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Abstract

We prove a general result on a relationship between a limit of normal-
ized numbers of interval crossings by a cadlag path and an occupation
measure associated with this path.

Using this result, we define local times of fractional Brownian motions
(classically defined as densities of relevant occupation measure) as weak
limits of properly normalized numbers of interval crossings.

We also discuss a similar result for cadlag semimartingales, in par-
ticular for alpha-stable processes, and Rosenblatt processes, and provide
natural examples of deterministic paths which possess quadratic or higher-
order variation but no local times.

1 Introduction

In this article, we deal with local times of real cadlag paths which may be
defined as weak limits of normalized numbers of interval crossings by these paths.
Instances of real cadlag paths possessing such local times will be trajectories
of self-similar stochastic processes with stationary increments, like fractional
Brownian motions or alpha-stable processes.

The idea to define the local time of a standard Brownian motion as a limit
of (properly normalized) numbers of (properly defined) interval crossings by
trajectories of this process comes already from Paul Lévy [Lévy40]. This defi-
nition was later generalized to the case of continuous semimartingales [EKT7S)|,
[RY05] Chapt. VI and Markov processes [FT83| (to be more precise, in [F'T83]
the Authors deal rather with excursions from a given level than with the inter-
val crossings, but both approaches coincide for processes with a.s. continuous
paths). Since the number of interval crossings may be calculated for each path
separately, such results provide a pathwise construction of local time. Results of
this type for a standard Brownian motion B (and continuous semimartingales)
were obtained first by Chacon et al. [CLJPT8I], built on ideas from [Per81].
In [CLJPTE&I] the authors prove the existence of a measurable set Qg such that
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Qo has probability 1 and for each w € ¢ there exists the mentioned limit of
normalized numbers of interval crossings by the trajectory B(w). The excel-
lent Master thesis of Marc Lemieux [Lem83| extended this result to the case
of cadlag semimartingales with locally summable jumps. The case of general
cadlag semimartingales was treated only recently in [LOPS2T].

Interval crossings by deterministic or random paths received attention in
many recent publications on pathwise stochastic calculus or model-free finance,
see for example [PP15] [CP19, [Kim22].

Given most of the above-mentioned results are obtained for semimartingales
and Markov processes, a natural question arises whether similar results hold
for processes possessing local times (in the sense defined below), which do not
belong to these classes. Examples of such processes are fractional Brownian
motions. Fractional Brownian motion (fBm in short) possesses local time, but
its characterization as a limit of normalized numbers of interval crossings by
its trajectories has not been much investigated so far. This seems surprising
considering the age of Lévy’s result. A recent paper on this approach for {Bms
with the Hurst index less than 1/2 is [DEMP23]. In this note, we consider such
results for self-similar processes with stationary increments. In particular, we
obtain the existence of the limit of normalized numbers of interval crossings for
fBms with a Hurst index from the whole interval (0,1). However, the conver-
gence we obtain is the weak convergence of measures, thus much weaker than
the almost sure uniform convergence of processes obtained in [DEMP23].

Another example of self-similar processes with stationary increments are a-
stable processes. They are also special cases of cadlag semimartingales consid-
ered in [LOPS21]|, however, [LOPS21]| considers the semimartingale local time
(defined as the density of the occupation measure along the ’business clock’ —
the continuous part of the quadratic variation); here we consider the local time
defined as the density of the occupation measure along the ‘natural clock’ — the
Lebesgue measure on [0, +00).

Preview. In the next section, we state the main results obtained in this
paper, the proofs of these results are presented in subsequent sections. In Section
Bl we present essential definitions, notations, and prove auxiliary results (Lemma
and Theorem [22), which may be of independent interest. Examples of
application of Theorem to deterministic paths are presented in Subsection
In Section [ we apply Theorem to paths of self-similar processes with
stationary increments. In Section [B] we list examples of self-similar processes
with stationary increments for which the results of Section d] may be applied.
They include, apart from the mentioned fBms and a-stable processes, also the
Rosenblatt processes. We also present several examples where assumptions of
Theorem [Z2 hold, but no local time exists.

2 Main results

To state the main results, we need to start with several definitions.



Definition 2.1 The truncated variation of x : [0, +00) — R with the truncation
parameter ¢ > 0 on the time interval [s,t], 0 < s <t < 400, is defined as:

TV(z,[s,t]) := sup Z (|xy — xu| — )y, (1)
well(s,t) [u,o]en

where ()4 = max (-,0) and the supremum is taken over all finite partitions
of the interval [s,t], that is finite sets of no overlapping (with disjoint interiors)
subintervals [u,v] of [s,t] such that U[ u,v] = [s,t]. The family of all such
partitions is denoted by I(s,t).

Similarly, the upward and downward truncated variations of x are defined
respectively as

u,'u]ETr[

UTV (x,[s,t]) := sup Z (Ty — 20 — ) (2)
mell(s,t) [uplen
and
DTV®(x,[s,t]) := sup Z (T — 2y — ) - (3)
mell(s,t) [u,v]em

The truncated variation is finite for any cadlag or even regulated (i.e. pos-
sessing right- and left- limits) path = whenever ¢ > 0. If ¢ = 0 then the truncated
variation coincides with the total variation of x while the upward and downward
truncated variations coincide with the upward total variation and downward to-
tal variation. They are denoted as TV (z, [s,t]), UTV (z, [s,t]) and DTV (z, [s, t])
respectively.

Let n¥%¢(x, [0,t]), u¥(x, [0,t]) and d¥°(z, [0,¢]) be the numbers of crossings,
upcrossings and downcrossings by x the interval [y — ¢/2,y + ¢/2] on the time
interval [s, t] respectively. For precise definitions, we refer to Definition 341 The
following result, which is of independent interest, is one of the main ingredients
we will use in establishing the weak convergence of normalized numbers of in-
terval crossings to local times. As far as we know, no similar result has been
proven in literature so far.

Theorem 2.2 Let x,( : [0, +00) = R be cadlag, and ¢ : (0, +00) — [0,400) be
such that lim. o ¢(c) = 0. Assume that

vVt >0, @(c)TV(x,[0,t]) =& asclO, (4)
or equivalently that any of the following equivalent conditions holds

Vt>0, 2p(c)UTV (x,[0,t])) =  asclO, (5)
vVt >0, 2¢(c)DTVE(x,[0,t]) >  asclO. (6)

Then ¢ is non-negative, non-decreasing and for any continuous g : R — R we
have the following pointwise convergence of Lebesque-Stieltjes integrals

vt >0, w(C)/Rny’c(xv [0,8))g(y)dy — o t]g(xsf)dés asc 0. (7)



The convergence in [@) also holds when n*(x,[0,t]) is replaced by 2u*°(x, [0, t])
or by 2d*°(x,[0,t]), and if ¢ is continuous such convergence is uniform on
compacts.

For the proof of Theorem we refer to Sect. [3.4]

Remark 2.3 If TV(z,[0,1]) = +oo then defining the normalization function

by:
1

wle) =17 TV (z, [0, 1])

we obtain a non-decreasing, non-negative function such that lim._,o4 ¢ (¢) =0,
lime 400 ¢ (¢c) =1 and

¢ = lim ¢(c) TVS(x,[0,1]) = 1.
c—0+

Relation () may be seen as a ‘weak’ form of occupation times formula (see
the next section). The main difference between both formulae is that g in
([@ is assumed to be continuous and that we do not know whether quantities
w(c)n¥¢(z, [0,¢]) tend in some sense to any limit; we only know (and this may
be an equivalent statement of the thesis) that the measures p(c)n¥:¢ (z,[0,t]) dy
tend weakly to the occupation measure

() = /( Il )g(as)

However, if @), (&) or (@) holds, ¢ is continuous and x possesses the local time
L relative to the measures dy (the Lebesgue measure on R) and ¢, then the
following relations

/(O)t] g(zs-)C(ds) = /(o,t] g(xs)¢(ds) = /Q(Q)Li dy

R

hold for any continuous g : R — R, which together with ([]) implies that for any
finite ¢ > 0, LYdy is the weak limit of the measures p(c)n¥:¢(x, [0, t]) dy. In one of
the examples (see Sect. [5.6]), we show that this convergence can not be replaced
by a stronger mode of convergence — the weak convergence of ¢(c)n¥“(x, [0,1])
to LY in LY(R, dy).

For some processes it may be proven that for each ¢ > 0 the convergence

HPTITVE(X,[0,8]) = C -t as ¢ — 0+ (8)

holds with probability 1, like for example for fBms with arbitrary Hurst pa-
rameter H € (0,1), see Sect. Then, as a direct consequence of Theorem 2.2
applied to each trajectory of X separately, we have the following result.

Corollary 2.4 Assume that for a real process X, t € [0,+00), the convergence
in @) holds with probability 1 and that X possesses a local time L (in the sense
of Definition [32) relative to the Lebesgue measure dy on R and the constant



mapping Z(w) = du (du is the Lebesgue measure on [0,+00)). Then there exist
a measurable set Qx C Q such that P(Qx) = 1 and for each w € Qx and each
t €[0,400)

/BInve(X (W), [0,4]) dy =kl O Li(w)dy as ¢ — 0+,

where C' is the same as in ®) and “—~"¢**Y’ denotes the weak convergence of
measures.

Existence of the deterministic limit (@) of the form ((¢t) = C - ¢ (for a proper
normalization ¢(-) and a deterministic constant C') may be established for a class
of self-similar processes with stationary increments with the help of subadditive
ergodic theorem and the convergence holds in probability.

Theorem 2.5 Let (Q, F,P) be a probability triple and X, t € [0,+00), be a
self-similar process with index 8 > 0 on (Q, F,P), which has stationary incre-
ments and cadlag trajectories. We assume additionally that for some co > 0 it

Sulfils
ETV®(X,[0;1]) < 400 9)

and that for any k € N the stationary sequence
(TVH(X,[0,k]), TV (X, [k, 2k]), TV' (X, [2k, 3K]), . ..)

is ergodic. Then there exists C' € (0,+00) such that for each t € [0,+00) the
following convergence in probability holds

AMPITVE(X,[0,1]) =F C -t as e — 0+ (10)
For the proof of Theorem and next Corollary 277 we refer to Sect. Hl
Remark 2.6 The main drawback of Theorem [2.] is that it does not explicitly
identify the constant C, however, from its proof it follows that

1
C= lim ELV (& [0n)

n—-+oo n
From the fact that (TV'(X,[m,n]) + 1) is subadditive (TV'(X,[0,n]) +1 <

TVHX,[0,m])+ 14+ TVH(X, [m,n])+ 1), see [@T), we get even tighter estimate:
for anyn € N

ETV!(X,[0,n]) <0< ETV'(X,[0,n]) + L
n n
Corollary 2.7 Assume that a real process X, t € [0,400), satisfies assump-
tions of Theorem[20 and possesses a local time L relative to the Lebesque mea-
sure dy on R and the constant mapping =(w) = du. Then there exists a sequence
(cn), n € N, such that ¢, — 04 as n — +00 and a measurable set Qx C Q such
that P (2x) =1 and for each w € Qx and each t € [0, +00)

cl/B=inven (X (W), [0,1]) dy =W C . Ly(w)dy as n — +oo,
where C s the same as in Remark[2.0.

Examples of application of Corollaries[2.4] and 21 to specific processes are pre-
sented in Sect.



3 Notation, definitions and auxiliary results

Notations: By Z we denote the set of all integers, by N we denote the set of all
positive integers and by Ny we denote the set NU {0}. By C([0,+00);R) we
denote the space of all continuous functions z: [0, +00) — R. By D([0, +00); R)
we denote the space of all cadlag (RCLL) functions z: [0, +0c0) — R, that is
x € D([0,+00);R) if it is right-continuous at each ¢t € [0,+00) and possesses
left-limits at each ¢ € (0, +00).

For z € D([0,4+00);R) we set 24— := limyey sy 24 for ¢ € (0, 400), zo— := xo
and Axg ==z, — x5 for s € [0, +00).

VO([0, +00); R) denotes the subset of D([0,+00);R) of piecewise monotonic
cadlag paths, that is functions x € D([0, +00); R) for which for any T > 0 there
exist finite number of intervals I;, i = 1,2,..., N, N € N, such that Ufil I =
[0,7] and x is monotonic on each I;. V!([0,+00);R) denotes the subset of
functions from D([0, +00); R) with finite total variation on any compact subset
of [0, 4+00).

3.1 Local times

Let (E, &) be a measurable space. We start with a definition of local time for
a deterministic Borel path x : [0,+00) — E and a given Borel measure £ on
[0, +00). For each t > 0 we define the corresponding occupation measure p; on

(E,E&) as
VLeE, ()= / 1r(zs)é(ds) = E({s € [0,8] : 2 €TY). (1)
[0,t]

Definition 3.1 Let v be a measure on (E,E) and & be a Borel measure on
[0, 4+00). We say that x possesses a local time L relative to the measures v and
& if for each t, py < v, where u is the occupation measure defined by ().
This local time is a function of the space variable y € E and the time variable
t € [0,400), and is defined as the Radon-Nikodym derivative L := (du./dv)(y).

Immediately from (II]) and Definition Bl we get that for any non-negative Borel
function f: E — R

zs) E(ds) = H(dy) = LYv(dy). 12
g [Eﬂy)u(y) [Ef<y> (dy) (12)

The relation ([[2) is referred to as occupation times formula.

For our purposes, we will need a sufficiently general definition of local time of
a stochastic process. Let (2, F,P) be a probability space and let Xy, t € [0, +00),
be a stochastic process with measurable state space (F, ), such that the map-
ping [0,400) x Q > (t,w) — X;(w) is measurable relative to B([0,+00)) @ F
and & (by B([0,400)) we denote the Borel o-field of [0,+0c0)). Let Z be a
mapping from €2 to the set of Borel measures on [0, +00), which means that
for each w € ), £ = E(w) is some Borel measure on [0,400). Each trajectory



s — X(w) is a Borel function and for each (¢,w) € [0, +00) x Q we may define
a corresponding occupation measure p; on (F, ) as in () with 2 = X (w) and
=Z(w).

Definition 3.2 Let v be a measure on (E,E). We say that X possesses a local
time relative to the measure v and the mapping = if for each t € [0, +00), u < v
a.s. (i.e., P-a.s.), where p is the occupation measure defined as in () with

r=X(w) and £ =E(w), w € Q.

Remark 3.3 Usually, for example when X is a Markov process, the measure
¢ = Z(w) appearing in our definition is equal to the Lebesgue measure (nat-
ural clock), and does mot depend on w, see for example [GHS8(O]. However, if
one considers the semimartingale local time then the measure £ = Z(w) is the
Lebesgue-Stieltjes measure associated with the continuous part of the quadratic
variation of X (business clock), thus may depend on w.

3.2 Truncated variation and numbers of interval crossings

Now, we define numbers of interval (up- and down-) crossings by x € D([0,+00); R)
on the time interval [s,t]. Let y € R, ¢ > 0, define 0§ = s and for n € Ny

po=1nf{u € [0y, t] : x4 >y +¢/2},

opq i=1nf{u € [p;,t] : xy <y —c¢/2},

where and throughout the paper we apply conventions: inf{) := -+oo and
[+00,t] := 0 for any ¢ € [0, +00].

Definition 3.4 The number of downcrossings, upcrossings and crossings by x
the interval [y —c/2,y+c/2] on the time interval [s,t] are defined as respectively

d¥(z, [s,t]) := max{n : o), <t}, u(z, [s,t]) := A7V (—ax, [s,1]) and
nY(z, [s,t]) :=u¥(x, [s,t]) + d¥(x, [, t]) .

The numbers of interval crossings by a real cadlag path z : [0,4+00) — R
are closely related to truncated variation. The relation between the truncated
variation and interval crossings is the following. If x : [0, +00) — R is a regulated
path, then the following formula holds:

V(o fs.t) = [ (o[ (13)
R

Equation (I3) is a generalization of the Banach Indicatrix Theorem, see

Theorem 1]. From (0l) and the fact that for any 0 < s < t < u, 7w € II(s,t),

p € II(t,u), m Up € II(s,u), it also follows that the truncated variation is a

superadditive functional of intervals, that is:

TVE(x,[s,u]) > TVE(z,[s,t]) + TV(z, [t,u]) . (14)



On the other hand, since for any 0 < s <t/ <t <" < u one has
max |z — xp| — ¢,0) <max (|, — xp| — ¢,0) + max (| — x| — ¢,0) + ¢,

we have

TVE(z,[s,u]) < TV (z,[s,t]) + TV (z, [t,u]) + c. (15)

3.3 Truncated variation and variations of a continuous
function along Lebesgue partitions

When 2 is continuous, relation (I3)) allows easily to relate the truncated variation
with the Lebesgue partitions of the half line [0, 4+00]. The Lebesgue partition
7&" (sometimes, for typographical reasons, we will also denote it by (¢, r)) of
the interval [0, +o0] corresponding to z € C([0,4+00); R) and the grid

c-Z+r={zeR:FpeZz=p-c+r},
where ¢ > 0 and r € [0, ¢), is the following family of intervals
wor = ([T 7E] k€ Mo}

where 75" = 0, and for k € N

Ty4q i= inf {t >t iap€(e-Z+r)\ {ZCT;W}} :
For t > 0 let us define k" (t) := max {k € Ny : 77" < t}. Notice that

ST P e (g [0,1]) < K7 (1), (16)
PEL

This follows from the fact that each crossing of the interval [p-c+7, (p+1)-c+7],
p € Z, corresponds to at least one new time 7,"". On the other hand, for any
Cco € (0, C),
D npete/2ires (z00,4]) > k(1) — 1 (17)
PEL

since each new time 7,”", k > 2, corresponds to at least one crossing of the
interval [p-c+7r+(c—c0)/2,(p+1)-c+r—(c—cp)/2] for some p € Z. Now,
using (I3), [I8) and (7)) we estimate

TVE(x,[0,t]) = / nY%(z,[0,t]) dy = Z /[0 )np'CJrC/QJ”’C(:z:, [0,¢]) dr < / kST (t)dr

R [0,¢)

(18)

PEZL

TV (x,[0,t]) = / n¥ (z,[0,t]) dy = Z/ nPcoteo/24mco (4 10 ¢]) dr

R pEZ [O,C())
= Z/ nPete/24mco (1 [0, ¢]) dr > / (k" (t) — 1) dr.
pEZ [0,e) [0,¢)

and



Since the function (0,4+00) > ¢ — TV(x,[0,t]) is continuous (see [LGI15|
Lemma 21]), we have

TVS(x,[0,t]) = hjn TV (x,[0,t]) > / (k&7 (t) — 1) dr. (19)
co c— [O,C)

Let now % : [0, 4+00) — [0, +00) be a continuous at 0, non-decreasing func-

tion, starting from 0, that is ¥(0) = 0. Last two relations allow to establish

a relationship between -variations of x along the Lebesgue partitions 7",
defined as

+oo
Vi (@,[0,1]) = Z Y (|Tont — Tunt]) = Zd’ (
k=1

[u,v]eme:r

Tremnr = Trem ag ) , ¢>0,re€]l0,¢),

and the truncated variation. Since Tper — Tper | =C for k satisfying £ > 2 and
k < k©7(t), and since ’alecm,\t - 3:0’ <cg, ’xt — ‘Tf,j’c’,%(t)’ <cand 7" At =t for
k> k" (t) it is easy to see that the following estimates hold
Vi (@, [0,2]) € [(R7(t) = 1) v(e), (K7 () + 1) (c)] - (20)

Using ([I8)-@20) we have

P(e)TV(z,]0,1]) — ¢(c)e < (¢) (ko"(t) — 1)dr < / V" (@, [0,8])dr

[0,¢) [0,¢)
< (©) (K" (8) + 1) dr < 4h(e)TV(z, [0, 1]) + 2¢(c)e.

[00)

Thus the mean of i-variations of continuous x along Lebesgue partitions 7",
r € [0, ¢), is comparable for ¢’s close to 0 with:

1
D) e 10, 4]) — w(e) < & VT (2, [0, 6))dr < D) e (10, 1]) + 206(c).

& & [0,¢) &

Replacing the variable r with v :=r/c, v € [0,1), we have

X vetafo.t) —vie) < [ Ve 0.ty < 29

- [0,1) — TV (@, [0,4]) + 20 (c).

(21)

In particular, when ¥(c) = 12(c) = ¢* we get that ¢ - TV®(z,[0,t]) is com-
parable for ¢’s close to 0 with the mean of quadratic variations [az]:(c"y'c) =

Vi "“(2,[0,¢]) of x along all shifted Lebesgue partitions 7 (¢, - ¢), v € [0,1):
¢ TVe(x, [0,t]) _cg/ [2]77dy < ¢ TV (2, [0,4]) + 2c.
[0,1)

The quantities of the form ¢(c)TV(z, [0,t]) will be essential in the subsequent
considerations.



3.4 Auxiliary results

Recall that V*(]0, +00);R) denotes the subset of cadlag functions with finite
total variation on any compact subset of [0, +00).

For any x € V!([0,+00);R) we denote with UTV (z,du) the Lebesgue-
Stieltjes measure associated to the increasing, right-continuous map ¢t — UTV (z, [0, t]),
thus for any [s,t] C [0, +00)

/ UTV (z,du) = UTV(z, (s,t]) .
(s:1]

Analogously, one can define DTV (z, du) and TV (z, du).
Using numbers of interval (up-, down-) crossings we define level (up-, down-)
Crossings.

Definition 3.5 Let y € R. The number of times that the function x upcrosses
the level y during the time interval [s,t] is defined as

u’(x, [s,t]) := C£%1+ u’“(z, [s,t]) € No U {4o0}.

Analogously we define the number of downcrosses as

y — lim dY:¢
d¥(x,[s,t]) : Clg&d (x,[s,t]) € No U {+o0}.
Note that u¥“(z, [s,t]) and d“(x,[s,t]) € Ny are increasing functions of ¢, so
the above limits always exist.
Recall that V9([0,4+00);R) denotes the piecewise monotonic cadlag func-
tions. The following lemma is required to prove Theorem

Lemma 3.6 Let x € VO([0,+00);R), t >0 and g : R — R be locally bounded
and Borel-measurable. Then

/R g(20 (2, [0, ]) dz = /( |, AUV ds) ¢ ZAJ / lo(e) ~ gl i
(22)

and analogously

/Rg(z)dz(;p, [0,t])dz = /(o,t] g(xs— ) DTV (z,ds) + O<SS§ES<O /z [9(2) — g(xs—)]dz.
(23)

Remark 3.7 It is possible to generalize the above lemma for x € V*([0, +00); R),
see Theorem 2.8]. For reader’s convenience we present its proof for
z € VO([0,+00); R). LemmalZ8 may also be derived from the change of variable
formulas for cadlag functions with finite variation proven in Proposition
1 and Proposition 2. The main difference between and Lemma [3.4 is
such that the autors of consider the continuous part of TV (x,du), hence

their formulas have the term g (xs), whereas Lemmal3 0 uses the term g (zs—).

10



Proof of Lemma By the assumption = € VO([0, +00);R) there exists
a finite sequence of intervals {L;},, N € N, which are mutually disjoint,
Uij\il I; = [0,t] and the function z is monotone on any of I;. Since x is cadlag
we may and will assume that these intervals, except the last one containing ¢,
are of the form I; = [t;,t;11), where t; < t;11. Moreover, we will assume that
they are the largest intervals possible on which z is monotone. Thus, if for some
i > 1,  is non-decreasing on [t;_1, ;) and non-decreasing on [¢;,t;+1) then there
need to be a downward jump at the time ¢;. Similarly, if for some 7 > 1, x is
non-increasing on [¢;—1,¢;) and non-increasing on [¢;, ¢;+1) then there need to be
an upward jump at the time ¢;. Let S denote the set of such times s.

Let us define R = Ufil {®¢,,24,,,}. Given a level z € R\ R, with any
interval I; or any s € S we can have at most one associated upcrossing. This
happens when z;, < x,,, or z5_ <z, and
z € (wti,xtiﬂ) or z € (Ts—,xs).

Clearly, neither of the intervals where the function is decreasing induces any
upcrossing. Let J be the subset of the indices where the function is increasing
and T be the subset of s € S such that « has an upward jump at s. Then we

have
W@ 0.6 = Sy )2+ 3 L )
ieJ seT
Consequently
Tty T,
/ g(z)u*(x,t)dz = / g(z)u®(x,t)dz = Z/ g(z)dz + Z/ g(2)dz.
R R\R ieg /o s€T ¥ Ts-

We are now to deal with these integrals. To this end, we apply the classical idea
of opening temporal windows at times of jumps. We may impose that the sum
of the lengths of these windows is finite and consider interpolated continuous .
We have

/ - g(z)dz:/ ’ g(z)dz and / Sg(z)dz:/ ' g(z)dz

u s— v

for properly defined u,u’,v,v". Then we apply the change of variable for the
Riemann-Stieltjes integral

/u 9(2)d2=/ 9(Z5)dZs and / U 9(2)d2=/ 9(%5)dzs

u

Clearly, for properly defined ¢ we have

/Rg(z)uz(ac, t)dz = /Otg(fcs)dis. (24)
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Let us consider the decomposition of the measure UTV(x,ds) into the continu-
ous part ¢ and the atomic part u®. Moreover, let W be the set of the temporal
windows. We obtain

/ Loewgla )i, — / gl )y (5),

moreover

/Ot Liewg(F,)dEs = Y /: g9(2)dz.

0<s<t,Axs>0
Using this and ([24) we obtain ([22]) by simple calculations. Similarly one can

prove (23)). O

To state the next result, we will need some properties of the Skorohod problem
on [—¢/2,¢/2], ¢ > 0, proven in [LGI1H], also see [BKR0O9]. Let us first recall the
definition of the Skorohod map.

Definition 3.8 Let z,a,5 € D([0,00);R) and ¢ € R. A pair of functions
(6%, n*) € D[0;4+00) x V1([0,4+00);R) is said to be a solution of the Skorohod
problem on [a, 8] with the starting condition ¢*(0) = ¢ for = if the following
conditions are satisfied:

1. for every t >0, % (t) = x (t) + 1" (t) € [ (t) , B (1)];

2. n* =mni —ns, where nj,n. are non-decreasing cadlag functions and the
corresponding measures dnj, dnl are carried by {t > 0 : ¢ (t) = a(t)} and
{t >0:¢"(t) = B(t)} respectively;

3. ¢"(0) = do.

The Skorohod problem on [«, 5] has always a solution whenever
inf {A(t) = a(t)} > 0 and ¢ € [a(0), 5(0)],

see [EGI5] Proposition 2.7]. In such a case n® € V°([0, +00); R) and the function
—n” is called the reqularisation of x obtained via the Skorohod map on [«, ]
(with the starting condition ¢g = 2(0) + 1n*(0)). In the case when a = —c¢/2,
B =¢/2, ¢ > 0, the problem is called the Skorohod problem on [—¢/2,¢/2].
Using Lemma[3.6 we will prove Theorem[2.2] relating the integrated numbers
of interval crossings of a function x € D([0, 00); R) with the asymptotics of the
upward and downward truncated variations UTV®(z,t), DTV(x,t), t > 0, as
c— 04.
Proof of Theorem Conditions @), (@) and (6) are equivalent. This
follows from equalities (see [LGIBL Sect. 2|):

TVS(z,[0,t]) = UTV(x, [0,¢])+DTV (x,[0,t]) and af—z;=UTV(x,[0,t])-DTV(z,[0,t])

(¢ is a regularisation of 2 obtained via the Skorohod map on [—c¢/2,¢/2] for

some properly chosen starting condition). To get equivalence of @), (&) and (@)
it is sufficient to notice that the differences

p(c)UTVE(, [0,t]) = (c) DTV (z, [0, 1]) = 2¢(c)UTV(x, [0, ]) = (c) TV (z, [0, 1]) = ¢(c) (7

12
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tend to 0 as ¢ — 0+.

Assume now that (B) holds. The fact that ¢ is non-negative and non-
decreasing follows immediately from the same properties of the function ¢ —
UTV(x,[0,t]), t > 0.

Now let us fix 7' > 0 and put

Mzmax{ sup |arl, sup |<t|=<T}.
T 0<t<T

0<t<

Using the assumption that ¢ is continuous, for fixed € > 0 we can find a number
0 > 0 such that

3

sup l9(2) = 9(z')| < 37 (25)
z,2' €[—M—1;M+1],|z—2'| <5
Let us also define
N=#{te (0;T): |zs — x| > 6} . (26)

Let ¢ € [0,7]. We will use the regularisation z¢ of z obtained via the Sko-
rokhod map on [—¢/2,¢/2]. Since for any z € R and any ¢ > 0, u*“(z, [0,t]) =
u?(z¢, [0, ¢))+1 (JLGI4, Lemma 3.3 and 3.4]) and u®“(z, [0,t]) = u®(x¢,[0,t]) =0
when z < infsejo 4 @s — ¢/2 or z > sup,e( 4 Ts + ¢/2 to prove convergence ()
when n*¢(x, [0,¢]) is replaced by 2u®(z, [0, t]), it is sufficient to prove the con-
vergence

o(c) /Ruz(l‘c, 0,-]) g(2)dz — %/0 g(zs_)d¢ as ¢ — 0+ .

To prove this convergence we will use Lemma From the properties of the
Skorokhod map we have that x¢ is piecewise monotonic (see [LG14l Proposition
2.7 and formula (2.4)]). Using Lemma [B.6] we write

t T4
/g(z)m(;wa [0,¢]) dz :/ g(xS )UTV (z€,ds) + Z / [9(z) — g(x5_)]dz
R 0 0<s<t,Axc>d zg_
LD DU VORI @)
0<s<t,0<Aze<s Y Tom
Let us denote the consecutive summands on the right side of equation ([27) by

Ri(¢), Ra(c) and R3(c) respectively.
First, for ¢ > 0 we estimate

o(c)Ra(c) < plc) - 2N(2M +¢) | 2 sup lg(z)] | =0 asc—0+.
zE[—M—c/2;M+c/2]

(28)
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Using (25) and the fact that UTV (z¢,[0,t]) < UTV®(x,[0,t]) + ¢ (see [LGI4]
Proposition 2.9]) we estimate

POR:(c) <plc) D |Ax sup l9(=) = 9(=")
0<s<t,0<Azc<S 2,2 €[=M—c/2;M+c/2],|z—2| <6
< @(UTV (a7, [0,]) 77 < p(e) (UTV (@, [0,8]) +¢) o7 <25 (29)

for ¢ small enough such that ¢(c)UTV®(z,[0,T]) + ¢(c)c < 2M.
Now we are left with R;. We fix K =1,2,... and define

1—1

i
Ii=|-M+2M——;—-M+2M—|, i={12,.,K}
+ e +2M ol i= A }

Further we define the following sequence {v}, ., of times. Let vg = 0 and

v, = inf {t > vp_1 @y € I; for some i = 1,2, ..., K such that z,,_, ¢ Ii} .

We have
+oo
R =) [ g(aS YUTV (a*, ds)
k=0 (UkAt,Uk+1At]
—+o0 —+o0
= Z/ {9(25) = g(@uone) JUTV (2,ds) + Y g(@u,n UTV (2, (U At vpi1 At]),
k=0 (UkAt,Uk+1/\t] k=0
(30)

where we denote UTV (2¢, (v, A t, vg41 At]) = UTV (29, [0, vp1 A E]))—UTV (2, [0, vx At]).
Using (28) it is easy to estimate for ¢ < 2§ and 2M /K < ¢ the first summand
in (30) multiplied by ¢(c) :

—+oo
e©y [ 19(25) = 9(a-) + 9(2s-) — 9(@unrd)| UTV (2, ds)

k=0 (UkAt,Uk+1At]
< (c)io&UTV(:rc (0 Aty Ui A]) < (&) UTV (2%, [0,4]) 25 < o (e) (UTV (x, [0,4]) + ¢) -5 < de
S @ kZOM 5 k s Uk+1 > @ s [V M_SD s [Yy M=

(31)

for ¢ small enough such that ¢(c)UTV(z, [0,T]) + ¢(c)c < 2M. Now we inves-
tigate the second summand of Ry multiplied by ¢ (¢). By ([@):

+oo +oo

1
Zg(xukAt)go(c)UTV(xC, (Vk Aty vk AE]) — 5 Zg(;vvkm) {Corpint — Count} asc—0+.
k=0 k=0

(32)
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Moreover for 2M/K < §

“+oo
/ g(xs—)dCs — Zg(ka/\t> {CUHl/\t B C“’C/\t}’ -
(0,¢] k=0

+oo
§j/ (9(zas) — g(zuene)} dCe
k=0 (vat,vk+1At]

+oo

3 e €

= —d(s = —¢ < —(r <e. (33)
];)/(Uk/\t7vk+1/\t] M Mt =M

From (217)-33) we get

sup
0<t<T

< 10e

“C(x z—l x
o0 [ otmstpt)as =5 [ g

for any ¢ > 0 sufficiently close to 0.

When ( is continuous, since the functions t — ¢(c)UTV (2, [0,t]) are non-
decreasing, the convergence ¢(c)UTV (z¢,[0,t]) — ¢ as ¢ — 0+ is uniform on
[0,7]. From this and the fact that there is only a finite number of k € Ny for
which vy < T, we get that the convergence in ([B2) is uniform on [0,7] and,
since all other estimates were uniform in ¢, we get that the convergence in (1),
when n*¢(x, [0, ¢]) is replaced by 2u*¢(x, [0,¢]), is uniform on [0, T] as well.

The proof of the convergence of [, g(z)d™“(x,[0,t])dz under assumption
(@) is analogous. The convergence of [ g(z)n*“(x,[0,t])dz follows from the
relation n*°(x,[0,t]) = u*“(x,[0,t]) + d*“(x,[0,¢]) and the convergences of
Jp 9(z)u*¢(x,[0,t]) dz and [, g(z)d*“(x,[0,t]) d=.

(]

Remark 3.9 Theorem remains valid when the convergence ¢ — 0+ is re-
placed by a convergence along some sequence ¢, — 04+ as n — +o0o. To see this
it is enough to replace everywhere in the proof ¢ by ¢, and ¢ — 0+ by n — +oo.

3.5 Examples of application of Theorem

Example 1. Let (Z,),,cy be a strictly increasing sequence (t, < t,41, n € Ng)
such that tp = 0 and lim, 1 t, = 1. Next, let (an)neN0 be a non-increasing
sequence of positive reals such that lim, . a, =0 and

Z an = +00. (34)

neNp

Define a continuous "zigzag” function z! : [0,1] — R,

oy (E—tan) if t € [tan, t2n+1) ,n € No;
1 n : .
x (t) = m (t2n+2 — t) ift € [t2n+1,t2n+2) ,n € Np;
0 ift=1.

On each time interval [to,, tant1], n € No, there is exactly one upcrossing the
value interval [y — ¢/2,y+ ¢/2] iff ¢/2 < y < a, — ¢/2 and on each time interval

15



[ton+t1,tant2], n € N, there is exactly one downcrossing the value interval
[y —c¢/2,y+¢/2] iff ¢/2 < y < a,, — ¢/2. Using this observation and ([I3]) we
calculate

TV(z,[0,1]) =2 ) max(an — c,0) (35)

neNp

and for ¢ € [0,1) we estimate
TVC(z',[0,#]) < 2ap (max{n € Ny : t, <t} +1). (36)
Let us define ¢ : (0, +00) — (0, 1] as

B 1
2O = TV D

From (B4)-(36) we get

0 iftelo,1);

lim cp(c)TVC(;ﬂ, [O,t]) = Ctl = {1 ift=1

c—0+
and by Theorem for any continuous g : R — R we have

v g J0 if ¢ €[0,1);
90(0)/Rn (', [0,1]) g(y)dy — (Oyt]g( L)d¢! {g(ﬂ):g(o) PO

Let us notice that this example also shows that in the case when the limit
¢ appearing in statements of Theorems are not continuous, the convergence
in () may not be locally uniform. For example, taking g = 1, we have that

w(C)Any’c(wla[O,t])dyz e(c)TVE (2", [0,4]) — {(1) i:i[ffl);

The functions [0,1] 5 ¢ — ¢(c)TV® (2!, [0,t]) are continuous for any ¢ > 0 (since
x! is continuous), thus the convergence can not be uniform.

Example 2. In this example, we will use the Cantor set. The Cantor is
obtained first by removing the middle third of the segment [0, 1], that is the
interval Iy = (%, %) From two remaining segments again the middle thirds,
that is the intervals I o = (3%, 3%) and [1; = (312, 3%), are removed. Continuing
this process, that is removing the middle thirds of the remaining segments, we
obtain the Cantor set

2m—1
c=0,1\ U U L
neNg k=0
Let (bn),, en, De anon-increasing sequence of positive reals such that limy, 4 o by, =
0 and

> 2", = foc. (37)

neNg
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Now let us define

2(1) = 23", mingec |t —u| ift € Iyp,n € No,k € {0,1,2,...,2" — 1};
0 ifteC.

On each interval I,, x,n € No,k € {0,1,2,...,2" — 1}, the function 2% starts
from 0, then increases to b, and again decreases to 0.
Similarly as in the previous example, using ([I3]) we calculate

2" -1
TVC(z Z Z 2max (b, — ¢,0) = Z 2" max (b, — ¢,0). (38)
n€Ng k=0 n€Ng

For t € [0,1] and n € Ny let &, (t) denote the number of segments I,, 1, n € Ny,
ke {0,1,2,...,2" — 1}, such that I,, ,, C [0,¢]:

En(t) = max ({k € {1,2,...,2"} : L1 C [0,t]} U{0}). (39)

We have the following estimate

ken (£)—1
Z Z 2max (b Z 2ky, (t) max (b, — ¢,0)
nENg k=0 n€Ng
kn (1)
< TVe(2?, | Z Z 2max (b, — ¢,0) = Z 2(kn(t) + 1) max (b, — ¢,0).
neNg k=0 neNy

(40)

It is not difficult to notice that if ¢ € I, , for somen € Ny and k € {0,1,2,...,2" — 1}
then

1 1 1

Skngi(t) = ﬁknw(t) =53

1 1
5 knis(t) etc. and, 1=ko(l)= ikl(l) = ?]{52(1) etc.

41
This follows easily from the fact that if I, , = (a"*k, b"*k) then the ternary( ex2
pansion of a™* and b™* is of the form a™* = 0.d,ds . .. dpl(z) = Z?:l ;37 +
13- pnk = 0.didy ... dy2(3) = Sy di37 4237 ("D where dy, ds, . .., dy, €
{0,2}.
Let us define ¢ : (0, +00) — (0, 1] as
' 1
2 = TV o))

From 37) and [{@Q)- @Il we get

kng1(t) ift € I
Ll%ﬂr p(e) TV (22,[0,1]) = (2 = 1.2 I . , (42)
c 1My 4 o —onFl if ¢ S C.
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Indeed, for t € I,k no € No, k € {0,1,2,...,2" — 1}, denoting ¢} =
g7t kno+1(t) and using (@) we get

22 Y 2"max (b — ¢,0) < TV (2?,[0,4])

n=no+1
ng oo “+o0
< 222"+1max(bn —¢,0) + 2¢7 Z 2" max (b, — ¢,0) + 2 Z max (b, — ¢,0).
n=0 n=no+1 n=no+1
(43)
Let us take Ny € Ny, Ny > ng, divide inequalities ([@3]) by 2 Zn o1 27 max (by, — ¢,0)

and notice that
S o2 max (b, —¢,0) nzo , 2" max (b, — ¢,0)
) c—>0+ En o1 27 Max (b, —¢,0)

lim
c—0+ En o1 2™ max (b, — ¢,0

and
all max (b, — ¢, 0)
lim =
e=0+ < o1 En o1 2" max (b, — ¢,0)

(this follows from (B1)). Next, we estimate

S ymax (by — c,0) _ Sy max (by — ¢, 0) S a1 max (by — ¢, 0)
Z:jlo_i_l 2" max (b, — ¢,0) Z:jlo_i_l 2" max (b, — ¢,0) EZSNO+1 2" max (b, — ¢,0)
No

< Z max (b, — ¢,0) 1

n=no+1 Zn —no+1 2" max (b, — ¢,0) 9No+1"

Since Ny may be arbitrarily large, from the last three calculations and @3] we
get

TvV® (172, [0, t]) _ ¢
0 23 e o1 2" max (b, — ¢, 0) o
Finally, noticing that
lim 2Zn n0+12"max(bn—c,0): lim QZn n0+12"max(b —¢,0) _
c—0+ 14+ TV (x2,[0,1)) =0+ 1 423720 2n max (b, — ¢, 0)

we get ([2]).

The function ¢2 is called the Cantor function a.k.a. ‘devil’s staircase’ func-
tion. For example (7 = 1/2 for ¢t € Ing, ¢} = 1/4 for t € 1, ¢} = 3/4 for
t € I 1 ete. ¢% is continuous but the measure d¢? charges only points from the
Cantor set C and, by Theorem 2.2] for any continuous g : R — R we have

@(C)Any’c(xQ,[O t]) dy—)/ (2 )d¢?

- / g(#_)AC? = / g(z2)d(? = / 9(0)dC = g(0)CZ.
cn(0,1] cn (0,1 cn(0,1]
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Example 3. Asin Example 1, let (tm)meN0 be a strictly increasing sequence
(tm < tmy1, n € N) such that tg = 0 and limy, oot = 1 and let (a,n),, oy be
a non-increasing sequence of positive reals such that lim,, . a, = 0 and

> am = +o0. (44)

meN

Let (m")neNo be a strictly increasing sequence of positive integers such that

—+o0
> 2%, <1 (45)
n=0

(we will use this assumption later in Subsect. [B.0]). Let

Lk = (a"* ™), neNy, ke{0,1,2,...,2"—1}

be the intervals used in the construction of the Cantor set in Example 2. For
n € No, k€ {0,1,2,...,2" — 1} we define

t;hk _ an,k + (bnk _ an,k) t = an,k + 37n71tl, le NO,

and a continuous "zigzag” function 23 : [0,1] — R such that

t—tl
2+ Ayt X 71&;3&123;3’“ if t € [21 ,tQ;H) NIk 1€ Ny
3 _ th, t
23(t) = G+ 1 X ﬁte[ﬂﬂ,tﬂﬁ)mnk, I € No;
¢ ifteC.

For t € [0,1] and n € Ny let k,,(¢) be defined by ([BY). Similarly as in two pre-
vious examples, for ¢t € I,y x, ¢ € (O,Gmno)’ no € No, k € {0,1,2,...,2m0 — 1},
we have the following estimate

400  kn(t)— +o0
Z Z 2 Z max (G, +1 —¢,0) = Z 2k, (t) Z max (@, +1 — ¢, 0)
n=no+1 k=0 IS\ n=nop+1 IS\
+oo kn(t)
=2 Z 2 (2 Z max (am,+1 — ¢,0) < TVE(z Z Z Z max (@, 41 —
n=nop+1 leNp neNg k=0 €Ny
= Z 2(kn(t) +1) Z max (G, 41 —¢,0) +1 <2 Z gl Z max (G, +1 — ¢, 0)
n€Ng €Ny 1€Ng
—+oo —+oo
+2 Z Z (max (am, 41 —¢,0)+1)+2 Z 2" (2 Z max (G, +1 — ¢,0) + 1.
n=no+1 €Ny n=no+1 IS

(46)

Similarly, as in Example 2, we prove that defining

B 1
) = T Tve e, o,
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we get that

Clirgl+ e(c)TV(2?,[0,1]) = ¢.

In this case however, by Theorem 2.2] for any continuous g : R — R we have

gla yact = [

cn(0,4]

g()d(? = / g(23)dc?

w(c)Any’c($3= [0,4]) 9(y)dy — cno.

(0,1]
— [ a@ad=[ g@ad=[ g
€N(0,1] (0,1] [0,¢7]
(47)
Example 4. If p € N\ {1}, setting in Example 2
by, = 2~ /Pl

we get that the pth variation of z? along the sequence of Lebesgue partitions

7(y) = (7 (bn,7bn)) 2%, which we will denote by [:1:2]?)’#(7) and which is
defined as the limit

[362}1(511)1#(7) — lim Vpbn,wbn (:1:2, [O,t]),

n—-+4oo

where Vn10n (22,10, ¢]) == Vlf""yb" (22,0,1]) for ¢(c) = ¢# (recall Vi7" defined
in Subsection B3), exists and is equal to

2 2
@) () == ¢ ifv€(0,1),
(2], = ety (48)
1—2—(p—1) Ct 1f ’7 - 07

where ¢? is the Cantor function defined in Example 2. As a consequence of (ES])
and (ZI) we obtain

2
: p—1lryrbn (.2 _ 2
Jim TV (z%,[0,t]) = 1_27@71)@, t > 0.
To prove (@R), first notice that on each interval I,, x,n € No, k € {0,1,2,...,2" — 1}
and N € Nog, N > n, there are exactly 2L%J times from the partition
7 (bn,vbn) and we have

ol %] P

N | _|n . n
| =2mr) = 2 (2578 - 1) ity e (0,1) and N = p[2]

0 otherwise

bn - ’YbN

2| b

This, for ¢ € I, k, no € N and v € (0, 1) gives the following estimates

pN/p]+p—1 ~
VN 2 00) 2 B Y 2k (25 1) ()

n=p|no/p]+p
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and

plno/pl+p—1 N pN/p|+p—1 N
Vpr,’be (:E2, [O,t]) < b;JDV Z 92no+2 (QLFJ—\_%J)_H)ZJDV Z an(t) (QL;J—L%J _ 1) ,
n=0 n=p|no/p]+p
(50)
where ky,(t) is defined in ([39). Using (@I) and the fact that for ¢ € I,,,

1 1 1
CtZ = 27lo+1 kno+1(t) = WknoJrQ(t) = Wk"0+3(t) -

we calculate

pN/p]+p—1 plN/pl+p—1
D D (3 D D 2 ¢ (QL%H%J>
n=p|no/p]+p n=p|no/p|+p
pLN/pl+p—1 )
= 2(32—(P—1)L%J Z on=lyl _ 4 (ng) = 2<t22—(p—1)L%J (1 +24 .+ 2;071) M A ()
n=p ]

o=V _ ¢ (20 — 1) 201

= 2622~V (2 - 1) 2P S — A(no) = 2 (1= 27 ) — A n),

(51)

where
plno/pl+p—1

A(ng) = 2432*(P*1)L%J Z on—=Lz]
n=p
We also have

p|N/p]+p-1 N p|N/pJ+p—1
e >, 2ka(p)=2Pl N 2.0
n=p|no/2]+p n=p|no/2]+p

_ 2432,]0% (2M%J+p _ 2pL"7°J+p> = 92¢? (2p — 2pL%J+ppr%J) . (52)

Finally, using ([@9)-(52) and noticing that

plno/p]+p—1 plno/p]+p—1

WS g (2L%H%J) — o= (-1 S grrerly)
n=0 n=0
we obtain
-1
. b ,vb 2 o2 -1)2P _9/29p _ 2 2
Nl_l)r_?oonN N (:E ’ [Ovt]) - 2<t 2p_1 1 2<t AR 1— 2,(;0,1) Ct .
Similarly, we conclude that if v = 0 then
. 2(2P—-1)
b0 (.2 _ 2
Wi V0 (@ 04) = T 6

21



This gives (@ES).

The same p-th variation equal the Cantor function (up to a multiplicative
constant) is obtained by Kim in Example 2.7] for p € 2N who gener-
alized Example 3.6 from Davis et al. [DOSI1S] for quadratic variation (p = 2).
Both examples were inspired by a remark on p. 194 in [Ber87], but the sequence
of Lebesgue partitions used in [Kim22l Example 2.7] and [DOS18, Example 3.6]
is more complicated (different for different I¥, n =0, 1,...) than ours.

4 Truncated variation and local times of self-similar
processes with stationary increments

Let us start with recalling that a process Xy, t € [0,400), is called self-similar
with index B > 0 if for any A > 0

(A7 Xap, t € [0,+00)) =4 (Xy, t € [0,+00)), (53)

where =¢ denotes the equality of distributions.
A stochastic process Xi, ¢t € [0,+00), has stationary increments if for any
0<t <ty...<t, and any h > 0 we have

(Xt — Xy, Xty — Xty oo, X, — Xi, )

d
=" (Xtorn — Xty Xegwn — Xeowns -, Xeyon — Xty )

Proof of Theorem By the definition of truncated variation ([ZII) and
(E3) for any ¢ > 0 we get

ABITVE(X,[0,1]) = M PTITVE(eX m1ys, [0,8]) = /PTVHX 21/, [0,8]) = /PTVHX, [0, VA1),

where the last two equalities hold on the process level. We define the family
{n(n,m)},,<,> of random variables

n(n,m) = TV (X, [n,m]).
The truncated variation depends only on the increments, hence
(n(k,2k),n(2k, 3k),...) =% (n(0,k),n(k,2k),...), keEN;
(n(k,k+1),n(k,k+2),...) =% (9(0,1),7(0,2),...), k€N,
By superadditivity (I of the truncated variation we have
1(0,n) = n(0,m) + n(m,n).

Recalling () we see that the double-indexed sequence (n(n,m))<,, ., satisfies
assumptions of Kingman’s Subadditive Ergodic Theorem in the version from
[Kal01l Theorem 10.22], and we obtain

n(0,7n)

lim ———= =7 a.s.,
n—-+o0o n
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where Z € (—o0,+0o0] is a random variable measurable with respect to the
invariant o-field, which, by the ergodicity assumption, is trivial. Thus Z is a.s.
a constant, Z = C € [0, 400] a.s. Further, from (I5)) we know that

—

i=0

hence we get C' < 4o00.

Thus we got the a.s. convergence of ¢'/#TV!(X,[0,c~'/#t]) to a constant.
This yields the convergence in probability of ¢'/#~1TV¢(X,[0,#]) to the same
constant since it has the same distribution as ¢*/#TV' (X, [0,c¢~'/71]). O

Corollary 4.1 Under the assumptions of Theorem[2.0, there exists a sequence
of positive reals (c,), n € N, such that ¢,, — 0+ as n — +00, and a measurable
set Qx C Q such that P (Qx) =1 and for each w € Qx and each t € [0, +00)

c/BITVE (X (), [0,t]) = C -t as n — +0o0,
where C is the same as in Remark[2.0.

Proof: Let (r,), n € N, denote the sequence of all positive rational numbers.
By Theorem [Z0] there exists a sequence (cq ,,) such that ¢;, — 0+ as n — +00
and a measurable set ; C Q such that P(Q;) = 1 and for each w €

C]iy/f_lTVCLn (X(w)v [07 Tl]) — C - ry.

Next, there exists a subsequence (c2,,) of (¢1,,) and a measurable set Qg C 2
such that P (£23) = 1 and for each w € Qy

cé{nﬁ*lTVCQ*” (X(w),[0,72]) = C - ra.

By the diagonal procedure, taking ¢, := ¢y, and Qx = ﬂn €),, we obtain a
sequence and a measurable set Qx C € such that P(Q2x) = 1 and for each
w e Qx

c/B=ITVe (X (), [0,1]) — C -t for each rational ¢ € [0, +00).

Now the convergence for all t € [0, +00) follows from the fact that ¢t — TV®(x, [0, t])

is non-decreasing. O
Using Theorem 2.2 Remark 3.9] and Corollary [£1] we will prove Corollary

21

Proof of Corollary 2.t By Corollary 1] there exists a sequence (c,,), n € N,

such that ¢, — 04+ as n — 400 and a measurable set Qx C Q such that

P(Q2x) =1 and for each w € Qx and each ¢ € [0, +00)

c}/'@_lTVC" (X(w),[0,t]) = C -t as n — 400, (54)
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where C' is the same as in Theorem 2.5 and Remark 26 Let ¢ : R — R be a
continuous function and w € Qx. Using (54), Theorem 2.2 and Remark 3.9 we
have that

cl/p1 /an’c" (X(w), [0,7]) g(2)dz — C o 9(Xy-(w))du=C o 9(Xu(w))du.
| | (55)

On the other hand, using the occupational times formula, we have

/ 9(Xu(w))du = / o(y) LY (w)dy. (56)
(0,]

R

Comparing (B5) and (B6) we obtain that

cgl/ﬁfl/anvC"(X(w),[O,t])g(z)dz — C/Rg(y)Li’(w)dya

which yields the claimed weak convergence. O
By now we obtained almost sure weak convergence of the measures

c}/'@_lny’c” (X (w),[0,t])dy

for some unidentified sequence (cy),cy. To formulate the next result let us
introduce the notion of weak, locally uniform convergence in probability.

Definition 4.2 Let (Q, F,P) be a probability space and let u§, t >0, ¢ >0, be
a family of finite, random measures on (R, B(R)). We will say that the random
measures (i tend weakly locally uniformly in probability as ¢ — 0+ to the
random measures ji9, t > 0, if for any continuous and bounded g : R — R and
any T > 0 the supremum

D% (w) := sup
t€[0,T)

[oaniter - [ gdu?(W)‘

is measurable relative to F and B(R), thus is a random variable, and DS tend
i probability P to 0 as ¢ — 0+.

Now we are ready to state the next result as follows.

Corollary 4.3 Assume that a real process X, t € [0,400), satisfies assump-
tions of Theorem[2.0 and possesses a local time L (in the sense of Definition[32)
relative to the Lebesque measure dy on R and the constant mapping E(w) = du.
Then the measures

clw—lny’c(X(w), [0,¢))dy, t>0,

tend weakly locally uniformly in probability as ¢ — 0+ to the measures C - L{dy,
where C' is the same as in Remark[2.4.
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Proof: Let g : R — R be a continuous, bounded function, let 7' > 0 and let us
consider any sequence of positive reals (¢,,), n € N, converging to 0. We need
to prove that

DY = sup
t€[0,T]

o [ e (x(), 0.1 o)y - /Rg@ﬂi’(“)dy” e

are random variables which tend in probability to 0 as n — 4oc0.

The measurability of D7, follows from the cadlag property of X.

To prove the convergence in probability first notice that by the occupation
times formula and the fact that there are only countable many jumps,

/R 9(y) LY (w)dy = / g (Xu(w)) ds = / g (X)) ds.

We will use the well known subsequence criterion, see [Kal0l, Lemma 4.2]:
D} tends in probability to 0 iff every subsequence of N, (d,),,cy, has further

subsequence (dn, ), ¢ € N, such that D;"" tends a.s. to 0. Indeed, let (dy,),cy
be a subsequence of N. Using the same diagonal procedure as in the proof of
Corollary [£.I] we obtain a further subsequence (dnq), q € N, and a measurable

set Q C Q such that P (Q) =1 and for each t € [0, +00) and w € Q

e/ PV (X (), [0,1]) = C - L.

By Theorem 2.2 Remark and the fact that the linear function [0, +00) >

. . dn
t— C -t is continuous, we get that D, tends a.s. to 0 as ¢ — +00.
O

5 Examples and related results

In this section, whenever we refer to local time (without further elaboration) of
a stochastic process, we mean local time in the sense of Definition relative
to the Lebesgue measure dy on R and the constant mapping =(w) = du, where
du is the Lebesgue measure on [0, +00).

5.1 Fractional Brownian motions

A standard example of a self-similar process with stationary increments where
Corollaries 217 and may be applied is fractional Brownian motion. The
fractional Brownian motion B, ¢t > 0, with the Hurst parameter H € (0, 1),
is a centred Gaussian process which is self-similar (with index § = H) and has
stationary increments. More precisely,

Bf' — BI' ~ N (0, const.|t — s|*!") for s,t > 0.

Last, but not least — B possesses local time, see [Ber73).
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Fact 5.1 Let BX,t >0, be a fractional Brownian motion with the Hurst param-
eter H € (0,1) and L its local time. There exists a sequence (¢,), n € N, such
that ¢,, — 0+ as n — 400 and a measurable set Qg C Q such that P(Qy) =1
and for each w € Qg and each t € [0, +00)

e/ H=tnven (BH (W), [0,4]) dy =% C'- LY (w)dy as n — +oo, (57)

where C is the same as in Remark[2.0.
We also have that the measures

M (BT (), [0,4]) dy, ¢ >0,
tend weakly locally uniformly in probability as ¢ — 0+ to the measures C - L{dy.

Proof: By Corollaries 27 and it is sufficient to check the assumptions of
Theorem [Z5 and the fact if B possesses a local time L relative to the Lebesgue
measure dy on R and the constant mapping =(w) = du.

Ergodicity of the sequence

(TVH(BY,[0,k]), TV" (B, [k, 2k]) , TV'(B", 2k, 3k]) , . ..)

follows from the mixing property of the increments of B , which may be verified
using the autocorrelation function of the increments, see [[t644]. More precisely,
the quantities TV" (BH,[lk, (14 1)k]), | € No, may be approximated by func-
tions of the increments Bf,ngjk/N —Blk+(j_1)k/N, j=1,2,..., N, for sufficiently

large (but fixed) N € N. But for{, L € No, { B/ = Bl - 1yywi = 12,

and {Bfkﬂ.k/N — Bkar(jfl)k/N’j =12,..., N} become independent when [
is fixed and L — +o0 since it may be verified by a direct calculation that
then the correlation of B{ZHWN - B B
1,7 =1,2,..., N, tends to 0.
The finiteness of ETV®(B#,[0,t]) for any ¢ > 0 follows easily from the tail
estimates of TV®(B,[0,1]) given in [BLI5 Corollary 3]. O
It is already mentioned in the Introduction, that a much stronger result

for H € (0,1/2) was proven in [BKR09, DEMP23]. It states (see [DEMP23]

Theorem 1.3 or Theorem 1.4]) that for each H € (0,1/2) there exists Qp C Q
such that P (QH> =1 and for each w € Qy and each t € [0, +00)

H H H
tet-(i—yky/N A Bry iy = By (i-1yi/n

cl—i>%1+ Cl/Hiln%C(BH(w)a [05 t]) =C- L?(W)

The analogous result for H € (1/2,1) is, as far as we know, not known, however,
using [DEMP23] Theorem 1.1] and Theorem we can strengthen (57) and
obtain the following fact.

Fact 5.2 Let B, t > 0, be a fractional Brownian motion with the Hurst param-
eter H € (0,1). The convergence (&) holds with probability 1 for any sequence
(cn), n €N, such that ¢, >0, n € N, and lim,,_, 4~ ¢, = 0.
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Proof: Indeed, by [DEMP23| Theorem 1.1] and relation ([21)) we get that

lim n"WH=DTY™ " (BH [0,4]) = C -t as.
n——+o0
where 7 is some positive real. But this yields a similar convergence for any
sequence (¢,), n € N, such that ¢, > 0, n € N, and lim, o ¢, = 0 be-
cause for ¢, < 1 we have the estimates Ll/c,lz/nj > ey, [1/071/"1_" < ¢y
thus TVL/=")7"(BH [0,4]) < TV (BH,[0,4]), TVIV"1""(BH [0,4]) >
TV (B,0,t]) and

r1/el/m) Y w/n =
7L ; T/HJ [1/cl/m)—n/H=Dpy /e (BH [0,4) < cl/HTITVer (BH [0, 1])
1/¢cy
—n(1/H-1)
1 71/77 ! — - n] "
: G ;—/D [1/es/m " T (51 0,1
1/¢c,
Since .
lim L/Cn ”J =
n=+oo D/&/ﬂ} ’
we get that

lim c/#rTver (BH[0,1]) = C - t as..
cn—0+

Now, applying Theorem we have
cl/H=1yyen (B (w), [0, t]) dy —weakly ¢ [Y(w)dy  as n — +oo a.s.

O

5.2 Rosenblatt processes with the Hurst parameter H <
(1/2,1)

Rosenblatt processes are neither Markov processes nor semimartingales nor

Gaussian processes. They live in the second Wiener chaos, in contrast to Gaus-

sian processes (which belong to the first chaos). Similarly as fBms, they are

parametrized by the Hurst parameter H. The parameter H belongs to the

interval (1/2,1). RH, ¢t € [0,4+0o0), with the Hurst parameter H may be repre-
sented as

H ! -2 —2-Hgs
R/ = const./ / (/ (s—u1); ? (5—wu2); ° > dB,,dB,,,
RJR \Jo

where B is a standard Brownian motion. Ry is self-similar with index H, has
stationary increments, a.s. continuous paths and has the same autocorrelation
function as a fBm with the same Hurst index, see [Taq11]. Rosenblatt processes
possess local time, see [KNSV21].
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Fact 5.3 Let R, t > 0, be a Rosenblatt process with the Hurst parameter
H € (1/2,1) and L its local time. There exists a sequence (¢,), n € N, such
that ¢,, — 0+ as n — 400 and a measurable set Qg C Q such that P(Qy) =1
and for each w € Qg and each t € [0, +00)

/M nven (R (), [0,1]) dy —*5 € L (w)dy as n - +o,

where C is the same as in Remark[2.0.
We also have that the measures

cl/H_lny’c(RH(w), [0,t])dy, t=>0,
tend weakly locally uniformly in probability as ¢ — 0+ to the measures C- L{dy.

Proof: Rosenblatt processes have all properties assumed in Theorem
Ergodicity may be proven in a similar way as for fBms, using the fact that
the finite-dimensional distributions of the increments become independent after
large shifts, see also [Kis22].
Finiteness of ETV®(RH[0,1]) for any ¢ > 0 follows easily from [BEIS] Corol-
lary 2| and tail estimates of the increments, see Proposition 4.2] or

[Majo7].

Now we can use Corollaries [2.7] and O

5.3 Strictly a-stable processes with a € (1, 2]

Other examples of self-similar processes satisfying assumptions of Corollary 2.7]
provide strictly a-stable processes X* with o € (1,2]. They are self-similar with
index 8 = 1/, see [Kal01, Chapt. 15|, and possess local time, see a general
result of Hawkes in [Ber96, Chapt. V, Theorem 1].

Fact 5.4 Let X, t > 0, be a strictly a-stable process with o € (1,2] and L its
local time. There exists a sequence (c¢p,), n € N, such that ¢, — 0+ asn — +00
and a measurable set Qo C Q such that P (Qy) = 1 and for each w € Q4 and
each t € [0, +00)

cf{_lny’c" (X%(w),[0,¢])dy —yweakly ¢, LY (w)dy as n — +oo,

where C s the same as in Remark[2.6.
We also have that the measures

Y (X (W), [0,8]) dy, t >0,
tend weakly locally uniformly in probability as ¢ — 0+ to the measures C- L{dy.
Proof: Ergodicity of the sequence
(TVH(X,[0,k]), TV (X*, [k, 2K]), TV (X, [2k, 3K]),...)

follows directly from the independence of the increments of X©.

The finiteness of ETV¢(X®, [0, ¢]) for any ¢ > 0 is proven in [BEM22] for the
case a € (1,2) and in [BEI5| for the case a = 2.

Now the fact follows from Corollaries [Z77] and O
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Remark 5.5 Notice that the normalization ¢~ of the numbers of crossings
the intervals (y — ¢, /2, ¢ /2) used to obtain the local time LY is the same as the
normalization for the number of excursions of X® which start from y and hit
the set (—oo, —c,| U [cn, +00), calculated in [FT83, Example 6.3]. The proper
normalization of the number of downcrossings from hitting y + ¢/2 to hitting
y — ¢/2 needed to obtain the local time of more general Lévy processes is given

Compare the just obtained convergence of
O In®en (X [0,1])

with a general result for cadlag semimartingales obtained in [EOPS21, Theorem
3.4/, from which it follows that

. 1
o™ (X9 [0,4]) 222 2

where L7 is a semimartingale local time, that is it satisfies the relation

/ 10(X 2 (w))d[X o = / Ciw)dy, T eB(R),
0 I

where [ X" denotes the continuous part of the quadratic variation of X°.
Since [X ] =0 for a € (1,2) and [X?]$°" = const.u, these results are not
in contradiction.

5.4 Strictly 1-stable process

If X is the strictly 1-stable process (the Cauchy process) then the thesis of
Theorem is not true since it is a self-similar process with index § = 1 and
Je 0¥ (X1 (w), [0,]) dy tends to +o0 a.s. as ¢, — 0+, since the trajectories of
the Cauchy process have a.s. infinite total variation. Let us note that all the as-
sumptions of Theorem 5] are satisfied except the finiteness of ETV®(X?,[0,])
for some ¢ > 0. Let us also note that if X is strictly 1-stable and symmetric
then X has no local time, see [Ber96, Chapt. V, Theorem 1].

However, it is possible to prove (Piotr Mitos, personal communication) that
for almost all trajectories « of X' Theorem holds with the normalization
(c) =1/In(1/c) for ¢ = 0 and ¢; = const.t. The same normalization (in order
to obtain the local time at the level y) needs to be applied for the number
of excursions which start from y and hit the set (—oo, —c] U [¢, +00) of the
asymmetric Cauchy process, see [F'T83, Example 6.4].

5.5 Deterministic paths from Examples 1, 2 and 4 of Sect.

5.5.1 Deterministic path from Example 1 of Sect.

Naturally, the function z! has no local time in the sense of Definition B lrelative
to the measure d¢! and the Lebesgue measure dy on R since d¢* is the Dirac
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delta, d¢' = &g, and is not absolutely continuous with respect to the Lebesgue
measure dy.

5.5.2 Deterministic path from Examples 2 and 4 of Sect.

Similarly, the function 22 has no local time in the sense of Definition Bl relative
to the measure d¢? and the Lebesgue measure dy on R. If it was not the case,
then for g. : R — [0, 1] such that g. is continuous, g.(0) = 1 and g.(y) = 0 for
y € R\ (—¢,¢) and for some Lebesgue measurable function L : R — [0, +00)
we would have

= d¢z = - (0)d¢2 = - (22)d¢e = - (22)d¢e = S(Y)LYdy =0 0.
1 /Clcs /Cg(O) & /Cg(:vs) & /[Oyl]g(ws) & /Rg(y)ly—> 00

Let F belong to the space C?(R,R) (that is F' : R — R and has continuous
pth derivative), p € 2N, and let w(v) be the sequence of Lebesgue partition
defined in Example 4. Then the corresponding change of variable formula

F(:vf)—F(xg):/ F' (22) da? + — /F<p> [@2] P

of Cont and Perkowski holds (see [CP19], [Kim22]), but the corresponding local
time L1 : R — [0, +00) of 2 of order p satisfying

/1 1r (22) d [2%] P70 _—/Lydy, I € B(R), (58)
0

does not exist. The proof is the same as in [Kim22, Example 2.7| and follows
from the fact that the measure d [x2](p)’ﬂ(7) = const.(? does not charge the
intervals I, x, n € No, £ =0,1,2,...,2" — 1, defined in Example 2, thus for any

L satisfying (B8) we would have f[b to0) L{dy = 0 for any b > 0.

5.6 The deterministic path z° from Example 3 of Sect.

In this case, from (7)) it follows that the function x* has local time in the sense
of Definition [B.1] relative to the measure d¢? and the Lebesgue measure dy on
R. This local time is equal
L =1p.2(y)-

Additionally, let us notice that this example also shows that the weak conver-
gence of the measures ¢(c)n¥*(z%,[0,¢]) dy to LYdy, stemming from Theorem
and the existence of the local time, can not be replaced by the weak conver-
gence of ¢(c)n¥<(2*,[0,1]) to LY = 1p 5(y) in L*(R,dy), that is we have the
following fact.

Fact 5.6 The functions ¢(c)n"¢(z?,[0,1]) do not tend in L*(R, dy) to the func-
tion Ly = 1 qj(-) in LY(R,dy) as ¢ — 0+.
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Proof: If it was not the case, for any Borel measurable and essentially bounded
function g : R — R we would have

1
lim w(C)Any’c(Ig,[0,1])g(y)dy:/Rl[o,l](y)g(y)dyzfo g(y)dy.

c—0+
From (@) it follows that
21
B=J U 2" (Ls)
n€Ng k=0

has the Lebesgue measure no greater than

2" —1
g g G, = g 2"a,,, < 1.
neNg k=0 neNy

Further, let us notice that for any y € [0,1] \ B and any ¢ > 0 we have
n¥<(23,[0,1]) = 1 (the function 2* does not decrease below the value y after
attaining it). Thus, taking g = 1j9 1)\ p We get

Jim w(C)/Rny"C(I?’, [0,1]) g(y)dy = lim (c) /R Loaps(y)dy = lim o(c) /[071]\3 ldy =0

but on the other hand, if the claimed weak convergence in L!(R, dy) was true,
we would have

1
li ve(2®,[0,1 dy= /[ 1 dy>1— ) 2%, > 0.
Jim sﬁ(C)/Rn («%,[0,1]) g(v)dy /0 oans¥)dy > n%;o A, >

O
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