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A PLUCKER COORDINATE MIRROR FOR PARTIAL FLAG VARIETIES

AND QUANTUM SCHUBERT CALCULUS

CHANGZHENG LI, KONSTANZE RIETSCH, MINGZHI YANG, AND CHI ZHANG

ABSTRACT. We construct a Pliicker coordinate superpotential F_ that is mirror to a partial
flag variety F¢(ns). Its Jacobi ring recovers the small quantum cohomology of F¢(n,), and we
prove a folklore conjecture in mirror symmetry. Namely, we show that the eigenvalues for the
action of the first Chern class ¢1(F¢(n.)) on quantum cohomology are equal to the critical
values of F_. We achieve this by proving new identities in quantum Schubert calculus that
are inspired by our formula for F_ and the mirror symmetry conjecture.

CONTENTS

[Acknowledgementd

3.1.

‘. A A\ A C A A S
The superpotential F generalising m

4

o.

5.1
5.2,
5.3.

Quantum (’Ohomologg ﬁf partial flag varietied
4.1.  Peterson isomorphis

4.3.  Image of first Chern class

Proof of Lemma mw&hubﬂmﬂculué
Equivalence of Lemma LT and an identity in quantum Schubert calculud

A special case of Theorem 5.4
Proof of Lemma

1. INTRODUCTION

(O BN0 RN BEN B N

10
11
11
13
14
15
19
19
21
22
25
25
29
36
37
39

Mirror symmetry is a fascinating phenomenon arising in string theory: two apparently com-
pletely different objects on A-model and B-model give rise to equivalent physics. Mathematical
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descriptions of mirror symmetry, in terms of equivalence of mathematical structures, were first
made for pairs of Calabi-Yau manifolds in early 1990s (see e.g. [HKetal]). The (closed string)
mirror symmetry was extended to Fano manifolds X on the topological A-model soon after by
Givental [Giv95l [Giv98] and Eguchi-Hori-Xiong [EHX97]. In this case, the topological B-model
is given by a Landau-Ginzburg model (X , W), consisting of a non-compact Kéhler manifold
X and a holomorphic function W : X — C called the superpotential. Mirror symmetry pre-
dicts equivalences between both sides on various levels. For instance on one level, the (small)
quantum cohomology ring QH*(X) should be isomorphic to the Jacobi ring Jac(W) of W.

Studying mirror symmetry for X a priori requires a good construction of the mirror su-
perpotential W. However, this is only known for certain Fano manifolds, with toric Fano
manifolds and complete intersections inside toric manifolds being typical examples, following
work of Givental [Giv95l [Giv98] and Hori-Vafa [HV0Q]. In this article, we will focus on the
case when X = F/{(n,) is a partial flag variety parameterizing flags of quotient vector subspaces
of C". Special cases include complex Grassmannians Gr(k,n) and complete flag variety F¢,,.
Candidate Landau-Ginzburg models for Gr(k,n) and F¢,, were constructed by Eguchi-Hori-
Xiong [EHX97] and Givental [Giv97] respectively. They were later generalized to Fé(n,) by
Batyrev-Ciocan-Fontanine-Kim-van Straten [BCEKS00]. See also [NNUT0| for a construction
using holomorphic disk counts. Here different approaches turned out to result in identical ver-
sions of the superpotential, namely arriving at a particular Laurent polynomial Wi, defined
on a complex torus of dimension dimF£(n,). It turned out that there is a toric degeneration of
F¢(n,) with the central fiber a singular toric variety Xy, and the superpotential Wi, coincides
with the superpotential mirror to X as constructed by Givental and Hori-Vafa. This super-
potential, however, has a disadvantage as mirror for F¢(n,) in that its Jacobi ring does not
fully recover quantum cohomology. For example, for Gr(2,4) the mirror superpotential should
ideally have 6 = dim H*(Gr(2,4)) critical points, but Wi, only has 4.

In [Rie08], the second-named author wrote down a Lie theoretical superpotential, namely a
function Fi;e : Zp — C defined on a subvariety Zp of B_. Here GG is a connected complex
reductive Lie group, and P is a parabolic subgroup of G containing a Borel subgroup B_. This
function had appeared separately earlier in a different context, as part of a theory of geometric
crystals [BK07]. It is shown in [Rie08] that the fiberwise critical locus of Fie is isomorphic to
(an open dense part of) the so-called Peterson variety stratum Yp in the flag variety G/B_.
This relates the superpotential Fi;e to quantum cohomology via the remarkable isomorphism of
Dale Peterson’s, described in his unpublished lecture notes [Peterson|, between C[Yp] and the
small quantum cohomology ring QH*(GY /P"V) of the Langlands dual flag variety. A proof of
Peterson’s isomorphism for the type A case, that is for G /PY = Fl(n,), was given in [Rie03].
Some other cases were covered in [Cheo(9, [LS10], and the general case was proved in a recent
preprint [Chow22]. The combination of both isomorphisms leads to mirror symmetry for flag
varieties on the level of small quantum cohomology. Namely, the ring QH*(GY/PY), with
inverse quantum parameters adjoined, is isomorphic to the (fiberwise) Jacobi ring of JFe.

This is not the end of the story, but only the end of the beginning. The function Fr. is
defined quite indirectly, and it is desirable to find a compact expression in terms of coordinates
on the mirror space Zp. In the special case of F¢(n,) = Gr(n — k,n), a natural isomorphic
interpretation of the mirror space was given in [MR20]. There, Zp was identified with a trivial
family over C* with fiber a particular open log Calabi-Yau subvariety in the Langlands dual
Grassmannian Gr(k,n). Moreover, [MR20] gave a very compact and clean expression for Fie
using the Pliicker coordinates of Gr(k,n). This also led to an improved mirror symmetry result
on the higher level of D-modules.
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One generalization of this Gr(n—k, n) construction is to cominuscule Grassmannians of other
types. The fiber of the mirror space is then inside the Langlands dual minuscule Grassmannian,
which has (generalized) Pliicker coordinates, due to its embedding into the projective space of a
minuscule representation. Corresponding coordinate presentation of Fp ;e have been individually
obtained for quadrics [PRW16], Lagrangian Grassmannians [PR13], the Cayley plane and the
Freudenthal variety [SW23].

The generalization of Gr(n—k, n) of interest to us here is the partial flag variety X = F{(n,).
As the first main result of this paper, we provide a Pliicker coordinate formula version F_ of
the superpotential Fi ;e for this case. To construct the domain we consider the Langlands dual
partial flag variety F'¢,,, = Fiy, ... n,.n = P\G that parameterizes flags of vector subspaces V,,,
in the dual vector space of C". Let (P\G)® denote the complement of the Knutson-Lam-Speyer
anti-canonical divisor —K gy, , [KLS14], which consists of (n — 1 + r) irreducible components

(see Proposition [3.12).

Theorem 1.1. There is an isomorphism

Y- Zp — (P\G)° x H Cys where I7 := {ny,--- ,n,},
iel?
constructed in B2). The superpotential F_ = Frieo "' : (P\G)° x [] C, — C consists of
iel?P

(n —14r) summands,

PZ q Z QiVii+1 + Zuz i1

ISV &

The summands satisfy

(1) the v; ;41 are all of the form pJ’ for some Pliicker coordinates;

(2) the wi+1 are of the form 2’}’ ifz €If orifl1 <i<mng orn, <i<n-—1. Otherwise,
if nj <i<njq1 for somej € {l,---,r—1}, then u; 11 is of the form J}—; with each f;
a quadratic polynomial in the Plicker coordinates;

(3) all viiy1 and u; 41 have pole of order 1 along a (unique) irreducible component of
—Kan..

In fact, the denominators in the summands of F_ are precisely the defining equations of the
irreducible components of —Kpy,, [LSZ23].

The isomorphism ¥_ will be constructed explicitly in Definition Explicit expressions
for v; ;41 and u; ;41 will be given in Theorem [B.I81 Here we provide an example to give a
first impression.

Example 1.2. For F(,, = Fly 4.7 — P(\*C7) x ]P’(/\4 C7), we have

- +
F = qg% + q4P1467 + P27 + P24P1567 — P14P2567 T P12P4567 + P2346 + P3457 + P13 + P1235
be7 Pase7 P17 P23P1567 — P13P2567 T P12P3567 P23 P34s6 Pl2 D124

Remark 1.3. A straightforward generalization of the superpotential in [MR20] leads to another
superpotential F defined on (Py\G)® X [[;c;r C;. The Plicker coordinate expression of F,
however, appears to be complicated and does not have the similar good properties (especially
property (3) above). We refer to Examples and[319 for a comparison of F1+ and F_ in the
case of the complete flag variety Fs.

Remark 1.4. There is a special embedding of the domain of the [BCFKS00| Laurent polynomial
mirror, Wior, into Fl,, constructed in [Rie006]. Conjecturally, Wio should be the pullback of
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Frie under this embedding. This conjecture is known to hold in the complete flag variety and
the Grassmannian cases [Rie08, MR20]. For more general partial flag varieties the conjecture is
not proved, but it is shown in [Rie06] that Wier and the pullback of Frie have the same fiberwise
critical points. This conjecture now translates into a conjecture about F_ via the isomorphism
between F_ and Fiie-

Remark 1.5. In [GS18]|, Gu and Sharpe proposed a construction of ‘non-abelian’ mirrors,
examples of which included Fl(n,). Their approach is closely related to [HV00] but involves
more variables than the dimension of Fé(n,) (see also [GK20]). Their mirror diverges already
in the Grassmannian case from the mirror constructions [EHX97, [Rie08, [IMR20] that are related
to ours here, see [GSI8, Section 4.9].

Another mirror construction inspired by viewing flag varieties as non-abelian GIT quotients
was given by Kalashnikov [Kala22]. Namely, Kalashnikov proposed a generalization of the super-
potential from [MR20] for Gr(n — k,n) to partial flag varieties Fé(n,) in the form of a rational
function on a product of Grassmannians, expressed explicitly in terms of Pliicker coordinates.
The Kalashnikov superpotential has the advantage that it recovers the aforementioned Laurent
polynomial Wio, in a cluster chart, and is directly related to a toric degeneration of Fl(n,).
Kalashnikov also described a relation (on the level of critical points) between her superpotential
and Gu-Sharpe’s superpotential in a special case.

To compare the Kalashnikov formula with our F_, consider the partial flag variety Fé(n,) =
Fl(4;2,1). Kalashnikov’s superpotential is a rational function on Gr(2,4) x Gr(1,2) x (C*)?
described in terms of Plicker coordinates [pij; Pr] by

Wi = 13 Pt P q2P13P2 +22 L a
P12 P23 P14 P34 b1 D2

Our superpotential F_ is a rational function on Fl; 2.4 x (C*)2, given in terms of [px;pij] by

Fooqglygt 2 P P
yz b3« PpP1 P12 P23
The superpotential Wk, is always a positive Laurent polynomial in Pliicker coordinates, while
ours in general is not (neither Laurent, nor positive). However, for certain special values of
the parameters q; the superpotential Wi, does not have the full set of critical points, as was
also pointed out in [Kala22]. Namely, in the above example, F_ has 12 critical points along its
q1 = q2 = 1 fiber, in agreement with dim H*(F£(4;2,1)) = 12. One of these critical points, the
one with critical value —3, is not visible for WKa1|q:(111).

Let us now recall that, on the A-side, the (small) quantum cohomology ring QH*(X) =
(H*(X,C) ® C|q],-) of the Fano manifold X is a deformation of the classical cohomology
ring H*(X,C) by incorporating genus zero, 3-point Gromov-Witten invariants. The quantum
multiplication by the first Chern class of X induces a linear operator

¢1(q) : QH™(X) — QH™(X); B ar(X) - B
depending on the values of the deformation parameters q = (¢;);, also called quantum param-
eters. Here we treat the ¢; as nonzero complex numbers, so that QH*(X) = H*(X) as vector

spaces. On the B-side, we consider the superpotential W = Wq with the quantum parameters
fixed correspondingly. Now let us state a celebrated folklore conjecture in mirror symmetry.

Conjecture 1.6. The eigenvalues of the first Chern class operator ¢é1(q) coincide with the
critical values of the mirror superpotential Wy.

There has been very little progress on this conjecture in the past two decades. The case of
toric Fano manifolds was first proved by Auroux [Aur(7], which was also known to Kontsevich



A PLUCKER COORDINATE MIRROR FOR PARTIAL FLAG VARIETIES 5

and Seidel. Recently, Yuan [Yuan21] proved that the critical values of the family Floer mirror
Landau-Ginzburg superpotential are the eigenvalues of the first Chern class, under certain
assumptions. The cases of complex Grassmannians and quadrics were proved implicitly in
IMR20] and [Hu22| respectively.

As a central result of this paper, we prove a theorem that implies this conjecture for any
partial flag variety X = F{(n,).

Let us write g = (gn,," - , ¢n, ) for the quantum parameters associated to F¢(n,), and view
them as coordinates on an algebraic torus that we denote by [[,.;r C;- Let us consider the
(fiberwise) Jacobi ring,

(11) Jac(]:_) =0 ((P\G)O X H (CZ) /(8(p\G)o}'_),

ielr
where we are taking partial derivatives of F_ in the (P\G)® directions only. Using Theorem [T}
and the isomorphism between fiberwise Jacobi ring of Fr;. and quantum cohomology resulting
from [Petersonl [Rie03l [Rie08], we obtain an isomorphism of rings

(1.2) O : Jac(F-) = QH*(X)lg, ! 1 an)'].
See Section for a more detailed description. We can now state our second main theorem.
Theorem 1.7. For the class [F_] of F_ in the Jacobi ring Jac(F_), we have

O([F-]) = er(X),

where ¢1(X) is the first Chern class of X = Fl(n,), as element of the small quantum cohomology
ring.

The above theorem is stated again in an isomorphic form in Theorem [4.14] using a version
Fr of the superpotential whose domain relates more directly to the Peterson variety. By
interpreting the critical values of F_ as eigenvalues for the operator of multiplication by [F_]
on Jac(F_), we obtain the following corollary.

Corollary 1.8. Conjecture holds for X = Fl(n,) and the mirror superpotential F_.

We note that isomorphically changing the domain of the superpotential does not affect the
critical values. Therefore the same corollary holds for Fie, and Fr. We also note that Fr and
F_ look to be related by the chiral map in [GL22].

An exciting aspect of this part of our paper is the interaction between the Conjecture
in mirror symmetry and identities in quantum Schubert calculus. The quantum cohomology
ring QH*(F4(n,)) has a C[qg]-basis of Schubert classes o,,, that is indexed by permutations
in S,, with descents at most in nj, for j € {1,---,r}. The study of the ring structure of
QH*(FL(n,)) in terms of this basis, referred to as (type A) quantum Schubert calculus, is an
area of great independent interest from the viewpoint of enumerative geometry. One of the most
central problems is to find a manifestly positive formula for the Schubert structure constants
in the quantum product of two Schubert classes. Another topic of interest is the study of
identities among quantum products of Schubert classes. For example, the quantum Schubert
polynomials [FGP97, [C-Fon99] are expressions for general Schubert classes as polynomials in
special Schubert classes. The quantum Giambelli formula [Bert97] for complex Grassmannians
is another example. It turns out, that mirror symmetry also helps us find identities of this
kind. Let us illustrate this from the perspective of the following natural question. Consider the
isomorphism © from (2]

Question 1.9. What are the preimages of the Schubert classes in QH*(Fl(n,)) under © ¢
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Assuming the answer, one may expect to find relations in QH*(F¢(n,)) simply by studying
the mirror superpotential. Indeed, in the special case of F(n,) = Gr(n — k,n), our F_ turns
out to coincide with the superpotential F of [MR20] (see Example B:20). Therefore, we have
©~ (o) = [pw], where p,, denotes the (suitably normalised) Pliicker coordinate corresponding
to the Grassmannian permutation w, as described in [MR20]. Each term in F_ turns out to
reveal a quantum cohomology relation, see [MR20, Remark 6.2], recovering an instance of the
known quantum Pieri-Chevalley formula in this case. For more general partial flag varieties
the question above can be answered for certain Schubert classes using work of Peterson, see
Section A1l This means that quantum Schubert calculus relations involving these classes can
be viewed as relations in the Jacobi ring.

The approach of using the superpotential for understanding quantum cohomology was used
also in [CK23]. Namely, one can consider partial derivatives of the superpotential which natu-
rally represent the zero class in the Jacobi ring, and translate these into quantum cohomology
relations via the mirror isomorphism. Following this approach, [CK23] obtained certain rela-
tions involving ‘quantum hooks’ via Wx,.

Our final result is a set of quantum Schubert calculus identities related to our formula for F_.
The proof of Theorem [ 7] turns out to involve showing each term in F_ corresponds to specific
class in quantum cohomology. This requires certain relations to be proved in QH*(F¢(n,)). For

1 P24P1567_P14P2567+P12P4567 3 3 3
instance, the term Bt In Example relates to an identity

024 - 01567 — 014 - 02567 + 012 - 04567 = (023 - 01567 — 013 - Tas67 + 01203567) - (013 + 01235)

in quantum Schubert calculus. Note that we have simplified the notations, for instance by o4
above we mean the Schubert class 02413567 indexed by the Grassmannian permutation 2413567
in one-line notation. The above identity is equivalent to the following simpler one by using
quantum Chevalley-Monk formula [C-Fon99, Buch05|, [MihaQ7],

(13) 01526347 * 02314567 — 02516347 * 01324567 + 03516247 - 01234567 = 0.

Our final theorem, that we prove concurrently with Theorem [[.7, gives new relations in
quantum Schubert calculus of QH*(F{(n,)), including identity ([3) as one example.

Theorem 1.10. In QH*(F{(n,)), there are quantum relations of the form

> (Do, 01 g = 0
J

We will postpone the explanations of the relevant notations to Section 5, and will restate the
identity fully in Theorem [5.31 The proof of the above theorem goes via the complete flag
variety F¢,, using Peterson’s remarkable extension property (see Proposition [5.23)). The proof
of Theorem [[.7is closely linked to to the above result.

Remarks for further directions. Closed string mirror symmetry in full generality at genus
zero predicts an isomorphism on the level of Frobenius manifolds. The notion of a Frobenius
manifold was first introduced by B. Dubrovin in 1990s [Dubr96], while the first construction
of a Frobenius manifold could date back to K. Saito [Sai83] in early 1980s in the name of
flat structures using his primitive form theory. Mirror symmetry predicts that the Frobenius
manifold associated to the Gromov-Witten theory of a Fano manifold X (the big quantum
cohomology ring of X) should be isomorphic to the Frobenius manifold of the mirror Landau-
Ginzburg model (X , W) associated to an appropriate Saito’s primitive form. This was indirectly
proved for complex Grassmannians in [KS08, [CFKS0§| by a reduction to the case of projective
spaces [BaraQOQ]. The case of quadrics was recently proved in [Hu22], where the verification of



A PLUCKER COORDINATE MIRROR FOR PARTIAL FLAG VARIETIES 7

Conjecture is an important step. We expect that our Theorem [[.7] will play an important
role in studying mirror symmetry F¢(n,) on such level as well.

For the mirror symmetry on the intermediate level of D-modules, the Pliicker coordinate
versions of the superpotential of Fi;. play a very important role in proving an explicit injective
morphism of D-modules for complex Grassmannians and quadrics [MR20, [PRW16]. An implicit
isomorphism of D-modules for minuscule Grassmannians was proved in [LT23]. A proof for
an equivariant D-module isomorphism for general GV/PY was recently given in [Chow23].
However, the isomorphism therein seems not explicit enough either. Moreover, verification of
the Gauss-Manin connection along z-direction was missing, which is an indispensable piece in
the mirror symmetry on the level of Frobenius manifolds. We believe that our Theorem [I.7]
will be helpful towards getting a better understanding of the D-module mirror symmetry for
Fe(n,).

Conjecture also appeared in the context of Kontsevich’s homological mirror symmetry
[Kont95], which is one main approach to (open string) mirror symmetry (in addition to another
main approach by Strominger-Yau-Zaslow [SYZ]). For GV /PV, homological mirror symmetry
was so far only proved for complex Grassmannians G(n — k,n) with n prime [Cast20], beyond
the projective space case covered earlier [Abou09]. Here it is important to understand the
superpotential F_ in a Floer theoretical way, which has only been achieved for very few cases
including Gr(2,n) [HKL23]. It will be desirable to understand the superpotential more deeply.

Another closely related direction is about the Gamma conjecture I and its underlying conjec-
ture O proposed by Galkin-Golyshev-Iritani [GGI16]. Here conjecture O concerns the eigenval-
ues of the aforementioned linear operator ¢;|q=1. For flag varieties G /P", conjecture O has
already been proved in [CL17], while the Gamma conjecture I was only known for very few cases
including complex Grassmannians and quadrics. One main approach to Gamma conjecture I in
[GI19] relies on a B-side analogy of conjecture O and a conifold condition. Our Theorem F.14]
together with [CL17], ensures the B-side analogy of conjecture . Therefore it will play an
important role in the study of the Gamma conjecture I for F¢(n,) via this approach.

Finally, we would propose a deeper interaction between mirror symmetry and quantum
Schubert calculus for GV /PV. Indeed, for the type C case, some conjectural quantum relations
in the quantum cohomology of a Lagrangian Grassmannian were given in [PRI13] Conjecture
4.1], inspired by Conjecture Even in type A, we would ask which quantum relations arise
from the natural partial derivatives of the mirror superpotential F_ via the mirror isomorphism.
We also note that some new quantum relations in QH*(F£(n,)) related with a cluster algebra
structure were discovered in [HZ23]. It will be interesting to investigate whether these relations
could also be revealed using cluster charts in the domain of F_.

The paper is organized as follows. In Section 2, we introduce the basic notions. In Section
3, we construct two superpotentials F4, and provide the Pliicker coordinate expression of F_.
In Section 4, we prove Theorem [[.7] by assuming Lemma first. Section 5 is devoted to a
proof of Lemma in terms of equivalent identities on quantum product of Schubert classes.
Finally, in the Appendix we provide a description of F_ using Young diagrams.

Acknowledgements. The authors thank Kentaro Hori, Xiaowen Hu, Elana Kalashnikov,
Tony Yue Yu, and Hang Yuan for helpful discussions. C. Li is supported in part by the National
Key Research and Development Program of China No. 2023YFA100980001 and NSFC Grant
12271529. K. Rietsch is supported by EPSRC grant EP/V002546/1.

2. PRELIMINARIES

We review some background in Lie theory (see e. g. [Borel| for details).
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2.1. Notation. Let G = GL,(C). Let By and B_ denote the upper-triangular and lower-
triangular Borel subgroups of G with unipotent radicals U, and U_, respectively. Then T =
B_ N By is the maximal torus of diagonal matrices in G.

Let b_,by,u_,uy, b be the Lie algebras of B_, B;,U_,U; and T respectively. Let A =
{a1,- - ,an—1} be the standard base of simple roots, and R (resp. R;) be the set of (positive)
roots. That is, we have the Cartan decomposition

g[(n,(C) = b & @ Ja with Joitaip1ttaj—1 = (CE’LJ V1 <1< .] < n,
acR

where F; ; is the matrix with entry 1 in row ¢ and column j and zeros elsewhere. We will view
elements of A as lying in the character group of T, so that

t;
a;: T = C :=C\{0}; t=diag(ts, - ,tn) — a;(t) = T
i+1
For any positive integers k, m with k < m, we denote the integral interval [k, m] := {k, k +

1,---,m}, and simply denote [m] := [1,m]. Set I = [n — 1]. The Weyl group W of gl(n,C) is
generated by simple reflections s; = s,,, ¢ € I. We will freely identify W with the Weyl group
N¢g(T)/T of G as well as the symmetric group Sy, by using the isomorphisms

S, — W = Ng(T)/T,

where (Z',Z"i‘ 1) = s = §T for $; = eXp(Ei)i+1)€Xp(—Ei+17i) eXP(Ei,i—i-l)-
Moreover, we let £ : W — Z>o be the standard length function. For w = s;, ---s;,, with

m = L(w), the element w := $;;, -+ $;,, € Ng(T) is independent of the reduced expression
chosen.

We let P 2 B_ be a parabolic subgroup of G. Set Ip = {i € [ | $; € P} and I” =1\ Ip.
We write

m

IP = {nlv" ' an"“}a
where 1 <ny <ng <---<n,<n-—1.
Let Wp be the Weyl subgroup of W associated to P, and W be the set of minimal length
coset representatives in W/Wp. Precisely,

Wp = (si|i€lp), W' ={ueW]|llus;)>Ll(u), Vi€ Ip}.

Denote by wp (resp. w?, wp) the longest element in Wp (resp. W, W).

The Langlands dual group GV to G is again GL(n,C), but plays a different role. Let
BY,PY, TV, AV be the Langlands dual versions of By, Py, T, A, respectively. The base A for
GV are canonically identified with the set {ay, -+ ,a_;} of simple coroots for G. In particular,
we have so, = sav. The Weyl group for GV is again W, and Ipv = Ip for any parabolic
subgroup P of G containing By or B_. The deeper relationship between the original group
GL,(C) and its Langlands dual group is described by the geometric Satake correspondence
[Lus83| [Gin95, MV07].

2.2. Langlands dual flag varieties. A partial flag variety is a quotient of GL(n,C) by a
parabolic subgroup on the left or right. We can think of it as parameterizing flags of subspaces
(of row vectors) in Hom(C",C) or flags of quotients of the space C™ (in column vectors), to be
precisely described below. Since we will focus more on the B-side of mirror symmetry, we will
use G there, and leave GV for the A-side of mirror symmetry.

On the B-side, recall that P O B_ is the parabolic subgroup of G with I” = {ny,--- ,n,}.
Denote ng := 0 and n,4+1 := n, and set

a; ==n; —nj_1, Vje|[r+1].
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Then P consists of block-lower-triangular matrices in G with block-diagonal matrices of the
form diag{Mi, Mo, - -, M,11}, where each M; is an a; x a; invertible matrix.

Consider the partial flag variety F¢,,, = F'y, ... n,.n that parameterizes flag of vector sub-
spaces V,, in Hom(C",C), namely

Ft,, ={Vy, C---C Vo, C Hom(C",C) | dimV,, =n;,1 <j <r}.
The Lie group G transitively acts on F¢,, on the right, inducing an isomorphism
7 : P\G =, Fi,,.

The isomorphism 7p sends Pb to the partial flag V, such that V,,; is spanned by the first n;
row vectors of the matrix b for all j € [r].

On the A-side, we consider the partial flag variety Fé(n,) = Fl(n;n,.,--- ,n1) that parame-
terizes flag of quotients, namely

Fé(n,) ={C" = Ay, = -+ = Ay, = 0| dimA,;, =ny;, Vjer]}/ ~.

Here Ao ~ Ay if and only if there are isomorphisms A,,; — A;Ij making the diagram of the two
flags of quotients commutative. There is a canonical isomorphism

GV /PY =5 Fi(n,),

which sends gP" to the class of a flag A, of quotients such that the kernel of C* — A, is the
vector subspace spanned by the last n — n; column vectors of the matrix g for all j.

We remark that there are many canonical isomorphisms between group quotients and dif-
ferent parameterizations of flag varieties floating around. Here we are taking the above iso-
morphisms, to fit the philosophy of Langlands dual as well as the word “mirror”. It does not
matter much if different isomorphisms are taken.

2.3. Open Richardson varieties. For v,w € W, with v < w with respect to the Bruhat
order, we have the open Richardson subvarieties,

Ry = (B-\B_0v"'By)N(B_\B_w 'B_) C B_\G,

R, = (B\Byo 'B_) N (BL\Byi 'By) C By\G.
These are smooth and irreducible of dimension ¢(w) — ¢(v) [KL79].Note that the intersections
above are empty if v £ w. The Zariski closures are called a (closed) Richardson varieties and
denoted by ﬁ; » and R

. Tespectively. We will also consider the following (open) Richardson
varieties in G/B_.

RE ., = (ByvB_/B_)N(B_wB_/B_) C G/B_,
= (B_’UB+/B+) n (BJ,_’LUBJ,_/B+) C G/B+
Open Richardson varieties and their projections will be our main target spaces on the B-side.

We use the notation (P\G)® for the top-dimensional projected open Richardson variety inside
P\G, namely (P\G)° = prp(Riq 4w, ) under the projection prp : B_\G — P\G.
2.3.1. Schubert varieties. On the A-side, we consider the Bruhat decompositions

X=G"/P¥= || BYoPY/PY= || BYwPY/P.
veW?P weWF

The Zariski closures of the (opposite) Schubert cells BYoPY /P and BYwP" /PY,

X" =BYoPY/PY, X, :=BYwP"/PY
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are (opposite) Schubert varieties in X. They are of codimension ¢(v) and dimension ¢(w)
respectively. It is well-known that the classical cohomology ring H*(X,Z) has a Z-basis of
Schubert classes o,:

H*(X,Z) = €P Zo,, where o, := P.D.[X"] € H*")(X,Z),
veW?P
and P.D.[X"] stands for the Poincaré dual of the fundamental homology class of X".

3. THE PLUCKER COORDINATE SUPERPOTENTIALS

In this section, we will construct two versions of a superpotential for X = GV/P" defined
on projected open Richardson varieties for G. The first superpotential F is a straightforward
extension of a construction for complex Grassmannians given in [MR20]. It has a natural
formula in terms of Pliicker coordinates in the Grassmannian case, as was shown in [MR20],
but this formula does not generalise well to more general partial flag varieties. The construction
of the second superpotential F_, which has a natural Pliicker coordinate presentation in general,
is the main outcome of this section.

3.1. The superpotential 7, generalising [MR20]. Recall we have the following (open)
Richardson variety in B4\ G,

R = (B+\B4+B-) N (B4 \Byip'wy ' By) C Bi\G

id,wowp
and the projection map prp,_ : B\ G — Py \ G, where Py is upper-triangular parabolic sub-
group with I = {ny,--- ,n,}. It is shown in [KLST4, Lemma 3.1] that prp, : Ri-g,wgwp —
(PL\G)® = prp, (R$7w0wp) is an isomorphism. Moreover, implicitly from [KLS14], the pro-
Jected open Richardson variety prp, (R;Sywowp
in Py \ G.

As in [MR20], we use GL(n,C) as the starting point instead of PSL(n,C) used in [Rie08],
and thus need to cut down to a codimension one subtorus in 7. The torus T has an adjoint
action by W. Consider the invariant subtorus

TVP = {teT|t, =1, wtw ' =t,Yw e Wp}.

) is the complement of an anti-canonical divisor

We define a map
Yy BoNULTYPipiy Uy — (PL\G)° x [] C;
ielr

b_ = ultu}pu'zo_lug — (P+b_, q(t))

where
TV = Il C;

(3.1) ielP

t = qt) = (an, (&), .. an, (t)).
It follows from [Rie08| Section 4] and [KLS14] that ¢, is an isomorphism.

Definition 3.1. We define the superpotential Fy by

w*l
Fi: (PGP x [I C — B_NUsTWripuw,' Uy — C
iel?
n—1
(Pyb_,q(t)) b = ustbpiiy ug = 0 ef(u) + € (u2).
i=1
Where e} : Uy — C is the map that sends v = (ui;) in Uy to its (k,k + 1)-entry, namely

ef(u) = ug p+1. This is well-defined by [Rie08| Lemma 5.2].
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This definition is a direct translation of the Lie-theoretic superpotential defined in [Rie0§]
via the isomorphism .. If P, is a maximal parabolic, then this definition agrees with the
one used to give a Pliicker coordinate superpotential for Grassmannians in [MR20]. In general,
viewing F4, as a rational function on the partial flag variety P\ G (depending additionally
on parameters ¢;), there will be a Pliicker coordinate formula also in the partial flag setting.
However, it turns out that this construction gives a superpotential that is not as well-suited for
being expressed in terms of Pliicker coordinates as we would like.

Example 3.2. Consider the complete flag variety G¥/BY for GL3(C) and the associated su-
perpotential Fy. Fiz a representative b_ of Pyb_. For a subset I of {1,2,3} let p; denote the
minor of b_ with column set I and row set the last |I| many rows. Then
Fi(Prb—, (@1, q2)) = D2y 8 BBy g PeP
p1 P12 Pp3p12 P1p23

This example will be useful for comparison between Fy and our alternative version of the su-
perpotential that we construct in Section[3.3 (see Example[319).

3.2. Superpotential Fr;,. We now give the construction of the original Lie theoretic super-
potential Fr;. in a form that is suitable for our applications. The following definition is a slight
change of conventions on [MR20l Definition 6.3] and [Rie08].

We recall the definition of the torus 77 and the isomorphism from (B.), as well as the
maps e; : U — C. We also recall that P O B_ is the parabolic subgroup of G with P =

{1, ne .

Definition 3.3 (The Lie-theoretic superpotential). Let Zp := B_ NU,T WF1ip 1igUy. Define
the map Frie: Zp — C by

n—1 n—1
bo =wtipligus = — (E ef(ur) + > ef(uz)) .
i=1 i=1
It is an important fact that the map Fie is well-defined even though u; and us are not uniquely
determined by b_, see [Rie08, Lemma 5.2].

3.3. The superpotential F_. In this section we give a non-standard isomorphism from Zp to
the product of the projected open Richardson variety (P\G)° = prp(Rig wywp) With [[;c;» C3.
The superpotential F_ will then be defined as a function on (P\G)°® x [[;c;» C;.

We start by considering the isomorphism

v: Zp=B_NUTVPuiphioUs — (B-NUpip'ioUs) X [Ligse C
bo = urtp ious > (b=t"1b_,q(t)),

where q(¢) is as in (3)). Here the first factor of the right-hand side may be considered as fiber
of Zp where t equals to the identity element. The g,, = ay, (t) can also be obtained directly
using minors of b_.

We translate the superpotential Fri. to a function on the right-hand side above, and write
down a formula for it for future reference. Namely, we have b = m;lwoa for b € B_n
Ui plaigUy. Then

n—1
(3.2) Frie oy (b, (¢i)ierr) = — (Z Vg i1 + Z qiiiy1 + Z ﬁi,iJrl) .
i=1

i€lp i€lP

The main step in the construction now is to make a choice for v for which only the quantum
Rt —

terms in the formula above will appear, and the other 0; ;11 vanish. Recall that Rij .0, =
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B_B; N BywpwyBy/B+. We define the variety
(3.3) Z = Uyivp g Np igU- N B_ By,
which will play a central role in our constructions.

Lemma 3.4. Consider the intersection B_ N U+w;1u}0U+ and the variety Z as defined above.
We have the following isomorphisms

G BoNUpwphinUy — RE

1/\d,u)pw0
b s  bB,,
. Rt
C2 . Z — Rid,wpwo
z — zB.

We consider the composition ¢ = (5 " o (1,
¢: B_NUpiphinUy — Z
b =z,

where z € Z 1is the unique representative with 2By = I;B+.

Proof. The map (; is just the restriction to the fiber over e € TW? of the isomorphism B_ N

U+TWPu')131w0U+ = RﬁTwaO x TP from [Rie08, Section 4.1]. We now show that ¢, is an
isomorphism.
Note that Rﬁprwo is the open dense subset of the Bruhat cell BywpwyB4 /By obtained

by intersecting with opposite big cell B_By/B,. We have the factorisation Uy = U f Ui, p,
where

(3.4) UL =UsnNip'Usibp,
Upp =U;Nup'U_tip,

and the map u — uw;1w03+ from U, restricts to an isomorphism Uf — BywpwyB+/By.
Equivalently, the projection map g — gB/ restricts to an isomorphism

(3.5) Ufiptig — BywpwoBy /By
We now rewrite the definition of Z as follows,
Z = Upibp'igNwphioU- NB_By
= (Uy Np'Usibp) bp g N B-By
= Ufp'ioN B_Bj.

It follows that (B.]) restricts to an isomorphism Z — RE" and this is precisely the

id,wpwq?’

map (. g

Lemma 3.5. Recall that (P\G)° = prp(R
an tsomorphism

idwowp) and let Z be as defined in (3.3). We have
m: Z — (P\G)°,
z = Pz.

Proof. Note that
Rig =R

id,wow p

g = B_\(B_1p' By N B_wy ' B_)iy.

wp,wo
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Consider UL and Uy p as defined in ([34) and the factorisation Uy = Uy pUL. The Bruhat
cell B_ \B_w}_le+ is isomorphic to Uf via the map u +— B_u};lu. It follows that

(3.6) wp'UT rlB_u';O_lB_ — B_\(B_u');lBiﬂ B_wiy'B_)
Wp U — B_wp u.
is an isomorphism. We can rewrite the definition of Z as follows,
Z = Upp'in NplinU- NB_By
= ip' (wpUsp' NigU_tig ') g N (B_1iyy ' B- )tiyo.
= (wp'UL NB_wy ' B_)1iyo.
We now translate both sides of the isomorphism from (B.6) by wo and obtain an isomorphism

o Z2 = R

id,wowp?
z = DB_z
The composition of 7’ above with the isomorphism Ry ... — (P\G)° from [KLST4] is the
map 7 : Z — (P\G)°, which proves that 7 is an isomorphism. O

Definition 3.6 (The superpotential F_). We denote by 1_ the composition of isomorphisms,
where B = B_ NUip inUy,

(3.7) v Zp - Bx [[ Cp &5 2x [ c; =% (PG x [] C;
ielP ielP ielP
We now define the superpotential F_ by
Foi=TFueod”' : (P\G)° x [ C; = C.
ieI?
3.4. Notations for F_. In summary, we have shown above that we may write any element of
(P\G)° uniquely as Pz for some z € Z. We can then write

(3.8) z = v b i
for a unique v € Uy. Next let b:=(~(2) € B_ N Uyip ipUy. We can write
(3.9) b=zu"t = vl igu,
for a unique u € U,.. Finally, the superpotential F_ is computed by
n—1
(3.10) F(Pz,q) = Fricoy " (b, (@:)icrr) = D Vi1 + Y @ivigst + D Uit
ielp iel” i=1
using the description of Fe in ([B.2)).

Definition 3.7. Given z € Z we will always use the notations above for the related elements
b,v,u with b€ B_ N U+wl§1u}0U+ and u,v € UT, satisfying

bB+ = ZBJ,_, )
_ =11
?:‘ = UV "wp Wo,
b = ul= U_lu');lwou_l.

We will also let b:=b~1 = uu')o_lwpv.

We can immediately simplify the formula (3I0) using the following lemma.
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Lemma 3.8. Let z € Z. Forv € Uy as in Definition[37, we have that v € wp'Usiip, and
therefore the entry v; ;41 =0 for all i € Ip.

Remark 3.9. This lemma says that v € UL, in the notation (B4) from Lemma[34)

Proof of Lemma[Z38. By ([B3) we have that 2 € wp'1woU—. The lemma follows from this and
the fact that v = wp pz"1. O

As a consequence of Lemma [3.8 we have the formula,

n—1
(3.11) F_(Pz,q) = Z qiviit+1 + Z Wi it1,
iel? i=1
for F_ in terms of u,v.
We can now use the formula [B.I1]) as our starting point for studying F_. The rest of this
section will be devoted to giving a compact description of F_ in terms of Pliicker coordinates.

3.5. The description of Z. We first give a concrete description of our variety
(3.12) Z = Uyip'ig Nip igU- N B_By.
Recall that a; = nj; —nj—_; where I* ={n4,...,n.}.

Lemma 3.10. Let I,; denote the a; x a; identity matriz. If 2 € Z then z is of the following
form,

% *k e * * Iu,1
* * ceoox (=)™, 0
019 T CooT 0
« (~1)™1l, 0 - 0 0
(1)1, 0 0 - 0 o) .

We write z = v~ Yip'1g as in Definition [374 Then the matriz v € Uy has its non-zero
above-diagonal entries given by

Unj,n;+1 = (_1)nj+1znj7n—”j+1+1-
Proof. Given square matrices A;, we let diag{A4;, -, A;,} denote the block-diagonal matrix

with diagonal blocks A;. Similarly we write

Ay
Ao
antidiag{ A1, -, An} =

Am

for the anti block-diagonal matrix with blocks A;.
We have that Z C U+u'1131u')0 N w;lon_. It follows that z € Z has anti-diagonal blocks
according to w;lwo, and all other non-zero entries must lie above and to the left of these blocks.

By direct calculation we have o = antidiag{1,—1,---,(=1)""1}. Moreover, wp is block
diagonal with j-th diagonal block given by antidiag{1,—1,---,(—1)%~1}. Therefore wp' =
diag{[il), . ,I(irﬂ)} where Ij(g) := antidiag{(—1)%~'-..,—1,1}. Tt follows that "y is an
anti-diagonal block matrix with top right-hand block given by I,,,, and (j + 1)-st block given
by (_1)njjaj+17

(3.14) wp iy = antidiag{la,, (—1)" Loy, -+, (=1)""Io, ., }.
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Here the overall signs of the blocks follow from the fact that the n;1-st row of w;l is the row
vector 6,1, and the (n — n;)-th column of 1y is (—1)"4}, ;.

This finishes the proof that the matrix z has the form indicated in [I3]). We can now check
the formula for vy, n,41. We apply v™! to Oy, 41 giving

(3.15) vl = 2t o - 0 = (1) 26,
Here we used the inverse of (3.14)),
(3.16) g "ip = antidiag{(—=1)""In, -+, (=1)" Iny, Iu, }.

From [B.I3) we get
(U )njﬂlj-i'l = (_1) TZngn—n;i1+1-
The formula now follows, since (vV"1)n, 41 = —Vn, n,+1- O

Remark 3.11. The complete description of Z is that it consists of those matrices of the form
BI3) for which the upper left-hand corner minors are all non-vanishing. This final condition
encodes the intersection with B_By in (8.12).

3.6. A Pliicker coordinate formula for F_. For positive integers j < m, we denote by ([m])
the set of subsets J of [m] of cardinality j. We denote the complement J¢, ) = [m]\ J simply

as J¢ whenever J C [m] is well understood. We always write J, J¢ as increasing sequences, and
define [J| := 37, ;1.
We consider the Pliicker embedding

Pl: P\G — p() 1 .. x p(ih) -1
o o (bl o @l o)

where the Pliicker coordinate pg,(g) of Pg is the determinant of the n; x n; sub-matrix of g
with first n; rows and the columns from K.

The next proposition is a combination of Propositions 2.2 and 3.9 in [LSZ23] with respect
to the quotient P\ G, which was also implicitly contained in [KLS14].

Proposition 3.12. The projected open Richardson variety (P\G)° = prp(Rig yow,) i the
complement of the anti-canonical divisor —Kp\q in P\G, where

_KP\G = ZprP(ﬁs:,wowp) + Z prP(ﬁi;wosiwp)'
iel i€Ir

Definition 3.13. For any homogeneous polynomial p in Pliicker coordinates, we denote V(p) :=
{Pg e P\G | p([p.\]k,, -+ [Pk, ] ) (Pq) = 0} and define

V(p ) kae{nla an’l“}v
V(p N\[k+1,n— n1+k]) ’Lfl <k <nq,
V(Dlk—n,+1,5); ifn, <k<n-1,
Dy 1= ifn; <k <mnjy with j € [r—1]
V D) pgas : Yyng <My J 7
( ([m;;‘jjj w)( ) [K]~J Ju[k+1,n]) where k:=mn — njt1 + k — n;
V(p[nfnk,wrl,n])a lfk S {n, ,n—l—i—r}.

The following proposition from [LSZ23|, provides explicit equations for the irreducible com-
ponents of the the anti-canonical divisor —Kp in terms of Pliicker coordinates.



16 CHANGZHENG LI, KONSTANZE RIETSCH, MINGZHI YANG, AND CHI ZHANG

Proposition 3.14 ([LSZ23| Theorem 4.1]). We have

D prp(ﬁs_k)wowp), if1<k<n-1,
k — prP(ﬁi;,woswlk, ifn<k<n-—-1+m,

orwr)

and ZZ;H_T Dy, is an anti-canonical divisor in P\G, denoted as —Kp\¢-.

We will give a Pliicker coordinate expansion of F_ where each summand has a pole of order
1 along a (unique) irreducible component Dy of —Kp\¢, giving rise to a bijection between
divisors D and summands of F_.

For any n x m matrix A € M,xm(C), we let A% (A) denote the minor with row set J
and column set K, whenever the sub-matrix is a square matrix. We will need the following
generalization in [GAE(02] of the famous Cramer’s rule in linear algebra.

Lemma 3.15 (Generalized Cramer’s rule). Let A € GL,(C) and X,Y € My »xm(C) such that
AX =Y. For any J € ([?]) and K € ([T]) where | < min{n, m}, we have

_ det(Ay (J,K))

N det A

where Ay (J, K) denotes the matriz constructed from A by order-preserving replacing the column
set J of A by the column set K of Y.

Aje(X)

The special case of X = A~! in the generalized Cramer’s rule yields Jacobi Theorem for the
minors of an inverse matrix immediately as follows.

Corollary 3.16 (Jacobi Theorem). Let A € GL,(C). For any J, K € ([7]) where | € [n], we
write J¢ = [n]\ J and K° = [n]\ K in increasing sequences. We have

—1)IIHIK]
AJ A—l _ (

i ) det A Je
Using Lemma [B.10, we have the next key proposition.

Proposition 3.17. Let z € Z. We define b,u and v as in Definition [377, so that b =
utbg Mibpv = uz=t. Then

Ke

AL )

Ui it1 = %, for any i€ [n—1];

Ali(2)

[i]

[n 5] ) ) (2)

oty e s if i =y with § € 1],
Vijitl = Al 1,m ()

0, otherwise.

Proof. Since u € Uy and b € B_, we have 4 := u~! € U, and b:=b-leB_. Form=n—i,
we let 4™ (resp. b(™)) be the n x m matrix obtained by taking the last m columns of @ (resp.
b). Since b = uz~', we have za(™ = b(™ . By using Lemma and noting b € B_ and
det z = 1, we have

_ A{nfm}u[n7m+2,n] (a(m) )

an—m,n—m—i—l [m]

= det(2om ({n — m} U [n —m +2,n], [m]))

n

= _( H bjj)AE]fl]u{iJrl} (Z),

j=n—m-+1
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n

t=apa) = I bi)afie)

[m]
j=n—m+1

Thus for ¢ € [n — 1], we have

S Ui+l
Ui 41 = —Uji+1 = — 1 =

[i]
A= 1]U{z+1}( z)

Al(2)

By Lemma B8, we have v; ;41 = 0 if i # {nq,--- ,n,}; We recall that by Lemma B.I0] z is
of the form [BI3) and therefore for j € [r] we have
’Unj,nj-‘,-l = (—1)nj+12nj)n nj41+1

_ nJJrl {n;}
_( 1) A{n "J+1+1}( 2)

[ny] ( )
{n— "J+1+1}U[" n;j+Ln\{n—n; 1}

[nfnj +1,n]

— (_1)71]’4’1(_1)(1]'71(_1)”]',1

[n;] ( )
{n—njt14+1}U[n—n;+1,n]\{n—n; 1} .

[n4]
A[nj—nj-i-l,n] (Z)

O

Theorem 3.18. Let (qn,, - ,qn,) denote the coordinates of (C*)" = [[ C;. The superpo-
iel?
tential F_ : (P\G)° x (C*)" — C is given by the explicit formula

r—1mnjy1—1

F - Z p[z 1U{i+1}U[n—n1+i+1,n] +Z Z S + Z l n.qn+1,i+1]-\{i}

i—1 Pliun—ni+i+1,n] G=1i=n;+1 i=n, 41 Pli—n,+1,4)

+Z [n; —1Ju{n;+1} +Z njp{" nj+1+1}Un—n;+1,n]\{n—n;_ 1}

Plny] Pln—n;+1,n]

j=1 j=1

where
) EJG([min{m,%}]\m) 6(‘])(_1)‘J‘p[i71]u{i+1}\J "Pyuli+1,n]
S(]) — Ty

K2

ZJe([mmh z}]) (_1)|J|p[i]\J “Pyufi+in)
J

LA ) 1, ifi+1¢J,
thi=n—nj1 +i—n; and €(J) =
with i =n —nj1 +1i—n; and e(J) { L oifitled

Proof. We let b, b, u,v be defined as in Definition 3.7 for given z € Z. By Lemma [3.8] we have

qu Zszzz+l+Zuzz+lu

ielP
Since by Proposition B.I7 u; ;41 and v; ;41 are quotients of minors of z, it suffices to interpret
those minors by the Pliicker coordinates. Recall that for subsets K € (EZ]), pr(z) = A[;j ](z)
is the determinant of the submatrix of z with first n; rows and columns from K. Therefore
if i € {ny1, -+ ,n.}, this is already done for both w; ;41 and v; 41, as given in the last two
sums of the expression of F_. Recall that z is of the form @BI3). For ¢ < ny then both
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(] — Alm] [i] — Alm]
Ao+ (?) = AIuinyuman, rir1n (2) and Ap(2) = Apip g g (2) hold. Then
we have

Pli—1]u{i+1}U[n—n1+i+1,n]

Ui el =
Pli)Juln—ni+i+1,n]

Next we consider the case ¢ > n,. Let 0,, denote the zero matrix with p rows and v

i (z) and Am (z) are both given

columns. then the last (i — n,) rows for minors A%zfl]u{z#l}

by ((—1)"?"]1»_,”, Oi—nmn—i-'rnr) (i The Laplace expansion on the last (i — n,.) rows leads
T—Ny ) X1
to the third sum in the expression of F_ immediately.
It remains to discuss u; ;41 for the case n; < i < nj;; for some j € [r—1]. Denote k = i—n;.
The first 4 rows of z is given by

* * * * * I,

* * * x  (=1)™MI,, O

: : : o 0 0

* * * (1)1, 0 0 0
(=1)" I Ok,a;41—k 0 o 0 0 ixn

Here the first column block has size n — n;1. Using Laplace expansion on the last k rows, we
obtain

4] _ i—nj+1,i]|+|J [n;]
Ao (2) = Y. ()R AR Ly (@) 2
Je(lnst

where z; is the determinant of the submatrix with columns from J and last k rows. Since the
last k row is (* (—=1)™—11 Ok,ajp1—k 0 - O). Its last nonzero column is in position
i := n—njy1+k, so we may assume that J C [I'] \ {i} where I’ = min{i 4 1,4}, as otherwise
zy = 0 for J occurring in the above sum. Similarly and more easily, we set [ = min{i,i} and
have
Afje) = 30 (-1l IAR 1(2) 2.
Je(®)
Since z is of the specified form as above, we have z; = €pjuin—n,,, +k+1,n) and 25 = EP JUln—n,s1+h+1,n)>
Alll (2 ;
li—1]U{i+1} _ o
SR
and the proof is complete. O

in which € = £1 depends only on {n,---,n;}. Hence, we have u; ;41 =

Example 3.19. When I” = I, we have that P\G is a complete flag variety. In this case, there

s no Si(j)—term, and the superpotential F_ is simply given by

n—1 n—1
Pln—i, —i+1
Fo= pusin + Y P U\ e
i—1 P5) i—1 Pln—i+1,n]

Example 3.20. When I¥ = {k}, we have that P\G is the complex Grasssmannian Gr(k,n).

In this case, there are no Si(j)—terms, and the superpotential F_ is simply given by

k—1 n—1
F - Z Pli—1Ju{i+1}U[n—k+i+1,n] + Z Pli—k+1,i+1]\{3} + Plk—-1]u{k+1} + qkp[n—k,n]\{n—k-i-l} '
=1 Pliuln—k+it+1,n)] ikt 1 Pli—k+1,9] Pk Pln—k+1,n]
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4. QUANTUM COHOMOLOGY OF PARTIAL FLAG VARIETIES

The main result of this section will be to show that the image of the superpotential in the
Jacobi ring agrees with the the first Chern class under the known isomorphism with quantum
cohomology (Section E]). This result is Theorem 14

On the A-side, we consider the small quantum cohomology ring of X = GV /PV, denoted by
QH*(X). It is an associative and commutative algebra over Clgy,,- -+ ,qn,] with a basis given
by the Schubert classes o, where g, are formal variables.

QH*(X) = C[ina"' uQnr] ®H*(X7Z)

The structure constants are defined through the 3-point, genus-zero Gromov-Witten invariants
of X. There is also an enumerative meaning of these constants (see e.g. [FP97]). Recall that
the number r occurs in the isomorphism GV /PY = Fé(n,) = Fl(n;ng, - ,ny).

A permutation w € S, is an element in WF if and only if w(n; +1) < --+ < w(n;j41) for
all 0 < j < r. In particular, if w = sp; s41--8pn;, 1 < j <7, 1 <4 < ny, then oy, is called a
special Schubert class. The following is a special case of the quantum Pieri rule in [C-Fon99].

Proposition 4.1 (Ciocan-Fontanine). Let w be a Grassmannian permutation with w(l) <
e <wlm) and wim + 1) < --- < w(n) for some m =nj, 1 <j<r. Then in QH*(X), we

have
Oy * Usnj - § Owt gy + § an Twrs
a<n;<b, L(wT)=L(w)—L(T)
L(wtgp)=£0(w)+1
where tqp is the transposition interchanging a and b, T 1= 8y, * Sp;j41 X+ X Spj—1° Sp;—1°
Snj—2 X oo X Snj_1+1-

Remark 4.2. Since w is a Grassmannian permutation, there is at most one quantum term in
the expansion of the product o -0, . Note that the condition {(wT) = L(w) —£(T) is equivalent

to w(ng) > w(njt),win; +1) <w(nj—1 + 1).
4.1. Peterson isomorphism. In this section we state three theorems of D. Peterson, of which

the proofs may be found in [Rie03| Section 4].

Definition 4.3. For 1 < i <m < n, we define a rational function GI* on G/B_ as follows:
{m—i+1}U[m+2,n]
[m+1,n] (g)

[m+1,n]
A[erl,n] (g)

Gi"(9B-) =

Definition 4.4 (Peterson variety). Let ) denote the (type A) Peterson variety, which is the
projective subvariety of G/B_ cut out by the relation

* % 0O ... 0

el

(4.1) g*fgéia@(@gaz»)— R I R
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where g represents gB_ and f is the principal nilpotent

0

We set
Yp:=YNBiwpB_/B_,
and refer to this intersection as the Peterson variety associated to the parabolic subgroup P.
Theorem 4.5 (D. Peterson). Let Yp be the Peterson variety associated to the parabolic sub-
group P. There is a unique isomorphism
O(Yp) — QH™(G/PY),

G?j = (_1)io.5nj—i+l"'5

i

where 1 < j <r,1<4i<n; and G:” is as constructed in Definition [{.3
Remark 4.6. The isomorphism we are using differs from the one used in [Rie03] by signs.

Remark 4.7. The rational function G is a regular function on the Schubert cell BywpB_/B_
if me IP.

More generally, for a Grassmannian permutation w, with w(1) < --- < w(m) and w(m+1) <
-+« < w(n) for some 1 < m < n, we can define a rational function G,, on G/B_ as follows:
A{w(m+1)www(n)}(g)
GulgB-) = —
A[m-l—l,n]( )
[m+1,n] 9

We use Glwlmt),—wml(gp ) .= G,(gB_) for short. This will not lead to any misunder-
standing since our n is fixed throughout the paper. Then we have the following result, by
[Rie03l Prop 11.3].

Proposition 4.8. If w is a Grassmannian permutation with descent m and m € IT, then the
isomorphism in Theorem [[.3] sends G, to (=1)!@g,,.

Theorem 4.9 (D. Peterson). Let Xp := Yp N (B_woB_/B_). Then the map in Theorem [{.]]
induces an isomorphism between O(Xp) and QH*(GY /PV)[q, !, -+ ¢, 1]

We may also refer to Xp as Peterson variety. We recall that Xp can be described using
Toeplitz matrices using an idea going back to B. Kostant.

Theorem 4.10 (D. Peterson). Consider the following variety of lower-triangular Toeplitz ma-
trices given by

Xp:=<Kb_= . . . | b_ € B+lbp’(b0B+
In DY x2 'rl

The map Xp — Xp sending b_ to b_woB_ is an isomorphism.
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4.2. Critical points of the superpotential. We have the following isomorphism ¥ which
is a version of an isomorphism from [Rie08| Section 4.1],

Yr: BoNUL TV PiphioUy — RE o T €
i€lP
b_ = ultﬂ}lgld}QUQ — ¢R(b_) = (b_’Li}QB_, (Oéni (t))::l)'

Define Fgr by
Fri=Freotg' i RE, 4 x [[ C; —C.
ielr
We now consider the ring
(4.2) Jac(Fr) =0 (RSPWJO X H (CZ) /((9R5;’w0-7:R)7
iel?P

where we are taking partial derivatives of Fg in the Rﬁ;)wo directions, and which we refer to
as the (fiberwise) Jacobi ring of Fgr. This ring describes the critical points of Fr along the
fibres of the projection pry : R, ., X [T,e;» Ci = [1;crr Ci.

The next theorem shows that the Jacobi ring of Fr is isomorphic to the coordinate ring of
the Peterson variety Xp. Namely, Consider the subvariety of RE ~ x Hz‘e r» Cy cut out by

wp,Wo
R

wp,wo "

the ideal (0 - Fg) of partial derivatives of Fr along R We denote the corresponding
wp,w(

subvariety in Zp = B_ N U, T"? w;leUJ,_ by Z&%. The theorem stated below is a direct
translation of [Rie08, Theorem 4.1] with our notation.

Theorem 4.11. We have that Z&" = Xp. Moreover, the subvariety
YR(ZE™) C R, w ¢ 1] €
iel?

which is defined by the ideal (O

e R- FRr) is isomorphic to Xp via the restriction of the first
wp,wo

projection pry : Rﬁ;wo X [liere G R

wp,wo *

Proof. We have the following result proved in [Rie08|] that we state for the parabolic subgroup
Q = wo Py " Let us set Te 1= 1y ' TWrairg. We define
Fo: Zg=B_nUsTVeuguy Uy — C,
b = witiquy uz = e (ua) + 32, € (u2),
and its restrictions
Foit Zgi=B-NUihibgig Uy — C.
Then it is shown in [Rie08] that the critical points of ]:—Qﬂg lie in Xg. Namely,
ZgH = {b_ € B NUyhiguy Uy | 0Fq3(b) = 0} = Xo N Zg 4,
where X is as in Theorem [£.100 Moreover the fiberwise critical point variety Zg“ (union over
all fibers ch;)”ft) agrees Wit~h Xo.
We can now compare Fg with our superpotential Fri.. We have that
Frie(b— = wrtip ous) = Fo(b~' = uy gy 'uy")
where { = iy "iptMip iy = g 't 1. Therefore, b_ is a critical point of the analogous
restriction Fre ¢ if and only if b~—! is a critical point of ]:Qﬂg and we have that the critical point
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variety ZI%T“ of Fric is equal to the inverse of X¢. Finally, the inverse of X is precisely Xp

(using that the inverse of a Toeplitz matrix is again Toeplitz). It follows that 1 r(Z7) projects
to Xp, thanks to Theorem [4.10 O

Corollary 4.12. The fiberwise Jacobi ring Jac(Fr) of the superpotential Fr is isomorphic to
the quantum cohomology ring QH*(X)[q, -+ ,q,1 ]

Proof. The Jacobi ring is related to QH*(X)[q,, ', -+ , ;'] by
Jac(Fr) — O(Xp) (Theorem F.1T])
= QH*(GY/PY)an, s+ 1 ap)] (Theorem ).

O

We have the following corollary of Theorem M.11] that we record for use later on. Suppose
q € [[;c;r C;. Define

(4.3) Fq:B_NUiphigUy — C

by Fq(b) = Fric 0 v~ 1(b,q). This is precisely the function from (32), but now with quantum
parameters fixed.

Corollary 4.13. If b is a critical point of Fq, then th = ”y*l(l;, q) is a Toeplitz matriz.

Proof. In the notation from the proof of Theorem [4.11] we have b s a critical point of Fq if and
only if ¢b is a critical point of Fic+. But the critical points of Fie ¢ lie in Zl%”t, which equals
to Xp by Theorem [£T1l Therefore tb is a Toeplitz matrix. O

4.3. Image of first Chern class. The following theorem is the main result in this section,
the proof of which is in the end of this subsection.

Theorem 4.14. Let 6 be the isomorphism Jac(Fr) — QH*(X)[q,!, - ,q,'] in Corol-
lary[{-12 Let [Fr] be the class of superpotential Fg in the Jacobi ring. Then we have

0([Fr]) = cr(X).

The proof of Theorem [£.14] will occupy the rest of the paper.
Fix q € [[;¢;r C; and recall the map Fq : B- N Uptip iUy — C defined in (@3). Let us
consider b € B_ N Ut p'igUy and let 2, u, v and b be as in Definition .71 We then have

(4.4) b= wigy “pv = uz .

Also recall that b_ = th = tb~!, with t € TW» corresponding to q via (3. The following
lemmas are key ingredients in the proof of Theorem [4.14]

tn i .
Lemma 4.15. Let n; € IP. Then Unjn41 = — tijl G;” (b_woB-).
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Proof. Since u,v € Uy and 1y "wp = antidiag{(=1)"" I, ,(=1)"I,,, I,, }, we have
[ns]
Ay 1jugn;+13 ()
Al )
[n—nj+1,n] P
A[nj—f]u{anrl}(wo wpv)
n—n;+1,n -
A%M] ](wo '
[n—nj;+1,n]
Afn,~1utn;+13 (?)

A[n—nj—i-l,n] (b)

[n;]
Note that for the diagonal entries of ¢ we have that t,,41 = t,,42 = -+ =t
0 < j < r. Therefore, we have

’Unj,’n,]‘+1 -

’lbp’U)

nj41, Where

[n—n;+1,n]
Un:mitl = ins ~ 110, +13 ()
U] A{:;]anrl,n] (b)

[n—n;+1,n] 1

_ i, ~1Ugn, +13 (P17

tn, AP )
bn;+1 %Zﬂi?ﬁzn] (™)

N ()

[n—n;]

tn. )
= LG (b B_).
tn,
where in the second to last equality one needs to apply Corollary [3.16] O
The situation for w; ;41 is slightly more complicated.

Lemma 4.16. Let 1 < ¢ < n — n,. Suppose b is a critical point of Fq, then u; ;41 =

unfnr,nfnTJrl .

Proof. Since v € Ui, we have u;;41 = Amig;l}(u) By Collorary B.16, we have that
A{:Rgfl}(u) = _AEL}(U_l)- Applying generalized Cramer’s rule, see Lemma B8] to the
equation b~! = zu~!, we have Agil}(u_l) = det z,-1({i}, {i + 1}). Now since b is a criti-

cal point of Fq, we have that th = th~!is a Toeplitz matrix by Corollary [4.13] Note that
tn,+1 =tn,+2 = --- = t,. Therefore for 1 <i < n —n, we have

et 21 ({1}, {i + 1) = det 21 ({i}, (i + 1))
=t "det 21y ({i}, {i + 1})
= t;l det Z(tb—l)({n —n. b {n—n,+1})
=detzp—1 ({n —n,},{n —n, +1}).

Therefore, we have shown that u; ;11 = Un—n, n—n,+1 Whenever b is a critical point of Fqy for
1<i<n—n,.
O

Lemma 4.17. Let i = n —n; for some 1 < j < r. Suppose b is a critical point of Fq, then
Ui i4+1 = —G?j (b,’u.)oB,).
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CHANGZHENG LI, KONSTANZE RIETSCH, MINGZHI YANG, AND CHI ZHANG

1,

ary1y "

(u)

< (=1)™1I,,,I,,}, we have

{n—n;}U[n—n;+2,n]

Un—njn—m;+1 =

[n—n;+1,n]
[n—n;+1,n]
[n—n;+1,n] (u)

t{n]—nj}u[n—nj—i-ln] 1

(uabg “p)

[n—nj+1,n]
[ns]
{n—n;}U[n—n;+2,n]
[n;]
n—n;+1,n
Ay

AE;Tnj}U[n_nj+27n] (bt=1)

N

(utirg 1irp)

(b)

Now since b is a critical point of Fq, we have that th=tb~'is a Toeplitz matrix by Corol-
lary I3l So that its inverse bt ! is also a Toeplitz matrix. Therefore, we have

{n—n;}Un—mn;+2,n] 5, [n—nj+1,n] _
A T AL g+ G
A{:j—]nj-i-l,n] (btil) A%zj—]nj-i-l,n] (btil)

Then it follows as in the proof of Lemma .15 that w,—n; n—n;+1 = —G (b_1iB_).
|

Lemma 4.18. Letn —ny < i < n— 1. Suppose b is a critical point of Fq, then u; ;41 =
—G7 (b—woB-).

AEEIJU_{HU(Z)
N
set d =14 — (n —n1), then d < min{é,n1} and we have

Proof. By Proposition BI7 we have u; ;41 = . Since z is of the form B.I13), if we

(4] {d}u{d+2,4]}
A[i—l]u{i—i—l}(z) B A[i—d] (2)
i - d+1,i
INHIE) Al(2)

Aﬁiti}‘;;{d+2xi]} (bfl)

A
Recall that b_ = tb = tb~!. Note that ¢y =ty =---=t,, and 1 <d <d+ 1 < ny. So we have
Ai{id_}l;{d—i_Zi]} (bfl)
Uiip1 = — A{jjdl],i] o)
A e
AR

G{d}u[d+2,i] (b,woB,)
T Gldt+) (b_1ing B_)
—GT (b_ipB_).

The last equality follows from Proposition [£.J] and the isomorphism in Corollary [£.12
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Lemma 4.19. Suppose n —n;11 <1 <n—mn; for somel < j <r—1. Suppose b is a critical
point of Fq, then

Ui 541 = —(GTj (b_’Li}QB_) + G7j+l (b_’Li}QB_)).

We leave the proof of this lemma to the next section. Now we are ready to prove Theorem [4.14]
assuming the above lemmas.

Proof of Theorem[{.1]] Let beB_N Uyt p ioUy and let z, u, v and b be as in Definition B.71
Also recall that b_ = tb and In;, = [ By Equation BI1]l we have Fr(b_woB_,q) =

tnj+1 )

n—1 ~
Frie(b—) = F_(Pz,q) = Y, qiViit1+ Y Uii+1. Suppose that b is a critical point of Fq. Then
i€IP =1
by Corollary .12 and the above lemmas, we have

T

0([Fr]) =Y (njr1 —nj-1)os, = ai(X) € QH(X).

j=1

5. PROOF OF LEMMA [£.T79] AND QUANTUM SCHUBERT CALCULUS

The goal of this section is to prove the most difficult of the lemmas, which is Lemma (.19

5.1. Equivalence of Lemma [4.19] and an identity in quantum Schubert calculus. We
first prove that Lemma [4.19is equivalent to the identity in quantum Schubert calculus stated
in the following theorem.

Definition 5.1. Recall that we are considering n —n;i1 <t <n—nj; for somel <j<r—1,
and let d =i — (n—mnjs1). We set

E:= {Je ([Z)) |Jm[nj+d+1,n]:(2)},

and define Weyl group elements wy € WT for certain J € = as follows. For J = {j; < jo <
e <ja} €F, let {xy < ma < -+ < mi—q} = [i\J.
(1) If n; > d, then wy is the following permutation
{wl) <--<wnj)}={h1<je< - <ja<i+l<i+2<---<i+n;—d}
{wn; +1) <--- <wnjp)}={z1 <i+nj—d+1<i+nj—d+2<---<n-—1}
{w(njp1 +1) < <wnjg2)} ={z2 < < Tp;p—n, ., <n}
{wnje +1) < <wn)} ={Tn;0-nj+1 < - < Tia}
(2) If nj <d, and x1 < jn;+1 then wy is defined by
{w(l) < <wlng)p ={in <+ <jn;}
{wn; +1) <~ <wnjr)} ={r1 <jn,11 < - <ja<i+1<---<n-1}
{wnj1 +1) < <wngio)} ={r2 < - < T pn, ., <N}
{w(nji2+1) < - <wn)} ={2n;,0—n; 111 < - < Ti—a}.

Example 5.2. Suppose ny = 2,;ne = 4,n =7. Let j = 1 and i = 4 (which indeed satisfies
n—njr <i<n-—mn;). Then d=1 and

== {J € <[‘1*]> | JN[4,7] = @} = {{1},{2}, {3}}.
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Since nj =2 > d =1 we have a Weyl group element w; for each J € Z. Suppose J = {j1} and
[4]\ J = {x1,z2,23}. Then the definition of wy is

wy(l)=j1, wy(2)=5, ws;B)=z1, wyj4)=6, ws(5)=wz2, ws(6)=uz3 wy(7)="T.
For our three choices of J this gives the following three Weyl group elements,

wiry = 1526347, w9y = 2516347, w3y = 3516247,
with descents at 2 and 4, so in WT.

We can now state our theorem. Note that since w; € W, we have an associated Schubert
class 0,,,. If a permutation w € W is Grassmannian, so that it is determined by the values
w(l) < ... <w(m) up to m = ny, for some k, then we may write o, (1),... .w(m)} for o,. Recall
that we set |J| := ). ;.

Theorem 5.3. Consider X = GY/PY and fix i such that n —n;y1 < i < n —n; for some
1<j<r—1. Letd:=i—(n—njq1). For each w; defined above we consider o, € QH*(X),
and we set oy, =0 for J € 2 where wy is not defined. Then the identity

(5.1) G VR |
JeE

holds in QH*(X).

Remark 5.4. The quantum product oy [it1,n) - Oy consists of at most one quantum part,
8GY ;1 0w, - The above definition of wy is an explicit description of such a class.

Lemma 5.5. The formula for u; ;11 in Lemma[{-19 is equivalent to the corresponding identity
in Theorem [5.3

Proof. We use determinantal identities to rewrite the u; ;41 in Lemma .19 By Proposition

Al o (2) ) .
BI1 we have u; ;41 = % Using Laplace expansion on the first n — n;j41 columns,
[i
we have

—IIAN A
All (2) Jez(i])( ! A[n_"jJrl](Z) A[n—"j+1+1xi—1]u{i+1}(z)
[i—1]U{i+1} i

A[Z:](z) ) (_1)|J|A[i]\J ](z)-A]

[é] A [n—7j41 [n—n;11+1,i] (2)
=)

where d := i — (n — n;41). Since z is of the form ([BI3), we have that the determinant
A7 jugit1} (%) vanishes if J N0 ({n; +d} U [n; +d+2,n]) # 0, and A7 (2)

[nfnj+1+1,i71 [nfnj+1+1,i]
vanishes if J N [n; +d+ 1,n] # 0. If we set

A={J¢e <[;]>|Jm({nj+d}u[nj+d+2,n])_(/)}



A PLUCKER COORDINATE MIRROR FOR PARTIAL FLAG VARIETIES 27
and E={J € (@)U N[n; +d+1,n] = 0} as already defined, then we have
[\ J
Z. (_1)|JIA[”—"H1](2) ' Aﬁl*"jﬂJrLi*l]U{Hl}(z)
Je()

0)Y
Jiﬁ{ﬂ)(—l)um[nwm](z) A )
d

”(J)(—l)‘J‘AF]\J (2) - AJu{nj+d}u[nj+d+27n] )

n—n;ii1] [n—n;]

JeA

(_1)|J|AF]\J (2) - AU +d+1n] (2)

n—n;i1] [n—n;]

<

[

S

in which n(J) is the function

1, ifn4+d+1¢.
n(J) = 1 ¢
-1, ifn;+d+1€J.

Since b= = zu~! and u € U, , we have

> n(J)(_l)lJlA[i]\J ](Z).A,]U{nj+d}u[nj+d+21n](2)

fea [n—7j41 [n—n;]

]z: (_1)|J|A[i]\J ](z) ] AJu[anrdJan] (2)

[n—mj41 [n—n;]

JeE
DRI IC RN ANRCED VA MR O

Jjea nngal [n—ny]
- I AN —1y . JUlnj+d+1,n] 5 _q
JEE( b IA["_"Hl](b ) A["—nj] b1
We recall that b_ = th = tb~'. Note that tnj41 = tn;42 = -+ = tn,,, forall 0 < j <r. Since

nj <nj;+d<n;+d+1<n;i, we have

Z n(J)(_l)IJIAF]\J (b_l) . A,]U{nj+d}u[nj+d+2,n] (b_l)

feu n—n;i1] [n—n;]

Uj 41 = —

[n—nj41] [n—ny]

Z (_1)|J|A[z]\J (bil) . AJU[nj-l-d-l-l,n] (bil)
J

JEE
J1 A NI 1 JU{n;+d}U[n;+d+2,n],,; 1
J%:An(J)(_lﬂ PN AN (/s B Ve (tb=)

Z (_1)|J|A[z]\J (tbil) . AJU[nj-l-d-l-l,n] (tbil)
J

[n—n;41] [n—ny]

Jez
Z U(J)(—1)|J|G[i]\J(b7w0B7) . GJU{nj+d}U[nj+d+2,n] (b,u')OB,)
JeA

(_1)|J|G[i]\J(b_wOB_) . GJYIn;+d+1,n] (b_lboB_)

€=

<

Applying the isomorphism in Corollary [12] we see that the formula for u; ;41 in Lemma 19
is equivalent to the following identity in QH*(X).

Z(_l)IJI(UJU[iJan] 05, 1) Ot my+d)\g T Z(—l)mﬁu[iﬂ,n] (O[Ln+d\T * Tsa,)
Jes Je=

(5.2) = (DD 0105110 - O (L +d—110{ny+dr 1P\
JeA

It remains to show that this is exactly the identity in Theorem 5.3
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Assume that J = {ji <j2 <--- <ja}, then by Proposition 1]
OJuli+1,n] * USn Z 01, js—15ds+List1s jaritl, n} + An;; 10w
1<s<d

Here, we set oy, ... j._1 jo41joss,jari m} -= 0 if either s = d and jg =i or js +1 = js41 holds.
We divide the above sum into two parts as follows

Cr(J) = D Ofis denietLinsrs i1 )
1<s<d—1
Ca(J) = O{j1,sja—tsjatlit+1,- n}
Similarly, we have
Tmj+d\J " Tsn; = Z O[1,n;+d\{j1, js—1ds—Ljss1,ja} T D»(J)
1<j<d
D1(J) + D2(J)

Here, D;(J) is defined as

Di(J) =) Oty +d]\ {1 e ie—Liesaroeda)
1<;5<d
where we set O, 4+d\ 1, jemtje—TLijsg1sja} ‘= 0 if either s =1 and jy =1 orjs —1=js—1

holds. And Dy(J) is defined as follows

Dy () = { Tlmatd=110(n; 41\ %f nj+d¢J,
0, ifn; +deJ.
Note that since n;1 > n; + d, we have w(n;y1) > w(n;) and therefore there are no quantum
terms in the product o1 n;+4)\7 - s, by the remark after Proposition [4.11
If n; +d € J, namely, jq = n; + d, then directly from the definition of A and = we have
Z (1)) - O[1n;+d\J = Z () (=)o 51 “O([Ln,4+d—1]U{n;+d+1})\J-

JeE JeA
njt+deJ nj+d+1€J

If nj +d ¢ J, then we have
Z (_1)|J|UJU[i+l,n] Do (J) = Z H(J)(—l)u‘f?]u[wl,n] “O([1,n;+d—1]U{n;+d+1})\J-

JEE JeEA
nj+d¢J nj+d+1¢J
MOI‘COVGI‘, for J = {Jl < j2 << jd}7 we denote Js+ = {j17 T ajsflvjs + 15j5+17 e 5jd} and

JS_ = {jlu"' 7js—17js - 17j5+17"' 7jd}' Then

J
Z(-U' |01u[z+1 n] Z Z UJU[lH ] O1n+d)\J5

Je= JeE s=1

Since o[y ,, 4 g\ 7 0 only if J© € J, in which case (J; )& =J € =, we have

Z Z Tlo sy li+1,n] * O[1,n;+d)\J5 Z Z |J| UJju[iJrl,n] "0 +d\Jt

JeE s=1 JEE s=1

) :
> DG T -
JEE
njt+dgJ

Therefore, we have
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S I -0, sap st Y, (“DYICo ()0, cap s+ D (D) 010 D1 () = 0,

JeE JEE JeE
nj+dgJ

We therefore see that the identity (B.2]) is equivalent to the identity

> ()Mow,0pm, 4010 =0
Jes

in Theorem B3l Hence, the statement follows. |

The structure of the proof of Lemma [ 19 and Theorem [5.3]is now the following. We will first
prove Theorem [5.3] in the special case where n; + n;11 < n. It then follows that Lemma
holds whenever n; 4+ nj;1 < n, because of Lemma Next, we introduce a symmetry on the
domain of the superpotential Fr that allows us to deduce the statement of Lemma for
n;+n;y1 > n from the one for n;+n,411 < n. Finally, we obtain Theorem B3l for nj+n;41 <n,
since this proposition and Lemma are equivalent in every case. This strategy also shows
an interaction between mirror symmetry and quantum Schubert calculus.

5.2. A special case of Theorem In this section we prove Theorem 5.3 in the case
where n; +njy+1 < n. To do this we first prove a version of the identity (5.1 in the quantum
cohomology of the complete flag variety F/,, in the following key lemma.

Lemma 5.6. Assume that nj + n;y1 < n. With notations as in Theorem [I.3, the following
identity, obtained simply by replacing the Schubert classes in (&) with corresponding ones for
Fl,,, holds in the quantum cohomology ring QH™*(FL,).

Z(_l)lJlaf‘]Uﬁ,nqud]\J =0.
Je=
To prove the above lemma, we need some preparation. Recall that a permutation w is
called 321—avoiding if there does not exist i < j < k such that w(i) > w(j) > w(k). The key
observation in the proof of Lemma[5.6is the following lemma, that the permutations w; arising
above are all 321—avoiding.

Lemma 5.7. The permutations wy constructed in Definition [51] are 321— avoiding.

Proof. We will argue by contradiction. Consider the case n; > d first. Suppose that there
exists ig < jo < ko satisfying w;(ip) > wy(jo) > wy(ko). Since ig < jo and wy(ig) > wy(jo),
we must have n; +1 < jo. If we assume that jo < n;11, then we must have jo = n; + 1 since
wy(ip) > wy(jo). So we have w;y(jo) = x1. However, this is in contradiction with jo < ko and
wy(jo) > wy(ko). Therefore we must have jo > mj41. Since jo < ko and ws(jo) > wy(ko),
we have jo = nj42 and wy(jo) = n. But this is in contradiction with wys(ig) > ws(jo). In
conclusion, for the case n; > d, wy is a 321—avoiding permutation. The case n; < d can be
proved similarly. O

Remark 5.8. For example, the identity in Lemma coming from FL(7;4,2), where n; =
2,njy1=4andi=4,d=1, is

B B B B B B _
01526347 * 02314567 — 02516347 * 01324567 T O3516247 * T1234567 = U
and it involves only 321-avoiding permutations.
Definition 5.9. Let w € S,, be a permutation, then the code of w is defined as
C(’U}) = (Clv C2, 7Cn)

where ¢; == §{jli < j,w(j) < w(i)}.
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Definition 5.10. Let w be a 321—avoiding permutation with code c(w) = (c1,--+ ,¢n). The
flag of the partition is defined as ¢p(w) = {j1 < jo < --- < 71} = {jle; > 0}. We define a skew
partition A/p by embedding it into Z x Z as follows:

Ak = [k = Cjy,
Mp={kh):1<k<lLk—jr—cj, +1<h<k—jx}

Example 5.11. We continue with the example from Remark [5.8.

(1) If w = 1526347, then the code of w is c(w) = (0,3,0,2,0,0,0). And we have {j; <
Jo} = {2 < 4} withl =2. Then we have

k=1,1-2-34+41<h<1-2
k=22-4-24+1<h<2-4

Therefore, the skew partition is gp with A = (3,2) and p = (0,0).
(2) Ifw = 2516347, then the code of w is c(w) = (1,3,0,2,0,0,0) with flag p(w) = {1,2,4}.
Then

k=1,1-1-141<h<1-1
k=22-2-34+1<h<2-2
k=33-4—-24+1<h<3-4

Therefore, the skew partition is \/p = P with A = (3,3,2) and p=(2,0,0).

(3) Ifw = 3516247, then the code of w is c(w) = (2,3,0,2,0,0,0) with flag p(w) = {1,2,4}.
Then

k=1,1-1-241<h<1-1
k=22-2-34+1<h<2-2
k=33-4-24+2+1<h<3-4

Therefore, the skew partition is \/p = P with A = (3,3,2) and p = (1,0,0).

In [BJS93], Schubert polynomial &,, is explicitly written down in a determinantal formula
for a 321—avoiding permutation as follows.

Theorem 5.12 (Corollary 2.3 of [BIS93]). Let w be a 321—avoiding permutation with flag
p(w) = (p1 < -+ < ¢r) and skew partition A\/p. Let X; = (x1,22, -+ ,2;). Then we have

Sw = det(hx; —p;—i+5(Xo,))1<ij<k
where h,.(X;) is the complete homogeneous symmetric polynomial of degree r in variables X;.

In [Kirillov], A.N. Kirillov defines quantum Schubert polynomials and conjectures that the
quantum version of the above determinantal formula holds as well, see [Kirillovi, Conjecture 1].
We will verify this conjecture in the quantum cohomology ring of the complete flag variety
F¢,, using the work of [FGP97]. This should have been known to the experts (see e.g. [CK23|
formula (6)]). Since we are not aware of this formula appearing in form of a theorem, we state
it here as Theorem and provide a detailed argument for completeness.
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Definition 5.13. Let Gy be the matriz

:I;l ql O DRI 0
-1 22 g -+ 0
0 -1 x3 --- 0
0 0 0 - =z

The quantum elementary polynomial EF is defined by the following formula
det(1 + A\Gy) = ZE’W

And we set EF =0 ifi <0 ori > k.

By setting Q1 = q = - = q_1 = 0, EF recovers the ordinary elementary symmetric
polynomial e¥ = e¥(zy, -+ ,x1). Let e;,..q, = ell1 ---ef" be standard elementary monomial.
The followmg lemma is a classical result, and can be found in [Macdonald].

Lemma 5.14. Let I,, be the ideal in Zlxy,--- ,x,] generated by ef,--- e, then each of the
following forms a Z—basis in Zlx1, -+ ,xp)/In:

(1) the standard elementary monomials e;, ..., ,, with 0 <y < k;

(2) the Schubert polynomials &, for w € Sy,.
Moreover, each of these families spans the same vector space L, C Z[x1,--- ,2,] which is

complementary to I,.

Therefore, any Schubert polynomial &,, is uniquely a linear combination of standard ele-
mentary monomials with integer coefficients. In [FGP97], the quantum Schubert polynomial is
defined as the linear combination of the quantum elementary monomials F;,...;,, = Eill B
with the same coefficients. Namely, we have

Definition 5.15. The quantum Schubert polynomial &Y, for a permutation w € Sy, is defined

as
q _ o o
Gl = E Qi1 By iy 4
are the same as the coefficients found in the classical expansion

in—1

where the coefficients o, ...
w = D0 Qi €y
We recall the quantum analogue of Lemma [5.14] proved in [FGP97].

Lemma 5.16. Let I2 be the ideal in Z[qu, - ,qn-1][x1, - ,2n] generated by EY,--- | EY, then

each of the following determines a Z[q]—basis in Zq, x]/I1:

(1) the quantum standard elementary monomials F;, ..., _,, with 0 < iy < k;
(2) the quantum Schubert polynomials &% for w € Sy,.

Moreover, each of these families spans the same vector space LY C Z|q, x| which is complemen-
tary to I1.
One of the main results in [FGP97] is the following
Theorem 5.17 (Theorem 1.2 of [FGP97]). The map
T Zlqr, )l an] — QHT(FL,)

sending x1 + -+ + x; to 05 € QH*(F¢,) is a surjective ring homomorphism with kernel Il

generated by EY,--- ,E". Under the induced isomorphism Z[q, x]/I1 = QH*(F¢,,), the coset of
the quantum Schubert polynomial G4 is sent to the corresponding quantum Schubert class oB.
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Now we are ready to prove the quantum version of the determinantal formula for a 321 —avoiding
permutation.

Definition 5.18. We call Hlk = det(Efﬂ;ll)lgiﬁjgl the quantum complete homogeneous poly-

nomial in k variables of degree l. Set Hy, ... ;, , = Hl-l1 R

tn—1"
Remark 5.19. H}' € I{ if iy, > n—k.

Theorem 5.20. Let w be a 321—avoiding permutation with flag p(w) = (¢1 < -+ < ¢x) and
skew partition A\/p. Let X; = (x1,x2, -+ ,x;). Then in Zg,x]/I% we have

&%, = det(Hx, —p;—i+ (Xo,) ) 1<ij<k-

Proof. We consider the involution w of Z[gy, - - , gn—1][z1, -+ , zn] defined by w(zr) = —2ny1-k
and w(qr) = gn—k, for 1 < k < n. According to [FGP97], I? is an invariant subspace for the
involution w. Therefore w induces an automorphism on Z|q, z]/I1. Moreover, we have

w(Eil'”infl) = Hinfl'”il; W(Hil"'infl) = Einfl”'il; W(G?u) =&}

wowwo *

Therefore it suffices to show
Slhoww, = det(Ex,—p;—i+j (Xn—g,))1<i,j<k

Note that the right hand side of the equality is a linear combination of quantum standard
elementary monomials by the definition of determinants. Then by Lemma it suffices to
show that the coefficient of any standard elementary monomial E;, ... ;, , with 0 <4, <k on
the right hand side is the same as in the definition of the quantum Schubert polynomial. But
by Definition .15 it suffices to show this in the classical case. However, by applying involution
to Theorem 512 we have the following equality in Z[xy,- -, 2,]/In

ngwwg = det(e)\i*#j —i+j (Xn*%))lﬁi,jﬁk

Since the right hand side is a linear combination of e;, ... ;, , and the standard elemen-
tary monomials e;, ... ;, , with 0 < 45 < k span a vector space complementary to I,, by
discarding the other monomials in the expansion of the determinant, we get the formula
Suwowwo = D_0<i <k Vir-rvin_1Cir-in_, a5 wanted. O

Remark 5.21. In the proof we used the involution w, therefore we are only able to prove
the identity &%, = det(Hx, ., —i+j(Xg,))1<ij<k in the quotient ring Zlq, x]/11. However, the
original congectural identity in [Kirillov] is stated in the ring Z[q, x].

We now use this theorem to prove Lemma

Proof of Lemmali@. Using the isomorphism Z|q, z] /I = QH*(F¢,,), we may identify &% with
0B and treat H,.(X;) as an element in QH*(F{,,). Also we use x for the multiplication. Since
wy is a 321—avoiding permutation by Lemma [5.7, we are able to apply Theorem The
proof is divided into two cases: n; > d and n; < d.

(1) Consider the case n; > d first. Then for J = {j1 <---<ja} € E={J € ([;])U N[n; +
d+1,n] =0}, let {z1 <z2 <--- <mi_q} := [{]\J, wy is the following permutation

{w(l) < - <wnj)}={h1<je< - <ja<i+l<i+2<---<i+n;—d}

{w(n; +1) < - <wnjt1)}={z1 <i+nj—d+1<i+n;—d+2<---<n-—1}

{w(njp1 +1) < <wnjg2)} ={z2 < - < Tp;p—n, ., <n}

{wlnjze +1) < - <wn)} = {2, 10-n;5041 <+ < Ti—a}.
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The code of wy is c(wy) = (j1 — 1,j2 — 2, ,ja — d,i —d,i —d,--- ;i —d,0,i —d —
17"' ai_d_lvoa"' 7Oan_nj+27oa"' 70) Wlthﬂag¢(w1):(1527 7nJ7nJ+2;nj+
3,--+,,n41,Mj42). Then it determines a skew partition A/u, where
A=(—-d,---,i—dyji—d—1,---,i—d—1,n—njpo) with n; many i — d
and nj41 —n; — 1 many i —d —1;
p= i d =Gy )i —d = (2~ 2), i —d— (g~ d), 0, ,0).

Then by Theorem .20, we have o = det(Hx, —p,—rts(Xs,))1<rs<n,,,- Here we
do assume n;4o < n, the case nji2 = n can be dealt with similarly. We are going to
use Laplace expansion on the first d columns of this determinant. Let R = (1 < -+ <
rq) € ([njd*ﬂ) be row index for the expansion, and denote Mp for the cofactor (with
sign) obtained by removing the first d columns and rows indexed by R. Then Laplace
expansion says that

det(H)\r—Hs—T"rS(Xd’r))1§7‘;S§"j+1 = Z Mg % det(HkT—us—H—s(X%))lSSSd,TER'
R

We observe that Mg is independent of J since it involves only the last n;41 —d columns
of det(Hx, — i, —r4s(X¢,))1<rs<n,,, and only the first d items of 4 depend on .J. There-
fore, we have

> (VVYog off o vans

Je=

=y Z DI Mg x det(Hx, —p,—rt5(Xg,))1<5<drer X OF it apg
Je=

= ZMR > (=) det(Hy, —p,—ris(Xo,)1<s<drer X 0F o vap -

Je=

The Schubert class 0[1_nj Ld)\J is indexed by a Grassmannian permutation, which in

particular is a 321 —avoiding permutation. Let a = (a1, , a,,) be the corresponding
partition such that J U {a1 +nj,--- , o, + 1} = [1,n; + d]. Then we have

U[linj +d\J = det(He, —atb(Xn;41-1))1<ab<n, -

We will construct an (n; + d) x (n; + d) matrix Agr. We define the first d row vectors
of Ar to be

(Hx, —r—itar1(Xg, ), Hx, —r—ivar2(Xe, ), - Hx, —r—ivdin; +d(Xg,))

where r runs through R = (11 < --- < r4). And we define the last n; row vectors of
AR to be

(Hlfnjfler(an%»l*b); H27n]~71+b(Xn]~+lfb)7 e ;Hnj+d7njfl+b(an+1fb))

where b run through [1, n;].

Next we show that det Ap = 0. We will prove this by showing that either Ag
contains two identical row vectors or A contains a zero row vector. We observe that
Ar— T —i+d+ ¢ =0, therefore, in order to show that Ar contains two identical row
vectors it suffices to prove that ¢, = n; + 1 — b for some r € R and b € [1,n;], namely,
RN [1,n;] # 0. Now suppose we have the opposite, namely R N [1,n;] = 0. Then we
have 11 > nj +1 and 7y > nj; +d. So we have \,, —r¢ —i+d = —¢,, < —(n; +d).
Therefore the d row of A, is a zero vector since H,,(X) := 0 for m < 0. In conclusion,
we have det Ag = 0.
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Note that A, is independent of J € Z and ps =i —d— (js — 8), S0 A\p — pis — 7+ 8§ =
Ar —7T —i+d+js. Also note that aq —a+b=a, + (nj +1—a) —n; — 1+ b, while
aq + (n; + 1 — a) lies in the complement of J C [1,n; + d]. By our assumption that
nj+njt1 <n, we have i > n;+d = n;+i—(n—mn;j41). Therefore we have E = (["J;d}).
Then by taking the Laplace expansion on the first d rows of Ag, we see that

det Ap = Y (=) det(Hy, —p,—rys(Xo,)1<s<drer X Of 0 apy s
Je=

Therefore, under the assumption n; +n;41 < n, we have

Z( )IJlowzo[l n;+d|\J

JeE

= ZMR Z \J\ det(Hx, —p,—r+s(Xs,))1<s<d,rer X U[l nj+d)\J
JeE

:ZMR detAR
R
=0.

For the case n; < d, the proof is similar. Let J = {j < -+ < ju} € E = {J €
([Zl])|Jﬂ [nj+d+1,n =0} Let {1 <+ <zj_q} = [{]\J. We consider those J with
71 < Jjn;+1 only. Then w; is defined as

{w@) < <wlng)} ={ir <+ <n;}

{wn; +1) < <wniz1)} = {z1 <jn;41 <+ <ja<i+ 1< <n-1}
(njp1 +1) <+ <w(ngye)} ={w2 <+ <@njppnyn <n}

{wnjee +1) <+ <wn)} ={zn, s—n;e+1 <+ < Tizg}-

The code of w.y is C(’LUJ) = (Jl — 1,j2 —2, ;jnj —nj,O,jnj+1 — Ny —2,jn].+2 —n; —
3, ja—d—1lyi—d—1i—d—1,,i—d—1,0-,0,n—n;42,0, - ,0) with
flag ¢p(wy) = (1,2, ,nj,n; +2,m; + 3, -+ ,nj+1,Nj+2). Then it determines a skew

partition \/u, where

A=(—-d,---,i—dyi—d—1,---,i—d—1,n—njto) with n; many i — d
and nj41 —n; — 1 many i —d —1;

We notice that the flag ¢(wy) and the skew partition A/p are the same as the case
n; > d. Therefore, the rest of the proof is similar to the case n; > d.

O

Example 5.22. We demonstrate the idea of the above proof in the following identity.

B B B B B B _
01526347 * 02314567 — 02516347 * 01324567 T 03516247 * 01234567 — 0-
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Applying the determinantal formula, we see that

H3(X2) Hi(X2) )7

OTh26347 =det( Hy(X)) Ha(X3) Hyi(X2) Ha(X1) )7

B _
T2314567 = det ( Ho(X2) Hy(X1)

Hy(X1) Hy(X1) Hs(X1) H\(X5) Hy(X1)
5 ke ! . ) B ~de 1(X2 2(X1
O2516347 = det Iff;éj) g?g?ﬁ g;lE§4; + O1sas07 = det ( H_1(X2) Ho(X1) ) 7
Hy(X1) Ha(Xy) Hs(Xy) Ho(X2) Hi(X:)
03516247 = dlet If,ll(();j) gi’giz; gigiz; - Oiaaser = det ( Hf)l(X2) Ho(X1) ) '

We write

H3(X3) Hy(Xo

Uﬁ26347:det(Hl(X4) HQ(X4§ 0 H3(X3) Hy(X2)

) 1 Hy(X1) Hs(X1)
= det
0 Hi(X4) H2(X4)

Notice that the last two columns of these 3 X 3 matriz are the same, so it suffices to prove that

Hi(Xs) Ha(X)) Hi(Xs)  Ha(X)) Ho(X2) Hi(X) |
1><det< H()(Xz) Hl(Xl) > —Hl(Xl)det< Hfl(Xz) Ho(Xl) ) —|—H2(X1)det< Hfl(Xz) H()(Xl) > =0,

Hi(X2) Ha(X1) Ho(X2) Hi(Xa) ) _
— Ho(X2) det< H_1(X2) Ho(X1) >+H1(X2)det< H_1(X2) Ho(X1) ) -0

These follow from the Laplace expansion of the following identities respectively.

Hy(X4) H,(X2) Ha(Xy)
det Hl(Xl) HQ(XQ) Hl(Xl) = O,
1=Hy(X1) H-1(X2) Ho(Xy)

Hy(X5) Hy(X2) Hs(Xy)
det HQ(XQ) HQ(XQ) Hl(Xl) =0.
0=H 1(Xy) H_i(X2) Hy(X;)

It remains in this section to deduce the identity (&) also in the partial flag variety setting.
We use the following result due to Dale Peterson.

Proposition 5.23 (Proposition 11.1 in [Rie03]). Let w € W and let 0B be the corresponding
quantum Schubert class regarded as a function on the Peterson variety Yp_ for the complete
flag variety. Let G2 be the rational function on the closure Y = Yp_ that agrees with o2 on Yg.
If w e WP, then G, restricts to a regular function on Yp C Y, and this restriction represents
the quantum Schubert class ol € QH*(GV /PV) associated to w.

This proposition implies that any identity in quantum Schubert calculus for the complete flag
variety GV /BY = F{,, involving only Schubert classes of the form o2 for w € W and without
quantum parameters, holds also in QH*(G"/PV) with o2 replaced by ¢f. As a consequence
we have the following corollary; namely we obtain Theorem [5.3]in the case n; + nj11 < n.

Corollary 5.24. Letn—njp1 <i<n-—nj forsomel <j<r—1andd:=i—(n—mnj).
Let = and wy be as defined in Definition 51l Assume that nj +n;y1 < n. Set oy, =0 if wy
is not defined. Then the following identity holds in QH*(X),

> ()Y, o0, ang = 0.
Je=
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5.3. Proof of Lemma

Lemma 5.25. Suppose n —nji1 < i <n—n; for somel < j <r—1. Assume additionally
that nj +nj1 < n. If b is a critical point of Fq, then

Ui i+1 = —(G?] (b,’dloBf) + G;ljJrl (b,’LUOB,))

Proof. The statement is a direct consequence of Corollary [5.24] combined with Lemma O

Definition 5.26. We define a group involution on G = GL,(C) using a combination of inverse,
transpose and conjugation by o,

g+ 7(g) = olg™ ) g
Let @ D B_ be the parabolic subgroup with I =n —I” = {n —n,,--- ,n —ny}. It is
straightforward to check that our involution has the following properties.
(1) T(P) = Q and T(U+) = U+.
(2) T(’pr) = u')Q.
(3) for x € Uy we have the relationship 7(); i+1 = Tn—in—i+1, for the entries just above
the diagonal.

Lemma 5.27. Suppose n —nji1 < i <n—n;j for somel < j <r—1. Assume additionally
that nj +nj11 > n. If b is a critical point of Fq, then

(53) Uj 41 = —(GTj (b_’Li}QB_) + G7j+l (b_’Li}QB_)).

Proof. Since b € B_ NU ip iUy, we have that 7(b) € B_ ﬂU+u'J51u'J0U+. We can now apply
Lemma [5.27] to T(E), where we must replace P by (. Namely for T(E), Lemma [5.27] says that,
ifnj=n—(n—n;)<n—i<n—(n-—njy1)=nj41, and (n —n;)+ (n —n;y1) < n (which is
equivalent to our assumptions on ), then

(Woasmis1 = —(GF T (r(b_ Yo B-) + Gy "4 (r(b_ iy B_)).

Recall that
{m}U[m+27n](
m m+1,n g)
(B ) = — i

[m+1,n]
A[771-1-1,71] (g)

Now we deduce that
GY " (r(b-)woB-) = GT*(b_woB_),

using Jacobi’s theorem. Moreover by property (3) above, we have 7(u)n—in—it1 = Ui it1-
Therefore the identity (53] holds. O

Proof of Lemma[{.19 and Theorem[5.3 Lemma 19 follows from the combination of Lemmas
525 and 527 We showed in Lemma [5.5] that Theorem is true if and only if Lemma [4.19
holds. Since Lemma [4.19 has now been proved, we are done. g
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6. APPENDIX

In this Appendix we give a translation of the Pliicker coordinate formula for the superpo-
tential F_ using Young diagrams.
For 1 < k < n, we consider the set of partitions inside k x (n — k) rectangle,

P i={(A1, -, M) €ZF [n—k > M > X > - > N > 0},

There is a bijection

([k]) — Pk,nv J = (.717 e 7.7/@) = )\(J) = (jk - ku )2 — 27]1 - 1)
Geometrically, we consider the k x (n — k) rectangle of k(n — k) unit boxes. A positive path
of such rectangle is a path starting from the lower left hand corner and moving either upward
or to the right along edges, towards the upper right hand corner. In particular, a Pliicker
coordinate pj,...;, is naturally viewed as the positive path that moves upwards precisely at the
J1,72, -, ji-th steps. Moreover, the boxes above the positive path p; form the partition A(J).
We therefore use the following notation convention
e — (R)
PJs =DPx = pYD()\)’

where the superscript (k) is used to indicate that the Young diagram YD(A) of the partition A
is inside k x (n — k) rectangle. In particular,

_ _ (k)
Plk] = P(o,---,0) = Pg -

Example 6.1. The Young diagrams of the partitions (4,4,4) and (3,2,0) in P37 are given as
follows.

[
L1

(4,4,4) (3,2,0)
The Pliicker coordinate p14g for Gr(3,7) corresponds to the partition (3,2,0).
By (m!,0*~!) we mean the partition (m,---,m,0,---,0) € Pk, with [ copies of m. The

Young diagram YD(m!,0*7!) is an I x m rectangle O;x,,, and YD(1,0*71) = 0O. We call
(m!,0*=Y) a mazimal partition in Py, if | = k or m = n — k holds.

Definition 6.2. Let A € Py, ,, and v € Py_q n—q. We define

pg?)(karA), if mF 4+ X\ € Py,

(k) ._ {
PO, YDV T 0

otherwise;
k . a
p(k) = pgfl))(("*k)“w)’ if (0= k)" v) € Prn,
Oax(n—1),YD(v) 0, otherwise.

Definition 6.3. Letk <l <n and 1 <m <l —k. We define

(k) D) — N\ pl+km, () ()
PO P yeinn) 7= 20 DN 00 BB ¥ DU
p<mk
where (m*/11)¢ € Ptk denotes the conjugate of (m — g, -+ ,m — p1). We define

(k) o0 ._ _ 1\ |ul+km, (k) D)
L(pDkxm)D p‘:,(lfm)x(nfl)) T Z ( 1) PyD (1) p‘:’(lfm)x(nfl)7YD((>\//H)C)7
p<XN spr#m
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where X' = (m~+1,m*=1); (N /)¢ € Pomirs1 denotes the conjugate of (m—pig,- -+ ,m—pa,0)
if pp=m+1, or of (m—puge, - ,m— pa, 1) if g <m.

Theorem 6.4. In terms of the Pliicker coordinates indexed by Young diagrams,

ni—1 (n1) r—1mnjp1—n;—1 [, (nj) (nj+1)
J___ _ Z prX(n nl) ,a + Z (pDn xm 0 pD(n]+1 m)x(n—mn;jiq)
- Lo (m) L(p( i) p(n1+1)
i=1 Dlx(n ni) m=1 Dn xm D(nj+17m)><(n7nj+1)

ny) (ny) ("J)

n—"n,
77. X1y ’Vl n—mn.; \ mn.;
; R +ZPD +Z n; (nJ; -

D Dnjx(nfn-)

J

where O,y x (n—n,) \ @n; denotes the Young diagram obtained by removing n; —mn;_1 bozes from
the last column of U, x (n—n;) and removing nj+1 —n; bozes from the last row, with the removal
of the box at the bottom-right corner double counted.

Proof. It suffices to discuss the Si(j )_terms in Theorem BI8 (Other terms therein are direct

translations to Young diagrams.)

(nj) (rj+1)

For the denominator L(pD Y ) as above, where m = ¢ — n;, we define

jH1—m)X(n—nj4q)

amap «: {J|J € (E;])} — {,u|u § m"i} as follows: it sends J = {aq, ..., am } to the Young dia-
gram «(J) with aq, ..., a,, steps horizontal. It follows directly that « is a bijection. It remains
to check the following facts:

(1) Je ([minn{f’g}]) if and only if the join Oy, —m)x (n—nj.1), YD((mF/a(J))¢) is inside the
nj+1 X (0 — njq1) rectangle.

min{z,s _ (1) —
(2) For J € ("0W), we have p g = PO gy YD((mt () 20 PlisT =
(ny)

PYD(a())" In particular for J = [m], the corresponding product is the leading term
(nj) . (nj41)
PO, wm

D(nj+17m)><(n7nj+1)'

By definition, J € ([minrii’i}]) if and only if the numbering of the first m vertical steps of the
Young diagram J U [i + 1,7n] are ay,...,an, and J U [i + 1,n] is inside the nji1 X (n — njy1)
rectangle. Notice that YD((m™ /a(J))¢) is the Young diagram (a,, — m,...,a; — 1). Thus
when the join O, —m)x(n—n,4,) YD((M" /a(J))¢) is inside the nj11 X (n —n;41) rectangle,
the numbering of its first m vertical steps are exactly a1, ..., a,,, and hence coincides with the
Young diagram of a(.J U [i + 1,n]). Therefore in this case, the Pliicker coordinates are also
identified.

The arguments for the numerators are similar. Let A" = (m + 1,m™~1). Here we define
o {J|J e ([itﬂ\i)} — {plp < X, p1 # m} as follows: o sends {a, ..., am} to the (unique)
Young diagram o' (J) inside A with [i + 1] . {i, a1, ..., am} steps vertical and p; # m. Such
map is a bijection. Again we can similarly check the following facts:

(1) J e (LN it and only if the join D, ., myx(n_nys.), YDA /a(J))¢) is in-
side the n; 1 X (n — nj41) rectangle.

(n;)

Pyp(a’ (27 224

(2) For J € ([min{i-ﬁ-l,%}]\i})’ we have Pli1jufit1}~d =

D (nj41)
’ ’ .
JU[7’+1 n] D(71J+1 7n)><(nfnj+1)7YD(()‘ /O‘ (J))C)
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When a'(J); = m+1. Let J = {a1,...,am}. (A" /o' (J))¢ is a partition given by the conjugate
of (m — jug, ..., m — p2,0), and we have the fact that an, # i + 1 and YD((X /& (J))¢) is the
Young diagram (a,,, —m, ...,a; — 1). Thus when the join D(nﬁl,m)x(n,nﬁl),YD(()\//O/(J))C)
is inside the mj+1 X (n — nj41) rectangle, the numbering of its first m vertical steps are exactly
ai, ..., am and hence it coincides with the Young diagram of JU [i + 1, n]. Therefore the Pliicker
coordinates are also identified. The argument about other parts is similar. O

Example 6.5. For Fl3 4.7, we have

— +
F - p27 + P24P1567 — P14P2567 T P12P4567 | P2346 + P3457 + P13 + P1235 T Pas + 4p1467
P17 P23P1567 — P13P2s67 + P12P3567 P2345 P3456 P12 Pi1234 DPe7 Daser
(2), (4) (2), (4 )
2) Py P — P P @ 0 2) i)
_ & LM @ Ej Eﬂ L TR
(2) (2), (4) (2) (4) +p(2) (4) (4) D e p(2) (4) p(2) (4)

wmEoE

REFERENCES

Do Pg p@ Po ﬁ

[Abou09] M. Abouzaid, Morse homology, tropical geometry, and homological mirror symmetry for toric vari-
eties, Selecta Math. (N.S.)15(2009), no.2, 189-270.

[Aur07] D. Auroux, Mirror symmetry and T-duality in the complement of an anticanonical divisor, J. Gokova
Geom. Topol. GGT 1 (2007), 51-91.

[Bara00] S. Barannikov, Semi-infinite Hodge structures and mirror symmetry for projective spaces, preprint at
arXiv:math.AG/0010157,

[BCFKS00] V. Batyrev, I. Ciocan-Fontanine, B. Kim and D. van Straten, Mirror symmetry and toric degener-
ations of partial flag manifolds, Acta Math. 184 (2000), no. 1, 1-39.

[BKO7] Arkady Berenstein and David Kazhdan. Geometric and unipotent crystals. ii. from unipotent bicrystals
to crystal bases. In Quantum groups, volume 433 of Contemp. Math., pages 13-88. Amer. Math. Soc.,
Providence, RI, 2007.

[Bert97] A. Bertram, Quantum Schubert calculus, Adv. Math. 128 (1997), no. 2, 289-305.

[BJS93] S.C. Billey, W. Jockusch and R.P. Stanley, Some Combinatotial Properties of Schubert Polynomials,
Journal of Algebraic Combinatorics 2(1993). 345-374.

[Borel] A. Borel, Linear Algebraic Groups, Graduate Texts in Mathematics, vol.126, Springer-Verlag, New York,
1991.

[Buch05] A.S. Buch, Quantum cohomology of partial flag manifolds, Trans. Amer. Math. Soc. 357 (2005), no
2, 443-458.

[Cast20] M. Castronovo, Fukaya category of Grassmannians: rectangles, Adv. Math. 372 (2020), 107287, 40 pp.

[CK23] L. Chen, E. Kalashnikov, Quantum hooks and mirror symmetry for flag varieties, Math. Z. 305 (2023),
no. 2, Paper No. 28, 29 pp.

[Cheo09] D. Cheong, Quantum cohomology rings of Lagrangian and orthogonal Grassmannians and total posi-
tivity, Trans. Amer. Math. Soc. 361 (2009), no. 10, 5505-5537.

[CL17] D. Cheong and C. Li, On the conjecture O of GGI for G/P, Adv. Math. 306 (2017), 704-721.

[Chow22] C.H. Chow, On D. Peterson’s presentation of quantum cohomology of G/P, preprint at arXiv:
math.AG/2210.17382.

[Chow23] C.H. Chow, The D-module mirror conjecture for flag wvarieties, preprint at arXiv:
math.AG/2311.15523.

[C-Fon99] I. Ciocan-Fantanine, On Quantum cohomology rings of partial flag varietites, Duke Math. J. 98(1999),
no. 3.485-524.

[CFKSO08] I. Ciocan-Fontanine, B. Kim and C.Sabbah, The abelian/nonabelian correspondence and Frobenius
manifolds, Invent. Math.171(2008), no.2, 301-343.

[Dubr96] B. Dubrovin, Geometry of 2D topological field theories, in: Integrable systems and quantum groups
(Montecatini Terme, 1993), Lecture Notes in Math., 1620 (1996), 120-348.

[EHX97] T. Eguchi, K. Hori and C.-S. Xiong, Gravitational quantum cohomology, Int. J. Mod. Phys. A 12 (1997)
1743-1782.

[FGP97] S. Fomin, S. Gelfand and A. Postnikov, Quantum Schubert polynomials, J. Amer. Math. Soc. 10(1997),
565-596.


http://arxiv.org/abs/math/0010157

40 CHANGZHENG LI, KONSTANZE RIETSCH, MINGZHI YANG, AND CHI ZHANG

[FP97] W. Fulton, R. Pandharipande, Notes on stable maps and quantum cohomology. Algebraic geometry-
Santa Cruz, Proc. Sympos. Pure Math., 62, Part 2, Amer. Math. Soc., Providence, RI, 1997.

[GL22] P. Galashin, T. Lam, The twist for Richardson varieties, preprint at arXiv: math.RT/2204.05935.

[GGI16] S. Galkin, V. Golyshev and H. Iritani, Gamma classes and quantum cohomology of Fano manifolds:
gamma conjectures, Duke Math. J. 165 (2016), no. 11, 2005-2077.

[GI19] S. Galkin and H. Iritani, Gamma conjecture via mirror symmetry, Adv. Stud. Pure Math., 83, Mathe-
matical Society of Japan, 2019, 55-115.

[Gin95] V. Ginzburg, Perverse sheaves on a Loop group and Langlands’ duality, arXiv:9511007, 1995.

[Giv95] A. B. Givental, Homological geometry and mirror symmetry, Proceedings of the International Congress
of Mathematicians (ed. S.D. Chatterji), Birkhduser Verlag, Basel, 1995, 472-480.

[Givo7] A.B. Givental, Stationary phase integrals, quantum Toda lattices, flag manifolds and the mirror con-
jecture, in: Topics in Singularity Theory: V.I. Arnold’s 60th Anniversary Collection, in: Amer. Math. Soc.
Transl. (2), vol. 180, 1997, pp. 103-116.

[Giv98] A.B. Givental, A mirror theorem for toric complete intersections, in: Topological Field Theory, Primi-
tive Forms and Related Topics, Kyoto, 1996, in: Progress in Mathematics, vol. 160, 1998, pp. 141-175.
[GAEO02] Z. Gong, M. Aldeen and L. Elsner, A note on a generalized Cramer’s rule, Linear Algebra Appl. 340

(2002), 253-254.

[GS18] W. Gu, E. Sharpe, A proposal for nonabelian mirrors, arXiv: hep-th/1806.04678.

[GK20] W. Gu, E. lashnikov, A rim-hook rule for quiver flag varieties, preprint at arXiv: math. AG/2009.02810.

[HZ23] W. He, Y. Zhang, A cluster algebra structure in the quantum cohomology ring of a quiver variety,
preprint: to appear.

[HKL23] H. Hong, Y. Kim and S.-C. Lau, Immersed two-spheres and SYZ with application to Grassmannians,
J. Differential Geom.125(2023), no.3, 427-507.

[HKetal] K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil and E. Zaslow, Mir-
ror symmetry, Clay Math. Monogr., 1, American Mathematical Society, Providence, RIClay Mathematics
Institute, Cambridge, MA, 2003.

[HVO00] K. Hori, C. Vafa, , Mirror symmetry, preprint at arXiv: hep-th/0002222,

[Hu22] X. Hu, Mirror symmetry for quadric hypersurfaces, preprint at arXiv: math.AG/2204.07858

[Kala22] E. Kalashnikov, A Plicker coordinate mirror for type A flag varieties, Bull. Lond. Math. Soc. 54
(2022), no. 4, 1308-1325.

[KL79] D. Kazhdan, G. Lusztig, Schubert varieties and Poincaré duality, Geometry of the Laplace operator
(Proc. Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979), pp. 185-203, Proc. Sympos. Pure
Math., XXXVI, Amer. Math. Soc., Providence, R.I., 1980.

[KS08] B. Kim, C. Sabbah, Quantum cohomology of the Grassmannian and alternate Thom-Sebastiani, Com-
pos. Math.144(2008), no.1, 221-246.

[Kirillov] A.N. Kirillov, Quantum Schubert polynomials and quantum Schur functions. Dedicated to the memory
of Marcel-Paul Sch”1tzenberger Internat. J. Algebra Comput. 9(1999), no. 3-4, 385-404.

[KLS14] A. Knutson, T. Lam and D. Speyer, Projections of Richardson Varieties, J. Reine Angew. Math. 687
(2014), 133-157.

[Kont95] M. Kontsevich, Homological algebra of mirror symmetry, in: Proceedings of the International Congress
of Mathematicians, Vol. 1, 2 (Ziirich, 1994), 120-139, Birkhauser Verlag, Basel, 1995

[LS10] T. Lam, M. Shimozono, Quantum cohomology of G/P and homology of affine Grassmannian, Acta
Math. 204 (2010), no. 1, 49-90.

[LT23] T. Lam, N. Templier, The mirror conjecture for minuscule flag varieties, Duke Math J., to appear.

[LSZ23] C. Li, F. Sottile and C. Zhang, On the fundamental group of open Richardson varieties, Commun.
Number Theory Phys. 17 (2023), no. 1, 77-101.

[Lus83] George Lusztig, Singularities, character formulas, and a g-analog of weight multiplicities, Analysis and
topology on singular spaces, II, III (Luminy, 1981), Astérisque, vol. 101, Soc. Math. France, Paris, 1983,
pp- 208-229.

[Macdonald] I.G. Macdonald, Notes on Schubert polynomials, Publications LACIM, Montréal, 1991.

[MR20] R.J. Marsh, K. Rietsch, The B-model connection and mirror symmetry for Grassmannians, Adv. Math.
366 (2020), 107027, 131 pp.

[Miha07] L.C. Mihalcea, On equivariant quantum cohomology of homogeneous spaces: Chevalley formulae and
algorithms, Duke Math. J.140(2007), no.2, 321-350.

[IMVO07] I. Mirkovi¢ and K. Vilonen, Geometric Langlands duality and representations of algebraic groups over
commutative rings, Ann. of Math. (2) 166 (2007), no. 1, 95-143.

[NNU10] T. Nishinou, Y. Nohara and K. Ueda, Toric degenerations of Gelfand-Cetlin systems and potential
functions, Adv. Math. 224 (2010), no. 2, 648-706.


http://arxiv.org/abs/hep-th/0002222

A PLUCKER COORDINATE MIRROR FOR PARTIAL FLAG VARIETIES 41

[PR13] C. Pech, K. Rietsch, A Landau-Ginzburg model for Lagrangian Grassmannians and new relations in
quantum cohomology, preprint, arXiv :1304 .4958[math .AG], 2013.

[PR18] C. Pech, K. Rietsch, A comparison of Landau-Ginzburg models for odd dimensional quadrics, Bull. Inst.
Math. Acad. Sin. (N.S.) 13(3) (2018) 249-291.

[PRW16] C. Pech, K. Rietsch, L. Williams, On Landau-Ginzburg models for quadrics and flat sections of
Dubrovin connections, Adv. Math. 300 (10 September 2016) 275-319, Special volume honoring Andrei
Zelevinsky.

[Peterson]| D. Peterson, Quantum cohomology of G/P, in: Lecture Course, Spring Term, M.I.T, 1997; notes by
J. Lu and K. Rietsch.

[Rie03] K. Rietsch, Totally positive Toeplitz matrices and quantum cohomology of partial flag varieties, J. Amer.
Math. Soc. 16 (2003), no. 2, 363-392.

[Rie06] K. Rietsch, A mirror construction for the totally nonnegative part of the Peterson variety. Nagoya
Math. J. 183 (2006), 105-142.

[Rie08] K. Rietsch, A mirror symmetric construction of ¢H7.(G/P)q), Adv. Math. 217 (2008), no. 6, 2401-2442.

[Sai83] K. Saito, Period mapping associated to a primitive form, Publ. Res. Inst. Math. Sci. 19 (1983), no. 3,
1231-1264.

[SW23] P. Spacek, C. Wang, Towards Landau-Ginzburg models for cominuscule spaces via the exceptional
cominuscule family, J. Algebra 630(2023), 334-393.

[SYZ] A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T -duality, Nuclear Phys. B 479 (1996), no.
1-2, 243-259.

[Yuan21] H. Yuan, Family Floer superpotential’s critical values are eigenvalues of quantum product by ci,
preprint at arXiv: math.SG/2112.13537.

SCHOOL OF MATHEMATICS, SUN YAT-SEN UNIVERSITY, GUANGZHOU 510275, P.R. CHINA
Email address: lichangzh@mail.sysu.edu.cn

DEPARTMENT OF MATHEMATICS, KING’S COLLEGE LONDON, STRAND, LONDON WC2R 2LS, UK
Email address: konstanze.rietsch@kcl.ac.uk

SCHOOL OF MATHEMATICS, SUN YAT-SEN UNIVERSITY, GUANGZHOU 510275, P.R. CHINA
Email address: yangmzh8@mail2.sysu.edu.cn

DEPARTMENT OF MATHEMATICS, CALTECH, 1200 EAST CALIFORNIA BOULEVARD, PASADENA, CA 91125
Email address: czhangb@caltech.edu



	1. Introduction
	Remarks for further directions
	Acknowledgements

	2. Preliminaries
	2.1. Notation
	2.2. Langlands dual flag varieties
	2.3. Open Richardson varieties

	3. The Plücker coordinate superpotentials
	3.1. The superpotential F+ generalising MaRi
	3.2. Superpotential FLie
	3.3. The superpotential F-
	3.4. Notations for F-
	3.5. The description of Z
	3.6. A Plücker coordinate formula for F-

	4. Quantum cohomology of partial flag varieties
	4.1. Peterson isomorphism
	4.2. Critical points of the superpotential
	4.3. Image of first Chern class

	5. Proof of Lemma 4.19 and Quantum Schubert calculus
	5.1. Equivalence of Lemma 4.19 and an identity in quantum Schubert calculus
	5.2. A special case of Theorem 5.3
	5.3. Proof of Lemma 4.19

	6. Appendix
	References

