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Abstract

Feedback delay has been identified as a key ingredient in the quorum sensing syn-
chronization of synthetic gene oscillators. While this influence has been evidenced
at the theoretical level in a simplified system of degrade-and-fire oscillators cou-
pled via a common activator protein, full mathematical certifications remained to
be provided. Here, we prove from a rigorous mathematical viewpoint that, for the
very same model, the synchronized degrade-and-fire oscillations are 1/ unstable
with respect to out-of-sync perturbations in absence of delay, and 2/ are otherwise
asymptotically stable in presence of delay, no matter how small is its amplitude.
To that goal, we proceed to an extensive study of the population dynamics in
this system, which in particular identifies the mechanisms of, and related criteria
for, the delay-dependent stability of periodic orbits with respect to out-of-sync
perturbations. As an additional outcome, the analysis also reveals that, depend-
ing on the parameters, multiple stable partially synchronized periodic orbits can
coexist with the fully synchronized one.
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1 Introduction

Starting with the toggle-switch and repressilator [3, 6], elementary regulatory circuits
have been proposed, and implemented, as basic building blocks of gene networks in
Synthetic Biology. By understanding (and by controlling) the functioning of simple
representative examples, this now popular field of research intends to yield advances
in bio-engineering and medical applications, beyond intrinsic interest to fundamental
biology [17].

A more recent development of Synthetic Biology aims at investigating the collective
dimension of the regulatory dynamics in populations composed by many individuals
equipped with simple genetic circuits. In particular, in suitably designed populations
of quorum sensing oscillators, stunning evidence of fully synchronized oscillations has
been obtained, bringing a standard notion in Physics into the realm of micro-biological
colonies [2].

This experimental phenomenology has called for theoretical conceptualization
based on (simplified) mathematical models for the underlying systems dynamics. In
particular, the state of each individual in [2] is represented by the concentration of
an auto-repressor protein. Oscillatory behaviour then results from a negative feedback
loop for the protein concentration level. The system has been designed so that the
production occurs via short but large bursts. Fast production is followed by a slow
degradation over longer time intervals. Under appropriate considerations, this degrade-
and-fire (DF) mechanism can be represented by a differential equation whose vector
field is negative constant (corresponding to degradation) and where the concentration
is instantaneously reset when it reaches 0 (firing) [18].

In simple models of coupled DF oscillators, rigorous proofs of a sharp transition
from a virtually uncoupled regime to massive clustering upon increase of the interac-
tion strength, have been established [4, 5] and confirm appropriate modelling of the
phenomenology.

In a more elaborate model [19], the quorum sensing mechanism that favours
synchrony relies on the presence of a common activator protein that increases the
amplitude of the firings. The activator concentration is encoded in an additional vari-
able that is coupled to the mean concentration of the individual repressors. Moreover,
as a simplification of the detailed mechanistic model in [2], a delay has been introduced
into the dynamics, which affects the activator concentration involved in the firings.
Numerics and theoretical investigations have revealed that this delay plays a crucial
role in stabilizing the synchronized oscillations.

Delayed interactions are known to have a significant impact on the dynamics and
functioning of biological systems, for instance in the regulation of the synchronization
of oscillations in gene networks during development [11, 15, 23]. There exists a large
literature on the Lyapunov stability of synchronized oscillations in systems of delayed
differential equations [10, 13, 21]. The literature also includes instances of systems
whose characteristics are close (but distinct) to the degrade-and-fire oscillators and
for which stability is shown to sharply depend on the parameter(s) [8, 16]. The crucial
role played by the delay to favor synchronization has been highlighted in different
situations. For example in [14], it has been shown how a time-delayed coupling between
two oscillators can result into synchronization for arbitrarily small size of the coupling



strength (while perturbation arguments show that synchrony cannot be achieved in
absence of delay).

Back to [19], the authors have carried out a numerical investigation of the typ-
ical orbits arising in their model under various conditions. In particular, different
values of the degradation rate of the concentration of the activator protein, different
responses of the reset value on the concentration of the activator, different delays, and
different amplitude of the noise (added at each firing event) have been considered.
The system exhibits a plethora of behaviours, especially synchronization, stable and
metastable clustering, and absence of synchronization. One of the main outcomes of
these investigations is that the delay in the coupling has a crucial role in favoring the
synchronization of the concentrations.

The goal of the present paper is to mathematically certify the observations in
[19]. More precisely, we prove in particular that for the deterministic dynamics of the
model therein, the synchronized oscillations are unstable (with respect to out-of-sync
perturbations) in absence of delay, and that they are otherwise asymptotically stable
for every positive delay.

The paper is organized as follows. Firstly, we recall the definition of the model
and we provide the basic properties that are useful for the analysis of its dynamics.
Then, we proceed in Section 3 to the study of the existence and the delay-dependent
stability of the fully synchronized periodic orbit (Proposition 3.1).

This analysis identifies the main mechanisms involved in that phenomenology.
These elements are further developed in Section 4 which presents a systematic
approach to the stability of arbitrary periodic orbits with partially synchronized
repressor concentrations. In particular, a criterion for instability in absence of delay
and another criterion for stability in presence of delay are established. The theory cul-
minates with a delay-dependent existence and stability statement (Theorem 4.4) which
is based on the corresponding properties inside the partially synchronized subspace, in
absence of delay. Theorem 4.4 is the extension of Proposition 3.1 to arbitrary partially
synchronized orbits. Finally, an example of application to periodic orbits with several
clusters of equi-distributed repressor concentrations is given, which shows in partic-
ular that several forms of asymptotically stable (partially) synchronized oscillations
can coexist in this system.
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2 The dynamical system and its basic properties

2.1 Definition of the dynamics

Following [19], we consider a population of N DF oscillators (N € N) represented
by the variable (x,A) € (RT)V*! where x = (21, ,2n) € (RT)N collects the
concentrations z; of the repressor proteins and A denotes the activator concentration.



The dynamics can be depicted as follows. Each repressor concentration decays
independently at constant speed -1. When it reaches zero, it is instantaneously reset
to a value that depends on the activator concentration. We shall refer to reset events
as firings. In addition, the repressor proteins contribute to the synthesis of activator,
which itself also degrades at constant rate. In formal terms, time variations of the
variable (x, A) are governed by the following coupled equations

ii(t) = —1 if 2;(t) > 0 ,
{z,;(t+)R+uA(tT) if ;(t) =0 vie{l,---,N} (1)

A(t)=m(t) — BA(t) if m(tT) =m(t) where m(t) =% SN zt)  (2)

0 ¢ R* and initial activator

with initial repressor concentration vector x(0) = x
concentration profile A|_, g € (R*)=70.
The dynamics depends on four parameters,! namely R, 3,7 € R and 7 € Rt for

which, for the sake of the analysis, we impose the conditions?
v<p and T <R,

and the inequalities (8) and (11) below. Some of the formal statements below explicitly
express the dependence on certain parameters, especially 5 and 7. In these cases, all
other parameters are implictly assumed to be given beforehand.

As norms are concerned, both in RY and for real functions, we shall use the
following notations

= ; d ||A = A(t)],
el i= _max  fzi| - and [l 4]rllo Stth @)

IR

where N € N and the interval I are arbitrary.

2.2 Basic considerations and elementary properties

2.2.1 Existence of global trajectories and conditions for
well-posedness in (RT)N+1!

Existence and uniqueness of global solutions.

Given an arbitrary function A : [-7,+00) — RT, an index i € {1,--- , N} and 2! €
R, equation (1) for the single real variable w;, with initial condition z;(0) = 29,
trivially admits a unique piecewise linear left continuous solution z; : [0, +00) — R™
with constant slope —1 and positive jump discontinuities at firings.

Independently (and regardless of the definition of m in (2)), let m : [0, +00) — R*
be an arbitrary left continuous piecewise affine function with finitely many disconti-

nuities in every bounded interval and let A € RT be arbitrary. Equation (2) with

1The definition in [19] has an additional parameter for the repressors decay rate. However, this rate can
be set to 1 by an appropriate rescaling of the variables and other parameters.
2Notice that the inequalities ¥ < 8 and 7 < R hold in all numerical results in [19].



initial condition A(0) = A° admits a unique continuous solution A(t) = ¢!, (A°) where
@, [0, +00) = RT is defined by the following variation of constant formula®

oL (4) = <A+ /O t eBSm(s)ds> b, 3)

In addition, this expression implies that A(t) is Lipschitz continuous on every bounded
interval. Its Lipschitz constant is controlled by the supremum of m on the interval
under consideration together with the value of A.

Put together, and since the mean value + Zf\; x;(t) associated with the solution
must be left continuous and has finitely many jumps on every interval [0, ¢], the argu-
ments above imply that the coupled equations (1)-(2) have, given any initial datum
(x%, Al;~+,09)), a unique global solution (x(t), A(t)) such that x(0) = x" and ¢ — A(t)
is continuous on t € R,

From equation (1) and expression (3), one easily deduces that each oscillator must
fire infinitely often in every trajectory. Moreover, the time duration between two con-
secutive firings of any given oscillator is equal to the reset concentration at the previous
firing; in particular this time cannot be smaller than R. In addition, the first firing
time of oscillator 7 is z?

Q-

Condition for well-posedness in (R*)N*1,

To provide the profile A|j_; ¢y in the initial datum only serves to specify the reset
concentration(s) at any firing that would occur in the time interval [0, 7). Actually,
since 7 < R, only the first firing of some/all oscillators - those firings at the times
2? < 7 - can occur in this interval, because any reset value is at least R. Therefore, it
suffices to provide (x°, A° and) the values A(z9 — 7) for z{ < 7, in order to define the
trajectory, ie. the dynamics is indeed well-posed in finite dimension.

In particular, for 7 = 0, the knowledge of (x°, A?) suffices to define the trajectory;
hence the dynamics is well-posed in (R*)V*1 which is particularly convenient for the
stability analysis of periodic orbits.

When 7 > 0, if

minyo := min x? > T,
K3

then no firing can occur in the time interval [0, 7); hence the subsequent trajectory is
again well-defined given only (x°, A?). This is also the case when minyo < 7 if it is
impossible that a firing occurs in the past time interval [minyo — 7,0). Indeed, one can
reverse the time direction in equation (2) in order to compute the values A(x? — 7)
for 29 < 7 using (x°, AY). More precisely, we have A(z? — 1) = d)ﬁg_T(AO) where for
t € R, ¢, '(A) is defined by the backward time variation of constant formula

i) = (4= [ rmizas) e (W

3Indeed, equation (2) determines ¢}, (A%) on a dense subset of RT, which can then be uniquely extended

to the entire RT by continuity.



with m(—s) = m®+s for s € [0, 7 —minyo] and m°® := + Zfil 29. We must also make
sure that the values A(z? — 1) are non-negative, viz. A’ > A,o(7), where

Ayo(T) := /0 e P (m° + s)ds,

(which tends to 0 as 7 — 0).

As expression (3), the backward time formula (4) is Lipschitz continuous on every
bounded interval. Given x, A, § and 7, let K := Ky 4 g - be its Lipschitz constant on
[0, 7] when computed with m(—s) = + va:l x; + s.

Claim 2.1. Assume that mingo > 7 or mingo < 7 and

mazyo := maxz) < R+ vA° + (VK + 1)ming — (2vK + 1)1 and A° > A, (7).

Then the trajectory is well-defined given (x°, A%) € (RT)N+1.

Proof: The proof is immediate. Assume that minyo < 7, otherwise there is nothing to
prove. Together with the Lipschitz continuity mentioned above, the condition in the
statement implies

max x;(t) = maxyo —t < R+ vA(t — 1), Vt € [minygo — 7, 0],

ie. no reset value can be attained by the backward flow; hence no firing can occur in
the time interval [minyo — 7,0). O
Notice finally that the last inequality indicates that the following stronger condition

maxyo — minge < R—7 and A > A, (1), (5)
suffices to obtain the same conclusion. We shall use this sronger condition in the
stability analysis of the synchronized periodic orbit in Section 3.3. Moreover, notice
also that the condition in Claim 2.1 will be necessary for the stability analysis of
periodic orbits with equidistributed repressor concentrations (see Section 4.6).

2.2.2 Attracting invariant set

The dissipative term in equation (2) suggests that the trajectories should asymptoti-
cally approach a bounded forward invariant set. This property is formally expressed
in the next statement. Let

R
Apax 1= ﬁ and Q:=[0,R+ Z/AmaX]N % [0, Amax)- (6)
Lemma 2.2. Assume that x° € [0, R + vApna]” and Al—r0) € [0, Apax] 70 Then
the solution satisfies

(x(t),A(t)) € Q, VteRT.
In addition, given any initial datum (x°, Al—r0)), the subsequent trajectory satisfies

limsup A(t) < Apmax, and then limsupz;(t) < R+ vAmnax Vie{l,--- ,N}.

t——+oo t—+oo



In the rest of the paper, we always assume that (x(¢), A(t)) € Q for all t € RT,
even when this is not explicitly stated.

Proof. Assume that x° € [0, R+ vAnpa]Y and Alj—r0) € [0, Apax] (™0 Then, expres-
sion (3) implies that A(t) > 0 for all ¢ € R*. We prove that A(t) < Ay for all
t € RT (and then max; z;(t) < R+ vAmax for all t € R") by contradiction. Since
t — ¢!, (A(0)) is continuous, assume otherwise the existence of 6, ts € R} such that

A(ts) = Amax +0 and  A(t) < Apax + 0 for t € [—T7,15).

Then, we certainly have m(t) < R+ v(Amax + 9) for t € [0,t5). Using expression (3),
the definition of Ay, and the condition v < 3 successively imply

Bts _ 1
Alts) < (Amax + (R+v(Amax + 5))6 5 ) e FBts — Amax+%5(1_e—6ts) < Apax+0

which is impossible.

Considering now an arbitrary trajectory, we first prove that for every ¢, > maxyo
such that
A(ty) = max A(t),

te[_7'7t*]
we must have A(t.) < Amax. By contradiction, the fact that all oscillators must have
been reset at least once before time ¢, and the definition of ¢, imply that we must
have m(t.) < R+ vA(t.) and hence

A(ty) < R+ vA(t,) — BA(t.) <0

where the second inequality follows from A(t,) > Amax. Moreover, the derivative A(t)
is left continuous. Hence A must be decreasing in the left neighbourhood of t,, which
is impossible from the definition of ¢,. Therefore, we must have sup,cp+ A(t) < 400
in every trajectory.

In order to prove that limsup, , . A(t) < Anax, We use a bootstrap argument.
Let p € (0, 1) be sufficiently large so that v < pf. We claim that for every ¢ > 0 such
that

A(t) < (14 0)Amax, Vit € [—7,+00), (7)
there exists t5 € RT such that A(t) < (14 pd) Amax for all ¢ € [ts, +00). Indeed, assume
firstly that A(t) > (1 + pd)Amax for all t € R. Then we would have

A(t) < =B(1 + pd) Amax + R+ (1 4+ 6) Amax = (v — pB)Amaxd < 0, ¥t € RT,
ie. A(t) would have to decrease at least linearly. Given the inequality (7), it would be

impossible that it remains above (1 + pd)Amax forever. Moreover, a similar reasoning
implies that if A(¢5) = (1+p0)Amax, then we must have A(t) < A(ts) for allt > t5. O



2.2.3 Preservation of the order in which the oscillators fire

Since all degradation rates are equal, in every trajectory, the initial ordering of the
repressor concentrations is preserved until the first firing. Under the assumption

B

V<71+BR, (8)

we are going to show that, when inside (), between any two consecutive firings of a
given oscillator, every reset concentration must lie above the current concentration of
that oscillator. By induction, this implies that, after the last of the first firing times
of each oscillator, the order of the repressor concentrations is cyclically permuted at
each firing (and evidently remains constant in time between firings), implying that
the order in which the oscillators fire is preserved forever. That property will make
the analysis of the dynamics simpler.

Giveni € {1,---, N} and k € N, let t¥ be the instant of the k*® firing of oscillator .
Claim 2.3. Assume that inequality (8) holds and consider a trajectory for which
(x(t),A(t)) € Q for allt € RT. Let i € {1,--- ,N} and k € N be arbitrary. If an
oscillator j € {1,--- N} fires between the kth and (k + 1)th firings of i (ie. if there
exists £ € N such that t? € (th,tFh), then we have

177

2 ((5)*) < (())*) -

Proof. 1f (x(t), A(t)) € Q then we have |A(t)] < BAmax. The assumption (8) then
implies |A(t)| < L which in turn yields

R+VA(t1 —T) — (tQ —tl) <R—|—Z/A(t2 —T), Yty > tq,
from where the conclusion is immediate. O

2.2.4 Return map

In every trajectory, firings must occur infinitely often and their consecutive occurrences
are separated by positive time intervals. Moreover, the order preservation obtained
in the previous section implies that (for ¢ > max; ¢} = max,o) between any two
consecutive firings of oscillator i, all other oscillators having repressor concentration
distinct from x; must fire exactly once. Accordingly, in order to analyse the dynamics,
it suffices to study the iterations of a return map that acts on data immediately
before the firing of a given oscillator, say oscillator N.

An expression of the return map can be computed as follows. Given x° with 2%, = 0,
for convenience in the sequel, we denote by tg, the time t3 = zn(07) = R+ vA(—7)
of the second firing of . We also assume that max,o < zx(0") so that the order
in which the oscillators fire is preserved from ¢ = 0. Accordingly, for any oscillator for
which z¥ > 0, the corresponding repressor concentration between ¢} = z¥ and tg is
given by

zi(t) = R+vA@) — 1) — (t —a?), vt € (29, tr].



Hence, we have
zi(tr) =2 + v (A(z) — 1) — A(-7)), Vie {1,--- ,N —1}.

In particular, if (x,A4) € @ lies in the Poincaré section xy = 0 and satisfies the
conditions of Claim 2.1, then the return map Fi writes (x’, A") = Fy(x, A) where

ff 9
A = BT ) 9)

{ ah = x; + v(¢LT(A) — ¢;7 (A)) for i € {1, N — 1}
In the stability analyis of periodic orbits (either fully synchronized or only partially
synchronized) in the various sections below, we shall ensure that all iterates (x*, A¥) :=
Fk(x, A) of sufficiently small initial perturbations satisfy the conditions of Claim 2.1
(or even condition (5) in the case of the full synchronized orbit), so that the stability
analysis actually reduces to the study of their (linearized) dynamics in (RT)%.

Of note, Appendix A states and proves a certain property of Lipschitz-continuous
dependence of the return map on its input datum, not only when the map reduces to
one of (RT)Y but also in the case of an arbitrary datum (x, Al{7,0)- This property
will be employed in the proof of a stability criterion for partially synchronized periodic
orbits in Section 4.

3 Existence and stability analysis of the
synchronized periodic orbit

As a system with mean-field interactions [1], which is a special case of an equiv-
ariant dynamical system, the equations (1)-(2) commute with every permutation of
the repressor indices. This suggests to study the synchronized dynamics inside the
invariant subspace 1 = x9 = -+ = x. The synchronized dynamics of the popula-
tion of N oscillators reduces to that of the N = 1 system. In this section, we first
investigate the corresponding return map Fj, a one-dimensional map that acts on the
variable A (since we always have z1 = 0 along every orbit). We show that all orbits
asymptotically converge to a unique fixed point Agp. Then, we study the Lyapunov
stability in (RT)Y for N > 2, of the fixed point (0, -- ,0, App) of the return map Fy.
We show that this stability depends on whether the delay-parameter 7 vanishes or it
is positive; however and remarkably, it is independent of N. The results are collected
in the following statement. Letting

1+ 81 —€fm
1/7B2

we will assume the following conditions on the parameters

R, =R+ and v, = ve’", (10)

R, >0 and v, <p. (11)



Proposition 3.1. Assume that (11) holds. Then the one-dimensional return map Fy
has a unique globally attracting fixed point App.
Assume that (8) also holds.
(i) If T = 0, then for every N > 2, the corresponding fized point (0,--- ,0, App) of Fn
is unstable in (RT)N.
(i1) There exists 19 € R such that for every 7 € (0,79) and every N > 2, the fized
point (0,---,0, App) of Fn is locally asymptotically stable in (RT)V.

This statement confirms the numerical observations reported in [19] about the
delay-dependence of the stability of the synchronized periodic orbit associated with
App.* An illustration is given in Fig. 1.

M

0 5 10 15 20

Fig. 1 Time series of two trajectories for N = 10,t € [0,20] and 7 = 0 (left)/7 = 0.2 (right). The
other parameters are R = 2,3 = 1, and v = 0.2. The sawtooth series correspond to the repressor
concentrations z;(t) (i € {1,---,10}) and the central series in red color corresponds to the activator
concentration A(t). On the left picture, the instability of the synchronized periodic orbit is marked
although rather weak. On the right picture, the asymptotic stability is more evident.

t

Notice that in the unstable case (i), the stable manifold of the fixed point may
not be empty. In the proof below, we provide an example of trajectories in its
neighbourhood that, for NV large enough, asymptotically converge to it.

The rest of this section is devoted to the proof of Proposition 3.1.

10



Fi(4A7)

A"

Ao Fi(Ao) App Fi(Ar) Ar A Ao Arp Ar

Fig. 2 Left. Illustration of the vector field (light blue arrows) and some segments of trajectories
(solid black curves) of the synchronized dynamics/system with one oscillator (N = 1), under the
assumptions (8) and (11). Initial conditions: (Ao(7), Rr + v+ Ao(7)), (Arp, R+ + v+ App), (Ar, R+ +
vAr); where the orbit of (App, R+ + v+ App) is the unique attracting periodic orbit. Right. Graph of
the corresponding return map Fj.

3.1 Existence of a globally attracting fixed point of the map F;
For N =1, the condition (5) reduces to
1— (14 B7)e "™
p? '
Moreover, using (4) with m(—s) = s for s € [0, 7], we obtain that the reset concen-

tration at any firing is given by (NB: see (10) for the definition of R, and v, and see
Fig. 2 for an illustration)

AZA()(T):

R+v6.7(A) = R, + v, A,

Therefore, using (3) with m(s) = R, + v;A — s for all s € (0, R, + v, A] yields the

following explicit expression for the return map F;(A) = qb,lffw;”'T(A)(A)

Fi(A) = % + (A(l — %) - % — 512> e B(R-tvr A)

Letting A, := ﬁlf; —, the assumption (11) implies Ag(7) < A,. Clearly, this assumption
also implies that the asymptotic dynamics of F; must lie in the interval [Ay(7), 4.],
again see Fig. 2 for illustration. The following features then yield that F; must have
a unique globally attracting fixed point inside this interval, proving the preliminary
claim in Proposition 3.1:

o Fi(Ao(r)) = % - (U'gié%)e_& + %) e PR > Ay(r) for every T € [0, R).

4In [19], the repressor resets R+ vA(t — 7) are perturbed by a (small) additive random noise. Our result
shows that the stability of the synchronized periodic orbit is not affected by these random fluctuations.

11



« Fi(A) = 4 (1 - e*ﬂ:"AT) < A,, so that altogether F1([Ao(7), A,]) C [Ao(r), A,].

® F{(A;) > 0and F{'|jp,a,] <0, viz. Fi||p, 4,] is increasing with decreasing derivative.

3.2 Proof of instability for 7 = 0

In this section, we prove item (%) in Proposition 3.1 and we provide an example of
trajectories that lie in the stable manifold of the fixed point.

Proof of item (i) in Proposition 3.1
Consider the restriction of Fy to the subspace of 2-cluster states for which N — 1
repressor concentrations are equal, more precisely, the restriction to those x for which
21 >0and 9 = -+ =y = 0. We are going to show that (0,---,0, App) is linearly
repelling along the direction of .

Letting € > 0 sufficiently small, assume that

z1 € (0,¢) and |A — App| < €.

In particular, e must be small enough so that such (x, A) satisfies the condition (5).
Given that zo = --- = 2y = 0, we have for the continuous time trajectory

m(t) = (v - 1)(R]\J; vA)t o t, Vt € (0,24],

which yields using (3) and after simple algebra
T N B 1 2
Prt(A) = A+ T(RJrVA) — BA | + O(z7).

From (9), we obtain the following expansion for the coordinate 2 of the first iterate
(x',A") = Fy(x,4)

2 = 21+ (6% (A) — A) = (1 e (NN_l(RJruA) —BA)> +O@E2).

Therefore, in order to prove the desired instability, all we have to show is %(R +
vA) — A > 0 for all |A — App| < € with € small. By continuity, it suffices to show
that %(R + vApp) — BArp > 0. Since % > % for all N > 2, it suffices to show
that this inequality holds for N = 2, viz.

R
AFP<2ﬂ—I/‘

Given the properties of I described in the previous subsection, in order to prove that

inequality, it suffices to verify that Fl(%%) < Qﬁ%. Explicit computations show that

the sign of Fl(%%) — 26% is the same as the one of tanh (2%2_}?‘”) — f;—_RV, which is

12



negative for every R, 3 € RT and v € (0,8). This concludes the proof of instability
for = 0. (]

Tragjectories in the stable manifold of the fixed point

Consider now the restriction of F to the subspace of 2-cluster states for which x; =
--+=xy5_1 > 0 and xzny = 0. Somehow, this subspace captures opposite perturbations
to those in the proof above. Similar computations as in that proof now yield

R+vA

@) = 21 + v(0% (A) — A) = 2, <1+y< _ﬁA)>+O(x§).

The previous proof showed that R“’TAFP —BApp > 0 for N = 2. However, this quantity
must be negative when N is large enough because Agpp > 0. When this is the case we
must have
x| v—1 < VlIxlln-1

for some v € (0,1). Using the same argument as in the proof below of item (ii) in
Proposition 3.1, we conclude that, provided that N is sufficiently large, the return
map F must be a contraction in the neighbourhood of (0,---,0, App) in the two
dimensional half-space under consideration. In this case, the trajectories in this neigh-
bourhood belong to the stable manifold of the fixed point in the original Poincaré
section.

3.3 Proof of stability for 7 > 0

We first give some heuristic for the synchronization mechanism when 7 > 0. Given
a small initial perturbation (x,A) of the fixed point, the vector field in (2), when
computed at instants immediately before the first firing (which occurs at time 0) must
be negative because m(t) must be close to 0 and A(t) must be close to App, which is
positive. Therefore for 7 > 0 small enough and z; € (0, 7), since there cannot be any
firing in the interval [—7, z; — 7], we must have

¢riTT(A) = ¢, 7 (A) — C'x; + hot.,
for some C’ € R}, which implies that the image 2 of z; under Fy is given by
z, =x; + (¢l TT(A) — ¢, T(A)) = z;(1 —vC') + h.o.t.
Together with the fact that z; > 0 (from order preservation), this implies that
we must have ||x'||v—1 < v||x||n-1 for some v € (0,1) when (x,A) is sufficiently
close to (0,---,0, App). Using also that A’ must remain close to App, the desired

synchronisation follows suit.

Proof of item (ii) in Proposition 3.1
We are going to show that for every N > 2, the map Fly is a contraction in a small
neighbourhood of (0,---,0, App) in (RT)Y when 7 > 0 is small enough. Given 7 €
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(0, R), let (x, A) with xy = 0, and ||x||n—1,|A — App| small. In particular, we assume
that ||x||ny—1 < 7 and that (x, A) satisfies the condition (5).

Let ¢ € {1,---,N —1}. The condition (5) ensures that no firing occurs in the time
interval [—7,0); hence

m(t) =m(0) —t for te[-7,a;— 7],

from where we obtain using (3), after simple algebra

G (A) = (sme(A) + / " eBoms - r)ds) e = g (A)—a; (BT (A) — 7)+O(x]3r_y)

and thus, the following expansion results for the coordinate z of the first iterate
(x',A") = Fy(x, A)

zp = (L—v (B¢, (A) = 7)) + O(|x[|%_1)
=z;(1 — vBArp + (B(A — ¢, (A)) — 7)) + vBai(Arp — A) + O(|Ix[3_,)

That no firing occurs in the interval [—7,0) implies that ¢, is close to the identity
when 7 is small. Therefore, there exists K, > 0 with lim,_,q K = 0 such that

1B(A = ¢,7(A)) = 7| < K

for all A uniformly bounded, and in particular when |A — App| is small. In addition,
order preservation, which must hold for the initial conditions (x, A) under considera-
tion here, implies that 2 > 0 for all . Letting 7 — 0 and A — App, we must have
1 —vBApp > 0. Altogether, this implies the existence of v; € (0, 1) such that

[¥'|n-1 < (71 + vBlA = App|) [Ix||n -1,

when 7, ||x||y—1 and |A — App| are sufficiently small.

In order to control the dynamics of the activator variable, we are going to show
that A’ is close to F;(A) when ||x||y—1 is small and then use that F} is a contraction
in the neighbourhood of App in R. Recalling the notation tg = R + v¢,,"(A) for the
return time and letting (3" = R+v¢,T  (A) and msyn for the quantities associated
with the synchronized trajectory issued from (0, A) at t = 0, we observe that together

with (4), the expressions

N-1
Z z; —t and mMmgync(t) = —t for t € [-7,0],
i=1

m(t) = %

result in
BT _1q

N-1
e
tr —th = —v in<0.
AN o

14



Accordingly, we obtain from (3)

tr tr
A" =F(A) + (A —l—/ eﬁsmsync(s)ds> (e‘ﬁtR — e PR ) +/ eB(S_tR)(m(s) — Mgync($))ds
0 0

sync
iR

+ PR ) g e (s)ds
tr

The expression of tg —t; "~ above implies that the second and last terms in the RHS are

controlled by ||x||ny—_1, also because all quantities A, tg,tx " and mgyne are bounded
when in (or close to) the attracting set.

In order to control the third term, we first observe that it suffices to provide an
estimate of the integral between time ¢t = ||z||xy—1 (namely the time of the last first
firing of all oscillators) and ¢ = tg because the remaining integral can be controlled
by the same arguments as before. Moreover, we have

LN 1 Nl
m(s) = R+N Z¢ﬁ{_T(A)+— Z z;—s and Mgyne(s) = R+ve,,” (A)—s fors

N Msync
i=1 i=1

and again from (3)

i —T —T -7 —Bx; eﬁﬂ% -1
|6 7T (A) — b (A)] < 97 (A) (1 — e FP70) + IIm\[ff,zH}lloT~
In addition, from the expressions of m and mgyn. above, we have
A — 1=
b (A) =0 (A) — T
( ) :.yng( ) /BN ;

Combining all the estimates above, we finally conclude about the existence of K € RT
such that

|A" = App| < |F1(A) — App| + K||x||v—1 + O(lIx[[}_1)
when ||x||y—1 is sufficiently small. Besides, the analysis of the map F} in a previous
section implies the existence of 75 € (0, 1) such that

|[F1(A) — App| < 72|A — App|

when A is sufficiently close to App.

Altogether, when 7, ||x||y—1 and |A— App| are sufficiently small, the return dynam-
ics of ||x||ny—1 and |A — App| is dominated by a matrix whose eigenvalues are close to
v1 and o. Hence, the map Fy must be a contraction (for an appropriate norm in RY)
in the neighbourhood of (0,---,0, App), as desired. In particular, we are sure that
(x', A") also satisfies condition (5) provided that ||x||n-1,|A — App| are sufficiently
small; hence the argument can be repeated to conclude about asymptotic stability of
(0,---,0, App). O
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4 Stability analysis for partially synchronized
periodic orbits

The analysis in the previous section and its arguments are not limited to synchronized
trajectories. They extend to partially synchronized periodic orbits. A partially syn-
chronized trajectory (whether it is periodic or not) is a solution of the equations
(1)-(2) for which two or more repressor concentrations are equal at all times (NB: this
is the case iff the concentrations are equal at ¢ = 0). Any group of oscillators with
identical repressor concentration is called a cluster. The notion of partially synchro-
nized trajectories and the corresponding cluster dynamics, which is the hallmark of
systems with mean-field interactions, naturally emerges when grouping together those
cells that evolve in unison [20]. The extreme case is when a single group results from
this process (synchronized trajectories).

For an arbitrary fixed point of the return map in a given partially synchronized
subspace (see next section for an accurate definition), we establish a stability criterion
for 7 > 0 (Lemma 4.2) and an instability criterion for 7 = 0 (Lemma 4.3). For
simplicity, we only consider stability with respect to initial perturbations that affect
a single cluster of the periodic orbit under investigation. The stability with respect
to perturbations that affect several clusters are direct extensions that are left to the
interested reader. In addition, we also consider initial conditions that are given by the
datum (x, A|{_;), even though we have argued that only finite many values of A
suffice in order to define any trajectory.

In a second step, we apply these criteria to fixed points that are exponentially stable
in their own partially synchronized subspace for 7 = 0. The results for the continued
fixed point for 7 > 0 small can be regarded as an extension of Proposition 3.1 to
the family under consideration: while for 7 = 0, the orbit is unstable with respect to
perturbations that smear its clusters, it becomes stable against the same perturbations
for every positive (and small) value of 7 (Theorem 4.4). An example of application to
fixed points with two clusters with equi-distributed repressor concentrations is given
in Lemma 4.5.

4.1 Characteristics of partially synchronized trajectories and
of fixed points of the corresponding return map

By grouping the oscillators with equal repressor concentration into one cluster, the
population at every instant can be described by the vector ({nk,yk}szl,A) where
ni € {1,---, N} denotes the size of cluster k (ie. the number of oscillators in this
cluster) and yy, the corresponding repressor concentration (K < N is the total number
of clusters and we have Zszl ny = N).? From the equations (1)-(2), it follows that the
cluster distribution {n;}X | remains constant in every trajectory; hence we may
consider separately the dynamics in each subspace, called partially synchronized
subspace, for which this distribution is given. Every trajectory for which K < N is

5The variables y; can be formally defined as follows. For each i € {1,-.-, N}, there exists k; €
{1,--+, K} such that yx, = z; and z; # z; iff Yk # Yk, -
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called partially synchronized. Obviously, the synchronized dynamics in Section 3
is a particular case of partially synchronized subspace (K = 1).

Let N €N, K € {1,--- ,N — 1} and a cluster distribution {ns}_, be given. For
the sake of the presentation, we only consider those partially synchronized periodic
orbits that are fixed points

({0 Yz, AT =)

of the return map to the Poincaré section yx = 0. In other words, we assume that
the period Tgp > 0 coincides with the return time. However the analysis developed
below extends to arbitrary periodic orbits of such map, without additional conceptual
difficulties.

Notice also that the labelling of the clusters is irrelevant because of the permutation
symmetry. For convenience, we assume that this labelling has been chosen so that the
fixed point repressor concentrations yf* are ordered ie.

FpP FpP

yIP > i > s B S 0.

Furthermore, the expression (3) and the fact that the non-negative function m*? cer-
tainly does not entirely vanish over [0, Trp], impose that, in any partially synchronized
periodic orbit, the activator function AFY must be positive.

4.2 Considerations about stability

As technical considerations about stability are concerned, focus will be made on the
strongest form of local Lyapunov stability, namely the exponential stability that results
when the return dynamics of small perturbations is a contraction in an appropriate
setting (space and norm). In particular, a prerequisite for our stability criterion will be
that the periodic orbit is exponentially stable inside its proper partially synchronized
space. The criterion will then ensure exponential stability in a higher dimensional space
that contains perturbations that smear the clusters. More precisely, we shall deal with
the following notions (NB: Throughout, the symbol y denotes the collection {yx }H< ).
Definition 4.1. (i) The fized point ({nk,y,fp}le,AFPh_ﬂm) is said to be expo-
nentially stable inside its proper partially synchronized subspace if there
erist g € R and v € (0,1) such that for every € € (0,¢0) and every initial datum
({nk,yk}szl, A|[_T70]) such that

yr =0 and  max{|ly —y k-1, [|Al-ro — A |rqllo} <€
we have for the subsequent trajectory t — ({ny, yi(t) 11, A(t)) of the system (1)-(2)

max {[ly(tr) =yl k=1: | Aljtr—r.ta) — A" l=r0llo} < e,

where the return time tr defined in Section 2.2.4 corresponds here to the instant of
the second firing of the oscillators in cluster K.
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(ii) The fized point ({ny,ypr® H i, A¥P|_. o)) is said to be exponentially stable
with respect to small perturbations that smear cluster K if there exist
€0,C1,Cq € R and v € (0,1) such that for every ¢ € (0,¢9), every K' € {K +
1,---, N}, every cluster distribution {n;}lel such thatn), = ny, fork € {1,--- | K—1},

and every initial datum ({n%, yk}kK:/hA“,T,o]) such that yx =0 and

FP FP
— _1,C Ali_ro — A |i— <
max{“y y k-1, 1ke{K§}§>§<,71}yk,|| l[=~,0] It T,O]||o} <e,

we have for the subsequent trajectory t — ({n%, ye()HE A(t)) of the system (1)-(2)

tn _ FP _ C
max{HY( R) y HK 15 1k€{KIf-la,}l{(’—1}

U (E). Al —rr) — AFP|[T,0]||0} < Cyy"e, ¥n € N

where the nth return time t', is the instant of the (n + 1)th firing of the oscillators in
cluster K'.

Anticipating the comment after Lemma 4.2, notice that exponential stability inside
the proper partially synchronized subspace does not depend on the phase of the
periodic orbit under consideration, viz. the fixed point ({nk,y}zp}f:l,AFPh_ﬂo]) is
exponentially stable inside its proper partially synchronized subspace iff the fixed point

/ I K FP
({nlm Yt =1, A |[y§f_1_7,ygp_l}) ;
where

;) ng ifk=1 and o — R+vAWEY | —n)if k=1
T\ gy if ke {2, K} AN YR T yFP —f P it ke {2, K}

is also exponentially stable in the same sense. This is a standard consequence of the
continuity of the firing dynamics (ie. the fact that the coordinates immediately after
firing depend continuously on the coordinate immediately after the previous firing).

4.3 Stability criterion for 7 > 0

The stability criterion for partially synchronized periodic orbits, which is given in the
next statement, is reminiscent of the heuristic argument for the stability of the fully
synchronized periodic orbit given at the beginning of section 3.3.

Lemma 4.2. Assume that (8) holds. Given N € N, K € {1,---,N — 1}, a clus-
ter distribution {ni}t_, and T > 0, assume that the return map in the Poincaré
section yx = 0 in the corresponding partially synchronized subspace has a fixed point
({nw, yE P 1 AFP|_1o)) . Assume also that the following conditions hold

e the fixed point is asymptotically stable inside its proper partially synchromized
subspace,
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e the periodic orbit of (1)-(2) that passes through the fixed point has no firing in any
of the time intervals [—7,0] mod Trp, and the derivative of A att = —7 is negative,
ie. A¥P(—1) = mpp(—7) — BAYP(—7) < 0.

Then, the fixed point is exponentially stable with respect to small perturbations that
smear cluster K.

That the second condition in this statement depends on the value of the derivative
A at a certain time suggests that stability with respect to cluster smearing a priori
depends on the cluster under consideration. However, we shall see in the proof of
Theorem 4.4 below that, provided that 7 is sufficiently small, this is not the case
because the sign of the derivative involved actually does not depend on the cluster
under consideration.

Notice also that in the special case of full synchrony (K = 1), the statement is
relevant to the unique synchronized periodic orbit of Section 3. Recall that this orbit
exponentially attracts all synchronized trajectories. Moreover, the condition 7 < R
ensures that no firing can happen in the interval [—7, 0]. In addition, since mgp (t) = —t
for t € [~7,0], we have AFY(—7) = 7 — BAFP(—7). Since we showed that AFF(0) > 0,
the continuity at 0 of the map 7 — 7 — BAYY(—7) implies that the conditions of
Lemma 4.2 certainly hold when 7 is small enough, viz. statement (ii) of Proposition
3.1 is recovered as a particular instance where Lemma 4.2 applies.

Proof of Lemma 4.2. Given K’ € {K +1,--- N}, let ({n%,yk}lel,/lh_ﬂo]) with
yx' = 0 be such that

FP FpP
m - _1.Cp . m Alfrg — A <
aX{IIy yollkon Oy max vk [ Aol [_T,o]llo} <e

where € € (0,¢p) is arbitrary and €y, C7 > 0 are to be determined. We are going to
evaluate the amplitude of the perturbation at the instants ¢} by considering separately
the coordinates yy (%) for k € {1,--- K — 1} to those for k € {K,--- , K’ —1}.

Analysis of the coordinates {yx(t}) f:_ll and Al 7 4n). For these coordinates, we
use the fact that the fixed point is asymptotically stable inside its proper partially
synchronized subspace. To do so, we rely on a property of Lipschitz continuity of the
return map, which is claimed and proved in Appendix A.

Let t — ({ng,yp ™" ()}, AP2¢(t)) be the partially synchronized solution
issued from the initial datum ({r, (1 — 6k x)yr}trer, Alj—r0])-® Notice that the value
of A(—7) in this trajectory is the same as the value of A(—7) in the original trajectory

t— ({nﬁc, yi(t) ,If:/l, A(t)). Hence, the first return time to yx = 0 for this trajectory

is the same as the first return time ¢} of the original trajectory.
Consider the decomposition

Iy (tr) = ¥ -1 < lly(tR) = y**" (tr) -1 + ly™=™ (tR) = ¥ -1

65.;,]' is the Kronecker symbol.
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By periodicity of the trajectory passing through ({ns,y5" e ;, A¥F|_, o), we must
have

FP FP FP
= ma; <Tgp = R+vA™ (—7).
VIS Y PP (=7)

Hence, provided that € is sufficiently small, we have
yr < th = R+ vA(-7)

Y1 = max
ke{l,- ,K'—1}

Applying Lemma A.1 in Appendix A, we obtain the following inequality, when regard-
ing yP¢ and yP¥"(¢3;) as elements of the partially synchronized subspace defined
by {n}}i'  whose coordinates k € {K,---, K’} all vanish

tl __~,/b-sync tl < tl __~,b-sync tl L 4 <L __~,P-sync , =1L <Li.
Iy () =y" ™ ()l < Iy () =y" ™ ()l < Lly=y® ™ e = L, | max  ye < Lo

On the other hand, asymptotic stability inside the partially synchronized subspace
implies the existence of v; € (0, 1) such that, provided that e is sufficiently small, we
have

lyP=me(tg) =y k-1 < me,

and then

L
Iy(eh) =¥l < (4 5 )
1
FP

A similar reasoning applies to HA'[t}x ] = A0 |lo, which yields the same inequality.

As a consequence, provided that C1 is large enough so that v, 1= 1 + C% < 1, we get

max { |y (th) = Y™ i1, 14l —r g — AL gpllo p < 2e.

By induction, the same arguments show that for every sufficiently small ¢ € RT, we
have

max { |y (t8) = ¥*" -1, 141y g — A gpllo b < %€, vn €N
provided that one can simultaneously ensure

n

max th) < —=—.
ke{K, . K'—1} uk(tk) < o

Analysis of the coordinates {yk(tﬁ)}kK:l;(1 For these coordinates, we separate the cases
n=1and n > 1. For n = 1, we simply refer to Lemma A.1 to obtain

max th) < Le
ke{K, - K'—1} uk(tr) < Le,

and the desired inequality holds for any pair v, Cs such that L < %17 For n > 1, we

proceed by induction. From the computation of the return map in Section 2.2.4, we
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have in particular at the instant ¢4 of the third firing of the cluster K’
yk(tR) = y(te) + v (Alys(tr) +ty —7) — Aty = 7)), Yk € {K,-- K’ ~1}.

The assumption that the periodic orbit does not fire in the time interval [Typ — 7, Trp)
is equivalent to assuming that Tpp — y5° > 7 (NB: recall that yi¥ = maxgyLT).
Using that t; — Typ = v(A(—7) — APF(—7)), the assumption on the initial datum
({n%, g,/k}kK:,17 A|[_770]> implies that we also have ¢t} —y; > 7 (and y; = maxy, y;) when
€ is sufficiently small, viz. the subsequent trajectory does not fire in the time interval
[tk — 7, tk]. Therefore, for e sufficiently small, we have

ye(th) = we(th) (1 + vA(th — 7)) + O (e (th))?)
= ye(tr) (1 + v(mlty —7) = BA(tR — 7)) + O ((ne(tr))?) . VE € {K, -, K"~ 1}

The analysis above of || Ay 7 17— A[Ff; oillo showed that [A(th —7) — AFF(—7)| can
be made arbitrarily small by taking e sufficiently small. Moreover, the fact that no
firing takes place in the time interval [t} — 7, t%] implies that

m(ty —7) = m(tg) + 7.

Similarly, we have mpp(—7) = mpp(0) + 7 for the periodic trajectory. In addition,
the arguments above showed that |ly(t%) — y ¥ ||x/—1 can be made arbitrarily small
by taking e sufficiently small. Consequently, the same property holds for [m(ts —7) —
mpp(—7)|. Altogether, using the assumption mpp(—7) — BAFY(—7) < 0, this proves
the existence of v3 € (0,1) such that, provided that € is sufficiently small, we have

ye(th) < vayr(th), Yk € {K, - K' — 1},

from where the desired induction follows with v = max{~s, 3} when the results of the
analysis of the other coordinates are also taken into account. The proof of the Lemma
is complete. ([l

4.4 Instability criterion for 7 =0

The announced instability criterion for partially synchronized periodic orbits is given
in the next statement.

Lemma 4.3. Assume that (8) holds. Given N € N, K € {1,--- |N — 1} and a clus-
ter distribution {nk}szl, assume that, for T = 0, the return map in the Poincaré
section yx = 0 in the corresponding partially synchronized subspace has a fived point
({nk,y}:P kK:I,AFP). Let A¥P(01) be the right limit at 0 of the derivative of the
activator concentration in the corresponding trajectory. Then, under the condition

R + vAFP

AFP 0+
ATT(0T) > N
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the fixed point is unstable with respect to some arbitrarily small perturbations of cluster
K.

In the case of the fully synchronized periodic orbit (K = 1), we have A™F(0%) =
R+ vAFPY — BAFP: hence the condition in the Proposition becomes

%(R +vAFP) - BATP > 0,

which is exactly the identified and proved criterion in the proof of statement (i) in
Proposition 3.1.

Proof of Lemma 4.3. Given K’ € {K+1,---, N}, let ({n;c, e A(o)) with yxr = 0
be an initial condition such that

yFPif ke {1,--- K — 1}
ye =14 Yk k=K
0 ifke{K+1,--- K’}

where yx > 0 is sufficiently small. There is no firing in the time interval (0,yx).
Hence, we have

yk(tr) =y +v(Alyx) — A(0) = yx (1 +vA0")) + O(yk)
Moreover, equation (2) implies that A(0T) = m(0") — BA(0). Using

yFP it ke{l,--- K —1}

FP : —
w0 ={ gk k=K and y,EP(0+)={ Ui pp WK E AL =1

FP i0 7. _
R+vAQ0)if ke {K+1,--- ,K'} R+vA™" if k=K

we get
R+ vA(0 A(0) — AFP
m(0+):mFP(0+)_ +X] ( )+yK+nKV( (Z\; )
It follows that m(0t) — BA(0) can be made arbitrarily close to AFF(0T) — MVT‘W
when yx and |A(0) — AFP| are sufficiently small. The Lemma easily follows. O

4.5 Delay-dependent stability in arbitrarily large populations

Let K € N and {n;}5_, € NX be given. The equations (1)-(2) of the dynam-
ics imply that if ¢ — ({nk,yk(t)}kK:l,A(t)) is a partially synchronized trajectory
in the population of Z,I::l ny oscillators, then for every ¢ € N, the function ¢t —
({gri, yi(t)}i_1, A(t)) is a partially synchronized trajectory in the population of
q Zszl ny, oscillators, viz. the existence and the coordinates of partially synchronized
trajectories do not depend on the (common) scaling of its cluster sizes.

The results on the stability analysis of partially synchronized periodic orbits are
summarized in the following statement, whose conclusions can be regarded as some
extension of Proposition 3.1 to fixed points of the return map asssociated with an
arbitrary cluster distribution (with given relative cluster sizes).
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Theorem 4.4. Assume that (8) holds. Given K € N and {n;}’_, € N¥, assume
that for T = 0, the return map in the partially synchronized subspace associated with
{ni Y|, of the dynamics of a population of Zszl n, DF oscillators, has an expo-
nentially stable fized point, say ({nk,ykp}k 1,AFP), Then, the following assertions
hold.

(i) There e:cists qo € N such that for T = 0 and every q > qo, the fized point
({an,y,f b1 AFP) is unstable with respect to some arbitrarily small perturbations
of any of its clusters.

(ii) There exists 79 € RS such that for every T € (0,79) and q¢ € N, the return
map of the partially synchronized dynamics with delay T has a fized point which is
the continuation of ({an,ygp}szl,AFP), This continued fized point is exponentially
stable with respect to small perturbations that smear any of its clusters.

As an application, we provide in the next section, an example of periodic orbits
that fit the condition of this statement for S sufficiently large, namely the periodic
orbits with equi-distributed repressor concentrations. Evidently, the fully synchronized
fixed point also satisfies the assumption of Theorem 4.4, as already claimed at the
begining of Proposition 3.1.7

Proof of Theorem 4.4. The proof decomposes into two parts. The first part establishes
the existence of the continued fixed point for 7 > 0 sufficiently small. The second part
shows that such return map fixed points must appropriately satisfy the conditions of
Lemmas 4.2 and 4.3.

For the first part, one preliminary shows that continuity arguments ensure that
the conditions of Claim 2.1 hold for 7 sufficiently small and in a sufficiently small
neighbourhood of ({y PyE 1,AFP) in (RT)X; hence the return dynamics in that
neighbourhood reduces to a mapping of (RT)¥ into itself. Moreover, this map can be
obtained as the composition of the maps, each called a firing map, that bring the
system from the state immediately before the firing of the (k + 1)th cluster to the
one of the kth cluster. The firing maps write, given a datum ({yk}szl, A) for which

Ye+1 = 0 and yr = mingsgy1 ye

- Ye — Yk ife£k+1 e
e {R+V¢mT(A)—yk foopyy ond A=)

where the expressions (3) and (4) are to be used with respectively

K K
1 1
m(t) = + (Z ngyk + R+ V(;SmT(A)) —t, vt € (0, and m(t) = - > niye—tVt € [-7,0].
k=1

Accordingly, each firing map is differentiable in R¥ and, together with its derivative, it
continuously depends on 7. Hence, so does the composed return map. The assumption
that ({nk,y5" }_1, AFT) is an exponentially stable fixed point implies, using the
Implicit F‘uncmon Theorem, that it can be uniquely continued as an exponentially

"Notice that item (i) in Theorem 4.4 is slightly weaker than the corresponding item in Proposition 3.1
(which claims that go = 1 in this case).
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stable fixed point of the return map for 7 € R} sufficiently small. The first part of the
proof is complete.

The main argument of the second part consists in establishing the following signs
for the left and right limits of the derivative of AFY (where the explicit dependence
on 7 has been added for clarity) at each firing

ATP(GER) ) <0 and ATP((GER)T) > 0vEe {1, K},

In order to prove these signs, notice that equation (2) and the fact that m(t) = —1
between two firings imply that if it happens that A(t) = 0 for some ¢ between two
firings, then this can happen only once and A(t) > 0 for all ¢ before (resp. A(t) < 0
after) that instant. Moreover, the expression of z;(tg) in Section 2.2.4 implies that,

for a fixed point <{nk,yg,§}kK:1,A0FP) of the return map for 7 = 0, the activator

concentration must be the same at each firing, ie.
AP () = AT, Ve e {1, K —1}.

Therefore, we must have AOFP (t) = 0 for some t between any two firings, and then the
desired signs hold for 7 = 0. By continuous dependence on 7 of the coordinates of the
continued fixed point, the same signs hold for AFY provided that 7 is small enough.

Together with AEP((yfi) ) < 0, the implicit assumption in the continuation
argument, that there is no firing in any of the intervals [yF}; — 7, y=}], and the fact that
the fixed point coordinates do not depend on ¢ imply that the assumptions of Lemma
4.2 hold for the fixed point ({an,ygi}szl,AoFP), for every ¢ € N. Moreover, the
same assumptions hold for the return map fixed point of the corresponding periodic
orbit in every Poincaré section y; = 0, implying stability with respect to smearing of
any cluster.

Together with AEP((ZEE)JF) > 0 and the fact that the fixed point coordinates do

not depend on ¢, we certainly have

R+ vAFP
K )
4D pe
when ¢ is sufficiently large. In this case, the assumptions of Lemma 4.3 hold, as they

do for each corresponding return map fixed point in every Poincaré section y; = 0.
The proof of Theorem is complete. O

AR >

T,k

4.6 Application to periodic orbits with equi-distributed
repressor concentrations

As a example of application of Theorem 4.4, we consider in this section, return map
fixed points for which the repressor coordinates are equi-distributed among IV clus-
ters, more precisely, those elements (x'F, AFP) ¢ RM*! such that vap = 0, the
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function m(s) = m*? + s for s € [-7,0] and ®

—T FP FP
b -2l = Bvé, (A7) ”‘z’]’\’; (4 ), Vie{l,---,N—1} and A" = ¢, ¥ (A"

It is immediate to verifiy that the coordinates of (x''F, AFF) are recovered after every
firing in the trajectory, not only under the action of the return map. Moreover, the
repressor coordinates are entirely determined by A¥F. For 7 = 0, an equation for AFP
can be obtained, which can be shown to have exactly one solution, viz. for each N > 1,
there exists a unique N-cluster equi-distributed fixed point. Moreover, a systematic
stability analysis can be achieved for 7 = 0, which is rigorous for N € {2,--- 5} and
concludes that the fixed point is stable in its partially synchronized subspace, provided
that § is sufficiently large. All these results are presented in the next statement.
Lemma 4.5. (i) For every N € N, N > 1 and 7 = 0, there exists a unique fized point
with equi-distributed repressor coordinates.

(ii) Given R,v and N € {2,--- |5}, there exists By > 0 such that for every 8 > By, the
equi-distributed fixed point is exponentially stable in its proper partially synchronized
subspace.

We believe that statement (i) holds for every N > 1. In order to ensure this
property, it suffices to prove that the expression of the matrix Wy defined in the proof
below, holds for every N. Independently, by combining Lemma 4.5 with Theorem 4.4,
one immediately obtains the following conclusion.

Corollary 4.6. Given N € {2,--- 5}, assume that (8) holds with 8 > fn so that
for T =0, the equi-distributed fixed point with N clusters is exponentially stable in its
proper partially synchronized subspace.

(i) There exists qy € N such that for 7 = 0 and every q > qn, the fixed point
({q,xFPY |, AFP) is unstable with respect to some arbitrarily small perturbations of
any of its clusters.

(ii) There exists Ty € R} such that for every T € (0,7n) and ¢ € N, the return
map of the partially synchronized dynamics with delay T has a fixed point which is the
continuation of ({q,zFF}N., AFF). This continued fized point is exponentially stable
with respect to small perturbations that smear any of its clusters.

One can show that the continuation of (x¥F, A¥F) for 7 > 0 has indeed equi-
distributed repressor concentrations. Moreover, recall from Claim 2.1 that 7n also
depends on the distance between the repressor concentrations immediately after fir-
ings. Hence, even if we assumed that statement (i) in Lemma 4.5 held for all N > 1
with supy~; v < +o0o, we would not be able to ensure that infy~;7y > 0. In
order words, we do not know whether or not all equidistributed fixed points can be

simultanously stable for some given delay 7 > 0.
Proof of Lemma 4.5. (i) As usual, the return map fixed point (xF, AFF) is assumed
to coincide with the state at ¢ = 0 of the periodic orbit ¢ — (xFF(t), AFF(¢)) of the

continuous time system. The fixed point definition implies that there is no firing in

8By letting zgp = R+ v¢, (A¥F), one could include the synchronized fixed point in this family, that
would be obtained for N = 1.
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FP R+vA™”
N

the time interval (0, z%F ;] where 25F | = . Hence, we have

N 2N

=1

N-—-1 FP
mFP(t) = m"F(07)—t, Vt € (0,25 _1] where m"F (0T) = L (Z i + R+ Z/AFP> = (V+ (R +vA )

FP
Using (3), the fixed point equation A'F = iﬁw;l(AFP) then rewrites as f(A¥F) =0
where f is given by the following expression

_ ((N+1)(R+vA) 1 _priea, R+vA
f(A)_< SN 6A+ﬁ (1—e ) N
In particular, we have f(0) = % where
9(x) = ((N;m +N> (1-eF)—a.

Basic calculations yield
g(0)=0 and g¢'(z)>0, Vo >0,

hence f(A) > 0 for all A > 0 sufficiently small. Moreover, recall the upper bound
Apax = ﬁi of the attracting set. We have

-V

ﬂ(N — 1)Amax *ﬁQ Amax 1 752 Amax BAmax
Amay) = — A = D Amax g W) 4 (1 — ey _ Plmax
FAn) L R (o B !

because 1 — e™® < z for all > 0. Therefore, the function f must have a zero A" in
the interval (0, Amax)-

In order to prove uniqueness, we successively compute the first and second
derivatives of f to obtain

7y =2 (2(,/ P ((N+ D(R+vA) BA)) R

N N 2N
Since > v > u%, the expression inside the parenthesis is increasing, viz. the sign

of f can only change once in [0, Apax], from negative to positive. Together with the
facts that f(0) > 0 and f(Amax) < 0, this implies that f crosses 0 only once in this
interval.

(ii) As in [4], the finite-dimensional return dynamics (that takes place in the neigh-
bourhod of (xFF, A¥P)) can be regarded as the composition of the following variation
of the firing maps introduced at the begining at the proof of Theorem 4.4

and A= gpx (), (12)

’ R—FVA—.Q?N,l ifi=1
Ti—1 — TN-1 if’iE{Q,-“ 7]\/v—l}
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More precisely, the local stability of (x'¥, A¥P) can be obtained from the spectrum
of the product of the derivatives of this map along the elements of the corresponding
periodic orbit. However, since (x'7, AFP) is a fixed point of this firing map, one actu-
ally has to evaluate the spectrum of MY where My is the derivative of (12) evaluated
at (xFP) AFP) with

N—-1
1
m(t) =m(0") —t = N (; T; —|—R+1/A> —tfor € (0,xn_1]

From (3) and m(t) = m(0") — ¢, we have

_ 0" 1 _ t
8,(4) = Ae= 4 (m(ﬁ>+62> (-2,

which yields

Ii(bm ()_ (m(0+)+%,ﬂA>e*ﬁmN*1—%+l_eiﬁ$ifi:N*]-

and
v(l — e Pon-1)

BN
Evaluating these quantities at (xF¥, A¥F) and expanding in %, one gets that the
derivative My writes

Qa0 (A) = It ¢

1 1
My =Un + BVN + O(B)7

where Uy and Vi are the following N x N matrices

O cov e e 0
0 ov - 0 —-1v
10 0 -10
Uy = 0 1 e and Vy =
0 0 1 -10
0 U 0 cor e e 0
Lo 1l _ N1 v
N N N N
Accordingly, we have
) | Nl
MY =Wy +o(5) where Wy = U + 5 3 URVAUY '~
k=1
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For N € {2,---,5}, we have checked that Wy writes

(N-1)v

1- 43 J(V?D yo —v(1 - %)
v —1)v v v v
NB 1 N3 NP NB —v(l- %3
v v )

WN: N N
(N-1)v

B v L (- w)
1 1 _W-1)v
NB NpB NB

The eigenvectors of Wy and its eigenvalues can be readily obtained. Firstly, notice
that

UN(V7"' 7V71)T :VN(V7"' aV71)T 207
hence Wy (v, -+ ,v,1)T = 0 too. Moreover, Wy clearly has the following N — 2
eigenvectors

(17_1707"' 70)T7 (1707_1707"' 7O)T7"' ) (1u07 u07_17070)T7 (1307 70a_170)Ta

(or explicitly (vg); = 6;1 — 0 x for i,k € {2,--- ,N — 1}) and the corresponding

eigenvalue is equal to 1 — % in each case. Finally, the remaining eigenvector writes

(NB-v,0,---,0,1)T and the corresponding eigenvalue is also equal to 1—%. Therefore,
the spectrum of Wy lies inside the unit disk; hence so does the spectrum of M f\\,[ when
B is sufficiently large. Statement (ii) is proved. O

5 Concluding remarks

In this paper, we have presented an extended mathematical analysis of the dynamics
of the model introduced in [19] of DF oscillators coupled via a common activator,
with emphasis on the stability with respect to out-of-sync perturbations depending
on the delay in activator synthesis. After a study of the basic properties of the flow
associated with the equations (1)-(2), the analysis has firstly considered the case of
fully synchronized trajectories and then has adressed arbitrary partially synchronized
periodic orbits.

The most significant outcome of this endeavour is that the stability of periodic
orbits abruptly changes when the delay is switched on. From an unstable solution, the
orbit immediately becomes asymptotically stable with respect to small perturbations
that smear its clusters.

While this change of behaviour appears to be spectacular, it can be readily appre-
hended from the general criteria of Section 4 (which themselves can be intuited from
the expression (9) of the return map) together with the profile of the activator concen-
tration close to firing, in the periodic orbit. More precisely, Lemma 4.2 about stability
requires that AFF(.), as a function of time, be decreasing immediately before firing.
Lemma 4.3 about instability needs that the derivative of this function be positive and
sufficiently large immediately after firing.
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Notice that, according to the original equations (1)—(2), both properties should
be commmon features of the periodic orbits in this system, as illustrated for the
synchronized trajectory in the left panel of Fig. 2. Indeed, the variation of the vector
field acting on A must be locally minimal immediately before any firing (because m
decreases between two consecutive firings) and firings trigger sudden increases of this
vector field.

We believe that these stylized features and the accompanying rapid change in
stability extend to more general, smooth models of DF oscillators with similar ingre-
dients, especially when firings occur on very short time scales and the corresponding
reset values are impacted by some (possibly distributed [12, 22]) delay in the activa-
tor synthesis. More precisely, we expect the solutions to be unstable (resp. unstable)
when the delay is shorter (resp. longer) than the firing time scale. Such extensions,
which would be more relevant from a modelling point of view, could be the subject of
future studies.

Finally, the co-existence of multiple exponentially stable periodic orbits for 7 > 0
(Corollary 4.6) raises the question of the size of their basin of attraction, or at least,
and as established in [5] in a simpler setting, to determine the orbit that is most likely
to be reached starting from a random initial condition. Such question could also be
the subject of future studies.
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A Lipschitz continuity of the return map

Let N € N and 7 > 0 be given. Consider an initial datum (x, A[_; o)) in the section
zy =0, [|[A]=rgllo < Amax and maxy, < zy(07) = tg = R+ vA(—7), so that the
trajectory lies in the attracting set @2 and the order in which the oscillators fire remains
the same starting from ¢ = 0. Assume also that A_; o is Lipschitz continuous, with
maximal Lipschitz constant SAma when in @ (see the proof of Claim 2.3 above).
Given another datum (x', Aj__ ) with the same constraints, let ¢ be the first
return time to the section xy = 0. We have the following statement
Lemma A.1. In addition to the assumptions above on (X, Aj_. o) and (X/’Affr,o}%
assume that

mazy <ty if th <trp and mare <tg if tg < th.
Then, there exists L € RT (which is independent of the data) such that we have

max {[x(tr) — X' (tp)|n—1: | Alitn—r,en) = Al —rallo} < Lmax {[|x — x| x—1, | Al—r.0) = Al 01 ll0} -
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Proof. Estimate of || Aljz—r.t5) — A'lty,—7.0,] lo: We have tr —tg = v(A(—7) = A'(—-7)).
Using (3), we consider the following decomposition similar to the one in the proof of
statement (i) of Proposition 3.1

Aty —t) — A'(th —t) =A(tg — t)(1 — e Pltr—tR)) 4 (A(O) — A'(0) +/OR " P (m(s) —m/(s))ds

tRVIER —t ,
+ / eP*m(s)ds | e Ptr=t)
¢

R/\ti%_t

for t € [—7,0], where
m::{ m %ftR>t:R

—m' if tg <ty
That A(t), A’(t) are uniformly bounded implies the same property for ¢t;; and m,m’.
Together with the expression of tg — t; above, this implies that the modulus of the
first, second and last terms in the above decomposition can be controlled by || A|(_r o —
A'[i—7,0llo- For the remaining term, we need to control |m(s) —m/(s)| for s € [0,tr A
ti — t]. Notice that each oscillator fires at most once in this interval. Hence, we have

2i(s) — al(s) = x; — if s<z; Axh
‘ ST\ v(A(my — 1) — A2l — 7))+ o — a2l if s>V

!/
%
!/
(3 %

Accordingly, outside the intervals [x; A z},x; V 2}, the quantity |m(s) — m/(s)| is
certainly bounded by

i

N—
14 ’ /
N2 e ) A=+ Z\Ax—T A(x—¢\+—z|xi—xi
< L |x — x| n—1 + v[|A]_r o) — A |[—r,o]HO

for some L; € Rt sufficiently large, where, in addition to the fact that A is Lipschitz
continuous on R*, for those x;,z} € (0,7], the second inequality also relies on the
assumption that A|[7T,o] is Lipschitz continuous. Moreover, inside the intervals [z; A
xf, x; V], the quantity |m(s)—m/(s)| is uniformly bounded because the corresponding
trajectories are in Q. There are at most N — 1 such intervals whose length is bounded
by ||x — x||y—1. Altogether, the arguments here prove the existence of Lo, L3 € RT
(which do not depend on (x, A[_;q}) and (x', A[___ ;) when in Q) such that

Al itn =7 i) — Al —redllo < Lallx — x| v—1 + La||Ali—r,0p — A'li= 01 [l0-

Estimate of |x(tr) — X' (t)z)||n—1: Assume that ¢ty < tj, the other case can be treated
similarly. Consider the decomposition

zi(tr) — 2 (tg) = zi(tr) — w3 (tr) + 23 (tr) — 23 (tR)-
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The assumptions maxy, maxy < tg imply that all oscillators in both trajectories must
have fired once when at instant tg. Accordingly, the first difference can be controlled
using the same estimate as above in the case s > x; V x,. Moreover, all oscillators with
x; > 0 have not fired a second time at instant tj;. Hence, we have z}(tg) — z}(ty) =
t; —tr which is also well under control. Altogether, this proves that a similar estimate
as for || Al —r.tq) — A’y 7.7 lo holds for [[x(tr) — x'(tg)[[n-1- O

R
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