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LÉVY MEASURES ON BANACH SPACES

JAN VAN NEERVEN AND MARKUS RIEDLE

Abstract. In this work, we establish an explicit characterisation of Lévy measures on

both Lp-spaces and UMD Banach spaces. In the case of Lp-spaces, Lévy measures are

characterised by an integrability condition, which directly generalises the known descrip-
tion of Lévy measures on sequence spaces. The latter has been the only known description

of Lévy measures on infinite dimensional Banach spaces that are not Hilbert. Lévy mea-

sures on UMD Banach spaces are characterised by the finiteness of the expectation of a
random γ-radonifying norm. Although this description is more abstract, it reduces to

simple integrability conditions in the case of Lp-spaces.

1. Introduction

A σ-finite measure λ on the Borel σ-algebra BpUq over a separable Banach space pU, } � }q
with λpt0uq � 0 is called a Lévy measure if the function φϱ : U

� Ñ C, defined by

φϱpu
�q � exp

�»
U

�
eixu,u

�y � 1� i xu, u�y1BU
puq
	
λpduq



, u� P U�,(1.1)

is the characteristic function of a probability measure ϱ on BpUq. Here, BU is the closed
unit ball of U , and U� denotes the Banach space dual of U . here and in the rest of the
paper xu, u�y denotes the value of the functional u� P U� on the element u P U . General
references to the theory of Lévy measures include the books by Linde [18] and Sato [26].

In the case where U is finite-dimensional, it is well known that a σ-finite measure λ on
the Borel σ-algebra BpRdq with λpt0uq � 0 is a Lévy measure if and only if»

Rd

p|r|2 ^ 1qλpdrq   8.(1.2)

Indeed, the latter often serves as the definition of a Lévy measure on Rd in the literature.
Replacing the Euclidean norm |�| by the Hilbert space norm, the above equivalent char-

acterisation of Lévy measures extends to separable Hilbert spaces; see Parthasarathy [24].
Surprisingly, although the integrability condition (1.2) can be formulated in Banach

spaces, this characterisation of Lévy measures ceases to hold in arbitrary Banach spaces
U . In fact, for the case U � Cr0, 1s, the space of continuous functions on r0, 1s endowed
with the supremum norm, it is shown in Araujo [3] that there exists a σ-finite Borel measure
λ on BpUq with λpt0uq � 0 and satisfying»

U

p∥u∥2 ^ 1qλpduq   8,(1.3)

but the function φϱ defined in (1.1) is not the characteristic function of a Borel measure ϱ
on BpUq. Vice versa, there exists a σ-finite Borel measure λ on BpUq with λpt0uq � 0 such
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2 JAN VAN NEERVEN AND MARKUS RIEDLE

that (1.1) is the characteristic function of a probability Borel measure on BpUq but λ does
not satisfy (1.3).

Explicit characterisations of Lévy measures on an infinite dimensional Banach space,
which is not a Hilbert space, is known for the spaces ℓppNq of summable sequences for
p ¥ 1, and for Lp with p ¥ 2. The former result was derived in Yurinskii [29] by means
of a two-sided Lp-bound of compensated Poisson measure (for which he credited Novikov,
who is also credited in Marinelli and Röckner [19] for similar estimates). The latter is due
to [11].

A sufficient condition in terms of an integrability condition similar to (1.3) is known in
Banach spaces U of Rademacher type p P r1, 2q. In the converse direction, in Banach spaces
U of Rademacher cotype q P r2,8q it is known for a σ-finite measure λ, that if (1.1) defines
the characteristic function of a probability measure on U then λ satisfies an integrability
condition similar to (1.3). In fact, these necessary or sufficient conditions can be used to
characterise Banach spaces of Rademacher type p P r1, 2s or of Rademacher cotype q P r2,8q.
These results can be found in Araujo and Giné [4].

In the present paper, we derive explicit characterisations of Lévy measures for both Lp-
spaces and UMD Banach spaces. In the case of Lp-spaces, Lévy measures are characterised
by an integrability condition, which directly generalises the aforementioned results for ℓppNq
for p ¥ 2 by Yurinskii [29]. Lévy measures on UMD Banach spaces are characterised by the
finiteness of the expectation of a random γ-radonifying norm. Although the latter description
is more abstract, we demonstrate its applicability by deducing similar integrability conditions
for the special cases of Lp-spaces as obtained earlier by different arguments.

For both Lp-spaces and UMD spaces, our method relies on recently achieved two-sided
Lp-estimates of integrals of vector-valued deterministic functions with respect to a compen-
sated Poisson random measure in Dirksen [8] and Yaroslavtsev [28]. Such inequalities are
sometimes called Bichteler-Jacod or Kunita inequalities and suggested to be called Novikov
inequalities in [19], where more historical details can be found. Since the results in Dirksen
[8] and Yaroslavtsev [28] are only formulated for simple functions, we provide the straight-
forward arguments for their extension to arbitrary vector-valued deterministic functions.

Throughout the paper, all vector spaces are real. We write R� � p0,8q and N :�
t1, 2, 3, . . . u. We use the shorthand notation

A �q B

to express that the two-sided inequality cqA ¤ B ¤ c1qA holds with constants 0   cq ¤ c1q  
8 depending only on q.

2. Preliminaries

Throughout this paper, we let U be a separable Banach space with dual space U� and
duality pairing x�, �y. The Borel σ-algebra on U is denoted by BpUq. By a standard result in
measure theory (e.g., [21, Proposition E.21]) the separability of U implies that every finite
Borel measure ϱ on U is a Radon measure, that is, that for all Borel sets B P BpUq and
ε ¡ 0 there exists a compact set K such that K � B and ϱpBzKq   ε. Such measures are
uniquely described by their characteristic function, which is the function φϱ : U

� Ñ C given
by

φϱpu
�q �

»
U

eixu,u
�y ϱpduq.

2.1. Lévy measures. In what follows we write

BU,r :� tu P U : ∥u∥ ¤ ru



LÉVY MEASURES ON BANACH SPACES 3

for the closed ball in U of radius r ¡ 0 centred at the origin. Its complement is denoted by
Bc

U,r. We furthermore write BU :� BU,1 and Bc
U :� Bc

U,1 for the closed unit ball of U and
its complement.

A σ-finite measure λ on the Borel σ-algebra BpUq with λpt0uq � 0 is called a Lévy
measure if the function φ : U� Ñ C defined by

φpu�q � exp

�»
U

�
eixu,u

�y � 1� i xu, u�y1BU
puq
	
λpduq



(2.1)

is the characteristic function of a probability measure ηpλq on BpUq. For any r ¡ 0, we
often decompose

λ � λ|r � λ|cr,(2.2)

where

λrp�q :� λp� XBU,rq and λ|crp�q :� λp� XBc
U,rq.

Every finite measure λ on BpUq with λpt0uq � 0 is a Lévy measure. In this case, a
probability measure πpλq on BpUq is defined by

πpλqpBq � e�λpUq
8̧

k�0

λ�kpBq

k!
.

We further define

ηpλq :� πpλq � δspλq, where spλq :� �

»
BU

uλpduq,

has characteristic function given by (2.1). Here, � denotes convolution, and λ�k denotes the
k-fold convolution of λ with itself.

Theorem 2.1 ([18, Theorem 5.4.8]). Let λ be a σ-finite measure measure on BpUq satis-
fying λpt0uq � 0. The following assertions are equivalent:

(a) λ is a Lévy measure;
(b) the measure λ|cr is finite for each r ¡ 0, and for some (equivalently, for each) se-

quence pδkqkPN decreasing to 0 the set tηpλ|cδkq : k P Nu is weakly relatively compact.

In the situation of Theorem 2.1, it follows that ηpλ|cδkq converges weakly to ηpλq; this
follows from Condition (b) and convergence of the corresponding characteristic functions.

In Hilbert spaces, Lévy measures can be characterised by an integrability condition:

Theorem 2.2 ([24, Theorem VI.4.10]). Let H be a separable Hilbert space. A σ-finite
measure λ satisfying λpt0uq � 0 on BpHq is a Lévy measure if and only if»

H

p}u}2 ^ 1qλpduq   8.

2.2. Poisson random measures. Lévy measures can be characterised by integrability
properties of Poisson random measures, which we introduce in the following. For this
purpose, let pΩ,F ,Pq be a probability space and let pE,E q be a measurable space. An
integer-valued random measure is a mapping N : Ω � E Ñ NYt8u with the following
properties:

(i) For all B P E the mapping NpBq : ω ÞÑ Npω,Bq is measurable;
(ii) For all ω P Ω the mapping Nω : B ÞÑ Npω,Bq is a measure.
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The measure ν on pE,E q defined by

νpBq :� EpNpBqq, B P E ,

is called the intensity measure of N . An integer-valued random measure N : Ω � E Ñ
NYt8u with σ-finite intensity measure ν is called a Poisson random measure (see [6, Chap-
ter 6]) if the following conditions are satisfied:

(iii) For all B P E the random variable NpBq is Poisson distributed with parameter
νpBq;

(iv) For all finite collections of pairwise disjoint sets B1, . . . , Bn in E the random variables
NpB1q, . . . , NpBnq are independent.

In the converse direction, if ν is a σ-finite measure on E , then by [26, Prop. 19.4] there exists
a probability space pΩ,F ,Pq and a Poisson random measure N : Ω � E Ñ NYt8u with
intensity measure ν.

The Poisson integral of a measurable function F : E Ñ r0,8q with respect to the Poisson
random measure N is the random variable

³
E
F dN defined pathwise by�»

E

F pσqNpdσq



pωq :�

»
E

F pσq dNωpdσq,

where Nω is the NYt8u-valued measure of part (ii) of the above definition.
If N : Ω � E Ñ NYt8u is a Poisson random measure with intensity measure ν, the

compensated Poisson random measure is defined, for B P E with νpBq   8, byrNpBq :� NpBq � νpBq.

In what follows we consider the special case where E � I � U , where I is an interval
in R� and U is a separable Banach space, and consider Poisson random measures N :
Ω�BpI � Uq Ñ NYt8u whose intensity measure is of the form

ν � lebb λ,

where leb is the Lebesgue measure on the Borel σ-algebra BpIq and λ a σ-finite measure
satisfying λpt0uq � 0 on the Borel σ-algebra BpUq. These assumptions will always be in
force and will not be repeated at every instance. The compensated Poisson random measure
is then given, for all t ¡ 0 and all B P BpUq with λpBq   8, byrNpt, Bq :� Npt, Bq � tλpBq,

using the shorthand notation

Npt, Bq :� Npp0, ts �Bq.

For fixed t ¡ 0, a simple function with values in another Banach space V is a function
F : p0, ts � U Ñ V of the form

F �
m̧

i�1

ņ

j�1

1pti,ti�1s�Bj
b vi,j ,(2.3)

where 0 � t1   � � �   tm�1 � t, vi,j P V , and the disjoint sets Bj P BpUq satisfy λpBjq   8
for i � 1, . . . ,m and j � 1, . . . , n. Here, and in what follows, we use the notation 1F bv for
the function t ÞÑ 1F ptqv.Given B P BpUq, the compensated Poisson integral over p0, ts � B
of a simple function F : p0, ts � U Ñ V of the above form is the V -valued random variable

IBpF q :�

»
p0,ts�B

F ps, uq rNpds,duq :�
m̧

i�1

ņ

j�1

rN�pti ^ t, ti�1 ^ ts, Bj XB
�
b vi,j .
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A strongly measurable function F : p0, ts �U Ñ V is said to be integrable with respect to rN
if there exists a sequence of simple functions Fn : p0, ts � U Ñ V such that

(a) Fn Ñ F pointwise plebb λq-almost everywhere;
(b) for any B P BpUq, the sequence pIBpFnqqnPN converges in probability as nÑ8.

We say that F is Lp-integrable with respect to rN , where p P r1,8q, when the simple functions
can be chosen in such a way that IBpFnq P LppΩ;V q for all n P N and the convergence in (b)
takes place with respect to the norm of LppΩ;V q. Here, LppΩ;V q denotes the Bochner space
of (equivalence classes of) V -valued random variables X with Ep∥X∥pq   8; here and in
what follows, V -valued random variables are always assumed to be strongly P-measurable,
i.e., they are P-almost sure limits of a sequence of simple V -valued functions (cf. [13,
Chapter 1]).

It is easily checked that the limit of the sequence pIBpFnqqnPN is well defined in the
sense that it does not depend on the choice of the approximating sequence pFnqnPN. In this
situation, the limit is defined as

IBpF q :�

»
p0,ts�B

F ps, uq rNpds,duq

:� lim
nÑ8

»
p0,ts�B

Fnps, uq rNpds,duq � lim
nÑ8

IBpFnq.

If F is Lp-integrable with respect to rN , then the limit IBpF q belongs to LppΩ;V q.
For V � R, the space of integrable functions can be explicitly characterised as follows.

Theorem 2.3 ([17, Lemma 12.2 and 12.3], [25]). Let U be a separable Banach space, and
consider a measurable function F : p0, ts � U Ñ R for some t ¡ 0.

(1) F is integrable with respect to N if and only if»
p0,ts�U

p|F ps, uq|^ 1qds λpduq   8.

(2) F is integrable with respect to rN if and only if»
p0,ts�U

p|F ps, uq|^ |F ps, uq|2q ds λpduq   8.

In the second case, the characteristic function φIBpF q : R Ñ C of the real-valued random
variable IBpF q is given, for β P R, by

φIBpF qpβq � exp

�»
p0,ts�B

�
eiβF ps,uq � 1� iβF ps, uq

	
λpduq ds

�
.

This theorem has the following straightforward vector-valued corollary.

Corollary 2.4. If F : p0, ts �U Ñ V is integrable with respect to rN , then for all B P BpUq
the characteristic function φIBpF q : V

� Ñ C of IBpF q is given, for v� P V �, by

φIBpF qpv
�q � exp

�»
p0,ts�B

�
eixF ps,uq,v

�y � 1� i xF ps, uq, v�y
	
λpduq ds

�
.

Proof. We choose a sequence pFnqnPN of simple functions Fn : p0, ts � U Ñ V converging
to F in V pleb b λq-almost everywhere such that the sequence pIBpFnqqnPN converges in
probability for all B P BpUq. Denoting the limit by IBpF q, for fixed B P BpUq and
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v� P V �, it follows that xFnp�, �q, v
�y converges to xF p�, �q, v�y plebb λq- almost everywhere

in p0, ts � U , and from»
p0,ts�B

xFnps, uq, v
�y rNpds,duq �

A»
p0,ts�B

Fnps, uq rNpds,duq, v�
E
,

it follows that the sequence pIBpxFnp�, �q, v
�yqqnPN converges in probability to the real-valued

random variable xIBpF q, v
�y. We conclude that xF p�, �q, v�y is integrable with respect to rN

and, for all B P BpUq,»
p0,ts�B

xF ps, uq, v�y rNpds,duq �
A»

p0,ts�B

F ps, uq rNpds,duq, v�
E
.(2.4)

Theorem 2.3 implies that the characteristic function of the real-valued random variable
Ipv�q :� IBpxF p�, �q, v

�yq is, for β P R, given by

φIpv�qpβq � exp

�»
p0,ts�B

�
eiβxF ps,uq,v

�y � 1� iβ xF ps, uq, v�y
	
λpduq ds

�
.

Letting I :� IBpF q, it follows from (2.4) that

φIpv
�q � EreixI,v

�ys � EreiIpv
�qs � φIpv�qp1q.

This completes the proof. □

It is worth pointing out that by choosing U � V , t � 1, B � BU and F ps, uq � u for
all s P p0, 1s and u P BU , then the distribution of IBpF q is µpλ|1q. This will be used in the
proof of Theorem 3.3.

Lemma 2.5. Every function F : p0, ts�U Ñ V belonging to L1
lebbλpp0, ts�U ;V q is integrable

with respect to rN .

Proof. Let F : p0, ts� U Ñ V be a simple function of the form (2.3). Recalling that λ is the
intensity measure of N , it follows for any B P BpUq that

(2.5)

E

������
»
p0,ts�B

F ps, uq rNpds,duq

�����
�

¤
m̧

i�1

ņ

j�1

E
�
N
�
pti ^ t, ti�1 ^ ts, Bj XB

��
∥vi,j∥

�
�
ti�1 ^ t� ti ^ tqλpBj XBq ∥vi,j∥

� 2
m̧

i�1

ņ

j�1

�
ti�1 ^ t� ti ^ tqλpBj XBq ∥vi,j∥

� 2

»
p0,ts�B

∥F ps, uq∥ λpduq ds.

Now let F : p0, ts�U Ñ V be an arbitrary function in L1
lebbλpp0, ts�U ;V q. Then there exists

a sequence pFnqnPN of simple functions converging to F in L1
lebbλpp0, ts�U ;V q; by a routine

argument, we may assume that this sequence also converges to F pointwise plebbλq-almost
everywhere in V . Since (2.5) shows that the integrals It,BpFnq converge in mean and thus

in probability, it follows that F is integrable with respect to rN . □
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2.3. γ-Radonifying operators. Consider a Hilbert space H with inner product p�|�q and a
Banach space V , and denote by L pH,V q the space of bounded linear operators from H to
V . The subspace in L pH,V q consisting of all finite rank operators from H to V is denoted
by H b V . We will use the notation hb v for the rank one operator that sends an element
h1 P H to the element ph1|hqv P V . By a standard orthogonalisation argument, any finite
rank operator T P L pH,V q can be expressed as

T �
Ņ

n�1

hn b vn,

where N ¥ 1, the sequence phnq
N
n�1 is orthonormal in H, and pvnq

N
n�1 is some sequence in

V . We introduce γpH,V q as the completion of the space of finite rank operators from H to
V under the norm �����

Ņ

n�1

hn b vn

�����
2

γpH,V q

:� E

�����
Ņ

n�1

γn b vn

�����
2

,

where pγnq
N
n�1 is a sequence of independent, real-valued, standard normally distributed

random variables. This norm is independent of the particular representation of the operator
as a sum of finite rank operators, provided the sequence phnq

N
n�1 used in the representation

is orthonormal in H. The identity mapping h b v ÞÑ h b v is extended to a contractive
embedding from γpH,V q into L pH,V q. Consequently, elements of γpH,V q can be identified
with bounded linear operators from H to V . These operators are called γ-radonifying
operators.

For comprehensive insights into γ-radonifying operators, the reader is referred to [14,
Chapter 9] and the review paper [20].

Spaces of γ-radonifying operators enjoy the following ideal property (see [14, Theorem
9.1.10]): Given Hilbert spaces H1, H2 and Banach spaces V1, V2, for every R P L pH1, H2q,
S P γpH2, V2q, and T P L pV2, V1q, it holds that TSR P γpH1, V1q and

}TSR}γpH1,V1q ¤ }T }L pV2,V1q }S}γpH2,V2q }R}L pH1,H2q.(2.6)

We will need various other standard results on γ-radonifying operators; these will be
quoted as soon as the need arises. Let us finally give some examples:

Example 2.6 (Hilbert spaces). When both H and V are Hilbert spaces we have a natural
isometric isomorphism

γpH,V q � L2pH,V q,

the space of Hilbert-Schmidt operators from H to V .

Example 2.7 (Lp-spaces). When H is a Hilbert space and V � LppS, µq, where pS, µq is a
σ-finite measure space and p P r1,8q, the mapping J : LppS, µ;Hq Ñ γpH,LppS, µqq given
by pJfqh :� xfp�q, hy defines an isomorphism of Banach spaces

(2.7) γpH,LppS, µqq �p LppS, µ;Hq

with isomorphism constants only depending on p. In the particular case when H is an
L2-space, the spaces on the right-hand side are usually referred to as spaces of square func-
tions and play a prominent role in Harmonic Analysis. It is worth mentioning that the
isomorphism (2.7) extends to Banach lattices V with finite cotype.
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3. Lévy measures on Lp-spaces

We will now specialise to V � Lp
µ :� Lp

µpSq :� LppS, µq for some p P p1,8q and a measure
space pS,S, µq. It will always be assumed that µ is σ-finite and that Lp

µ is separable; these
assumptions are for example satisfied if the measure space pS,S, µq is µ-countably generated
according to [13, Proposition 1.2.29]. The σ-finiteness of µ implies that the various uses of
Fubini’s theorem in this paper are justified, and also that we may identify the dual space
pLp

µq
� with Lp1

µ , where
1
p �

1
p1 � 1 (although, as is well known, σ-finiteness is not needed for

this identification in the regime p P p1,8q). The separability of Lp
µ implies that the mapping

f ÞÑ f , viewed as a function from pLp
µ,BpL

p
µqq to itself, is strongly measurable (by Pettis’s

measurability theorem, see [13, Theorem 1.1.6]).
We recall that when U is a Banach space, LppS;Uq denotes the Banach space of all

(equivalence classes of) strongly µ-measurable f : S Ñ U for which

}f}LppS;Uq :�

�»
S

}fpsq}p µpdsq


1{p

is finite. We sometimes wish to emphasise the measure µ, in which case we write Lp
µpS;Uq

instead of LppS;Uq. With this notation, Lp
µpS;Rq � Lp

µ.
As before, let U be a separable Banach space, and let λ a σ-finite measure on BpUq which

satisfies λpt0uq � 0. Let N denote a Poisson random measure on R��U with intensity

measure leb b λ, and let rN denote the associated compensated Poisson random measure.
For fixed t ¡ 0 and for a simple function F : p0, ts � U Ñ Lp

µpSq of the form (2.3), for each
B P BpUq, the compensated Poisson integral

IBpF q :�

»
p0,ts�B

F pr, uq rNpdr, duq

is defined as in Subsection 2.2. As a special case of the result in [8], for simple functions
F : p0, ts � U Ñ Lp

µpSq, B P BpUq, exponents p P p1,8q, we have the equivalence of norms��E
�� sup

0 s¤t

∥∥∥∥∥
»
p0,ss�B

F pr, uq rNpdr, duq

∥∥∥∥∥
p

Lp
µpSq

���1{p

�p

∥∥F 1p0,ts�B

∥∥
Ip

,(3.1)

where

Ip :�

#
Sp
λ �Dp

λ if 1   p   2,

Sp
λ XDp

λ if 2 ¤ p   8,

with

Sp
λ � Lp

µpS,L
2
lebbλpR��Uqq, Dp

λ � Lp
lebbλpR��U ;Lp

µpSqq,

and

∥F∥Sp
λ�Dp

λ
:� inf

!
∥F1∥Sp

λ
� ∥F2∥Dp

λ
: F � F1 � F2, F1 P Sp

λ, F2 P Dp
λ

)
,

∥F∥Sp
λXDp

λ
:� max

!
∥F∥Sp

λ
, ∥F∥Dp

λ

)
.

Here, both Sp
λ and Dp

λ are viewed as Banach spaces of (equivalence classes of) measurable
real-valued functions on R��S � U . Explicitly, the norms in these spaces are defined by

∥F∥pSp
λ
:� ∥F∥p

Lp
µpS,L2

lebbλpR� �Uqq
�

»
S

�»
p0,8q�U

|F pt, uqpsq|2 λpduq dt

�p{2

µpdsq,
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∥F∥pDp
λ
:� ∥F∥pLp

lebbλpR� �U ;Lp
µpSqq

�

»
p0,8q�U

»
S

|F pt, uqpsq|p µpdsqλpduq dt,

where the second identity in the first line follows from [10, Theorem 17, p. 198] or [13,
Proposition 1.2.25], which allow us to take the point evaluation with respect to s inside the
integral.

Remark 3.1. For later use we observe that Ip is a Banach function space in the sense of
Bennett and Sharpley [5]; this follows from [5, Problems 4 and 5, page 175]. In particular, if
0 ¤ f ¤ g almost everywhere with g P Ip, then f P Ip and ∥f∥Ip

¤ ∥g∥Ip
. Keeping in mind

that we are assuming p P p1,8q, the spaces Ip are reflexive as Banach spaces; this follows
from, e.g., [7, Corollary IV.1.2] along with the easy fact that if pX0, X1q is an interpolation
couple of reflexive Banach spaces, then the spaces X0 XX1 and X0 �X1 are reflexive. By
[5, Corollary 1.4.4], this implies that the norm of Ip is absolutely continuous.

Lemma 3.2. The class of simple functions F : R��U Ñ Lp
µpSq is dense in Ip.

Proof. This follows from [5, Theorem 1.3.11]. □

As a consequence of the lemma above, for all t P R� and B P BpUq, the compensated
Poisson integral IBpF q can now be defined by a standard density argument for all strongly
measurable functions F : p0, ts� U Ñ Lp

µpSq such that F 1p0,ts�B P Ip.
We now set U � Lp

µpSq to obtain the following characterisation of Lévy measures in
Lp
µpSq.

Theorem 3.3. A σ-finite measure λ on BpLp
µq with λpt0uq � 0 is a Lévy measure if and

only if λ|cr is a finite measure for all r ¡ 0 and, moreover,

(1) if p P r2,8q, it satisfies

max

$&%
»
S

�»
BL

p
µ

|fpsq|2 λpdfq

�p{2

µpdsq,

»
BL

p
µ

∥f∥pLp
µ
λpdfq

,.-   8.

(2) if p P p1, 2q, it satisfies

inf

$&%
»
S

�»
BL

p
µ

|F1pfqpsq|2 λpdfq

�p{2

µpdsq �

»
BL

p
µ

∥F2pfq∥pLp
µ
λpdfq

,.-   8,

where the infimum is taken over all functions F1 P Sp
λ and F2 P Dp

λ with F1pfq �
F2pfq � f for all f P BLp

µ
� tg P Lp

µ : ∥g∥Lp
µ
¤ 1u.

Proof. For the closed unit ball BLp
µ
� tf P Lp

µ : ∥f∥Lp
µ
¤ 1u, we define the function

G : p0, 1s � Lp
µ Ñ Lp

µ, Gpt, fq � f 1BL
p
µ
pfq,

and, letting Dδ :� tf P Lp
µ : δ   ∥f∥Lp

µ
¤ 1u for some δ P p0, 1q, we introduce analogously

Gδ : p0, 1s � Lp
µ Ñ Lp

µ, Gδpt, fq � f 1Dδ
pfq.

Note, that G and Gδ do not depend on t, but we left the previous notation for consistency.

‘If’: Let N be a Poisson random measure with intensity leb b λ. Assume first that the
support of λ is contained in the closed unit ball BLp

µ
. The assumed integrability conditions

guarantee that G belongs to Ip and thus we can define the random variable

X :�

»
p0,1s�BL

p
µ

f rNpds,dfq.
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Corollary 2.4 shows that the probability distribution of X coincide with ηpλq, which shows
that λ is a Lévy measure by its very definition.

For the general case of a σ-finite measure λ with λpt0uq � 0, we apply the decomposition
λ � λ|1 � λ|c1 of (2.2). The measure λ|1 is a Lévy measure by the first part, and λ|c1 is a
Lévy measure since it is finite by assumption. Now [18, Proposition 5.4.9] guarantees that
λ is a Lévy measure.

‘Only if’: Assume that λ is a Lévy measure. Theorem 2.1 implies that λ|cr is a finite
measure for all r ¡ 0.

To establish the integrability conditions we can assume that the Lévy measure λ has
support in the closed unit ball BLp

µ
. Let N be a Poisson random measure with intensity

leb b λ. Let pδkqkPN � p0, 1q be an arbitrary sequence decreasing to 0. Since λpDδkq   8,

Lemma 2.5 guarantees that Gδk is integrable with respect to rN for each k P N. Thus, we
can define the random variables

Xk :�

»
p0,1s�Dδk

f rNpds,dfq for k P N .

Since Xk has the same distribution as ηpλ|cδkq by Corollary 2.4, Theorem 2.1 implies that
pXkqkPN converges weakly to ηpλq in the space of Borel probability measures on BpLp

µq.
Letting Yk :� Xk �Xk�1 for k P N, with X0 :� 0, it follows that the random variables Yk

are independent as the sets DδkzDδk�1
are disjoint for all k P N. Since Xk � Y1 � � � � � Yk

is a sum of independent random variables converging weakly, Lévy’s theorem in Banach
spaces (see, e.g., [27, Theorem V.2.3, page 268]) implies that the random variables Xk

converge almost surely to a random variable X, which must have distribution ηpλq. Since
Ep∥X∥pq   8 by [1, Corollary 3.3], it follows from [12, Corollary 3.3] that Xk Ñ X in
LppΩ;Lp

µq as k Ñ8. The isometry (3.1) implies that Gδk Ñ G in Ip as k Ñ8. □

Example 3.4. If p � 2, Fubini’s theorem implies»
S

»
BL2

µ

|fpsq|2 λpdfqµpdsq �

»
BL2

µ

»
S

|fpsq|2 µpdsqλpdfq �

»
BL2

µ

∥f∥2L2
µ
λpdfq.

Consequently, the two integrals in part (a) of Theorem 3.3 coincide. Taking into account
the condition that λ|cr is finite for all r ¡ 0, it follows that a σ-finite measure λ on L2

µ with
λpt0uq � 0 is a Lévy measure if and only if»

L2
µ

�
∥f∥2L2

µ
^ 1

	
λpdfq   8.

This corresponds to the well known characterisation of Lévy measures on Hilbert spaces in
Theorem 2.2.

Example 3.5. In this Example, we consider the sequence space ℓp � ℓppNq with p P r2,8q.
The canonical sequence of unit vectors in ℓp is denoted by pekqkPN. Let λ be a σ-finite
measure on Bpℓpq with λpt0uq � 0 and λ|cr finite for all r ¡ 0. Then the condition in part
(a) of Theorem 3.3 is satisfied if

8̧

k�1

�»
Bℓp

xf, eky
2
λpdfq


p{2

  8 and

»
Bℓp

∥f∥pℓp λpdfq   8.
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Again taking into account the assumption that λ|cr is finite for all r ¡ 0, we can conclude
that λ is a Lévy measure if and only if

8̧

k�1

�»
Bℓp

xf, eky
2
λpdfq


p{2

  8 and

»
ℓp
p∥f∥pℓp ^ 1q λpdfq   8.

This characterisation coincides with the result derived in [29, Theorem 3].

Example 3.6. In this example, we consider the sequence space ℓp � ℓppNq for p P p1, 2q.
Let λ be σ-finite measure on Bpℓpq with λpt0uq � 0 and λ|cr finite for all r ¡ 0. Theorem
3.3 shows that λ is a Lévy measure if and only if

inf

#
8̧

k�1

B»
Bℓp

|F1pfq|2 λpdfq, ek

Fp{2

�

»
Bℓp

∥F2pfq∥pℓp λpdfq

+
  8,

where the infimum is taken over all functions F1 P Sp
λ and F2 P Dp

λ with F1pfq � F2pfq � f
for all f P Bℓp � tg P ℓp : ∥g∥ℓp ¤ 1u.

If we take F1 � Iℓp 1Bℓp
and F2 � 0 or F1 � 0 and F2 � Iℓp 1Bℓp

then we obtain the
sufficient conditions

8̧

k�1

�»
Bℓp

xf, eky
2
λpdfq


p{2

  8 or

»
Bℓp

∥f∥pℓp λpdfq   8.

The second condition is known as a sufficient condition due to the fact that the space ℓp is
of type p for p P r1, 2s; see [4].

With the same methods as in Theorem 3.3, but using the Lp-estimates in martingale
type and cotype spaces from [9], one can show that if U is a separable Banach space with
martingale type p P p1, 2s and λ is a σ-finite measure on BpUq with λpt0uq � 0, then»

U

p}u}p ^ 1qλpduq   8

implies that λ is a Lévy measure. In the converse direction, if U has martingale cotype
q P r2,8q, and if λ is a Lévy measure on BpUq, one can similarly show that»

U

p}u}q ^ 1qλpduq   8.

We leave the details to the reader, since these results are already covered, with a different
method of proof, in [4].

4. Lévy measures on UMD Banach spaces

The aim of this section is to extend the results of the preceding section to UMD-spaces.
This class of Banach spaces plays a prominent role in stochastic analysis, where it provides
the correct setting for Banach space-valued martingale theory (see [13] and the references
therein) and the theory of stochastic integration (see [13, 22, 23, 16] and the references
therein), and in harmonic analysis (see [15] and the references therein), in that several
of the main theorems in these areas admit extensions to the functions with values in a
Banach space X if and only of X is a UMD-space. For example, the Hilbert transform on
LppRq extends boundedly to LppR;Xq if and only if X is a Banach space, and a similar
characterisation holds for the Itô isometry.
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A Banach space V is said to be a UMD-space when, for some (or equivalently, any)
given p P p1,8q, there exists a constant βp,V ¥ 1 such that for every V -valued martingale
difference sequence pdjq

n
j�1 and every t�1, 1u-valued sequence pεjq

n
j�1 we have�

E

�����
ņ

j�1

εjdj

�����
p�1{p

¤ βp,V

�
E

�����
ņ

j�1

dj

�����
p�1{p

.

Examples of UMD-spaces include Hilbert spaces and the spaces LppS, µq with 1   p   8,
for arbitrary measure spaces pS, µq. Additionally, when V is a UMD-space, then for any
1   p   8, the Bochner spaces LppS, µ;V q are UMD-spaces. A comprehensive treatment
of UMD-spaces is offered in [13] and the references therein.

Let V be a UMD-space and M : R��Ω Ñ V a purely discontinuous martingale. For a
fixed time t ¡ 0, define path-wise a random operator J∆M : ℓ2pp0, tsq Ñ V by

J∆Mh :�
¸

sPp0,ts

hs∆Mpsq, h � phsqsPp0,ts P ℓ2pp0, tsq,

where ∆M is the jump process associated with M , and ℓ2pp0, tsq is the Hilbert space of all
mappings f : p0, ts Ñ R satisfying

}f}2ℓ2pp0,tsq :�
¸

sPp0,ts

|fpsq|2   8,

the sum on the right-hand side being understood as the supremum of all sums
°

sPF |fpsq|
2

with F � p0, ts finite.
Now let p P r1,8q be given and M be a V -valued purely discontinuous martingale. It is

shown in [28, Theorem 6.5] that M is an Lp-martingale if and only if for each t ¥ 0 we have
J∆M P γpℓ2pp0, tsq, V q almost surely and

E

�
∥J∆M∥pγpℓ2pp0,tsq,V q

�
  8,

where γpℓ2pp0, tsq, V q is the Banach space of γ-radonifying operators from ℓ2pp0, tsq to V ,
and that, moreover, in this situation one has the equivalence of norms

(4.1) E

�
sup

0 s¤t
∥Mpsq∥p

�
�p,V E

�
∥J∆M∥pγpℓ2pp0,tsq,V q

�
.

In the remainder of this section, we let U be a separable Banach space, and consider a
Poisson random measure N with intensity measure lebbλ for a σ-finite measure λ on BpUq

with λpt0uq � 0. The compensated Poisson random measure is denoted by rN . Our aim is
to apply (4.1) to obtain an Lp-bound (see [28, Section 7.2]) for martingales M of the form

(4.2) MBpsq :�

»
p0,ss�B

F pr, uq rNpdr, duq, s P p0, ts,

for simple functions F : p0, ts �U Ñ V and some t ¡ 0 and B P BpUq fixed. This Lp-bound

will allow us to extend the class of functions integrable with respect to rN to a more general
class of integrands.

For a measurable function g : p0, ts � U Ñ R we write g P L2
N pp0, ts � Uq if for all ω P Ω

we have

}g}L2
N pp0,ts�Uqpωq :�

»
p0,ts�U

|gpr, uq|2 Npω,dr, duq   8.

In this way we may interpret the expression }g}L2
N pp0,ts�Uq as a nonnegative random variable

on Ω.
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Now, for a strongly measurable function F : p0, ts � U Ñ V introduce the restriction
FB : p0, ts�U Ñ V defined by FBpr, uq :� 1BpuqF pr, uq for the set B defining the martingale
MB in (4.2). If F satisfies»

p0,ts�U

| xFBpr, uq, v
�y |2 Npω,dr, duq   8 @ω P Ω, v� P V �,(4.3)

we may now define, for every ω P Ω, a bounded operator TFB
pωq : L2

Npωqpp0, ts�Uq Ñ V by

the Pettis integral (which is well defined by [13, Theorem 1.2.37])

TFB
pωqg :� pPq�

»
p0,ts�U

gpr, uqFBpr, uqNpω,dr, duq.(4.4)

The Pettis measurability theorem implies that the V -valued random variable ω ÞÑ TFB
pωqg

is strongly measurable.
Pointwise on Ω, the following identities holds for all v� P V �:

}J�∆MB
v�}2ℓ2pp0,tsq �

¸
sPp0,ts

|x∆MBpsq, v
�y|2

�

»
p0,ts�U

| xFBpr, uq, v
�y |2 Npdr, duq

� }T�FB
v�}2L2

N pp0,ts�Uq,

the middle identity being a consequence of [2, Corollary 4.4.9].
Hence, as consequence of the comparison theorem for γ-radonifying operators (see [14,

Theorem 9.4.1]), applied pointwise on Ω, we obtain that TFB
P γpL2

N pp0, ts � Uq, V q almost
surely if and only if J∆MB

P γpℓ2pp0, tsq, V q almost surely, in which case we have almost
surely the identity of norms

∥J∆MB
∥γpℓ2pp0,tsq,V q � ∥TFB

∥γpL2
N pp0,ts�Uq,V q .(4.5)

These considerations are key to proving the following theorem.

Theorem 4.1. Let V be a UMD-space and let p P r1,8q. For fixed t ¡ 0, let F : p0, ts�U Ñ
V be a strongly measurable function satisfying the weak L2-integrability condition (4.3) for
all B P BpUq. Then the following assertions are equivalent:

(1) F is Lp-integrable with respect to rN and satisfies, for all B P BpUq,

E

�
sup

0 s¤t

∥∥∥∥∥
»
p0,ss�B

F pr, uq rNpdr, duq

∥∥∥∥∥
p�

  8;

(2) TFB
is in γpL2

N pp0, ts � Uq, V q almost surely for all B P BpUq and

E ∥TFB
∥p
γpL2

N pp0,ts�Uq,V q
  8.

In this situation, for all B P BpUq, one has

E

�
sup

0 s¤t

∥∥∥∥∥
»
p0,ss�B

F pr, uq rNpdr, duq

∥∥∥∥∥
p�

�p,V E ∥TFB
∥p
γpL2

N pp0,ts�Uq,V q
,

with constants depending only on p and V .

Proof. (2) ùñ (1): If F is simple and satisfies the conditions of (2), this implication follows
by combining (4.1) and (4.5), the point here being that the Lp-integrability of F with respect

to rN holds by definition.
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Suppose now that F is strongly measurable and satisfies the conditions of (2). The idea of
the proof is to approximate F with simple functions satisfying the conditions of the theorem.
To this end, fix B P BpUq and let pFnqnPN and pGnqnPN be filtrations generating the Borel
σ-algebras of R� and U , such that each Fn and Gn consists of finitely many Borel sets. For
each ω P Ω, let

En : L
2
Npωqpp0, ts � U ;V q Ñ L2

Npωqpp0, ts � U ;V q

denote the (vector-valued) conditional expectation with respect to the product σ-algebra
Fn � Gn (see [13, Chapter 2]). The functions

Fn,B :� En FB

are simple, and each of them satisfies the conditions of the theorem.
For each ω P Ω and v� P V �, the L2-contractivity of conditional expectations gives»
p0,ts�U

| xpEn FBqpr, uq, v
�y |2 Npω,dr, duq �

»
p0,ts�U

|En xFB , v
�y pr, uq|2 Npω,dr, duq

� }En xFB , v
�y }2L2

Npωq
pp0,ts�Uq

¤ } xFB , v
�y }2L2

Npωq
pp0,ts�Uqq   8.

The self-adjointness of En, see [13, Proposition 2.6.32], implies for each ω P Ω and g P
L2
Npωqpp0, ts � Uq that

TFn,B
pωqg �

»
p0,ts�B

gpr, uqpEn FBqpr, uqNpω,dr, duq

�

»
p0,ts�B

pEn gqpr, uqFBpr, uqNpω,dr, duq

� pTFB
pωq �Enqg.

Therefore, we conclude TFn,B
pωq � TFB

pωq � En P γpL2
Npωqpp0, ts � Uq, V q by the ideal

property (2.6) and, using again that En is contractive,

}TFn,B
pωq}γpL2

Npωq
pp0,ts�Uq,V q � }TFB

pωq �En }γpL2
Npωq

pp0,ts�Uq,V q

¤ }TFB
pωq}γpL2

Npωq
pp0,ts�Uq,V q.

Next, since En Ñ I strongly, it follows from [14, Theorem 9.1.14] that

lim
nÑ8

}TFB�Fn,B
pωq}γpL2

Npωq
pp0,ts�Uq,V q � }TFB

pωq � TFn,B
pωq}γpL2

Npωq
pp0,ts�Uq,V q � 0.

Finally, by monotone convergence,

lim
nÑ8

E }TFn,B
}p
γpL2

N pp0,ts�Uq,V q
� }TFB

}p
γpL2

N pp0,ts�Uq,V q
.

Since the theorem holds for each of the Fn,B , using routine arguments the theorem now
follows by letting nÑ8.

(1) ùñ (2): Suppose that F is strongly measurable and satisfies the conditions of (1).
Choose a sequence of simple functions Fn : p0, ts � U Ñ V such that Fn Ñ F pointwise
plebb λq-almost everywhere and, for any B P BpUq, one has»

p0,ts�B

Fnpr, uq rNpdr, duq Ñ

»
p0,ts�B

F pr, uq rNpdr, duq
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in LppΩ;V q as nÑ8. By Doob’s inequality, one then also has

lim
n,mÑ8

E

�
sup

0 s¤t

∥∥∥∥∥
»
p0,ss�B

pFnpr, uq � Fmpr, uqq rNpdr, duq

∥∥∥∥∥
p�

� 0.

Letting Fn,B :� 1B Fn and FB :� 1B F , it follows from (4.1) and (4.5) that

lim
n,mÑ8

E
∥∥TFn,B

� TFm,B

∥∥p
γpL2

N pp0,ts�Uq,V q
� 0.

Passing to a subsequence, we may assume that, for almost all ω P Ω,

lim
nÑ8

}TFn,B
pωq � TFm,B

pωq}γpL2
Npωq

pp0,ts�Uq,V q � 0.

By completeness of γpL2
Npωqpp0, ts � Uq, V q it follows that, for almost all ω P Ω, the limit

TBpωq :� lim
nÑ8

TFn,B
pωq

exists in γpL2
Npωqpp0, ts � Uq, V q. Then also, for any v� P V �,

pTFn,B
pωqq�v� Ñ pTBpωqq

�v� in L2
Npωqpp0, ts � Uq.

Hence, for all g P L2
Npωqpp0, ts � Uq and v� P V �, it follows that

xTBpωqg, v
�y � lim

nÑ8

@
TFn,B

pωqg, v�
D
� lim

nÑ8

»
p0,ts�U

g xFn,B , v
�ydNpωq.

This shows that xFn,B , v
�y Ñ pTBpωqq

�v� weakly in L2
Npωqpp0, ts � Uq. Since xFn,B , v

�y Ñ

xFB , v
�y pointwise, a standard argument establishes that xFB , v

�y � pTBpωqq
�v� plebb λq-

almost everywhere, and hence as elements of L2
Npωqpp0, ts�Uq. But (by pairing with functions

g P L2
Npωqpp0, ts � Uq) this is the same as saying that TB � TFB

.

Putting things together, we have shown that, for almost all ω P Ω,

lim
nÑ8

TFn,B
pωq � TFB

pωq

with convergence in γpL2
Npωqpp0, ts � Uq, V q. The finiteness of E ∥TFB

∥p
γpL2

N pp0,ts�Uq,V q
now

follows from Fatou’s lemma. This completes the proof of the implication (1) ùñ (2).
The assertion about equivalence of norms follows by passing to the limit n Ñ 8 in the

preceding argument. □

We will apply this theorem to obtain a necessary and sufficient condition for a σ-finite
measure on a separable UMD space to be a Lévy measure. We start with a lemma that does
not require the UMD property.

Lemma 4.2. Let U be a separable Banach space. Suppose that λ is a σ-finite measure on
BpUq with λpt0uq � 0. If the image measure xλ, u�y is a Lévy measure on R for all u� P U�,
then G satisfies the weak L2-integrability condition (4.3) for all B P BpUq, or equivalently,
for all u� P U� we have»

p0,1s�BU

| xu, u�y |2 Npds,duq   8 almost surely.

Proof. Assuming without loss of generality that }u�} ¤ 1, this follows from Theorem 2.3,
because»

p0,1s�BU

| xu, u�y |2 ds λpduq �

»
BU

| xu, u�y |2 λpduq ¤

»
r�1,1s

r2 xλ, u�y pdrq,
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and the last expression is finite (take H � R in Theorem 2.2) since by assumption xλ, u�y
is a Lévy measure on R. □

It will be useful to introduce the function G : p0, 1s � U Ñ U defined by

Gpt, uq :� u1BU
puq,

where BU � tu P U : ∥u∥ ¤ 1u as before. Note that G does not depend on t, but we keep
previously introduced notation for consistency. We now obtain the following characterisation
of Lévy measures in the setting of UMD-spaces.

Theorem 4.3. Let U be a separable UMD-space and λ a σ-finite measure on BpUq with
λpt0uq � 0. Then λ is a Lévy measure if and only if the following conditions are satisfied:

(i) λ|cr is a finite measure for all r ¡ 0;
(ii) xλ, u�y is a Lévy measure on R for all u� P U�;
(iii) for some (equivalently, for all) p P r1,8q we have

E ∥TG∥pγpL2
N pp0,1s�Uq,Uq

  8,

where N denotes a Poisson random measure with intensity measure lebb λ and the
operator TG is defined as in (4.4).

Proof. The proof follows the lines of Theorem 3.3. Let pδkqkPN � p0, 1q be a sequence
decreasing to 0. Define Dk :� tu P U : δk   ∥u∥ ¤ 1u and the functions

Gk : p0, 1s � U Ñ U, Gkpt, uq :� u1Dk
puq,

‘If’: Assume first that the support of λ is contained in BU .
By Lemma 4.2 and condition (ii), G satisfies the weak L2-integrability condition (4.3).

Condition (iii) guarantees by Theorem 4.1 that the function G is integrable with respect torN . Thus, we can define the U -valued random variable

X :�

»
p0,1s�BU

u rNpds,duq.

Corollary 2.4 shows that the probability distribution of X coincide with ηpλq, which shows
that λ is a Lévy measure by its very definition.

For the general case of a measure λ with arbitrary support, we apply the decomposition
λ � λ|1�λ|c1. The measure λ1 is a Lévy measure by the first part, and λ|c1 is a Lévy measure
since it is finite. [18, Proposition 5.4.9] guarantees that λ is a Lévy measure.

‘Only if’: Assume that λ is a Lévy measure. Theorem 2.1 implies that λ|cr is a finite
measure for all r ¡ 0. This gives (i). It is clear that the image measures xλ, u�y are Lévy
measures, which is (ii). To establish the integrability condition (iii), we can assume that the
Lévy measure λ has support in BU .

Let N be a Poisson random measure with intensity lebb λ. As in the proof of Theorem
3.3 one sees that the U -valued random variables

Xk :�

»
p0,1s�Dk

u rNpds,duq for k P N

converge almost surely to a random variable X, which must have distribution ηpλq as defined
in Subsection 2.1. Since [1, Corollary 3.3] guarantees Ep∥X∥pq   8, [12, Corollary 3.3]
implies that Xk Ñ X in LppΩ;Uq as k Ñ8.

We claim that from this it follows that G is Lp-integrable with respect to rN and

X �

»
p0,1s�BU

Gd rN �

»
p0,1s�BU

u rNpds,duq.
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All this follows from the arguments in the proof of Theorem 4.1: As in the proof of (1) ùñ
(2), the fact that pXkqkPN is Cauchy in LppΩ;Uq implies Cauchyness of pTGk

pωqqkPN with
respect to the norm of γpL2

Npωqp0, ts � BU , Uq for a.a. ω P Ω. The proof of (2) ùñ (1) in

Theorem 4.1 establishes that G is Lp-integrable with respect to rN with integral X. Another
application of the argument of (1) ùñ (2) now shows that (iii) holds. □

Example 4.4. Let U be the UMD-space Lp
µpSq, where pS,S, µq is a measure space and

p P p1,8q. By the identification of [14, Proposition 9.3.2] we have a natural isomorphism of
Banach spaces

γpL2
Npωqpp0, 1s � Lp

µpSqq, L
p
µpSqq � Lp

µpS;L
2
Npωqpp0, 1s � Lp

µpSqqq

with norm equivalence constants depending only on p. Set

Gps, fq � f 1BL
p
µ
pfq

as before, and write Lp
µ :� Lp

µpSq for brevity. Reasoning formally (a rigorous version can
be obtained by an additional mollification or averaging argument), it follows from Theorem
4.1 (with t � 1), Doob’s inequality (applied twice), and Fubini’s theorem that

E ∥TG∥pγpL2
N pp0,1s�Lp

µq,L
p
µq
�p E sup

0¤s¤1

�����
»
p0,ss�BL

p
µ

f rNpdr, dfq

�����
p

Lp
µ

�p E

�����
»
p0,1s�BL

p
µ

f rNpdr, dfq

�����
p

Lp
µ

� E

»
S

�����
»
p0,1s�BL

p
µ

fpσq rNpdr, dfq

�����
p

µpdσq

�

»
S

E

�����
»
p0,1s�BL

p
µ

fpσq rNpdr, dfq

�����
p

µpdσq

�p

»
S

E sup
0¤s¤1

�����
»
p0,ss�BL

p
µ

fpσq rNpdr, dfq

�����
p

µpdσq.

As the expectation is for the supremum of a real-valued martingale, we can apply [19,
Theorem 3.2]. This enables us to conclude in the case p P r2,8q that

E

�
∥TG∥pγpL2

N pp0,1s�Lp
µq,L

p
µq

�
�p

»
S

���»
p0,1s�BL

p
µ

|fpσq|2 dr λpdfq

�p{2

�

»
p0,1s�BL

p
µ

|fpσq|p dr λpdfq

�µpdσq

�

»
S

�»
BL

p
µ

|fpσq|2 λpdfq

�p{2

µpdσq �

»
BL

p
µ

∥f∥pLp
µ
λpdfq.

Thus, we obtain the same characterisation of a Lévy measure on Lp
µ for p P r2,8q as in

Theorem 3.3.
In the case p P p1, 2s, we obtain by [19, Theorem 3.2 and page 5], that

E

�
∥TG∥pγpL2

N pp0,1s�Lp
µq,L

p
µq

�
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�p

»
S

inf

$&%
�»

BL
p
µ

|g1,σpfq|2 λpdfq

�p{2

�

»
BL

p
µ

|g2,σpfq|p dr λpdfq

,.- µpdσq,

where the infimum is taken over all functions g1,σ P L2
λpBLp

µ
q and g2,σ P Lp

λpBLp
µ
q with

fpσq � g1,σpfq � g2,σpfq for all f P BLp
µ
and σ P S. The expression on right-hand side is

subtly different from the corresponding expression in Theorem 3.3. However, the present
derivation, combined with Theorem 3.3, establish the equivalence of these expressions.

Remark 4.5. Theorem 4.1 continues to hold if the UMD property on V is weakened to
reflexivity with finite cotype, by making the following adjustments. First of all, a version
of [28, Theorem 2.1] for V -valued martingales with independent increments is obtained in
[28, Proposition 6.7] for Banach spaces V with finite cotype. Using this result, the proof of
[28, Theorem 5.1] can be repeated, resulting in a version of this theorem for reflexive space
with finite cotype; see [28, Proposition 6.8]. Reflexivity enters in view of the results in [28,
Section 3] that are still needed in their stated forms. Our Theorem 4.3 can be extended
accordingly. We thank Ivan Yaroslavstev and Gergely Bódo for kindly pointing this out to
us. Finally we thank the anonymous referee for many detailed comments.

5. Outlook

Similarly as in finite dimensions, infinitely divisible measures on a Banach space U are
characterised by triplets pa,Q, λq where a P U , Q : U� Ñ U is a nonnegative, symmetric
trace class operator and λ is a Lévy measure on BpUq. For weak convergence of a sequence
pµnqnPN of infinitely divisible measures with characteristics pan, Qn, λnq necessary conditions
are known in Banach spaces, but in general they are not sufficient; see [18, Prop. 5.7.4]. Only
in separable Hilbert spaces, necessary conditions are known, which are established in [24,
Theorem 5.5]. In fact, as pointed out in [18], necessary conditions in Banach spaces would
have allowed for an explicit characterisation for Lévy measures. As we have now such a
characterisation, our result should enable the derivation for necessary conditions for the
weak convergence of a sequence of infinitely divisible measures on Lp-spaces or in UMD-
spaces.

In the current work, using the Lp-estimates for simple functions in [8, 28], we have al-
ready introduced a description of the largest space of vector-valued deterministic functions
integrable with respect to a compensated Poisson random measure in either Lp-spaces or
UMD-spaces; see Lemma 3.2 and Theorem 4.1. Such a description of the space of deter-
ministic integrands can be used to derive the existence of a stochastic integral for random
vector-valued integrands with respect to a compensated Poisson random measure, similarly
as in [9]. Since the compensated Poisson random measure has independent increments,
the decoupled tangent sequence can be constructed, and thus the decoupling inequalities in
UMD-spaces enables to derive the existence of the stochastic integral.

Acknowledgement. The authors would like to thank Gergely Bódo for proofreading
an earlier version of this article and providing helpful comments, and Ivan Yaroslavtsev for
helpful suggestions. After the completion of this paper, it was kindly pointed out by Sjoerd
Dirksen that Theorem 3.3 had been obtained independently in an unfinished preprint with
Carlo Marinelli as early as 2016, where it is pointed out that the case p P r2,8q was already
obtained in [11].
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[26] K.-I. Sato. Lévy processes and infinitely divisible distributions. Cambridge University Press, 1999.

[27] N. Vakhania, V. Tarieladze, and S. Chobanyan. Probability distributions on Banach spaces, volume 14
of Mathematics and its Applications. D. Reidel Publishing Co., Dordrecht, 1987.

[28] I. Yaroslavtsev. Burkholder-Davis-Gundy inequalities in UMD Banach spaces. Comm. Math. Phys.,
379(2):417–459, 2020.

[29] V. V. Yurinskii. On infinitely divisible distributions. Theory Probab. Appl., 19:297–308, 1974.



20 JAN VAN NEERVEN AND MARKUS RIEDLE

Delft Institute of Applied Mathematics, Delft University of Technology, P.O. Box 5031,

2600 GA Delft, The Netherlands

Email address: J.M.A.M.vanNeerven@TUDelft.nl

Department of Mathematics, King’s College London, Strand, London WC2R 2LS, UK

Email address: markus.riedle@kcl.ac.uk


