Sch15| at our disposal, the question of local-global compatibility in this
generality was waiting to be answered. Away from p in characteristic 0 the
problem was almost completely solved in the thesis work of Varma [Varl4].
More precisely, she proved that at any finite place v { p the isomorphism of
Conjecture holds up to semisimplification and was able to bound the
nilpotence of the monodromy of 7(7)|q.F,,r,) by that of ,. She achieves
the semisimple local-global compatibility by keeping track of the local Hecke
action at ramified non-p-adic places in the construction of [Har+16] proving
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that T satisfies at these places as well”| Then a refinement of the
"separation argument" of the previous paragraph allows her to conclude local-
global compatibility.

For torsion automorphic Hecke eigensystems the best known results away
from p are limited to cases relevant to the Taylor-Wiles method (see |All4-23],
§3, [MT22]).

Remark 1.2.13. In light of Varma’s result, to completely settle Conjec-
ture [1.1.9] in the regular algebraic case over imaginary CM fields, the only
thing left to prove is that the monodromy operators of r;(7) and m, match
for v 1 p. Such results have been obtained in [AN21], [Yan2l] and [Mat24]
with the general strategy of first establishing a fine enough potential auto-
morphy result to reduce the problem to Varma’s result (see the introduction

of [AN21]).

Local-global compatibility at / = p: New congruences between
Eisenstein series and cusp forms

The question of local-global compatibility at £ = p is more subtle. In
[Sch15] the Eisenstein series 1), are realised in completed cohomology allowing
for no control over the level and weight of the cusp forms we find congruences
with. Similarly, in [Har+16] ¢ is found in some space of p-adic cusp forms
leading to the same issue. Therefore, to tackle our problem, we need a source
of congruences with better control at p.

Such a source has been provided by the novel work of Caraiani—Scholze
[CS19]. The existence of these finer congruences forces us to impose additional
conditions on our mod p system of Hecke eigenvalues.

Definition 1.2.14. Given a continuous Galois representation
7:Gal(F/F) — GLy(k)

for some finite field extension k/F,, we call ¥ decomposed generic if there is
a prime ¢ # p splitting completely in F' such that for every place v | £ in
F, Tl gaF, F,) is unramified and the eigenvalues aq, ..., a, of 7(Frob, ) satisfy
aifaj # ( for i # j. Given a mod p system of Hecke eigenvalues ), we further
call 1 decomposed generic if 1 satisfies that condition.

We further need the notion of an irreducible algebraic representation §
of the group (Resp+,qG)c being CTG ('cohomologically trivial for G =
Resp/qGLy") (cf. [All+23], Definition 4.3.5). Instead of giving the precise

ZMore precisely, |Har+16] in fact realises the finer Eisenstein series given by
G(AZP

IndPE Afofpiwi as a p-adic cusp form and Varma tracks the Hecke action on this Eisen-
Ft

stein series at ramified places as well and matches it with that of the congruent cusp forms.
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definition, we only mention that it ensures that there are no (classical) £¥-
cohomological Eisenstein-series for G coming from regular algebraic cuspidal
automorphic representations of GL,(Ap).

Now set K C G (A%;) to be a (sufficiently small) compact open subgroup.
From now on, £/Q, Will denote a suitably large finite field extension with
ring of integers O and a choice of uniformiser w. In particular, £ contains
the image of all embeddings F' — Qp. Let & be an irreducible algebraic

representation of (Resp+ /Qé)c = [lwjoo GL2,/C. To & one can attach an
O-local system Ve on the Borel-Serre boundary d Xz of the Shimura variety

with level K. Then a vague form of the corollary of [CS19] to congruences
between cusp forms and Eisenstein series is as follows.

Corollary 1.2.15 ([CS19],[Kos21],[All+23]). Given an automorphic system

of Hecke eigenvalues i : TT — A. Assume that the Eisenstein series 1 :
TT — A factors through the middle degree cohomology

Hd(ﬁfl?, Vg)

of the Borel-Serre boundary 8X~ of the U(n,n)/F*-Shimura variety of level
K C G( X¢). Then ¢ lifts to a finite linear combination of classical &Y -
cohomological level K cuspidal eigenforms ofG if the following are satisfied.

i. The associated mod p Hecke eigensystem 1) is non-Fisenstein,

—_—

1. the associated mod p Fisenstein series 1, is decomposed generic, and

1. the algebraic representation & is CTG.

Local-global compatibility at ¢/ = p: The Fontaine—Laffaille degree
shifting argument

The use of the mentioned new congruences led to the breakthrough of the
ten authors [All423] on local-global compatibility at p. We now spell out the
main innovation of [All4-23], a new construction of Eisenstein series they call
the degree shifting argument.

From now on, we further assume that p splits in our imaginary quadratic
subfield Fy C F. In particular, every p-adic place v of F'* splits in F, and
for a place v | p of F we will write v for the place in F'* lying below it.

We remind the reader that, for a highest weight vector A for Resp/qGL,,
we are interested in proving instances of Conjecture for cuspidal auto-
morphic representations m of GL,(Ar) of weight A. To A, one can associate
an E-local system V) on X, and according to Franke’s formula, the cuspidal
part of the cohomology H*(Xg,V)), as a Hecke module, computes all such
7's of level K. One can define an O-lattice V, C V) and so more gener-
ally we are interested in local-global compatibility for non-Eisenstein Hecke
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eigensystems appearing in H*( X, V) = lgnm>1 H*( X, V\/@w™). In light of
Corollary [T.2.15] a first attempt in the hope of progress on such local-global
compatibility is investigating the following problem.

Problem 1.2.16. Fix the following collection of data.
e« Aninteger 0 < ¢ <d— 1
» A place v of F'* dividing p;

o A compact open subgroup [?1’5 C é(OFgr);
« Anirreducible algebraic representation £ = (£),. Froq, of (Resp+ /Qé)ap-

Consider an automorphic Hecke eigensystem 1 : TT — A that satisfies as-
sumption i) and ii) of Corollary [1.2.15] Assume that ¢ appears in

Hq(XK, V,\/wm)
for some integer m, with
o level K satisfying Kg N (GL,(F,) x GL,(Fy)) = K, X Ky and

« highest weight vector A = (),),.p.,g such that & is associated with
: P

(—woAve, Ao) P

Can we find the associated Eisenstein series ¢ : TZ — A’ in H d(@)N( 7 Ve)
for some CTG weight £ = (fL)L:FJN_@p such that, K7 = K. and & = £.7

The authors of [All4+23] then prove the following.

Proposition 1.2.17 (Fontaine—Laffaille degree shifting, |[All14+23], Propostion
4.4.1). Fiz a place v-v° = v of F™ dividing p, and an integer %—1 <g<d-1.
Assume that the following are satisfied.

i. There is a place V' # v in F" dividing p such that

> (@) 2 5F Q)

’l_/'”;é’l_),'l_)/
where the sum runs over p-adic places of F'*;

ii. p>n?;

23We note that the top degree for Xg is d — 1.

24In particular, (—woAye, \,) must be dominant. In applications to local-global com-
patibility this condition can always be achieved after twisting our Hecke eigensystem by a
large enough power of the determinant character and from now on we will typically ignore
this condition in our discussions.
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1. p is unramified in F.

Then Problem|1.2.16 has an affirmative answer as long as U(Op+) C [’ig

Solving Problem already has strong applications to local-global
compatibility in the "crystalline case" i.e. when Kz = G(Op+). Namely, in
characteristic 0, one obtains the following result towards Conjecture [1.1.12

Corollary 1.2.18. Let F' be an imaginary CM field and assume that
i. p>n?;
1. p is unramified in F.

Let 7 be a regular algebraic cuspidal automorphic representation of GL,(AF)
such that

o 14(m) is non-FEisenstein and decomposed generic;

GLn(Op, GLn(OF,.)

o T ) and are both non-zero.

Then ry(m) is crystalline both at v and v with the expected Hodge—Tate
weights.

Remark 1.2.19. If we further assumed that the coordinates of the high-
est weight vector \; are not too far apart in the sense of Fontaine-Laffaille
theory so that integrally we had a workable notion of weight, one could ob-
tain (with significantly more work) results on local global compatibility for
genuine torsion classes as well (cf. [All423], Theorem 4.5.1).

We note that this is our reason to name the method after Fontaine-
Laffaille even though in characteristic 0 it is sufficient to handle arbitrary
weights.

We now elaborate on the proof of Proposition [.2.17 Note that the re-
alisation of Eisenstein series appearing in [Sch15] is of no use for us when
investigating Problem [I.2.16] Namely, if ¢/ appears in degree i(< d — 1),
Scholze’s construction realises J in the degree i« boundary cohomology. This
is due to the purely topological nature of his argument.

Therefore, in [All4+23] it was key to change the perspective on the co-
homology of locally symmetric spaces. Instead of working with cohomology;,
they work with the corresponding complexes in the relevant derived cate-
gory, allowing for tools from representation theory. Favouring this point of
view allows for a richer pool of congruences and more exotic realisations of
Eisenstein series.

Sketch of proof of Proposition[1.2.17. Set & to be so that & is arbitrary, § =
& and € is trivial elsewhere. Denote by A the highest weight vector for
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Resr, /q,GL, x Resp,./q,GLy corresponding to &y E It suffices to prove that
¢ can be found in H4(0X 5, V) for some K as in Problem|1.2.16| (cf. |[All423],
Lemma 4.3.6).

Recall that 0X % admits a (Hecke equivariant) stratification ] X [%
with open strata corresponding to maximal parabolic subgroups. It is enough
to find ¢ in H*(OXZ%, V). This follows from the fact that ¢ is non-Eisenstein
and so 7 is of length 2 (see [All+23], Theorem 2.4.2)

To make some further reductions, we further recall that the strata of the
Borel-Serre boundary admit natum@ decompositions

YO ~ Q
OXE = 11 Xz, (1.2.2)

gEQ(AX, \G(AX, ) /K

into opens given by (Q-locally symmetric spaces with level %Qg =Q(AF )N
gKg!. In particular, H(X [%P, V) is a Hecke-equivariant direct summand of
H d(aﬁ? 1’1;’ Ve) where K p = K p1. Therefore, it suffices to find 1; in the former
cohomology group.

Now the key observation that allows us to shift the degree is that there is
a Hecke-equivariant isomorphism

RU(XE ,Ve) = RE(Xgr, V) (1.2.3)

where K' = K N GLn(AF), and V' is a certain complex of sheaves on Xy

~

we define now. Set £° to be the O[K)]-module associated with £ (see |[Gerl1§],
Definition 2.3 for details).m Then V¢ = fm V¢ (m) where V{(m) is the
complex of sheaves on Xy associated with the complex

RT cont (U(Op+), £ /™) (1.2.4)

of O/w™[K']-modules (where we inflate £° from [?p to I?)
The proof of follows from combining two observations:

« RINX [%P, Ve /w™) is the derived K p-invariants of (derived) complete
cohomology of P with £°-coefficients;

e The completed cohomology of U is trivial so the completed cohomology
of P becomes isomorphic with that of its Levi quotient Resg/p+ GLy,.

25 Again, this means that & has highest weight vector (—woAwe, Ay )-

26The decomposition is natural in the sense that it is compatible with the natural maps
between the corresponding strata for different level subgroups K, so the G(AS$, )-action
on the full tower permutes the members of the decomposition accordingly.

270ur local system Ve is associated with this particular representation.

28We complete with respect to every finite place.
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To further simplify , we note that continuous U2 := U (O p+)-cohomology
with O/w™-coefficients is trivial for w { p. Moreover, RT cont (U2, £2 /@o™) al-

ways admits Vy [0] as a K'-equivarant direct summand. We therefore see
that further admits RT con ([Tyrsp o0 Ui, O/w™) ® £° as K'-equivariant

direct summand. In particular, V£U admits the corresponding complex of
sheaves V(gﬁ’ﬁ/} ®Ve = lim Vg?’ﬁ/}(m) ® Ve as a direct summand reducing
our problem to finding 1 in the hypercohomology group

HY (X, VI @ Vy)

for the highest weight vector A corresponding to &.

Lemma 1.2.20 (Key Lemma, [All4-23], Lemma 4.2.2, Lemma 4.2.3). Under
the assumptions i) and iii) of Proposition we have an isomorphism

VI 2 @0 HI (VT[4

of complexes of sheaves on Xk . o
Moreover, for each j, VY, : Hj(V{U’v N s a finite direct sum of explicit
sheaves on Xk associated with highest weight representatzons Jor Resp+/qGL,

trivial at v. Finally, assuming i) of Pmposztzon 1.2.17, V{, is non-zero for
0<j<|3)

Thanks to Lemma [1.2.20] we have a Hecke equivariant identification
HY( Xy, VI @ Vy) & @50 H (X, VI @ V) (1.2.5)

and by picking j so that d — j = ¢, the problem is reduced to finding 1 in
the corresponding direct summand. This is still not an obvious task as v is
an eigensystem in cohomology with p-torsion coefficients, with level K and
weight A. However, the levels K, K’ and weights Vy, Vg, ® Vy agree at v
and so by an elaborate but elementary argument (cf. [All4+23|, Proposition
4.4.1) relying on congruences, repeatedly changing the weight and level at
prime-to-v places allows one to conclude. O

Local-global compatibility at ¢/ = p: The ordinary degree shifting
argument

Even though Proposition [1.2.17]is sufficient to make significant progress on
Conjecture [1.1.12] in the crystalline case, it is too coarse to obtain similarly
strong results for more general level subgroups. Moreover, it is certainly
not enough to track down the p-adic Hodge theoretic properties of torsion
automorphic Galois representations once we leave the safety of the Fontaine—
Laffaille setup.

However, there is another popular case where the integral theory is robust
enough for satisfactory progress that was considered in [All+23]. This is the
case of ordinary automorphic representations.
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Fix a finite place v|p of F' and t : Q, = C. For integers 0 < a <
b, 1 < b, set Iw,(a,b) C GL,(F,) to be the Iwahori subgroup of matrices
that are congruent to strict upper triangular matrices modulo w{ and to
upper triangular matrices modulo wz. Let B, = T, N,, C GL,, be the Borel
subgroup of upper triangular matrices with its usual Levi decomposition. Set
u, = diag(w! !, w2

wy?, ..., 1) € T,(F,) for some fixed choice of uniformiser
Wy € OFU~

Definition 1.2.21. A regular algebraic cuspidal automorphic representation
7 of GL,(AF) of weight ) is called t-ordinary at v if t~17l"v(®¥) £ () for some
b > 1 and the (\,-normalised) U,-operator

Uy = (—woAy(uy)) - [Iw, (b, b)u,Iw, (b, b)
~lxlwe(®b) has an eigenvalue lying in Z; .
1 Twy(bb

acting on ¢
Denote by wtord C hﬂbz [t ) the generalised eigenspace of vectors

with such U,-eigenvalues.

Remark 1.2.22. As it turns out, 77°°"¢ has a rather rich structure. Namely,

we can rewrite ling, t1xlwo®d) ag 17N for NO = N(Op,) to see that it

admits a smooth action of the open submonoid Tr:={teT(F,) |tN%'C

N?} C T, (F,) via Hecke action of the double coset operators [Nt N?]. Then
t-ord

7o is in fact a T.f-equivariant direct summand. Moreover, it is the ad-

missible smooth (77, u;') = T, (F,)-representation we obtain by passing
to the generalised eigenspace with eigenvalues with p-adic valuation that of
(woAy)(uy). Finally, a simple argument (cf. |Gerl§|, Lemma 5.4) shows that

in fact it must be a 1-dimensional T,,(F;,)-representation.

Then the expectation is that ordinary automorphic representations satisfy
the following compatibility with the local Langlands correspondence.

Conjecture 1.2.23 (Ordinary local-global compatibility). Let 7 be a regular
algebraic cuspidal automorphic representation of GL,(Ar) of weight A\ that

is t-ordinary at v. Write the 1-dimensional T, (F,)-representation 77°¢ as
X1 Q.0 Xn.ﬂ Then there is an isomorphism

\111 * *

0 \112 x

Tt(7)|Ga1(FU/Fv) ~
o .. 0 Vv,
such that, for 1 <i <n, ¥, : Gal(F,/F,) — Q; is the potentially crystalline

character with Hodge-Tate weights A, ,_; +¢—1 and associated Weil-Deligne
representation y; o Art}:.

29By this expression we mean a scalar (namely —wo\, (u,) € 6; ) multiple of a double
coset operator.

30Note that to formulate the conjecture it is essential that 7%°rd

o' is 1-dimensional.
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The validity of Conjecture lies in the fact that it can be deduced
from Conjecture (cf. [Tholb|, Theorem 2.4). The above conjecture
admits a very simple extension to the torsion setup (see [All+23], Theorem
5.5.1). Namely, in characteristic 0, the characters W, can be read off from the
weight vector \,, the the U,-eigenvalues and the Hecke action of the Iwasawa
algebra that admit obvious integral analogues. Moreover, the notion of upper
triangular Galois representations admits well-behaved and easy to control
extension to the integral setup.

To set up such local-global compatibility, we certainly have to investi-
gate Problem in the case when Kj; is a deep enough Iwahori sub-
group Iwg(a,b) C G(Op+) = GL2,(OF,). However, we need more than that.

Namely, it is crucial for us to realise 1; in the ordinary part of the relevant
middle degree boundary cohomology. Moreover, to be able to track the ac-
tion of the Iwasawa algebra and the U,-operator at v, we need to also include
the corresponding eigenvalues in our Hecke eigensystem 1) and introduce the
corresponding finer abstract Eisenstein series.

To make this more precise, we introduce the enlarged Iwasawa algebra

O[[T,]] = Ol[Resr/QTn(Zp)]] ®0fresyy sz, OlII 1]

vlp

that contains both the usual Iwasawa algebra O[[Resp/qT}.(Z,)]] and the U,-
operators. We then introduce the ordinary Hecke algebra T .= TT @,
O[[T,f]]. The enlarged Hecke algebra acts on cohomology H*(Xx,V\/@™)
with arbitrary Iwahori level at p with u, € O[[T,7]] playing the role of the
(A\,-normalised) U,-operator. By passing to the maximal direct summand
where the action of u, is invertible for each v|p, we obtain the ordinary part
of cohomology

H*(Xg, Vy/wo™) . (1.2.6)

Definition 1.2.24. An ordinary (abstract) system of Hecke eigenvalues (for
GL,/F) is an algebra map

ord . T,ord
Yot T — A

valued in some finite local Artinian Z,-algebras. It is called automorphic
when it appears in for some level and weight.

Define O[[T'#]] similarly and set TTord .= TT @, O[[T;]]. To prove cases
of ordinary local-global compaﬁilb/ility, one would like to find some suitably
defined finer Eisenstein series o4 for TTod in the ordinary middle degree
boundary cohomology for G with the right weight and level as before.

In |All4-23], to achieve this, the authors rely heavily on Emerton’s repre-
sentation theoretic point of view on ordinary parts (cf. [EmelOa], [EmelOb])
and the full strength of Hida theory in the Betti setting. After assuming



42 CHAPTER 1. BACKGROUND AND INTRODUCTION

that 1°'¢ is non-Eisenstein, one » reduces the question to finding ¢4 in the
middle degree cohomology of 90X 15; just as in the crystalline case. However,
to take advantage of the representation theoretic features of the cohomology
of the Borel-Serre boundary, one does not restrict further to X EP. Namely,

thanks to the internal structure[1.2.2of 9X Ig, we have a G (A% )-equivariant
isomorphism

lim H*(0XE, O/=™) = Ind (Aw lim H(XE |, O/=™)).

K Kp
Moreover, the isomorphism already holds on the level of complexes computing
these cohomology groups. In particular, by taking KP?-invariants, passing to
the right direct summand in the Mackey formula, and remembering that
completed cohomology of P and G = Resp,p+GL,, are naturally isomorphic,
we are left with finding our Eisenstein series in

RID (I, (b.¢). (Indy (7w (K7, m)) & Vo)™ (1:2.7)

Here m(KP,m) is the suitable complex of smooth O/w™[G(F,)]-modules
that computes mod @™ completed cohomology of tame level K? for G and
Fer = H77|p F+

Then the ordinary degree shifting is done by computing the parts of

G(F ;(—) To make this slightly

more precise, recall that for each place v of F + d1v1ding p we have the Bruhat
stratification

corresponding to each "Bruhat stratum” of Ind

G(Ff)= 11 P(F ) )wB(F/)

wewr
labelled by the shortest representatives W1 C W(é F+,fF+) of the quotient
of Weyl groups W(G .+, T, p+) \ W(éFf, fF+) The functor IHdP(Fﬂ( ) ad-
mits a filtration by the subfunctors given by functions supported on the opens
Gzi = oyw)>i P(F5 HwB(F}). Employing the properties of ordinary parts
one shows that it ylelds a filtration of the functor H’ (va(a b), IndG(F )( ))erd

with subquotients labelled by w and (up to an explicit twist dependmg on
w) computed as the degree j — ﬁ(w)@ ordinary cohomology of Iwg(a,b). A
vague form of the end product of these observations for [1.2.7]is as follows.

Lemma 1.2.25 (Key Lemma, cf. |All4-23] Proposition 5.3.8, Theorem 5.4.3).
Fiz w = (wg) € [Ty, Wa - Then admits

H) (X Yy, /0™) (1.2.8)

31Here £(—) is the length function of the absolute Weyl group W((ResFJr/Qa) ) and w

is viewed as an element of the absolute Weyl group via the natural map W(G P TFgr) —
W((RebFJr/QG)ap).
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as a TT’Ord-equivariant subquotient for A\, an explicit weight vector depending
on w and & equipped with the TT°"-action via an explicit map

Sord,w,{ . TT,ord N TT,ord

depending only on w and & and satisfying Sord’w’ﬂfs =3S.

Remark 1.2.26. Without giving the definition of \,, and the (w, §)-twisted
transfer maps S”4*< we only mention that their interaction is exactly the
one expected by local-global compatibility.

Thanks to the above discussion (and Remark , one can settle ordi-
nary local-global compatibility for any non-Eisenstein and decomposed generic
ordinary v°'¢ that is automorphic of weight A, for some w and CTG ¢ and
appears in degree ¢(w). With considerably more work relying on congruences,
making use of the independence of weight property of Hida theory, and sev-
eral tricks and elementary combinatorial arguments, the authors of |All423]
manage to reduce the case of arbitrary weight and cohomological degree to
these cases.

The work of Caraiani—-Newton

Most recently, Caraiani-Newton |CN23| went way further and relaxed
the assumptions on p and the weights in the torsion crystalline local-global
compatibility results of [All+23].

Theorem 1.2.27 (Caraiani-Newton). Let v : TT — A be a system of Hecke
eigenvalues factoring through some H*( Xk, V\/w™) with Kz = GL,(OF,) X
GL,(Op,.) for a place v = v - v of FT dividing p. Assume that

i. the mod p Hecke eigensystem 1 is non-Fisenstein and decomposed generic,

ii. and assumption (i) of Proposition holds.

Then, if we write ry : Gal(F/F) — GL,(4") for the associated Galois rep-
resentation constructed in |Sch1d], ry|qu, /r,) admits a crystalline lift with

labelled Hodge—Tate weights (Aro,1 +n — 1, ..., )\tOLG>L:FU‘—>6pﬁ

To prove such a local-global compatibility result, they significantly gen-
eralise and combine the Fontaine—Laffaille and ordinary degree shifting argu-
ments to make use of the features of both methods.

Let us first explain their vast improvement of the Fontaine—Laffaile de-
gree shifting argument. The main weakness of the corresponding argument
in [All4+23] originates in their Key Lemma [1.2.20] One of the main new in-
novations of [CN23| was the replacement of the key lemma by the following
more general statement.

32To be more precise, one might need to change A’ to be smaller quotient for the state-
ment to hold. However, the point is that the kernel of A — A’ still satisfies the property

from Theorem @
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Lemma 1.2.28 (Key Lemma 2.0, [CN23|, Lemma 2.3.17). Given an integer
m > 1, there is M(m) > m such that there is an isomorphism

VI (m) & @0 B (V) (m)
as complexes of sheaves on Xger as long as Kj C Kgn(M(m)) := ker(G(Op+ ) —

G(C’)Fj//w%(m))) for every p-adic place v" # v',v of F*.

Moreover, under the assumption i) of Proposition V{](m) is non-
zero for 0 < j < [4].

Finally, Vi;(m) := Hj(V({f’ﬁl}(m)) is a direct sum of finitely many copies
of Vo/p™ for Q the trivial highest weight vector.

Using Lemmal/|1.2.28 however comes with the difficulty that H(X g, V({f}’ﬁ/}@)
V) does not decompose as in anymore. Therefore, we only have T*-
equivariant spectral sequence

H¥ (X, Vi @ V) = HY (X, VI @ Vy) (1.2.9)

that is not known to degenerate. However, admits a map of spectral
sequence towards the analogous one for Vi{,v’” }(m) that will split thanks to
Lemma [[.2.28] Using this, on the cost of a very impressive homological
algebra argument, Caraiani-Newton relax assumptions ii) and iii) in Propo-

sition and so also in Corollary [1.2.18]

Remark 1.2.29. We mention that the improved Fontaine—Laffaille degree
shifting appears already in the thesis work of A’Campo |[ACa23|, attributing
Lemma [I.2.28] to Caraiani-Newton. In particular, the improved version of
Corollary (relaxing ii) and iii)) is already obtained in |[ACa23].

However, for genuine torsion Hecke eigenclasses the congruences of the
kind appearing in Proposition are only sufficient to prove (part of)
crystalline local-global compatibility when integral p-adic Hodge theory is
robust enough (e.g. the Fontaine-Laffaille case). For instance, in order for
the authors of [All+23] to conclude, it was crucial to have access to a notion
of "torsion crystalline" Galois representations with a trackable set of Hodge-
Tate weights that is closed under taking subquotients, a feature of Fontaine—
Laffaille theory.

Moreover, already formulating a conjecture in general is not obvious. Nev-
ertheless, one possible formulation is to ask that the local representation at
v admits a crystalline lift with the expected Hodge—Tate weights. Another
great insight of Caraiani and Newton was that this can be achieved by finding
congruences to cusp forms that are P-ordinary at v with maximal parahoric
level.

Namely, one can introduce the notion of ¢ —Qz-ordinary &"-cohomological
automorphic cuspidal automorphic representations 7 of G(Ap+) for every
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standard parabolic subgroup Q3 C G P For Q; = EI—, we recover the notion
of being t-ordinary at v. For Q3 = Py = Gp+Up+ the unnormalised Uj-
operators are given by the double coset operators ﬁ%(a, b)uyPs(a,b)] where
Ps(a,b) C é((’)F;) is one of the Pj-parahoric level subgroups, and u; :=

diag(w@y, ...y @y 1, ..., 1) € Glog,(F,) = G(F;") is the element with the first
n entries being @, and the rest being 1. The role of T3 is now played by

Gf = {g € G(F) | gU%! C U%}. Then 7 is called t — Ps-ordinary if
the analogous {z-normalised Uz-operator acting on t*1%§ "®b) for some deep

enough parahoric level subgroup has an eigenvalue in Z; . One can then sim-

0
ilarly introduce 75 77" a G -equivariant direct summand of t‘l%g v and a
smooth admissible representation of (G¢,u;') = G(F;"). Then the motiva-

tion for finding a congruence with a t — Py-ordinary cusp form is the following
result.

Theorem 1.2.30 (Caraiani-Newton, [CN23|, Theorem 3.1.2). Let 7 be a £ -
cohomological cuspidal automorphic representation of é(AF+) that is t — Py-
ordinary of mazximal parahoric level Py(0,1). Let —wOXE = (_wOX")L:F;‘—)QP
be the lowest weight vector of t=1&;. Then we have an isomorphism

~ P1 *
rt(’/r)|Gal(Fv/Fv) ~ <O p2> :
with py, ps : Gal(F,/F,) = GL,(Q,) are crystalline with the expected Hodge—
Tate weights. Moreover, (t=175)P*OV) s 1-dimensional and

(det p1) o Artp, = 1700 (—woAs)

where ) acts on the latter via the first factor of the centre of G' under the
isomorphism Zg(Fy) & G, (F,) X G(F,) C GLy,(F,).

Sketch of proof of Theorem[I.2.27. Consider the abstract Hecke algebras
TH7 = T 95 O[Z6(F) [ Z6(Opy )], TV = T @5 02 4/ Z6(Oy2 )]

for Z¢ 5 = Za(Fy) N GE. Note that we simply added the Gy-ordinary (i.e.
central elements), respectively Pj-ordinary Uz-operators at maximal para-
horic level. These then act on H*(Xg,Vy\/w™) with K; hyperspecial, and
on H d(a)? 7 Ve) with Ky = P5(0,1) via the A\z- respectively, {-normalised
Uz-operators.

By developing a Pj;-ordinary analogue of Lemma [1.2.25] and simultane-
ously performing a Pj-ordinary degree shifting at v (by degree 0) and the
improved Fontaine-Laffaille degree shifting away from v and o', Caraiani—
Newton prove their main degree shifting result (cf. |[CN23|, Proposition 4.2.6).

To briefly formulate the end product of this, let 1/"°*d be a Hecke eigensys-
tem for TT%ord extending ¢ and appearing in H*(Xf, V\/w™). After some



46 CHAPTER 1. BACKGROUND AND INTRODUCTION

reduction steps as before, their degree shifting result shows that the (suitably
twisted) Eisenstein series @Zﬁ‘ord for TT#-od lifts to the Hecke eigensystem of
some finite linear combination of ¢ — P;-ordinary cuspidal automorphic repre-
sentations 7y, ..., T of G(Ap+) of weight £ and level K with &; corresponding
t0 (—woAye, Ay) and Ky = Py(0,1). By Theorem [1.2.30, (7)) gaF, /r,) ad-
mits an n-dimensional crystalline subrepresentation p; ; with the right Hodge-
Tate weights for the expected lift of ry|q.F, /r,)-

To conclude, one uses that, by the last part of Theorem , det py;

is compatible with the Uz-operator for GG that, under the twisted Satake
transform, is the central action of w, for G. This central action can easily
be shown to be compatible with det 7y|q. 7, k). showing that det p1; and
det @|Gal(fv /r,) match for every i. After a twisting argument putting the
Jordan-Hélder constituents of 7y|q. 7, k) and 751 = 2n)|guF, /p,) in suf-
ficiently generic position, this forces [[; p1,; to be a lift of ry (cf. [CN23],
§3.2). [

Significance of torsion: Automorphy beyond the self-dual case

In the articles [Sch15|, |All4+-23] and [CN23| a significant amount of work
went into developing reciprocity for torsion automorphic forms as well. One
of the main motivations for this comes from making progress on automorphy
beyond the self-dual case.

Recall that in the case of GL2/Q the main source of establishing auto-
morphy was the Taylor—Wiles—Kisin method. When trying to generalise this
method to GL,/F, one notices that it only succeeds in the cases when F
is totally real and n = 2. The point is that its success relies on a so-called
'numerical coincidence" for the group Resy/qGL, that only holds in these
special cases.

Still, one can make work their method in self-dual situations essentially
because the mentioned numerical coincidence does hold for unitary groups
to which we can transfer our self-dual automorphic representations using the
trace formula (see [CHTO8]).

However, without the self-duality condition it was a long standing problem
to find the right modification that works even when the classical numerical
coincidence fails to hold. The solution to this was laid out in the beautiful
work of Calegari—-Geraghty [CG18]. They established a vast generalisation of
the Taylor—-Wiles—Kisin method to GL,,/F relying on a list of conjectures on
torsion reciprocity (see loc. cit., Conjecture B). These can be divided into
three main groups:

i. Existence of Galois representation associated with torsion Hecke eigen-
classes appearing in the integral cohomology of GL,, / F-locally symmet-
ric spaces.
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ii. Local-global compatibility for these automorphic Galois representa-
tions.

iii. Vanishing of the non-Eisenstein part of mod p cohomology of the GL,,/ F-
locally symmetric spaces outside the "Borel-Wallach range" [qo, go + lo]-

Assuming that F' is imaginary CM, the first of these conjectures was (up to
a nilpotent ideal) settled in [Sch15].

Keeping the assumption on the field, the torsion local-global compatibility
conjectures formulated in [CG18] were treated in [All423] allowing them to
prove automorphy lifting results beyond the self-dual case by bypassing the
vanishing conjecture. These automorphy lifting results, among other things,
were sufficient for them to prove potential automorphy of elliptic curves over
CM fields.

Most recently, in [CN23| with the significantly stronger torsion crystalline
local-global compatibility theorems at their disposal Caraiani and Newton
even proved modularity for a large portion of these elliptic curves.

Perhaps more relevant to this thesis is the work of Gee-Newton [GN20].
Combining ideas of |[Emell| and [CG1§|, they show that, assuming stan-
dard conjectures on completed cohomology and some rather sharp local-global
compatibility at p, one can make progress on the Fontaine-Mazur-Langlands—
Clozel conjecture when n = 2 and p splits completely in F. Settling their
conjectures on local-global compatibility and their generalisations is the con-
tent of this thesis.

1.3 Statement of results and method of proof

In this thesis, we push the ideas of [All4+23] and [CN23| on local-global
compatibility at p close to their limits. Our main result in characteristic 0 is
as follows.

Theorem 1.3.1. Let F' be an imaginary CM field, t : Qp = C be any iso-
morphism, and m be a reqular algebraic cuspidal automorphic representation
of GL,,(AF) of weight A € (Z")HomEC) - Assume that

o () is irreducible and decomposed generic in the sense of [CS19] (see
Definition .

Then, for any p-adic place v|p of F, and v : F, — Qp, ri(m) is de Rham at
v, with labelled 1-Hodge—Tate weights Moyn < ... < Mo,1 +1 — 1 and we have

1-n
WD(rt(W)]Gal(fv/Fv))F’ss <t 'rec(m, @ | det |2 ). (1.3.1)

Remark 1.3.2. For the notion of '<" in[1.3.1] see §2.6] It in particular means
that semisimple local-global compatibility holds, i.e. we have an isomorphism

WD (7 (1) oy, )™ = (E Trec(m, @ [ det |7 1)),
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On top of this it says that, in some precise sense, the monodromy of the LHS
is at least as nilpotent as the monodromy of the RHS. As a consequence,

1-n
assuming that monodromy of rec(m, ® |det|,? ) is in fact 0, we obtain full
local-global compatibility

1-n
WD(rt(ﬂ)]Gal(E/Fv))F_ss =~ t7'rec(m, @ | det [s2 ).

We deduce Theorem from a more general result that also deals with
the torsion automorphic Galois representations constructed in [Sch1b]. In
this generality, formulating a precise conjecture already requires some work
that we summarise now assuming that F' is an imaginary CM field and for
details we point the reader to §p

Let K C GL,(A%) be a good compact open subgroup (in the sense of
[All+23], §2.1.1) with K, = [], GL,(OF,) and let X be the correspond-
ing locally symmetric space for GL,/F. Let E C Qp be a large enough
finite field extension so that the images of all embeddings F' — Q,, lie in
E, and set O to be its ring of integers, and @w € O be a choice of uni-
formiser. Given a highest weight vector A = (\,)y)p for (Resp/qGLy)g, and
a so-called Weil-Deligne inertial typeﬁ T = (Ty)ulp at D (see for a defi-
nition), we obtain an O-local system V) -y on Xg. The corresponding Betti
cohomology groups H*(Xg, V(»-)) admit an action of an abstract Hecke alge-
bra T = TT ®¢ 33 ,. Here TT is the usual abstract spherical Hecke algebra
(over O) acting at the prime-to-T" unramified places and 335, = ®up33, -
is an O-flat algebra consisting of Hecke operators at p admitting a natural
identification 35, . [1/p] = 3, where the latter denotes the Bernstein centre
corresponding to 7,. Denote by T (K) the quotient of T acting faithfully
on H*(Xg, V(). Given a maximal ideal m € T*7(K), Theorem
attaches a continuous semisimple Galois representation

P Gal(F/F) — GL, (T (K)/m)

to the system of Hecke eigenvalues T — T (K) /m induced by quotienting
out by m. Assuming that p,, is absolutely irreducible (in other words, m
is non-Eisenstein), Theorem further provides a lift to a continuous
representation

pm : Gal(F/F) — GL, (T (K)w /1),

associated with the Hecke eigensystem TN — T2 (K),,. Here I C T (K)y
is a nilpotent ideal with I* = 0 (for the bound on the nilpotence degree, see
INT16]). Both of these representations are determined by the property that
they satisfy local-global compatibility away from T'.

One then seeks an integral version of local-global compatibility for py.
As discussed already, in cases when the integral theory on the Galois side is

33This is simply, for each p-adic place v of F, a choice of an isomorphism class of a pair
of an inertial type and a monodromy operator.
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robust enough, Calegari-Geraghty in [CG18] formulated and the authors of
[All+23] proved such local-global compatibility conjectures. These however
only treated a handful of cases. The first signs (known to the author) of
a more general (and sharper) conjecture (in the potentially crystalline case)
appeared in |[Car+16b]| and a precise formulation (in the crystalline case) can
be found in |[GN20], Conjecture 5.1.12. Caraiani and Newton recently proved
a large part of the conjecture of Gee-Newton (cf. [CN23|, Theorem 1.3).

The two key ideas going into |[GN20|, Conjecture 5.1.12 are the use of
Kisin’s potentially semistable (p-torsion free) local deformation rings and the
interpolation of the semisimple local Langlands over the generic fibre of these
deformation rings. The first of these ingredients provides a workable notion
of being "torsion potentially semistable of a given weight and inertial type".
Moreover, by p-adically rescaling, we can test compatibility of the action of
Hecke operators at p using the interpolation map.

Namely, for v|p setting p, := pulgaF, JF,): A1) O-flat quotient RJ”—T” of the
unrestricted local framed deformatlon ring RE is constructed in [KlSO?] It
is characterised by the property that its E- pomts p: Gal(F,/F,) — GL,(E)
are exactly those lifts of p, that are potentially semistable with Hodge-Tate
weights determined by A, (by the usual p-shift) and such that the Weil-
Deligne inertial type of WD(p) is bounded by 7,. Moreover, on the generic
fiber one can construct a map

05, = BT[]

interpolating the (Tate-normalised) semisimple local Langlands correspon-
dence. Although 7 does not necessarily send 33 . into R%j’jﬂ’, we can intro-
duce the subring

o,int

. -1 v, 3Ty
3>\1,,7—1, =1 (Rf " ) ﬂ?ﬁiv,m - 5;1,,71,'

This ring still has the property 3™ [1/p] = 3,,. Local-global compatibility

vy Tv

can then be phrased by asking that there exists a (necessarily unique) dotted
arrow making the diagram

RS — " TV (K)w/I
R

l S nat

Ry e 5 (1.3.2)

77| o,int 3)\'077—'0

Av,Ty

A, 2Ty
Rz="(1/p] ¢——— 3n,
commutative. Here the map nat denotes the natural map towards the faithful
Hecke algebra (along the inclusion 35™ C 33,.7,) and the inclusions in the
bottom are the ones induced by 1nvert1ng p. Our main result is then (roughly)
as follows (cf. Theorem [5.3.4)).
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Theorem 1.3.3. Let F' be an imaginary CM field that contains an imaginary
quadratic field Fy in which p splits with totally real subfield F*. Assume that
the finite set of places T is as in Theorem [5.3.] Let v be a p-adic place in
F*. Assume the following:

i. There is a p-adic place v' of F'* such that v # v' and

> (R Ql > T Q

'l_)”;é’l_),ﬁ/
where the sum runs over p-adic places of F'*;
1. Py, s decomposed generic.

Then, up to possibly enlarging I, there is a (necessarily unique) dotted arrow

making commutative.

Remark 1.3.4. The further constraint on 7" in the statement of Theo-
rem [5.3.4] is a mild one that can be always achieved by enlarging 7. This
condition is so that we can appeal to the unconditional base change results
of [Shil4] and it is already present in [Sch15].

Assumption i) is essential to our methods and already appears in |All+23],
and |CN23|. In particular, this rules out the case of F' being an imaginary
quadratic field. Using Theorem [1.3.1] it seems plausible to weaken this as-
sumption, for instance allowing one to prove the theorem for n = 2, and
[F: Q] =4.

Finally, assumption ii) on p,, is crucial to be able to use the vanishing
results of |[CS19] and so to appeal to Corollary

Remark 1.3.5. Let us elaborate on Theorem [1.3.3|in the crystalline case.
Note that this is the case when 7, is trivial (i.e. when the inertial type is
the trivial representation of the inertia subgroup and the monodromy is the
0 matrix). Indeed, one has then V,, ) = V», and so we are in the setup
of [CN23|. Their main local-global compatibility theorem (Theorem [1.2.27]
then proves the existence of a dotted arrow making the top triangle of @
commute. In particular, Theorem [1.3.3|is new even in the crystalline case.

To spell out the meaning of the second half of the diagram , note
that in the crystalline case 3,, = E[T,...,T>!] is the usual spherical Hecke
algebra, and 33, C 3, is some suitable subalgebra acting on H*(Xx, Vixr)).
The interpolation map 7 then simply sends 7} to the universal function agf}iv €
Rﬁ:’o[l /p] such that, for every z : R%\s’o[l /p|] = Q,, with corresponding Galois
representation p,,

iG=1) n(n—=1)

X" al,lulflliVXn—l o+ (_1)qu p) agf}ivXn—j I (_1>nqv p) auniv

v,n

specialises along z to the characteristic polynomial of Frob, acting on WD(p,.).
Therefore, the commutativity of the lower triangle of (|1.3.2) roughly says that,
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beyond Pm|Ga1(E /) being crystalline with the right Hodge-Tate weights, its
crystalline Frobenius too is compatible with the local Langlands correspon-
dence.

In particular, in characteristic 0, for a given automorphic representation
m, this proves that the inverse of the crystalline Frobenius on the filtered
¢-module associated with 7(7)|q. 7, /r,) coincides with the Frobenius on

t~'rec(m, ® | det \iTn)

Although in general for proving small R = T results it often suffices to
prove factorisation through the right potentially semistable deformation rings
at p, we remark that understanding the crystalline Frobenius is for instance
essential to make the big R = T results of [GN20], §5 unconditional.

In the rest of the introduction, we briefly explain our approach to Theo-
rem focusing on what it adds to the proof of [CN23|.

We saw in that in loc. cit. the main ingredient’] going into the
proof of Theorem [1.2.27] were

i. anew robust degree shifting argument combining their improved Fontaine—
Laffaille style and P-ordinary degree shifting arguments,

ii. and a P-ordinary local-global compatibility result in characteristic 0

(Theorem |1.2.30)).

Because of the limitations of ii), from the Hecke action at p they could only
read off the inertial type and the central character (under local Langlands)
of the constructed crystalline lift. In particular, even if they could keep track
of the action of a larger Hecke algebra at p in their degree shifting argument,
they had no chance to conclude anything stronger.

The main technical innovation of this thesis is the following vastly im-
proved @Q-ordinary local-global compatibility result (cf. Theorem and

Theorem ﬂ

Theorem 1.3.6. Let w be a reqular algebraic conjugate self-dual cuspidal
automorphic representation of GL,(AF) of weight A € (Z" )Hem(F:C) "¢ . Q, =
C be a fized identification and v|p be a p-adic place of F'. Let Q) C GL,, be the
standard parabolic subgroup corresponding to a partition n = ny+...+n,, and
denote by M its Levi quotient. Assume that t~'m, is Q-ordinary of weight \,.

Then the Q-ordinary part (t~1m,)9° is irreducible as a smooth represen-
tation of M(F,) = GLy,, (F,) X ...xGL,,,(F,). Write (t7'm,)%° = 1 ®...@™;.

34We must point out that their most novel results are all part of the first of these
ingredients and there is an obvious imbalance between i) and ii) in terms of difficulty.
However, for the sake of explaining the new ingredients of this thesis, it was most natural
to the author to group them in this manner.

35The reader might find it useful to compare it with Conjecture and Theo-

rem [0
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Then there is moreover an isomorphism

p]_ k ves k

0 P2 ... ok
7 (™) |Ga1(fv JF) ™~

0 0 P

where, for 1 < j<t,
p; : Gal(F,/F,) = GL,,(Q,)

s potentially semistable such that, for every embedding v : F, — Qp, the
labelled 1-Hodge—Tate weights of p; are given by

)\tOL,n+1—(n1+...+nj)+nl+-~+nj_1 > > )\tOL,n+1—(n1+...+nj,1+1)+n1+---+nj—1

and we have an isomorphism

1—n;

WD(p;)" % = rec(m; ® |det [T+ @ | det |, 2 ).

By specialising the above theorem to the case of the Siegel parabolic sub-
group P, ) inside GLg,, and comparing it with Theorem [T.2.30} we see that
in the notation of loc. cit., Theorem allows us to read off the whole of p;
from the Hecke action of 7t 7' not just its inertial type and determinant.
Therefore, by carrying out the degree shifting argument with the larger Hecke
algebras TT @ 3,7, and T ® 33,7, One obtains Theorem |1.3.3|

To achieve such a degree shifting, our main technical results are a gener-
alisation of the Hida theory developed in [All+23], [CN23] and an improved
Hecke equivariant Q)-ordinary degree shifting argument. Having these results
in hand, with some care (most notably a tracking of Hecke operators at p
under Poincaré duality for X with p-torsion coefficients), one checks that
the improved P-ordinary degree shifting argument can be combined with the
Fontaine-Laffaille style degree shifting argument of Caraiani-Newton.

Remark 1.3.7. Theorem generalises the ordinary local-global compat-
ibility result [Gerl8], Corollary 2.7.8 (see also [Thol5|, Theorem 2.4) to the
case of a general standard parabolic subgroup. The main extra difficulty is
having a generalisation of |Gerl8|, Lemma 5.4 2) for Q-ordinary parts for a
general standard parabolic subgroup. This is the first part of Theorem [1.3.6
and is a question purely in the realm of smooth representations of p-adic re-
ductive groups. This part of the theorem we prove in a rather general setup
in that might be of independent interest.

Remark 1.3.8. As it does not require any significant extra work, we in fact
also produce (locally at p) @Q-ordinary lifts with expected shape of Galois
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representations associated with QQ-ordinary torsion Hecke eigenclasses for any
standard parabolic subgroup @) C GL,, (see Proposition . Although we
do not investigate it further, after formulating a suitable @Q-ordinary local-
global compatibility conjecture, these Q-ordinary lifts seem to have the po-
tential to make progress on such conjectures.

The organisation of the thesis is as follows. In Chapter 2, we collect the
preliminaries on the cohomology of locally symmetric spaces and introduce
the necessary local systems and the corresponding Hecke actions for the group
GL,/F and the quasi-split unitary group G. In Chapter 3, we recollect and
generalise Hida theory in the Betti setting for general standard parabolic sub-
groups and carry out the computation of ordinary parts of the Bruhat strata
of parabolic induction, further keeping track of the Hecke actions. In Chap-
ter 4, we revisit and further develop a theory of ordinary parts for locally
algebraic representations. Moreover, we finish the chapter with proving The-
orem In Chapter 5, we formulate a torsion local-global compatibility
conjecture following [GN20]. In Chapter 6, we execute the strategy outlined
in the introduction to prove Theorem and conclude the chapter with de-
ducing Theorem In the Appendix, we make a brief recollection on the
smooth representation theory of GL,, over a p-adic field and prove a couple
of relevant technical lemmas that are only used at the end of §4.2]

Notation and Conventions

Given a number field F', we will denote by S(F) its set of finite places and
by S,(F) its set of p-adic places. We set G to be the absolute Galois group
Gal(F/F) and for a finite set S C S(F) we denote by Grg the quotient of
Gr corresponding to the maximal Galois extension of F', unramified outside
S. For v € S(F), set F, to be the v-adic completion of F, fix a choice of
uniformiser w, and set k, := Op,/w, to be its residue field. Set Gpg, =
Gal(F,/F,). Moreover, I, C Gp, will denote its inertia subgroup and set
Frob, € Gp,/Ir, to be the geometric Frobenius. We denote by Ar the ring
of adeles of F' and for S a finite set of places of F' we denote by A% its
prime-to-S part and set 6F,S = Ilves OF,.

For G a reductive group over a number field F' and a finite set S C S(F),
we will denote by G := G(A7"*) and by Gg := G([I,es F»). Moreover, if
S = S,(F'), we only write GP, respectively G,,.

Let GG be a linear algebraic group over Oy where Oy is the ring of integers
of a finite extension L/Q,. Let w; € O be a choice of uniformiser. For
n € Z>g, denote ker(G(Or) — G(Or/w})) by G".

For G a reductive group over a finite extension L/Q, with parabolic sub-
group Q = M x N C G, we denote by dg : M(L) — Q* the correspond-
ing modulus character x +— |det(ad(x)|LieN)|,. For a smooth representa-

tion o of M (L), we denote by n—IndgEBa the normalised parabolic induction
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Indgggég ®s. For a smooth Q,-representation 7 of G(L), we will denote by
Jo(m) its unnormalised Jacquet module associated with ¢). In general we
denote by c-Ind compact induction for smooth representations.

For a smooth irreducible representation 7 of GL, (L) with supercuspidal
support (GL,, (L) X ... x GL,, (L), ® ... @ ), we set SC(7) := {my, ..., T}

Set Wy, to be the Weil group of L and write Arty : L* = W2P for the
Artin map of local class field theory normalised by sending uniformisers to
lifts of the geometric Frobenius.

We denote by recy, the local Langlands correspondence for L. If it’s clear
from the context, we will just write rec instead. Moreover, for 7 an irreducible

1-n
admissible GL,,(L)-representation, we set rec” (1) = rec(7®|-|,* ). Then rec’

commutes with Aut(C) and therefore rec” makes sense over Q,, by choosing
an abstract isomorphism ¢ : Q, = C. In the literature, this is often called the
Tate normalisation of the local Langlands correspondence.

We fix an algebraic closure Qp /Q, and denote by val, the p-adic valuation
normalised by setting val,(p) = 1. By convention, the (-Hodge Tate weights
of the p-adic cyclotomic character € : G, — Z; are —1.

For an f(-adic Galois representation p : Gy — GL,(Q,) with £ # p, we
denote by WD(p) the associated Weil-Deligne representation. For a de Rham
p-adic Galois representation p : G, — GL,(Q,), we denote by WD(p) the
associated Weil-Deligne representation provided by the recipe of Fontaine.

For a Weil-Deligne representation (r, N), we denote by (r, N)F~5 its
Frobenius semisimplification and by (r, N)** its semisimplification.

For a ring R, we denote by D(R) the derived category of left R-modules
and by DT(R) resp. D’(R) the bounded below resp. bounded derived
category. Given moreover a locally profinite group G, we will denote by
Modg, (R[G]) the category of smooth R[G]-modules and denote by Dy, (R[G])
its derived category and by DI (R[G]) resp. DP (R|G]) its bounded below
resp. bounded derived category.

Given a topological group GG, and a topological space X with a continuous
right action of G, we denote by Shg(X) the category of G-equivariant sheaves
on X in the sense of [NT16|, Definition 2.22, (2). Moreover, for a ring R, we
denote by Shg (X, R) the category of G-equivariant sheaves of R-modules on
X.

For G/L a split reductive group with a choice of a Borel subgroup B and
a maximal torus 7', denote by w§ the longest element in the Weyl group
Weg = W(G,T). For a standard parabolic subgroup ¢ C G with Levi
decomposition M x N, set W to be the set of minimal length representatives
of W /Wg. We denote by wég the longest element in W that is, in fact, given
by w§w}!. Similar notations apply to ¥W. Moreover, for another standard
parabolic subgroup ' C G with Levi decomposition M’ x N’, denote by
@W® the set of minimal length representatives of We/\Wea/Wo.

For an integer n > 1, we denote by Z7 C Z" the subset of n-tuples of
integers (ki, ..., k,) satisfying ky > ... > k,.



Chapter 2

Preliminaries

We collect the necessary preliminaries regarding locally symmetric spaces
and their cohomology following [CN23[, §2. The main differences compared to
the setup of [All+23], §2 are the use of different infinite level locally symmetric
spaces, which take into account the profinite topology on the adelic part.

2.1 Locally symmetric spaces

Consider a number field F' and a connected linear algebraic group G over
F', with a model over Op, still denoted by G. One can then associate with
Resp/qG its symmetric space X ¢, a homogeneous G(F ®q R)-space, as is
defined in [BS73], §2. By [BS73], Lemma 2.1, X is unique up to isomorphism
of homogeneous G(F' ®q R)-spaces.

Given a good compact open subgroup Kg C G(AY¥) in the sense of
[All+23], §2.1.1, we can form the corresponding locally symmetric space

Xk = G(F)\(X® x G(AF)/Kq),

a smooth orientable Riemannian manifold. Borel-Serre then construct a par-
tial compactification X of X€ (cf. [BS73], §7.1) and form the compactified
locally symmetric space

Xio = GF\(X7 x G(AP)/Kq),

an orientable compact smooth manifold with corners and with interior X, .

We will denote the corresponding boundary by 9X¢ = X¢ \ X resp.
GXKG = XKG \XKG‘
Following [CN23|, we define the sets

X¢ :=lmXg,, Xg:=limXg,, 0X¢g=1moXk

where the limits run over good subgroups of G(A¥), and make them into
topological spaces by endowing them with the projective limit topology. The

95
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latter two then become compact Hausdorff spaces, being projective limits
of such. They all are equipped with the natural continuous right action of
G(A%). Moreover, the induced action of any good subgroup Ko C G(A%Y)
on Xg, and 0Xg is free in the sense of [NT16], Definition 2.23. As explained
in [CN23|, §2.1.1, we can also introduce these spaces as the quotient spaces

Xo=G(F)\ X x GAY), g = G(F)\ X x G(AY), and
0Xq = G(F)\ 0XY x G(AY)

where the group G(AY) is equipped with its locally profinite topology. We
remind the reader that, before [CN23|, the more common choice was to use
the discrete topology of G(A%) instead (see [NT16]). They yield different
spaces of course, but the produced finite level cohomology groups (with the
induced Hecke actions) compare well (cf. [CN23|, Lemma 2.1.5). We denote
by j : X¢ — X¢ the natural open immersion.

For later use we introduce some further notation. Set S to be a finite set
of finite places of F' and K2 C G (Afwu{oo}) be a compact open subgroup that
extends to some good subgroup of G(A¥). We then set

ng' = ?G/KCS; - @YKE;KG,S’ and 8XK§ = a%G/ng - ]&l 8XK€'KG,S

KG,S KG,S

where the limits run over compact open subgroups K¢ s C G(A¥) such that
KgKG,S is good.

2.2 Coefficient systems and Hecke operators

For S a finite set of finite places of F, we set G° := G(A}iu{oo}) and
Gs := G(Ars), and similarly, for a good subgroup Kg C G(A%¥), we set
K(S; = vaéS KG,v and KG,S = H’UES KG,U' o

Let R be a commutative ring. Note that both X, and X admit a continu-
ous right action of G5 x K¢ 5. In particular, we can consider the corresponding
categories of G* x K¢ g-equivariant sheaves of R-modules Shgs Ke, (Xa, R),
Shesykgs(Xa, R) in the sense of [NT16], Definition 2.22, (2). Given a
smooth R[Kg g]-module V), the formalism of [All4-23] attaches to it a G® x
Kg s-equivariant sheaf V € Shgs, g, (Xa, R) resp. V € ShGSxKG,S(¥G>R)-
Namely, one inflates V to get an element of Mody,(R[G® x K¢ s]) which,
by [NT16], Lemma 2.25, is equivalent to the category Shgs,x, ¢(*, I?) and
we then pull it back along f : Xg — * resp. f : Xg — *. As ex-
plained in [Sch98], the categories Shgs,k, (Xa, ) and SthxKG’S(?G,R)
have enough injectives and both f, and f, = f, land in Shasx kg s (%, ) =
Modgn (R[G® x K¢ s]). Therefore, we see that both

RT(Xg, jiV) = IR(f. o 1)V = RAV

'Here we use that ji preserves injective objects.
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and B B B
RI(Xq,V) = Rf.V = Rf\V

lie in DF (R[G® x Kg]). By taking derived invariants, we end up with
RP(Kg, RF(%(;, V)) and RP(KG', Rr(gg,jﬂ)))

in DY (H(G?, K2) @z R) where H(G®, K2) = Z|K\G®/K2] is the prime-
to-S Hecke algebra i.e., the additive group of integer valued KZ2-biinvariant
functions on G equipped with the convolution product.

On the other hand, by descent (cf. [NT16], Lemma 2.24), V and 5V give
rise to sheaves on X g, which, by abuse of notation, we denote by the same
letter. Then, by combining the fact that j is a homotopy equivalence and
[CN23|, Proposition 2.1.3, we obtain natural isomorphisms

RT(Xk,,V) = RT(Xk,,,V) = RT(Kg, RT (X, V)™

and
RI (XK., V) = RP(YKG,ng) ~ RI(Kg, RU (Xg, iiV))™

in DT(R), where (=)~ denotes the forgetful functor. In particular, we have
a ring homomorphism

H(G®, K§) ®z R — Endp+ gy (R (o) (X, V).

The same observations also apply to RI'(0 Xk, V).

Finally, assuming that R is Noetherian and K/, C K¢ is a good normal
subgroup, one sees, by writing down the complex explicitly in terms of a well-
chosen simplicial complex, that RI'(;) (X KL V) is in fact a perfect object in
DT (R[Kg/K([]) (cf. [CN23], Lemma 2.1.6).

We now turn our attention to completed cohomology following the view-
point of [CN23]. For this we fix m € Zs; and set R = O/w™ where
O is the ring of integers of a finite field extension E/Q,. Moreover, let
S C S, = S,(F) be a subset of the set of p-adic places of F.

Definition 2.2.1. Given V € Modg,(O/@™[Kg,s,]), we define its completed
cohomology (with compact support) at S of level K7 to be

(K&, V) == RU(KG, RT(X6, V)™ o R0 (X kg, V) € D3, (0w [Ke,s))
resp.
me(KG, V) == RU(K&, RU (X, V)™ = RU (X 5, V) € D5,(0/w™[Kas)).

Note that if V is inflated from an element V¥ € Modgy, (O/w™|K, ¢,5,\s)), then
the S-completed cohomology complexes in fact lie in DI (O/@w™[Gg]).

2This identification is proved exactly the same way as in the proof of [CN23|, Proposition
2.1.3.
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For any set of finite places S, C T, H(GT, K}) ®z O/w™ acts on the
completed cohomology complexes (with compact support) as it does so on
RU(KS, RT'(Xg, (j1)V)). Moreover, one similarly defines boundary completed
cohomology

mo(KZ, V) = RU(0X ks, V) € DL, (O/w™[Kas)).

Note that |[CN23], Lemma 2.1.7 justifies the use of the term completed co-
homology i.e., it shows that, after taking cohomology groups, we get back
Emerton’s completed cohomology as defined in [Eme06b].

Finally, we have the usual phenomenon of completed cohomology at S
being independent of the weight at S (cf. |CN23|, Lemma 2.1.8). To state
this more precisely, let V € Modg, (O/@™[Kg,s,\s X Ag]) where Ag C Gg is
a submonoid containing a compact open subgroup Us C Gg and assume that
V is O/w™-flat. We can view V as a G x Ka,s,\s x Us-equivariant sheaf
on .’fg.

Lemma 2.2.2. We have canonical isomorphisms
RF(?C% V) = RF(?(;, O/wm) R0 jwm V,

and
RF(@%G7 V) = RF(@%G, O/wm) ®(’)/wm %
mn D?m(O/wm[GSp X KG,SP\S X US])
Proof. This is [CN23|, Lemma 2.1.8. O

Following |[CN23|, we use the lemma above to define the object
RI(Xg,V) := R (X¢, O/@™) ®ojwn V € DI (O/@™[G x Kg 5,5 X Ag))

in a way that is independent of the choice of Ug. In particular, we can endow
RT(Xg,.,V) with a natural H(G, Kor) ® H(As, Us)-action for any choice
of compact open subgroup Us C Gy

We also have a version of Lemma with V being a complex of sheaves
with bounded cohomology. Namely, consider V € D} (O/w™[Kgs,\s]) and
denote also by V the associated object in D°(Shgs,\s Xg, O/m™)).

XKG,SP\S (
One can then make sense of the derived tensor product

RT(Xq, O/@™ )@ mm— : Doy(O)@™[Ke s\s]) = Do (O/@™ (G x K 5,s])

as explained on page 13 of [CN23].E| Then loc. cit. Lemma 2.1.9 shows that
there is a canonical isomorphism

RF(?G’ O/wm> ®g/wm V= RF<¥G7 V)

3Note that it is the consideration of the derived tensor product that forces us to switch
here to the bounded derived category.
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in ng(GSp\S X ngsp\s).

We finally define cohomology complexes with O-coefficients by taking ho-
motopy limit. For this we start with an O[Kg g]-module V, finite free as an
O-module. We set

RF(C) (XKG, V) = @RP(C)(XKG, V/wm) < D+(O>,

where the projective limit is understood as a homotopy limit. One can endow
these complexes with an action of the Hecke algebra H(G®, K3) ®z O (see
the footnote on Page 14 of [CN23] for a discussion on how it relates to the
Hecke action defined in [NT16]).

The next lemma explains that after taking cohomology we get back clas-
sical Betti cohomology with O-coefficients. Such an argument will be used at
several places whenever the Mittag—Leffler condition holds.

Lemma 2.2.3. Let Ko C G(AY) be a good subgroup, S be a finite set of finite
places of F and V an O[Kq g|-module, finite free as an O-module. Then, for
every j € Zsg, we have a natural identification

HY(RT () (X, V) = H, (Xkp, V).

Proof. By [Sta24] Lemma 0CQE], it suffices to prove that the higher inverse
limit

R lim 1, (X, V™)
m
vanishes. This vanishing is ensured once we prove that the inverse system

{H(jc) (XK07 V/wm)}mZO

satisfies Mittag-Leffler. To see this, we note that, by [CN23|, Lemma 2.1.6,
all the appearing cohomology groups are finite. Therefore, the images of all
the transition maps in the inverse system must stabilise after finitely many
steps. ]

We now recall the definition of the unnormalised Satake transform. As-
sume that G is reductive and P = M x N C G is a parabolic subgroup
with its Levi decomposition. Given a good subgroup Kg C G(AY), set
We call Kg decomposed with respect to P = M x N, if Kp = Ky x Ky;
equivalently, if Ky, = Ko N M(AY).

Assume K¢ is decomposed with respect to P = M x N and let S be a
finite set of finite places such that, for v ¢ S, K¢, is a hyperspecial maximal
compact in G(F,). Then we have the usual maps on Hecke algebras

rp: H(G®, K3) — H(PS,K3) and ry : H(P®, K5) — H(M® K3,)

given by "restriction to P" and "integration along N, respectively (cf. [NT16],
2.2.3, 2.2.4). We then can define & := ry; o rp, the unnormalised Satake
transform.
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2.3 Hecke algebras of types

We will make use of the Hecke algebra and Bernstein centre action at p
with respect to locally algebraic types. For this we briefly recall the content
of Appendix A.1 and A4 of [Vig04]. First we consider the following general
setup. Let R be a commutative ring, G be a locally profinite group, K C G
an open subgroup and ¢ be a smooth R[K]-module, finitely generated over
R.

Given o, we can define the corresponding Hecke algebra
H(o) := Endpgie(c-Ind%o).
For m € Modg,(R[G]), H(o) acts on the space of invariants
Hompg)(c-Ind% o, 7) = Hompe) (0, 7) = 0¥ ®@ppey 7

on the right. We also note that H (o) can be identified with the convolu-
tion algebra of compactly supported functions f : G — Endg(o) satisfying
f(kigks) = (k1) f(g)o(ke) for every ki, ks € K and g € G. The isomorphism
is realised by acting with the convolution algebra on c—Indf(a via convolution.
From this description it is clear that (o) is spanned over R by elements rep-
resented by pairs [g,1] where g € G and ¢ € Endg(0) such that

o(k) oy = oa(g tkg) (2.3.1)

for every k € KNgKg~'. More precisely, such a pair gives rise to the function
G — Endg(o) supported on K¢gK that sends g to ¢». Moreover, under the
mentioned identification, [g,v] acts on ¢ € Hompg(g|(o, 7) by the formula

0+ 19,:9] v Y w(g) " (lg, Y] (90)0)

for v € 0 and KgK =[]; Kg;.

Note that we have an anti-involution
H(o) = H(o"),

[9,¢] = [g7", 0"

Moreover, [h,x] = [g7',¢"] € H(c") acts on 3 f; ® p; € 0" Qg ™ =
(0¥ @ m)% via the formula

2

J

hox]- (X fi®p) =3 (Z[h, X](hi) f; @ 7r(hi)(pj)) =

=Z(ZM%WMJM®ﬂ%wm0

J
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for [T, ik = KhK = Kg7'K = [[,9; 'K = (II; Kg;)~'. This gives rise to
a left action of H(c") on 0¥ ®pg(k) m. Moreover, as the computation shows,
the anti-isomorphism H (o) = H(c") intertwines the two actions under the
identification Hompgix(o, 7) = 0¥ Qpix 7.

We are now ready to equip the cohomology of locally symmetric spaces
with a Hecke action at p. For this, we revisit the setup of §2.1 and G
will again denote a connected linear algebraic group G over I admitting a
model over Op. Before stating the lemma, we remind the reader that, for a
compact open subgroup Kg C G(AY) and a smooth O/w™|[K¢ s]-module o,
we introduced a G° x K ¢ s-equivariant sheaf on X and, by descent, a sheaf
on X k.. Moreover, by abuse of notation, we denoted all of these objects by
.

Lemma 2.3.1. Let S C S(F) be a finite set of finite places, Ko C G(AY) a
good subgroup, and o € Modg,(O/w™ (K¢ s]), finite free as an O /w™-module.
Then the diagram of derived functors

— Xo.— RHomg jom [ - (0,—
D*Shoag) (Ra, 0/m™) — )y Dt (0/om[GAF))) 2= WD) i (34(GS, KS) x H(oY))
forget J/farget
D+Sh]‘((¥g,0/wm) T} D+Sh(71(c,0/wm) D*((’)/wm)

RM(X k= ®0)mwma)
18 commutativeﬂ

Proof. Throughout the proof, we repeatedly use |[Wei94], Corollary 10.8.3
without further mention. According to [NT16|, Lemma 2.28, I'(Xg, —) pre-
serves injectives. Moreover, the forgetful functor

(—)N : D+Shg(AoF<>)(¥G, O/wm) — D+ShKG (?G, O/wm)

is exact and preserves injectives by [Sch98], §3, Corollary 3H In particular, we
get that the composition of the functors on the top of the square is naturally
isomorphic to the functor

RF(K(;, RF(?G, (—)N) ®(9/wm UV) . D+Shg(A%<>)(¥G, O/wm) — D+(O/wm)

On the other hand, the proof of Lemma (cf. [CN23|, Lemma 2.1.8)
with arbitrary G € D*Shg,(Xe, O/@w™) in place of O/w™ shows that we
have a natural isomorphism

RF(¥G7 _) ®O/wm oV = RP(¥G7 - ®(’)/wm Uv)

4Here by the lower right horizontal arrow we mean the composition of first tensoring over
O/w™ with oV € Sh(X k., 0/w™) and then applying derived invariants to the obtained
object.

®Note that a running assumption in [Sch98]| is that the ring of coefficients is C. However,
one sees that the proof of loc. cit. goes through without a change also with O/w™-
coefficients.
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of derived functors D*Shg,, (Xq, O/@™) — D (O/=m™[Kg)).

Finally, we note that the descent functor respects tensor products since
the pullback functor (its inverse) does. We then obtain a natural isomorphism
of derived functors

RF(K(;, Rr(ig, - ®O/wm O'v)) = RP(YKG, — ®O/wm 0'\/).
By putting these observations together, we can conclude. O]

We spell out a generalisation of [All4+23], Proposition 2.2.22 that will be
used to make twisting arguments in the proof of local-global compatibility
analogous to the ones in loc. cit., Corollary 4.4.8. Let G = GL, r, and
K C GL,(A%¥) be a good subgroup, and x : Gr — O be a continuous
character such that y o Artp, is trivial on det(kK,) for each finite place v ¢ T
of F. Let 0 € Mods,(O/w™[K,]), finite free as an O/w™-module. Set
oy : K, = O to be the continuous character defined by

(Fv)ves, = [ x(Artr, (det(k,))).

vES,
Define the isomorphism of O-algebras
fio HIGT, KT @z H(oY) = H(GT,KT) @z H(0" ® 0y-1)
sending a function f : GL,(Ar) — End(c") lying in the source of f, to the
function f(f) : g = x(Artr(det(g))) " f(9)-

Lemma 2.3.2. Let K C GL,(A%) be a good subgroup, and x : Gp — O
be a continuous character such that x o Artpg, is trivial on det(K,) for each
finite place v ¢ T of F. Let 0 € Modgn (O/w™[K,]), finite free as an O/w™-
module. Then there is an isomorphism

RI(Xk,0") = RT(Xk, 0" ® 0y-1)

in DT(O/@™) that is H(GT, KT) @z H(0V)-equivariant when we consider its
usual action on the left and the one induced by pre-composition with f, on
the right.

Proof. To see this, we introduce some constructions. For any GL,(Af)-
equivariant sheaf 7 € Shqr, a%)(Xar,, O/@™), consider the map

I'(Xar,, F) = [(Xar,, F), (2.3.2)

S > sX

defined by the formula sX((x, g)) := x(Artg(det(g)))s((z,g)). An easy com-
putation shows that becomes GL, (A )-equivariant when we twist the
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target by the character g — y(Artg(det(g)))~!. In particular, descends
to a map

Homowmk)(0,T'(Xar,, F)) = Home/om k) (0 @ 0y, T'(XaL,, F)).  (2.3.3)

n?

After unravelling the definition of the Hecke action, one sees that this amounts
to saying that the induced map satisfies the desired Hecke-equivariance
of the lemma.

We can conclude by choosing an injective resolution O/w™ — Z° in
the category Shqr,,,( A?)(gG‘Lm O/w™) and applying the previous observation
with the choice of F = 7' for every i € Z>o. Indeed, this is because, by
Lemma [2.3.1], applying the forgetful functor to

Homo/wm[K](a, F(?GLH,I.)), and Homo/wm[K](a & Oy, F(?GLH,I.))

computes RI'(Xg,0"), and RI'(Xg,0" ® o,-1), respectively. Moreover, the
Hecke actions come from these identifications. O

2.4 Hecke equivariance of Poincaré duality

In the proof of our local-global compatibility results, we appeal to the
Poincaré duality isomorphism for the cohomology of the locally symmetric
spaces attached to GL,,/F. To keep track of the Hecke algebra actions during
this process, it is crucial to verify that Poincaré duality is equivariant with
respect to suitable Hecke actions on the two sides. This is already checked
for instance in [NT16], Proposition 3.7 for unramified prime-to-p places. We
will need a version of this Hecke equivariancy for the Hecke algebra actions
at p. This will need slightly more care and will be handled in this section.

We return to our setup in §2.2 We let S C S,(F) to be a set of p-adic
places, K C G(A%) a good subgroup. Let 0 € Modg,(O/w™[Ks]), which
we also assume to be finite free over O/w™. Then, by the previous section,
for any Gg-equivariant sheaf G on X ks in the sense of [NT16|, Section 2.4,
the complex

RHom@/wm[KS] (U, RF(XKS, Q))

lies in DT (H(0)°P) = DT (H(c")). Then, if we let 7 : X s — X to be the
natural projection and f : X gs — *, Lemma implies that there is an
induced morphism of algebras

H(UV> - EndD+(O/Wm)(RF(7K7 Wfs (g Q0 /wm T*Uv))'

To prove Hecke equivariancy of Poincaré duality for RI['(Xk,o0"), we give
a different description of this action as in [NT16], Lemma 2.19. As we are
working with places above p, which are not assumed to be unramified, we
need to refine the constructions of [NT16].
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We pick an element [g,1] € H(0)°P as in the previous section. We define
an action of this element on cohomology. Let K’ := K°K} where K§ =
Ks N g 1Kgg. By abuse of notation, whenever K% C Kg is a compact open
subgroup, we denote by 7 the projection X jos — X s k- We consider the
correspondence

_ -1
where p; is the natural projection and p, is given by the map Xy -Z—

YKs.g K1 followed by the natural projection. By the intertwining property
of ¢, it descends to a map
KS _ s '¢' —1\* gKSg TF o« __KgTr*
pl fO' T fO' (g )77* fO'—p27T* fo-v
giving a cohomological correspondence. For any Gg-equivariant sheaf of
O/w™-modules G on X gs, we get an induced map

W RP(YKHPZWES(g®0/wm?*‘7v)) RHomgy, v, 0/cm) (pz Ko pimieg) —

RHomg, % ,O/Wm)(l)ﬂ Sflo,pimfsG) = RU(X g, pimis (G ®O/wm7*0v))7

where the map in the middle is induced by the map v in the first component
and by the multiplication g~1 : pin&sG = pirXsG in the second component.
We then obtain an endomorphism

0(lg,¢¥]) € Endps(oem) (BT (X, 7 (G @0jem [ 0V)))
defined by

RT(X g, 755(G @0 jmm  0V)) 2 RU(X ser, pims (G @0 jmm 0V))

— RU(X g, pimi5 (G @0 jm [ 0¥)) = RT(X i, propiml s (G ®oyem [ 0V)) =
— RU(X g, 75 (G @ojwm [ 0V))

where the last map is the trace map coming from the canonical map induced
by the adjoint pair (py. = p1y, P = pj)-

Lemma 2.4.1. The endomorphism 0([g,¥]) of RT'(X i, 75 (G @0 jem f 0V))
coincides with the one induced by |g,| via the recipe of Lemmam

Proof. Note that we have a natural isomorphism
RU(X g, 755(G @0 jam [ oY) = RHomSh(yK,O/wm)(wa?*a, TEs@G)
in DT(O/@™). Indeed, this follows from the fact that the functor

75 Shg, (X ks, O/a™) = Sh(X g, O/=™)
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is an equivalence of categories with inverse 7* and pullbacks commute with
tensor products. We obtain analogous descriptions of the other two complexes
appearing in the definition of ([g, ¢]).

We now pick an injective resolution G — Z* in D*(Shg, (X s, O/@™)).
Notice that, by [Sch98]|, §3, Corollary 3, it gives rise to an injective resolution
in D*(Shgy(Xgs,O/w™)), and D*(Shg, (Xgs,O/w™)). Moreover, since
the functors 75, pin&s and pinXs are all equivalences, mXsZ®, pinKsTe,
and p3mXsT* are injective resolutions. If we combine this with the discussion
of the previous paragraph, we see that

' Xk, nks (Z* ®0)am f*av)) = Hompg,(0,2°(X gs))

computes RI(X i, 755 (G ®0 jm ?*av)). Analogous observations apply to the
other two complexes appearing in the definition of §([g,¢]). We reduced the
lemma to comparing the two actions in

Endo/wm (HOHIKS (o, T (YKS)))

for every ¢« € Z. The lemma then follows from the concrete description of
the effect of the trace map on global sections and an easy unravelling of the
definitions. O

Remark 2.4.2. Note that our discussion applies also to the case of RT'.(Xk, o).
To see this, denote by j : X¢ — X¢ the natural open immersion and by
f : Xg — * the projection to the point. Then the claim follows from the fact
that we have an isomorphism

i F o = 50/w" @osen [0

of G(A%)-equivariant sheaves. This identification follows from an equivariant
version of [KS94], Proposition 2.5.13.

Corollary 2.4.3. Given 0 € Modg,(O/w™[Ks]), finite free as an O)w™-
module. The Verdier duality isomorphism

RHOHl(/)/wm (RFC(XK, O'\/), (’)/wm) = RF(XK, O')[dll’IlR XK}

is equivariant with respect to the natural left action of H(o) on the right and
the one induced by the anti-isomorphism

H(o) = H(oY),
lg.¥] = (97" ¢]
on the left.

Proof. Just as in the proof of |[NT16|, Proposition 3.7, this follows from
the functoriality of Verdier duality and Lemma taking into account
that passing to duals interchanges pullbacks with traces in the definition of

0(lg, v]). O
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2.5 The quasi-split unitary group

From now on we specialise to our setup of interest. The two groups we
will be interested in are the quasi-split unitary group U(n,n) and the general
linear group appearing as its Levi subgroup. In particular, we fix an integer
n > 2 and an imaginary CM field F' with maximal totally real subfield F* C
F. Denote by ¢ € Gal(F/F™) its complex conjugation and set S, := S,(FT)
resp. S, 1= S,(F'). Consider the 2n x 2n matrix

0 v,
o = (—xlfn 0>

where W, denotes the n x n matrix with 1’s on the anti-diagonal and 0’s
elsewhere. We then set G/Op+ to be the group scheme that, for an Op+-
algebra R, has R-points given by

é(R) = {g € GLQTL(R ®0F+ OF) | thngc = Jn}

where ‘(—) denotes the transpose matrix. This is an integral model of the
quasi-split unitary group U(n,n)/F™, a form of GLy,, splitting after base
change to F. In particular, it becomes reductive after base change to O P
for v a finite place of F'* which is unramified in F.

We let P C G to be the Siegel parabolic consisting of block upper tri-
angular matrices with blocks of size n x n. Let P = G x U be a Levi
decomposition such that G is given by the closed subgroup of block diagonal
matrices. Then G can be identified with Reso,. 0, GL, as in [NT16], Lemma
5.1. Namely, if we denote by (—)* the anti-involution of Reso,./0,, GL, given
by A* = ¢t A1 then, by its very definition, P C G can be identified with
the subgroup of Resp, 0, GLa, of the form

(A B) B (D* B )

¢ D) \0 D

where D € Resp,, Ot GL,, without any condition and B is so that B* = B.
Under this identification, the subgroup defined by B = 0 is the Levi subgroup

D™ B
G. Then < 0 D

We will write X for the symmetric space X G and X = for the associated

> + D gives the identification G = Reso, 0, GLy.

locally symmetric space for a good subgroup K C é( 24 ). Similarly, we
denote by X the symmetric space X¢ and write X for the associated locally
symmetric space for a good subgroup K C G(A%:) = GL,(AY).

Write T C B C G for the subgroup consisting, respectively, of the diagonal
and upper triangular matrices of . These form a maximal torus and a Borel
subgroup of G. Moreover, B = BN G C G is the Borel subgroup of upper
triangular matrices.
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Recall that, for a place v of FT splitting in F', a choice of place v | ©
in F gives a canonical isomorphism ¢, : G(F;) = GLy,(F,). Indeed, there
is an isomorphism Fj ®@p+ F = F, x Fye and ¢, is the projection to the
first factor of the natural inclusion G(F,") C GLg,(F,) X GLg,(Fye). Under
Ly, P(Fy) is identified with the standard parabolic subgroup P, . (F,) C
GLay, (F,) of block upper triangular matrices of type (n,n) and G(F;") with

its standard Levi subgroup of block diagonal matrices. Similarly, B(F;") is
identified with the subgroup of upper triangular matrices and T'(F;") with

the diagonal matrices. Moreover, for any parabolic subgroup B+ C @ C

,,,,,

GLgy(F,) where (ny, ...,n;) refines (n,n). Let Q = M x N its standard Levi

—

decomposition and set M = G N M.
Note that, since the inclusion

G(F;) = GL,(F,) x GLy(Fye) = GLay(F,)

under ¢, is given by

(U,' B, 0)
(A,B)»—>< ; 1) (2.5.1)
we have M(Fg) = ]\4(7%Jrl ..... nt)(Fv) X M(nk ..... m)(F

ve) = G(F) where 1 <
k <t is so that ny + ... + ny = n. We set 0, : GL,,(F,c) = GL,(F,) to be the
map B +— (V,!B~1¥,)¢ above.

2.6 Inertial local Langlands for GL,

Set L = F, for some v € S,(F). According to |[BD84|, the category
Modg, (E[G(L)]) admits a direct sum decomposition

into so-called Bernstein blocks. In terms of the local Langlands correspon-
dence, two irreducible representation 7, o € Modgy, (E[G(L)]) correspond to
the same Bernstein block if and only if

= rec(m2)*|r, ,

rec(m)**|,

and a general representation 7 € Modg,(E[G(L)]) lies in Q if each of its
Jordan—-Holder constituents does. Moreover, the centre 3o of the category
Modgm (E[G(L)])[€] is called the Bernstein centre possessing the following
property. Being the centre of the Bernstein block, it acts on each object
lying in €. In particular, for any irreducible 7 lying in €2, the natural action

induces a character xr : 30 — £. Then, given a pair of irreducible objects
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1, o € Modgw (E[G(L)))[Q], Xxy = X, if and only if 7; and m have the same
supercuspidal support (cf. [BD84])E]

Work of Bushnell-Kutzko [BK99] shows that, given any Bernstein block 2,
there is always a pair (J, o) of a compact open J C G(Op) and an irreducible
E-representation of J such that 7 € Modg, (E[G(L)]) lies in Q if and only if it
is generated by its o-isotypic vectors. Such a pair is then called a semisimple
Bushnell-Kutzko type for the block €2. Given a semisimple Bushnell-Kutzko
type (J,0), [BK98|, Theorem 4.3 shows that taking o-invariants sets up an

equivalence of categories
Modm (E[G(L)])[©2] = Mod(#(0)),

7 — Hom (o, m) = Homg(L)(c—Indg(L)a, )

where H (o) := Endgz) (C-Indg;(L)a). In particular, we see that the action

of the Bernstein centre on c—Indg(L)a identifies 3o with the centre Z(H(0))
of H(o). Finally, given a Bernstein block (2, as was observed in [Car+16b],
§3.13[] after possibly enlarging E, the Bernstein centre 3o admits a model
30,p over E acting on any m € Modgy,(E[G(L)]) such that 7 ®p Qp lies in
Q2. Moreover, for any type (J, o) for 2 with a model o over E, the natural
action 30,5 — Endg(r) (C—Indg(L)aE) = H(og) induces an isomorphism 3¢ p =
Z(H(og)) as one notes by combining [Car416b], (3.15), Lemma 3.18 and
Proposition 3.23. In particular, from now on for a given Bernstein block €2
we always assume that F is sufficiently large so that the centre is already
defined over E.

In [SZ99), the authors refine the Bernstein decomposition of Modg, (E[G(L)])
to a "stratification" of the category and construct a type theory with respect
to this stratification as we will discuss now. We state their results in terms
of the local Langlands correspondence following [BC09], §6.5.

Definition 2.6.1. We define a Weil-Deligne inertial type (of L over E) to
be an isomorphism class of pairs 7 = (p,, N;) such that p, : I, — GL,(FE)
is a representation of the inertia subgroup I;, C Wj with open kernel, N, €
M, (FE) is a nilpotent matrix such that there exists a Weil-Deligne represen-
tation (r, N) of L and an isomorphism (r, N)|;, = (p,, N;).

Given a nilpotent matrix N € M,,(F), its Jordan normal form gives
rise to a partition Py of m. A partition P can be viewed uniquely as a
decreasing function P : Z-o — Z>o with finite support (where P is a partition
of Yiez., P(i)). Given two nilpotent matrices N1, No € M,,(E), we write
Ny = Ny if and only if 37«4 Pn, (1) < Xi<i<k P, (4) for every k € Z>,. We
record the following observation (cf. [BC09|, Proposition 7.8.1).

6For a brief overview of these results stated with more care, see |[Hell6], §3.
"See in particular loc. cit. Proposition 3.23.
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Proposition 2.6.2. Let Ny, Ny € M,,(E) be two nilpotent matrices. Then
Ny =X Ny if and only if, for all i € Z<y, we have

rank(N}) < rank(N2).

Given a Weil-Deligne inertial type 7 = (p,, N;) of L over E, and a fi-
nite dimensional irreducible Q,-representation 6 : I, — GL(Vj) with open
kernel, we can consider the #-isotypic component p,[0] : I, — GL(V,[0]) of
pr Qg Qp. As N, commutes with the action of I, it restricts to a nilpotent

endomorphism N.[6] € End(V;[0]).

Definition 2.6.3. Given two Weil-Deligne inertial types 7, 75 of L, we write
7 2 7o if pr, = pr, and Ny, [0] < N,,[6] for every irreducible Q,-representation
0 : I, — GL(Vj) with open kernel. Moreover, given two Weil-Deligne repre-
sentations ry, ry of L, we write ry < 1o if 71|, < 72]1,.

We note that the partial order (on Weil-Deligne representations) appear-

ing in Definition is the one defined in [BC09], Definition 6.5.1] [Var14],
Defintion 8.3 and [Hun+18], Definition 2.5.3, respectively.

Theorem 2.6.4 ([SZ99]). Let T be a Weil-Deligne inertial type. Then there
is a smooth irreducible E-representation (1) of G(Op) such that, for any
irreducible smooth representation w of G(L), the following hold.

i. If mlqeoy) contains o(T), then rec(m)|r, = 7;
#. if rec(m)|r, = 7, then T|go,) contains o(T) with multiplicity one;
. if rec(m)|r, = 7 and 7 is generic, then w|go,) contains o(T).
Proof. See [Hun+18], Theorem 2.5.4 and the references therein. ]

We point out that the Theorem makes no mention about the uniqueness
of o(7r). Throughout this thesis, given a Weil-Deligne inertial type 7, we
work with the o(7) constructed in [SZ99).

Remark 2.6.5. Notice that when 7 = (p,, N;) is so that N, = 0, we obtain
the potentially crystalline inertial local Langlands of [Car+16b|, Theorem 3.7.

Note that each Weil-Deligne inertial type 7 gives rise to an inertial type
p, in the classical sense and henceforth to a Bernstein block 2. Moreover,
if (J,0) is a type for Q, then, by construction, () is a direct summand of
c—Ind(J;(OL)J. In particular, 3o acts on c—IndgEé)L)a(T). One sees that this, in
fact, is a faithful action[’] yielding an injection 30 < 3, := Z(H(o(7))).

8They introduce the partial order for irreducible smooth representations of GL,, (L)
but, under the local Langlands correspondence, it translates to our definition (cf [BCQ9),
Proposition 7.8.1).

In fact, [Pyv20al, Theorem 7.1 shows that H(o(7)) is a free module over 3q.
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2.7 Local systems on Xk, and Xy

We now introduce the local systems we will be working with. These will
be constructed from locally algebraic representations o,; ® ogm Where the
algebraic part 0,1 Will encode the weight of the automorphic representations
considered (i.e. their shape at oco) and the smooth part oy, will pin down
their inertial type at p.

Our integral coefficient systems will depend on the choice of a prime p.
We further set £/Q, to be our coefficient field, a sufficiently large subfield of
Q, finite over Q, such that Hom(F, E) = Hom(F,Q,), and denote by O its
ring of integers. Fix a choice of uniformiser w € O as well.

We start by introducing our locally algebraic representations for GG. For
each p-adic place v of F', we consider a standard (possibly non-proper) parabolic
subgroup @, C GL, with standard Levi decomposition ), = M, x N, and
consider the corresponding parahoric subgroup scheme *Q of GL,,. For S C
Sp, we set Qg 1= [[yes Qv and @, := Qs,. Set Q, := "Q(Op,) C GL,(OF,)
to be the corresponding parahoric subgroup. For a finite set of p-adic places
S C Sy, we set Qg := [lyes Qv C GL,(Ops). Moreover, for any v € S,
and integers ¢ > b > 0 with ¢ > 1, we denote by Q,(b,¢) C Q, the sub-
group of matrices which are block upper triangular modulo =@ and block
unipotent modulo wg, where w, € Op, is some choice of uniformiser. Ex-
tend the definition in the obvious way to define Qg(b,c). In particular, we
have Q,(0,1) = Q,. Note that Q,(b,¢) admits an Iwahori decomposition
Ny M.NJ9 and therefore the formalism of [All4+23], 2.1.9 applies.

Such parahoric subgroups will be our level subgroups for which we in-
troduce locally algebraic representations. These representations will then
yield local systems convenient for the development of (),-ordinary Hida the-
ory. After taking (),-ordinary parts, the cohomology of these local systems
will encode integral (),-ordinary automorphic representations with prescribed
weights at oo and inertial types at p. When @), is taken to be [], GL,, this
will simply mean pinning down the weight of the automorphic and the inertial
type at p of the whole automorphic representation.

We first take care of the algebraic part. As usual, the character group
of (Resp+/,QT)r = (Resp/qTy)E, for T, C GL, the subgroup of diagonal
matrices, can be identified with (Z")%m("E) Denote by Z" C Z" the subset
of tuples (ky, ..., k) satisfying

k> ... >k,
A character A = (),;) € (Z")"Tm("E) will then be (Resg+/qB)r = (Resg/qBn) &
dominant if and only if, it lies in (Zﬁ)Hom(F £) " In other words, for every

v € Hom(F, E), we have
A1 = > A

10Recall from that for H being any of the groups N, M,, or N,, and n € Z<o, H"
denotes the subgroup of matrices of H(OF,) that reduce to the identity modulo wy.
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Given A € (Z")Hom(EE) highest weight theory provides an integral represen-
tation of [],.p_, g GL,(O). This will simply be the representation constructed
for instance in [Gerl8|, §2.2. More precisely, if B, C GL, is the standard
Borel of upper triangular matrices, wy,, denotes the longest element of the
Weyl group of GL,, and « € Hom(F, E'), we consider the algebraic induction

&, = (G wo ) 0 = {f € O[GL,] | f(bg) = (wo.\.)(b)f(g)

for every O — R,b € B,(R),g € GL,(R)},

and set Vy, :=&,,(0), V), :=V,, ®o E. We then set V) := ®, 0V, and V) :=
Va®o L. Note that Vj is the highest weight representation of (Resp+,G)r =
(Resp/qGLy) e = 11,7 p GLy g of highest weight A, a finite dimensional FE-
representation. Moreover, V, C V) is a G(O)-stable O-lattice. In particular,
for every m € Zsi, V\/@™ is a smooth O/@w™([],es, GLn(OFv)]—modulq};
under the product of diagonal embeddings GL,(Op,) < Il.r,or GL,(O),
finite free over O/w™, and the formalism of applies.

For a dominant weight \, € (Z’}r)Hom(F“’E), set VwOQv/\U = ®L;FUQEVM§U/\L

to be the representation of [],.p g M,(O) associated with wg"A, by the
previous procedure where wg?“ = wiw§™ denotes the product of the longest
Weyl group element of M,, and of GL,. Concretely, if we assume that ), =
Piny . ny), then wg* Ay = (AJ1, ..., A7), where

)\ZZ = (AZ”)L:FU(—)E = ()\L,TL-‘FI—(TLI“F‘..-‘FYM)? ) >\L,TL+1—(TL1+...+TL1’—1+1)>L € (ZT)Hom(FME)

and

We then have the analogue of [CN23|, Lemma 2.1.12 with identical proof.

Lemma 2.7.1. The natural I],.p, . g Qu(O)-equivariant map
V/\'v - nggvkv
given by evaluation of functions at the identity is a surjection.

We now turn to the smooth part which will be given by inflating to para-
horic level the types of Schneider—Zink. Therefore, the smooth part will in
fact depend on the choice of @),. For v € S, consider a standard parabolic
(), and assume that it corresponds to a partition (ny,...,ng) of n.

Definition 2.7.2. We call a tuple 7, = (7y,;)i=1,.x consisting of (E-valued)
n;~dimensional Weil-Deligne inertial types 7,; for F, to be an inertial type of
type (Qy.

"In particular, it becomes a smooth O/w™[Qg, ]-module.
12Here we use the convention ng = 0.
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Given an inertial type 7, of type @, Schneider-Zink provides a smooth ir-
reducible E-representation o(7,;) of GL,,(OF,) for every i = 1, ...,k (cf. The-
orem [2.6.4]). In particular, we obtain an irreducible smooth E-representation

0(1) = ®i=1,..k0(Tv,i)

We set ¢, > 0 to be the smallest integer such that M = ker(M? —
[Tves, My(OF, /™)) acts trivially on o(7,)°. Then Q,(0,¢,) acts on o(7,)°
by sending
Al . . *
As
€ 9,(0,¢,)

to o(71,)°(Ax, ..., Ag). Since the corresponding map
Q,(0,¢,) = MS/M{;U = M,(OF, /@;’)

is easily checked to be a group homomorphism, this indeed defines a group

action. We then denote by o(7,) the representation o(7,)° viewed as an
0[9Q,(0, ¢,)]-module.

We then set our locally algebraic representation associated with the data
(QSP; )\; I) = (Qvu )\’Uy @)UGSP to be

o

VL, =W@o (@ o(n) ).
vESy,O

This gives rise to a O/@w™[Q,(0, ¢,)]-module for ¢, := max{c, },cs,. By abuse
of notation, we will use the same notation for the induced local systems on
X, X and 0X[, respectively, for K C G(A%)) any good subgroup with
Ky € (0, ¢p).

Note that when, at each place v € S,, @, = GL,, these local systems
simplify. In this case we will abbreviate the notation to Vix ) = Vax®@o o (7)>".
We denote the corresponding locally algebraic type by o(X,7)° := (V)"
By Lemma[2.3.1} the corresponding mod @™ cohomology groups are obtained
by taking invariants of completed cohomology

RT() (XK, Vo /@™) = RHomo ok, (0(A, 7)° /@™, Ty (KP, O /™)) =

RHomo,enc,)(c-IndiZ o (X, 7)° /o™, 7o (KP, O /=™)).

As a consequence, we get a natural right action of the Hecke algebra H (o (A, 7)°)
EndGP(c—Ind%a(A,T)o) on Rl (Xk,Vion/@™). In particular, as we will
explain in [5.3, we obtain a natural action of an "integral Bernstein centre"
35, = H(o(X,7)°)N3q. In fact, we will see that we have a similar description
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for general @) after taking ()-ordinary parts due to independence of level and
weight, yielding natural Hecke actions at p.

We now turn to treating the case of G. From now on we introduce the
following running assumption on F'.

Assumption 2.7.3. Assume that our imaginary CM field F'/FT is so that
every U € S, = S,(F) splits in F'.

Therefore we can write © = v - v° in F for each v € S,. In particular, we
fix a choice of a preferred place v | T in F. This fixes a lift ¢ : ' — E for
every embedding 7 : F* < E. Therefore, it induces an identification

(Resp+/Qé)E = H GLan,m

Hom(F+,E)

and an identification of the character group of (Resp+,qT) g with (Z2")Hom(F*.E)
This identifies a weight A = (), ;) € (Z™)HmFE) with \ = ()\;;) where

A= (=g My A) = (= Nems oos =ity Aty ooy Aun)-
Note that the (Resp+/q B ) e-dominant weights are precisely given by
For such weights we can therefore define V5 C V;. For every m € Z>,, we
then obtain a smooth O/@™[[[;cz, é(OF;)]—module V5 /@™, finite free as
an O/w™-module. These cover the algebraic parts of our locally algebraic
representations.

For G we will only take ordinary parts at a certain subset S C S,
where we wish to prove local-global compatibility using the degree shift-
ing argument and will vary the level at the rest of the places. Therefore,
we fix such a set S C S, of p-adic places and will introduce locally alge-
braic representations that are only non-algebraic at S. Namely, if for v € S
given a tuple (Qu, A, Ty )w|s as before such that the weight \s associated

(Zin)Hom(F+ E)

with (A, Adye) is dominant (i.e. lies in (Zi")Hom(F+’E)), we introduce a tuple
(Qs, 5\5,@ = (Ty, Tye)) Where Q; = My X Ny C G+ is the standard parabolic
subgroup with sz—,ﬂGFf = QuX Qe C GL,, g, xGL,, .. As before, we denote
by Ué the corresponding parahoric subgroup scheme of G = GLoy . We

P =1

set Qp = Q(Op+) with Iwahori decomposition N SMON?. We define the
identification

120 GLn(F,) X GLyp(Fye) = GL(F,) x GL4(F,),

(A,B) — (A,0,B).

We then set @go = M};”O X Ng” "C @ + to be the standard parabolic subgroup
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associated with the Levi L;"OM@ C GLgy g, under the identification ¢,. Set

5(10)° = 0(1,)° @0 (6,1 0(7ue)° € Modgu (O[M) |

Note that here 0, : GL, (F,.) = GL,(F,), as previously defined, is given by
the map B — (¥,'B~1¥,,)¢ and we are applying the pullback along 6. For
v € S, define

Q0 _
V(;\ﬁ@) '
where \; have the obvious meaning of considering the weights corresponding
to all the embeddings inducing the given place.
Finally, given a tuple (Qg, Az, 75) = (Qv, 5, T5)5es coming from a tuple
(Qp, A\, T) as above, and a dominant weight \ € (Z2")Hom(F*.E) for @G extending

Mg, we set

Q Q wo
)\7) ® V)x ®0 ( ® V()\U,Tv))

5¢5,0 5€5,0

a locally algebraic O-representation of <Hﬁe§p\§ G(O F+)) X QwO(O ¢,) for an

Qxe
appropriate integer ¢, > 1 as before. In particular, V(/\ST) /@™ becomes a
smooth (Hae@,\@ é((’)Fgr)> X @%O(O,CP)-module. When, for every v € g,ﬁthe
parabolic at v is the Siegel one, we will abbreviate the notation to V%

(A7)’
Again, by abuse of notation we will denote identically the local systems they

induce on locally symmetric spaces.

Example 2.7.4. For the convenience of the reader, we spell out an example
of Qs Q°, and ()"

Let n = 3, fix v € S and write ¥ = v -v°. We set Q, = GL3 and
Quve = Pu2) C GL3 ., the standard parabolic subgroup with standard Levi

subgroup M2y = GL; x GLy C GL3g,.. Then @5 C éFj— is the standard
parabolic subgroup with standard Levi subgroup

= GLg X M(LQ) C GL3,FU X GL3,Fvc-

In particular, LU@@ = P13 C GLgr,. Moreover, L;UOMVTJ = M@za1) C
GLg,,. Comsequently, Q3° C G+ is the standard parabolic subgroup satis-
fying LU@%"O = P32,1) C GLg r,. Therefore, its standard Levi subgroup is

]/\\4——;1}”0 = M(271) X GL3 C GLS,FU X GL3,FUC'

Further consider Weil-Deligne inertial types 7, = (7,,), and Tye = (Tye 1, Toe 2)
and (a choice of) associated smooth O-representations o(7,)° = o(7,)°, and

13We note that &(735)° is a representation of Ly MP00 22 w0 N[O ¢ GLy, (OF,) and we

. . . Ve 0 _.
view it as a representation of M °" via t,.
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0(Tye)® = 0(Tpe,1)° ® 0(Tpe2)® of GL3(Op,), and M1,2)(OF,.) = GL1(Op,.) X
GL3(Op,.), respectively. Then & (73)°, as a representation of LMY =
GL3(OF,) x GL2(OF,) x GL1(OF,), is given by

0(1,)° @ ((07) 0 (Tue 2)® @ (07 ) 0 (T0e1)°) -

In particular, as a representation of M},”O’O = GL2(Op,)xGL1(OF,) xGL3(OF,.)
via the identification ¢, it is given by

(0210 (70e2)” @ (01 1) 0 (7ue1)°) ® (03) 0 (70,3)"-

We also introduce a local system on X ~ suitable for a dual version of
the degree shifting argument in §6.1] For thls We assume now that, for each
7€ S, Ay = (A, —w§™" \ye) is dominant for G Then, for v € S, we set

5 (1) = (0,1) 0 (7e)° ®0 0(7)° € Modym(O[M])[ ]

and

VI = Vs, @0 (3(1)°") ™ € Mod(0[9(0, ).

For any dominant weight A € (Z2r)Hom(F.E) extending Xg, we can then set

sto =(Q Vi,) @0 ( V&:?))

5¢5,0 €50

an O-representation of (H@e@,\? G(O F+)) X ’Q%(O, ¢p). We denote identically

the corresponding local systems induced on locally symmetric spaces for G.

2.8 Explicit Hecke operators

Next we spell out the explicit formula for the usual unramified Hecke op-
erators and U,-operators as for instance in [NT16], [All4-23] and [CN23]. Fix
for any v finite place of F' a uniformiser w, € Op,. We start by introducing
the usual explicit Hecke operators at unramified places. Let v be a finite place
of F', and 1 < i < n an integer. Write T,; € H(GL,(F,), GL,(OF,)) for the
double coset operator

T,; = [GL,(Op, )diag(wy, ..., @y, 1, ..., 1)GLo (O]

1 Note that this identification (Z")Hom(FE) o (z2n)Hom(F'.E) ig ot the one used in the
previous paragraph.
15 Again, the representation present is a representation of 1, M0 and we view it as a
g p p p B
representation of MC via t,. Note that in particular, it is simply the representation
0(7s)° ®0 0(7ye)® of My.



76 CHAPTER 2. PRELIMINARIES

where w, appears exactly ¢ times in the diagonal. We define the polynomial

Py(X) = X" =Ty X" 4 4 (=1)igi0 DT, X 4

+qi " VRT, € H(GL(F), GLo(OF,))[X]

where recall that g, = |OF,/w,|. Note that P,(X) corresponds to the char-
acteristic polynomial of the Frobenius element acting on recf, (m,) for m, any
unramified representation of GL,,(F}).

If v is a finite place of F'*, unramified in F', v is a choice of place of
F above it, and 1 < j < 2n is an integer, then we denote by T, , €
H(G(F), é((’)F;))®ZZ[q51] the Hecke operator denoted by T¢,, ; in [NT16],

Proposition-Definition 5.2. In particular, ¢;7?7=)/ Qﬁj,j is the operator cor-
responding to the ith symmetric polynomial in 2n variables under the dual
map on Hecke algebras corresponding to the unramified endoscopic trans-
fer from G(F;) to GLa,(F,) (where we also apply the (normalised) Satake
isomorphism). We then define the polynomial

Py(X) =X — T,  X? ' 4 (=1 U VT, X7 4

+¢." VT, 5, € H(G(E), G(Op)) @7 Zg; '[X].

v

This then corresponds to the characteristic polynomial of the Frobenius ele-
ment acting on recf, (m,), where 7, is the base change with respect to F,/F;"
of any unramified representation oy of G(F).

We finally describe the effect of the unnormalised Satake transform S =
rgorp (for the notation, see the end of section at unramified places. We
use the following notation: for f(X) a polynomial of degree d, with constant
term a unit ag, set fV(X) := ag' X4f(X1). Therefore, fV(X) is the monic
polynomial with zeroes given by the inverse of the zeroes of f(X). We then
have the following.

Proposition 2.8.1. Let v be a finite place of F', unramified above the place
v of F*. Then the unnormalised Satake transform

S H(G(FF),G(Ops) = H(G(FS), G(Op))

sends P,(X) to P,(X)qy®" D Py (g, " X).

Proof. This follows from the explicit formula for S given in [NT16|, Proposition-
Definition 5.3. O

We now turn to discussing the U,-operators we will consider. As before, we
assume that every p-adic place v € S, splits in F' and we fix a choice of v|v in
Sp. We start with the case of . Consider a tuple (Qs,, A\, 7) = (Quv, \v, Tv)ves,
with Levi decomposition @), = M, x N,. Set Xg, to be the set of B,-

-----
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then it identifies in X, (7,,)" = Z% with the elements with jumps only at the
indices ny + ... + n; for 1 < j < k. For ¢ > 1, we then define the subset
Ag,(c) C GL,(F,) given by

Ag,(c):= ] 2Qu(0,¢)r(wm,)Qu(0,0).

veXqg,

By |CN23|, Lemma 2.1.15, the elements v(w,) are Q,(0, c)-positive in the
sense of loc. cit.. In particular, Ag, () forms a monoid and A}, := Ag (c)N
M,(F,) C My(F))* = {m € M,(F,) | mN°m~' ¢ N% and m~'N.m c N'}
so the formalism of |All4+-23], 2.1.9 applies. Set Ay, to be the group generated
by A}, . One proves that the map

H(ALL,, M) = H(Ag,(c), Qu(0; ),

[Myv(@o) M) = [Qu(0, c)v () Qu(0, ¢)]

is an isomorphism of Hecke algebras (cf. [BK98|, Corollary 6.12). In partic-
ular, the latter is commutative.

We introduce our distinguished element, the "Up-operator at v"' in our
Hecke algebras. Namely, if Q, = P,

,,,,,

o . k-1 k-1 k-2
u9 = diag(® !, .., "L "2 w1, 1) € Ag,

where, for 1 < j < k, w’~! appears exactly n; times. Then, for ¢ > 1, we de-
note by U?* € H(Ag,(c), Q,(0, ¢)) the double coset operator [Q, (0, c)u? Q,(0, c)].
Note that Ay, = A}, [ud*!].

We introduce the usual A-twisted action of Ag, (cp) on V&%) which will
then yield our action of U,-operators on the corresponding cohomology groups
by the formalism of |All+23], 2.1.9. Define the character ay’ : Ag, — E*
by setting it to be trivial on Q, and, for v € X, , sending v(w,) to

TT d(emn) ™.

vFy—FE

We then view V(C?\Z@) as an O[Ag,(c,)]-module by inflating the Q,(0,c,)-

o

action on the factor (o(7,) )¥ and acting on the factor V,, by the recipe

g M a=a"(9) 9w
where — - — is the usual action of g € Ag,(c,) on x € V.

Lemma 2.8.2. The O[Ag,(c,)]-module structure on V& ) makes sense i.c.,

Tv

the twisted action of Ag,(c,) on Vy, preserves the lattice Vy, .

16For the integer ¢p > 1 introduced in the previous section.
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Proof. This follows from the fact that V), has lowest weight wOG Ay. More
precisely, one uses [Gerl8|, Lemma 2.2 to conclude. O]

As mentioned, the formalism of |All4+23], 2.1.9 applies here. In particular,
for S, C T any finite set of finite places, and a choice of good subgroup
K C GL,(AY) with K, = Q,(b, ¢) for some 0 < b < ¢ with ¢, < ¢, for every
v € S,, we have a canonical homomorphism

H(GT> KT) Rz ’H(Agp(cp), Kp) — EndD+ (RF(XK, V()\T ))

In particular, the above constructed U,-operators act on the cohomology com-
plex RT(Xx, V7,).

For later use, set TT (K, A 7') to be the image of H(GT, KT) ®z O inside
the ring Endp+ (o) (RI'(Xk, V( ))); a finite O-algebra.

Next we consider the case of G. Fix a subset of p-adic places S C S, and,
for each v € S, fix a choice v | v in S,. Consider a tuple (QS,/\S,TS) =
(Q@, py Ts)seg as before. We can then similarly define the set of B-dominant
cocharacters X, guo C X.(Z (M%” °)) and the corresponding open submonoids

/Av@uo(c) C G(F;"). The rest of the conclusions of [CN23], Lemma 2.1.15 will
again apply. We further set Zmo (cp) == Tlseg Zmo (¢p). Again, we introduce

a notation for our U, operator in H(A wo(cp) Q“’O(O ¢p)). For v|v, we set

Uy Qy° =L, Ly V@’ where L{,vao C GLy, /F, is the standard parabolic subgroup

corresponding to Q¥ under ¢,. Then set Uy 0° ¢ 7—[( guo (¢p), QwO(O ¢p)) to
be the double coset operator [QwO(O c)uv QwO(O ¢y)]. We note that as the

wo
notation suggests, U— is independent of the choice of v|v.

Moreover, by the exact same recipe as before, we equip V?Xi) with an
Kégo(cp)—module structure extending the natural action of Q%O(O, ¢p). This

yields a canonical homomorphism of algebras
~ —~ @EO
H(GT KT) KRz H( avo (Cp) Kg) — EHdD+(o)(RF(XI?7 V(S\S‘r)))
S T

for any finite set of finite places S, C 17" with 7" = T and good subgroup
K C é(A%‘L) with [A(/;, = é%”o(b, ) for some 0 < b < ¢ with ¢, < ¢ for
every v € S. Therefore, the constructed U,-operators act on the complex
~ QYo
RF(X;(,V(;\’SI)). N
We finally set T7(K,\,7) to be the corresponding faithful quotient of
H(GT,KT) @7 O.
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2.9 Automorphic Galois representations

In this section, we recall the well-known results which we will need later
about Galois representations attached to (mod p) automorphic forms. We
also state the consequence of the vanishing results of Caraiani—Scholze that
serves as the key ingredient for proving local-global compatibility in the style
of [All+23].

Recall that 7 is called a regular algebraic conjugate self-dual cuspidal au-
tomorphic representation (RACSDCAR) of GL,,(AF) if it is a regular alge-
braic cuspidal automorphic representation (RACAR) of GL, (AF) satisfying
¢ =2 ¥ where (.)¥ denotes the contragradient of the representation.

By work of many people, such automorphic representations admit asso-
ciated Galois representations satisfying local-global compatibility at every
place.

Theorem 2.9.1. [HT01; TYO07; Shill; |CH13; |Clo13; Bar+12; Bar+11;
Carl2;|Carl4] Let m be a RACSDCAR of GL,,(AF) of weight A € (Z1)HomFC),
Then for any isomorphism t : Qp = C there is a continuous semisimple Ga-
lois representation

ri(m) : Gp — GLH(QP)
satisfying the following conditions:
i. We have an isomorphism r(m)° = ry(m)¥(1 — n).

i. For each p-adic place v of F', r4()|a,, is potentially semistable and for
each embedding v : F,, — Qp we have

HTL(Tt(ﬂ')‘GFU) = {)\tOLJU >\tOL,n71 + 17 ey >\toL,1 +n— 1}

1i1. For each finite place v of F', we have

WD(Tt(W)|GFv)F_SS &~ reCT(t_lwv).

Once combined with Shin’s base change result |[Shil4| for automorphic
representations of G, we obtain the following.

Theorem 2.9.2. Suppose that F' contains an imaginary quadratic field. Let
7 be a &-cohomological cuspidal automorphic representation of G(Ap+) for
some irreducible algebraic representation & of Ge = [Tuom(r+,c) GLan,c. For

any field isomorphism t : Qp = C, there exists a continuous, semisimple
Galois representation

() : Gp — GL2n(Q,)

satisfying the following conditions:
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i. For each prime ¢ # p, unramified in F', above which 7 is unramified,
and for each place v of F' dividing {, r((%)|a,, is unramified and the
characteristic polynomial of ri(Frob,) coincides with image of é,(X ) in
Q,[X] corresponding to the base change of t=* (7).

it. For each place v of F dividing p, ry(7) is potentially semistable, and
for each embedding v : F' — Qp, the t-labelled Hodge—Tate weights are
given by
A +2n—1>No+2n—2> ... > )\,
where X\ € (Zi”)Hom(F’Qp) is the highest weight of the representation
tTHE®E)Y of GLay, over Q.

ii. If Fy C F is an imaginary quadratic field and ¢ is a prime (possibly
¢ = p) that splits in Fy, then for each place v | € of F lying above a
place v of F*, there is an isomorphism

WD(rt(fr)|GFv)F_ss &~ recT(ﬁg O Ly).

Proof. For the proof see |All4+23|, Theorem 2.3.3 and the references therein.
[

Theorem 2.9.3. Assume that F' contains an imaginary quadratic field. Let
m C TT(K,\, 1) be a mazimal ideal. Suppose that the finite set of places T
s so that T =T and further satisfies the following condition.

o Given a finite place v not lying in T, denote its residual characteristic
by £. Then either € is unramified in F' and T contains no (-adic places,
or € splits in some imaginary quadratic subfield Fy C F.

Then there exists a continuous semisimple Galois representation

r s Ger — GL,(TT (K, A\, 7)/m)
such that for each finite place v of F' not lying in T, the characteristic polyno-
mial of pm(Frob,) coincides with the image of Py(X) in (TT(K,\,7)/m)[X].
Proof. This is proved the same way as [All4-23], Theorem 2.3.5. O

Definition 2.9.4. We say that a maximal ideal m C TT (K, \,7) is non-
Eisenstein if p,, is absolutely irreducible.

Theorem 2.9.5. Assume that F' and T satisfies the conditions of Theo-
rem . Let m C TT(K,\, 1) be a non-Fisenstein mazimal ideal. There
exists an integer N > 1, depending only on n and [F : Q], an ideal I C
TT(K, )\, 1) satisfying IV = 0, and a continuous group homomorphism

pm : Ger — GL,(TT (K, \, 1)/1)

such that, for each finite place v of F not lying inT', the characteristic polyno-
mial of pm(Frob,) coincides with the image of P,(X) in (TT(K, X, 7)/1)[X].
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Proof. This is proved the same way as |[Sch15|, Corollary 5.4.4. O

Theorem 2.9.6. Assume thalt F' and T satisfies the conditions of Theo-
rem . Let m C TT(K,\, 1) be a mazimal ideal. Then there is a contin-
uwous, semisimple Galois representation

GFT — GLQn( (K )\ T)/m)

such that for each finite place v ¢ T of I, the characteristic polynomial of
pi(Frob,) is given by the image of Py(X) in (TT(K A, 7)/m)[X].

Proof. The same proof applies as in [CN23], Theorem 2.1.26 noting that the

Qio
first step is to pass to deep enough level where V(S\ST) /o is trivialised. O

Finally, we discuss the key technical condition we need to have access to
the vanishing result of Caraiani—Scholze.

Definition 2.9.7. A continuous representation p : Gp — GL,,(O/w) is
called decomposed generic if there exists a prime ¢ different from p such that:

i. ¢ splits completely in F

ii. for every place v of F' dividing ¢, p|¢,, is unramified and the eigenvalues
ay, ..., oy, of p(Frob,) satisfy a; /o # £ for @ # j.

Remark 2.9.8. As explained in [All4+23], Lemma 4.3.2, once we know that
p is decomposed generic, an argument using Chebotarev’s density theorem
shows that there are infinitely many choices of ¢ as in Definition [2.9.7]

Theorem 2.9.9. [CS19: Kos21| Let i C T7 (K, \, 1) be a mazimal ideal such
that the associated Galois representation pg is decomposed generic. If we set
d = dimc X%, we have a T -equivariant diagram

“’0 OW0 wo

~ QY
HY(X g Vi 1) = B (X Vi) a = HUOX 5 Vi e

Proof. This follows from the main result of [CS19] as explained in [All+23],
Theorem 4.3.3 except the extra conditions appearing in |CS19] that [F'T :

Q] > 2 and that the length of ps is at most 2. These conditions were removed
in [Kos21]. O
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Chapter 3

()-ordinary Hida theory

In the first part of the chapter, based on |[All+23], §5.2 and [CN23]|, §2.2,
we spell out Q-ordinary Hida theory for the Betti cohomology of the locally
symmetric space X and Xg, where ) will be an arbitrary standard parabolic
subgroup. Finally, we close the chapter with a computation of ()-ordinary
parts of certain Bruhat strata of parabolic induction. This is completely
analogous to |All4-23], §5.3 and |[CN23|, §2.3. More precisely, the contents of
§3.1 §3.2} and are carried out for the Borel subgroup in [All4-23], §5.2,
and for the Siegel parabolic subgroup in [CN23|, §2.2. Moreover, the content
of has been worked out for the Borel subgroup in |All4+23], §5.3, and
for the Siegel parabolic subgroup in [CN23|, §2.3. Finally, Hida theory with
dual coefficients for the opposite parabolic is considered in |[CN23] that we
generalise in A seemingly new result in is a Q-ordinary and Hecke
equivariant Verdier duality with O/w™-coefficients (see Proposition [3.3.5)).

3.1 Ordinary parts of smooth representations

In this text we use several incarnations of ordinary parts. To track the
representation theory throughout our arguments, it is often crucial to take the
point of view of Emerton [Emel0aj, [EmelOb] on taking ordinary parts. We
recollect here his approach. In fact, following [All4-23], we consider a modified
version that is more convenient to do homological algebra with and coincides
with the original definition on admissible representations which exhaust all
the objects which we will consider here.

The setup for the section is as follows. We let L/Q, be a finite field
extension, G/L a connected reductive group. Set ) C G to be a parabolic
subgroup with a Levi decomposition Q = M x N and denote by Q = M x N
the opposite parabolic subgroup. Denote by Z,; C M the centre of the Levi
factor. Assume that Q@ C G(L) is a compact open subgroup which admits an
Iwahori decomposition

N x MO%x N° > Q& NOx MO x N!

83
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with respect to @) in the sense of [All+23], §2.1.9. Let
.. C Qb)) C...CQO(1,1)Cc Q0,1)=Q C G(L)

be a cofinal family of compact open subgroups of G(L) such that each Q(b,b)
is normal in @ and Q(b,b) admits an Iwahori decomposition

N'MPN® =5 (b, b)

with respect to Q. Then, by setting Q(b,¢) = N MPN? for 1 < b < ¢, one
checks that we get a compact open subgroup of Q (admitting an Iwahori
decomposition).

Example 3.1.1. For G = GL,, 1, and ) = M x N C G a parabolic subgroup
standard with respect to the Borel subgroup of upper triangular matrices, we
can consider the corresponding parahoric group scheme Q%*® C GL,. Then
Q = Q*"0O;) admits an Iwahori decomposition N'MONO, where M° =
M(OL), N = N(O), and N is ker(N(O,) — N(Op/wy). If Q is the
parabolic subgroup corresponding to the partition (ni,...,n;) of n, Q will
be the subgroup of matrices in G(Op) that are upper block triangular of
type (ni,...,n;) modulo wy. For integers 0 < b < ¢ with ¢ > 1, we can
then set Q(b,c¢) to be the subgroup of matrices in G(Op) that are block
upper triangular of type (nq,...,n;) modulo @w¢, and block unipotent of type
(n1,...,n;) modulo w?4.

However, we consider this more general setup since it allows us to for
instance set M* to be ker(M(Op) — M(Op/w}) for some arbitrary integer
d > 0. Moreover, we have the freedom to choose N to be other compact open
subgroups in N(QOp) that are preserved under conjugation by M. All of this
allows the formalism to be more flexible and saves some space in introducing
notations and applying it in later chapters.

Remark 3.1.2. Note that an easy argument using the Iwahori decomposition
shows that M normalises N = N(L)N Q and each N° = N(L)N Q(0, ¢) for
c> 1.

We set
M*:={me M(L) | mN°nm~" c N° and m'N'm C Nl

and define Z;; := Zy/ (L) N M. By Remark [3.1.2] we see that in fact both
M+ C M(L) and Z;; C Zy(L) are open submonoids. We make the following
assumption that will be satisfied in our context.

We note that this is not the definition that appears in [Emel0al, [EmelOb| as there
the second condition on the elements m € M7 is not present. However, this is needed for
us in order to compare the two natural Hecke actions of our monoids on finite level (see
Propostion . We also note that this extra condition is already present for instance in
§2.1.9 of [All+23].
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Hypothesis 3.1.3. For any m € M+, and ¢ > 1, we have m™"N°m C N*.

Denote by Mt x ,+ Zp;(L) the quotient of the monoid M+ x Z,;(L) by the
Z]\/I

equivalence relation generated by (mz", z) ~ (m,z"2) form € M*, 2T € Z3,
and z € Zy/(L).

Lemma 3.1.4. The morphism of monoids M™ x Zy (L) — M(L) given by
multiplication factors through M™ Xzt Zy (L) and descends to an isomor-
phism.

Proof. This is essentially Proposition 3.3.6 of [Eme06a]. Since our definition
of M™ is slightly different, we provide a sketch of proof here.

We start by picking z, € Zj; such that {zAN°z *};~o forms a basis of
neighborhoods of 0. Such a z, € Z;; exists by (the discussion above [Emel0b],
Lemma 3.1.3, and) [Emel0b] Lemma 3.1.3 (2),(3) and Lemma 3.1.4, (3). Note
that z,' and Z); generate Zy (L) as a monoid. Indeed, given z € Zy(L),
then for & > 0 large enough, z;fz will satisfy the assumption of loc. cit.
Lemma 3.1.3, (3) and Lemma 3.1.4, (3), and, in particular, will lie in Z3;.

We further see that M and z, " generate M (L) as a monoid. To see this,

pick m € M (L) and assume that we have
mN°m™" C 2, "Nz and m"N'm C z;fﬁlzp’k

for a large enough integer £ > 0. Such k always exists by loc. cit. Lemma
3.1.3, (2) and Lemma 3.1.4, (2). Then zm = mz} clearly lies in M*.

One can now conclude just as in the proof of [Eme06a/, Proposition 3.3.6.

O

From now on, we fix a 2, € Z}; as in the proof of Lemma . We set
A}, C M™ to be any open submonoid containing M° and z,. Moreover, for
c>1, weset QT(0,¢) = N"M*N° and Ag(c) = N°A};N°. Then |All4-23],
Lemma 2.1.10 says that Q7(0,¢) is also a monoid, open in G(L). Moreover,
QO™ (0,¢)Q = Q7(0,¢), and Q" N M (L) = M™. The same conclusion holds
for Ag(c) too, since the assumption M° C A}, ensures that the proof of loc.
cit. Lemma 2.1.10 applies. Moreover, set QT = Q7 (0,¢)NQ(L) = M+ x N°
and Ag = Ag(c) NQ(L) = A}, x N°. We finally set Ay to be the monoid
generated by Aj; and z!.

Given m € Modg, (O/@™[Ag]), we can consider the Hecke action of A}, on
the space of N%-invariants T'(N° 7). Namely, for m € A}, and v € (N, 7),
the action is given by

m-v = Z nmo.
neNO/mNOm—1

We then obtain a left exact functor

(N =) : Modgn (O/@™[Ag]) = Modew (O/™[AL])
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and, in particular, a derived functor]
RU(N®, =) : D3, (0/@™[Aq]) — Dy, (O/=™[AY]).
We also have the exact localisation functor
(=)o Modg, (O/@w™[AL]) = Modan (O/™[Ay])
induced by the inclusion AJJ\Q C Ajps. We then obtain the functor of "taking
Q-ordinary parts at infinite level"
D (0/m™[Aq]) = Din(O/@™[Aw]),
7+ RD(NO, )@erd,

We now consider several versions of taking ()-ordinary parts at finite level

and will compare them. To work in the generality we need, we will take invari-

ants with respect to general "types" and not only the trivial representation. In
particular, set o to be a smooth O /@™ [M°]-modules, finite free over O/ww™.

We will often abuse the notation and confuse o with Inf%ﬁ“v ‘0. We define

the Hecke algebras H (o)A C H(o)* C H(o) as the subalgebra generated by
functions supported on A}, respectively on M*. Finally, note that [z,,id]
lies H(U)AL and is a central element. Combined with Lemma it easily
implies that H (o) [[2,,id] 7] = H (o). We set H(o)*M = H (o) M [[2,,id]7!].

The first candidate for ordinary parts at level o is as follows. For 7w &€
DY (O/@™[Ag]) we apply the functor

RHome gmo) (0", =) : DL,(O/@™[Ay]) = D, (H(o)?)
to RO(N?, 7)@°d. Here the functor RHom, Jwmmo) (0¥, —) is constructed by

taking the usual left Hecke action of H (o )?* on the space of o¥-invariants.
In order to define the other candidate, we introduce the functor

Homg,wmoxno) (07, =) : Modaw (O/a™[Ag]) — Mod(H (a)*31)
where the target is the category of left H(J)Axf—modules. We spell out the
definition of Home mmaownoj(0¥, =). Let m € Modsm(Ag), pick [m,1)] €
H(o)2n and ¢ € Home Jommoxno) (0, 7). The action is defined by setting
[m, Y] ¢ v > m(nim) (' o o ((nm)~")o).

nMmENOX MO /m(NOxMO)ym—1N(NOxMO)
Note that we have identifications of sets
N M/ (m(N° x M%)m~" 0 (N? x M")) = (3.1.1)
{(n,m) | n € N°/mmN°(mm)~", i € M°/mM°m~" N M°} =
(M°/mM°m~ N M°) x N°/mNm~".

In particular, we obtain the following lemma.

2Here we use |[All+23], Lemma 5.2.4 to see that both categories considered are abelian
with enough injectives.
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Lemma 3.1.5. We have a natural equivalence of functors
Home gm0y (0, —)oI'(N?, —) = Home jmmpoxnoy (07, =) : Modgn (O /@™ [Ag]) —

— Mod(H(0)2H).

In particular, for m € D (O/w™[Ag]), we have a natural isomorphism
RHomeg /gm0y (0, RIL(N°, 1)) = RHome jempoxnoy (0, )

in D (H(o)2).

Proof. As the underlying O/w™-modules of the two functors evaluated on
some 7 € Mods, (O/w™[Ag]) clearly coincide, to see the first part, we only
have to check that the Hecke actions match up. This follows from the defini-
tions and the identifications B.1.1

The second part follows from [Wei94], Corollary 10.8.3 as soon as we verify
the fact that D(N?, —) carries injectives to Home /gmmao)(0¥, —)-acyclics. To
see this we argue just as in the proof of [All4+23], Lemma 5.2.7, (1). Namely,
we have the exact forgetful functors

Modan (O/@™[Ag]) % Modm(O/=™[M° x NV)),

Modyn (O/@™[AL,]) 2 Modaw(O/w™[M"]) and
Mod(H(o)24) 2 Mod(O/w™).

Moreover, [All4+23], Lemma 5.2.4 says that o and (3 preserve injectives. Now
pick an injective Z € Modg,(O/w™[Ag]). We would like to show that, for
i> 1,

R'Homg gmpo) (0¥, T(N®,I)) = 0.

As the previous discussion shows, we can equivalently verify that
YR'Homo jmm o) (0¥, T(N°, I)) = R'Home jmmpo) (0¥, T(N°, o)) = 0.

However, T'(N°, —), as a functor Modgy, (O /@™ [M°x NY]) — Modgy, (O /™[ M),
preserves injectives as it possesses an exact left adjoint given by inflation.
Therefore, aZ being injective, R"Home jmmpo)(c¥, T'(N?, o)) vanishes. [

We further consider the functor
(=)@ Mod(H(0)24) — Mod(H(0)*M)
defined by localising along H(o)2s C H (o)A,
Lemma 3.1.6. The functor
(=)@ Modan(O/@™[Af]) = Modan(O/@™ [An])

sends injectives to Home /om0y (0¥, —)-acyclics.
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Proof. Set A to be the monoid generated by MY and z,. Then, for any
integer b > 0, H(AY, M®) = O/o™[AY; /MY =2 O/ M°/M°)[z,] is a
polynomial ring over the Noetherian ring O/w™[M°/M?"]. In particular, lo-
calisation along H(A%;, M?) — H(A),, M®) = O /w™[M°/M®][z*!] preserves
injectives for every integer b > 0E| Therefore, the proof of [All4+23], Lemma
5.2.7, (2) applies and we get that (—)9°¢ as a functor

Modsw (O/@™ [A}j]) = Modsw(O/ @™ [A]),

preserves injectives.
We claim that the forgetful functors

a : Modg (O/@™[AT]) = Modaw (O/™[A%]),

6 : MOdsm(O/wm[AM]) — MOdsm(O/wm[A;W])

preserve injectives. Note that once this is verified, running the argument of
the second part of the proof of Lemma with v being the forgetful functor
Mod(H(o)?M) — Mod(H (o)) would allow us to conclude.

To see that «, respectively § preserves injectives, we note that it admits
the functor O/w™[A},] Do emalt] —» respectively O /@™ [Apm] @0 jwmiar,) —
as a left adjoint. Therefore, it’s enough to see that the latter functors are
exact. This follows from the fact that O/@™[A},], respectively O/@™[A ]
is free as a right O/@w™[A%]- | respectively O/w™[A),]-module with set of
generators given by a set of representatives of Ay, /A’,. O

Our other candidate for ordinary parts of some 7 € DI (O/w™[Ag])
is the composition RHomo /mm(asoxnoj(0, 7). Using Lemma and
Lemma [3.1.6] we see that the two candidates in fact coincide.

Corollary 3.1.7. Given m € D} (O/w™[Ag|), we have a natural isomor-
phism

RHomg om o) (0, RT(N, m)%°') 2 RHome om0 oy (0, 7) %"
in D*(H(0)2).

Proof. Exactness of (—)%°4 Lemma and an argument just as in the
proof of [All4+23], Lemma 5.2.6 implies that we have

RHomO/Wn[MO](JV, _) o (_)Q—ord ~
R(HomO/wm[MO](O'V’ _) o (_)Q-ord) ~

12

R((=)%°" o Homemm o) (0¥, —))

3Indeed, this is true for arbitrary localisation of the form R[z] < R[z*!] for R a (not
necessarily commutative) left Noetherian ring.
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(—)Q_Ord o RHom@/wm[Mo](UV, —).

In particular, for 7 € D7 (O/w™[Ag]), we get a natural isomorphism
RHomg /mao) (o, RF(NO’TI.)Q-ord) ~ RHomewm a0 Cad RF(NO’ﬂ.))Q-ord.
As a consequence, Lemma [3.1.5| implies that there is a natural isomorphism
RHome jemoy (0, RT(NO, 7)Q-ordy = RHomO/wm[MolxNO](O-v,W)Q_Ord.
O

We now further assume that the action of M! on o is trivial. Note that
it is not a serious restriction since o is assumed to be finite and free over
O/@w™ and, by the second paragraph of Example , we are free to change
M*' to be a smaller compact open subgroup so that it acts trivially on o.
For ¢ > 1, set o to be the smooth O/@w™[Q(0, c)]-module defined by the
map Q(0,¢) — Q(0,¢)/Q(c,c) = MY/M¢ i.e., for nmn € Q(0,c), we set
o(nmn) = o(m). Consider the subalgebras H(5)22() c H(s)* c H(F)
generated by functions supported on Ag(c) and Q7 (0, ¢), respectively. We
then have the following observation.

Lemma 3.1.8. For any ¢ > 1, there is an isomorphism of algebras
te: Hio)2 — H(5)2e
such that, for any m € Modg, (O/@w™[Ag(c)]), the inclusion
Homo /om0, (0, 7) = Home jmm o (0¥, T(N, 7))

intertwines the action of H(J)AL on the source via t. with the action of
H(o)2 on the target.

Proof. Note that H(O‘)AL is freely generated as an O /w™-module by elements
of the form [m, ] with m € A}, running through any choice of set of repre-
sentatives for MY\ A}, /M° and ¢ is an element of Ende/m (o) intertwining
m. Similarly, H(5)22() is freely generated as an O/w™-module by elements

of the form [q, %] with ¢ € Ag(c) running through any choice of set of rep-
resentatives for Q(0,¢) \ Ag(c)/Q(0,¢) and 7 is an element of Endp/mm (o)

intertwining ¢. We definte ¢, by sending a generator [m, ] € H(U)AL to the
function that is supported on Q(0, c)mQ(0, ¢) and sends m to 1 regarded as
an element of Endp/om (7). In other words, t.([m,¥]) = [m,v]| € H(7).

We check that t.([m,]) indeed lies in H(5)?2©). To do so, we pick
k€ 9(0,¢) NmQ(0,c)m™" and verify that o(k) o ¢ =1 o 5(m~tkm). Write
k = nhn = ma/Wa/m™ = (mn'm=Y)(mh'm=)(mn'm=") for n,n’ € N°,
h,h' € M°, and n, 7' € N°. Using the Iwahori decomposition for Q(0, ¢), it is
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easy to see that we must have n = mn'm=', h = mh'm~!, and n = ma/m~1.

In particular, we have
¥ oa(m tkm) = ¥ o 5(m 'nmm thmm \iim) =
Yvoo(n'hn')=voo(h) =
o(h) o1 = &(nhin) o) =
5(k) o 1.

We further claim that ¢, yields an isomorphism ¢, : H(o )2y = H(5)2e()
of O/w™-modules. To see this, we have to prove that

i. the map MY\ A}, /M° — Q(0,¢) \ Ag(c)/Q(0,c) is bijective, and

ii. for m € A, [m,] € H(o) if and only if [m, )] € H(F) (where in the
latter case we treat ¢ as an element of Endp/om(0)).

The first claim follows from the observation that every gymgs € Ag(c) can
be written uniquely as nm'@ for n € N°, m’ € M°mM?°, and @ € N°. This
further follows from the existence of an Iwahori decomposition for Q(0, ¢) and
the fact that A7, € M ™. The "only if" direction of the second claim is exactly
the well-definedness of ¢, that we already have checked. The other direction
follows from the inclusion M° N mM°m~ C Q(0,c) NmQ(0,c)m™".

Before proving that t. also respects the algebra structure, we check the
last claim. To do this, we pick an element ¢ € Home/mm(g,(0", ) C
Home empo) (0, T'(N?, 7)), and compute, first the action of [m, ],

[, 9] - ¢ v > T (mm)p (v o 0¥ (" )v) =

meMO/mMOm—1NMO
S Y remet o (n i) =
meMO/mMOm—1NMO neNO/mNOm—1

> m(mnm)é(Yt o 5V (n tm ).

(Mm,n)e(MO/mMOm—1NMO)x (NO/mNOm—1)

On the other hand, we have

te([m,v]) - ¢ : v > m(qm)p(¥' 0V (g )v).

q€9(0,¢)/9(0,c)NmQ(0,c)m—1

Therefore, it suffices to prove that the inclusion M°x N° — Q(0, ¢) descends
to a bijection

(M /mM°m™ N M°) x (N°/mN°m~') = Q(0,¢)/9(0,c) N mQ(0,c)m ™.

This follows from the Iwahori decomposition, the fact that m € A}, ¢ M+
and 3111
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We now easily deduce that t. respects the algebra structure. Indeed, note
that if we set © := c—IndgE&)c)bvv, the action of H(5)220 on 7 gives an
embedding

H(5) 220 — Homo,mm(o,0] (5, 7)-

In particular, t. must be an algebra homomorphism as, by the previous para-
graph, . yields an algebra action of #(c')®¥ on Home /mmig(o,0) (0", ), that
factors through the faithful algebra action of the target of ¢.. n

As a consequence of Lemma [3.1.8 for every ¢ > 1, we get a left exact
functor

Homo /wm(0(0.0](G" > =) : Modan (O/@™[Ag]) — Mod(H(0)*H).

Lemma 3.1.9. For any c > 1, there is a natural isomorphism

~V Q-ord ~v

HOmO/wm[Q(O,cﬂ (U , _) = Hom@/wm[MoxNo}(gv’ _)Q-ord

of functors

Modg, (O/w™[Ag]) — Mod(H(o)>M).

Proof. By the exactness of (=)@ for 7 € Modg, (O/@™[Ag]), we have an
inclusion

) Q-ord

Homo /om(00,0) (0, T — Homoe jmm{prow oy (0¥, )@ (3.1.2)

and, by Lemma m, it is H(o)*M-equivariant. In particular, we are left
to check that is a bijection. Given ¢ € Home/mmpoxno(c¥,m), by
smoothness of 7 and the fact that ¢ is finite free as an O/w™-module, ¢ lies
in Homo om0, (¢, ) for some ¢’ > ¢. By induction, it suffices to prove
that, for some integer £ > 1,

[Zp, ld]k . g25 (- Hom@/wm[g(07cl_1)} (a:\/’ 7T>.
This, for instance, is proved in [Emel0Oaj, Lemma 3.3.1. ]

The following Corollary then summarises the observations of the subsec-
tion.

Corollary 3.1.10. Given 7 € DI (O/@w™[Ag]), we have natural isomor-
phisms

RHomO/W’"[MO} (Uv’ RF(NO, W)Q_Ord) = RHom(’)/wm[Mo X NOJ (0'\/, ﬂ')Q'Ord it

= RHomp /omo(0,0)] (@, W)Q_Ord

in DT (H(o)?m).
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3.2 (@-ordinary Hida theory for G

We revisit the setup from §2.7] In particular, F' will be a CM field and
G = Reso,/0,,GL,. Moreover, we fix a tuple (Qp A\ 1) = (Qus Av, Ty)ves,
as in We will work with good subgroups K C G(A%;) with K? being
fixed and K, of the form
Q,(b,c) = [[ Qu(b,c) C [[ GL.(OR,)
vES) vES)

for ¢ > b > 0 with ¢ > ¢, where Q,(b,c) is the parahoric level subgroup
corresponding to @,, just as before. We denote such a good subgroup b
K(b,c) € G(A%:). Recall that, given a local system V(C/J\?z) as in
H(Ag,(c), Qp(b,c)) acts on RI'(Xg(p.c), V&’I)) via endomorphisms in D*(O)
(cf. In particular, for v € S, the corresponding Up,-operator US acts
on the mentioned complex. Following [KT17], §2.4, we set

RT(X k(000> Vi) 4

to be the maximal direct summand of RT'(Xg,c), V(C?\f’z)) on which U@ acts in-
vertibly for each v € S,,. This will then be an object of D*(0[Q,(0,¢)/Q,(b, c)])
with an action of the spherical Hecke algebra T7.

On the other hand, we can apply the formalism of with the parabolic
subgroup @, C G,, compact opens given by Q,(b,c), open submonoid of
G, given by Ay, (from and o being the trivial Ay, -module. Note
that in this case H(U)ALP = H(Ay, M) @z O/a™ = O/x™ A}, /M),
H(o)* = O/w™[Ap, /ML) and H(5)22© = H(Ag,, ,(0,¢)) ®z O/m™.
One notes that, since the cohomology groups of RI'(X g, V(Cf\”’z) Jw™) are
finite O /w™-modules, the notions of taking (),-ordinary parts in the sense of
[KT17] and in the sense of [Emel0Oa| coincide. For an argument see the proof
of |All4-23], Proposition 5.2.15. In other words, we have the following.

Lemma 3.2.1. For any m > 1, ¢ > b > 0 with ¢ > ¢, there is a natural
T -equivariant isomorphism

RT (X (be), Vil /@™ %™ =5 RT(Q, (b, ¢), m(KP, V7, [w™)) %o
in DT (O/w™ M) /M]]), induced by the natural isomorphism
RU(X v, Vil /™) 2 RD(Qy (b, ¢), m(KP, V32, [w™)).

We now highlight the two important features of Hida theory for Betti
cohomology. The first is usually referred to as the independence of level
property. Consider completed cohomology

T(K?, V37, /@™) € DEL(0/@™Ag, ().
Recall that it is equipped with an action of T7.

4We emphasise that here Ag, (c) denotes the monoid introduced in §2.8.
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Definition 3.2.2. We set (),-ordinary completed cohomology to be
OO (KP V) [@™) = RU(NY, m(KP, Vi, v /&™) € DE(O/@™[Aw,).

By Corollary [3.1.10| and Lemma [3.2.1] for integers m > 1, ¢ > b > 0 with
¢ > ¢, we have

RI(My, 7% (K, V) [@™)) & RE (X0, Vi /@)@
in D*(O/w™[M)/M}]). As an immediate consequence, we can deduce the
independence of level property.

Corollary 3.2.3. (Independence of level) For integers m > 1, and ¢ >b >0
with ¢ > ¢,, the natural TT -equivariant morphism

RF(XK(b,max{cp,b}) s V((?\?I) /wm)Qp-ord N

RI'(Xk(b,e)s V&I)/ w"™)rord
is an isomorphism in D (O /w™ M /M}]).

Note that the analogous statement also holds for compactly supported
and boundary cohomology.

As a consequence of independence of level (or rather the statements be-
hind its proof), we can deduce that the @),-ordinary part of the cohomol-
ogy complexes RI'(Xk .0, V(C?\fz)) is given by taking invariants of ),-ordinary
completed cohomology with respect to the corresponding smooth types of the
Levi subgroup.

Corollary 3.2.4. For every integer ¢ > ¢,, we have a natural TT -equivariant
isomorphism
RT (X0, V!, ™) e =

RHome jgmarg) (0(7)° /@™, @ ord(P Yy Jo™))
in DT(O/@™) induced by Corollary Lemma and Lemma[2.2.9,
Proof. By Corollary and Lemma|3.2.1, we have a natural isomorphism
RT(X (0.0, Vikpn0)/ ™) P & RT (M, 7% (K?, Vi 1y /&™)
in DT(O/w™). Recall that by definition we have

WQP-Ord<Kp> ngz)/wm) = RF(NpO? 7T<Kp> V)\/w ) ®(9/wm U( ) /w )Qp-ord'
(3.2.1)
Since — ®¢ /em a( ) /w is exact and has — ®p/mm () /w™ as an exact

left adjoint, [Wei94], Corollary 10.8.3 applies proving that ‘ 3.2.1] is naturally
isomorphic to

7l-Qp—ord(K'p’ V)\/w ) ®O/wm 0_( )o \//w
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Homown (0(r)° /™, 79 (K7, V3, /™)

in D, (O/@w™[Ap]) when o(7)° is viewed as an O/w™[A); ]-module via
inflation from M. Another application of [Wei94], Corollary 10.8.3 to

Homowmag)(0(1)° /@™, =) = T'(M,), =) o Homoem (0(z)° /=™, —)
finishes the proof. O

We now turn to discussing the second feature of Hida theory called inde-
pendence of weight. Recall the representation

Vw(?p/\ = ®”€Spvw§“>\v € Mod(O[ [] M)

vES)
from Lemma [2.7.1} View it as a Ay, -module via inflation.

Proposition 3.2.5. (Independence of weight) For any integers m > 1, ¢ >
¢y, subset S C S, and complex m € D, (O/w™[Ag_(c)]), the map introduced
in Lemma induces an isomorphism

RL(Ng, T ®0/mm Vag/w™) 5" % RI(Ng, m)95 Qojem V o, [/w™
’LUO g
in DI, (O/@™[Aw]). In particular, we have a natural isomorphism
ﬂ-Qp-Ord(Kp’ Vy/@™) ~ ﬂ-Qp'Ord(Kp’ O/w™) R0 jwm Vw(?p/\/wm

in DL (O/a™[Aw)).

Proof. The same argument as in the proof of [CN23|, Proposition 2.2.15 ap-
plies here. [

We now can deduce that RI'(Xk,,), V

Az Jw™) %o admits a natural
Hecke action at p corresponding to the data (AT

). Namely, we set
o(A1)* =V, ©oo(z)",
a locally algebraic O-representation of MZ?.
Corollary 3.2.6. We have a natural isomorphism
RT(X(0.), Vil /@) %o =

RHomo /mm g (0(A, 7)° /@™, rOrord(KP O /™))

in DT(O/w™) induced by Corollary and Proposition [3.2.5 In partic-
ular, we have an induced algebra homomorphism

H(o(X\1)"") ®0 O/w™ — Endp+©/wm) (R (XK (0.0,) ngz)/wm)Qp—ord>'
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Proof. The first part of the statement follows immediately from Corollary[3.2.4]
and Proposition [3.2.5]
For the second part, note that the formalism of with the choice M;

for the role of A}, implies that @ ord(KP O /™) can be viewed as an object
in D (O/w™[M,]). We then have

RHomO/wm[Mg}(U(A, I)O/wm7 7ero-ord(K—p7 O/wm)) c D+(H(0()\, I)O’v/wm))-
Moreover, the forgetful functor
Modg, (O /@™ [G,]) — Modsm(O/wm[A}\}p X Nz?])

sends injectives to F(N]?, —)-acyclics by [EmelOb|, Proposition 2.1.11. Con-
sequently, an application of [Wei94|, Corollary 10.8.3 shows that the ordi-
nary completed cohomology complex 79"(K?, O/w) € DT (Modsm[An,])
can be computed by applying RF(NS, —)@rord £ the completed cohomology
complex m(K?, O/w™) € D} (0O/w™[G,]) followed by an application of the
forgetful functor Modgy, (O/w™[M,]) = Modsm(O/w™[An,]). On the other
hand, [EmelOb], Proposition 2.1.2 shows that the forgetful functor

Mod (O™ [M,]) — MOdsm(O/wm[Mz?])

preserves injectives. In particular, another application of [Wei94], Corollary
10.8.3 yields an algebra homomorphism

H(o(A\, 1) /@™) = Endps(0)mm) (BT (Xk(0.), Vi /™) %),
Moreover, we have a natural morphism
H(o(A\,2)"") = H(o(A,1)"" /=™)
induced by the short exact sequence
0— c—Ind%’éa(A,z)o’v = c—Indﬁga()\,z)o’v — c-Indﬁg(a(A,z)W /™) = 0
and the proof is finished. n

We note that the action of H(o,7)* on RI'(Xko.,), Vg\fz)/wm)%-ord ad-
mits another description. Namely, by independence of level, we can pass to
level K(0,m) and then, by independence of weight, we get an identification

RF(XK(O,Cp)y V&I)/wm)QP“)rd o~ ]ﬂ“()(K(Om)7 a(\, I)O,V/wm)Qp—ord
in DT (O/w™). On the other hand, we have

RT(Xk(o.m) 0 (A, 7)°Y [@™) 2= RHomg, o,m)(0(A, 7)° /@™, 7 (K7, O /z™))
in DT (O/@™) and the latter naturally lives in Dt (H(o(\, 7)Y /@™)") ac-
cording to §3.1] Therefore, we get a natural action of H(o(\, 7)>V/@™)" on
the complex RI'(X g (0,m), 0 (A, 7)*V /w™) and, using Corollary|3.1.10} one sees
that the induced action of H(o (X, 7)*"/@™) on RT'(Xk o,c,) V&’T)/wm)Qp-ord
is the one constructed in Corollary [3:2:6l An upshot of this observation is
that this way the Hecke action can be described using the formalism of §2.4]
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3.3 Hida theory with dual coefficients

Given a tuple (Q,, A, T) as in and an integer m > 1, we also discuss

Q,-ordinary Hida theory for Vgp’v/wm on Xx where K C G(A%,) is a

T

good subgroup such that K, = Q,(0,¢) with ¢ > ¢,. This is developed by
applying the formalism of \ with parabolic subgroup @p = M,x N, C G,,
NO = Ni, Mb = ]\/[5, N = Ny, AL = (A&p)_l, zp 1= u}(;?p’_l, and
o :=c(A,7)>'. We can then introduce () -ordinary parts of the level K(0,¢)
cohomology of Vg”; /@™ by inverting the Hecke operator attached to ugp’_l.
We can also introduce @,-ordinary completed cohomology

r (K VS [@™) = RU(N,, w(KP V3 [™) 9 € D0/ (Au,))-

Given this setup, the formalism of combined with the short exact se-
quence
0—>V1\;§”—>VAV—>ICX—>O

induced by taking duals of the surjection of Lemma yields the indepen-
dence of weight property for dual coefficients.

Proposition 3.3.1. (Independence of weight) For any integer m > 1, there
is a natural isomorphism

7_rép-ord<[(p’ V;\//wm) = ,n-@p_ol‘d(Kp’ O/wm) ®O/wm V:U/Qp)\/wm
0

in DE(O/a™[Aw,)).

Remark 3.3.2. Note that even though the definition of @p—ordinary com-
pleted cohomology seems to depend on the choice of ¢ > ¢,, it in fact is
independent of this choice up to natural isomorphism. To see this, consider
two integers ¢1,¢2 > ¢,. Then, by independence of weight for ¢ = 1,2, we
have natural isomorphisms

RU(N,  m(K?, VE /™)@ 2 RT(N, 7(K?, 0/&™)) % Q0 mna (X, 1)° /@™

in D (O/@w™[Ay)). In particular, we can reduce the question to one with

trivial coefficients. In that case, 7(K?, O/w™) in fact lies in DF, (O/@w™([1,es, @, (Fy)])
and the proof of [EmelOa], Proposition 3.1.12 shows that there is a natural
isomorphism

RU(NY! w(K?, O/w™) %o = RO(NY 7(K?,0 /™))% (3.3.1)

in DJ,(O/w™[M,]), showing the claim. We note that the same argument

shows that instead of W;, we could have taken any compact open NZ C NZ”
that is preserved under conjugation by M.
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As a consequence of Remark [3.3.2] we obtain an independence of level
property for dual coefficients.

Proposition 3.3.3 (Independence of level). For integers m > 1, and ¢ > c¢,,
the natural TT -equivariant morphism

RT(XK(0,,)s /w )@ s RD(X k0.0, V(AT /™) @rord
is an isomorphism in DT (O/w™).

Due to the independence of weight property, and Corollary [3.1.10] we can
introduce the relevant Hecke action at p.

Corollary 3.3.4. We have a natural isomorphism
RT Xk, Vi @)@ o =

= RHomO/wm[Mg} ((7()\7 I)O,\//wm7 7T@p-0rd([(p7 O/wm))
in DY(O/@™). In particular, we have a natural algebra homomorphism
H(o(M\,1)°) ®0 O/@™ — Endpr(0/mm) (BT (Xk0a, Vi) /@™) %),

Proof. The proof is identical to that of Corollary Namely, by apply-
ing Corollary [3.1.10, and the obvious analogue of Lemma [3.2.1] we get an
isomorphism

RT (X k0, Vit /@™ = RE(M, 7% (K?, V7)) J=™)).
Then the isomorphism we seek is induced by the dual of the surjection
V& @™ = a(A, 1) fwm. (3.3.2)

]

We mention that the introduced Hecke action once again has a slightly
different description just as explained at the end of §3.2
Finally, we deduce Hecke-equivariance of Poincaré duality for (),-ordinary

cohomology with ng’z) Jw™-coefficients.

Proposition 3.3.5. The Verdier duality isomorphism
RHomo o (RTo(X k0.0, Vs /@), O/@™) 2 RT(X 0.0, Viy)/@™)dimp X]
induces an isomorphism

RHomo e (RTo(Xk(0.0), Vs /&™) %, O J™) =
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~ R (X k00, Vi /@™) % [dimg X]

in DY(O/@™). Moreover, the latter isomorphism is equivariant with respect
to the natural left action of H(o(\, 7)) ®o O/w™ on the RHS and the one
induced by the anti-isomorphism

H(o(\ 1) /@™) = H(o(A 1) /=™),

lg;¢] = [97" ]
on the LHS.

Proof. The first part follows from applying Corollary 2.4.3|with o = )\ ) Jw™

and noting that UZ» = [ul?,ul» - (—)] € ( /@)
To see the second part, we reduce the questlon to the case when ¢ >
m using independence of level (cf. Corollary [3.2.3] Proposition |3.3.3)). In

particular, o(X, 7)>V/w™ makes sense as a representation of Q(0,¢)! Then,
by independence of weight and naturality of Verdier duality applied to the
Q(0, ¢)-equivariant surjection

V& j@™ = a(A 1)V [, (3.3.3)

the mentioned Verdier duality isomorphism for ordinary parts is also induced
by the Verdier duality isomorphism

RHomg jom (RT (X k(0,8), 0(A, 7)° /™), O/w™) = RI'(Xk(0,2),0 (A, )%V /™).

(3.3.4)
However, the Verdier duality isomorphism satisfies the desired Hecke-
equivariance by Corollary and Corollary [3.1.10]f] O

3.4 @—ordinary Hida theory for G

As everything mentioned in the previous two sections applies verbatim for
the group G at split p-adic places of F'", we will only set up the notations
and explain the relevant results. We revisit the setup of the corresponding
part of In particular, we remind the reader of Assumption 2.7.3] Fix
a subset of p-adic places S C S, and a lift v | © for each ¥ € S, in S,,.
Consider a tuple (Qp, A\, T) as prev1ously and consider a corresponding tuple
(QS, )\S,T) = (Qv, )\U,TU)UGS as in H Further set \ to be some extension
of X to a (Resp+ /QB) -dominant welght of (Resp+ /QG) We then similarly
form the parahoric level subgroups

stc HQUZ)CCHG

veS veS

5Note that at this step we used that our Hecke action at p matches up with the Hecke
action constructed at the end of
SNote that in particular we are implicitly assuming that Ag is dominant.
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for integers 0 < b < ¢ with ¢ > ¢,. For the rest of the section, we fix a
prime-to-S good level subgroup K% c G(A SU{OO}) and set %(b, ¢) to be the
good subgroup KSQS(b, ¢) C G( X+). We then freely borrow the notation
of . In particular, we have an open submonoid A guw, (¢p) C Gg, and can
S
set AL, = Aé;“ (cp) N MEe C Mg™", and A~wo = At Lo [ugv H o ed).
S S
For ¢ > b > 0 with ¢ > ¢,, the Hecke algebra H<A§%O (c), Qgwo (b, c))

~w

o
acts on RF(X Rbe) V(;\ST)) via endomorphisms in DT(Q). In particular we

introduce the Q -ordinary parts of the complex RF( V s )Q’ ord

as

the maximal direct summand on which each U? v acts 1nvert1bly.
On the other hand, the formalism of §3.1] can be applied with the choices

—wo,C

Q= @%O, Nwo’o Mb = M2t N° = Nz , and o being the trivial
A}ﬂo -module. One can then compare the two constructions and see that the

anafogue of Lemma holds.
We can further introduce Q%O—ordinary completed cohomology

~w —— NEO
WQéo‘ord(KS, Vg\ST)/wm) =

NTWO, QY0 _ord mra
RT (N2, m(K5, V s N)/w N¥s e D (0w [Aﬂgo]).
The analogues of the independence of level and weight property hold once
again. To emphasise the normalisations and introduce the necessary notations

for later, we spell out the statement of the latter.

Proposition 3.4.1 (Independence of weight). For any integer m > 1, there
s a natural isomorphism

WQgO'Ord(ﬁ’ Vj\/wm) o~y 7_{_C‘?go-ord(;(ﬁs’ V;\?) ®O/wm y @’§0~ /wm
X5

Wo

in D3, (O /@™ [Agzuo]).

Here we denoted by A5 the dominant weight for G that is trivial at S and
coincides with A outside 3. Similarly, Xg is the dominant weight for G that is
trivial outside S and coincides with A at 5. Also, analogously to the previous
section, we view V guo_ Jw™ as an O/w™ [K 77v0]-module via inflation from

S

’LUO Ag

Mwo,(]
"We can then also deduce the analogues of Corollary 3.2.4] and Corol-

lary[3.2.6, In particular, RF(X ord

admits a natural Hecke

Q
700 Yo/ " )
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action at p. Namely, set
(A5, 75)° = VWm0 6(r5)° € Mod(O[M2")).
wo s >\§

Then there is a natural algebra homomorphism
o o m ~ @%0 ma Q0 ord
H(U()\g, Ig) ’ ) Ko O/w — EndD"'(O/’wm)(RF(Xﬁ(O,C)? V(S\,z)/w ) 5 )

Remark 3.4.2. We note that if we set S := {v | 7 € S}, we have V g%
wyS g
V o5, ®o Y Qe and, by the proof of [CN23|, Lemma 2.2.14, we get
5 “Wo " Age

Wy

5(Xg,75)° = 0(Ag:75)° ®o (6,") 0(Age. T5.)° €

Modw[(r[ Mv<on>) x ( 11 wnMvc)(oFU))].

vEg UCE§C

—_ Ni wP
Finally, one can develop Qg-ordinary Hida theory for Vg\s;) oY Jw™ (see
the end of for the notation) just as in . In particular, one arrives to
Hecke-equivariance of Poincaré duality at p for ordinary cohomology of Xz.

3.5 Ordinary parts of the Bruhat stratifica-
tion

Here we again closely follow [CN23| on computing the ordinary parts of
certain Bruhat strata of parabolic inductions in the derived category. As we
often will not need serious changes in the proofs, we sometimes only state
the results we need and indicate how to deduce them from the arguments of
[All4+23] and [CN23|.

As in |[CN23|, 2.3.1, we restrict ourselves to a completely local setup.
Let L/Q, be a finite field extension with ring of integers O and a choice
of uniformiser wy. Let G/L be a split connected reductive group with a
split maximal torus 7' C G and Weyl group W = W(G,T). Fix a Borel
subgroup 7" C B and two standard parabolic subgroups B C Q1,Q2 C G
with Levi decomposition @)1 = M; x N7 and Q3 = My X N», respectively. We
denote by Wy, the Weyl group of M; and by @W® C W the set of minimal
length representatives of Wg, \W/Wy,. For w € W we denote its length by
l(w) € Zso. Recall that G(L) admits a stratification (with respect to its
p-adic topology) called the Bruhat stratiﬁcationlz]

GIL) = [ @@uw(L)= T[ S

we@1W 2 weQ1 W2

"For a reference in this generality, see [Haul8|, Lemma 2.1.2. However, note that loc.

cit. considers the opposite parabolic @); on the left instead, so the closure relations are
reversed there.
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with closure relations given by the Bruhat order

So= I Su.

w>w' €QLW 2

In particular, for ¢ € Z>(, the subset

Gzi = H Sw - G(L)

L(w)>i

is open.
We first recall how the Bruhat stratification provides a "stratification" of
the exact functor

Ind(\(), : DE,(0/@™Q1(L)]) — DL, (0/=™[G(L)))
in a suitable sense. We define the functor

I5; : Modgn (O/@™[Q1(L)])) = Modan (O/@™[Qa(L)])
(

1
are supported at G>;. For w € QUIYQ2 we can further define the functor

which sends 7 to the Q2(L)-stable subspace of functions in Indg 2)% which

Ly : Modsm(O/@™[Q1(L)])) = Modan(O/w™[Q2(L)]))

which sends 7 to the set of locally constant functions f : S, — 7 which
are compactly supported modulo Q;(L) and left invariant with respect to
elements of Q1(L) equipped with the left Qy(L)-action given by right mul-
tiplication on the source. Finally, for w € W% consider also the open
subspace S = Qi(L)wMy(L)N2(Op) C S,. We then define the functor
I2 - Modgy (O/w™[Q1(L)]) = Modgn (O/w™[My(L)T x No(Op)]) by setting
I2(m) C L,(m) to be the subset of functions supported on S¢. Each of these
functors are exact as the argument of [All4+23], Proposition 5.3.1 shows.

For every i € Z>o and 7 € DI (O/w™[Q1(L)]), the natural inclusion of
functors />;+1 C I>; induces a distinguished triangle

Isip1(m) = Isi(1) = @pw)=ilw(m) = Isipa (m)[1] (3.5.1)

in DI (O/@™[Q2(L)]). For the proof of this, see [Haul8], Lemma 2.2.1.
Given a 0 € Modgy, (O/w™[M3(OL]), finite free over O/w™, we consider
the functor

RHomo fwm(ny(0,))(05 RT(N2(Op), =)9°) : D3 (O/@™[Q2(L)]) — D (H(aY)).
We can apply this functor to to get a distinguished triangle

RHome wnnn0,)(0, RL(No(Or), Isii1(m))%>) —
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— RHOomo /e ary(0,))(0, BT (N2 (Op), Ii(m)) 9°) —
= D)= RHOMO /o (313(0,)) (0, BT (N2(OL), L (7)) ) —
— RHOmO/wm[MQ(OL)](U, RF(NQ(OL)7 [Zi-i—l (W))Qz—ord)[l]‘

The argument of |[CN23|, Proposition 2.3.4 shows that taking long exact
sequence of cohomology of the distinguished triangle above gives a H(o")-
equivariant short exact sequence

0— RjHOmo/wm[MZ(OL)](O', RP(NQ(OL>, [2i+1 (ﬂ,))Qg—ord> —

— RIHomo jwm a0,y (0, RT(N2(OL), Isi(7)) 9 ") —
— @é(w)ziRjHOmo/wm[M2(0L)](U’ RF(N2<(’)L)7 Iw(,]r))Qz-ord) =0

for every j € Z>o. To be more precise, the proof of Proposition 2.3.4 in [oc.
cit. relies on their Lemma 2.3.5. We state the obvious generalisation we need.
However, we omit the proof as it can be proved just as the version in loc. cit.

Lemma 3.5.1. For any i € Z>, there are decompositions
G = U [[ U7

into open and closed subsets, indexed by m € Zsy, that are Q1(L)-invariant
on the left and Q2(Or)-invariant on the right such that

Gzﬂ.l = U U{n

m>1
To apply this line of argument, we compute
RU(N3(Op), Iy (m)) @

for a class of w € @1W®2. First we note the following lemma that is essentially
[All+23], Lemma 5.3.4 (see also |[CN23|, Lemma 2.3.6).

Lemma 3.5.2. Let w € @'W2 such that wM,(L)w=' C M;(L). Then:
i. IS takes injectives to T'(Na(Op), —)-acyclics.
ii. Let m € DE (O/w™)[Q1(L)]). Then there is a natural isomorphism

RT(Ny(Op), IS ()92 = RT'(No(Op), L, ()92,

Proof. Note that the assumption on w implies that
S = Q1(L)wN2(Oy).

Knowing this, the proof of [All4+23], Lemma 5.3.4 applies verbatim. ]
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If w € @W such that wMs(L)w™ € M;(L), we define
N2ow = QI(L) M wNQ(OL)lU_l,
a compact subgroup of Q1(L). We define the functor

(NS

2w

=) : Modsw (O/@™[Q1(L)]) — Modun (O /@™ [Ma(L)"])

where an element m € My(L)T acts on a v € V2w by the formula

m-v .= Z nwmw ™' v

o —1)0° —1,p—1
neENg ,,/wmw=INg  wm™lw

where on the right we consider the natural action of wmw™ € Q;(L). One
checks easily that our assumption on w ensures that this formula makes sense
meaning that we have wmw ™' N3 ,wm™'w™" C Ny,

Lemma 3.5.3. Let w € @W2 such that wMo(L)w™' C M,(L) and consider
7w € DY (O/@™[Q1(L)]). Then we have a natural isomorphism

RI(N2(Op), I, (7)) = R (N3, 7)
in D3, (O/@™[My(L)*]).

Proof. Again, it can be proved by running the proof of the analogous state-
ment |All423], Lemma 5.3.5, keeping in mind our assumption on w. For the
reader’s convenience, we recall the argument here.

By the first part of Lemma |3.5.2] it suffices to give a natural isomorphism
of underived functors

L(N2(Or), I (=) = TNz, =)
For m € Modg, (Q1(L)), the map will send an No(Op)-invariant function
f : Ql(L)UJNQ(OL) — T

to f(w) € n™2w. This visibly gives an isomorphism of underlying O /w™-
modules with inverse sending v € 72w to f, : pwn — p - v.

We are left with checking that this defines an My (L)*-equivariant map.
In other words, for f € T'(No(Op), I3 (7)) and m € My(L)™, we need to see
that

> f(wnm) = 3 Awmw ™ f (w).

ne€N2(Or)/mN2(Op)m—1 ﬁeN;yw/wmwflNs’w(wmwfl)*l
(3.5.2)
Note that the association

N3, /wmw ™' Ny, (wmw™") ™" —= Nay(OL) /mNy(Or)m ™, (3.5.3)
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n— w aw
is injective. Moreover, for n = w™'7iw lying in the image, we have f(wnm) =
nwmw ™! f(w). In particular, to see that holds, it suffices to prove that
f(wnm) # 0 only if n lies in the image of [3.5.3] So assume that wnm €
So = Q1(L)wN2(Op). Accordingly, we write it in the form wnm = quwn’
with ¢ € @Q1(L) and n’ € Ny(Op). On the other hand,

1

n=w 'qun'm ™ = (wlqum ) (mn'm™") € Ny(Op)

and our assumptions imply that mn'm=' € No(Op). Therefore, we get
wlqum ™ = w (qumT'w T w € wQ(L)w N No(Or) = w™' Ny, w.
]

Corollary 3.5.4. Let w € W2 such that wMy(L)w™ C My(L) and 7 €
DI (O/w™[Q1(L)]). There is a natural isomorphism

RF(NQ(OL)7 Iw(ﬂ-»Q%OTd ~ RI—\(N;’w,W)QQ_ord
in D3, (0/@™[My(L)]).

Finally, we compute RT'(Ny,,,m)9> as in [All4+23], Lemma 5.3.7. For
the rest of the section, we assume that G = GL, with T = T,,, the torus
consisting of diagonal matrices and B = B,, the Borel consisting of upper
triangular matrices. We also introduce some further notation. Given w €
QU Q2 such that wMy(L)w™! C My(L), set Q. = wQyw ™t N M; C M; with
Levi quotient M,, = wM,w~"' and unipotent radical N,, = wNow ™! N M;.
Consider the character
Xw : Ma(L) — O,
NormL/Qp detL(Ad(mw) ’Lier(L))_l
|NormL/Qp detr (Ad(m®) |Lieny, (2))lp

where we set m® := wmw™!. Introduce the equivalence of categories

Tw : Modgn (O /™ [My(L)]) — Modgn(O/@™ [wMy(L)w ™)

m—

sending 7 to 7,(m) with underlying O/@w™-module 7 but with the twisted
action 7,(m)(m) = w(w 'mw). Finally, set Ny = N,(Or) and N3, n, =
N2, A Ny(L).

Lemma 3.5.5. Assume that G = GL,, with T = T,, B = B,, and let w €
QUIWQ2 such that wMs(L)w™' C My(L). Then, for anym € DE (O/w™[M,(L)]),
there is a natural isomorphism between

RD(N3,,, Infi (7 m)@z-erd

2,w)

and
O™ (Xw) ®ojwm Ty RU(Ng, 7)Y —1kg, N5, 5]

in D, (Ofw™ [ Ma(L))).
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Proof. Before starting the proof, we note that the argument is just an obvious
generalisation of the proof of |All4-23], Lemma 5.3.7 and so we kept the
structure of their argument and sometimes will refer to it as loc. cit.

We set the monoid My(L)™ x,, Ny, to be Ma(L)™ x Ny, with the action
(m,1)(1,n) = (1,m“n(m®)~')(m,1). Consider the short exact sequence

[¢] [¢] (e]
0— Nyyn, = Noy = Ny =0

and note that it is obviously equivariant for the M,y(L)*-action on each

groups via m +— wmw~'. Then just as in loc. cit., we basically write

RI(N3,, Inf§i{) )20t as "R (Ng, =)@ oo RT (N3, x,, Inf () =) @™,

2w
To make this precise, we need to introduce some functors. Denote by

Res” : Modgy, (O/w™ [M1(L)]) = Moden (O /@™ [Mo(L)* x,, N3 wl)

the composite of Inf%l((LL)) with the functor that sends 7 € Modg,(Q1(L)) to
itself as an O/w™-module with the action Res”(7)(mn) = 7(m™n). Further
set

a : Modg, (O/@™[My(L)" x4y N2|) — Modgn (O /™ [M,, (L)t x N2])
to be the functor defined by composing the equivalence
Modgn (O™ [Ma(L)* x4y Ng]) = Modgw[wMa(L)Tw™" x Ng))
with the localisation
Modgn (O /@™ [wMy(L) Tw ™" x N2]) — Modew (O™ [My (L) x N2

induced by the inclusion wMy(L)Tw™" C M,(L)". Analogous construction
defines a functor § such that they fit into a commutative diagram (up to
natural equivalence)

Modg, (O /@™ [M(L)" x4 N2]|) —— Modgm (O /™[ M,,(L)" x N2|)
lF(NEM_) lF(NEH_)

Modgn (O™ [My(L)*]) ——2—— Modym(O/@™[M,(L)*])

where the vertical arrows are defined the usual way by considering the cor-
responding Hecke actions. A reasoning similar to the proof of Lemma [3.1.6
shows that « takes injectives to I'(Ng, —)-acyclics. Therefore, by checking
things on underived functors, we have

RT(N3 . Inff () 9-ord &

T (BRT(Ng, RU(N3 N, » Res(rr)))Quord o



106 CHAPTER 3. Q-ORDINARY HIDA THEORY

7 (RT(Ng, «RT(N3 , n,, Res®))) 9w

Since Ny, n, acts trivially on Res“w, we get
RIU(N3 N, > Res”m) = Res"m ®pjm RI(Ny,, n,, O/@™)

in DY, (O/w™[My(L)" x,Ng]). In particular, to compute a RI'(Ny ,, y, , Res"7),
it suffices to compute aRI'(N3,, y,, O/@™).
Claim: We have natural isomorphisms

aRT(Ng,y, ny O/@w™) = 7,0 @™ (xw)[—1kz, N3y v, | =
aO/w"™ (xw)[—rkz, N3 4 v ]

in DF (O/@™[M,(L)" x N2]) where, by abuse of notation we consider y,, as
an Ms(L)™ x,, N2-module by inflation.

Proof of claim. Assume that Q) = P, .. n,). Then we can write

-----

where N7, C N1(Op) corresponds to the entries lying in [n; 1 +1,n;] X [n; 1 +
1,n,l Wlth the convention that ny = 0. This induces an isomorphism

o ~Y [}
N27w7N1: H NZ,w,ij'

1<i<j<t

Set r;; := rkz, N3 and, for 1 < k <'t,

2,w,1j
zpr = diag(p, ...,p, 1, ..., 1)

where the first n; 4 ... + ny entries in the diagonal are given by p and the
rest by 1. Note that z, is in the centre of M;(L), so it lies in M, (L)* and
it is invertible there, in particular, its Hecke action on aRI'(Ng,, y,, O/@™)
is invertible.

Moreover, Kiinneth formula gives

RU(NS yny, O™ = X) RT(N

1<i<y<t

O/w™)

2w2]7

and the Hecke action of 2, is given by multiplying by the scalar

1 ) i
[N;le ZPkNZw pk] pZz<k<] "

the tensor product of maps

;1 BU(NG 45, O/@™) — RT(Ny

2,w,25

O/a™)

induced by multiplication by p on Ny, .. if i <k < j and by id : N3, ;; —
NO

5wi; otherwise. In the first case this means that, for 0 < d;; < 7y,
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H%:i(mj ;) is multiplication by p~% and it is multiplication by 1 otherwise.
In particular, a(®,.; H%7 (N3, ;. O/w™)) # 0 only when d; ; = r;; for each
1 <4< j <t Notethat >,.;r; =rkz,N;, ,. Therefore, we have

aRT(Ns , x,, O)w™) = a H™ 20Nz 0,m, (Ng vy O™ [~1kz, N5 oy v, -

Moreover, just as in the proof of [Haul6], Proposition 3.1.8, using [EmelOb],
Proposition 3.5.6 and the description of the corestriction map on top degree
cohomology (cf. |[EmelOb], Lemma 3.5.10), we see that the latter is, as an
O /@™ [M,(L)*]-module, given by O /@™ (Xw)[~1kz, N3 5, - O

Putting everything together, we get
RE(N3,, Infff () m) 9 =

7 'RO(NS, (O™ (xw) ® Reswﬂ))Qw'ord[—rksz§7w7Nl] &
7o' (1(O /@™ (Xw))) @0jem T, ' RU (N, m) @ [—rkg, N3, n,] =
O/m™ (Xw) X0 /wm TJIRF(N;’ W)Qw_ord[_rksziw,Nl]'

Combining the results of the section, we obtain the following.

Corollary 3.5.6. Assume that G = GL,,, T =T, and B = B,,. Let w €
QU Q2 gych that wMy(L)w~t € My(L). Then, for everym € DZ (O/w™[M,(L)]),
o € Modgn(O/w™[M2(OL)]) finite free as an O/w™-module, and j € Z>y,

the group

RHomo ey (0,)) (0, RT(No(Op), Indg! () m) 92
admits
RIS Homo jeom iy 0,)) (0, O™ (Xaw) @0 jm 73y BTN, m) @)
as a H(o)-equivariant subquotient.

For the reader’s convenience, we spell out the case of interest for our
application in proving local-global compatibility. For this we introduce some
notation that hopefully makes it easier to motivate how Corollarywill be
applied. In particular, consider G = GLo,, and set P = P, ) C G to be the

Siegel parabolic with Levi decomposition P = G x U. Moreover, set Q C P
to be any standar parabolic subgroup with Levi decomposition M x N. Set
QNG =Q.xQ CG=GL, x GL, and denote their Levi decompositions
by M. x N., and M x N, respectively. Note that M = M. x M. Denote
by Q“° C P C G the standard parabolic subgroup with Levi decomposition

8Standard with respect to the Borel of upper triangular matrices.
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M™ » N*o where M"™ = M x M, C GL, x GL,. Pick ¢ = 0 ® 0, €
Modsm((’)/wm[]/\\/[/“’o(OL]) = Mods, (O/w™[M(Op) x M.(Op)]), finite free as
an O /ww™-module. Finally, note that wl € © W@ Then a direct application
of Corollary [3.5.6| with Q; = P, Q2 = @™, and w = w{ gives.

Corollary 3.5.7. For every m € DI (O/w™[G(L)]), and j € Zxy, the group
j ~ ATw G(L Q™0-or
RHOMy 5700 (0, (@ BTN (O1,), Ind ) m) @)
admits
RjHomO/wm[M(OL)XMC(OL)](U ® UC’RF( (OL) X N (OL) )QXQC Ord)
as a H(o) x H(o.)-equivariant subquotient.

We also deduce a dual statement computing 5—ordinary parts of a Bruhat

stratum of Indgggﬂ.

Corollary 3.5.8. For every m € D (O/@w™[G(L)]), and integer j € Z>o,
the group

) . —=l1 a L T"_Olu
RHomg, o ii0,) (Tur @ BU(N Ind 7))o
admits

RjHomO/wm[Mc(oL)xM(@L)] (Gc ® o, RF(N}: X Nl, W)@X@-Ord)

as a H(o.) X H(o)-equivariant subquotient.

Proof. We reduce it to Corollary [3.5.6| Set z, := ué € Z+ to be the usual

element deﬁmng the Up-operator with respect to Q and wy = wg) Set
Qwo — M% x N% to be the standard parabolic subgroup with Lev1 sub-

group Wy "Muw,. Note that N° := zprN“’ (Op)(Z,w0) ™t C N and, by
Remark we have a natural (H(7,r0)-equivariant) isomorphism

R'Hom 25, BO(N |, Ind5 )§-OYd> S

O/wm[M(0y)] (

j ~ ATC é(L) i—or
RiHomy,_iiion <Tw(};a, RT(N°, Ind§()7)@ d) .

Moreover, multiplication by Z,w, sets up a H(Tfoﬁ)—equivariant isomorphism
between the latter and

R’ Homo/wm[MwO(oL)] ( QchO' RF(N'LUO(OL) Indggﬁgﬂ')QwO-ord> (354)
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where the Hecke action on is through ihe isomorphism H(7,r0) =
H(Tw(?chg) induced by wg. Set N0 x N¥ := N NG and note that N, re-
spectively N is the unipotent radical corresponding to M™ := w$ Mw$ ™
respectively M := wgCMCwO ©~1. Then Corollary [3.5.6/ shows that m
admits
: - - D0 o OP0_or
RJHomO/wm[MfO*OxM@OvO] <nggca'c X T,Q0; RU(N™(Op) x N%(Qp), 7))@ xQ"0-0 d)
(3.5.5)
as a H(T oxe.0)-equivariant subquotient. Note that @y = (w§*, w$)wl =

Wo
wh (W, wde). Therefore, multiplication by (w(?mg?c, wgug) and another ap-

plication of Remark sets up a H (o) = H(74,0)-equivariant isomorphism
between [3.5.5] and

. ~ ——1 —=1 ) O- T ~Y
RJHomO/wm[MC(OL)XM(OL)] <7’10630'7 RF(NC x N ,W)QCXQ © d) =

RjHomO/wm[Mc(OL)xM(OL)](Uc X o, RP(Wi X N17 W)QXQ-OM).
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Chapter 4

()-ordinary parts in
characteristic 0

In this chapter, we discuss the notion of taking ordinary parts of smooth
admissible representations of a p-adic reductive group that arise as local com-
ponents of cohomological automorphic representations (see [Gerl8], §5.1 for
instance). In fact, we take a slightly more involved approach and define or-
dinary parts of locally algebraic representations in terms of Emerton’s slope
0 part. It will allow us to compare it to the corresponding Jacquet module
and to our previous notion of ordinary parts. The latter will be useful in the
endgame of proving our local-global compatibility results. We will then prove
our main characteristic 0 result regarding ()-ordinary parts of Q)-ordinary lo-
cally algebraic representations of GL,. Finally, we close the chapter with
deducing Q-ordinary local-global compatibility for regular algebraic cuspidal
automorphic representations of GL,, in the conjugate self-dual case.

4.1 Ordinary parts of locally algebraic repre-
sentations

We briefly summarise the notion of ordinary parts for locally algebraic
representations as introduced in [BD20], §4.3 (see also |[Emell], §5.6) and
how it compares to Emerton’s ordinary part functor from |[Emel0Oa] when the
representation admits an invariant lattice. We revisit the setup of and
without further notice will use the introduced notation. However, we further
assume that G is split over L and fix a choice of maximal torus 7" and a Borel
subgroup B containing it. Finally, ) is now assumed to be standard with
respect to B. Recall that our coefficient field is £/Q,, a finite extension,
large enough, so that [L : Q,] = Hom(L, E). Then, given a (Res;;q,B)e-
dominant weight A\ € Hom((Res;;q,T) e Gm,g) = ®urogHom(Tg, G k),
set V\ = ®,V), to be the corresponding absolutely irreducible algebraic E-
representation of G(L). Note that the dual V)’ is isomorphic to Vyv where

111
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A= —w§ .

Definition 4.1.1. An FE-representation IT of G(L) is called locally algebraic
of weight A if it is locally V)v-algebraic in the sense of [Emel7|, Definition
4.2.1 such that the smooth vectors Hom(Vyv, IT)g, = liénK_>1 Hom  (Vyv, II)
form an admissible smooth representation of G(L).

We note that our definition admits a more intrinsic formulation (cf. [Emel7]
Definition 6.3.9, Proposition 6.3.10).

Remark 4.1.2. Note that any locally algebraic E-representation II of weight
A is of the form 7 ® V)v with 7 a smooth admissible E-representation (cf.
|[Emel7], Proposition 4.2.4). The functor Hom(Vyv, —)sm sets up a natural
equivalence between the category of locally algebraic E-representations of
G(L) of weight A and the category of smooth admissible E-representations
of G(L). However, the reason one might want to appeal to the notion of
locally algebraic representations is that it yields a different notion of p-adic
integrality. Indeed, this is our motivation to work with locally algebraic
representations.

Remark 4.1.3. Note that, V) being an algebraic E-representation of Resy q, G,
V)\NO o~ V)\N(L)

as subspaces of V). Moreover, the latter is the absolutely irreducible repre-
sentation of M (L) associated with X\ viewed as a (Resy,q,B N M )g-dominant
weight for (Resz,q,M)r (see [Cab84]). In particular, the former is naturally
an M (L)-representation. As a corollary, one sees that for a locally algebraic
FE-representation Il = m ® Vv of weight A\, we have an induced identification
IV >~ 7N VA]X(L). Moreover, under this isomorphism, the Hecke action of
M+ on IV coincides with the MT-action on 7° @ VAAV[(L) given by the usual
Hecke action on the first factor and the natural action on the algebraic part
(see the proof of [Emel7], Proposition 4.3.6).

We now introduce the notion of finite slope and slope 0 parts of IV ’. For
b > 1, consider the finite dimensional E-vector space

I, := 7909 @ V,\]\VI(L) c .

By Hypothesis , it is a Zj,-invariant subspace. Denote by B, the E-
subalgebra of Endg(11,) generated by Zj,. This is an Artinian E-algebra and
as such, it decomposes into a product of local Artinian F-algebras indexed by
its maximal ideals. We then say that a maximal ideal m C B, is of finite slope
if the image of Z;; in By is disjoint from m. For such an m, the composition

Z]J\}—>Bb—»Bb/m<—>Qp
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lands in Q; . We further say that a finite slope maximal ideal m C B, is

of slope zero if the composition lands in Z: . Considering the corresponding
factors of By, induces Zj;-equivariant decompositions

I, = (1) s @ (ILp)mun = (I1p)o @ (1) 50 (4.1.1)

into finite slope and slope 0 parts and their complements. Note that (I1,)g C
(ITy)¢s and that the Z3;-action uniquely extends to a Z);(L)-action on both by
definition. The decompositions in are easily checked to be compatible
when we vary b. Therefore, by passing to the colimit over b > 1, we get
Z{-equivariant decompositions

I 2 (1Y) @ (1Y) 2 (1Y) @ (I .

Moreover, in the colimit, the decompositions are preserved by the M *-action.
In particular, Lemma and Remark shows that (ITV")g and (ITV),
become locally algebraic E-representations of M(L) of weight w}fw§\ =
w(? A

First, we compare the finite slope part with the classical (unnormalised)
Jacquet functor. This is essentially the theory of canonical liftings that goes
back to Casselman (cf. |[Cas95]).

Proposition 4.1.4. We have a natural M (L)-equivariant isomorphism
(1Y) @ dg = Jg(m) © VU™

induced by the natural M -equivariant (surjective) map
Y’ ® 6g — Jo(r) @ V&P,

Proof. This can be deduced from [Eme06a], §4.3. We sketch an argument
here. It is an easy consequence of the definitions that (ITN")g = (7™°)g ®
V)\AVT(L) and (ITV O)Imn = (7N O)nun@V)\]\v[(L). Moreover, one sees that (7249 C
720b) is the subspace of vectors on which, for some choice of z, € Zi as in
Lemma , the action of z, is nilpotent. Using this description of (7™ O)nuu,
one sees that (7°),u is exactly the kernel of the natural #° — Jg ().
Moreover, [Eme06a], Proposition 4.3.4 i) shows that 7" @ 6 — Jo(7) is
an M T-equivariant surjection (see also [Cas95|, Theorem 3.3.3 and Lemma
4.1.1). Note that in [Eme06a] we don’t see the appearance of d¢. This is due
to the fact that they work with a different normalisation of the Hecke action
on 7° (see loc. cit. Definition 3.4.1). Combining these observations, we get
the proposition. O

Hence for any choice of such z,.
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Remark 4.1.5. To avoid confusion, we point out that what is denoted by Jg
in [Eme06a] is Emerton’s locally analytic Jacquet functor. It can be applied
to a certain class of locally analytic representations II of G(L) and defined
by the analogous formula (ITV)g for a suitable notion of finite slope parts
in this setup. Without elaborating on it any further, we just note that it is
easily extracted from |[Eme0O6a], §4.3 that the constructions of [BD20|, §4.3
are all compatible with the ones of Emerton. In other words, for II a locally
algebraic E-representation of G(L) we have Jo(IT) 2 (IT" ) ® ¢ where the
former is in the sense of Emerton and the latter is in the sense of Breuil-Ding.
Again, the character dg appears because of the different normalisations of the
Hecke action. From now on, we freely use the notation Jg(II) for II a locally
algebraic representation to denote its Jacquet module in the sense of Emerton.
In light of Proposition [4.1.4] it recovers the classical Jacquet functor.

We now turn to discussing (ITV 0)0. We would like to compare it with
Emerton’s ordinary parts for smooth admissible O/@™|G(L)]-modules (cf.
[Emel0a]). In order to have a chance to compare the two notions, we assume
that our II is also a unitary representation of G(L). By this we mean that
there is an O-lattice II° C II| that is invariant under the action of G(L). The
given lattice induces O-lattices IIy := II° N II, C II, which are necessarily
finite and free as O-modules. Then, for an integer b > 1, set A, to be the
O-subalgebra of Endp(I1)) generated by Z;,. This is a finite O-algebra and,
in particular, we have A, = [1,(Ap)n, where the propduct runs over maximal
ideals in A,. Call a maximal ideal n C Ay, ordinary if the image of Z3; in A,
is disjoint from n. This gives a Z;;-equivariant decomposition

Hg = (HZ)Ord S (Hg)nonord

and, just as before, the Z;-action on (II})ea extends uniquely to a Zy(L)-
action. By passing to the colimit over b > 1, we obtain an M *-equivariant

decomposition .
>N = Ordj®(I1°) & NOrdj®(IT°).

Therefore, Ordglg(ﬂo) is naturally a representation of M(L). Then [BD20],
Lemma 4.10 shows that we have a natural isomorphism
Ordg®(IT°) ®o E = (11",

of locally algebraic E-representations of M(L). In particular, the former is
independent of the choice of lattice II° C II and N° and the latter is unitary.
Motivated by this, introduce the following notation.

Definition 4.1.6. Let II be a locally algebraic E-representation of G(L) of
weight A. We then define its Q)-ordinary part

Ordg®(IT) = (ITV"),,

a locally algebraic E representation of M (L) of weight wf;? A

2In other words, an O-submodule that spans II over E and contains no E-line.
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In the rest of the section, we will justify that when II is assumed to be
unitary our locally algebraic Q-ordinary parts does behave like an ordinary
part. In the next section we will see that in fact under some a priori milder
assumption it still behaves like an ordinary part functor.

From now on, for the rest of the section, we assume that II is unitary
and choose an O-lattice II°. For an integer m > 1, we can also introduce
analogous constructions for II} /@™ to get a Zj;-equivariant decomposition
Iy /o™ = (IIy /@™ )ora @ (117 /@™ )nonora- The natural map then induces an
isomorphism (cf. [BD20], 4.16)

(I )ora/ =™ =5 (115 /™ ora. (11.2)

On the other hand, I1°/@™ is a smooth admissible O/w™[G(L)]-module so
one can take its @-ordinary part in the sense of Emerton. Then [BD20],
Lemma 4.14 shows that we have a natural injection

lim (IT; /@™ ) ora < Ordg (I1° /™) (4.1.3)

b>1

where the latter is Emerton’s Q-ordinary part (cf. [EmelOaj, Definition
3.1.7)E| However, due to the presence of group cohomology, is not nec-
essarily surjective. Combining {4.1.2/ and [4.1.3| one gets (cf. [BD20], Lemma
4.16) a natural M (L)-equivariant injection

Ordg#(I1°) < Ordg(I1°) := lim Ordg(T1° /™). (4.1.4)

Remark 4.1.7. The map [£.1.4]is clearly not surjective in general: The source
is a locally algebraic representation, the target is a lattice in an E-Banach
space representation. A more sensible question to ask is whether it has dense

image or not. One notes that it does have dense image as long as is
surjective, see [BD20], Remark 4.15 and Remark 4.17.

Given a unitary admissible E-Banach space representation I of G(L),
with a unit ball II°, then lim  Ordq(II° /™) is what Emerton calls Ordq (II°)
in [Emel0a]. Moreover, one can then set Ordg(Il) := Ordg(II°) ®o EJ] We
borrow his notation. We conclude the section with discussing a corollary
of the adjunction property of [BD20|, §4.4. Before stating the corollary, we
introduce the following notation. Let II be any E-representation of G(L) and
W be an algebraic E-representation of G(L). We then denote by IT"-ls ¢ 1
the G(L)-invariant subspace of locally W-algebraic vectors in II in the sense
of [Emel7], Proposition-Definition 4.2.6.

3We note here that since we are in an admissible situation, Emerton’s ordinary part
simplifies to localising (II°/w™)N" along O[z,] < O[zF!] for any 2, as in Lemma
(see [EmelOb], Lemma 3.2.1).

4One checks easily that it is independent of the choice of unit ball.
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Proposition 4.1.8. Let Il be a unitary admz’ssz’bleﬂ E-Banach space repre-
sentation of G(L). Then, for any choice of (Resy q,B)g-dominant weight \,
we have a natural M(L)-equivariant identification

OrdQ(ﬂ)V)\A\f/(L)_lalg ~ Ord81g<HV>‘V_lalg).

Proof. Before proving the proposition, we first remark that the statement
indeed makes sense. In other words, we need to check that IT"Av'8 ig in-
deed a locally algebraic representation (of weight \) in the sense of this text.
Note that the functor of taking locally Viyv-algebraic vectors factors through
the functor I — II'* of taking locally analytic vectors. By [Emel7], Propo-
sition 6.2.2 and Proposition 6.2.4, we see that I is an admissible locally
analytic representation of G(L). By loc. cit. Proposition 6.3.6, we see that
[T'&:Vav-lale o~ TIVav-lale jg aoain an admissible locally analytic representation.
Finally, the claim follows from loc. cit. Proposition 6.3.10 by noting that
EndE[G(L)] (V)\v) = F.

Now the proposition easily follows from [BD20| §4 as we explain now. We
first apply [BD20], Lemma 4.18 with the choice V = II"»vlle ¢ 1 = TII,
We =1I° and V° =V NW°. It gives an injection

Ord(11%v-118) < Ord(IT). (4.1.5)

As Ord®(IT"»v2) is a locally algebraic representation of M (L) of weight

w$ X, it necessarily lands in OrdQ(H)VA]g(L)'lalg.
For the other inclusion, note that Ordg(II) is again a unitary admissible
E-Banach space representation by [Emel0Oaj, Theorem 3.4.8 (and |[Emel7],

ol VN(L>-la1g ~ N(L) .
Proposition 6.5.7). Therefore, we see that Ordg(II) v =1V, isa
locally algebraic representation of weight w(? A. Consider the natural inclusion

b 1@ VNE 22 Ord (1) 8 <y Ordg (1),
Then [BD20], Proposition 4.21 applied to f := ¢, yields a map

Ind&~

)
Q(L)ﬂ— X V)\v — II

and ¢, can be reconstructed by precomposing the map
a G(L
ordelg(md@ELgn ® Vav) — Ordg(I1) (4.1.6)
induced by loc. cit. Lemma 4.18 with the inclusion
N(L lal G(L
7@ Vi = Ordg*(Indgy )7 @ Viv)

of loc. cit. Lemma 4.19. But [£.1.6] factors through [.1.5 and the proof is
finished. ]

SFor the notion of admissible E-Banach space representations, see [ST06|, and [Eme17],

§6.
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4.2 Ordinary parts of weakly admissible rep-
resentations

We introduce the notion of weakly admissible locally algebraic represen-
tations, an a priori weaker integrality notion than unitariness. We then prove
that the notion of being Q-ordinary behaves well for such representations.
For the rest of the section, we assume that G = GL,,, T is the torus of di-
agonal matrices and B is the Borel subgroup of upper-triangular matrices.
In particular, Q@ = P, .. »n,) for a partition n; + ... + n, = n. Fix a choice
of uniformiser w; € O, and recall that e denotes the ramification index of
L. Moreover, for integers 0 < b < ¢ with ¢ > 1, let Q(b,¢) C G(Op) be the
corresponding parahoric subgroup associated with ). Then, by the Iwahori
decomposition, Q(b,c¢) = N°MPN°. For 1 < i < n, set

ugf) = diag(wy, ..., wr, 1,..., 1)
where the first ¢ elements are given by w; and the rest by 1. Then ué”l) .

e ulmtte) e 73 s our choice for the role of z, from the proof of
Lemma [3.1.4] For z € L*, set (z) := diag(z, ..., ) € G(L).

Definition 4.2.1. Let II be a locally algebraic E-representation of G(L) of
weight A. We say that IT is weakly admissible (of weight A) if, for any standard
parabolic subgroup @' = M’ x N’ C G and locally algebraic character y :
Zy (L) — Q;, such that Homy (1) (x, Jor(II)) # 0, we have

| x(2)0g (2) [p< 1,

for every z € Zj,. We denote the category of such representations by
Mod ™ (G(L)).

Remark 4.2.2. This is what Hu refers to as Emerton’s condition in [Hu09),
where he proves the "easy" direction of the Breuil-Schneider conjecture/’| The
main result (Théoreme 1.2) of [Hu09] shows that, at least when II is of the
form m ® Vyv with 7 irreducible and generic, Il is weakly admissible if and
only if rec’ (7) comes from a de Rham Galois representation with Hodge-Tate
weights given by the usual p-shift of A\. The latter means that the (¢, N, Gp)-
module associated with rec” (7) admits a filtration with jumps given by the p-
shift of A that makes it a weakly admissible filtered (¢, N, G L)—module.[] The
way Hu applies it to the Breuil-Schneider conjecture is that if II is unitary

6Tn fact, he asks for this condition to be satisfied for any parabolic subgroup Q' C G, but
as it is explained in loc. cit. Remarque 2.11, it suffices to check it for standard parabolic
subgroups.

"To avoid confusion, note that the original formulation of the Breuil-Schneider conjec-
ture uses different normalisations. Namely, one instead asks whether the representation
7(n—1)®Vyvin_1 admits a unitary completion. As the character (| det |det)" ! is unitary,
regardless of the mismatch, the two different normalisations yield equivalent conjectures.
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then one deduces easily that it must be weakly admissible (see [Eme06al,
Lemma 4.4.2).

Using Emerton’s condition to define weak admissibility has the advantage
of being easy to keep track of while proving results regarding weakly admis-
sible representations. However, we record here an equivalent condition that
has the advantage that in the case of our examples appearing in this text it
will clearly be satisfied.

Lemma 4.2.3. Let Il = 7 ® Vv be a locally algebraic E-representation of
G(L) of weight X\ and Pognt) = Q' = M x N' C G a standard parabolic
subgroup. The following two conditions are equivalent:

i. For each 1 < i < h, the generalised eigenvalues of the double coset
operator [N"u{+-+m) N acting on TIN" lie in Z,.

it. For any locally algebraic character x : Zy (L) — Q; with

HomZM(L)(X> JQ’(H)) 7é 0,

we have

for every z € Z3;.

In particular, 11 is weakly admissible if and only if it satisfies i) for every
choice of standard parabolic subgroup Q' C G.

Proof. We first make a few observations about condition 7). Note that x is
of the form Xgm ® Xalg. Moreover, JQ(/(H) = {Q/ (m) ® V(wgh)v and V(wg?)\)v has
n+...+n}

constant central character sending wuy to
G (n/ ++n;) — _(Ab,n+"'+)‘Ln 1—(n g )
—wy' A(uy™ )= H t(wr) mtl=(rytetng)) |
vL—FE

Therefore,  is forced to be a smooth twist of —w§ \.
Moreover, after extending 7 to a Q,-representation, we can apply [Cas95|,
Proposition 2.1.9 to get a direct sum decomposition

Jo(m) = D Jor () xem (4.2.1)
Xsm:Z 1 (L)—>6;

of the M (L)-representation into generalised eigenspaces with respect to all
the possible central characters. Here we used that both base change to Qp
and Jg preserves admissibility. In particular, we see that Jo/(m),,, # 0 if
and only if Homy, (1) (Xsm(—w§'A), Jo: (IT)) # 0.

We also note that the decomposition [£.2.1]is a refinement of the decom-
position of Jg (1) into generalised eigenspaces with respect to the actions of
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the uénH”'Jrn;)’s. On the other hand, it is easy to check that X|Zﬁw and d¢y ‘ZR,,
necessarily land in Z; . So the inequality |x(2)d,/ (2)|, < 1 is satisfied for all
z € Z, if and only if it is satisfied for z = ué”'l*"'*”” forall1 <i<h.

Finally, we finish the proof by recalling that the natural map V" ® dg —
Jo /(1) is Z3,-equivariant, and its kernel is the subspace on which the U,-
operators act nilpotently. O

Remark 4.2.4. As was promised, using Lemma [£.2.3] we can find a large
source of examples of weakly admissible representations. Namely, given a
number field F, we can consider any regular algebraic cuspidal automor-
phic representation 7w of GL,(Afr) of weight \. Given a p-adic place v €
Sp(F), set L = F,, and look at the component m,, a smooth admissible
C-representation of G(L). After fixing an identification t : Q, = C, we
can find a model of ¢t~'m, over some large enough field extension E/Q,.
Since t~!'m, can then be found as a GL,(F,)-equivariant direct summand

in (@KUC(;L”(OF”)H*(XKUKU,V,\)) ®o E and the normalised U,-operators

already act integrally on the latter by [CN23|, Lemma 2.1.17, we see that
Lemma [4.2.3] i) is satisfied for any standard parabolic subgroup, making
t7 7, ®g Vv into a weakly admissible E-representation of G(L).

Definition 4.2.5. Let II be a weakly admissible E-representation of G(L)
of weight A. We say that II is Q-ordinary if Ordglg(ﬂ) # 0. We denote the
subcategory of such by Mod%”*(G(L)) € Modi**(G(L)).

Remark 4.2.6. We also note that both the notion of weakly admissible and
the notion of ordinary generalises to any split reductive group over L and we

will be speaking of weakly admissible and ordinary representations of Levi
subgroups M (L) of G(L) without further explanation.

We would also like to talk about parabolic induction for locally algebraic
representations.

Definition 4.2.7. Let 11, = 7TM®V(ch v be aweakly admissible E-representation
of M(L) of weight w(? A. We then set its parabolic induction to be

Ind§(IT,) = (Indp)mar) @ Vav,
a locally algebraic E-representation of G(L) of weight A.

Note that Indg can only be applied to locally algebraic representations

with weight of the form wg A
The key result of the section is the following theorem.

Theorem 4.2.8. Let Il be a weakly admissible E-representation of M (L)
of weight wgg)\. Then Indg(éQ ®11yr) is a weakly admissible E-representation
of G(L) of weight A\ and we have a natural isomorphism

Ordy™® (Ind§ (9 ® T1r)) = Ordy(Iy). (4.2.2)
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In particular, if Iy, is M-ordinary, then Indg(dQ ® Iyy) is Q-ordinary and
if IIys is also absolutely irreducible, we have Ordglg(lndg(éQ @) = 1y

Before starting the proof, we prove some preliminary technical lemmas.
The proof of these lemmas and the proof of Theorem [4.2.8 was intentionally
written in a way so that it clearly generalises to split reductive groups other
than GL,,. However, we kept the assumption G = GL,, for the whole section
as later we will appeal to the specific features of the representation theory of
GL, (L), such as the Bernstein—Zelevinsky classification.

Introduce the following notation. Denote by ¥¢ the set of roots of (G,T")
and by 3/, C 3¢ the subset of B-dominant roots. Given a standard parabolic
subgroup M’ x N’ = @' C G, analogous notations apply to M’. Further de-
note by ¥ C Xf the roots corresponding to N’. Note that X = X1, [1 S
and EG = _ENHEM’ HZN"

Lemma 4.2.9. Let Mx N = Q,M'x N' = Q' C G be two standard parabolic
subgroups, v € X.(Zyr) be a cocharacter that is moreover B-dominant. Con-
sider an element w € YWC and define the standard parabolic subgroups
Myt X Ny-1 = QM := MNwQw C M and M), x N/, = QM := M'n
wQuw™' C M'. Thenw™'v isin X.(Zy,_,) and is a BOM-dominant cochar-

acter. In particular, the isomorphism M (L) = M,-1(L), m — w™'muw
restricts to a map Zi, — Zy; ﬂ

Proof. To see that w™'v lies in X,(Zy, _,), note that, by [Haul§|, Lemma
2.1.1, (ii), we have M,-» = M Nw 'M'w and M), = M NwMw™'. In
particular, conjugation by w~! restricts to an isomorphism M! = My
from which the claim follows.

To verify that w™'v is B N M-dominant, we have to check that for any
a € ¥f;, we have (w™'v,a) > 0. Equivalently, we prove that (v,wa) > 0.
Since w € YW, we know that wa € X so the inequality follows from the
fact that v is B-dominant.

For the last claim of the lemma, note that any 2z € Z},, must be of the form
v(wy) - 2’ for some B-dominant cocharacter v € X,.(Zyp) and 2’ € Z%,. O
Lemma 4.2.10. Let Mx N = Q, M'x N' = Q', w € QW®, QM = M1 x
Ny-1 and QM = M! x N as in Lemma . Further consider the standard
parabolic subgroups Q,-1 = My,-1 X (N,-1N), Q., = M} x (N,N') C G.
Then, for any z € Z3,, we have

val,(0g, (2)) < Valp(éwal(w_lzw)).

Moreover, if w # 1, we can find z € Zy;, such that val,(dq, (2)) < val,(0q _, (w™ 2w)).

8Note that M,,—1 is considered as a Levi subgroup in M and ZIT/I _, has its meaning
accordingly.
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Proof. Recall that we have
dor (2) = 11 a(z)

and

bg, ., (w'zw) = 11 a(ww)| = 11 wa(z)

anNw71 HZN

We also note that w € W means that we have
i w (=25 NZE C Xy, and
i. (=35 NwXi) c -y

Moreover, by [Haul8|, Lemma 2.1.1, (ii), w sets up a bijection between X,
and Xy . In particular, we have

rw(Ewal HEN) C EN{,U HEN/ H—ZN/.

From this the first part of the lemma follows.

For the last part, we assume that 1 # w and would like to find z € Z;,
such that dg, (2) < dg__, (w™'2w). Note that if we found an o € ¥y such that
wa € =Yy, then for any choice of a B-dominant cocharacter v € X, (Zy)
with (v,wa) < 0, v(w) would be a suitable choice for z. The existence of
such an « is the content of [AHV19], Lemma 5.13. O

—1

Proof of Theorem [{.2.8 We first prove that Indg (6o ®I15/) is weakly admis-
sible. To do so, we fix a standard parabolic subgroup Q' = M’ x N’ C G and
write Iy, = mp @ V6. We would like to understand the Z{p-action on

JQ,(Indg(éQ ® II5)). By applying the geometric lemma (cf. [BZ77], Lemma
2.12) to JQ/(IndgEB(éQ ® mar)), we obtain an M'(L)-equivariant filtration of
JQ,(Indg(éQ ® I1s)) with subquotients given by

[3 = <(561?/,21ndg&/4, ((5619/51,10* ((57{,/_21 JQﬁf,l ((5&2/271']\/[)))) ® V(w(?A)VH
for w € ¥We where M! x N, = QM := M'NwQuw ™" C M', My-1 X Ny1 =

M, .= MNw'Quw, and w*(—) denotes the pullback along the isomor-
phism M,-1(L) = M/ (L), m — wmw‘l. To check weak admissibility,

9We warn the reader that we consider unnormalised versions of parabolic induction and
the Jacquet functor as opposed to |[BZ77], where each of the functors are normalised, hence
the appearance of several modulus characters in the definition of I¢ .

0For the fact that it is indeed an isomorphism, see [Haul8|, Lemma 2.1.1, (ii).
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it suffices to see that for any w € QWe, any locally algebraic character
X = Xem(—w§A) + Zayp(L) — Q, with a Zyy(L)-equivariant embedding
x — I¢ and any z € Z 3, we have

val,(Xsm(2)) > valp(wock(z)) + val,(dg/ (2)). (4.2.3)

Fix such a Weyl group element w, character y, and embedding y — Igl. Set
I9™ to be the smooth part of I9". Fix a z € Z;;, and compute

I (2) = 60 (2)0 s ()0t (W™ 2w) Jgue (0 mar) (w ™ 2w) =

Qu ¥
— 5é2/,2(z)5_11\4/721 (wilzw)dgz(wflzw)JQM_l (mar) (W™t zw).
Here we used that z is a central element in M’(L). Since w € W,
Lemma shows that w™lzw € Zj; In particular, by weak admis-

w_l ’
sibility of II,;, we see that for any Z wal(L)—equivariant embedding y =
Xom(—w§A) — JQM () = Jou_ (mar) @ V_y6», we have

val,(Xsm(w ™ 2w)) > val (5QM (w™zw)) + val,(w§ A(w ™ zw)).

Our chosen embedding x < I then induces a w~'Zyp(L)w-equivariant
embedding X. = (w™!)* (XsméQ}/z)ééﬁ 5_1/2 — Jou_(ma). As a conse-
quence, there exists a character X := Xem(—w§'A) : Zy,_, (L) — Q; with an
embedding Y < Jou_ (ITar) such that Xem|w-12z,, (L)w = Xem- Pick any such

X and compute

Valp(xsm(z)éé,lm(z)égﬂz (wilzw)5c_21/2(wflzw)) = val,(Xem (0™ 2w))
’ (4.2.4)
> val,(0gu (w™tzw))+val,(wi AN(w ™' zw)) > val, (dgn (wzw ™)) +val, (WS A(2)).

Here the last inequality follows from the fact that A is (Resy/q, B) z-dominant.
After rearranging [£.2.4] we get

val,(Xsm(2)) > ;(Valp(éng_ (w™tzw)) + val »(0g(w™ Lw)) — Valp(5Q/(z))>+

vl (3 (2)) + val, (w§ A(2)).

In particular, it suffices to prove that
val, <(5QM_1 (w_lzw)5Q(w_lzw)5é}(z)) > 0.
To see this, denote by Q),-1 C G the standard parabolic subgroup M,-1 x

(Ny-1N) and by @Q!, C G the standard parabolic subgroup M/ x (N} N’).
Then one has dg/(2) = d¢;, (2) and dgu (w™tzw)dg(w™tzw) = dg, _, (wzw).
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In particular, we only need to see that val,(dg,, (2)) < val,(dg, _, (w™'2w)).
This is the content of the first part of Lemma 4.2.10, We conclude that
Indg(6g ® Iy) is indeed weakly admissible.

We note that we essentially already proved the rest of the theorem, too.
Namely, recall that we have an M (L)-equivariant split injection

Ordg*®(Ind§(3q @ M) = Jo(Ind§(0g ® Tar)) ® 3 (4.2.5)

with image given by the slope 0 part (cf. §4.1). By the geometric lemma
applied to the RHS of we get a surjection

Jo(Ind§ (6 ® Ty)) ® 65" — I @ 65" =Ty (4.2.6)

with its kernel K admitting a filtration with subquotients given by I%¢ ® (5{21
for 1 # w € WY, In particular, if we prove that, for any 1 # w € WY, the
slope zero part (05" ® I%)o is trivial, then we immediately obtain that
holds. Indeed, we then can conclude by applying slope 0 part to the short
exact sequence

0= K — Jo(Ind§ (6 ® ITyy)) ® 6" — My — 0.

By the proof of Lemma to prove the claimed description of K, it is
enough to check that for any 1 # w € ®W< and any locally algebraic charac-
ter X = Xem(—wSA) : Zy (L) — Q; with an embedding x < I,, ® d;,', there
is a z € Z3; such that

val,(xsm(2)) > val,(wS A(2)).

Based on the previous paragraph of the proof, to see this, we only need to
prove that we can find z € Z}; such that val,(dg, (2)) < val,(dg, _, (w™"zw)).
This is the content of the second part of Lemma O

Theorem [1.2.8 shows that we obtain a functor
a ’LUQ wa
md§(— @ dg) : Mody"*0 (M (L)) — Mod}(G(L))
that restricts to a functor
Q

Mody 0N M(L)) — Mod%NG(L)).
Furthermore, we already constructed a functor

lalg wa,\ Wa,wg))\

Ord,, (=) : Modp""(G(L)) — Modg (M(L)).

We introduce the notion of Z-integral weakly admissible representations which,
by Theorem form the essential image of Ordglg.
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Definition 4.2.11. Call a weakly admissible E-representation II of G(L)
(of weight \) Z-integral if OrdZ'®(II) = II. We denote the corresponding
subcategory by Mod% ™ G(L)) € Modi*™(G(L)).

Lemma 4.2.12. The pair of functors (Ordglg,lndg(— ® 0g)), between the

it @

categories Mod}*(G(L)) and Mod]ZE'mt’wO)‘(M(L)), forms an adjoint pair.

The association in one direction sends, for I € Mod}y*(G(L)), My €
Q

ModVEva’wO/\(M(L)), a map f : I — Indg(HM ® 0g) to the composition

Ordlslg(l_[) z, Ordglg(lndg(ﬂM ® 0g)) 2 Ty where g is induced by ap-

plying Olrdl(f?llg to f and g is the isomorphism of Theorem .

Proof. By Frobenius reciprocity, maps of the form f : II — Indg(H M ®6g)
are in natural bijection with maps of the form ¢ : Jo(II) — IIy ® dg. Since
Iy, is Z-integral, any such g must factor through the split surjection

Jo(IT) — Ord®(IT) ® dg. (4.2.7)

recovered by precomposing it with 4.2.7] Finally, twisting by 551 certainly
sets up a bijection of Hom sets.

That this association coincides with the one in the statement follows from
an easy diagram chase, the definition of Frobenius reciprocity and the defini-
tion of the isomorphism @4.2.2] O]

Moreover, from the obtained map Ordg®(IT) ® 6o — Iy ® dg, g can be
7

We record an immediate corollary that was the main motivation to prove

Theorem 1.2.8|.

Corollary 4.2.13. Let 11 be an absolutely irreducible Q-ordinary E-representation
of G(L) of weight . Then Ordglg(ﬂ) is an absolutely irreducible locally al-

gebraic E-representation of M (L) of weight w(cf)\.

Proof. Since Jg(II) is of finite finite length, at the very least, so is Ordlslg(ﬂ).
After possibly enlarging E, we can pick an absolutely irreducible quotient

lal
Ordg #(IT) — Ty (4.2.8)
In particular, IT,; is Z-integral. Adjunction then gives a non-trivial map ¢ :
IT — Ind$(ITy; ® 6g) that must then be an embedding. By Lemma [4.2.12 we
recover by applying Ordglg(—) to g and postcomposing it with . In
particular, due to left exactness of Ordglg, must also be an injection. [

As a consequence, for any absolutely irreducible object IT € Modg'ord”\((}' (L)),

wa,w;

there is a unique absolutely irreducible 1T, € Mody /\(M (L)) such that II
embeds into Indg(H M ® 0g). We can then make the following definition.
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Definition 4.2.14. Given an absolutely irreducible IT € Mod% ™ (G(L)),

wa,w(?)\

we say that T, € Mody, (M(L)) is its Q-ordinary support if it is the (nec-

W wQ
essarily unique) absolutely irreducible representation in Mod}," O/\(M (L))

with an embedding IT < Indg(HM ®dg).

A very useful feature of the notion of the QQ-ordinary support is that it
can be read off from IT by applying Olrdglg (—).

For the rest of the section, we will be occupied with understanding the
relation between II and its ()-ordinary support in terms of the Bernstein—
Zelevinsky and Langlands classifications. In particular, it is this point from
which we make use of the assumption that G = GL,,. For a quick review on
the Bernstein—Zelevinsky classification and the relevant notations used in the
rest of the section, we refer to the appendix.

Lemma 4.2.15. Let Il = 7 ® Vv be an absolutely irreducible weakly admis-
sible E-representation of G(L) of weight X that is Z-integral. Then, for any

Tse € SC(m)T], we havd™

iL:LgE(AL’n + 1 ; n) < valz(;;séijm < iL:ng(AL’l N ng 1>' (42.9)

Proof. Assume that m = Z(Aq,...Ay) for an ordered multiset of segments
A= (Aq, ..., Ag) with A; := A(m;, ;) for i = 1, ..., k. Denote by Qa C G the
standard parabolic subgroup attached to the corresponding ordering of the
supercuspidal support of m. For A = A(o,r), set

oa Zico valy(0(i)((@))) _ valy(o(()))  [L: Q1
' rdeg(o) deg(o) e 2

the arithmetic mean value of the numbers W for 7. € SC(Z(A)).

Note that we can assume that A is ordered so that
(va,, —11) < oo < (Vag, —T%) (4.2.10)

with respect to the lexicographic ordering. Similarly, we can assume that A
is ordered so that
(UA15T1> <. < (’UAkark)' (4211)

Indeed, if A; and A; are linked for some 1 < i # j <k, say A; precedes A,
then va; < wva, and, by well-orderedness of the multiset of segments in the
sense of Bernstein—Zelevinsky, we must also have 7 < . Otherwise, if A; and
A; are not linked, for instance if va, = va,, we have the freedom of choosing
the order.

HRecall that we denote by SC(7) the set {m1, ..., 7 } where (GL,,, (L)X ...x GLy, (L), 1 ®
... ® m,) is the supercuspidal support of .
12We remind the reader to the notation (w) = diag(w, ..., @) € G(L).
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If we choose A so that is satisfied, we see that
[L:Qpll = _ val(m(n = D({@))) _ valy(me((=)))

At T 2 deg(m) —  deg(n)
for any me. € SC(m). Similarly, if we choose A so that 4.2.11]is satisfied, we
see that
valy (e (())) ry =1 _ valy(m)((@))
S TN < oa, + =
deg(7sc) 2 deg(my)

for any my. € SC(). In particular, it suffices to prove that, for any choice of
ordering A, we have

val, (8¢ 2w§ \) (uldes(@) Lol
/A A ) <y + QLN (4.2.12)
deg(AI) e 2
and
: _ val (6428 \) (u(™ /q,(n—dea(Ar)
VA, + [L . Qp] Tk 1 < P(( QA ™0 )( D / D )) (4213)

e 2 - deg(Ag)

Indeed, an easy computation, combined with the regularity of A and the
equality

L: o1 —
Valp((Sclg/z(uz()m))) = [ er] >( 5 Do 1) for every 1 < m <mn,
i=1

shows that the LHS of [£.2.9]is bounded by the LHS of and the RHS of

is bounded by the RHS of [4.2.9]
To prove these inequalities, we note that, by Lemmam Jo, () admits

51/ 2A1 ® ... ® Ay as a quotient. In particular, weak admissibility of II gives
that
val, (0, wfN)) (uf**51)) < val, (Ay (())dga (uf=4)))

A
and is proved.
To get one similarly applies weak admissibility with the choice

z = uz(on_deg(Ak)) and combines it with the equality

valy (g, w§A) () = val,(Jo, (1) ((@))) = val,(Jga 1 @ ... ® Ag) (()))

coming from the assumption that II is absolutely irreducible and Z-integral,
so it has a central character that must be integral, and the fact that §g, ((w)) =
1. a O

Lemma 4.2.16. Let [1); = m ® V W@V be an absolutely irreducible weakly
admissible E- representatwn of M( ) of weight wg 9N\ that is Z- mtegml If

1111

cmd Tsc,i € SC(T('Z> Tse,j € SC(WJ) we have

valy(Te,i(())) < valy (e, (())) _ [L: Q)] _ valy (Tse,; ((@)))
deg(msci) —  deg(Tsc,j) e deg(Tsc,;)

+val,(|@|L).
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Proof. Write 11, = [} ®...®Il;. Then the lemma follows easily from applying
Lemma [4.2.15|to each of the II;’s for 1 < i <t and noting that, for 1 <i <t,

522/2‘GLM(L) — | det ’n—2nz *(n1+~~~+ﬂ¢71).

]

Combining Lemma[A.0.3] with the results of the section, we are now ready
to understand the relation between the Langlands classification of Il and its
@-ordinary support. This is best stated using the local Langlands correspon-
dence.

Corollary 4.2.17. Let IT be an absolutely irreducible Py, . n,) = Q-ordinary
E-representation of G(L) of weight A with Q-ordinary support I1y,. Write
II ®g Qp = T3, Viv and 11y ®p Qp =(m®..Qm) ®q, V_wg;/\. Fiz
an identification t : Qp = C and assume further that m is t-preunitary (see
the appendiz). Then rec (m) admits a flag 0 = Fy, C Fy C ... C F, =
rec’ (7) of sub-Weil-Deligne representations such that, for 1 < j < t, we
have isomorphisms

Fy/Fyr = rec” (m; @] |7 2)

where 3°; :=ny + ... + n;. In other words, there is an isomorphism of Weil-
Deligne representations

rec’ () * *
0 recl (my @ |- |7™) .. *
rec’ () ~
0 0 rec(m®|-|™™)

Proof. Note that adjunction applied to Ordglg(ﬂ) ® |- ’an =My |- |1an d,

My ® |- |1_T" gives an embedding
1—n 1—n 1—n
r®]| "3 = nIndg() (05 len, @ | 7 @m)®.. 005 o, ®| | F ©m).
(4.2.14)
One computes that, for 1 < 7 <t, we have

nTny
5612/2|GLnj(L) _ | . | 3 ijl_

Therefore, we compute

- oy —(neny) T
522/2’GLW(L)®|'!T®7U’ = (m;®| 7))l 8y’ = (mel]| T )e| 2,

This implies the existence of a filtration

0=FC..CF*=rec! (n)®
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of representations of the Weil group with subquotients given by

rec’ (m; ® | - |_Ed*1)ss.
In fact, this really is a direct sum decomposition as the underlying Weil group
representation of rec’ () is semisimple.

By combining Lemma4.2.16|and our unitariness assumption, we can apply
Lemma [A.0.3) to 4.2.14] After unravelling the construction of the reduction
of the local Langlands correspondence to supercuspidal representations, this
exactly says that the monodromy on the subquotients does not change. In

particular, we can upgrade F}® to the desired filtration of Weil-Deligne rep-
resentations of rec’ (). O

To ease the notation in the upcoming sections, we introduce the following
notation.

Definition 4.2.18. Denote by II an absolutely irreducible @-ordinary FE-
representation of G(L) of weight A and write Il @ Q, = 7 ®g Vyv. Then we
set 79" to be the smooth Q,-representation of M (L) such that Ord™®(II)®p
Qp — q@-ord ®6p V—woc)\‘

4.3 A (Q-ordinary local-global compatibility re-
sult

Finally, we use our observations about (-ordinary representations to de-
duce Q-ordinary local-global compatibility for regular algebraic conjugate
self-dual cuspidal automorphic representations (RACSDCAR). We fix an in-
teger n > 1 with a partition ny + ... + n; and denote by ) = M x N the
corresponding parabolic subgroup of GL,. We further consider the appro-
priate global setup i.e., F' will denote a CM number field and v|p is a fixed
p-adic place. If 7 is a RACAR of GL,(Af) of weight A € (Z")Hom(FO) and
t: Qp =~ C is a fixed isomorphism then ¢~!'m, can be realized over a finite
extension £/Q,. Moreover, t~'7, @ V;-1)v becomes a weakly admissible E-
representation of GL,(F,) of weight ¢~*\, (see Remark [4.2.4)). Therefore, we
are in the situation of §4.2l We are then interested in proving the following
local-global compatibility result.

Theorem 4.3.1. Let m be a RACSDCAR of GL,,(Ar) of weight A € (Z7)HomF:C),
t: Qp = C be a fized isomorphism and v|p be a p-adic place of F. Assume
that t ‘7, @p Vav is Q-ordinary. Write 79 = 7, ® ... ® m (see Defini-
tion . Then there is an isomorphism

P11k
0 P2 ... *

*

ri(m)la, ~
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where, for 1 < j <t,

p; : Gp, — GL,,,(Q,)
is potentially semistable such that, for every embedding v : F, — Qp, the
labelled 1-Hodge—Tate weights of p; are given by

Atob7n+1_(n1+_,_+nj)+n1+-u+nj—1+nj_1 > > )\tOL,n+1—(n1+---+nj_1+1)+n1+'"+nj—1

and we have
WD ()" = rec (m; @ | - |~ 20-1)

where 3°; == ny + ... +n;.
We highlight the following simple observation.

Lemma 4.3.2. Let 7, and (7, ...,m) as in Theorem |f.3.1. Then, for any
lift of (geometric) Frobenius ¢, € Wg, and 1 < j <'t, we have

1 ni+...4+n;

valp(det(reCT(Wj®|-]_Zj—l)(gov))) = > > (Ant1—i+i—1).

v LZFU%QP i:n1+...+nj,1+1

Proof. Recall that for o a smooth admissible Q,-representation of GLy(F,),
det o rec(o) = rec(w, ), where w, denotes the central character of o.
In particular, we have

val, (det(rec” (m;@ ||~ XY (,))) = valy(m@]-| TS (ding(w, .., @)

for w, the image of ¢, under the local Artin map. To see that the RHS of
the equation above is the desired number, we use that (m ®...Qm) ®g V_,c\
has (p-adically) integral central character. Namely, it implies that we have

n1+...+nj

val, (7 (diag(wy, ..., @) = D > Aont1—i - valy(u(wy)) =

vFy—FE i:n1+...+nj,1+1

1 ’I’L1+...+’I’Lj
U

Z > ALnt1—i- (4.3.1)

v F, Ei:n1+...+nj,1+1

Moreover, we have
1—-n,;

i 1—n,;
valy(| det(diag(wy, ., @) | 7 201) = (<L = 3) oy - val, (@) =

j—1

fv-( s <z—1>> L Hom( pr)\-( o <z’—1>>

i=ni+..+nj_1+1 v i=ni+..+nj_1+1
(4.3.2)

where in the last equality we used that f, = [Fo: Q”].
We conclude by combining [£.3.1] and £.3.2]
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Before starting the proof of Theorem [£.3.1] we recall some constructions
from p-adic Hodge theory which we will make use of in the proof. Consider
a potentially semistable p-adic Galois representation p : Gg, — GL4(FE) for
some finite extension F/Q, and for simplicity assume that it has distinct
Hodge-Tate weights. Let K/F, be a finite Galois extension such that p|g,
is semistable and enlarge E so that it contains the images of all embeddings
K — Q,. Set Ky := W(Ok/mg)[1/p] and denote by o its arithmetic Frobe-
nius.

We can then apply Fontaine’s construction which associates with p a fil-
tered (p, N, K/F,, E)-module D := Dg k(p). This, by definition, is a free
Ky ®q, E-module with

i. a 0 ® l-semilinear automorphism ¢ of D;
ii. a Ky ®q, F-linear endomorphism N of D such that Ny = ppN;

iii. a K-semilinear, F-linear action of Gal(K/F,) commuting with ¢ and
N;

iv. and a filtration Fil, Dk of Dy := D Qg, K by K ®q, E-submodules.

Moreover, we know that D is weakly admissible. In other words, "its Newton
polygon lies over its Hodge polygon", i.e. in the notations of [Fon94|, t5 (D) =
tg(D) and for any sub-(p, N, K/F,, E)-module D’ C D equipped with the
induced filtration from D we have tx(D') > ty(D'). See [Fon94], 4.4.1 and
Definition 4.4.3.

We have identifications

Dk = [ D., Fil.Dx= ][ Fil.D,.

vK—E vK—FE

Then for every embedding ¢ : K <— E, we have

L, ifi= Ny, jfor je{l,..,d}

dimg gr'Fily D, =
B8 {O, otherwise

where A\, 1 > ... > A, q are the labelled t|r,-Hodge-Tate-weights of p. In
other words, the Hodge—Tate weights are encoded in the Hodge-filtration of
D.

We can further associate to D a Weil-Deligne representation as follows.
Given g € Wp,, let g act on D by (¢ mod Wx) o ¢~*9) where a(g) is given
by the power of the arithmetic Frobenius given by the action of ¢ on the
residue field of F,. Note that if fx resp. f, denotes the inertia degree of
K/Q, resp. F,/Q,, then we have that, for any lift of geometric Frobenius
0o € Wg,, f5/fo acts on D by @f%. This action is then K ®q, E-linear by
definition and we can consider the Wp, - and N-invariant decomposition

D= ][ D.

Lo:Ko‘—)E
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We then set WD(p) := D,, to be the associated Weil-Deligne representation
over E for a choice of 15. As the notation suggests, it is independent of the
choice of 1y and K up to isomorphism.

Proof of Theorem[{.3.1. We argue as in [Thol5|, Theorem 2.4 which was
based on [Gerl8], Corollary 2.7.8. In particular, the key ingredients are local-
global compatibility at v for r,(m), Fontaine’s theory of weakly admissible
modules and Corollary [£.2.17]

Let E C Q, be a finite extension of Q, such that ry(m)|g,, lands in
GL,(E). First note that by Theorem we have that ry(m) is potentially
semistable at v. Let K/F, be a finite Galois extension such that r:(7)|g,
is semistable and enlarge E if necessary to assume that it contains all im-
ages of embeddings K — Qp. Set D to be the weakly admissible filtered
(¢, N, K/F,, E)-module associated with r,(7)|q,, . By Theorem again,
we further have an identification

WD (re(m)|ap, )% = rec” (t7'm,).

Therefore, by Corollary [4.2.17, we have an isomorphism

rec’ () *
0 recl (my @ |- |7™)
WD(re(m)lap, ) ~
0 0 rec’(m@|-|™™)

In particular, we obtain an isomorphism

WD1 * *
0 WDy *
WD(ri(m)lap, ) ~
0 .. 0 WD,

t, WDf_SS >~ rec!(m; ® | - \_Zifl). Consequently,

such that, for 1 < j <
) admits a flag

D = Dst,K(rt(ﬂ-”Gpv
Fhb=0CcF,C..CF, =D

of sub-(¢, N, K/F,, E)-modules with F;/F;_; corresponding to rec’ (7; @ | -
[72),

We now can apply Fontaine’s theorem about classifying weakly admissible
filtered (¢, N)-modules. Namely, if we combine Lemma with [Fon94],
Theorem 5.6.7 and use that ¢/5/% acts on D by ¢/%, we get that, for each 1 <
j <t, F; C D comes from a sub-Gg,-representation p; C ()|, . Moreover,
their subquotients p; := p;/p;j_1 are clearly potentially semistable and have
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the right associated Weil-Deligne representations as in the statement of the
theorem.

Finally, to find the Hodge—Tate weights, we argue by inductionon 1 < j <
t. Assume that the claim holds for indices smaller than j. We can combine the
fact that tx(F;) = tg(F;), WD(p;)F = X rec! (1; ® | - \_21*1), Lemma [4.3.2
and the induction hypothesis to see that the sum of the Hodge—Tate weights
of p; is given by

n1+...+nj

Z Z ()\tOLﬂ'L"rl—i + 17— 1)

L:FU‘—>6;D i=n1t..tnj—1+1

Now the regularity of A combined with Theorem forces p; to have the
right Hodge—Tate weights. O]

Remark 4.3.3. Note that the proof of Theorem already works for
automorphic representation 7 with 7, being pre-unitary (in the sense of
the appendix) and admitting an associated Galois representation satisfying
local-global compatibility at v. Therefore, our results will already hold for
automorphic representations 7 which are pre-unitary at v and are isobaric
sums of regular algebraic discrete conjugate self-dual automorphic represen-
tations. Indeed, this follows from Moeglin-Waldspurger’s classification of
discrete automorphic representations. This observation combined with Shin’s
base change result [Shil4| leads to the application below, which is one of the
crucial ingredients in proving our main local-global compatibility results.

To be able to appeal to [Shild], we assume for the rest of the section
that I contains an imaginary quadratic field in which p splits. Fix a p-adic
place v of F'* and fix a place v of F' above v. Let Q3 C Pr+ C Gp+ be a

parabolic subgroup with Levi decomposition @5 = Mﬁ X ]AV/;,. Then Q}(FE+ ) is
identified under ¢, with P, ) (F,) C GLa,(F),) for some tuple of integers
(N1 ey Mgy Mgy 1, -0, My ), Tefining (n, m).

Theorem 4.3.4. Let T be a {-cohomological cuspidal automorphic represen-
tation of G(Ap+) as in Theorem . Denote by \ the highest weight of the
representation (£ ® €)Y, Assume further that, for a fived t : Q, = C, t~ (75 0
) @ Vioy, is Qq-ordinary of weight t™'N,. Write (t71(% o 1;1))9wod =
T ® ... ® 7. Then there is an isomorphism

P1 x* . . . 3

0

~ : Pk
()| Gp, ~ st
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with p; being potentially semistable and, for every ¢ : I, — Qp, it has labelled
t-Hodge—Tate weights

Aontton oty TR0 A 0 = 1> 0> Ngn ity a1 TR e
Moreover, we have

WD(p;)" " = rec” (7; ® | - |7 2-1)
where 3°; == ny + ... + n;.

Proof. This follows from Remark [4.3.3] and Theorem [2.9.2] O]
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Chapter 5

A torsion local-global
compatibility conjecture

In this chapter, we formulate integral local-global compatibility conjec-
tures in great generality and state our progress on proving them. Most of this,
although only in more restrictive setups, was already formulated in [Car+16b],
and |[GN20].

For the rest of the chapter, set G := GL, /p for a fixed number field F’
and an integer n > 2. Pick a subfield E' C Q,, finite over Q,,, with ring of
integers O C F and a choice of uniformiser w € O. We assume that E is
large enough so that [F': Q] = |Hom(F, E)|.

5.1 Local deformation rings

To formulate local-global compatibility that also keeps track of torsion,
we make use of Kisin’s potentially semistable local deformation rings.

Let CNLp denote the category of complete local Noetherian O-algebras
with residue field k := O/w. Set L := F, for some v € S,(F'). Denote by Ly
its maximal subfield that is unramified over Q,, and by L the maximal un-
ramified extension of Ly. Similar notations apply to any finite field extension
L'/L. Given a continuous Galois representation p : G — GL,(k), we can
form the framed deformation functor D7 : CNLeo — Sets, sending a test ob-
ject (A, m4) to the set of continuous homomorphisms p : G, — GL,(A) with
p®aA/ma =p. It is known to be represented by an object RS € CNL, that
is called its framed deformation ring. We denote by p"™V : G — GL,(R3)
the universal lift, and, for x : R% — A in CNLp, by p, its specialisation
puniv ®R§,az A

Consider an n-dimensional Weil-Deligne inertial type 7 = (p,, N,) for L
over E and a highest weight vector A € (Z7)"™(5E) for Res; q,GL,. From
now on we will make the following technical assumption.

Assumption 5.1.1. Assume that F is large enough so that there is a finite

135



136 CHAPTER 5. A TORSION LOCAL-GLOBAL COMPATIBILITY CONJECTURE

Galois extension L./L such that p,|, is trivial with [Hom(L,, )| = |L; :
Q,|. Fix such an L, /L.

In |Kis07], Kisin constructs a reduced O-flat quotient R%’p " of RY whose
FE’-points, for any finite extension E’/E, correspond to lifts p : G — GL,(E’)
of p such that p is potentially semistable with labelled Hodge-Tate weights
<)‘L71 +n—-1> .. > )\L,n)LeHom(L,E) and WD(p)ss’[L = Pr QF E’.  After
introducing some terminology, we will further describe its B-valued points
for a general finite F-algebra B.

To a given A, we associate a p-adic Hodge type v, in the sense of [Kis07].
Consider an n-dimensional E-vector space D and write

Dpp = Dp®q, L = ®.1eDE,.

For each ¢ : L — E, we pick an (arbitrary) decreasing filtration Fil*Dg, by
sub- E-vector spaces so that dimg gr"DE,L #0ifandonlyifi =\, 4,1 +7—1
for 1 < 7 < nin which case the E-dimension is exactly 1. By taking the direct
sum of the filtrations, we get a decreasing a decreasing filtration Fil*Dg ;, on
Dg, by E ®q, L-submodules. We set vy = {Dg,Fil*Dg}. For a finite
FE-algebra B, and a continuous de Rham representation pg of GGp on a finite
free rank n B-module Vg, we say that pp has p-adic Hodge type v, if, for
each ¢ € Z, there is an isomorphism

gr'(Vs ®q, Bar)“* = B®g ' Dg,,

of B ®q, L-modules. In particular, any de Rham Galois representation
p: G, — GL,(F) with labelled Hodge-Tate weights (A,; +n —1 > ... >
Ain)ictom(L,B) has p-adic Hodge type v.

Consider a finite F-algebra B, and a continuous potentially semistable
representation pp of G on a finite free B-module Vz of rank n. We explain
the notion of pp having inertial type p,. Assume for a second that B is
local with residue field E’. Further assume that Vz becomes semistable as a
representation of G_. Set

DL (Vi) = (Vg ®q, Bx)“*,

a finite free B ®q, Lro-module, forming a filtered (¢, N, L, /L, E)-module. In
particular, it admits a B ®q, Lr-linear action of Ir,_,;, that commutes with
¢ and N. Since higher cohomology of finite groups is trivial in characteristic
0, deformation theory tells us that the Ij s -action on D7 (Vg) comes as
extension of scalars along £’ ®q, Lro — B ®q, L-o of a representation over
a rank n free B’ ®q, Lro-module. Moreover, since the I _,r-action commutes
with ¢, it further descends to a representation of I,_,;, on some n-dimensional
E’-vector space P,,. We say that pp is of inertial type p, if its restriction to
G, is semistable and P,, with its I_,;-action is equivalent to p.. One then
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easily extends the definition to general finite F-algebras using that every such
algebra is a product of finite local E-algebras.

Finally, we prepare the upcoming result by making the following defini-
tion. Let A be an FE-algebra. We then define a (¢, N, L,/L, A)-module of
rank n to be a projective A ®q, Lro-module of rank n equipped with

i. a Frobenius semilinear automorphism ¢;
ii. an A ®q, L;p-linear endomorphism N satisfying Ny = ppN;

iii. and an L, g-semilinear, A-linear Gal(L./L)-action commuting with ¢
and N.

Theorem 5.1.2. There is a unique O-flat quotient R% — R%p* characterised
by the property that an arbitrary map x : RF — B to a finite E-algebra factors
through R%”” if and only if p, is potentially semistable of p-adic Hodge type
v and inertial type p,. Moreover, R%’pT is reduced.

Finally, there exists a rankn (¢, N, L, /L, R%’pT[l/p])—module Dﬁt’f’gﬂp such

that, for any finite E-algebra B, and map x : R%’pf — B, we have a canonical
isomorphism of (¢, N, L, /L, B)-modules

Mo ~ .
Dstimﬁ ®Rg’p7[1/19]7m B = (ps ®q, Bst)GLT = Dé (Pz)-

Proof. The first part, besides the reducedness, is [Kis07], Theorem 2.7.6. The
reducedness follows from |[BG19], Theorem 3.3.3.

The second part is implicit in [Kis07] and follows from loc. cit., Theorem
2.5.5 and Proposition 2.7.2. Namely, by loc. cit. Theorem 2.5.5, there is
a projective R%’p "[1/p] ®q, Lro-module D;\t’fgmﬁ of rank n with a Frobenius
semilinear automorphism ¢, and an R%’p "[1/p] ®q, L+ o-linear endomorphism
N such that Ny = ppN. Moreover, for any x : R%’p T — B asin the statement,
there is a canonical isomorphism

\pr ~ .
Dstf}m‘:p ®R%7p7[1/p]7$ B = (p$ ®Qp BSt)GLT = DSI;; (pl') (511)

respecting ¢ and N. Furthermore, the isomorphism above is induced by the
R%’p "[1/p] ®q, L+ o-linear isomorphism

univ

DY 55 (p B (5.1.2)

G
Dp2or 175 Bot raor 1)

of [Kis07], Proposition 2.7.2. The RHS of admits a natural L g-semilinear
and R%’p "-linear action of Gal(L,/L), and this action commutes with ¢ and
N, equipping DSAt’f’gﬁﬁ with the structure of a (¢, N, L, /L, R%’pT [1/p])-module.
Therefore, by definition, will also respect the Gal(L,/L)-action. O
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Finally, we consider a slight refinement of Kisin’s deformation rings. Set
R%’jT be the the O-flat reduced quotient of R%’p " corresponding to the Zariski
closure of

S<r = {x € m-Spec(R3""[1/p]) | WD(p. )1, <7} =
{z: R%’pT[l/p] — E, | E,/FE finite extension, WD(p,)|r, < 7}
in Spec(R%’p "[1/p]). We check the only property of R%’jT that we will need.

Proposition 5.1.3. An E-algebra map x : R%’p* — E,. for a finite field
extension E,/E factors through R%’jT if and only if WD(py)|r, = 7.

Proof. Note that it suffices to check that S<, C m—Spec(R%’p 7[1/p]) is Zariski
closed. Indeed, as then, R%’p " being a Jacobson ring, the set of closed points
of the Zariski closure of S<; in Spec(R%”)T [1/p]) must be S, itself (cf. [Sta24],
Lemma 005Z]).

We further note that we are free to enlarge E as one checks that R%\,’g ®o
Op = Rg:(p;E, for any finite extension E’/E. In particular, we may assume
that the isotypic decomposition

vp‘r = @QV T {9]

is defined over E where V, is the representation space of p, and the sum
runs over absolutely irreducible E-representations of Iy, /r.

According to Theorem , we have a rank n (¢, N, LT/L,R%’pT[l/p])—
module D := D;\t’f’gﬁﬁ. In particular, for a fixed ¢y : L;o — E, we can
introduce

W=D ®R%’pT [1/pl®q, Lr,0:t0 R%p‘r [1/])],

a projective rank n R%’p "[1/p]-module with a linear endomorphism N, and a

commuting linear action of I;_,;. For any ring map R%’p "[1/p] — R, we use

the abbreviation Wg := W @ ga-( ) R. For a closed point x : R%"”[l/p] —
12

E,, we further denote by (W, N,) the corresponding specialisation and note
that it is isomorphic to WD(p,)|;, -

We now pick an irreducible component Z = Spec(A) — Spec(R%’p "[1/p])
and prove the following lemma from which the proposition follows.

Lemma 5.1.4. There is a Weil-Deligne inertial type of the form " = (p,, N;/)
such that the locus on m-Spec(A) where WD(p,)|r, ~ 7' is open and dense.
Moreover, the locus on m-Spec(A) where WD(p,)|r, = 7 is Zariski closed and
only non-empty if 7 X 7'.

Proof. To prove the first statement, set F' = FracA, and consider the base
change Wg, a finite free F-module of rank n. Consider the decomposition
into isotypic components

Wg = @gWrll]


https://stacks.math.columbia.edu/tag/005Z
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with respect to the action of the inertia subgroup. Set dy = dimp Wg[f] =

Consider the intersection W] := W4 N Wg[0] and note that it is pre-
served by N and the action of Iy ,; as it holds for both members of the
intersection. Moreover, we have the equality Wa[f] ®4 F = Wg[f]. In par-
ticular, W4[f] is generically both a free module of rank dy and a direct sum-
mand of W,. In other words, we can find fj such that the base change
Wapy 71101 = Wal0] ®4 A[1/ f3] is finite free over A[1/fg] and is a direct sum-
mand of Wap, ). Again, it is preserved by the monodromy and the action of
the inertia subgroup. Denote the restriction of N to the obtained subspace
by N[6].

Now we can apply Lemma 7.8.10 of [BC09| to get fj € A such that, for
fo = fof4, the equivalence class of N[0, is independent of x € m-Spec(A[1/ fo]).
The first part of the lemma follows by noting that N[f], = N,[0], the lat-
ter denoting the restriction of the specialisation of N, to W,[f] where W, ~
WD(p,)|r,. Denote the resulting Weil-Deligne inertial type by 7" = (pr, Nyv).

Now consider an arbitrary point = € m-Spec(A) with corresponding max-
imal ideal m, C A, Galois representation p, and residue field FE,, a finite
extension of E. We prove that WD(p,)|;, = 7. Consider the localisa-
tion Wy, = Wy, , and its base change W along A,, — A . Write
F, :=FracA}, and W} [0] := W] NWgI0].

Since Iy /1, is a finite group, it has trivial higher cohomology in char-
acteristic 0. In particular, the deformation pay, AL — End AQI(W&) of
WD(p,)** |1, must be isomorphic to the extension of scalars of the latter along
E, — A}, . In other words, we have an isomorphism W = W, ®pg, A}, of
I, ji-representations. In particular, W7 [0] C W is a free direct summand
for all isotypic component.

Set NA(ﬂ\u [0] = NAQJW,QI[@} Note that NAQz [9] ®A$z Fw = NFx[Q] i
Np[0] ~ N [0]. Moreover, Nas [0] @y E, = N,[0]. Therefore, using Propo-
sition one sees that N,[0] < N.[0] (cf. [Dot21], Lemma 4.2 and Re-
mark 4.4). Running over all isotypic components, we obtain WD(p,)|s, (~
(W, Ny)) 2 7.

We have proved so far that Spec(A) contains a dense open D([]y fp) with
closed points satisfying WD(p,)|;, ~ 7' and that, for every x € m-Spec(A)
we have WD(p,)|;, = 7. Set Spec(A=") C Spec(A) to be an irreducible
component of the Zariski closure of

Ser = {x € m-Spec(A)WD(p,) |1, % 7)

in Spec(A) with its induced reduced subscheme structure. To conclude, it
suffices to see that every closed point of Spec(A=7) is of type =< 7.

By considering the base change W4 __ with the induced action of the inertia
subgroup and nilpotent operator, and running the previous argument, we see
that there is a Weil-Deligne inertial type 7 and an open dense subspace
U C Spec(A=7) such that
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i. every closed point in U is of type ~ 7, and
ii. every closed point in Spec(A=7) is of type < 7.

In particular, we must have 7 < 7 and the proof is finished.

5.2 Interpolation of local Langlands

An essential ingredient to formulate torsion local-global compatibility
is the existence of a (semisimple) local Langlands correspondence over the
generic fiber of our potentially semistable deformation rings. Such a corre-
spondence was already defined in |[Car+16b] for the potentially crystalline
deformation rings of Kisin. However, as it is shown in [Pyv20b], one can
define it for the whole potentially semistable deformation ring following the
same strategy. Let 7 be a Weil-Deligne inertial type, €2 be the corresponding
Bernstein block, and p : G, — GL, (k) be a continuous Galois representation
as in the previous section.

Theorem 5.2.1. There is an E-algebra homomorphism
N30 — Ry (1/p]

such that, for any x € m—Spec(R%’pT[l/p]) with residue field E, (necessarily
a finite extension of E), the character

ron:ja— b

coincides with the one induced by the natural action of 3o onrec ™ (WD(p,)—**)®

n—1
|det |, . In particular, we also have a map n : 30 — R%’jT[l/p] with the same
property.

Proof. The result follows from (the proof of) [Pyv20b|, Theorem 3.3. We
note that he states the existence of a map with source being a Hecke algebra
H(omin) for a certain type oy, of Schneider—Zink. This Hecke algebra in fact
is isomorphic to 3¢ and, in the proof of Theorem 3.3 of loc. cit., the map is
first constructed from 3¢ and it is only at the very end that it is precomposed
with the identification H(omin) = 3q-

The rough sketch is as follows. The two key ingredients in the proof are:

i. The existence of a pseudo-representation T : W, — 3o constructed by
Chenevier interpolating local Langlands (cf. |Che09], Proposition 3.11);

ii. and the existence of a universal (¢, N, L, /L, E)-module over R%’p "[1/p]®q,
L. (cf. Theorem [5.1.2)).
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Then, for w € Wy it is clear that (7' (w)) should be (some normalisation
of) the trace of w acting on the universal (¢, N, L,/L, E)-module. In par-
ticular, we have defined 7 for every element in the image of T'. Moreover,
[Car+16b|, Lemma 4.5 shows that 3 is generated (as an E-vector space) by
the image of T'. Therefore, we can linearly extend the domain of n from the
image of T" to the whole Bernstein centre. O

Remark 5.2.2. It is interesting to investigate on a possible integral avatar
of 1. For instance, one can ask under what circumstance does 7 send 33 1=
Z(H(o(A,7)°)) N 3q into R%’jT? Moreover, is there a subring in R%’jT[l/p],
say finite over R%’jT, such that 35, always lands in this ring? This turns out
to be a rather subtle question, and the answer in most cases depends on some
folklore conjectures. More precisely, in [Car+16b]| they remark that, at least
in the potentially crystalline case, 7(33 ;) should land in the normalisation of

R%’jT inside its generic fiber. This prediction is supported by what they see
after patching (cf. loc. cit. Lemma 4.18, 3), and Remark 4.21). However,
their observation can only be made into a rigorous proof for the components
of the local deformation rings for which we know automorphy.

In some very special cases, it seems plausible that one can prove that
n sends 33 . into the normalisation by other means. Namely, when n = 2,
pr is a tame type, 7 = (p,,0), and we look at the potentialy Barsotti-Tate
deformation ring Rg’jT, one can appeal to the work of Caraiani—-Emerton—
Gee-Savitt to realise the normalisation of the local deformation ring as the
direct image of the Kisin Varietyﬂ (parametrising Breuil-Kisin models of the
deformations of p) along its map towards Spec(Rg’jT). Moreover, using the
construction of the map, the fact that the Kisin variety parametrises Breuil—
Kisin models of the deformations appearing in Spec(Rg’jT), and comparisons
between Breuil-Kisin modules and Weil-Deligne representations associated
to the corresponding Galois representations, it seems possible to show that
the image of 35, already lies in the direct image of the Kisin variety.

There is some further evidence already present in the literature. Namely,
[Car+16a] Lemma 2.15 (under some further assumptions on p) shows that
when n = 2, 7 = (1,0), L = Q, and A is in the Fontaine-Laffaille range,
n sends 33 . into R»37. Moreover, up to a suitable completion of 3. the
integral avatar of 7 becomes an isomorphism. Note that in this case R%’jT
is a regular local ring hence normal. In particular, their result is compatible
with the prediction of |Car+16b], Remark 4.21.

!These spaces were first constructed in [Kis09a], in the Barsotti-Tate case, and have
been constructed over any potentially Barsotti-Tate deformation ring associated with a
tame type in [Car+21], §5 (where it is denoted by X7).



142CHAPTER 5. A TORSION LOCAL-GLOBAL COMPATIBILITY CONJECTURE

5.3 The local-global compatibility conjecture

Fix a dominant weight A € (Z7)"Tm("E) for G, and a collection of n-
dimensional Weil-Deligne inertial types 7 = {7, }ves, (7). Set Ay := (A\)ur,—E €
(Z’j_)Hom(F »E) Recall that we introduced the abstract spherical Hecke alge-
bra TT and the corresponding faithful Hecke algebra TT (K, \,7) acting on
RI'(Xk, Vo). We further introduce a refinement of the abstract Hecke

algebra that also consists of Hecke operators at p. To do this, note that

since c- IndGL”EZ; 10 (Av, 7y)° is finitely generated as an O[GL,(F,)]-module,

we have H(o(\y, 7,)°)[1/p] = H(o (N, T,)). We have an identification
GLn (Fy ~ GLn (Fy
(cIndg™(5) 1o (7)) ®r Vay = eIndgr(6) (A, 7).

fow=[g— f(g)Va(g)w].

We can then define a natural map
H(o(70)) = H(o (Ao, 7)),

¢ = ¢ ®idy,,

that, thanks to [ST06], Lemma 1.4, is an isomorphism of E-algebras. In
particular, we have 3., = Z(H(o(\y,75)°))[1/p]. Let Q, denote the Bern-
stein block corresponding to 7, and set 3q, to be the corresponding Bernstein
centre. We then set

Bnm = Z(H(0( A )%)) N0, C br

a commutative O-subalgebra and note that 33 . [1/p] = 3q,. Finally, set

T =T"®0 ( Q 33%.-):
vES,(F)

a commutative O-algebra. As a consequence of Lemma [2.3.1], Frobenius reci-
procity, and [NT16], Lemma 3.11, we get a map of O-algebras

TT)HT - EDdD+(O (RF(XK7 V()\,T)))

for every good subgroup K C G(A%,) with K, = [I;5, ((’)Fgr). Denote by
TTA7(KP) the corresponding faithful Hecke algebra TTAT(RF(X K, Your))
Since RI'(Xx, V() is a perfect complex in DT (O), TTA7(KP) is a commu-
tative finite O-algebra. In particular, we obtain a decomposition

TT/\T Kp HTT/\T Kp)

where we run over all maximal ideals of TT}7(KP). Therefore, for each m, we
have a corresponding TT*7-equivariant direct summand RT( X[, Vo) Jm of
RT(Xg, V() and the natural map TP (K?),, — TP (RT( Xk, Viar))m)
becomes an isomorphism (cf. [NT16], §3.2).

We recall the following conjecture (cf. [CG18], Conjecture B).
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Conjecture 5.3.1 (Construction of torsion Galois representations). Let K C
G(A%y) be any good subgroup and m C T7(K, A\, 7) = TT(RI(Xk, Vi r))m)
be a maximal ideal. Then there exists a continuous semisimple Galois repre-
sentation
Pt Grr — GL,(TT (K, A\, 7)/m)

such that, for each finite place v ¢ T of F, the characteristic polynomial of
P (Frob,) is equal to the image of P,(X) in (TT(K,\, 7)/m)[X].

Moreover, if p,, is absolutely irreducible, then it admits a lift to a contin-
uous homomorphism

Pm - GF7T — GLn(TT(KJ )‘7T)m)

such that, for each finite place v ¢ T of F, the characteristic polynomial of
pwm(Frob,) is equal to the image of P,(X) in TT (K, \, 7)n[X].

Since we have a natural map T (K, \,7) — TTA7(KP), assuming Con-
jecture [5.3.1} a maximal ideal m C TTA7(KP) gives rise to a continuous
semisimple Galois representation

P i Ger — GLo(TTA(KP) /m).

Moreover, if we denote by m” the induced maximal ideal of T?, we have a
natural inclusion

TT (K, N, 7)pr — TEA(KP),,.
In particular, assuming that p,, is absolutely irreducible, Conjecture

provides a lift
Pt Ger — GL, (TP (KP),)

of p,, satisfying the assertion of Conjecture |5.3.1|
To state the local-global compatibility conjecture, we need to further in-
troduce the subring

oint 1 Ay, =Ty o o
3>\U7TU T ( ﬁu )ﬂz)\vﬂ'v C 3)\11,71;'

o,int

Note that we still have the property 3,77 [1/p] = 30,

Conjecture 5.3.2 (Torsion local-global compatibility at £ = p ). Assume
Conjecture [5.3.1] Let m € TP (KP) be a non-Eisenstein maximal ideal.
For v € S,(F), set p, := pulay, and py := pulay, . Then, for any v € S,(F),
there is a (necessarily unique) dotted arrow making the following diagram
commutative

RS — P TTAT(RP),

l nat

R)\U ,STw o,int
Py 77| o,int

\[ Av,To

RYS[1/p] ¢ 30,
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Remark 5.3.3. In the diagram above, we denote by nat the canonical map
coming from the fact that the target of the map is a faithful Hecke algebra.
We also note that the complication of introducing the ring 33" e -, originates in

the fact the 7 does not necessarily send 33 . into R)‘” =T (see Remark 5.2.2)).
We could also, instead of using the lower part of the dlagram simply just ask
that whenever z € 35 . such that n(2) lies in RS =™ then nat(z) coincides
with p, o n(2).

Note that since we have 33“1: [1/p] = 3q,, whenever we specialise to an
E-algebra TTA7(KP),, — B, we get that the induced natural 3o,-action co-
incides with the one induced by 7.

We finally state our theorem that settles a large part of Conjecture [5.3.2
in the case when F' is assumed to be an imaginary CM field.

Theorem 5.3.4. Let F' be an imaginary CM field that contains an imaginary
quadratic field Fy in which p splits. Assume that T is stable under complex
conjugation and satisfies:

o Let v ¢ T be a finite place of F, with residue characteristic £. Then
either T contains no (-adic places and ¢ is unramified in F', or there
exists an imaginary quadratic subfield of F in which ¢ splits.

Let K C G(AS) be a good compact open subgroup with KT hyperspecial. Fix
a place v € S,(F*). Let m C TTAT(KP) be a non-Eisenstein maximal ideal.

Assume that:

i. There is a place v' € S,(F*) such that v # V' and
1
> [Fi: Q)= 5l Q

where the sum runs over v" € S,(FT);
1. and p,, is decomposed generic.

Then there exists an integer N > 1, depending only on n and [FT : Q], a
nilpotent ideal I C TTAT(KP)y with IN = 0 and a continuous homomorphism

w: Grr — GL, (TTAT(KP) /1)
lifting P, such that

o foreach finite placev ¢ T of F', the characteristic polynomial of py(Frob,)
is equal to the image of P,(X) in TTAT(KP)[X].
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Moreover, if, for v|v, we set p, := py|ap, and p, := pul|ay, , there is a (neces-
sarily unique) dotted arrow making the following diagram commutative

P T\ T
RS, s TN (K)o 1

l nat

v, 3 Tv
il P
Rp” 77| o,int 5>\1’ Tv

j 3>\vq7"u

Ry"=™(1/p] ———— 3a,-

Remark 5.3.5. We say a few words about the assumptions appearing in
Theorem [£.3.4]

The assumption on 7 is already present in [Sch15| and it makes sure that,
up to nilpotent ideal, Conjecture is known to be true (see Theoremm
and Theorem . It is a rather mild condition that can always be fulfilled
after enlarging T

Assumption (i) is a lot more serious and excludes the case of imaginary
quadratic fields. Its appearance originates in the use of the Fontaine—Laffaille
style degree shifting argument (cf. [CN23|, Lemma 4.2.5).

Finally, (ii) is again essential for our methods to work. It ensures that we
can appeal to the vanishing results of Caraiani—Scholze. To our knowledge
this is the only known way of producing the necessary congruences between
cusp forms for U(n,n)p+ and Eisenstein series coming from cusp forms for
GL, F.

Remark 5.3.6. Although we don’t discuss it here, one could possibly formu-
late a more general conjecture treating the case when our choice of parabolic
subgroup @, = [, @v C II, GL, F, is not the trivial one, and the complexes
appearing are (),-ordinary. However, to do this, one would need to introduce
the appropriate potentially semistable (),-ordinary deformation rings. This
should be possible using ideas of |[Gerl§|, §3.3.

Nevertheless, in the next chapter we will prove a general result (Proposi-
tion that has the potential to settle the more general conjecture too,
once it’s formulated.
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Chapter 6

Proof of Theorem 5.3.4

In this chapter, we provide a proof of Theorem refining the argument
of [CN23|. In fact, we prove a local-global compatibility result for the more
general @,-ordinary complexes considered in §3.2 For the rest of the chapter,
we fix the following setup. Let m > 2 be an integer, F' be an imaginary
CM field, and T C S(F) as in Theorem [5.3.4 In particular, we assume
Assumption “ Fix a choice of lift v|v in F for each v € S,. We consider

the corresponding groups G, P, and G as before. Moreover, we fix a tuple

(qu )‘71) = (Qw /\U’@)UESP(F) as in '

6.1 Degree shifting

One essential step in executing the strategy laid out in |All4-23] is what
they call the "degree shifting argument". The most robust version of which
appears in [CN23|. In fact, besides some enrichment of the method, their ar-
gument is already sufficient for our proof. We first state the precise statement
we need and then indicate the changes to the argument of [CN23| one needs
to prove our generalisation of loc. cit. Proposition 4.2.6.

Fix a place v € S,, and assume that, under the identification of

(A, Ape ) corresponds to a dominant weight Ay = (—wS™ Aye, \y) €
Extend it to an arbitrary dominant weight \ for G. Set Q5 := Q, X Qe C
Gp+ = GL,Fr, x GL, p,., and consider the standard parabolic subgroup

QVZJ—“O = ]\AI;“’O X Ng”o C GF; associated to it (cf. ~.D We then obtain a

tuple (@%‘),5\1—,,@). Write Q, = P, and Que = Py, mye)- Accord-
ingly, write

ng)s

To = (To1y ooy Tok)s Twe = (Tve 1, oy Toe ke)s
o= oty ooy Ay ge) € (Zm)HomEnE) o5 (ZmyHom(FeB) “and
’UJOQUC)\@C = (>\’UC,17 ...,)\vc,k6> c (Zch)Hom(Fvc’E) X ... X (ZTl)Hom(FUC’E).
Set

wg')“/\

o ok o o . k¢ Lo
3)\U77;u T ®i:13)\v,i:7'v,i7 5)\1;977'119 T ®i:13)‘v¢,i7711C,i7

147

(ZQn)Hom (FF E)
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and introduce the abstract Hecke algebras
Trhm .= T @, (331@ ® zﬁvc,ic) ;

T .= T g, (3/\ - ® 33, e )
By Corollary|3.2.6{and its analogue for G TTAv7e respectlvely, TTAo7e patu-
rally acts on RI’ (X VQ ) o%-ord regpectively, RI'( Xk, V(/\T y@oord a5 long

as Ky = 5150(0, c), and K,; = Q3(0, ¢) with ¢ > ¢,. More precisely, in the case
of the former, the action of 35 ,  _ is via the identification H (o (Aye, Tye)?) =
H((0,) 0 (M, Tue)°) induced by 6, (see Remark [3.4.2). We introduce an

n
extension of the unnormalised Satake transform

S'i=8®id: T — THhe

Let m € T be a non-Eisenstein maximal ideal, and set @ := S*(m) C T7.
By Theorem [2.9.6] we have an associated Galois representation

pfﬁ : GF,T — GLQn(::\[‘/T/Tfﬁ>

and, by Proposition we have 7z = P, @ p(1 — 2n). Introduce the
faithful Hecke algebras

A<K7 )\7 7,4, 77) = TT’)\E’E(Hq (XK7 ngz))gi-Ord),
A(K N 1,q,0,m) =TTV (HI(X e V) /w™) @), and
A(K, N 0,7 Q Q -ord
AR5, 0) 1= T (1 R, Vo )

for d = dim¢ X 7, the middle degree for the (Betti) cohomology of X 7 and
integers 0 < ¢ < d — 1.E|

Given a good subgroup K C G(A%.), a subset S C S, and an integer
m € Z>1, define the subgroup K(m,S) C K by setting

K(m,g){) = K{, N K

if v € S and K(m,S); = K; otherwise. Also, given a good subgroup K C
G( ), define the good subgroup K(m S) C K by setting

%(m,g)@ = %@ N Py(m, m)

if 5 € 5, and K(m,S); := Ky otherwise.

!Note that the real dimension of Xy is d — 1 so its Betti cohomology has top degree
d—1.
Recall that K" := ker(G(Op+) = G(Opt [wi)).
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Proposition 6.1.1 (Degree shifting). Let v,0" be two distinct places of S,.
Let Sy := {v'}, S3 := {0}, and Sy := S, \ {v,0'} their complement. Let
K C é(A%ﬂ) be a good subgroup and m € Z>y be an integer. Assume that
the following conditions are satisfied.

1. We have .
> [Fi Q) 2 5[F Q)

7"€Se

ii. Forv" € S1US5, we have U(Op+ ) C Ky, and Kyn = I?(m,?l USs)gn.
Finally, we have K; = @}j’O(O, p)-

iii. For each v: F — E inducing v or v', we have —X\,c; — A\,1 > 0.
. Pg is decomposed generic.

Define a weight X € (Z%r”)Hom(F+’E) as follows: if 1 : F* — E does not induce
either o or v, set A\, = 0. Otherwise, set \, = (—wonAie, A,). Set K := (%T’ N
G(AT)) - (Qo(0,6,) NG(FY)) = (K° NG(AFY)) - (Qu(0,6) X Que(0, ).

Let q € [Lg] ,d—1]. Then there exist an integer m' > m, an integer N > 1,
a nilpotent ideal I C A(K, )\, T,q,v,m) satisfying IV =0, and a commutative
diagram

,']\:‘/Tv/\ﬁvﬁ _ zzi(f{/(mla §2>? 5\7 1o, /D)

ls |

T Ao —— A(K, M\, 7,q,9,m)/1.
Moreover, N can be chosen to only depend on n and [FT : Q].

As a preliminary step, one proves the following lemma (compare with
[CN23|, Proposition 4.2.2). This already consists of (one of) the ideas coming
from the ordinary degree shifting argument. Moreover, this lemma is one
of the points where the main result of |[CS19], in particular the decomposed
generic assumption gets used. Finally, for this lemma to hold it is crucial that
m is non-Eisenstein as otherwise there is possible contribution to the boundary
cohomology from strata corresponding to parabolic subgroups other than P
and consequently, [CN23|, Corollary 4.1.9 could fail to hold.

Before stating the lemma, we need to introduce some notation. Given a
subset S C S, and an integer m > 1, set Vi (S, m) := RU(U(Op+ 3),0/a™) €
Db (O/w™[Kz]). We can view it as an object of DY (O/w™[G* x Kz]) via
inflation. In particular, it gives rise to a bounded complex of G* x Ks-
equivariant sheaves on Xg and descends to an object in D*(Sh(Xg, O/w™))
for any good subgroup K C G(A%;). It has locally constant cohomology
sheaves V/,(S,m) that are non-zero if and only if j € [0,n2 Y, <[Fy : Q]
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according to Lemma 2.3.17 of [CN23| (combined with the Kiinneth formula).
By loc. cit. Lemma 2.1.9, we have

RT(Xq, O)w™) @ Vi (S, mf|= RU(Xq, Vi (S, m))

in D! (O/w™[GS x Kg)). In particular, by the proof of Corollary [3.2.6] the

complex RT'(Xg, Vy(S,m)®V )\Z”\\z e \g)/ w™)@7ord carries a natural action
P

of TTA+7 for any v € S, \ S such that K; = Q;(0,¢,). We can pass to the
homotopy limit over m to get Vi (S) € DP(Sh(Xg, ©O)) which once again has
locally constant cohomology sheaves V(j] (S). Assuming that for v € S, \ S we
have K; = Q3(0,¢,), we get a natural action of TT**™ on RI'(Xf, Vy(S) ®

V(/\ip V5 — 7))Q’7'°rd by passing to the limit over m.
5p\5775p\5

Lemma 6.1.2. Let K C é(A}’%) be a good subgroup that is decomposed with

respect to P such that, for each v € S, Ky N U(Fy) = U(Op+). Letm C T7

be a non-FEisenstein mazimal ideal, let m := S*(m) C T and assume that p P

is decomposed generic.

Fix places v,v' € S, and introduce S1,S2 and Ss as before. Let (Qp, A\, T)
be a tuple as in § and let ( 0\ Tv) be the tuple associated to it as in
Pmposztzon . Assume that K QwO(O, ¢p) and define K as in Proposi-
tion . Then the Satake transform S° : TT 70 — TTXTs descends to a

homomorphism .
TT )\U TU(Hd(X VQ >Q, OI‘d) N

m

T (B (X, Uy, @ Vo () @ V31, )2 ™)

m

where H? denotes the degree d hypercohomology.

Proof. By Theorem m the genericity of m implies that we have a TTo 75
equivariant surjection

A% P° (@ ord Qv \Qx0-ord
HOX Ve )2 X VI )3

m

In particular, it suffices to prove that §” descends to a homomorphism

TN m(HYOX g, VI )3 5 T4 (HY (X, Uy @V (S) eV ) )2 ).

75) ™
Consider 75(K?, Vs, /@™) = RU(0Xz,, Vi, /a@™) € D5 (0/=™[G G(FH),

the v-completed boundary cohomology. We then have a TTe: Tu-equivariant
isomorphism

12

d % @;UO m CNJZJO-OTd

3See Page 13 of |[CN23] for how to define this derived tensor product.
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RdHomO/wm[M;O,o](5(;\5,@)°/wm,RF(ﬁg"o(OF+) ﬂa(K Vi /™ )) v Ord)

On the other hand, |[CN23|, Corollary 4.1.9 shows that Wa(k/ﬁ,V}\g/wm)ﬁ
admits

(F; m =
S*In dP(F+;RF(XKa,VAi, /@™ @ Vy(S2,m) )
as a TT-equivariant direct summand in D7 (O/@™[G(F;)]). To simplify
notation, set 7 := (K” Vi, /@™ ® VU(SQ, m))m. Then, by the previous

discussion, H(0X 7, VQ /w ) oo o dmits

RdHOIIl (5_/(5\67@)0/wm7 RF(N%UQ(O ) S*IndG(F ) ) Ord>

O/wm M0 HT

as a TT o Te_equivariant direct summand.

By Corollary [3.5.7], the latter admits

RdHomO/wm[Mg] <0<)\”’ 7)°®0 (Ave, Tue) /@™, RT (No(Op, ) X Noe (O, ) ) Qv XQ“C'Ord>

=~ HY Xk, Vs, ® Vu(S2) ® V(A /" )Qs-ord

as a TT’AE’E—equivariant subquotient, giving the desired map with mod @™ co-
efficients. Here we implicitly used the identification o (\,, 7,)° @ 0 (Aye, Tye)° =
T‘é&()\ﬁ,@)o induced by ¢, : G(F;) = GLagy(F,).

. We finally note that these identifications are compatible when we vary
m, and, since all the cohomology groups appearing are finitely generated
O-modules, we can conclude by passing to the limit over m > 1. O]

Proof of Proposition[6.1.1. This is a generalisation of [CN23|, Proposition
4.2.6. More precisely, the role of the faithful Hecke algebras A(K, A q),

A(K, X\, q,m), and A(K A v) of loc. cit. are now played by A(K,\, 1,q,0),
A(K,\,1,q,v,m), and A(K A ,T5,0). Consequently, in our case T, respec-
tively T will denote TT*#72 respectively T7**7 and our goal is to show the

existence of non-negative integers m’ > m, and N such that

S (AnnTHd(X VQ )Q Ord) C AnnpHY (XK,V()\T/W )Qe-ord,

m/,Sa)’ (A\,75)/m

Regardless the change of setup, the proof is identical to that of loc. cit. In
particular, we only indicate the necessary new inputs for the argument to
work in our case and direct the reader to |[CN23| for the proof.

e The proof uses Poincaré duality at certain points. To be able to appeal
to Poincaré duality in our case, we need that it is Hecke-equivariant
also at v. This is the content of Proposition |3.3.5|
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e To deepen the level at certain steps, their proof uses the Hochschild—
Serre spectral sequence, and we need to verify that all of these spectral
sequences are TT v Ti_equivariant. However, this is clear as we only
have to go deeper level at places in Sy and our Hecke operators are at
places in T'U {v}.

o We also need to argue that the hypercohomology spectral sequences
with respect to Vy(S3) and Vi (Sy, m) (that are denoted in [CN23| by
EH(0) resp. Eb(0O/w™)) are TT*"Ti-equivariant. To see this, we
note that the TTA»Te_action on the target of the map in Lemma [6.1.2]
is induced by the identification

RU(Xk, Wy, /@™ @ Vi (Sa,m) @ VL )9 =

= RHomg m 1y (0 (e, T)° /@™, 797 (K7, Vs, @ Vi (Ss,m)))

in DT(O/w™). We can then construct E%(O/w™) of loc. cit. by
taking the hypercohomology spectral sequence of

RHomg ) m a0 (0(Ag, E)O/wm,wQ?ord(KU, W\, ®—)) =

_ _ Qy-ord
R HOmo/wm[MUO} (O'()\U, @)O/wm, F(Ng, F(Kv, F(%G, VAE,®_))) >

applied to Vy(Sy,m) € DSh

will be TTAvTo_equivariant by construction. Since all the members of
EX(O/w™) are finite O/w™-modules, the Mittag-Leffler condition is
satisfied and, in particular, the limit of the spectral sequences E% (O /w™)
over m > 1 produces E"(O).

G2 x Ks, (X6, 0/w™). In particular, it

 As input, we use Lemma [6.1.2] instead of loc. cit. Proposition 4.2.2.

]

Just as in [CN23], we will need a dual version of the degree shifting ar-
gument. We only explain the setup and the statements here as the proofs
are identical to that of Proposition and Lemma . Set TT”\T”E”Z,
respectively TT#72¢ to be the image of TT*72  respectively T7**7 under
the anti-isomorphism

0T ®o Hio (e 4)°) = TV ®0 Ho (Ao 7)),
respectively

LT @0 Ho(As, 75)°) =TT @0 Hio(Ns, 75)7")



6.1. DEGREE SHIFTING 153

given by [g,%] — [¢7, "] on double coset operators[| We denote by S™V :
TTAemet _ TTAeTot the extension of the unnormalised Satake transform
given by S ®id. We conS.lder a tuple (@,, A\, 7) as before, but now, just as in the

last paragraph of §2.7, we assume that X = (—w§™" Aye, Ay) is dominant for
G (instead of wk \; ) We also pick some dominant weight \ € (Z2”)H°m(F *.E)

for G extending \;. We consider the dual local systems V , and V(Cf\ wo)v.

Then TZAe 70 respectively TTA 7t acts on RT(X VQ” e v / m)Qo-ord 1.
spectively RI'( Xk, V /wm)Qﬁ‘ord when K C G(A%‘L) is a good subgroup

with K, QU(O ), and K =Kn G(A¥)). In the case of the latter, it
follows from Corollary [3.3.4] The action in the case of the former comes from
the identification

RT (X~ V(C/Q\UT:))O V/wm)@@—ord ~

RHomO/wm[Mg](lea()\vc,TUC)O’V Q@ (A, 7)Y, T 7 ord (g0 Vi /@™))

in DT(O/w™) and the isomorphism H(o(Ay, 7,)%") & H(o(Ape, Tye)Y) =
H(0 o (Nye, Te)>Y) @ H(o(Ay, 7p)>Y) induced by .

Given a maximal ideal m C TT, set m" := i|pr(m) C TT. Define the
faithful Hecke algebras

AV(K7 >\, 7,4, 17) = TT,)@,TU (Hq(XK, V()\ i )Qv ord)7

AY(K,\T,q,0,m) = TT”\i’Ti’L(Hq(XK, /w )Q” °rd) “and
e - 3 — [ 54yToL s Q’va VY p-Or!
AV(E, X 1y, 0) s= TP (HO (X, VT )g*mvd).
Then the dual version of degree shifting reads as follows.

Proposition 6.1.3 (Dual degree shifting). Let v,v" be two distinct places of
Sp. Let Sy :={v'}, S5 :={v}, and Sy := S, \ {v,0'} their complement. Let
K C CNJ( X+) be a good subgroup and m € Zxy be an integer. Assume that
the following conditions are satisfied.

1. We have 1
SR Q)2 5P q)

5”6?2

ii. Forv" € S1US,, we have U((’)Ff”) C f{/@//, and K@u = K(m,?l USs)gn.
Finally, we have Ky = Q@(O,cp).

iti. For each v : F' — E inducing v or v', we have A\, + Aepn > 0.

4Recall that 7 and ¢ are the maps intertwining the Hecke actions between the two sides
of Poincaré duality.
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W. Pgemv 1S decomposed generic.
Define a weight \ € (Zi”)Hom(F+’E) as follows: if v : F* — E does not
induce either v or v', set \, = 0. Otherwise, set N\, = (\,, —wonA.c). Set

Let q € H%J,d — 1]. Then there exists an integer m' > m, an integer

N > 1, a nilpotent ideal I C AY(K,\,1,q,0,m) satisfying IV = 0, and a
commutative diagram

TTAwmi — AV(K(m/,85), X, 7y, D)

lgv,\/

TT7A"37T"37[' E— AV(K) A?I? q7/177m)/]'

Moreover, N can be chosen to only depend on n and [FT : Q].

Proof. One can argue the same way as in the proof of Proposition [6.1.1} In
particular, one first proves the dual analogue of Lemma (see [CN23],
Proposition 4.2.4 for how the dual statement might look like). This can
be done analogously using loc. cit., Lemma 4.2.3 (taking into account the
discussion above the lemma), and replacing Corollaryby Corollary .

O

6.2 Middle degree cohomology

As before, consider a collection of data
U € Sp, (Ao, Aue) € (Z1)HOmEFwE) 5 (77 Hom(FoesB),

Qv X Que = Py .ny) X Py € Gt

(T Twe) = ((To1s oo To k) s (Twe 1y oovs Tue ke ))-
Let (21,5 Qug), (e, -..; Qye ge)) to be the corresponding collection of
Bernstein centres. Consider the tuple (Q¥°, Ay = (— WonAve; A )y To = (Tys Tye))-
Set A € (Z2)Hom(F*.E) t he an extension of Ay. Let K C G(AY ) be a good
subgroup such that K, = QU(O ¢p). Let m € TT be a non- Elsenstein maxi-
mal ideal and set m := §*(m). Recall that d = dimc¢ (X ). Then the goal of

this short section is to decompose the T7w 72[1/p]-module

HY(X5 vﬁr) Terdpy ) (6.2.1)

in terms of cuspidal automorphic representations for G. As without further
assumptions the possibility of some Eisenstein series for G' contributing to
6.2.1{ cannot be ruled out, following |All4-23], we put an extra assumption on

the weight )\ to ensure that only cuspidal automorphic representations for G
contribute. We recall the definition here.
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Definition 6.2.1. A weight \ € (Z2r)Hom(FTE) js CTG ("cohomologically
trivial for G") if it satisfies the following condition

o« Given w € WP, define A\, = w(\ + p) — p, viewed as an element of
(Zm)Hom(BE) a5 usual where p denotes the half-sum of positive roots.
For each w € WP and iy € Z, there exists « € Hom(F, E) such that

Aww = Mo 7 (H0y -y l0)-

We recall that /’fT“\ﬁ’Tl[l /p] is naturally identified with

T7[1/p] ® (@39“ (@zmvc,i))-

Proposition 6.2.2. Assume that m = S*(m) is decomposed generic, and A
is CTG. Then, after possibly enlarging E,

g @}UO ng—ord
Hd(XfoV(x@))ﬁa [1/p]
is a semisimple TT’Ai’E[l/p]-module. Moreover, for any homomorphism

T \5,To % égo Qv?o_ord e
v TR (HY (X VT ))s ) = @,

and isomorphism t : Qp = C, there is a cuspidal automorphic representation
7 of G(Ap+) such that t7™ (75 01;1) ® Vil is Q3°-ordinary (in the sense of
Deﬁm’tz’on and x is induced by the natural Hecke action of

—~ kc
i=1

on

(7MY g Hom e 1) (0(1) ® (671 0 (). (7 (s 017) %) ]
(6.2.2)

Before starting the proof, recall that 30, ® . @30, o acts on the second
factor of the Hom in [6.2.2] via #,,. Moreover, we emphasise that in the state-

ment we are implicitly using that, by Corollary 4.2.13, (¢~ (75 o ¢, 1))@?0‘0rd
is irreducible, so TT**72[1/p] indeed acts on through scalars.

Proof. To prove the statement, we show that thereis a TT Aoz, [1/p|-equivariant
direct sum decomposition

Y égjo égo‘ rd n ~

®For the definition of (—)@v:’fo‘ord, see Definition 4.2.18
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D7 SOL) g Hom o o, (0(1) ® (071) 0 (rae), (7 (o 0 0)) %)

where the sum runs over cohomological cuspidal automorphic representations
of G(Ap+) of weight A and d(7) > 0 denotes some integer. A TT-equivariant
decomposition of this kind is given in the proof of [All423|, Theorem 2.4.11.
To see that this decomposition is also Hecke equivariant at v, we unravel the
definition of this action. N -

To ease the notation, set ) := Q3° C GLoy p,, M = My° , and V :=

V(%TO_). Recall that we have

RD(X, V)@ 2 lim RT (X, V/@™) 3.

Moreover, as explained in , the TT T action is induced by the identifi-
cation

RT (XK,V/w )@ = RHom o (~(A5,E)°/wm,WQ'Ord(f?ﬁ,V;@/wm)ﬁ> :

Since m is decomposed generic, the cohomology of WQ'Ord(K Y Vie /w™)m van-
ishes for degrees below d thanks to [CS19|, Theorem 1.1. Therefore, a stan-
dard argument with a hypercohomology spectral sequence (combined with
the previous observations) gives an identification

Hd(fk, V/wm)g'ord = Hom o (6 (Ag, 75)° /@™, Hd(ﬂQ'ord(.f(J@, Vie /@™ )a))-

Another application of the vanishing result of [CS19] combined with a stan-
dard argument with a Hocschild-Serre spectral sequence gives a T -equivariant
isomorphism of smooth O/w™[M (F,)]-modules

H(rn @YK7 Vs, fw™)s) 2 Ordo(HYK®, Vi /o™)s)-

Here H d(% Y. Vss /™) denotes the degree d v-completed cohomology of level

K7 and weight Vs /@™ and Ordg(—) is Emerton’s ordinary part functor from
Using that thanks to finiteness of finite level cohomology Mittag-Leffler
applies in our situation, we deduce an identification

HY(X, V)& [1/p) = Homyo (5N, 75), Ordg(HU(K™, Vio)w)) || (62.3)

The TT**7o-action on the former then is induced from this identification.
As a consequence of Proposition , is further identified (TT*7z-
equivariantly) with

— - \% - -lal
s (50 2 Ol 3 5%4)

SFor the definition of Ordg applied to E-Banach space representations, see the discus-
sion below Remark @
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- lalg ( 77d [ 750 Viy-lale
Homyo | 6(Ag, 75), Ord g (HY(K”, Vo) s ) ) -
Using Emerton’s spectral sequence (cf. |[Eme06b|, Corollary 2.2.18), and the
fact that H*(K", Vis)s vanishes below the middle degree, we see that there

is a T?-equivariant isomorphism

~1 Viv-lalg N . B
HY (K" Vio)g® =2 | Im H (X o Vio)a | ®& Viy
K!

m

of locally algebraic E-representations of GLy, (F,). Moreover, by the proof of
|[A11+23], Theorem 2.4.11, we have a TT-equivariant direct sum decomposition

@Hd(yggg%, Vieda | ®2Q, =
K!

D A FET)EOR) @17 7y 04,

™

of smooth admissible Q,[GLay (F,)]-modules.
In particular, to conclude, it suffices to prove that for any 7 appearing in
the direct sum decomposition above, there is an identification

Hom o (5(75), ¢ (g 0 151) 4 (6.2.4)
Hom o (6()\1—,,@), Ord15ng (t_l(?ﬂ; o, ®p Vj\y))
such that the isomorphism
H(o(1s)) = H(G (Mo, Tw)), (6.2.5)

(provided by [ST06], Lemma 1.4) intertwines the Hecke actions on the two
sides. After noting that Ordglg(fl(ﬁ@ o, )®p Viv) & (t Y (Fyou; 1))@y
V—wg?i;,’ and that o(\g, 75) = 0(15) ®p V—w(?Z\f,’ the isomorphism is given

by the natural isomorphism
Homyo(6(z,), —) = Homap (6(75) @6 V.05, — @8 V. 05,)-

The induced identification is clearly H(&(73))-equivariant when on the RHS
of we act through [6.2.5 O
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6.3 The end of the proof

We are now ready to prove our main local-global compatibility result in
this level of generality. The reader is invited to compare it with [CN23|,
Proposition 4.2.13. The content of this result is, for every p-adic place v €
Sp(F), constructing a characteristic zero lift of pn|g,, with the right shape
according to the tuple (Q,, Ay, T,). We then show that in the case of @, =
GL,, the existence of such a lift easily implies Theorem |5.3.4l

Proposition 6.3.1. Assume that p splits in an imaginary quadratic subfield
of F. Let K C G(A%:) be a good subgroup and fix distinct places v,v' € S,,.
Fiz a preferred lift v | v in S,(F). Let (Qp, \,T) = (Qu, Moy Ty)ves,(7) be
a tuple as in and assume that K, C Q,(0,¢,) and Kz = Q,(0,¢,) X
Qe (0, ¢p).

Let m € Zsy be an integer, and m C TT**™ be a mazimal ideal in the
support of H*( Xk, V&’T)/wm)Q“XQUC‘Ord. Write

Qv = L(ny,...ng),Fy C GLn,Fva and QUC = P(m1 ..... mye),Fye C GLn,Fvc-
Assume that:

1. We have ]

S i Q) > 5Pt q)
17”7&17,1_)’
where the sum runs over v € Sy(F7).

1. The mazimal ideal m is non-Eisenstein such that p,, is decomposed
generic.

iti. Let v ¢ T be a finite place of F', with residue characteristic £. Then
either T' contains no (-adic places and ¢ is unramified in F, or there
exists an imaginary quadratic subfield of F in which ¢ splits.

Then, for each q € [0,d — 1|, there exists an integer N > 1, depending only
onn and [F* : Q], a nilpotent ideal I C TTH o (Hq(XK,V&’I)/wm)gﬁ‘ord)
with IN =0, and a continuous n-dimensional representation

P+ Grr — GL, (T (HY( X, VI, J™)87) /1)
such that the following conditions hold:

i. For each finite place v ¢ T of F, the characteristic polynomial of
pm(Frob,) is equal to the image of P,(X).

ii. For© = v,v°, the representation pw|c,, has a lift to py : Gg, — GL,(A),
where A is a finite flat local O-algebra equipped with a 35, .. -algebra
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structure such that ﬁ[l/p] >[I, E is a semisimple E-algebra with a
morphism

S" i A TTore (HY (X, VI Jw™) 8 ) /1
of 33, ., -algebras.

iti. For v =wv,v°, ps[1/p] is potentially semistable with labelled Hodge—Tate
weights (A1 +n—1>..> X\ ,)umon.

iv. Moreover, these lifts admit isomorphisms

Pvi  * . % Pvel * *
0 py2 ... * 0 Puea .. *
pull/p] ~ : S , Puell/p] ~
0 v 00 Py 0 B

such that, for 1 <1 <k, and 1 < j < k¢, py;, respectively pyej has
Weil-Deligne inertial type bounded by 7,;, respectively Tye ;. Moreover,
the labelled Hodge—Tate weights of p,;, respectively pye ; are determined
by the property that they are increasing as i, respectively j grows.

v. For o =v orv®, an integer 1 < i <k fork =k ork = k° (depending
on v), and a morphism x : A — E the following property is satisfied.
The morphism 3q,, — E induced by postcomposing the structure map
305, — A with  coincides with the one induced by the natural action
Of 5951 on
rec" " (WD( 0 pp,)) @ | - [+ ]

Proof. As the argument follows very closely the proof of [CN23|, Proposition
4.2.13, we only provide a sketch. Since the existence of p,, satisfying the first
condition is known, we are free to enlarge Tﬁ By various twisting arguments,
and an application of the Hocschild—Serre spectral sequence, we can assume
the following:

* Dg is decomposed generic.
. K = K(m,5,\ {3}).
o Forv” € S,\ {v,0'}, \g» =0, and 74~ is trivial.

e Foreach:: F, — E, =XA\c1 — A1 >0, and A= (—wg}L"/\vc, Av)
CTGH
"Here the convention is that ng := 0.

8This will be used in the various upcoming twisting arguments.
9See Remark for the role of this condition.

ves, 18
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In particular, by setting KcG (A%;) to be a good subgroup satisfying
.« K'NG(A®) = K%
« KT =G(O%,);
« For 0" € S,\ {o}, U(Ops) C Ko, K = K(m, S, \ {0});

o Ky= é%“o(o, ¢p) (associated with Qg);

and assuming that ¢ € [|4], d—1], we are in the situation of Proposition .

We briefly explain what we mean by "twisting argument' as it will be
also used in the next step of the proof. Assume that we have a continuous
character ¥ : Gp — k*. Since for the upcoming step this is the only relevant
case, we also assume that x is unramified at S,. We set x : Gp — O to be its
Teichmiiller lift. Choose a finite set of finite places T' C T” of F' that is closed
under complex conjugation, containing all places at which x is ramified, and
a good normal subgroup K’ C K satisfying:

N (K/>T’\T — KT/\T.

K/K' is abelian of order prime to p.

For each finite place v of I, x|q,, o Artp, is trivial on det(K7).
o T’ again satisfies assumption iii) from the Proposition.

Then set m(x) C TT*7 to be f,(m), where f, : TT?7 = T g the
map defined in the discussion preceding Lemma [2.3.2 Note that py,) =
P @ X Set
] »AG, T Qp m\Qz-ord
A(K/7 /\717 q,v,Mm, X) = TT)\ - (Hq(XK’J V()\,Tj)/w )g(x) ) .

Claim: Verifying the Proposition for any of the m(x)’s with corresponding
level K" will imply it for m with level K.

Proof of Claim. Note that we have a surjection
A(K/7 )\7 I? Q7 fl_)? m) _> A(K7 )\7 I? q? /(_)7 m)

of TTA+T2_algebras so we can and do assume that K = K’. Use the ab-
breviation A(x) := A(K,\,7,q,0,m,x). Assume that we found an integer
Ny, a nilpotent ideal I,, C A(x), a continuous representation pu(y) : Grr —

GLn(A(X)/Iy), a surjection A(x) — A(x)/Iy of 33, , -algebras, and a con-

tinuous representation p,, : Gg, — GL,(A) satisfying the conditions of the
Proposition. Set N := N, I := fi-1(1,), pm = (fy-1 © pury)) @ x ', and
A= fi1A(x) as a 33, ,,-algebra. Define the surjection A — A/I to be
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A(x) = AQ)/ L, =5t AJT and set fy i= (fro10p0y)OX " : G, — GL,(A).
Then, as already observed at the end of the proof of [All4-23], Corollary 4.4.8,
Pm satisfies the first condition of the Proposition. An easy diagram chase
shows that condition ii) is satisfied. Conditions iii) and iv) are clearly pre-
served under twisting by Y, so they are also satisfied. To check the last
condition, pick z : A — E, and consider one of the subquotients p,
of py[1/p] from condition iii) for m(). Then the corresponding subquo-
tient of p,[1/p] is puy,; ® x ', and the morphism 3q,, — E is induced by

3. — A= 30, ELN 3, — A(X)). Then condition v) follows from the
computation

rec”" " (WD(z 0 p,:)) = rec"  (WD(z 0 pypi) @ x ') =

rec”H (WD(2 0 fuy.)) ® (X' o Artp,)
and the definition of f : 3q,, — 3q..- O

For now we assume that ¢ € [[4],d — 1]. Then, according to Proposi-

tion [6.1.1} for every choice of ¥ such that m(y) is decomposed generic, we

obtain an integer N,, a nilpotent ideal I,, a flat O-algebra A(x), and a
map A(x) = A(K', N\, 1,q,0,m,x)/I,. Write A(x) = [I, £ using Proposi-

tion . Applying Theorem , and Theorem m toeachz : A —> F

(keeping in mind Proposition [6.2.2)), we obtain a continuous representation

Pt = [ Pmo.e : Gr = GLan(A(O[1/p)),

admitting a block upper-triangular shape with blocks of size (ny, ..., ng, mge, ..., mq).
In particular, for each z, we have an isomorphism

~ ™ X, T *
Pm ,m|G ~ ( o .
(x) Fy 0 TQ,X@

As shown in Sub-Lemma 1 in the proof of |[CN23], Proposition 4.2.13, we can
find ¥ such that

 the set of isomorphism classes of the Jordan-Holder constituents of
pm(x)|GFv and ﬁ:{&)(l - 2”)|GFU are disjoint;

e and, for all x : A— FE, the isomorphism classes of the Jordan-Holder
constituents of 71, , coincide with those of Py, lap, -

For such a x, we can apply [CN23|, Proposition 3.2.4 to obtain a K(X)—
valued lift p, : Gr, — GLn(A(X)) of pm(y)|cy, such that p,,[1/p] becomes

isomorphic to [[, 71,y,.- In particular, by Theorem and Proposition|(6.2.2]
conditions iii), iv), and v) are all satisfied for p,, . This finishes the proof in

the case of ¢ € [[4],d — 1].
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To treat the case of ¢ < |4], one uses the Poincaré duality isomorphisms
L AK N 1,q,0,m) 2 AY(K,\,7,d — 1 —q,0,m),

~. T 0,70 Qﬂ w() p-0r ~ AV 3 =
r A (HYR G Vit 1) 2 ) = AY(R, X, 1w 9)(1/p

provided by Proposition @ Then an analogous argument using the dual
degree shifting (Proposition [6.1.3)), and a version of Proposition for the

cohomology group H4(X K,VQ” wo 1/ p])Q*fgfriV) proves the Proposition also
for ¢. For more details, see [CN23] Proposition 4.2.13. O

Remark 6.3.2. We emphasise the role of reserving the place v/ in the de-
gree shifting argument (cf. Proposition . Namely, combined with the
assumption that the level is deep enough at ¢/, it allows us to freely change
the weight A\; without changing the faithful Hecke algebra A(K, A, 7, q,v, m).
This lets us assume in the proof of Proposition that \ is CTG (cf.
[All4+23], Lemma 4.3.6). This is crucial for us in order to have access to
Proposition |6.2.2]

Nevertheless, as was pointed out to the author by James Newton, once
Theorem [5.3.4] in particular, Theorem [1.3.1]is proved, one could try and run
the proof of Theorem with a version of Proposition where we drop
the CTG assumption. This way the role of ' would not be relevant anymore,
leading to a strengthening of Theorem where condition i) is weakened
to asking for

1
> R Ql=glFTqQ) (6.3.1)
55,0 £

instead. The author is planning to revisit this strategy in future work.

Proof of Theorem[5.3.4] Pick a collection of data (F, K, \, 7,m,v) as in the
statement of the Theorem. Pick a choice of lift v | v in S,(F). We will apply
Proposition with the choice (Qu, v, Tv)ves,(7) = (GLn, Ay, 7y).

Note that it suffices to prove the statement for Galois representations
with coefficients in T (RT(Xk, V(r+) /@™ )w) for integers m € Zs;. This
is because, by [NT16], Lemma 3.11, we have an isomorphism

THT(RE(X ke, Von)m) = Jm T (RE (X, Vo) /@ m)

of TTM-algebras. Moreover, by an argument using [KT17], Lemma 2.5,
and Carayol’s lemma (cf. the proof of [All+23] Corollary 4.4.8, and The-
orem 4.5.1), it suffices to verify the Theorem one cohomological degree at
a time. Therefore, fix ¢ € [0,d — 1], and set my C T to be the
maximal ideal obtained by pulling back m along TTAo7™ < TTAT  Set
Ay = T2 (HY( X, Virr)/©™)mg)- It is then clearly sufficient to verify
the statement for a Galois representation with coefficients in Aj;.
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Applying Proposition [6.3.1] gives a nilpotent ideal I; C Az, a continu-
ous representation py : Gp — GL,(A;/I5), a finite flat local O-algebra A,
a surjective homomorphism S A A/ I; of 3f\v7m—algebras, and a lift
pv @ Gp, — GLn(AV) of py := pml|a,, under S" satisfying the five listed con-
ditions. In particular, by the first condition, it satisfies local-global compati-
bility outside T', and the only thing left to check is the existence of a dotted
arrow making the diagram in the statement of the Theorem commutative.

We first note that an easy unravelling of the definitions (using condition
iii), iv), and v) from Proposition [6.3.1)) shows that we have a (necessarily
unique) dotted arrow making the diagram

pu[1/p]

RS [1/p] =2 A1/p)
l S a }m/: (6.3.2)

R%:’j”[l/])] b9,

commutative. Here naty; denotes the natural map towards the faithful Hecke
algebra and n denotes the interpolation of local Langlands. We then obtain
the following diagram

50, —— RY=(1/p) 288 AL /)

] |

RS P L F S AL

Po
nat i
nat 4

o
3)\1,,7'1,

where all the inclusions are the natural ones induced by inverting p. Note
that, by abuse of notation, we write Kisin’s local deformation rings as the
source of p,[1/p] resp. p,. This is justified by [6.3.2] Moreover, by the very
definition of p,, we have S'o Do = Pm|GFv' In particular, we see that in the
local-global compatibility diagram of Theorem we indeed have a dotted
arrow making the upper triangle commutative. To see that the obtained
arrow also commutes with the lower triangle, we need to prove the following.
Claim: If z € 33, ,, such that n(z) lies in Rﬁ:’jn, then nata,(z) = pu(2).

Proof of Claim. We have
naty, (2) = ' (natz(2)) = S (P.[1/p)(n(2))) =

S (po(n(2))) = pu(n(2)),

where the first equality is by the definition of the degree shifting map, the
second equality is the content of [6.3.2] and the last equality follows from the
definition of p,. m
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[]

Proof of Theorem[1.3.1 Consider an imaginary CM field F, an identification
t: Qp = C, and a regular algebraic cuspidal automorphic representation m
of GL,,(AF) as in the statement of the Theorem. Fix also a p-adic place v
in ' where we wish to prove local-global compatibility. We can then find
a cyclic CM field extension F’/F such that v and v° split completely in F,

F' is linearly disjoint from erm(w), r(7)|c,, stays decomposed generic, and

F'" and v satisfy the conditions of Theorem In particular, it suffices to
prove local-global compatibility for the cyclic base change 7’ := BCpr/p(7)
for any place v'|v in F.

Let 7 be the Weil-Deligne inertial type of 7/, set A’ to be its weight, and
note that A\, = A,. Let T be a suitable finite set of places containing S, (F")
such that (7/)™V1} is unramified. Pick a good subgroup K? C GL, (A7)
such that ((7/)?)*" # 0. Set K = KPK)) where K} := ],es,(r) GLn(Opy).
Then, by Theorem

Hom g (o(7), (') ") # 0,

and TTX7[1/p] acts via scalars, inducing a map x : T™"7[1/p] — Q,.. For
a large enough field extension E/Q,, |[Fra98|, and [FS98| show (cf. |All423],
Theorem 2.4.10) that (7')X"%% can be found in

H*(XKPK;, Vivr) [1/p])

as a TT-equivariant direct summand for any compact open normal sub-
group K} C K such that o(7)| ko is trivial. Since finite group cohomology
is torsion, an argument with Hocschild—Serre spectral sequence shows that
Hompgq(o(7), (7')E") can be found in

H* (X, Voun[1/p))

as a TT-equivariant direct summand. To see that this direct summand is also
TTX7[1 /pl-equivariant one has to compare the natural action of TTA"7[1/p]

(cf. §2.6)) on

Homyeg(o(7), ()"

with the one on
H*( Xk, Vv n(1/p])

given by Lemma [2.3.1} The two induced actions on the direct summand can
be seen to coincide by writing both actions in terms of correspondences as in
In the previous paragraph we proved that the map x factors through
TTN7(KP),, wherem C TTV7 is the (non-Eisenstein and decomposed generic)

maximal ideal so that r(7") = p,,. The Theorem then follows from applying
Theorem [5.3.4 to m and specialising the diagram in the statement at . [



Appendix A

Bernstein—Zelevinsky and
Langlands classifications

Since the theory of Bernstein—Zelevinsky and its relation to the Langlands
classification is used at several points in §4.2] we recollect the necessary results
of the theory. Throughout this section, we fix a finite field extension L/Q,
with a choice of uniformiser wy;, and, for any integer m € Z>,, we set G,,, :=
GLy(L). All of our representations will have Q,-coefficients and recall that
we fix an identification ¢ : Q, = C. For a smooth representation 7 of G, we
set deg(m) := m.

For an integer n € Z>, with a partition n = n; + ... + n,, consider the
corresponding standard parabolic subgroup ) C G,, with its Levi decompo-
sition () = M x N. Recall that for any smooth representations m; of G,
(1t = 1,...,s) we denoted by n—Indg"m ® ... ® s the normalised parabolic
induction. For this chapter, we will abbreviate this by writing

Ty X oo X g 1= n-Indgnm ® ... ® .

Moreover, for any smooth representation m, we set Jg(m) to be the (unnor-
malised) Jacquet module of 7 with respect to Q. By [Zel80|, Proposition 1.4,
both operations carry finite length representations to finite length ones. (See
[Ze180], Proposition 1.1 for some of the properties of these functors.)

For any smooth irreducible representation 7 of GG,,, there is a unique multi-
set {m,...,ms} of supercuspidal representations of auxiliary general linear
groups G, such that 7 is a subquotient of m x ... X m,. We will refer to this
multi-set as the supercuspidal support of 7T.EI Moreover, the supercuspidal
support can be ordered in a way so that 7 is actually a subrepresentation of
m X ... X ms (cf. [BZ77], Theorem 2.5, Theorem 2.9).

Given a smooth representation 7 of GG,,, for some n > 1, and a real num-
ber a € R, set m(a) to be 7 ® |det|}. Zelevinsky introduced the notion of a

'We warn the reader that this is slightly unconventional as in the literature it is the
pair (1 ® ... ® w5, Gy, X ... X Gy,,) that is referred to as the supercuspidal support of .

165
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segment, a set of isomorphism classes of irreducible supercuspidal represen-
tations of the form

A(m,r) :={m,x(1),....,7(r — 1)}

where r > 1 is some integer. We also use the notation [, 7(r — 1)] for the set
A(m,r). We further say that two segments A; and A, are linked if neither
contains the other and A; U A, is also a segment. Finally, for two linked
segments Ay = [m(ry), m(r2)] and Ay = [m(u1), 7(ug)], respectively, we say
that Ay precedes Ay if r; < uy. Given a segment A = A(w,r), we write

m(A) =7 x .. x7w(r—1).

Then the Bernstein—Zelevinsky and Langlands classifications read as follows
(cf. |Zel80], Theorem 6.1, [Rod82], Theorem 3).

Theorem A.0.1. . Given a segment A = A(m,m), w(A) has length
2= and admits a unique irreducible subrepresentation Z(A) and a
unique irreducible quotient L(A) (called the Langlands quotient of the
segment).

it. Call an ordered multiset of segments (Aq,...,2;) well-ordered, if it is
ordered in a way that, for i < j, A; doesn’t precede A;. Then, for such
a well-ordered multiset of segments, the representation

Z(A1) X ... x Z(4))

admits a unique irreducible subrepresentation Z(Aq,...,A;). Similarly,
the representation
L(Ay) x ... x L(A))

admits a unique irreducible quotient L(A1, ..., ;) (called the Langlands
quotient of the multiset of segments (Aq,...,A;)). Moreover, in both
cases, the isomorphism class of the obtained representation does not
depend on the chosen order.

1i. For any smooth irreducible representation m of G,, up to reordering,
there is a unique well-ordered multiset of segments (Aq, ..., ;) resp.

(AY, ..., A}) such that m = Z(Aq, ..., A;) resp. m = L(A], ..., A}).

The relation between the Bernstein—Zelevinsky and Langlands classifica-
tions is slightly subtle. Nevertheless, Zelevinsky introduced an involution
which allows one to pass between the two to some extent. Namely, for every
n > 1, one can look at the Grothendieck group R, of finite length smooth
representations of G,,. Then the operation of normalised parabolic induction
makes R := @,>0R,, into a graded commutative ring (cf. [Zel80], 1.9). More-
over, according to |Zel80], Corollary 7.5, R is in fact a polynomial algebra
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over Z with indeterminates given by Z(A). Therefore, one can define a ring
endomorphism

D:R—-R

by sending, for any segment A, the element Z(A) to L(A) and linearly extend-
ing it. One observes that D is in fact an involution which sends Z(A(m,r)) to
Z(m,...,m(r—1)) (cf. [Zel80|, 9.15). Moreover, Zelevinsky conjectured that D
sends irreducible representations to irreducible representations ([Zel80], 9.17).
Assuming Zelevinsky’s conjecture, Rodier deduced that, for a (well-ordered)
multiset of segments (Aq, ..., 4;), D sends Z(Aq, ..., A;) resp. L(Aq,..., ;) to
L(Ay,...,A)) resp. Z(Ay,...,4;). Bernstein proposed a proof of the conjec-
ture which stayed unpublished. The first written up proofs can be found in
[Aub95| and |Pro98]|, respectively. Another property of the involution which
will be useful for us is the fact that it commutes with the operation of twist-
ing by the determinant character. This can be easily seen by first verifying
it on the generators of R as a polynomial algebra over Z corresponding to
segments.

Given the Langlands classification, we can explain the reduction of the lo-
cal Langlands correspondence for GL,, to a correspondence between the set of
supercuspidal representations and irreducible Weil-Deligne representations.
Namely, given a supercuspidal representation 7 of G,, [HT01; Hen00| at-
taches to it an n-dimensional irreducible Weil-Deligne representation rec’ ().
Moreover, if 7 is only essentially square integrable i.e., according to Bern-
stein, it is of the form L(A(#',r)) (|[Zel80], Theorem 9.3), we set rec’ (7) =
rec’ (7') @ Sp(r) where Sp(r) is the Steinberg representation (see page 213 of
[Rod82]). Finally, if 7 is a general smooth irreducible representation of the
form L(Ay, ..., A;), we set rec’ (1) = ®!_ recT (L(A;)).

Since we will mainly be working with smooth irreducible representations
of G,, coming from cuspidal automorphic representations, we can always as-
sume that our representations m are so that t7 ® |det|™® is unitary for some
s € R. We will refer to such representations as t-preunitary and if s = 0,
then we further call it t-unitary. In particular, it will be useful for us to re-
call Tadic’s classification of unitary irreducible smooth representations of GG,
[Tad86] which reveals that, in the case of unitary representations, the rela-
tion between the Bernstein—Zelevinsky and Langlands classifications becomes
explicit. To state the classification, we first need to introduce some further
notation. Given a t-unitary supercuspidal representation 7 of GG,, for some
m € Z>; and an integer d € Z>;, we define the unitary segment

1—d d—1
5 )y ey ( 5 )].

Then the building blocks of the classification will be the following two types
of representations.

AY(d, ) = [n(

i. Given d,n € Z>; and 7 a t-unitary supercuspidal representation of G,,
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for some m € Z>;, we set

a(d,n,7) = Z (A“(d, (" LA - ”)) |

ii. Given d,n € Z>1, o € (0, %) and 7 a t-unitary supercuspidal represen-
tation of G, for some m € Z~,, we set

a(d,n,m,a) = a(d,n,m)(a) X a(d,n, 7)(—a).

The classification is as follows ([Tad86], Theorem A, Theorem B).

Theorem A.0.2. Given an integer m > 1, all smooth representations of Gy,
obtained as normalised parabolic induction of type i) and type ii) representa-
tions are t-unitary and irreducible.

Moreover, any smooth irreducible t-unitary representation of G,, can be
obtained this way and the associated multiset of type i) and type ii) represen-
tations is well-defined (i.e., the associated ordered multiset is unique up to
permutation).

Finally, under the Zelevinsky involution a type i) representation a(d,n, ),
respectively a type i) representation a(d,n,m,«) is sent to a(n,d, ), respec-
tively a(n,d, 7, «). In particular, we have

d—1 1—d
a(d,n, ) = a“(n,d, ) = L <A“(n,7r)(2), ...,A“(n,ﬂ)(z)) ,
respectively

a(d,n,m,a) = a“(d,n,m)(a) x a“(d,n, 7)(—a).

We conclude the appendix with two technical lemmas, the first of which
relies on Tadic’s classification. The role of the first computation is to under-
stand the monodromy under local Langlands of the ordinary support in

(see Corollary [4.2.17)).

Lemma A.0.3. Let {Ay,...,A;} be a multiset of segments, r € Zso and
0=kFky < ki <..<k.=1 be integers such that

valy(m (())) _ valy(m({w)))
deg 7} - deg 7

+ valy(|o|k)

whenever ) resp. h lies in the underlying supercuspidal support of { Ak, |41, ...

resp. {Ag,_ 41, Ay, } fori < j. In particular, if 7 happens to be of the
form mh®|det|®, then s > 1. Assume that for each 1 <1 <71, (Ag,_ 41,y Ak;)
is well-ordered ] Finally, assume that

7= Z(Ar, ., A) = LA, A)

2Note that this ensures that already (Aq, ..., 4;) is well-ordered.
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is t-preunitary and, fori=1,...,r, set
T = Z<Ak¢_1+1; ceey Akz) = L<Af‘4/¢71+1’ ceey Ag)

where 0 =ty < t; < ... < t, are the appropriate integers. Then every segment
Al is of the form

"
U A7
j=1
’U}Zth A;H S {@, A/kij71+17 tey A/k/]}

Proof. Note that we can assume that 7 is t-unitary. This follows from the
fact that rec’ is compatible with character twists and that the involution D
commutes with twisting by the determinant character. Arguing by induction
on r, we can further restrict ourselves to the case when r = 2. Therefore,
we do assume the above restrictions and set k := ky. In particular, we have
access to Tadic’s classification. This means that, since we know the shape of
(A%, ..., A}) by Theorem , we need to compute the shape of the segments
(AT, ..., AY).

First, we pin down the possible unitary representations appearing in Tadic’s
classification as building blocks which have underlying multiset of segments
strictly separated by

((Ars o A, (At ooy A, (A.0.1)

By the assumption on the central characters of the supercuspidal support of
the partition the representations of the second type appearing in 7 =
Z(Aq, ..., A\;)’s description via Tadic’s classification have associated multiset
of segments lying either in (A, ..., Ag) or (Agy, ..., 2;), respectively. Indeed,
this is because all the neighbours of the supercuspidal support of such a
representation differ by a power of the determinant character with exponent
strictly smaller than 1. Now assume that a representation of the first type
appears in 7 and its associated multiset of segments is strictly separated by
the partition {(Aq, ..., Ag), (Agt1,...,Ar)}. Say it is given by a(d,n, ) for
some integers d,n > 1 and t-unitary supercuspidal representation 7 of G,,
for some integer m > 1. Note that in the case when n = 1, we have only 1
segment so n must be at least 2. On the other hand, notice that d must be
equal to 1. Indeed, if we assume that d is at least 2, then all the neighbours

of ] 1

n— —n
)y ooy A%(d, )( 5 )
have overlapping supercuspidal supports. In particular, by the assumption
on the central characters, all the segments must be contained in (Aq, ..., Ay)
or (Agi1, .., 4\;), respectively. This leads to a contradiction. Therefore, d
necessarily equals 1 and

(A*(d, 7m)(

n—1 1—n

5 )y ooy ( 5 ).

a(d,n,m) = Z(m(
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We now have the following claim.
Claim: Z(Aq,...Ay) is obtained by applying normalised parabolic induction
to a product of representations of type i), type i) and representations of the

form
n—1 n—1

9 )7"'v7r(j)):L([ﬂ-(j)’“'?ﬂ-( 9 )])

for some t-unitary supercuspidal representation 7 of G,,, n € Z>o and PT” <
- -1
J< 5

Z(n(

Proof of Claim. For a choice of t-unitary supercuspidal representation of G,,,
set S C (Aq, ..., Ag) to be the ordered subset of segments with supercuspidal
support lying in {7 @ | det |*}ser. By [Zel80|, Proposition 8.5, Z(Aq, ..., Ag)
is the parabolic induction of the representations Z(S;) for all = such that
Sy # OF] Moreover, S, decomposes into SI* and S2t where the first
ordered subset consists of the segments with supercuspidal support lying in
{r®|det ’S}SG%Z and define the latter to be its complement. Again, Z(S;) is
the parabolic induction of Z(S™) and Z(Sromnt),

By looking at Tadic’s classification, we see that SD°"n consists of all
the segments corresponding to type i) representations and nothing else. In
particular, using Tadic’s classification and [Zel80|, Proposition 8.4, we see
that it must be the parabolic induction of type i) representations. We are
left with spelling out Z(S*).

We further divide S into the ordered multiset of segments S2°""* given
by the collection of segments which correspond to a type i) representations
which are not separated by the partition and Si* consisting of segments
that are part of the multiset of segments of a type i) representation which is
strictly separated by the partition . Then, by [Zel80], Proposition 8.4,
Z (S} occurs with multiplicity 1 in the set of Jordan-Holder factors of

Z(SPomes) 5 7(S), (A.0.2)

Therefore, in order to prove the claim, it suffices to prove that [A.0.2] is irre-
ducible and that both Z(S2°™*) and Z(S:*) have the claimed shape.
Note that by our previous discussion Z(S:*) is of the form

TZQ—]_
2

ny —1 ny—1

)y ooy T(J), ooy ( 5 ), oo T(5) 1Y)

Z({m( )s (), 7
where {—1}°¢ means that we chose any allowable ordering of the underlying
multiset of segments, f € Z>¢, n1,...,ny € Z>; and j is some integer between
% and "~ L for any 1 < < f. This is simply given by

77,1—1
2

nf—l
2

Z (7 ( )y oy (J)) X oo X Z(7( )y s (4))- (A.0.3)

3Note that the order does not matter.
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To see this, note that can be rewritten as

n1—1
2

nf—l

—0.

LA oo (2 )]) X o L( (), o
This is irreducible by [Zel80], Proposition 9.7 so it must be Z(St*) by [Zel80],
Proposition 8.4.

By combining Tadic’s classification with [Zel80|, Proposition 8.4, we also
see that Z(S2°"*) is of the form

a(dl,ﬁl,ﬁ) X ... X a(cih,ﬁh,w) = aL(le,czl,ﬂ) X ... X aL(ﬁh,Jh,W)
for some h € Zzo, ﬁl, ...,ﬁh,dl, ...,Cih € Zzl.
We are left with proving that [A.0.2) is irreducible. Note that if we ap-

ply Zelevinsky duality to bearing in mind the previous discussion and
Theorem [A.0.2] we get

<a(ﬁ1,J1,W) X ... X a(ﬁh,czh,ﬂ))x

n1—1
2

) % e x Z( (), s (= 1)])) .

(2(5()....7( .

By Proposition 8.5 of [Zel80], it suffices to see that for any 1 < a < h,
% <p< % and 1 < ¢ < f, the segments

1—n n, — 1 —1
fo +b),...,w(”a2 +b)] and [7(5), ..., w(2¢

are not linked. Note that by assumption j € %Z is the lowest such that m(j)
appears as a supercuspidal support of some segment in S". Therefore, we
have

1—ﬁa+1—da<1—ﬁa
2 2 - 2

On the other hand, if the two segments were linked, we would need to have

+b.

J=

nc—1<ﬁa—1+b<ﬁa—1+da—1
2 2 - 2 2

So, by multiplying by —1, we would get

1—ﬁa+1—da<1—nc
2 2 = 2

<J

a contradiction. Therefore, [A.0.2] is indeed irreducible and we proved the
claim. O
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The same observations apply to Z(Aki1,...,4;) and the lemma now fol-
lows. To be more precise, from the claim we see what can be the shape of a seg-
ment A appearing in Z(Ay,...,Ay) = L(AY, ..., Al ). Moreover, the proof of
the claim shows that if any such segment is of the form [7(j), ..., 7(%5*)] with
I_T” < j, then there must be a corresponding segment A;, with t1+1 < iy < 9
such that they are disjoint and linked and their union is [r(15%), ..., 7(%5%)].
Such pairs then build up to segments in L(A, ..., A}) and any other segments

of the latter were already a segment of (Af, .., A}). O

Lemma A.0.4. Let (Aq,...,\)) be a well-ordered multiset of segments such
that Z(Aq, ..., A;)) has degree n and set Qsc = M. X Ng. C G, to be the stan-
dard parabolic subgroup corresponding to the underlying supercuspidal support
with the induced ordering. Then the Jacquet module Jo. (Z(Ay, ..., ;) ad-
mits 5&2/5A1 ®...Q A, as a quotient where, by abuse of notation, for a segment
A =[m,...,m(r—1)] we also denote by A the representation 7® ... (r —1).

Proof. Let Q@ = M x N C G, be the parabolic subgroup corresponding to
Z(Ay) ® ... ® Z(4;). Then Frobenius reciprocity applied to Theorem [A.0.1]
gives a surjection Jg(Z(Ay,...,4;)) — 5619/22(A1) ® ...® Z(4A;). Then [Zel80)|
Proposition 1.1 parts a) and ¢) combined with loc. cit. 3.1 implies that taking
Jacquet module with respect to Qs gives the desired result. O



Bibliography

[ACa23]

[AHV19]

[All4-23]

[AN21]

[Aub95]

[Bar+11]

[Bar+12]

[Bar+14]

[BCOY]
[BD20]

[BD84]

L. A’Campo. Rigidity of automorphic Galois representations over
CM fields. preprint, arXiv:2202.14022, to appear in IMRN, 2023.

N. Abe, G. Henniart, and M.-F. Vigneras. Modulo p representa-
tions of reductive p-adic groups: Functoriality properties. Trans-
actions of the A.M.S. 371, 8297-8337, 2019.

P. B. Allen et al. Potential automorphy over CM fields. Ann. of
Math. (2) 197, no. 3, 897-1113. MR 4564261, 2023.

P. Allen and J. Newton. Monodromy for some rank two Galois
representations over CM fields. preprint, arXiv:1901.05490, 2021.

A.-M. Aubert. Dualité dans le groupe de Grothendieck de la caté-
gorie des repr ésentations lisses de longueur finie din groupe ré-
ductif p-adique. Trans. Amer. Math. Soc. 347, no. 6, 2179-2189,
1995.

T. Barnet-Lamb, T. Gee, D. Geraghty, and R. Taylor. Local-
global compatibility for | = p, II. Annales de la faculté des sci-
ences de Toulouse Mathématiques 47(1), 2011.

T. Barnet-Lamb, T. Gee, D. Geraghty, and R. Taylor. Local-
global compatibility for | = p, I. Annales de la Faculté des sciences
de Toulouse : Mathématiques, Serie 6, Volume 21 no. 1, pp. 57-
92., 2012.

T. Barnet-Lamb, T. Gee, D. Geraghty, and R. Taylor. Potential
automorphy and change of weight. Ann. of Math. (2) 179, no. 2,
501-609, 2014.

J. Bellaiche and G. Chenevier. Families of Galois representations
and Selmer groups. Astérisque 324, pp. xii+314, 2009.

C. Breuil and Y. Ding. Higher L-invariants for GL,(Q,) and
local-global compatibility. Cambridge J. of Math. 8, 775-951, 2020.

J. Bernstein and P. Deligne. Le “centre” de Bernstein. In "Rep-
resentations des groups redutifs sur un corps local, Traveaux en
cours' (P.Deligne ed.), Hermann, Paris, 1-32, 1984.

173



174

[BG14]

[BG19]

[BK9S]

[BK99]

[Bre+01]

[BS73]

[BV13]

[BZ77]

[Cab84]

[Car+16a]

[Car+16b]

[Car+21]

[Car12]

[Car14]

BIBLIOGRAPHY

K. Buzzard and T. Gee. The conjectural connections between au-
tomorphic representations and Galois representations. In Auto-
morphic forms and Galois representations. Vol. 1, volume 414 of
London Math. Soc. Lecture Note Ser., pages 135-187. Cambridge
Univ. Press, Cambridge, 2014.

R. Bellovin and T. Gee. G-valued local deformation rings and
global lifts. Algebra and Number Theory 13.2, pp. 333-378, 2019.

C. J. Bushnell and P. C. Kutzko. Smooth representations of re-
ductive p-adic groups: structure theory via types. Proc. London

Math. Soc. (3) 77, no. 3, 582-634., 1998.

C. J. Bushnell and P. C. Kutzko. Semisimple types in GL,,. Com-
positio Math. 119.1 (1999), pp. 53-97, 1999.

C. Breuil, B. Conrad, F. Diamond, and R. Taylor. On the mod-
ularity of elliptic curves over Q: wild 3-adic exercises. J. Amer.
Math. Soc. 14, 843-939. MR 2002d:11058 Zbl 0982.1103, 2001.

A. Borel and J.-P. Serre. Corners and arithmetic groups. Com-
ment. Math. Helv. 48, 436-491, Avec un appendice: Arrondisse-
ment des variétés a coins, par A. Douady et L. Hérault, 1973.

N. Bergeron and A. Venkatesh. The asymptotic growth of torsion
homology for arithmetic groups. J. Inst. Math. Jussieu, 12(2):391-
447, 2013.

I.LN. Bernstein and A.V. Zelevinsky. Induced representations of
reductive p-adic groups. I. Ann.Sci.Ecole Norm. Sup. (4) 10(4),
441-472, 1977.

M. Cabanes. Irreducible modules and Levi supplements. J. Alge-
bra, 90(1):84-97, 1984.

A. Caraiani, M. Emerton, T. Gee, D. Geraghty, V. Paskunas,
and S. W. Shin. Patching and the p-adic Langlands program for
GLy(Q,). Compositio Math. 154 (2018), no. 3, 503-548., 2016.

A. Caraiani, M. Emerton, T. Gee, D. Geraghty, V. Paskunas,
and S. W. Shin. Patching and the p-adic local Langlands corre-
spondence. Cambridge Journal of Math. 4, no. 2, 197-287., 2016.

A. Caraiani, M. Emerton, T. Gee, and D. Savitt. Components of
moduli stacks of two-dimensional Galois representations. preprint,
2021.

A. Caraiani. Local-global compatibility and the action of mon-
odromy on nearby cycles. Duke Math. J. 161(12): 2311-2413,
2012.

A. Caraiani. Monodromy and local-global compatibility for [ = p.
Algebra Number Theory 8, no. 7, 1597-1646, 2014.



BIBLIOGRAPHY 175

[Car79] P. Cartier. Representations of p-adic groups: a survey. In Auto-
morphic forms, representations and L-functions (Proc. Sympos.
Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part
1, Proc. Sympos. Pure Math., XXXIII, pages 111-155. Amer.
Math. Soc., Providence, R.I., 1979.

[Car86] H. Carayol. Sur les représentations (-adiques associées aux formes
modulaires de Hilbert. Ann.Sci.ENS 19, 4094468, 1986.
[Cas95| W. Casselman. Introduction to the theory of admissible represen-

tations of p-adic reductive groups. preprint, 1995.

[CDT99] B. Conrad, F. Diamond, and R. Taylor. Modularity of certain
potentially Barsotti—Tate Galois representations. J. Amer. Math.
Soc. 12, 521-567. MR 99i:11037 Zbl 0923.11085, 1999.

[CG18] F. Calegari and D. Geraghty. Modularity lifting beyond the Taylor-
Wiles method. Invent. Math. 211, no. 1, 297-433, 2018.

[CH13| G. Chenevier and M. Harris. Construction of automorphic Galois
representations II. Cambridge Journal of Mathematics 1, 2013.

[Che09] G. Chenevier. Une application des variétés de Hecke des groupes
unitaires. preprint, 2009.

[CHTO08] L. Clozel, M. Harris, and R. Taylor. “Automorphy for some I-
adic lifts of automorphic mod 1 Galois representations”. In: Publ.
Math. Inst. Hautes Etudes Sci., (108):1-181. With Appendiz A,
summarizing unpublished work of Russ Mann, and Appendiz B
by Marie-France Vignéras (2008).

[Clo06] L. Clozel. Motives and automorphic representations. fthal-01019707f,
2006.

[Clo13] L. Clozel. Purity reigns supreme. International Mathematics Re-
search Notices, Volume 2013, Issue 2, 328-346, 2013.

[Clo22] L. Clozel. “On the Eisenstein functoriality in cohomology for
maximal parabolic subgroups”. In: Selecta Mathematica 28 (2022).
DOI: 10.1007/s00029-022-00794~y.

[Clo90] L. Clozel. Motifs et formes automorphes: applications du principe
de fonctorialité. In Automorphic forms, Shimura varieties, and L-
functions, Vol. I (Ann Arbor, MI, 1988), volume 10 of Perspect.
Math., pages 77-159. Academic Press, Boston, MA, 1990.

[CN23] A. Caraiani and J. Newton. On the modularity of elliptic curves
over imaginary quadratic fields. preprint, 2023.

[Con10] B. Conrad. The Shimura construction for weight 2, Appendix to
Lectures on Serre’s conjectures by K. A. Ribet and W. A. Stein.
2010. URL: https://api.semanticscholar . org/CorpusID:
125304959.


https://doi.org/10.1007/s00029-022-00794-y
https://api.semanticscholar.org/CorpusID:125304959
https://api.semanticscholar.org/CorpusID:125304959

176

[CS19]
(CS23]

[Del71]

[DFGO4]

[Dia96]
[Diag7]
[Dot21]
[DS74]

[Eme06a]

[Eme06b]

[Emel0a)]

[Emel0b]
[Emell]

[Emel7]

[Fal87]

[Farll]

BIBLIOGRAPHY

A. Caraiani and P. Scholze. On the generic part of the cohomology
of non-compact unitary Shimura varieties. preprint, 2019.

A. Caraiani and S. W. Shin. Recent progress on Langlands reci-
procity for GLn: Shimura varieties and beyond. preprint, 2023.

P. Deligne. Travauz de Shimura. Séminaire Bourbaki, 23 éme
année (1970/71), Exp. No. 389, Springer, Berlin, pp. 123-165.
Lecture Notes in Math., Vol. 244., 1971.

F. Diamond, M. Flach, and L. Guo. The Tamagawa number con-
jecture for adjoint motives of modular forms. Ann. Sci. Ec. Norm.

Sup 37, 663-727, 2004.

F. Diamond. On deformation rings and Hecke rings. Ann. Math.
144, 137-166. MR 97d:11172, 1996.

F. Diamond. The Taylor- Wiles construction and multiplicity one.
Invent. Math. 128, 379-391. MR 98¢:11047 Zbl 0916.11037, 1997.

A. Dotto. Breuil-Mézard conjectures for central division algebras.
arXiv:1808.06851, 2021.

P. Deligne and J.-P. Serre. Formes modulaires de poids 1. Ann.
Sci. Ecole Norm. Sup. (4) 7, 507-530 (1975). MR 379379, 1974.

M. Emerton. Jacquet modules of locally analytic representations
of p-adic reductive groups. 1. Construction and first properties.
Ann. Sci. Ecole Norm. Sup. 39, p. 775-839., 2006.

M. Emerton. On the interpolation of systems of eigenvalues at-
tached to automorphic Hecke eigenforms. Invent. Math. 164, no.
1, 1-84. MR 2207783, 2006.

M. Emerton. Ordinary parts of admissible representations of p-
adic reductive groups I. Definition and first properties. Astérisque,
no. 331, 355-402, 2010.

M. Emerton. Ordinary parts of admissible representations of p-
adic reductive groups II. Astérisque, no. 331, 403-459, 2010.

M. Emerton. Local-global compatibility in the p-adic Langlands
programme for GLa/Q. preprint, 2011.

M. Emerton. Locally analytic vectors in representations of locally
p-adic analytic groups. Mem. Amer. Math. Soc. 248, no. 1175,
iv+158 pp, 2017.

G. Faltings. Hodge-Tate structures and modular forms. Math.
Ann., 278(1-4):133-149, 1987.

L. Fargues. Motives and automorphic forms: the (potentially)
abelian case. IHES-Orsay summer school on motives proceed-
ings, 2011.



BIBLIOGRAPHY 177

[Fla79] D. Flath. Decomposition of representations into tensor products.
In Automorphic forms, representations and L-functions (Proc.
Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977),
Part 1, Proc. Sympos. Pure Math., XXXIII, pages 179-183. Amer.
Math. Soc., Providence, R.I., 1979.

[Fon94| J. M. Fontaine. Représentations p-adiques semi-stables. Astérisque,
no. 223, 113-184, With an appendix by Pierre Colmez, Périodes
p-adiques (Bures-sur-Yvette, 1988). MR MR 1293972 (95g:14024),
1994.

[Fragsg] J. Franke. Harmonic analysis in weighted L2-spaces. Ann. Sci.
Ecolé Norm. Sup. (4) 31, no. 2, 181-279., 1998.

[FS98] J. Franke and J. Schwermer. A decomposition of spaces of au-
tomorphic forms, and the Eisenstein cohomology of arithmetic
groups. Math. Ann., 311(4):765-790, 1998.

[GelT5] Stephen S. Gelbart. Automorphic Forms on Adele Groups. . (AM-
83), Volume 83, Princeton University Press, 1975, 1975.

[Gerl18] D. Geraghty. Modularity lifting theorems for ordinary Galois rep-
resentations. Mathematische Annalen, 2018.
[GN20] T. Gee and J. Newton. Patching and the completed homology of

locally symmetric spaces. Journal of the Institute of Mathematics
of Jussieu, 1-64. doi:10.1017/S1474748020000158, 2020.

[Har+16] M. Harris, K.-W. Lan, R. Taylor, and J. Thorne. On the rigid
cohomology of certain Shimura varieties. Res. Math. Sci. 3, 3:37,
2016.

[Haul6] J. Hauseux. Fxtensions entre séries principales p-adiques et mod-
ulo p. J. Inst. Math. Jussieu 15, no. 2, 225-270, 2016.

[Haul§] J. Hauseux. Parabolic induction and extensions. Algebra Number
Theory 12, no. 4, 779-831., 2018.
[Hel16] D. Helm. The Bernstein center of the category of smooth W (k)[G L, (F)]-

modules. Forum Math. Sigma 4, el1, 2016.

[Hen00] G. Henniart. Une preuve simple des conjectures de Langlands
pour GL(n) sur un corps p-adique. Invent. Math. 139.2 (2000),
pp. 439-455., 2000.

[HTO01] M. Harris and R. Taylor. The geometry and cohomology of some
simple Shimura varieties. Vol. 151. Annals of Mathematics Stud-
ies. With an appendix by Vladimir G. Berkovich. Princeton, NJ:
Princeton University Press, pp. viii+276., 2001.

[Hu09] Y. Hu. Normes invariantes et existence de filtrations admissibles.
J. Reine Angew. Math. 634, 107-141., 2009.



178

[Hun+18]

[JT]

[Kis07]

[Kis09a]

[Kis09b)

[Kos21]

[KS94]

[KT17]

[Lan79]

[Lans9]

[Mat24]

[MT?22]

BIBLIOGRAPHY

B. Le Hung, D. Le, B. Levin, and S. Morra. Local models for Ga-
lois deformation rings and applications. to appear in Inventiones
Mathematicae, 2018.

C. Johansson and J. Thorne. On subquotients of the étale coho-
mology of Shimura varieties. In T. Haines 1& M. Harris (Eds.),
Shimura Varieties (London Mathematical Society Lecture Note
Series), pp. 306-334.

M. Kisin. Potentially semi-stable deformation rings. J. Amer.
Math. Soc. 21, no. 2, 513-547, 2007.

M. Kisin. Moduli of finite flat group schemes, and modularity.
Ann. of Math. (2) 170, no. 3, 1085-1180, 20009.

M. Kisin. The Fontaine-Mazur conjecture for GL2. J. Amer.
Math. Soc. 22, no. 3, 641- 690. MR 2505297, 20009.

T. Koshikawa. On the generic part of the cohomology of local and
global Shimura varieties. 2021. URL: https://arxiv.org/pdf/
2106.10602. pdf.

M. Kashiwara and P. Schapira. Sheaves on manifolds. Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences|, vol. 292, Springer-Verlag, Berlin, With
a chapter in French by Christian Houzel, Corrected reprint of
the 1990 original, 1994.

C. B. Khare and J. A. Thorne. Potential automorphy and the
Leopoldt conjecture. Amer. J. Math. 139, no. 5, 1205-1273, 2017.

R. P. Langlands. Automorphic representations, Shimura vari-
eties, and motives. M archen, Automorphic forms, representa-
tions and L-functions (Proc. Sympos. Pure Math., Oregon State
Univ., Corvallis, Ore., 1977), Part 2, Proc. Sympos. Pure Math.,
XXXIII, Amer. Math. Soc., Providence, R.I., 1979, pp. 205-246.
MR 546619, 1979.

R. P. Langlands. On the classification of irreducible represen-
tations of real algebraic groups. In Representation theory and
harmonic analysis on semisimple Lie groups, volume 31 of Math.
Surveys Monogr., pages 101-170. Amer. Math. Soc., Providence,
RI., 1989.

K. Matsumoto. On the potential automorphy and the local-global
compatibility for the monodromy operators at pl over CM fields.
arXiv:2312.01551 [math.NT], 2024.

K. Miagkov and J. Thorne. Automorphy lifting with adequate
image. preprint, 2022.


https://arxiv.org/pdf/2106.10602.pdf
https://arxiv.org/pdf/2106.10602.pdf

BIBLIOGRAPHY 179

[NT16]

[Pan20]
[Pan22]
[Pan23]

[Pro9g]

[Pyv20a]
[Pyv20b]

[Rib77]

[Rod82]

[Sai97]
[Sch13]

[Sch15]

[Sch8g]

[Sch98g]

[Ser69]

J. Newton and J. A. Thorne. Torsion Galois representations over
CM fields and Hecke algebras in the derived category. Forum
Math. Sigma 4, Paper No. e21, 88, 2016.

L. Pan. On locally analytic vectors of the completed cohomology
of modular curves. arXiv:2008.07099, 2020.

L. Pan. The Fontaine-Mazur conjecture in the residually reducible
case. J. Amer. Math. Soc. 35 (2022), 1031-1169, 2022.

L. Pan. On locally analytic vectors of the completed cohomology
of modular curves II. arXiv:2209.06366, 2023.

K. Procter. Parabolic induction via Hecke algebras and the Zelevin-
sky duality conjecture. Proc. London Math. Soc. (3) 77, no. 1,
79-116, 1998.

A. Pyvovarov. Generic smooth representations. Documenta Math.
25, pp- 2473- 2485, 2020.

A. Pyvovarov. On the Breuil-Schneider conjecture: generic case.
Algebra and Number Theory 15, Issue 2, pp. 309-339, 2020.

K. A. Ribet. Galois representations attached to eigenforms with
nebentypus. In Modular functions of one variable V, pages 18-52.
Springer, 1977, 1977.

F. Rodier. Représentations de GL(n,k) ou k est un corps p-
adique. Séminaire Bourbaki exp. 587 (1981-1982), Astérisque 92-
93, 201-218., 1982.

T. Saito. Modular forms and p-adic Hodge theory. Invent math
129, 607-620. https://doi.org/10.1007/s002220050175, 1997.

P. Scholze. The Langlands-Kottwitz approach for the modular
curve. unpublished preprint, 2013.

P. Scholze. On torsion in the cohomology of locally symmetric
varieties. Ann. of Math. (2) 182, no. 3, 945-1066. MR 3418533,
2015.

N. Schappacher. Periods of Hecke Characters. Astronomy and
Astrophysics Library. Springer-Verlag, 1988. 1SBN: 9783540189152.
URL: https://books.google.co.uk/books?id=sQbvAAAAMAAJ.

P. Schneider. Equivariant homology for totally disconnected groups.
J. Algebra 203, no. 1, 50-68, 1998.

J.-P. Serre. Fuacteurs locaux des fonctions zéta des variétés al-
gébriques (définitions et conjectures). Séminaire Delange-Pisot-
Poitou. Théorie des nombres, Volume 11 (1969-1970) no. 2, Talk
no. 19, 15 p., 1969.


https://books.google.co.uk/books?id=sQbvAAAAMAAJ

180 BIBLIOGRAPHY

[Shill] S. W. Shin. Galois representations arising from some compact
Shimura varieties. Ann. of Math. (2) 173, 1645-1741. MR 2800722
(2312, 2314, 2316, 2322, 2382, 2387, 2389, 2391, 2395, 2396, 2400,
2401, 2402, 2403, 2404, 2405, 2409)., 2011.

[Shil4] S. W. Shin. On the cohomological base change for unitary simil-
itude groups. Compos. Math. 150, no. 2, 220-225, Appendix to
Galois representations associated to holomorphic limits of dis-
crete series, by Wushi Goldring., 2014.

[ST06] P. Schneider and J. Teitelbaum. Banach-Hecke algebras and p-
adic Galois representations. Doc. Math., no. Extra Vol., 631-684.
MR 2290601 (2008b:11126), 2006.

[Sta24] The Stacks project authors. The Stacks project. https://stacks|
math.columbia.edu. 2024.
[SW99] C. Skinner and A. Wiles. Residually reducible representations

and modular forms. Inst. Hautes Etudes Sci. Publ. Math. IHES
© 89, 5-126., 1999.

[SZ99] P. Schneider and E.-W. Zink. K-types for the tempered compo-
nents of a p-adic general linear group. J. Reine Angew. Math.
517. With an appendix by Schneider and U. Stuhler, pp. 161-208,
1999.

[Tad86] M. Tadic. Classification of unitary representations in irreducible
representations of general linear group (non-Archimedean case).
Ann. Sci. Ec. Norm. Supér. (4) 19 ,335-382.MR0870688 (2383).,
1986.

[Thol2] J. Thorne. On the automorphy of l-adic Galois representations
with small residual image. Journal of the Institute of Mathemat-
ics of Jussieu, 1-66, 2012.

[Thol5] J. A. Thorne. Automorphy lifting for residually reducible [-adic
Galois representations. J. Amer. Math. Soc. 28, no. 3, 785-870,
2015.

[TW95] R. Taylor and A. Wiles. Ring-theoretic properties of certain Hecke
algebras. Ann. of Math. 141, 553-572. MR 96d:11072 Zbl 0823.11030,
1995.

[TYO7] R. Taylor and T. Yoshida. Compatibility of local and global Lang-
lands correspondences. J. Amer. Math. Soc. 20, 467-493. MR
2276777. Zbl 05120650. doi: 10.1090/S0894-0347-06-00542-X., 2007.

[Varl4] I. Varma. Local-global compatibility for reqular algebraic cuspidal
automorphic representation when ¢ # p. Forum Math. Sigma, to
appear, arXiv:1411.2520., 2014.


https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

BIBLIOGRAPHY 181

[Vig04]

[Wei94]

[Wil95]

[Yan21]

[Ze180]

[Zhu20]

M.-F. Vignéras. Representations modulo p of the p-adic group
GL(2, F). Compos. Math., 140(2):333-358, 2004.

C. A. Weibel. An introduction to homological algebra. volume
38 of Cambridge Studies in Advanced Mathematics. Cambridge
University Press, Cambridge, 1994.

A. Wiles. Modular elliptic curves and Fermat’s last theorem.
Ann. of Math. 141, 443-551. MR 96d:11071 Zbl 0823.11029, 1995.

Y. Yang. An ordinary rank-two case of local-global compatibil-
ity for automorphic representations of arbitrary weight over CM
fields. arXiv: 2111.00318 [math.NT], 2021.

A. V. Zelevinsky. Induced representations of reductive p-adic groups.
II. On irreducible representations of GL(n). Ann. Sci. Ecole Norm.
Sup. (4) 13.2, pp. 165-210., 1980.

Y. Zhu. Introduction to the Langlands—Kottwitz method. A chap-
ter in the Paris Book Project Shimura Varieties, London Math-

ematical Society Lecture Note Series: 457 (edited by T. Haines
and M. Harris), 2020.



	Background and introduction
	Langlands reciprocity
	Known cases of Langlands reciprocity
	The case of GL1/F
	The case of GL2/Q
	GLn/F, the self-dual case
	GLn/F, beyond the self-dual case

	Statement of results and method of proof

	Preliminaries
	Locally symmetric spaces
	Coefficient systems and Hecke operators
	Hecke algebras of types
	Hecke equivariance of Poincaré duality
	The quasi-split unitary group
	Inertial local Langlands for GLn
	Local systems on  and XK
	Explicit Hecke operators
	Automorphic Galois representations

	Q-ordinary Hida theory
	Ordinary parts of smooth representations
	Q-ordinary Hida theory for G
	Hida theory with dual coefficients
	-ordinary Hida theory for 
	Ordinary parts of the Bruhat stratification

	Q-ordinary parts in characteristic 0
	Ordinary parts of locally algebraic representations
	Ordinary parts of weakly admissible representations
	A Q-ordinary local-global compatibility result

	A torsion local-global compatibility conjecture
	Local deformation rings
	Interpolation of local Langlands
	The local-global compatibility conjecture

	Proof of Theorem 5.3.4
	Degree shifting
	Middle degree cohomology
	The end of the proof

	Bernstein–Zelevinsky and Langlands classifications

