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Abstract

Despite the successes of particle physics and cosmology there are still some big

unanswered questions. We still do not have a complete understanding of the na-

ture of dark matter, the origin of the baryon asymmetry of the Universe, and the

mechanism behind cosmic inflation. In this thesis we will address these problems by

proposing minimal extensions of the Standard Model of particle physics in which the

recently discovered Higgs boson often plays a central role. The aim is to provide an

economical explanation for these phenomena by introducing as few new ingredients

as possible. As a results these models are easily interpretable and testable with

complementary particle physics and cosmological observations.
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Chapter 1

Introduction

Research in the field of particle physics and cosmology has for some time been

propped up by two standard models. The standard cosmological model (ΛCDM) is

based on a homogeneous and isotropic Universe described by a Friedmann-Lemâıtre-

Robertson-Walker (FLRW) model containing baryonic matter, radiation, cold dark

matter, and a cosmological constant and impressively fits all observational evidence

to date. While the phenomenological success of ΛCDM has been fantastic there

are some theoretical problems related to the initial conditions of the model. The

consensus solution to these problems, which we will discuss later in this chapter, is a

period of exponential expansion in the very early Universe, known as inflation. While

the generic predictions of inflation1 are well tested and cosmologists are as confident

as ever in its existence, we are still far from understanding the microscopic particle

physics that underpins inflation. But this may change in the coming years. Many

possible theories have been ruled out by measurements of the cosmic microwave

background (CMB) (by e.g. Planck [1]) and several experiments are searching for

primordial gravitational waves that would provide both a smoking gun signal for

inflation and a strong constraint on the possible underlying particle physics theories.

1A vanilla inflation model predicts an almost scale invariant, Gaussian, and adiabatic spectrum
of primordial fluctuations which has been observed in measurements of the cosmic microwave
background.

8
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The Standard Model (SM) of particle physics, based on an SU(3)c×SU(2)L×U(1)Y

gauge theory, is also a remarkably successful theory having undergone numerous

precise experimental tests. The recent discovery of a 125 GeV Higgs boson by the

ATLAS [2] and CMS [3] collaborations at the LHC has confirmed the existence

of the last piece of the puzzle. It is well understood however that the SM has

many shortcomings. Some of these, such as the hierarchy problem and a desire for

grand unification, are theoretical problems which, while very suggestive that some

ingredients are missing, do not conflict with any experimental measurements directly.

Perhaps more importantly, the SM is incapable of explaining some well established

observational results. In addition to accounting for non-zero neutrino masses, two

of the most notable of these are the presence of non-baryonic dark matter in the

Universe and the asymmetry between matter and anti-matter. It seems unavoidable

that the resolution of these two problems will need additional, as yet undiscovered

degrees of freedom to be incorporated into the SM.

Predicting the nature of the new degrees of freedom needed to solve these three (and

other) problems has been the charge of particle physicists for the last 50 or more

years. In this thesis we will continue that endeavour and we will see that the recent

discovery of the Higgs boson may provide the most promising avenue for exploration.

In the rest of this chapter we will introduce the problems of dark matter, the baryon

asymmetry of the Universe, and inflation in more detail and discuss some candidate

solutions. We will then finish the chapter by motivating the approach taken in this

thesis of using minimality as a guiding principle and providing an outline of the

thesis.

1.1 Dark matter

In this section we will introduce the problem of dark matter. We will first discuss the

evidence for dark matter from astronomical and cosmological observations. We will
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then describe the best candidates mechanisms for the production of a dark matter

relic compatible with that observed today.

1.1.1 Observational evidence

The observational evidence for the existence of dark matter is now overwhelming [4].

The gravitational signature of dark matter can be seen on various length scales from

galaxies up to cosmological scales. The first indication of dark matter was found

more that 80 years ago by Zwicky [5] who, by measuring the velocities of galaxies in

the Coma cluster and inferring its mass, noticed an apparent lack of visible matter.

The mass-to-light ratio was ∼ 400 times what would be expected if all the mass

was made up of stars like the Sun. Modern studies also use gravitational lensing

by these clusters (see Fig. 1.1) to get an independent measurement of the mass

and the ‘missing mass’ problem persists. This can be explained if there is a large

contribution of weakly interacting, non-luminous (or dark) matter to the mass of

the cluster.

Figure 1.1: The gravitational potential of the galaxy cluster lenses light from
background galaxies to create streak-like images. The inferred mass of the galaxy
cluster is much larger than that expected from the visible matter alone suggesting

presence of a large dark matter contribution. Credit: NASA

Similarly on galactic scales, the rotational velocities of stars can be used to infer the

gravitational potential, and hence the mass, of galaxies. Again there is a discrepancy

from what would be expected if the visible matter was the only mass in the galaxy.

In the absence of dark matter we would expect the outer stars of galaxies to be
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orbiting much slower than observed. The inferred gravitational potential can then

be used to reconstruct the expected dark matter density profile (e.g. [6]).

The most constraining and convincing evidence for dark matter however comes from

cosmological scale observations. In an FLRW spacetime the Einstein equations yield

the Friedman equation (in units with the speed of light, c = 1),

H2 =

(
ȧ

a

)2

=
8πG

3
ρ+

Λ

3
− k

a2
=

8πG

3
ρtot −

k

a2
(1.1)

where H is called the Hubble parameter, a is the scale factor, G is the Newton

constant, ρ is density of matter and radiation, Λ is a cosmological constant and

k ∈ {−1, 0, 1} describes the spatial curvature as open, flat, and closed respectively.

In the last equality we define ρtot as the total energy density of the Universe which

includes the contribution of matter, radiation, and the cosmological constant. This

equation can then be used to define a critical density,

ρcrit =
3H2

8πG
, (1.2)

such that for ρtot = ρcrit we have k = 0 and the Universe is flat. It is convenient

to then describe the energy density contribution of the various components as Ωi =

ρi/ρcrit, and constrain the various Ωi with cosmological observations. Among the

most important of these observations was that of high redshift Type Ia supernovae

[7]. The observation of the redshifts of these standard candles indicates that the

Universe today is undergoing accelerated expansion. This is then evidence for Λ 6= 0

because the acceleration of the scale factor is governed by

Ḣ +H2 =
ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3
, (1.3)

where p is the pressure of the cosmological fluid so for ordinary matter (with ρ+3p >

0) the right hand side can only be positive for Λ > 0. The supernovae data can then

be best explained in a cosmology with Ωm ' 0.3 and ΩΛ ' 0.7, where the subscript

m includes both baryonic matter and any non-baryonic dark matter.
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The density of matter can also be constrained by measuring the CMB. The CMB

was produced at the time of last scattering ∼ 380, 000 years after the big bang when

the first atoms were formed and photons decoupled from matter. The photons then

propagated freely throughout the Universe and were redshifted by the cosmic ex-

pansion. The observation of the CMB is an extremely important tool for cosmology.

It is in fact the earliest time that we can hope to observe because the Universe is

opaque prior to its formation. Our best hope of understanding the physics of the

Universe at earlier times is therefore to study its imprint on the CMB.

The CMB contains inhomogeneities that were imprinted at the time of last scattering

as a result of under/over-densities of the cosmic fluid (see Fig. 1.2). The presence of

different kinds of matter affects the cosmological evolution of density perturbations

so observations of the CMB can give us information about the overall density of the

Universe. Overdensities collapse under gravity and then re-expand from radiation

pressure. The overdensities therefore oscillate about a critical scale called the sound

horizon in a process known as baryon acoustic oscillation. The scale of the sound

horizon in then imprinted as peaks in the CMB and matter power spectra. The first

acoustic peak of the CMB is visible at ` ' 200 in Fig. 1.3 and the amplitude and

position of this peak in particular is very sensitive to the value of Ωm, largely due

to the baryonic contribution, Ωb.

Figure 1.2: This figure shows the inhomogeneities in the cosmic microwave back-
ground as seen by Planck. The statistics of these inhomogeneities are an invaluable

tool for cosmology. Credit: ESA
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Figure 1.3: This figure (taken from [8]) shows the temperature power spectrum
data from the CMB observations of the Planck satellite. The best fit ΛCDM model
is overlaid on the data and show a remarkable agreement between theory and

experiment.

All of these complementary observations conspire to constrain Ωm ' 0.3. We also

have a very tight complementary constraint on the contribution of baryons, Ωb,

coming from big bang nucleosynthesis (BBN) that predicts very well the abundances

of light elements in the Universe today [9]. The success of BBN requires Ωb ' 0.05

thus requiring a non-baryonic cold dark matter component of Ωcdm ' 0.25.

Finally, there has been much work on understanding structure formation using N -

body simulations of cold dark matter (e.g. [10, 11]). These studies have been very

successful in reproducing the large scale structure we observe in the Universe and

so further emphasise the need for a large dark matter component in the Universe.

1.1.2 Production

The combination of all this evidence demands a microscopic explanation of the ori-

gin of dark matter. There is an abundance of candidate explanations of the particle
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physics models for dark matter but they all fall into two broad categories: thermal

and non-thermal. The most common way to create a cosmological abundance of

thermal dark matter is through what is known as the ‘freeze-out’ mechanism. In

this mechanism all species including dark matter are in thermal equilibrium with

approximately equal number densities in the early Universe. As the Universe ex-

pands, particles must interact with the cosmic fluid quickly enough to maintain this

thermal equilibrium. The number density of massive particles in equilibrium will be

Boltzmann suppressed, n ∝ exp(−m/T ), and will quickly decay at temperatures,

T , below the particle mass m. If the particles are stable then they can only be de-

stroyed by annihilation. If, however, the annihilation rate is less than the expansion

rate of the Universe then the particles will be unable to find an annihilation partner

and will fall out of equilibrium with the thermal bath. This process can produce a

thermal relic that can play the role of dark matter. Dark matter particles produced

in this way are known as Weakly Interacting Massive Particles (WIMPs).

The freeze-out dynamics is governed by the Boltzmann equation for the dark matter

number density, n,
dn

dt
+ 3Hn = −〈σvrel〉(n2 − n2

eq), (1.4)

where neq is the equilibrium number density, σ is the annihilation cross-section, vrel

is the relative velocity of the dark matter, and the angle brackets denote thermal

averaging. In the non-relativistic limit, assuming a Maxwell-Boltzmann distribution

for the dark matter at equilibrium we can solve this (e.g. [4]) to relate the relic

density to the thermally averaged annihilation cross section via

Ωcdmh
2 ' (1.07× 109 GeV−1)xF√

g?Mpl〈σvrel〉
, (1.5)

where h ' 0.7 is the Hubble constant in units of 100 km s−1 Mpc−1, TF is the freeze-

out temperature, xF = m/TF , Mpl = (8πG)−1/2 is the reduced Planck mass, and g?

is the effective number of relativistic degrees of freedom in thermal equilibrium at
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TF . The freeze-out temperature is solved for iteratively using

xF = log

 m

2π3

√
45M2

p

2g?xF
〈σvrel〉

 . (1.6)

To understand what type of particles could give rise to a successful dark matter

candidate we can approximate the solution as

Ωcdmh
2 ' 3× 10−27cm3s−1

〈σvrel〉
. (1.7)

Therefore if there is a particle with 〈σvrel〉 ' 3 × 10−26 cm3s−1 we can achieve the

correct relic density for dark matter. For a particle that interacts via the weak

interactions we have σ ∼ G2
Fm

2 and v ∼ c/3 for particles that freeze-out with

xF ∼ 20. If we plug in the numbers with m ∼ 100 GeV we find σvrel ' 3 ×
10−26 cm3s−1 which is remarkably exactly what we need. This coincidence, known

as the ‘WIMP miracle’, has inspired a lot of research in the area of weak scale dark

matter candidates. The estimate was of course very loose and there is plenty of room

for manoeuvre with the dark matter mass and annihilation rate. The dependence of

the comoving number density of dark matter on the thermally averaged cross section

can be see in Fig. 1.4 where we see that increasing 〈σvrel〉 decreases the dark matter

yield for freeze-out processes.

Perhaps the most popular example of a WIMP candidate uses the supersymmetric

framework where the lightest supersymmetric particle plays the role of the dark

matter [12]. In this case the R-parity symmetry which is required to prevent B +L

violation can also be used stabilise the dark matter. The simplest example of thermal

freeze-out dark matter however is provided by SM singlets [13] that are stabilised by

some new global symmetry. These models have recently grown in popularity under

the name Higgs portal dark matter and we will present an example in Chapter 3 of

this thesis.
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Figure 1.4: This figure (taken from [14]) shows the dependence of the comoving
number density of dark matter on the thermally averaged cross section for freeze-

out. Large cross sections result in lower yields of dark matter.

Another possible way to produce a dark matter relic is through ‘freeze-in’ [15]. In

this case, the initial dark matter abundance is negligible and dark matter is produced

by collisions and decays of the thermal bath. As T drops below the dark matter

mass m this production becomes exponentially suppressed by a Boltzmann factor

and the dark matter abundance freezes-in. Contrary to the freeze-out case we will

therefore get larger dark matter abundances for larger interaction strengths with

the thermal bath. The required interactions strengths are extremely weak so the

particles are known as Feebly Interacting Massive Particles (FIMPs).

Dark matter can also be produced non-thermally. Non-thermal production occurs

when dark matter is produced during phase transitions or by the decay of heavy

unstable particles. One very popular realisation of non-thermal dark matter is the

axion. Axions are the pseudo-Nambu-Goldstone bosons of a broken U(1) symmetry

and are theoretically motivated by their solution of the strong-CP problem. We will

postpone further discussion of axions until Chapter 4 where we will present a new

model that explains both the dark matter abundance and inflation.
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1.2 Baryon asymmetry of the Universe

The most plausible initial condition for the Universe is a totally symmetric one.

We would therefore expect that the Universe began with equal parts matter and

anti-matter. There is no obvious mechanism by which the SM would prevent this

symmetry from maintaining until today. In fact, we would expect matter and anti-

matter to annihilate leaving only a tiny amount left when the annihilations freeze-out

in the same way as dark matter giving rise to a Universe almost devoid of matter.

The abundance of baryonic matter in the Universe today, of course, refutes this

conclusion. Moreover, even if it were possible to retain large numbers of baryons

and anti-baryons we would expect to see evidence of their annihilation today in a

diffuse γ-ray background or at the very least at the boundaries of possible ‘islands’

of separated matter and anti-matter. Again this is counter to observations [16]

suggesting that matter and anti-matter do not coexist in equal quantities today.

Figure 1.5: This figure (from [17]) shows the abundance of light elements as
function of the asymmetry parameter, η, that is predicted by BBN. There is good
agreement between theory (solid curves) and the 95% confidence regions (boxes)

over several orders of magnitude constraining η and hence Ωb tightly.
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The strongest evidence for a baryon asymmetry however comes from cosmology. It

is common to normalise the asymmetry with respect to the photon density to yield

the asymmetry parameter,

η =
nb − nb̄
nγ

, (1.8)

where ni is the number density of species i. The quantity can be constrained directly

using the power spectrum of the CMB and it is found that η ' 6× 10−10 [8].

There is also a strong consistency check coming from BBN. The predicted abun-

dances of light elements are very sensitive to the values of η and they agree with

that expected from the CMB observations (with the exception of a slight discrep-

ancy for Li7 [18] as seen in Fig. 1.5) providing very strong evidence for a baryon

asymmetry of the Universe (BAU).

This conflict between the observed BAU and the desire for symmetric initial con-

ditions is a problem with the standard cosmology that must be resolved. Even if

an initial asymmetry is conceded then it would be diluted away in an inflationary

Universe. There must therefore be some dynamical mechanism for the creation of a

small asymmetry. Such a mechanism is referred to as baryogenesis. The necessary

conditions for a successful theory of baryogenesis were first written down almost 50

years ago by Sakharov [19]. The Sakharov conditions are

(i) baryon number (B) violation,

(ii) C and CP violation,

(iii) non-equilibrium dynamics.

Condition (i) is self-evident; without B violation we can never create a baryon ex-

cess. Condition (ii) is required because the rate of baryon production must exceed

the rate of the conjugate process of baryon destruction in order to increase the net

B. Finally, condition (iii) is required to ensure the process is not time reversible.

This is necessary because the CPT theorem would otherwise guarantee that CP vi-

olating baryon creating processes would be exactly balanced by anti-baryon creating

processes in thermal equilibrium because they are energetically equivalent.
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There have been several different approaches to creating a theory to satisfy these

conditions. The most popular theories are electroweak baryogenesis (EWBG) [20],

leptogenesis [21], GUT (grand unified theory) baryogenesis [22], and Affleck-Dine

baryogenesis [23]. In the first two cases the B violation comes from non-perturbative

electroweak processes known as sphalerons. EWBG then uses the electroweak phase

transition to facilitate the non-equilibrium dynamics. Leptogenesis on the other

hand first creates a lepton asymmetry through the out-of-equilibrium decay of right

handed neutrinos. This is later converted into a baryon asymmetry by the sphalerons.

GUT baryogenesis relies on the fact that because quarks and leptons are combined

into a single representation of the simple GUT group there will be B violating inter-

actions mediated by the new gauge bosons of the GUT. The decay of these boson in

the early Universe can then account for the baryon asymmetry. Affleck-Dine baryo-

genesis uses supersymmetric flat directions corresponding to a combination of fields

with non-zero net B charge. During inflation these combination fields will get large

expectation values. The supersymmetry breaking terms then give a small mass to

these fields and when this mass is less than Hubble scale the field begins to oscillate

and decay producing a baryon asymmetry.

Of all these options, EWBG is arguably the easiest to test because all the relevant

physics is at the weak scale. We will see later that in order to make it successful

it is necessary to modify the electroweak symmetry breaking of the SM. After the

discovery of the Higgs we now have a promising avenue to probe this sector and

possibly shed light on whether EWBG is a viable solution to generating the baryon

asymmetry. In contrast, the key physics of other theories of baryogenesis lie well

above the weak scale and so are difficult to test.

1.3 Inflation

In this section we will discuss another as yet unexplained aspect of cosmology:

cosmic inflation. We will first introduce the problems that motivated the idea of an
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inflationary Universe and then discuss the inflationary solution in both its original

incarnation and the modern view.

1.3.1 Problems with hot big bang model

The standard picture of cosmology discussed in Sec. 1.1 presents some theoretical

problems. Let us first consider the so called flatness problem. We saw earlier that

cosmological observations find that Ω =
∑

Ωi = 1 to very good accuracy (i.e the

spatial curvature is very well constrained with |ΩK | < 0.005 today [24] where ΩK ≡
Ω − 1 ). This level of flatness does not necessarily seem to pose any problem until

we consider how this number evolves in time. We can rearrange Eq. (1.3) to write

ρtot − ρcrit

ρtot

= ΩK =
k

a2H2
=

k

ȧ2
. (1.9)

In a radiation dominated Universe we have a ∼ t1/2 whereas in a matter dominated

Universe we have a ∼ t2/3, which gives

|ΩK | ∼ t or ∼ t2/3 . (1.10)

We can see therefore that ΩK = 0 is an unstable solution. In order to ensure

ΩK < 0.005 today (t0 ∼ 1017 s) we need to tune ΩK . 10−63 or 10−43 at the Planck

time (tp ∼ 10−43 s) for matter and radiation dominated Universes respectively (since

in reality the Universe undergoes a period of radiation dominance followed by a

matter dominance the true number is somewhere in between these two estimates).

This clearly represents an extreme tuning of initial conditions.

Another problem, known as the horizon problem, has to do with the observation of a

remarkably homogeneous Universe. The temperature of the CMB is homogeneous up

to fluctuations δT/T ∼ 10−5. This suggests that the entire observable Universe must

have been in causal contact in the past in order for it to reach thermal equilibrium.
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The comoving particle horizon (the conformal time since the big bang),

hp = ∆η =

∫ t

ti

dt′

a(t′)
, (1.11)

is the maximum distance a photon could have travelled from a time ti to t (where

we take ti = tp as the initial condition). For particles at the time of last scattering

we have hp ∼ 200 Mpc. If we compare this to the scale of the Universe today ∼ 14

Gpc we find that the CMB is composed of many different patches that were causally

disconnected when it was formed. The horizon problem is then why do we observe

such global uniformity on the CMB?

Finally, we have the monopole problem [25]. If we assume that SM gauge groups

unify into a GUT at some high scale (as is suggested by the almost2 unification

of the SM gauge couplings) then when this GUT breaks in the early Universe we

generically expect monopoles to be produced in abundance. These monopoles are

extremely heavy and would overclose the Universe in contradiction to observation

of an approximately flat Universe. There must therefore be some mechanism that

prevents the production of magnetic monopoles or sufficiently reduces their energy

density.

1.3.2 Solutions old and new

The horizon and flatness problems both depend critically on the history of the

comoving Hubble radius rH = (aH)−1. From Eq. (1.9) we see that

ΩK = k r2
H . (1.12)

The comoving particle horizon can also be rewritten as,

hp =

∫ t

ti

dt′

a(t′)
=

∫ a

ai

da′

a′ȧ′
=

∫ ln a

ln ai

rH d lna. (1.13)

2If the unification was precise we might in fact be a bit suspicious because we would naively
expect there to be some important threshold effects near the GUT scale.
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We can therefore see that if we have ṙH < 0 at sometime in the past then |ΩK |
would decrease, flattening the Universe and the integrand of hp would also decrease

such that patches of the Universe that were originally in causal contact would exit

each others Hubble sphere. Therefore today hp could be very large compared with

rH . From our perspective today, our expectation that hp ∼ rH (as is the case for a

radiation/matter dominated Universe) would cause us to conclude that these patches

were never in causal contact. This can be seen diagrammatically in Fig. 1.6, where

we can see that a period of shrinking Hubble radius can result in causally connected

patches appearing to be out of casual contact.

The condition needed then to solve these problems is therefore that

ṙH =
d

dt

1

ȧ
= − ä

ȧ2
< 0, (1.14)

which is satisfied for ä > 0 i.e. accelerated expansion of the Universe. This ac-

celerated expansion would also solve the monopole problem by diluting away the

monopoles produced in phase transitions.

The amount of inflation required to sufficiently solve the horizon problem is some-

what dependent on the realisation of inflation but we can estimate it by considering

the ratio of comoving Hubble radius at the end of inflation to that today,

r0
H

reH
=
aeHe

a0H0

=
a0

ae
, (1.15)

where in the last equality we have assumed H ∼ a−2 for a radiation dominated

Universe. We also have that a ∼ T−1, and using T0 ' 3 K ' 10−2 eV, and assuming

TE ∼ 1015 GeV for the energy scale during inflation. Then,

a0

ae
' 1028 ' e64. (1.16)

We therefore need approximately 60 ‘e-folds’ of inflation (at least) such that the

largest scales we observe today were within the same horizon at the beginning of

inflation.
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Figure 1.6: This figure (taken from [26]) that two separated patches of the CMB
appear to be causally disconnected but if there was a period of accelerated expansion
such that the Hubble radius was shrinking then these patches could have been in

causal contact at an earlier time.

If we examine Eq. (1.3) we see that this accelerated expansion could be achieved

with a large positive cosmological constant Λ. This must however be a transient

effect so we cannot simply rely on a cosmological constant. Setting Λ = 0 in Eq.

(1.3) we see that we need

w =
p

ρ
< −1

3
. (1.17)

This inflationary solution was first presented by Guth in 1980 [27]. He showed that

if the Universe was supercooled many orders of magnitude below the temperature

of some phase transition this effect could be achieved. The Universe becomes stuck

in a false vacuum whose energy will play the role of a large cosmological constant.

As the Universe tunnels from this false vacuum inflation will end. However, as was

pointed out by Guth himself in the original paper, this theory (now known as old

inflation) has a problem achieving a ‘graceful exit’. As the Universe rapidly expands

the nucleated bubbles of true vacuum do not expand quickly enough to coalesce and

form a homogeneous and isotropic Universe.
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Modern incarnations of inflation are mostly based on Linde’s chaotic inflation model

of a slowly rolling scalar field [28]. In such a scalar field theory we have

w =
p

ρ
=

1
2
φ̇2 − V (φ)

1
2
φ̇2 + V (φ)

. (1.18)

If we can arrange that V (φ)� 1
2
φ̇2 then we will have w ' −1 and the Universe will

inflate. That is, we need the potential energy to dominate over the kinetic energy,

which can be arranged at large field values for a suitably flat potential. As φ rolls

down the potential we will eventually reach a situation with w > −1/3 and inflation

will end gracefully.

The conditions for successful slow roll can be summarised as

ε = − Ḣ

H2
=

1

2
M2

pl

(
V ′

V

)2

< 1, (1.19)

which guarantees ä > 0, where we have neglected the φ̈ terms. In order to ensure

this approximation is valid we can introduce the second slow roll parameter

η =
1

H

φ̈

φ̇
= M2

pl

V ′′

V
, (1.20)

and require |η| � 1.

Although inflation was invented to solve the various problems with the hot big bang

model, perhaps its most attractive feature came as a side product. Quantum fluc-

tuations of the inflaton field φ are stretched out by inflation and act as the seeds for

structure formation in the Universe. The scalar and tensor perturbations will then

be imprinted in the CMB. The spectrum of scalar perturbations has been measured

many times, most recently to an impressive accuracy by the Planck satellite [1] and

agree with the generic expectations of inflation. The observation of the tensor modes

however would be a fantastic victory for inflation. A recent claimed measurement of

tensor modes from inflation by the BICEP2 experiment [29] was therefore met with

great excitement. Alas, the claim has since been withdrawn so we must wait a little

longer.
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While these measurements are important to test the theory of inflation they are also

essential to discriminate between various microscopic models i.e. we can start to

answer questions like

• can inflation be described by slow roll?

• what are the allowable forms for V (φ)?

• is there only a single inflaton or multiple inflatons?

Although the Planck data has made some steps in selecting from the various models

that can produce inflation, we are still a long way from pinning down what features

the precise microscopic mechanism responsible for inflation needs.

1.4 The effective potential

In this section we will briefly introduce the quantum corrected effective potential. In

particular we will discuss its renormalisation group improvement and generalisation

to finite temperature, both of which will be relevant in the context of the Higgs field

in the remainder of the thesis.

1.4.1 Renormalisation group improvement

The potential of classical field theory will receive quantum corrections that can play

a large role at high energies. Thess corrections can have profound consequences, such

as inducing spontaneous symmetry breaking [35]. In order to account for quantum

effects we must replace the classical action with the quantum effective action, which,

for a massless scalar field theory, can be expanded as

Γ =
∑
n

∫
d4x1...d

4xnΓ(n)(x1, ..., xn)φ(x1)...φ(xn), (1.21)
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where φ is a scalar field and Γ(n) is the sum of all one-particle-irreducible (1PI)

Feynman diagrams with n external legs. If we expand in terms of the classical field

φ we can write

Γ =
∑
n

∫
d4x

[
−V (φ) +

1

2
(∂µφ)2 Z(φ) + ...

]
. (1.22)

Here, V (φ), called the effective potential, is the sum of all 1PI Feynman diagrams

with only scalar external legs. This potential therefore contains all quantum cor-

rections and its minimum describes the vacuum state of the quantum theory. In

practice we can only compute Feynman diagrams with a small number of quantum

loops and higher order effects must be neglected. We therefore expand the effective

potential as the sum of a contribution at each loop order [35],

V (φ) = V0 + V1 + V2 + ..., (1.23)

where V0 is the tree-level (no loops) contribution and is equivalent to the classical

potential, V1 is the 1-loop contribution etc. When computing these loop diagrams

however we find that the result diverges at high energy. This of course cannot be

physical because physical observables like the scattering cross-sections depend on

this result and must be finite.

The solution to this problem is renormalisation. Renormalisation is a procedure to

cancel these divergent parts of the integrals by introducing counter terms. To com-

pute the counter terms we must first regularise the loop integrals e.g. by introducing

a UV cut-off, and then chose the counter terms in order to cancel any would be di-

vergent parts. This procedure redefines the bare couplings in terms of renormalised

couplings. In [35] this procedure was applied to the theory of a massless scalar field

and they found the renormalised 1-loop approximation to the effective potential

V =
λ

4!
φ4 +

λ2φ4

256π2

(
ln
φ2

µ2
− 25

6

)
. (1.24)

Here µ is an arbitrary mass scale that must be introduced to avoid a logarithmic
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singularity in the effective potential. Since we have only computed the effective

potential up to 1-loop we require both λ and ln φ2

µ2
to remain small for our ap-

proximation to remain valid. Changing the renormalisation scale µ amounts to a

redefinition of λ and rescaling of φ but the physics is unchanged. It was noted in [35]

however that this inter-dependence of λ and µ can have profound implications. The

requirement that the effective potential remain unchanged under these redefinitions

can be written as (
µ
∂

∂µ
+ β

∂

∂λ
+ γφ

∂

∂γ

)
V = 0. (1.25)

This can be solved to yield the so called renormalisation group equations (RGEs),

dλ

d lnµ
= β(λ) (1.26)

dφ

d lnµ
= −γ(λ)φ (1.27)

where the functions β and γ require computation of all Feynman diagrams at every

loop order. If we however approximate these functions using a loop expansion as

before then we can solve the RGEs to find a µ dependent solution for λ and φ. The

key thing to note is that if we insert these µ dependent solutions into the effective

potential then it will be valid as long as λ is small and the restriction on ln(φ2/µ2) is

dropped. This is called RGE improvement of the effective potential and it is allows

us to study the physics of the potential at high energies without perturbation theory

breaking down. This will be important to us when we examine the Higgs potential

in the next chapter.

If we have the effective potential up to L-loop order and we use the (L + 1)-loop

RGEs to resum the leading logs then we will have a potential that is accurate to

the Lth-to-leading log terms. We have still performed a truncation however because

we did not compute the effective potential to all loops. As well as missing some

corrections to the potential we will not have removed all µ dependence from the

potential that we have computed [36]).
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1.4.2 Effective potential at finite temperature

So far we have been considering field theory in empty space. This is an appropriate

approximation for many applications e.g. collider physics. In the early Universe

however know that space contains matter and radiation. We must therefore consider

a theory in which the quantum fields interact with a thermal bath of particles, i.e.

finite temperature field theory. This will be of interest to us later in this thesis when

we discuss the Electroweak phase transition and reheating after inflation.

In thermal field theory the key point is that computing quantum correlation func-

tions should be replaced with taking thermal averages. An analogy between these

procedures can be made apparent by comparing the correlation function of and

operator O in quantum field theory at zero temperature,

〈O〉 =

∫
Dφ ei

∫
L(t)O∫

Dφ ei
∫
L(t)

, (1.28)

with the thermal average of an observable A in quantum statistical mechanics,

〈A〉 =
Tr [ρ(β)A]

Tr [ρ(β)]
, (1.29)

where ρ(β) = exp(−βH) is density matrix for a system with Hamiltonian H and

inverse temperature β. We see that for thermal theory the density matrix plays a

directly analogous role to the time evolution operator.

An important implication of computing thermal averages by taking the trace over all

the states is that states must have periodic boundary conditions in time due to the

cyclicity of the trace. We can use this fact to recast thermal averages to as ordinary

correlations function by taking a Wick rotation t → −iτ to Euclidean space time

with a finite and periodic time dimension τ ∈ [0, β],

〈O〉β =

∫
Dφ e−

∫ β
0 LE(τ)O∫

Dφ e−
∫ β
0 LE(τ)

. (1.30)



Chapter 1. Introduction 29

In Fourier space, integrals over the Euclidean time coordinate then reduce to a

Fourier series of discrete modes known as Matsubara modes.

In analogy to zero temperature field theory we may use this formalism to construct a

thermal effective action which is formally given by the Gibbs free energy functional

G[φ, β] = −(1/β) logZ[β, J ] +
∫
Jφ where J is a external current source for an

interacting theory and Z is the partition function. From this we can derive a finite

temperature effective potential as before. We will see an example of this in Chapter

3 when we look at phase transition in the finite temperature effective potential of

the Higgs.

1.5 Top-down or bottom-up? Minimality as a

guiding principle

The shortcomings of our current best theories for particle physics and cosmology have

been the inspiration for much theoretical investigation. The approach to tackling

these problems can be generally split into two classes: top-down and bottom-up.

Top-down models take the ambitious approach of trying to find a fundamental theory

of the Universe. This approach can be guided by symmetry principles, elegance, and

naturalness. Equipped with such a theory, we can then ask questions about what

its phenomenology looks like.

The greatest of triumphs of this approach is undoubtedly Einstein’s general relativity

(GR). The apparent fine-tuning of the gravitational ‘charge’ (or mass) to equal the

inertial mass in Newtonian gravity lead Einstein to the principle of equivalence and a

radical reformulation of gravity in terms of the curvature of spacetime. The elegance

of GR was soon bolstered by the successful prediction of the precession of Mercury’s

perihelion and bending of starlight by the Sun.

This success has inspired many after Einstein to seek a similarly elegant theory to

provide a unified picture of everything. This has lead to great interest in the very
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beautiful string/M-theory picture which provides both the most promising theory

of quantum gravity and also reformulates all other forces and degrees of freedom in

terms of the geometry and topology of a 10/11 dimensional spacetime. The main

criticism of this approach however is that there exists an enormous number of possi-

ble vacua when the theory is reduced to 4 dimensions. This makes phenomenology

very difficult.

One key feature of these theories is supersymmetry which was discovered separately

and has more promising discovery potential. Supersymmetry can be formulated

as a generalisation of the Poincaré algebra of spacetime to a super-algebra (or Z2

graded algebra). Not only does this seem like a natural extension but it is also able

to avoid a ‘no-go’ theorem that seemed to prevent extensions to the symmetries of

spacetime [30]. The real interest in supersymmetry from the perspective of particle

physics however came from its provision of a solution to the aforementioned hierarchy

problem. Simply put the hierarchy problem is that the mass of any fundamental

scalar (e.g. the Higgs boson) is radiatively unstable. Quantum loop corrections

result in Mh ∼ Λcut-off where Λcut-off is the cut-off scale of the effective theory.

We expect Λcut-off ∼ Mpl or MGUT ∼ 1016 GeV but instead we know that Mh

must be weak scale (∼ 100 GeV). This hierarchy of scales seems to require a large

degree of fine-tuning between the bare Higgs mass and the quantum corrections.

Supersymmetry solves this in a very neat way because it predicts each boson will

have a fermionic superpartner (and vica-versa). This means that the loop corrections

will cancel at leading order leaving only a logarithmic dependence of the Higgs

mass on the cut-off scale, rendering the theory natural. Supersymmetry is now

perhaps the most popular extension of the SM and has been used to explain dark

matter, baryogenesis, inflation, and many other phenomenon. Its original purpose

of providing a solution to the hierarchy problem, however, requires supersymmetry

to be found at or below the TeV scale. Some pressure has been applied in this regard

by the non-observation of a signal of supersymmetry during Run 1 of the LHC (e.g

a global fit in [31] suggests squark masses & 1.5 TeV and gluino masses & 1 TeV ).

The jury, however, is far from out on whether natural supersymmetry is still viable
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and we can look forward to results of Run 2 of the LHC to shed some more light on

this.

The other approach to explaining the shortcomings of our theories is then to build

theories from the bottom-up where phenomenology is at the forefront and theoretical

motivation comes second. This method for model building is much more tightly

linked with experiment and is often easier to falsify because simpler models make

more clear predictions. If such models are successful then it may be that they merely

represent a subset of a more complete picture. A good example of this is the recent

trend of producing simplified models to constrain at the LHC and later mapping

these constraints onto your favourite top-down model (see e.g. [32, 33]).

In light of the lack of signals for supersymmetry and other top-down models we

argue here that this shift towards a more bottom-up approach is a good one. While

both approaches are of course worthwhile, in this thesis we prefer to leverage simple

models to explain as many unexplained phenomena as possible. This provides a

much more economical solution compared to models with many new degrees of

freedom and can offer an informative starting point from which a fuller picture can

be built. As an example, if supersymmetry fails in its motivating purpose of solving

the hierarchy then a model for supersymmetric dark matter is perhaps less appealing

than a simple one based on, say, gauge singlet dark matter. This minimal approach

has also recently inspired a new idea for the hierarchy problem (which is a rare

thing) by coupling the Higgs to an axion (see Chapter 4) which ensures a natural

mass for the Higgs emerges from their interaction during inflation [34]. We take this

as an encouraging sign for the use of minimality as a guiding principle for building

particle physics models.
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1.6 Thesis outline

This thesis is organised as follows:

• In chapter 2 we will discuss what role the recently discovered Higgs can play

in an inflationary Universe. We will consider the consequences of the two

possibilities: the Higgs is the inflaton, and the Higgs is not the inflaton. In

the first case we will review the attempts at Higgs inflation and provide a

new analysis of the Higgs inflating from a false vacuum that can appear in the

effective potential. In the second case we will investigate the implications of the

having the Higgs as a spectator during inflation. We will see that instability

of the potential can have dramatic consequences for the fate of the Universe.

This chapter is based on the published work [37, 38].

• In chapter 3 we will address the problems of baryogenesis and dark matter.

We will describe a model based on electroweak baryogenesis and gauge singlet

dark matter and see that both can be explained simultaneously in a minimal

model. We will also discuss the phenomenological implications of this model in

terms of modifications to Higgs physics and the search for dark matter. This

chapter is based on the published work [39].

• In chapter 4 we will present a new model of axion physics that can success-

fully explain inflation, dark matter, and the strong-CP problem by adding a

single complex field to the SM. This model contains a mechanism to suppress

isocurvature perturbations of the axion field and so opens up a new region

of the parameter space that was previously ruled out. This new window for

axion phenomenology can be probed by several complimentary measurements

and so offers exciting discovery potential in the near future. This chapter is

based on the published work [40].

• Finally, in Chapter 5 we will present our conclusions.
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The Higgs and Inflation

2.1 Introduction

The discovery of the Higgs boson of the Standard Model (SM) has rightly been her-

alded as one of the most significant scientific discoveries of recent years [2, 3]. At

present there is no evidence to suggest that the particle is anything other than a

fundamental scalar field [41, 42] and there is not yet any evidence for the existence of

particles beyond the SM of particle physics (see e.g. [43]). This monumental discov-

ery therefore presents perhaps our most promising new avenue for phenomenology.

The Higgs is an invaluable tool for exploring theories beyond the SM of particle

physics and cosmology.

As discussed in chapter 1 inflationary cosmology is one such theory that, while

accepted as a general consensus, has yet to be fully understood at the microscopic

level. Theories of inflation almost always rely on scalar fields and, having just

found the first example of a fundamental scalar field, it is a perfect time to test

the implications of the Higgs discovery on inflation. This will be the topic of this

chapter. We will first introduce the Higgs potential and its quantum corrections

which will be of central importance to the rest of the chapter. In the remainder of

the chapter we will consider in turn the implications of the two possible scenarios:

33
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(i) the Higgs is the inflaton, (ii) the Higgs is not the inflaton. We will see that both

cases have important implications for particle physics.

2.1.1 The Higgs potential and its quantum corrections

The role of the Higgs field is to spontaneously breaking the SU(2)L × U(1)Y elec-

troweak symmetry of the SM down the U(1)em of electromagnetism. This is achieved

using the potential,

V = −µ2H†H + λ(H†H)2, (2.1)

with µ2, λ > 0, which can be rewritten in the unitary gauge, with H = 1√
2

(0, h)T

and v =
√
µ2/2λ, as

V =
1

4
λ
(
h2 − v2

)2
, (2.2)

where the extra constant can be absorbed into the cosmological constant. This

potential is of course minimised for h = v and the symmetry is broken. But this

potential is only part of the story. The preceding description is entirely classical and

will be modified by quantum effects. As we discussed in Sec. 1.4.1 the quantum

corrected effective potential is the important object in quantum field theories. In the

case of the Higgs, the effective potential can have important physical consequences.

To illustrate there importance let’s consider a theory with just the Higgs and the

top quark (the top contributes most to the quantum corrections of the Higgs in the

SM) and apply the reproduce the machinery introduced in Sec. 1.4.1. At 1-loop

order after renormalising to remove the infinities we find that λ gets an additional

contribution ∼ (4π)−2y4
t log (h/µ) where yt is the Higgs-top Yukawa coupling.

We can also account for the running of the couplings with energy using renormalisa-

tion group equations (RGEs) of the theory. In the case of our toy theory the 1-loop

beta functions are given by,

βλ =
dλ

d log µ
=

1

(4π)2

(
−6y4

t + 12y2
t λ+ 24λ2

)
, (2.3)
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βyt =
dyt

d log µ
=

1

(4π)2

(
9

2
y3
t

)
. (2.4)

We can solve the RGEs to find the couplings as a function of renormalisation scale

e.g. λ = λ(µ), and plug these back into the effective potential. We can see from

these equations that the large negative contribution yt to the running of λ could

potentially cause λ to become negative at high energies which, as we will see, could

have interesting physical implications.

In this chapter we are concerned with inflationary cosmology which occurs at very

high energies in the very early Universe. We therefore will need to describe the

behaviour of the Higgs potential up to very large scales (e.g. the Planck mass

Mpl = 2.435 × 1018 GeV). In this case the quantum effects described above are

expected to play an important role. In what follows we will use the state of the art

calculation of the effective potential to NNLO (2 loop effective potential improved

with 3 loop RGEs) from [44, 45]. We will also follow these works and package all

the additional contributions to the effective potential into a redefinition of λ to λeff.

So we have,

Veff(h) =
1

4
λeff(h)h4, (2.5)

where we have made the convenient choice µ = h so the running is contained in

the h dependence of λeff and because we are concerned with large field behaviour

(h� v) we have dropped the v contribution.

2.2 The Higgs as the inflaton

As we have already mentioned, the Higgs may be the first fundamental scalar we

have detected. Inflationary cosmology requires a hypothetical fundamental scalar

called the inflaton. It is therefore natural to ask whether the Higgs can be the

field responsible for two key epochs in particle cosmology: electroweak symmetry

breaking and inflation. Such a theory would be attractive both for its minimality

and for the possibility to learn about Planck scale physics by studying the Higgs at

the electroweak scale.
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A naive first response would be that it is impossible because we know that for

V (φ) ' 1
4
λφ4 the measured spectrum of perturbations requires1 the quartic cou-

pling λ ' 10−13 whereas the measured Higgs mass requires λ ∼ 0.13. This is of

course too simplistic because as we have just seen the bare tree-level potential can

receive large quantum corrections. The hope is therefore that when we study the

quantum corrections in detail we might find a potential that has the correct low

energy behaviour to break electroweak symmetry and give rise to a Higgs boson of

mass Mh ' 125 GeV while at the same time have the correct shape at high field

values to allow for slow roll inflation and generate the perturbations observed in the

CMB.

In this section we will first review previous attempts to build a theory of Higgs

inflation that uses a non-minimal coupling to gravity. We will then examine the

effect of the quantum corrections and see that when properly considered they give

some hint that the quantum corrected potential might yield successful inflation.

2.2.1 Higgs inflation with a non-minimal coupling

The idea that the SM Higgs could play the role of the inflaton is not new. It has

been a popular idea since a working model was first introduced in [46, 47]. In this

model the problem with the size of λ is overcome by introducing a non-minimal

coupling, ξ, between the Higgs and gravity,

L = LSM −
M2

2
R− ξRH†H, (2.6)

where M is a mass parameter, and R is the scalar curvature. If we consider only

the Higgs we therefore have the action in the Jordan frame as

SJ =

∫
d4x
√−g

[
−
(
M2 + ξh2

2

)
R +

1

2
∂µh∂

µh− V (h)

]
. (2.7)

1This requirement is to fit the perturbations for N = 60 e-folds before the end of inflation. This
model is also excluded by Planck ’s nS − r plane constraints [1], where nS is the spectral index and
r is the tensor-to-scalar ratio
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We therefore see that as long as
√
ξ � 1017 then M is just equal to Mpl to good

approximation (we will take this approximation in what follows). We can now make

a conformal transformation to the Einstein frame defined by

ĝµν = Ω2gµν , Ω2 = 1 +
ξh2

M2
pl

. (2.8)

In order to have canonical kinetic terms we then make a redefinition of the Higgs

field using

dσ

dh
=

√
Ω2 + 6ξ2h2/M2

pl

Ω2
. (2.9)

This results in an Einstein frame action given by

SE =

∫
d4x
√
−ĝ
[
−1

2
M2

plR̂ +
1

2
∂µσ∂

µσ − U(σ)

]
, (2.10)

where

U(σ) =
V (h(σ))

Ω4
=

1
4
λ (h(σ)2 − v2)

2(
1 + ξh(σ)2/M2

pl

)2 . (2.11)

Examining this potential we see that it will be a negligible modification to the usual

Higgs potential for h�Mpl/
√
ξ. On the other hand, for h &Mpl/

√
ξ the potential

will start to significantly flatten out (see Fig. 2.1). This allows for viable slow-

roll inflation with the Higgs boson. In order to reproduce the correct amplitude

for the scalar perturbations on the CMB however ξ must be quite large (∼ 104).

It is important to note that we are using inflationary observables computed in the

Einstein frame directly and not transforming them back to the Jordan frame. This is

justified because we are interested in physics at late times when h2 is small compared

to ξ/Mpl2 so Ω→ 1 and the Jordan and Einstein frames are identical.
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Figure 2.1: This figure shows the effect of introducing an non-minimal coupling
on the tree-level Higgs potential. Large values of ξ cause the potential to flatten
out at high field values opening up the possibility of the Higgs playing the role of

the inflaton.

Although this model has been quite popular in recent years [48–59] it does have a

problem. It has been much discussed in the literature [60–65] that the theory must

have a cut-off imposed by perturbative unitarity of,

Λ ' Mpl

ξ
. (2.12)

For large values of ξ graviton mediated Higgs-Higgs scatterings can saturate the

unitarity bound for the partial wave amplitudes much below the Planck scale2. This

is problematic because during inflation we are working at energies very close to this

cut-off and we might worry that our calculations are no longer valid. The relevant

scale to compare with the bound (2.12) is the Hubble scale during inflation. This is

approximately given by,

H '
√
λ
Mpl

ξ
, (2.13)

2Note that this problem only arises when, in the unitary gauge, the longitudinal gauge boson
fields are included (or, equivalently, the Goldstone modes in the covariant gauge) [62–64].
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so we see that it is comparable with (2.12) for λ ∼ 0.13 of SM Higgs. It has

however been pointed out in [55, 66] that the cut-off is background dependent. If we

include the effect of the background Higgs field the cut-off derived for graviton-Higgs

interactions will be modified to,

Λ '
M2

pl + (1 + 6ξ) ξ〈h〉2

ξ
√
M2

pl + ξ〈h〉2
. (2.14)

Note that 〈h〉 will be very large (∼Mpl) during inflation so the bound will be signif-

icantly higher and we may therefore trust the result of the inflationary calculation.

We can also see that in the limit 〈h〉 → 0 the previous cut-off is recovered.

There is, however, still a need to cure this unitarity violation in the Universe today

and therefore either new physics must appear or perhaps perturbation theory breaks

down as we enter the strong coupling regime. There has been some work to build

a unitary Higgs inflation model (see e.g. [67, 68]). It was argued in [65] however

that since the mechanism that cures the apparent unitarity violation must enter

at the same scale that inflation is taking place then it will likely take part in the

inflationary dynamics and modify the predictions (see for example [67] where new

terms are included to make the theory unitary and the predicted value of ns is

modified). From the model building perspective the need to introduce these extra

ingredients makes this solution to inflation less minimal and somewhat reduces its

appeal.

The problem of having a large ξ therefore still lingers in Higgs inflation with a non-

minimal coupling. In the remainder of this section we will try to circumvent these

issues by investigating Higgs inflation scenarios with ξ = 03.

For completeness we also note that the above picture has generalisations [55] and

alternatives [69, 70]. For example it has also been shown [69] that non-minimal

derivative couplings to gravity can give successful Higgs inflation and makes different

3We will see in the next section that it may not be possible to simply neglect the effects of ξ by
setting it to zero at tree-level because it is expected to be generated by radiative corrections.



Chapter 2. The Higgs and Inflation 40

predictions for inflationary observables (notably r can be as large as 0.3 compared

to r ' 0.003 for regular Higgs inflation) [71].

2.2.2 Higgs plateau inflation

We have seen that the tree-level Higgs potential needs to be modified in order for the

Higgs to play the role of the inflaton. We have just discussed one such modification

that introduced a direct coupling between the Higgs and gravity but which was

not without problems. We now instead investigate whether replacing the classical

Higgs potential with the effective potential of the quantum theory can give successful

inflation.

The effect of quantum corrections was discussed in Sec. 2.1.1. Properly considered,

these effects can lead to substantial modifications to the tree-level potential and a

significant scale dependence of λ. In [44, 45] a state of the art 3-loop RGE improved

2-loop effective potential for the SM Higgs was presented and discussed. This cal-

culation showed that, within the current experimental errors on the Higgs and top

masses and ignoring possible contributions of new physics, we appear to be living in

a very special Universe. The first result of interest is that the running of the Higgs

quartic coupling λ is such that it appears to become negative at µ ∼ 1010 GeV. If

this is so then the electroweak vacuum is no longer the true vacuum. Instead we

have the possibility of tunnelling to a vacuum with large negative energy density at

h � 1010 GeV. If such a vacuum exists and the tunnelling time is less than or of

the order of the age of the Universe then our vacuum is unstable and should have

decayed by now. Instead if the decay time is much longer that the current age of the

Universe then we may have survived until now in this meta-stable Universe (whether

or not this is true in an inflationary Universe is the subject of the next section).

The story gets even more interesting however when we use experimental constraints

to investigate whether the Universe is unstable or meta-stable. The two most im-

portant parameters in determining the shape of the effective potential are the values

of λ and the top Yukawa, yt, at the electroweak scale. These can be constrained
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experimentally by measuring the Higgs and top masses respectively. The resulting

“phase diagram” for the SM is shown in Fig. 2.2 (from [44]) where we can see

that the current experimental data places the electroweak vacuum at the boundary

between stable and meta-stable.
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Figure 2.2: This figure (from [44]) shows the phase diagram of the SM in the
Mh-Mt plane. The experimental measurements at 1, 2, and 3 sigma are included
and reveal that our Universe appears to be quite close (within experimental errors)
to the boundary between stable and meta-stable. The dotted lines indicate the scale

at which λeff = 0.

The appearance of instability/meta-stability boundary offers an opportunity for fur-

ther investigation and has been much discussed in the literature [44, 45, 72–76]. It

is remarkable that we find ourselves so close to this boundary. This is a result of the

peculiar fact that both λh and βλh can vanish at the same scale, which is a highly

non-trivial result. It should of course be noted that any new physics above the elec-

troweak scale (even Planck suppressed operators [77]) could significantly change this

story. What is interesting however is that if we ignore these extra contributions we

get such an interesting criticality. If, with more precise experimental measurement,

we move closer to the critical boundary we might begin to suspect that all additional

contributions really are zero and that there is some symmetry principle or perhaps

anthropic reasoning that could be applied to understand the origin of the criticality.
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Figure 2.3: The figure shows the effective potential for Mh = 125 GeV. The top
mass is tuned in order to show the appearance of a plateau or an instability. The

four curves plotted differ by 0.5 MeV in Mt.

Here we will, for a moment, take this near-criticality seriously and attempt to use

it to explain inflation. The appearance of criticality could then be explained by

its necessity to inflate the Universe and make it habitable [78]. If we examine the

effective potential very near the critical boundary we find the development of a

plateau. Such a plateau could lead to slow roll inflation [73] and, remarkably, it

appears at approximately the correct scale to generate the observed perturbations.

In Fig. 2.3 we can see the effect of tuning the top mass on the effective potential.

The figure shows that tuning on the order of 0.1 − 1 MeV can interpolate between

a stable and meta-stable vacuum. At the boundary of this transition we see the

appearance of a plateau.

In order to test the suitability of this scenario for inflation we can initialise the field

above the plateau and let it roll down the potential and calculate the number of

e-folds of inflation that take place. The field, h, will evolve according to the field

equations,

ḧ+ 3Hḣ =
dVeff

dh
, (2.15)
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with

H =
1

Mpl

√
ρ

3
and ρ =

1

2
ḣ2 + Veff, (2.16)

where Veff is given by Eq. (2.5). The total number of e-folds is then given by,

Ntot =

∫
Hdt, (2.17)

where the integral is taken over the duration of inflation.

The result is shown in Fig. 2.4. We see that in order to get the required number of

e-folds (50-60) to solve the horizon and flatness problems we need Mh & 129 GeV

which is inconsistent with the value observed at the LHC. It is possible to try to

relieve this constraint by, say, introducing another scalar that mixes with the Higgs

such that our input λ is smaller for the same Mh. This will delay the appearance

of a plateau and push it to higher scales, allowing more e-folds for lower Mh values.

This does not resolve the matter, however, because in both cases the inflationary

scale is too high to fit the amplitude of the scalar perturbations.

Figure 2.4: This figure shows the total number of e-folds of inflation caused
by a Higgs rolling from rest at 10 Mpl. The thickness in the band is set by the
±1σ error on αs(MZ) and the color bar indicates the value of Mt required for a
plateau. For smaller Mh the plateau is shorter and occurs at a lower scale and so
has only a very small effect on the rolling of the field. For larger Mh the plateau

is significant enough to cause an extended period of slow roll.
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The power spectrum of scalar perturbations can be written as,

P(k) = As

(
k

k∗

)ns−1

, (2.18)

where ns is called the scalar spectral index, k∗ is a reference scale known and the

pivot scale, and we have ignored possible k dependence of ns. In the slow-roll regime

the amplitude, As, is given by

As =
V∗

24π2εM4
pl

' 2× 10−9, (2.19)

where V∗ is the value of the potential N∗ = 50−60 e-folds before the end of inflation.

For slow-roll εmax = 1 so we can put an upper bound on the inflationary scale of

max

(
V

1/4
∗

Mpl

)
∼ 2.5× 10−2. (2.20)

We find that whenever enough e-folds are generated by a plateau this upper bound

is exceeded. In Fig. 2.4 we see that 60 e-folds requires Mh ∼ 129 GeV which results

in a plateau forming at
(
V

1/4
∗
Mpl

)
∼ 3 × 10−2 so we see that even ε = 1 we will not

be able to fit Eq. 2.19. We could try a similar game by adding in extra fermionic

degrees of freedom, e.g. right-handed neutrinos. Again this does not work because,

to a good approximation, this is equivalent to increasing the value of the top quark

Yukawa (ignoring QCD running of course), or, equivalently, increasing the effective

top mass of the SM. Note however that the occurrence of the plateau in the Higgs

potential fixes a linear relationship between the Higgs mass and the top mass (see

Fig. 2.2). Introducing new fermions therefore only gives us some freedom on the

Higgs or top mass inputs but cannot change the shape of the potential significantly

enough to allow for successful inflation.

It is also possible to consider very careful choices of initial conditions such that a

large number of e-folds could be generated by the field rolling very slowly passed

the inflection point. This was addressed in the slow roll regime in [79] and it was

found that simultaneously achieving enough e-folds of inflation and generating scalar
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perturbations with the observed amplitude is impossible. Finally, you could imagine

repeating the above calculation and allowing for a shallow potential well instead of a

plateau to slow the Higgs as it rolls past, producing more e-folds. We found however

that in order to avoid being trapped in the minimum by Hubble friction, the Higgs

can only be slowed by a tiny amount. We found that this impacted the e-folds less

than varying αs(MZ) by 1σ. We must therefore abandon the plateau in the Higgs

potential as a candidate for inflation.

2.2.3 False vacuum inflation

Although successful inflation cannot be achieved in the simple case of the Higgs

plateau it may still be possible that the Higgs may be connected to inflation in a

slightly less minimal way. To see this we can imagine starting with the plateau

situation and increasing the top mass by a few×0.1 MeV. In this way we can create

a false vacuum with large positive energy density that can be used to inflate the

universe [80–82].

This is then the scenario of old inflation [83] and we are therefore burdened with

the graceful exit problem. The necessity for this exit strategy is what makes false

vacuum inflation slightly less minimal than the Higgs plateau approach. One possi-

ble solution [80] is to extend general relativity to a scalar-tensor theory. This allows

the expansion rate of the universe with a constant inflaton energy density to de-

crease with time, eventually becoming slow enough to allow successful exit through

tunnelling. Here we revisit an alternative solution, proposed in [81], that introduces

an extra scalar whose dynamics during inflation slowly lifts the Universe out of the

false vacuum such that it can roll classically down to the true vacuum. At this

point the reader may worry that if we are introducing an extra scalar why we are

not just letting that extra scalar to be the inflaton with, say, a quadratic potential.

While this is a reasonable position to take, it ignores the peculiar possibility of the

false vacuum in the Higgs potential that results from being so close to the critical

boundary discussed in the previous section. We also expect that the Higgs will be
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coupled to any additional scalars (e.g. the scalar responsible for Peccei-Quinn sym-

metry breaking) that appear above the electroweak scale through the Higgs portal

coupling regardless of whether these scalars can achieve inflation on their own. We

therefore consider the approach that the Higgs is responsible for inflation and the

additional scalar merely facilitates the graceful exit.

Our calculation improved upon a previous treatment in [81] by using the state-of-

the-art expression for Veff [44, 45], including the 1-loop RGE’s for the new scalar field

and its threshold effect at the matching scale. Also, we account for the movement

of the Higgs during inflation and further address a degeneracy in the initial depth

of the false vacuum. We will see that these improvements can dramatically affect

the conclusions.

The mechanism will require the additional scalar to obtain a vev so that, through

its interaction with the Higgs, it can modify the effective mass of the Higgs. The

tree-level potential in the unitary gauge is then given by,

V (h, s) =
1

4
λs
(
s2 − w2

)2
+

1

4
λh
(
h2 − v2

)2
+

1

4
λhs
(
s2 − w2

) (
h2 − v2

)
, (2.21)

where s is the real part of a possibly complex SM singlet scalar field and respects

a global Z2 (real field) or U(1) (complex field) symmetry and (v, w) is the global

minimum of the potential. The tree-level Higgs quartic coupling is now denoted by

λh. Such a complex field, S, arises in the context of invisible axion models, where

the symmetry is identified with the U(1) of Peccei and Quinn that solves the strong

CP problem (we will discuss this further in chapter 4).

During inflation the s field will roll towards its minimum 〈s〉 and the mixing term

between h and s will grow and lift the false vacuum as shown in Fig 2.5. The end

of inflation is taken as the value of s, denoted send, for which the false minimum

disappears. In reality, tunnelling will become highly probable when the well depth

is sufficiently small (when Γtunnel � H) causing inflation to end slightly earlier.

Additionally the subsequent free rolling of the field down to the global minimum can

still produce some inflation. Both of these effects however are small and change the
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calculation by a negligible number of e-folds [81] which will not alter our conclusions

and so we neglect these contributions.
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Figure 2.5: This plot shows the effect of the mixing between the singlet, s, and
the Higgs, h, on the Higgs contribution to V as s rolls towards its minimum. The
solid line is for s = 0 and the dashed lines are the result of increasing s. The
singlet field manages to successfully remove the false vacuum allowing the Higgs

to roll down to the true vacuum.

We therefore have a setup similar to hybrid potential [84] in which the rolling of s

triggers the waterfall field h but in this case the false vacuum is created purely by

quantum effects.

It is possible to treat this as a quasi-single field model for s because h is trapped

in the false minimum throughout inflation. The renormalized potential can then be

written as a function of s

Vs =
1

4
λs
(
s2 − 〈s〉2

)2
+

1

4

(
λeff −

λ2
hs

4λs

)(
h2

0 − v2
)2
, (2.22)

with

〈s〉 =
1√
2λs

√
M2

s + λhs(v2 − h2
0) , (2.23)
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where Ms is the mass of the new scalar. Note that h0 is the vev in the false vacuum

and is not equal to v, the vev in the electroweak vacuum. After inflation ends and

h rolls to the global minimum 〈s〉 relaxes to its ground state value given by

w = 〈s〉|h0=v =
Ms√
2λs

. (2.24)
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Figure 2.6: This plot shows an example of the fit performed for movement of h as
a function of s during inflation. The first and second derivative of this function
that are needed for slow roll calculations are also included. The y-axes are in

Planck units.

The position, h0, of the false vacuum will in fact change slightly during inflation as

can be seen in Fig. 2.5. In order to take this into account while still working in

the single field regime we treat the motion of h0 as a function of s. To compute

this function we record the position of both h0 and s during inflation and preform a

polynomial fit to this data. A typical example of this procedure is shown in Fig. 2.6.

This allows smooth derivatives to be computed and used in the slow roll calculations.

The total number of e-folds is then calculated using

N =
1

Mpl

∫ send

s=0

ds√
2ε

, (2.25)

with

ε =
M2

pl

2

(
V ′s
Vs

)2

, (2.26)

and

V ′s = λss(s
2 − 〈s〉2) + h′0(s)

(
λhsh

(
s2 − 1

2
〈s〉2

)
+ λeffh

3

)
. (2.27)
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The amplitude of the scalar perturbations are then calculated N∗ = 50− 60 e-folds

before the end of inflation using equation (2.19).

Before we can proceed however we must consider the effect that the presence of

a new scalar will have on the effective potential of the Higgs. Since there is a

mixing between the scalar and the Higgs, the low energy Higgs parameters will be

modified. Quantum corrections involving new scalar loops will also modify the RGEs

relative to the SM. Firstly, when the mass of the extra scalar is much larger than the

electroweak scale (as will always be the case here) it can be integrated out to yield

an effective theory below Ms. In this effective theory the Higgs quartic coupling will

be modified compared to that of the SM as a result of the λhs mixing term. It was

shown in [85] that below Ms we must replace

λh → λ = λh −
λ2
hs

4λs
, (2.28)

where λ ' 0.129 is what is inferred from the Higgs mass measurement and is what

enters the SM running below Ms. At Ms we must therefore apply a threshold effect

to match to the full theory by replacing λ with λh = λ +
λ2hs
4λs

. Above Ms we must

then also include the s field in the RGEs. Here we include them up to one loop and

they are given by,

(4π)2βλh = (4π)2βSMλh +
1

2
λ2
hs, (2.29)

(4π)2βλhs =
1

4
λhs

(
12y2

t −
9

5
g2

1 − 9g2
2

)
+ λhs(6λh + 4λs) + 2λ2

hs, (2.30)

(4π)2βλs = λ2
hs + 10λ2

s. (2.31)

In order for this mechanism to work both λs and λhs will need to be very small so the

RGE contribution will be relatively minor. The threshold effect however can still be

significant because even small changes in λh can substantially change the position of

the false vacuum. This effect also helps to push the experimental fit in Fig. 2.2 closer

to the boundary because the input λh will be larger which is equivalent to having a

larger Higgs mass for the SM. This is helpful because we need to be extremely close
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to the boundary in order for a false vacuum to appear.

The setup for testing this model is to:

• select our 5 inputs {Mh, αs(MZ), λs, λhs,Ms},

• carefully tune Mt to generate a false vacuum in the potential (see below for

more details),

• determine send, the value of s for which the false vacuum disappears and in-

flation ends,

• calculate the amplitude of the scalar perturbations N∗ e-folds before the end

of inflation using equation (2.19),

• calculate the χ2 of this model point using the experimental values: The χ2

was derived from fitting the experimental value of Mh = 125.66 ± 0.34 GeV

(see [44] and references therein) and Mt = 173.35 ± 0.76 GeV [86], the world

average of αs(MZ) = 0.1184±0.0007 [87], and observed value of As = (2.196±
0.060)× 10−9 [1].

Note, however, that there is a degeneracy in such an approach resulting from the

freedom of tuning the initial depth of the well using Mt. Different well depths will

result in different send, and hence As, values for the same set of input parameters.

To resolve this we tune Mt for each set of inputs such that the resulting well depth

generates the best possible fit to As. We therefore choose only the best possible

point in the degenerate set of outputs given our 5 inputs.
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Figure 2.7: This plot shows the binned best fit point in the Mh-αs(MZ) plane
(top) and the Mh-Mt plane (bottom) for N∗ = 50. The colourbar shows − log(χ2)
for each point when fitting to all 4 observables {Mh,αs(Mz),Mt, As}. For compar-
ison the 1−, 2−, and 3− σ experimental contours for the plotted parameters are
also depicted. The global best fit point, marked with a yellow star, is inconsistent

with experiment at more than 5σ.

The result of an extensive nested sampling scan using MultiNest [88] is shown in Fig

2.7. The best fit point has a χ2 = 29.4 largely due to poor fits of Mh and αs(Mz).

There is a clearly visible sharp boundary in Fig. 2.7. This marks the point when the

scale of inflation exceeds the maximum value allowed by equation (2.20) preventing

any chance of achieving a good fit to As by tweaking ε. We also see that allowing

a variation of αs(MZ) gives considerably more freedom in Mt for a particular Mh

while still achieving a false vacuum.
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Figure 2.8: This figure shows the binned best fit point for λs, λhs, and Ms with
N∗ = 50. The global best fit point is marked with a yellow star.

The corresponding distributions for λs, λhs, and Ms and their best fit value are shown

in Fig. 2.8. It is clear that in order to fit the scalar perturbations and the e-folds

simultaneously, quite small values for the couplings are needed, which would result

in a very large (Planckian) expectation value 〈s〉|h0=v for the extra scalar field. The

sharp line in the λs-λhs plane marks the region above which the threshold effect

becomes too large and results in a push of the false vacuum to too large scales.
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Although we do not consider the spectral index, ns, or the tensor-to-scalar ratio,

r, as constraints for our fit, this model is capable of reproducing a large range of r

and ns < 1 in the region preferred by Planck. This is, however, secondary to the

difficulties encountered when fitting Mh and αs(MZ).

2.2.4 Is the Higgs the inflaton?

In this section we have discussed the idea that Higgs might be the inflaton. We

first discussed Higgs inflation with a non-minimal coupling and found that there

is some complicating details involving the UV completion of such as theory that

make it somewhat less appealing. Next we examined two possible implementations

of minimal Higgs inflation: Higgs plateau inflation and false vacuum Higgs inflation.

For the case of Higgs plateau inflation we found that a simultaneous fit of the number

of e-foldings and the scalar perturbations turned out to be impossible. We argued

that inclusion of extra fermionic or scalar singlets to the SM cannot change this

conclusion. As such we conclude that a different approach is required for the Higgs

to be the inflaton.

Next we considered a slightly less minimal approach where we introduced an addi-

tional singlet scalar field s and looked at a hybrid scenario. In this case, the Higgs

sits in a local minimum of the potential and s slowly rolls towards the minimum of

its potential. The mutual coupling between s and the Higgs field removes the barrier

during the rolling of s such that the Higgs can then roll towards its global minimum

and successful exit is guaranteed. To ensure a correct treatment, we included the

1-loop RGEs for the new scalar, the threshold effect in the Higgs potential occurring

at the mass of the singlet scalar, the movement of the Higgs field during inflation

and the degeneracy in the well depth. The results are summarised in Fig. 2.7 where

one can see that, although it is now possible to fit As for N∗ = 50− 60, these points

are clearly excluded by measurements of the Higgs mass and the strong coupling

constant. This result challenges claims in the literature that false vacuum Higgs

inflation is viable (e.g. [81]).
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We therefore find that Higgs inflation without a non-minimal coupling appears to be

impossible. If we are determined to have the Higgs be the inflaton we must therefore

address the problems with non-minimal Higgs inflation. As mentioned already there

has been some works to create a UV complete Higgs inflation model [67, 68]. There

has also been some recent work that attempts to combine both approaches discussed

here i.e. they leverage both a non-minimal coupling and fine-tuning of quantum

effects to inflate with the Higgs [58, 59]. Here they use a non-zero ξ to flatten out

the potential above the Higgs plateau to give successful inflation. This approach

also evades the unitarity problem because the use of the plateau means that values

of ξ ∼ O(10) are viable. At this point however the original argument for Higgs

inflation in terms of minimality begins to work against us. It would seem that a

far more economical choice would be to have a separate field that plays the role of

the inflaton. This of course ignores the possible hint of near-criticality, but perhaps

some new ideas are needed to make this theory attractive again.

In the next section we consider the case where the Higgs is not the source of inflation.

We must still however properly consider the behaviour of the Higgs during inflation.

2.3 The Higgs as a spectator

In light of the somewhat discouraging findings in the last section, this section deals

with the case where there is an additional field, separate from the Higgs, that plays

the role of the inflaton. We do not however consider this field in isolation. The Higgs

has been discovered and therefore it is important to consider any effect it might have

on the dynamics of inflation. This section therefore deals with the implications of

having the Higgs as a spectator field during inflation. The behaviour of the Higgs

field during inflation has started to get a lot of attention in recent years and following

its discovery at the LHC is perhaps the most promising avenue for particle physics to

elucidate early Universe physics. Several studies have considered the contributions

of the Higgs to cosmological perturbations [89–92] and several others have raised the
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issue of stability of the electroweak vacuum during inflation [93–95]. Here we will

be concerned with the latter.

2.3.1 Meta-stable Higgs and high scale inflation

As we have seen already in this chapter, quantum corrections have a large effect on

the structure of the Higgs potential. In the previous section we considered the case

when the Higgs was on the cusp of stability. This was made easier by introducing

a new scalar field that could have a positive contribution to the running of the

quartic self-coupling, λh. Without this field the observed central values of the SM

parameters, in particular the top mass and the Higgs mass, imply that λeff becomes

negative at large values of the Higgs field h [44, 45]. For example, we can see in

Fig. 2.9 that for the central value of Mt = 173.34 GeV and Mh = 125.66 GeV

the Higgs potential becomes negative at a scale Λ just above h = 1010 GeV. As we

discussed this had lead to lots of interest in the tunnelling rate from our vacuum

to the unstable vacuum in order to put bounds on the lifetime of our metastable

minimum at h = 246 GeV [44, 45, 72–76].

These calculations however are for the Universe today and might not apply to the

very early Universe. If we accept that there was a period of inflation in the very

early Universe then it is possible that the very large energy density of the inflation-

ary Universe might alter the tunnelling rate. During inflation all fields lighter than

the Hubble scale H will receive stochastic quantum fluctuations of order H/2π per

Hubble time from the Gibbons-Hawking temperature [96]. The H/2π factor corre-

sponds to the amplitude of the power spectrum of scalar perturbations on super-

horizon scales and so will be present in any spacetime with a causal horizon which

is the case during inflation. Since successful inflation with generation of scalar per-

turbations which fit the data well can be achieved for a wide variety of inflationary

energy scales, the magnitude of these quantum fluctuations can be relatively small.

If, however, we find evidence for high scale inflation then these quantum fluctuations

might become extremely important.
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Figure 2.9: The running of the RGE improved effective coupling for Mh = 125.66
GeV and Mt = 173.34 GeV. An instability develops when λeff crosses zero.

There were recently some hints that the scale of inflation was very high indeed4.

The BICEP2 experiment reported a measurement of B-modes in the CMB radiation

at degree angular scales [97]. A detection of B-modes at this scale is intriguing

because it is too large to be caused by gravitational lensing of CMB E-modes by

large scale structure and so might have primordial origin. If this were the case

then the measurement would be a direct probe of the scale of inflation. Another

possible source of the signal however is from E-mode to B-mode conversion by dust

in the Galaxy. Using a simple dust model BICEP2 reported an excess in B-modes

and attributed their origin to primordial gravitational waves. This lead them to an

estimate of the tensor-to-scalar ratio, r = 0.16+0.06
−0.05. This would set the scale of the

energy density during inflation to be very large ∼ 1013−14 GeV. This caused quite a

stir in the community as many worked frantically to understand the implications of

such a measurement. There were several works that revisited the issue of vacuum

stability [98–100] including [38] which is presented here. Unfortunately, it has since

come to light that dust model used in the BICEP2 analysis underestimated the

contribution of dust [101–103]. With a more accurate dust model the observed

B-mode signal is now consistent with r = 0 (r < 0.12 at 95% confidence) [104].

4Henceforth we will use high scale inflation to mean inflation with H � Λ.



Chapter 2. The Higgs and Inflation 57

Although the signal has disappeared the possibility of high scale inflation is still

something to be considered. More data from Planck and future ground, balloon,

and space based experiments (e.g. SPIDER [105], and the KeckArray [106]) could

detect primordial gravitational waves and therefore probe the scale of inflation. It

is immediately clear that if there is indeed high scale inflation then the quantum

fluctuations of the Higgs during inflation might be large enough for the Universe to

fluctuate over the barrier and into the true minimum. This therefore presents a very

interesting avenue for investigation into particle physics models of inflation.

If we restrict our interest to the case of high scale inflation, i.e. H � Λ then

fluctuations of the Higgs field will be very large during inflation. In this case we may

treat them stochastically using the Fokker-Planck equation as long as the classical

motion is always treatable by slow roll [107, 108]. In this picture we treat the

quantum motion of the field like a random walk with step size H/2π. The Fokker-

Planck equation then describes the probability distribution for the Higgs field at a

time, t, via
∂P

∂t
=

∂

∂h

[
V ′eff(h)

3H
P +

H3

8π2

∂P

∂h

]
. (2.32)

This is is a diffusion equation for P (h, t) with diffusion coefficient equal to H3/8π2.

We therefore see the critical role that Hubble scale plays in the evolution of the

Higgs field during inflation. If H � Λ then we expect there to be a high probability

for h > Λ after a few e-folds of inflation. If we multiply Eq. 2.32 by h2 and integrate

over all h we find an equation for the second moment of the Higgs field,

d〈h2〉
dt

+
2

3H(t)
〈hV ′eff〉 =

H3(t)

4π2
, (2.33)

where we have required the boundary conditions P, ∂P/∂h→ 0 as h→ ±∞. Given

SM inputs at the weak scale we can then determine the effective potential for the

Higgs and solve (2.33) to track the behaviour of the Higgs during inflation. Note

that (2.32) and (2.33) are space-independent so refer to behaviour of entire Hubble

volume. During inflation many such Hubble volumes are produced so we will have

a sample of this probability distribution for each Hubble volume.
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2.3.2 Test case: m2
φφ

2 potential

In this section we consider the simplest inflationary model: the quadratic potential

V = 1
2
m2
φφ

2. Using this model as a test case we can investigate the effect of high

scale inflation on the dynamics of the Higgs during inflation. Of course, no matter

what the shape of the potential, if the energy density during inflation is as high as

the GUT scale, then the Higgs field will receive stochastic fluctuations which will

push it to expectation values typically of order 1013 GeV or higher during the 50-60

e-folds of inflation, even if one assumes that its value at the beginning of those final

e-folds was zero. If the Higgs field has instabilities above 1010 GeV the tunnelling

calculation would therefore be rendered irrelevant - at or before the end of inflation

the Higgs field will roll classically into the unstable minimum leading to a Universe

incompatible with the one we live in (in which at the very least the particle physics

would be very different from what we observe).

To make this more quantitative let’s turn to the example of quadratic inflation.

First, we use the slow roll approximation to get an estimate of the Hubble scale

during inflation. We find that

ε =
M2

pl

2

(
V ′

V

)2

=
2M2

pl

φ2
, (2.34)

therefore inflation ends at φend =
√

2Mpl. We then have

N∗ =
1

Mpl

∫ φ∗

φend

1√
2ε

=
φ2
∗ − φ2

end

4M2
pl

(2.35)

For N∗ = 50, we get φ∗ '
√

200 Mpl. There is also then a simple relationship

N = (2ε)−1 for general N . We can use the amplitude of the scalar perturbations

(Eq. (2.19)) to set mφ ' 1013 GeV. Finally, we find that the Hubble scale is given

by,

H =

√
V

3M2
pl

' 6× 1013 GeV. (2.36)
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We therefore see that indeed this model of inflation has H � Λ so the instability is

likely to be problematic. Here we will consider the best case scenario where the Higgs

is sitting at the origin 50 e-folds before the end of inflation. It is perhaps natural

to expect Planckian initial conditions for the Higgs field in which case, without

additional contributions to the Higgs potential, the Higgs would roll straight into

the unstable vacuum in the early Universe before the inflaton dominates the energy

density of the Universe (see e.g. [94]). There is no explicit reason however that the

Higgs does not begin at the origin however and it does allow some possibility of

survival so it is a conservative choice in that respect.

The solution to (2.33) at t = tend gives the variance of the probability distribution

of h at the end of inflation. The probability of fluctuating into the unstable region

is then given by the fraction of this distribution with h > Λ. This calculation of

the probability is slightly complicated by the fact that there is a different value

of the Higgs field h in each Hubble volume during inflation. Whether or not the

tunnelling of any one Hubble volume to the true minimum is detrimental to our

survival or not depends on its post-inflationary evolution. If the bubble expands

quickly enough it may consume all the surrounding spacetime before collapsing. On

the other hand it could quickly collapse and leave the other Hubble volumes safe.

This is a subject of ongoing research and we will discuss it further in the next section.

Here we will take the simplifying assumption that the collapse of any Hubble volume

in our horizon is unacceptable. This would be the case if all Hubble volumes survive

until the end of inflation and any with h > Λ will quickly expand to fill spacetime

before collapsing. The approach that we use therefore is to evaluate at each e-fold of

inflation the probability in a single Hubble volume and weight that with the number

of independent Hubble volumes at each e-fold which end up within our horizon. This

can be written as

Psurv =
N∗∏
N=1

[
1−

∫ ∞
Λ

√
2

π〈h2〉N
exp

(
−1

2

h2

〈h2〉N

)]jN
(2.37)

where N is the number of e-folds, 〈h2〉N is the variance of h after N e-folds evaluated
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using equation (2.33) and jN = e3N is the number of separate Hubble volumes at

e-fold N which end up within our past light cone today. The field equations of the

inflation can be solved numerically to determine H(t) which is then fed into (2.33)

and (2.37) to determine Psurv. In order to solve (2.33) numerically for 〈h2〉 we neglect

the h dependence of λeff and use a Hartree-Fock (HF) approximation to write 〈h4〉 '
3〈h2〉2 which yields 〈hV ′eff〉 ' 3λeff〈h2〉2 [93]. The HF approximation is very good for

small fluctuations but neglects non-Gaussianity which can contribute for large h. In

order to properly take this into account we must instead solve the full Fokker-Planck

equation. The two approaches were compared in [109] and it was found that the

resulting probability distribution showed some quantitative difference in the tails

where the HF approximation slightly underestimates the probability of very large

fluctuations. The HF approximation can therefore be seen as a conservative one but

in practice it will have no bearing on our conclusions.

Note that because here we have a slowly rolling scalar field H will not be constant

with time/e-fold. Given,

ε = − Ḣ

H2
and Ḣ =

dH

dt
=

dH

dNr

dNr

dt
, (2.38)

where we have defined Nr as the number of e-folds of inflation remaining, and using

dNr

dt
= −H =⇒ Ḣ = −H dH

dNr

, (2.39)

we can write

ε =
1

H

dH

dNr

=⇒ dH

dNr

=
H

2Nr

, (2.40)

which can be integrated to yield H = H∗
√
Nr/N∗, where H∗ is the Hubble scale N∗

e-folds before the end of inflation. We therefore see that H decreases by an order

of magnitude over the course of the inflation. This means that the largest quantum

fluctuations will occur in the early stages of inflation when 〈h2〉 is close to zero.

As expected, if the Higgs ends up on the other side of the instability it will most

likely rapidly roll away to very high field values. This will happen as soon as the



Chapter 2. The Higgs and Inflation 61

classical evolution dominates the quantum fluctuations, where we have

∆hclassical = −V
′

eff(h)

3H2
, (2.41)

and

∆hquantum =
H

2π
. (2.42)

In [99] a critical scale, Λc, was defined as the point at which classical motion begins

to dominate. This scale can be estimated by approximating λeff as constant above

the instability scale such that V ′eff(h > Λ) ' λeffh
3. Then by equating (2.41) and

(2.42) at h = Λc we find

Λc '
( −3

2πλeff(Λc)

)1/3

H ∼ O(H). (2.43)

So we see that even when h > Λ there is a possibility that it will fluctuate back over

the barrier. However, within a few e-folds it will quickly reach Λc from which point

on there is no chance of recovery.
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Figure 2.10: The probability of the Higgs field not ending up above the instability
scale Λ in any of the Hubble volumes in our past horizon during inflation as a
function of top mass Mt. We plot the results for three values of the Higgs mass

Mh. We also plot the 1σ and 2σ limits on Mt.
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In Fig. 2.10 the probability of finding the Higgs field below Λ in each Hubble

volume after 50 e-folds of inflation is shown. The figure shows that naively, without

further physics, inflationary fluctuations would push the Higgs field over the top

of the potential to above the instability scale Λ for the best favoured values of the

Higgs mass and top-quark mass into a (presumably anti de-Sitter) vacuum. Since we

are working under the assumption that any such transition will spread to the entire

Universe this is clearly incompatible with observation. In order to have an acceptable

theory of the inflationary Universe with high scale inflation we must introduce some

new effects that will modify Veff in some way such that the probability of transitioning

to the true vacuum is reduced to an acceptable level.

The most obvious solution would be to introduce some new physics, e.g. supersym-

metry, that modifies the running of the Higgs above the energy scale of the new

physics. Bosonic fields are needed to give positive contributions to λeff so, if we find

evidence for high scale inflation, lights stops for example would be a good candidate

to cure the problem. Another solution would be to have a non-minimal coupling of

the Higgs to gravity [93, 110]. This will generate an effective contribution to the

Higgs mass squared of 12ξH2 during inflation which can stabilise the potential. In

[110] the quantum corrections to this theory were considered and it was shown that

even if ξ is set to zero at some scale (e.g. the electroweak scale) then the radiative

corrections will create a non-zero ξ at higher scales which could play an important

role. The situation is complicated however by the rapidly changing spacetime at the

end of inflation that could cause the Universe to transition into the true vacuum

[111]. It therefore seems that non-zero ξ hinders rather than helps.

Another point of view is that the solution to this problem could lie with the inflaton

itself and may be the first clue concerning its couplings to SM particles. In [38] we

presented two ways that the inflaton could affect the vacuum stability. The first is

the situation where the Higgs has a sufficiently large direct coupling to the inflaton

itself such that the instability is prevented from appearing during inflation when the

inflaton has a large expectation value [94, 95]. Such a coupling is to be expected

by symmetry considerations for a SM singlet inflaton. The second way is through
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dissipative effects during inflation which could create temperature corrections to the

Higgs mass which would result in it rolling into the electroweak minimum at h = 246

GeV.

If we first allow a direct coupling between the Higgs and the inflaton there are

two ways this result could be affected. Firstly, the inflaton coupling would add a

positive contribution to the beta function for λ and so could prevent the instability

from appearing and thus solve the problem in a non-dynamical way. For values

of the coupling between the Higgs and the inflaton of order 10−1 the entire Higgs

potential becomes stable up to the Planck scale. Such a large coupling will also

affect the inflaton dynamics however. Furthermore, if we assume the inflaton does

not get a vev (which would cause it to mix with the Higgs) the quartic coupling

would only be altered above the mass scale of the inflaton. Many simple models

of high scale inflation require an inflaton mass close to 1013 GeV, above the energy

scale required to stabilise a quartic coupling which becomes negative at 1010 GeV.

We therefore instead look for a dynamical solution.
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Figure 2.11: The probability of the Higgs field remaining in the electroweak
vacuum in any of the Hubble volumes in our past horizon during inflation as a
function of top mass Mt. We plot the results for different values of the Higgs-

inflaton coupling λφh.
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Including this additional coupling modifies the effective potential to,

Veff → Veff +
1

4
λφhφ

2h2. (2.44)

During inflation, φ has a large value so this contribution behaves like a large effective

mass for the Higgs field. If λφh is large enough this could stabilise the vacuum

completely, or at least push Λ to larger scales and reduce the probability of collapse

if the Higgs starts with a low expectation value. The effect of such a direct coupling

is shown in Fig. 2.11 where we find that for λφh a few ×10−11 the modified effective

mass of the Higgs is such that the probability of surviving until the end of inflation

increases dramatically.

In the absence of a sufficiently large direct coupling between the Higgs and the in-

flaton the problem must be cured in a different way. A second possibility is that dis-

sipative effects could generate a non-zero temperature during inflation which would

result in corrections to the Higgs mass. That is,

Veff → Veff +
1

2
chT

2h2, (2.45)

where ch '0.308 in the SM. Such a temperature might be generated in the context

of warm inflation, where the inflaton equation of motion is modified to

φ̈+ (3H + Υ)φ̇+
dVφ
dφ

= 0, (2.46)

where Υ is a model dependent dissipation term that sources a thermal bath. Warm

inflation is a well studied subject that tries to use this thermal viscosity to slow

the roll of the inflaton and drive inflation [112]. However here we are not interested

in the effect of the thermal bath upon the inflaton, but rather its effects on the

Higgs potential. We therefore do not require Υ to be anywhere near as large as 3H.

Since the functional dependence of Υ on φ and T is highly model dependent (see e.g.

[113–123]) we do not deal with it directly here. Instead we adopt a phenomenological

approach and concern ourselves only with the temperature required to stabilise the
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Higgs field.
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Figure 2.12: The probability of the Higgs field not ending up above the insta-
bility scale Λ in any of the Hubble volumes in our past horizon during inflation
as a function of top mass Mt. We plot the results for different values of the

temperature, T , during inflation.

Figure 2.12 shows the result of inflation occurring in the presence of a thermal bath

of temperature T which prevents the Higgs field from destabilising if it starts with

zero expectation value. Note that we do not require the potential to be completely

stable, merely that thermal effects both increase the value of Λ via equation (2.45)

and decrease the variance of the Higgs field 〈h2〉 by changing the effective mass in

equation (2.33). A temperature of a few tens times the inflaton mass, mφ, would

therefore prevent the Higgs field from destabilising.

2.3.3 Post inflationary evolution: is the SM incompatible

with high scale inflation?

The previous discussion shows that if we assume that the transitioning of any Hubble

volume to the true minimum causes the rest of the observable Universe to follow
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suit the consequences are drastic. Under this assumption some new physics must

be introduced to stabilise the Higgs field during high scale inflation. Now, however,

we will question the legitimacy of the assumption that the transition of a single

Hubble volume is catastrophic. Following the appearance of [38] there were two

papers [99, 109] that considered this question in more detail.

The fundamental uncertainty that must be addressed is the evolution of the Hubble

patches with h > Λc. In the preceding discussion we assumed that these patches will

not crunch to a singularity before inflation ends. In this situation, when inflation

ends and the horizons of the separate Hubble volumes begin to grow they will come

back into causal contact with each other. We would then have a Universe with

patches of true vacuum and patches of false vacuum separated by domain walls.

Depending on wall tension and the energy difference between the separate vacua,

the true vacuum (with negative energy density) could expand to fill the Universe or

collapse. The collapse could be a result of the wall tension or gravitational collapse

due to the negative energy density inside the bubble. If they expand rapidly and fill

space the Universe will collapse to a singularity shortly afterwards.

An alternative to this is to assume the patches with h > Λc very quickly crunch.

In this regime we would hope that the patches that transition to the true vacuum

early on in inflation would not pose any threat to the existence of the rest of the

Universe. Several questions must then addressed. Firstly, we must ask whether the

rate of crunching volumes is so great that it stops inflation from proceeding. This

was addressed first in [99] and then in more detail in [109] where it was concluded

that inflation can proceed for a maximum number of e-folds Nmax ∼ 50 − 70 after

which the fraction of Hubble patches crunching becomes O(1) and inflation ends.

Another consideration is that we must also allow for few extra e-folds of inflation to

compensate for the those lost to crunching volumes while still solving the horizon

and flatness problems [109]. The allowable window for phenomenologically successful

inflation is therefore quite tight.

The second question raised in this scenario concerns the phenomenological conse-

quence of the collapsed regions. If they comprise a large fraction of the sky at the
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end of inflation then we might expect to see large inhomogeneities in the CMB. The

nature of the defects resulting from the crunch of a Hubble patch is therefore also

important. If we assume that the the crunching patches result in primordial black

holes (PBH) then the fraction of crunched patches is constrained to be extremely

small5. The only remaining escape is to hope that primordial black holes are very

light and quickly evaporate without leaving any relics. If they leave behind Planck-

mass relics they could still overclose the Universe. Avoiding this requires the fraction

of patches that transition to the true vacuum to be tiny (O(10−9) [109]) which runs

counter to the results presented here.

The final consideration we must make is the fate of Hubble patches which transition

to h > Λc very close to the end of inflation such that they could not have had time

to crunch. These unstable patches could then expand to consume the rest of the

Universe before collapsing as mentioned above. It would only take one such patch

out of e3N to make the resulting universe inconsistent with observation. One final

hope, suggested in [109], is that a sufficiently high reheating temperature will quickly

re-stabilise these patches before crunching.

If all the conditions that we just discussed are met then it is in fact possible that our

Universe could have arisen from high-scale inflation with an unstable Higgs potential.

We do however still need to be lucky enough to find ourselves in one of the Hubble

volumes that did not transition to the true vacuum. It therefore seems that even

a more optimistic view of the post-inflationary evolution of Hubble patches with

h > Λc than that of the previous subsection meets opposition at every turn. It is easy

then to argue that a much more economical solution would be to take the point of

view that high scale inflation requires the existence of some new physics to stabilise

the Higgs potential. It would be very interesting to study the evolution of the

Hubble patches that transition to the true vacuum more quantitatively. This might

be possible in the coming years after the development of sophisticated numerical GR

5Constraints on the fraction of energy density stored in PBHs are very tight (ranging from
10−5 − 10−30 depending on mass of the PBH [124])
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codes [125] that could illuminate the precise conditions for expansion or collapse of

these volumes.

Having knowledge of the energy scale of inflation has radical implications for the

thermal history of the Universe, which in turn has a huge bearing upon particle

physics. State of the art calculations have shown that for a Higgs mass of Mh = 125.5

GeV the time scale for tunnelling into the true vacuum is larger than the age of the

Universe for top masses up to around Mt ∼ 178 GeV [44]. Here we have argued that

if the Hubble scale during inflation is a high (> Λ ' 1010 GeV for central values

of Mh, Mt, and αs) then the instability of the Higgs potential likely requires new

physics to step in and protect our vacuum. This new physics could be in the form

of a direct coupling between the Higgs and the inflaton, a non-zero temperature

during inflation, a non-minimal coupling of the Higgs to gravity, Planck suppressed

operators, or any new particles that will effect the running of the quartic coupling. A

direct measure of the energy scale of inflation by observing primordial gravitational

waves can therefore give us key insight not only to the nature of inflation but also

potentially as yet undiscovered aspects of particle physics.

2.4 Conclusion

In this chapter we have seen some of the consequences of a theory of inflation-

ary cosmology that contains the Higgs. We first discussed the possibility that the

Higgs itself was the inflaton but find that, while initially appealing, these theories

are quickly confronted with either theoretical problems with unitarity or contrary

experimental evidence. In particular we revisited the idea of false vacuum Higgs

inflation. Using an additional scalar singlet the false vacuum can be lifted to end

inflation. We found that although it is possible to reproduce the inflationary ob-

servables in this setup this comes at the expense of significant modifications of the

Higgs mass that are excluded by experiment.
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It is still possible to successfully invent Higgs inflation models that use both non-

minimal coupling to gravity and fine-tuning of the Higgs potential. These models

are able to avoid the above issues but in the process some of the gloss is taken of

the idea as the attractive minimality is lost. These theories still offer a promising

avenue of research however because a successful theory would offer a concrete link

between electroweak scale particle physics and early Universe cosmology.

We then discussed the implications of having an unstable Higgs field as a spectator

during high scale inflation. A large Hubble scale during inflation induces large fluctu-

ations in the Higgs field resulting in a high probability of transitions to the unstable

vacuum. Although there are several subtleties in considering the consequences of

these transitions we have argued that a conservative interpretation is that such a

situation is incompatible with observation. A measurement of primordial B-modes

indicative of high scale inflation would therefore require new physics and so offers

a great opportunity for inflationary observables to inspire particle physics models.

In the event of such a measurement we have presented two possible solutions to the

problem that can teach us about the couplings of the inflaton to the SM. A direct

coupling between the Higgs and the inflaton could give a large effective mass contri-

bution to the Higgs during inflation which prevents destabilisation. Alternatively,

couplings of the inflaton to other particles could give rise to significant dissipation

of the inflaton energy into a thermal bath of particles. Interactions with the thermal

bath would then contribution to the effective mass of the Higgs and, again, prevent

destabilisation.

The discovery of the Higgs has thus ushered in an exciting era for those working

at the boundary of particle physics and cosmology. The complementarity between

particle physics experiments at the LHC and CMB experiments like Planck and the

Keck-Array therefore offer the potential for fruitful discoveries in the coming years.



Chapter 3

Electroweak Baryogenesis and the

Higgs Portal

3.1 Introduction

In Sec. 1.2 we discussed the problem of the Baryon Asymmetry of the Universe

(BAU). With symmetric initial conditions the CPT symmetry of the Standard Model

(SM) seems to prevent any matter-antimatter asymmetry being generated. This is

of course contrary to observation so requires a physical explanation. Additionally,

any asymmetry in the initial conditions would be washed away in an inflationary

Universe. As we discussed earlier we therefore need a dynamical solution that meets

the Sakharov conditions. One promising solution that meets these requirements is

electroweak baryogenesis (EWBG) which we will investigate in this chapter. As we

will see below the utility of this solution demands new degrees of freedom at the

weak scale. With Run 2 of the LHC under way this is therefore fertile ground for

phenomenology that could be tested in the near future.

Another hallmark of new physics at the weak scale is dark matter. The WIMP

miracle (Sec. 1.1) suggests that searching for traces of dark matter at the weak scale

is a promising endeavour. With many complimentary experiments looking for dark

70
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matter directly (with nuclear recoil experiments and the LHC) and indirectly (by

searching for gamma ray emission from the Galactic centre and dwarf spheroidal

galaxies, and for excesses in the cosmic ray background) the parameter space of

electroweak scale dark matter is being explored more and more comprehensively.

In this chapter we will discuss the possibility of a connection between EWBG and

dark matter with the Higgs at the fulcrum. We will first review EWBG and introduce

Higgs portal dark matter models before presenting the results of a model that can

account for both phenomena.

3.1.1 Electroweak baryogenesis

The goal of EWBG is to take advantage of the apparent ability of the electroweak

theory to satisfy the first and third Sakharov conditions. If the electroweak phase

transition is first order then during the transition we will have the non-equilibrium

dynamics to satisfy the third Sakharov condition. The baryon number violation

required by Sakharov’s first condition is provided by non-perturbative processes in

the SM.

The vacuum structure of SU(2) is such that there are an infinite number of physi-

cally equivalent but topologically distinct vacua that can be labelled by an integer

winding number. This can be understood as a result of the non-trivial homotopy of

SU(2) which is topologically S3. The possible gauge field configurations when we

topologically identify points at spatial infinity are then described by π3(S3) = Z,

where we call the integers Z the winding number. Each vacuum is equivalent to the

others under these large gauge transformations. These vacua are separated by an

energy barrier provided by intermediate gauge field configuration with non-zero en-

ergy. It was shown by ’t Hooft [126] that non-perturbative effects called instantons

allow tunnelling between these different vacua. Changing the winding number by 1

through an instanton transition will violate baryon number, B, and lepton number,

L, by 3 units each as result of the triangle anomaly [127, 128] that violates the clas-

sical conservation of fermion currents under these large gauge transformations. A
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vacuum transition will therefore violate B+L while preserving B−L. The amplitude

of these tunnelling events is extremely low, A ∼ e−4π/αEW ∼ e−170, so they don’t

appear to be useful for baryogenesis. In [20, 129] however it was shown that there

is another process called a sphaleron that can have a much larger amplitude at high

temperatures. The sphaleron is a finite energy, static solution to the Electroweak

field equations found at a saddle point in the Electroweak action. The sphaleron

solution corresponds to the barrier separating the two topologically distinct vacua

and carries half integer winding number. In this way it can be thought of as the

”midpoint of an instanton”. Contrary to the instanton, the sphaleron can be in-

terpreted as a physical (albeit unstable) object. For temperatures & 100 GeV (the

electroweak scale) thermal fluctuations mean that transitioning between the topo-

logically distinct vacua via sphaleron production and decay becomes unsuppressed

and the baryon number violation is possible.

There are two important implications of this result. Firstly, the high rate of sphaleron

transitions in the early Universe would washout any initial asymmetry even with-

out inflation and so demands a dynamical generation of the asymmetry. Secondly,

once the asymmetry is established, it is important that sphaleron transitions are

sufficiently suppressed to prevent subsequent washout of the asymmetry.

During a first order phase transition, space becomes populated with bubbles of the

broken phase that expand, collide, and coalesce to eventually fill all of space, mark-

ing the end of the transition. The idea is to have efficient baryon number violation

through sphaleron processes outside the bubbles while suppressing washout inside

the bubbles. If we fulfil Sahkarov’s second condition and there are CP violating in-

teractions of particles with the walls, then the reflection/transmission probabilities

of particles will be different to their CP conjugates. This causes a CP -asymmetry

to build up on either side of the bubble walls i.e there will be excess of fL + f̄R on

one side of the wall and fR + f̄L on the other, where f denotes SM fermions. Since

the sphalerons are from the SU(2)L gauge group they will only interact with the

left-handed fermions. There will therefore be an excess in sphaleron-mediated par-

ticle creation (destruction) whenever there is an excess in left-handed anti-fermions
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(fermions). In the symmetric phase the sphaleron rate can be approximated as

[130, 131],

Γ ∝ (αewT )4. (3.1)

The rate is therefore unsuppressed and the sphalerons are still in thermal equilibrium

so they can efficiently remove the the excess left-handed anti-fermions to accumulate

a baryon asymmetry outside the bubble walls. As the walls expand throughout space

the baryons will move into the broken phase. In the broken phase, the sphaleron

rate is suppressed by a Boltzmann factor,

Γ ∝ exp

(
−Esph(T )

T

)
, (3.2)

where Esph is the height of the energy barrier separating the different vacua. If this

rate is sufficiently suppressed in the broken phase then the excess baryons will not

be destroyed and a baryon asymmetry is achieved. The mechanism can be seen

schematically in Fig. 3.1, where the CP -asymmetry is converted to a B asymmetry

in the symmetric phase by sphalerons but not in the broken phase where sphalerons

are suppressed.

CP asymmetry

Broken Symmetric

Broken Symmetric

B asymmetry

Figure 3.1: A schematic representation of the baryon asymmetry generation near
the bubble walls (blue). A CP asymmetry is created by the CP violating bubble
wall interactions which is converted to a B asymmetry outside the bubble wall.
The sphalerons are suppressed in the broken phase so no compensating asymmetry

is created there resulting in a net overall B asymmetry.
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The condition to prevent washout in the broken phase is therefore that Esph(Tc)/Tc

is sufficiently large (> 45 [129]), where Tc is the critical temperature for the phase

transition (the temperature at which the two phases are degenerate). In the 1-loop

approximation [132] this is equivalent to requiring1

vc
Tc

& 1, (3.3)

where vc is the Higgs vev at Tc. This measure takes into account that there is usu-

ally some supercooling and the phase transition only occurs at a bubble nucleation

temperature Tn < Tc. This condition can be difficult to achieve and is the most

constraining aspect of theories of electroweak baryogenesis. In what follows when-

ever we say a phase transition is strongly first order we mean that this additional

condition has been met. A schematic of the electroweak phase transition is shown

in Fig. 3.2. The schematic shows the appearance of a potential barrier between

the broken and unbroken minima at T = Tc as is required for a first order phase

transition.

h

V
ef
f(
h
,T

)

T<Tc

T=Tc

T>Tc

Figure 3.2: Schematic of the electroweak phase transition. At T = Tc the sym-
metric and broken and minima are degenerate. For a first order phase transition
that proceeds via bubble nucleation these must be separated by a potential barrier.

1There are issues with gauge dependence of this measure that we will return to later.
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From this discussion we can see that the role of significant CP -violation in this

mechanism is crucial. Without sufficient CP -violation the CP asymmetry that

accumulates near the bubble walls will not be large enough to produce the required

baryon asymmetry when converted by sphalerons (see Fig. 3.1). The SM provides

some CP -violation through the CP -odd phase of the CKM matrix. Unfortunately,

this is insufficient to establish the observed BAU [133–135]. An additional source of

CP -violation is required for successful electroweak baryogenesis. In the remainder

of this chapter we will set aside the detailed calculation of baryon asymmetry and

focus on the most constraining aspect of electroweak baryogenesis theories i.e. the

requirement of a strongly first order phase transition. We will therefore remain

agnostic about the source of additional CP -violation but emphasise that its inclusion

in a final theory is crucial.

3.1.2 Electroweak phase transition in the SM

In the SM, the properties of the electroweak phase transition are determined by the

mass of the Higgs, Mh, and a first order phase transition requires Mh < 72 GeV

[136–138]. The requirement (3.3) that the sphaleron processes are out of equilibrium

introduces an even stronger bound of Mh . 35 GeV [139]. Unfortunately, the

discovery of the Higgs with Mh = 125 GeV means that EWBG is not possible in

the SM. This does, however, present an opportunity to postulate the existence of

new physics at the electroweak scale that will modify this bound. It is therefore

interesting to investigate models that give rise to a first-order phase transition and

look for their signatures in collider experiments.

The usual approach to studying the behaviour of the electroweak phase transition

is to take the 1-loop approximation to the effective potential,

Veff ' V0 + V T=0
1−loop + V T 6=0

1−loop, (3.4)

where V0 is the tree-level potential and we have included both the zero-temperature

corrections and the thermal corrections at 1-loop. At zero temperature we have the
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Coleman-Weinberg correction,

V T=0
1−loop =

1

64π2

∑
i

(−1)n
i
FNiMi(h)4 log

(
M2

i

µ2
+ Ai

)
, (3.5)

where the sum is over all fields with field-dependent masses Mi(h), Ni is the number

of degrees of freedom, nF = 1, 2 for fermions/bosons respectively, Ai = 3/2 for

scalars and fermions and 5/6 for gauge bosons, and µ is the renormalisation scale.

We also have the thermal contribution (e.g. [140]),

V T 6=0
1−loop =

∑
i

T 4

2π2
Ni

∫ ∞
0

dxx2 log
(

1− (−1)n
i
F e−
√
x2+M2

i (h)/T 2
)

(3.6)

+ δ1
niF

T

12π
Ni

(
Mi(h)3 −M3

i,T (h, T )
)
, (3.7)

where Mi,T (h, T ) is the thermally corrected field dependent mass of the particle i.

This may be approximated using a high temperature expansion (Mi � T ), which

yields (e.g. [141])

Veff(h, T ) ' V0 +
1

2
chT

2h2 − eT

12π
h3, (3.8)

where ch is a coupling dependent factor which we will give later, and e ∼∑iNig
3/2
i ,

where the sum is over light bosonic degrees of freedom and gi are their couplings to

the Higgs. In this approximation the important order parameter can be written as

vc
Tc
' e

6πλ
, (3.9)

where λ is the Higgs quartic coupling. This therefore explains the earlier statement

that prevent sphaleron washout is more difficult for larger Mh (and hence λ). With

λ fixed by the Higgs measurement and EWBG impossible in the SM we can instead

try to enhance e by introducing new bosonic fields that couple strongly to the Higgs

and generate the barrier in Fig. 3.2. This has been the traditional approach to

EWBG in beyond the SM theories like the MSSM [142] but the large value of the

Higgs mass requires the superpartners to be very light (∼ 100 GeV) which is in

tension with experiment [31, 143].
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This need for large couplings in order to overcome the loop suppression is a problem

that must be addressed by any EWBG theory that relies on large thermal loop

contributions. There has therefore been considerable focus in the literature [140,

141, 144–149] on the need for tree-level barriers in the electroweak potential rather

than appealing to large loop corrections. With a tree-level barrier there is no longer

a need for large e and so the collider constraints can be relaxed. This can be

readily achieved by including extra scalar degrees of freedom in the Higgs sector

(e.g. [140, 141, 146–154]). For example, a direct coupling between the Higgs and an

extra scalar of the form λhs(S
†S)(H†H) can generate such a tree-level barrier in the

scalar potential.

There is however a problem with the above discussion. The effective potential is

an inherently gauge-dependent quantity. As emphasised in [155, 156] this gauge

dependence is present in the the order parameter vc/Tc which is therefore not the

correct physical quantity to use when calculating Esph to ensure the sphalerons

freeze-out after the phase transition. In these works, the order parameter is instead

v̄(Tc)/Tc, where v̄ is a gauge independent quantity related to Esph. Here, however,

we will avoid this difficulty. Motivated by the need for tree-level barriers and the

desire for a gauge independent measure we will work in the high-T expansion with

only the gauge invariant T 2 terms retained where the scale v̄(Tc) coincides with vc.

In this regime the effective potential will therefore only have terms quadratic and

quartic in h and we cannot generate a barrier. Without the addition of a tree-level

barrier the phase transition will therefore be second order. In this chapter we will

describe a model with an additional scalar coupled to the Higgs that can generate

such a barrier.

3.1.3 Higgs portal dark matter

With the discovery of the Higgs boson at the LHC we now have an excellent effective

field theory that can explain all non-gravitational physics. With this effective field

theory in hand we can start to examine its operators and ask how well they are
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constrained. Constraining the dimension 6 operators has now become a very active

and promising avenue of research (e.g. [43, 157–159]). The most intriguing operator,

however, is perhaps the dimension 2, super-renormalisable operator known as the

“Higgs Portal” operator [160],

O2 = H†H. (3.10)

This operator is gauge invariant under the SM gauge group and so can easily form

other useful operators by combining it with more singlet operators. For example we

could write down and dimension 4 or 5 operators using singlet scalars, fermions or

vectors,

OS = (S†S)(H†H), (3.11)

OF = (ψψ̄)(H†H), (3.12)

OV = (V µVµ)(H†H). (3.13)

It is important to note that OF has mass dimension 5 and so is non-renormalisable,

and OV is not gauge invariant. It is assumed that these operators are generated in a

gauge invariant, renormalisable UV completion. We met OS already as an example

of an operator that can help generate a barrier in the scalar potential and result in

a first order electroweak phase transition.

The interactions of these particles with other SM particles are then mediated by

the Higgs (which explains the name “Higgs Portal”) and as a result would be very

weak. These operators have therefore frequently been suggested as minimal models

of dark matter (see e.g. [13, 161–174]). In this case an additional symmetry must

be introduced to render the dark matter candidate absolutely stable. For example,

if using the OS operator for dark matter a Z2 symmetry for the S would provide

the simplest possible dark matter model.

It is an attractive idea because it opens up the possibility of illuminating the prop-

erties of dark matter by studying the recently discovered Higgs boson. For example,

the decay width of the Higgs could be modified through scalar mixing or decays to

these dark matter particles.
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3.2 Dark matter and the electroweak phase tran-

sition

In the last section we discussed two outstanding physics problems that may both

be solved by coupling new particles to the Higgs boson, namely, dark matter and

baryogenesis. It is therefore natural to ask if these minimal models can solve both

problems at the same time. Many attempts were made in this direction using scalar

extensions [148, 162, 175–178] and it was found that in the case of the real scalar

singlet it was impossible to solve both problems together. Recently for example,

it was found [148] that the addition of Z2 symmetric singlet can provide a strong

electroweak phase transition but only account for at most 3% of the DM (the re-

maining & 97% is assumed to come from some other mechanism). This was due to a

conflict between the requirement of a large barrier and direct detection constraints

that both depend strongly on one parameter: the Higgs-scalar coupling.

In this section we describe a simultaneous solution of the total DM relic density and

a strongly first order phase transition. The key is to relax the Z2 symmetry for the

scalar therefore remove some of the tension on the Higgs-scalar coupling. The scalar

is therefore no longer stable and we introduce a fermionic singlet to act as the DM.

3.2.1 The model

The most general renormalisable tree-level potential of the SM extended with a

scalar singlet is given by

V = −1

2
u2
hh

2 +
1

4
λhh

4 +
1

2
u2
ss

2 +
1

4
λss

4 +
1

4
λhss

2h2 +µ3
1s+

1

3
µ3s

3 +
1

4
µmsh

2, (3.14)

where h and s are the physical Higgs and singlet fields respectively. The final three

terms are obtained by relinquishing the requirement of a Z2 symmetry for the s field.

A shift of the singlet field, s → s + δ, just amounts to a redefinition of parameters

so we will use this freedom to set µ1 = 0 throughout.
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The singlet fermion enters through the Lagrangian

LDM = ψ̄(i/∂ −m)ψ − gssψ̄ψ, (3.15)

where we a assumed parity conservation. Since s will in general attain a vev, 〈s〉 = w,

the dark matter mass is mψ = m + gsw. We will take mψ to be a free parameter

because m may be chosen freely. To prevent ψ from mixing with the SM fermions it

must carry a global U(1) fermion number symmetry. In the absence of this symmetry

it could couple to the SM like a right-handed neutrino and would be unstable. We

therefore have a renormalisable realisation of the fermionic Higgs portal model where

the OF operator can be generated by integrating out the s field. This model has

been considered before in [172, 179–184].

For a general choice of parameters both h and s will attain vevs. This will introduce

some mixing of the gauge eigenstates h and s. To describe physical processes we

have to transform into the mass eigenbasis. The mass eigenstates are given by

h1 = sinα s+ cosα h

h2 = cosα s− sinα h,

where the mixing angle α is defined by

tanα =
x

1 +
√

1 + x2
(3.16)

with

x =
2M2

sh

M2
h −M2

s

(3.17)

and

M2
h =

∂2V

∂h2

∣∣∣∣
(v,w)

, M2
s =

∂2V

∂s2

∣∣∣∣
(v,w)

, M2
sh =

∂2V

∂h∂s

∣∣∣∣
(v,w)

, (3.18)

where v = 〈h〉 = 246 GeV is the Higgs vev. The mass eigenvalues are given by

M2
h1,2

=
1

2
(M2

h +M2
s )± M2

sh

x

√
1 + x2. (3.19)
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The definition of α ensures that cosα > 1√
2

so h1 is identified as the Higgs-like state

and h2 as the singlet-like state.

3.2.2 Higgs physics constraints

This mixing will introduce a coupling both between h1 and ψ, and between h2 and

the SM particles and so will modify the Higgs phenomenology of the SM as we will

now discuss. Throughout the analysis we take the Higgs-like scalar mass to lie in

the 95% confidence interval2 [186],

Mh1 = 125.2± 1.8 GeV. (3.20)

The search for a SM Higgs-like boson at the LHC and the subsequent measurement of

its properties also provides constraints for any model with an extended Higgs sector.

The mixing of the Higgs and singlet states introduces a universal cosα suppression

of all couplings of the Higgs-like particle, h1, relative to the SM Higgs. The signal

strength of a particular channel in Higgs production is measured as the production

cross section times the branching ratio. The measured signal strengths of the 125

GeV Higgs boson will therefore constrain the allowed values of cosα.

Additionally, the possibility of non-SM decays of the Higgs will also introduce a uni-

versal suppression, because it will dilute the branching ratios to all SM final states.

If kinematically allowed, this model provides new decay modes for the Higgs-like

particle h1: h1 → 2h2, ψ̄ψ. There is a degeneracy between a universal suppression

factor and additional Higgs decay modes that cannot be lifted until any additional

branching ratio is measured directly [187]. We therefore absorb the non-standard

branching ratio into a redefined suppression factor. In the presence of both effects

2We note that in this section we use the constraints at the time when the original work was
completed [39]. For comparison the current measurement from a combined combined ATLAS and
CMS study [185] is Mh1

= 125.09 ± 0.32 GeV. The updated constraints on the Higgs mass and
couplings will not qualitatively affect our conclusions.
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the signal strength, µ, will be modified according to

µ = cos2 α
(
1−BR1

BSM

)
µSM = a′2µSM , (3.21)

where BR1
BSM is the branching ratio of h1 to non-standard model final states. Global

analyses of Higgs couplings [41, 188] found that such a suppression is required to

have a′ > 0.9 at 95% CL in order to account for the observed Higgs signal strengths.

We will see later that this constraint can be easily satisfied while satisfying both

DM and electroweak phase transition constraints.

The non-observation of an additional Higgs boson can also provide a constraint on

our model. The exclusion plots produced by the ATLAS and CMS collaborations are

however based on a particle with SM Higgs-like couplings. In our case, all couplings

of the singlet-like state will be suppressed by a factor of sinα relative to the Standard

Model Higgs coupling. By analogy with Higgs-like state above, the signal strength,

µ, will be modified to

µ = sin2 α(1−BR2
BSM)µSM = b′2µSM , (3.22)

where BR2
BSM includes decays to ψψ̄ and 2h1. Using exclusion data [189] sets a

conservative bound of b′2 . 0.1 for Mh2 . 400 GeV but the bound becomes signifi-

cantly weaker for larger scalar masses. This is again easily avoided in our model. A

recent study [190] examined the potential for future discoveries in models with an

extra singlet scalar. Extrapolating current bounds they forecast that constraints on

the mixing angle, α, will tighten by a factor of 2 − 3 after the 14 TeV run of the

LHC so there is significant discovery potential in the coming months.

Finally, we ensure constraints coming for electroweak precision observables are avoided

using [169, 191, 192]. We find, however, that this does not significantly add to the

constraints on the model once other constraints are met.
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3.2.3 Dark matter relic density

We will now consider the constraints coming from the requirement that the gauge

singlet fermion, ψ, plays the role of the cold dark matter of our universe. The recent

data from the Planck satellite [8] have provided the strongest constraints to date on

cosmological parameters. The 95% CL on the physical DM relic density is

0.1134 < Ωcdmh
2 < 0.1258. (3.23)

The relic density of the ψ field is produced via the process of thermal freeze-out

discussed in Sec. 1.1. It is therefore necessary to calculate the annihilation rate

of the dark matter candidate. The annihilation of ψψ̄ proceeds via hi mediated

s−channel diagrams ψψ̄ → ff̄ , W+W−, ZZ, hihj, hihjhk, with i, j, k = 1, 2. We

also consider t− and u−channel annihilation into hihj final states. We consider only

the dominate contribution of bb̄ and tt̄ to the two fermion final state and neglect

other subdominate channels. The cross sections to 3 body final states were calculated

but it was found they were highly suppressed by the three body phase space and

so are neglected from the final analysis. The full expression of σv and the relevant

couplings are contained in Appendix A.

Rather than using a velocity expansion to approximate the thermally averaged cross

section we adopt the approach of [193] and preform the thermal averaging explicitly.

This approach is more reliable than a velocity expansion in regions near resonances

and thresholds which are often crucial. The thermally averaged cross section at

temperature, T , is then given by

〈σvrel〉 =
1

8m4
ψTK

2
2(

mψ
T

)

∫ ∞
4m2

ψ

ds σ s3/2βψK1

(√
s

T

)
, (3.24)

where βψ =
√

1− 4m4
ψ/s,

√
s is the centre of mass energy, and K1,2 are the modified

Bessel functions.
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The fulfilment of the relic density condition is highly constraining and permits only

a narrow band in the (mψ, gs) plane. Fig. 3.3 shows the result for two choices of

singlet-like mass, Mh2 . Clear features can be seen in the figure. Notable are the

s-channel resonances for both h1 and h2 and the thresholds corresponding the WW

and hihi channels opening. Once all channels are open the (mψ, gs) plane becomes

even more constrained and the coupling gs tends to 1 for mψ = 1 TeV.

We note that for mψ > Mh1,2 the exchange of the light scalar h1,2 fields creates an

attractive potential for the ψ field. Sommerfeld enhancement [194] can therefore

play a role [172] but is a small effect and it will not change the qualitative features

of our result and so is neglected.
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Figure 3.3: Points in (gs,mψ)-plane satisfying Planck relic density constraints
for (a) Mh2 = 500 GeV (±5%), and (b) Mh2 = 250 GeV (±5%). The red points

are ruled out by LHC Higgs physics.

3.2.4 Direct detection of dark matter

There has been substantial effort to detect the presence of WIMP dark matter

directly. Large nuclear recoil experiments are buried deep underground to shield

from cosmic rays and search for WIMPs scattering elastically off heavy nuclei. The

expected DM signal is model dependent and so must be calculated on a case by
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case basis to constrain the model. The effective WIMP-nucleon couplings depend

strongly on the details of the nuclear physics, and are given by [195, 196]

fp,n = mp,nᾱ

( ∑
q=u,d,s

fp,nq +
2

9
fp,ng

)
, (3.25)

where the hadronic matrix elements, fp,nq , are given in [196], and fp,ng = 1−∑ fp,nq .

Here ᾱ is related to the model-dependent coupling of the dark matter to quarks, αq,

by [180]

ᾱ =
αq
mq

=
gs cosα sinα

v

(
1

M2
h1

− 1

M2
h2

)
, (3.26)

where the scattering proceeds via t-channel exchange of h1,2. The cross section for

WIMP-nucleus scattering is then

σN =
4M2

r

π
(Zfp + (A− Z)fn)2 , (3.27)

where Mr = (1/mψ + 1/mN)−1 is the reduced mass of the system. For ease of

comparison with experiment this is translated into the spin-independent cross section

per nucleon via [197]

σSI =
1 +m2

ψ/m
2
N

1 +m2
ψ/m

2
p

σN
A2

. (3.28)

At the time of this work the best limits on σSI were provided by the Xenon100

experiment [198] so we use this data to constrain our model3. We see in Fig. 3.4

that when mψ <
1
2
Mh2 we rely on resonant s-channel annihilation in order to satisfy

the relic density constraints while evading direction detection. When mψ >
1
2
Mh2

however we see that a large proportion of the parameter space is below the Xenon

bound.

It is also worth noting that the h2 resonance reaches σSI ∼ 10−51 cm2, which would

evade detection even by the next generation of direct detection experiments (e.g.

[200]). These very low cross sections are a result of annihilation diagrams that

are independent of sinα, gs is constrained by relic density considerations but σSI ,

3We note that there has since been a factor ∼ 2 improvement in these bounds by the LUX
experiment [199]. Again, this improvement will have no qualitative effect on our results.
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which is determined by gs cosα sinα, can be very small because sinα remains un-

constrained. This is the case for t- and u-channel diagrams ψψ̄ → h2h2 and also for

the s-channel diagram ψψ̄ → h1h1 (see Appendix A for the relevant coupling) which

becomes important at the h2 resonance.

It is important to mention that there is currently significant error in the values of

the hadronic matrix elements. The points in Fig. 3.4 are quite sensitive to these

errors but for simplicity we take central values and note that this may be subject to

change.
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Figure 3.4: The scattering cross section per nucleon satisfying Planck relic den-
sity constraints for (a) Mh2 = 500 GeV (±5%), and (b) Mh2 = 250 GeV (±5%).
The red points are ruled out by LHC Higgs physics. The Xenon100 2012 bound is

included for comparision.

We do not explicitly compute constraints from indirect detections here because for

this model they will be unconstraining. To understand why we can consider tak-

ing a velocity expansion of the full 〈σvrel〉 shown in Appendix A. The procedure

is to set s = 4m2
ψ + m2

ψv
2
rel and expand 〈σvrel〉 in powers of vrel. For the model

shown here we find that 〈σvrel〉 ∼ v2
rel + O(v4

rel). When computing the annihila-

tion cross section today to compute the flux from, say, the centre of the Galaxy we

must use vtoday
rel ∼ 10−3 which is significantly smaller than at the time of freeze-out

vfreeze-out
rel ∼

√
TF/mψ ∼ 0.1−0.3. We therefore expect very little flux from dark mat-

ter annihilating today and so cannot get useful constraints from indirect detection.
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It is interesting to note however that if we allow for parity violating interactions,

LDM → LDM + ı̇gpsψ̄γ5ψ, (3.29)

then the velocity suppression is removed [172, 201]. The velocity suppression instead

appears in σSI so the direct detection results become unconstraining. This illustrates

a nice complementarity between direct and indirect searches for dark matter.

3.2.5 Electroweak phase transition

The electroweak phase transition is the transition from 〈h〉 = 0 to 〈h〉 = v. In the

case where there are two scalar fields the vev of the second field may also change.

The transition therefore proceeds via (〈h〉, 〈s〉) = (0, w0) → (v, w), where w0 is not

necessarily zero (although it is always possible to make this choice by shifting s).

As discussed in Sec. 3.1, in order for a phase transition to be considered strongly

first order we must have v̄(Tc)/Tc > 1, where Tc is the critical temperature for

the phase transition and v̄(T ) is a gauge-independent, temperature-dependent, scale

that characterises the sphaleron energy [155, 202]. In the high-T effective theory

considered here this scale coincides with vc, the vev of the Higgs field at the critical

temperature, although this is not true of the full 1-loop effective potential. Here

we use a tree-level barrier to generate a large v̄(Tc)/Tc and so loop corrections are

relatively small and it is sufficient to retain only the gauge invariant leading order

terms in the leading order high-T expansion of the one-loop thermal potential

VT = V +

(
1

2
chh

2 +
1

2
css

2 +m3s

)
T 2, (3.30)

where

ch =
1

48

(
9g2 + 3g′2 + 12y2

t + 24λh + 2λhs
)
,

cs =
1

12

(
2λhs + 3λs + g2

s

)
, (3.31)

m3 =
1

12
(µ3 + µm) .
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Here, g and g′ are the electroweak gauge couplings and yt is the top quark Yukawa

coupling (the contributions of the other quarks are sub-dominant and so have been

neglected). In the T → ∞ limit these thermal contributions drive (〈h〉, 〈s〉) →
(0,−m3/cs). The high-T expansion can only be trusted up to v̄/Tc ∼ 4 so we do

not consider values larger than this. It is also possible that if v̄/Tc becomes too

large that the tunnelling probability becomes too small for the phase transition to

take place during the age of the universe [203]. This typically occurs in the range

v̄/Tc ∼ 3 − 4 but is model dependent, and removing these cases has no qualitative

effect on our results so we omit this from the analysis.

We require our potential, V , to be well behaved. That is, we require V to be

absolutely stable at tree-level by ensuring that it does not develop any directions

which are unbounded from below. This requires

λhλs −
1

4
λ2
hs > 0 for λhs < 0 (3.32)

or,

λhλs > 0 for λhs > 0. (3.33)

We do not, however, require stability of the full quantum corrected potential but in

light of the discussion of the previous chapter and recent interest in the stability of

the electroweak vacuum to high scales [44, 76, 204–210] we note that models with

additional scalars coupling to the Higgs are very effective at solving this problem

[85, 182, 211–219]. We insist that the magnitude of all dimensionless couplings are

reasonably small (< 1.5) so that the theory will remain perturbative, although a full

analysis of the relevant renormalization group equations has not been carried out.

In order to search numerically for models with v̄/Tc > 1 we must ensure that elec-

troweak symmetry breaking is viable, and that the broken vacuum state we end up

in is the global minimum of the zero temperature potential. One approach is to

select a random set of parameters, ensure that the potential is bounded from below,

find all the minima of the potential and examine how they change with changing T .
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We can then check if (v, w) is the global minimum at T = 0, and locate the critical

temperature Tc when we have two degenerate minima. To find the minima we need

to find the intersection of the curves,

∂VT
∂h

= 0 =⇒

 h = 0

h2 = D2
h(s) = 1

2λh
(2µ2

h − µms− λhss2 − 2chT
2),

(3.34)

with the curve

∂VT
∂s

= 0 =⇒ h2 = D2
s(s) = −µ

2
ss+ λss

3µ3s
2 + (m3 + css)T

2

1
4
µm + 1

2
λhss

. (3.35)

The points of intersection define critical points of which a subset are minima (de-

termined in the usual way with the second derivative test). The problem with this

approach is that for a random set of parameters we are not guaranteed to have a

tree-level barrier and so may never find a situation with two distinct but degenerate

minima.

Two illustrative examples are shown in Fig. 3.5 and Fig. 3.6 where we plot the

minima evolving with temperature. The circles indicate minima and when there

is more than one the black circle is the deepest. In Fig. 3.5 we can see that

between T = 100 GeV and T = 110 GeV the deepest minimum switches from the

broken minimum at h ∼ 150 GeV to the symmetric minimum with h = 0 GeV.

The critical temperature Tc at which these minima are degenerate is therefore in the

range 100 − 110 GeV so the order parameter is v̄/Tc ∼ 1.5 and we have a strongly

first order phase transition. We can see in the case of Fig. 3.6 we never have a

coexistence of broken and unbroken minima. Instead we have the broken minimum

smoothly transitioning to the unbroken minimum as the temperature increases so

we have a second order phase transition.
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Figure 3.5: Plot of D2
h and h = 0 (blue) with D2

s (red) in the h − s plane.
Intersection of the red and blue points are critical points of the thermal potential
with dots indicating minima (black dots are deepest). We see the appearance of

degenerate minima which are separated by a potential barrier.
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Figure 3.6: Same as Fig. 3.5 but here we do not find coexisting broken and
unbroken minima so we cannot have a first order phase transition.



Chapter 3. EWBG and the Higgs Portal 91

To remove the need for a numerical search for degenerate minima that may not exist

we instead closely follow the recipe provided in [140]. In [140] the potential is re-

parametrised using parameters that are central to the study of the critical points of

the potential e.g. the second derivatives of the potential. In their parametrisation the

conditions necessary for having coexisting degenerate minima become must simpler

to write down analytically compared to using the Lagrangian parameters directly.

We can then demand that these conditions are satisfied and therefore have a thermal

potential at T = Tc where Tc is now a free parameter. Once Tc is chosen we can

determine the zero temperature parameters of the VT in the parametrisation of Eq.

(4.13) which we can then use in our dark matter calculation.

Figure 3.7: Thermal effective potential at T = 0, Tc for ∆w < 0 (top), and
∆w > 0 (bottom). The potential at T = Tc shows two degenerate minima and as
T is lowered the electroweak breaking vacuum becomes the global minimum.
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We find that first order phase transitions mostly fall into two broad classes: a)

∆w = w−w0 < 0 and b) ∆w > 0 (note that the sign is coordinate basis dependent

and can always be swapped by relabelling (s, µm, µ1, µ3)→ (−s,−µm,−µ1,−µ3) but

the relative sign between the two modes of breaking will remain). Fig. 3.7 shows

examples of the shape of the thermal potential at T = 0, Tc for each case. If we were

to use the Z2 model it was pointed out in [140] that for case b) it is not possible to

have a tree-level barrier, and that the case (a) must proceed via (0, w0)→ (v, 0). If

the vacuum had non-zero w the Z2 symmetry is broken by the vacuum and renders

the scalar unstable preventing its use as a DM candidate.

After a large monte carlo scan4 of the parameter space we found many models that

satisfy all constraints. Fig. 3.8 shows the distribution of the derived values of

v̄/Tc. We see that we can easily achieve large values for v̄/Tc. Fig. 3.9 shows the

distribution of some of the key parameters after all cuts are made. We see that Higgs

physics constraints, summarised in a′ and b′, are generically avoided in models that

satisfy the DM and phase transition constraints.

1 2 3 4

v�Tc

Figure 3.8: Distribution of the order parameter, v̄/Tc, for models satisying all
constraints. We find many models with v̄/Tc � 1 indicating a strong electroweak

phase transition as required for electroweak baryogenesis.

4We use flat priors for the convenient choice parameters described in [140]. These parameters
are then transformed into those described in Eq. (4.13). As such, the density of points in plots
(e.g. Fig. 3.3) does not necessarily correspond directly to regions of higher probability.
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Figure 3.9: Distribution of some key parameters that satisfy all constraints from
dark matter, the electroweak phase transition, Higgs physics, and electroweak pre-

cision tests.

3.3 Conclusion

We have considered a minimal extension of the SM and showed that it can simultane-

ously explain DM while providing a strongly first order electroweak phase transition

as required for electroweak baryogenesis. In contrast with some recent attempts

in this area we find that by considering terms linear and cubic in s and adding a

singlet fermion both problems are easily solved. It is also possible to avoid current

constraints from LHC Higgs physics because small mixing angles are preferred.

The next generation of dark matter direct detection experiments could push the up-

per bound on σSI to ∼ 10−47 cm2 [200]. This would rule out a significant proportion

of the parameter space but very small values of sinα will allow these limits to be

evaded for mψ ∼ 1
2
Mh2 or mψ > Mh2 . If future collider data can improve the Higgs

physics constraints from the 10% level to the 1% level (e.g. with the HL-LHC [220])
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this would still not be enough to rule out this model completely (see Fig. 3.10) but

would explore large proportion of the parameter space, offering significant discovery

potential.
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Figure 3.10: Scattering cross section per nucleon for Mh2 = 250 GeV (±5%)
with the constraints on a′ and b′2 improved from 10% level to 1% level. The

Xenon100 2012 bound is included for comparision.

Here we have limited our analysis to searching for first order phase transitions us-

ing only the leading order terms in the high-T expanded thermal potential. After

the publication of this work a paper appeared [221] which included the full 1-loop

contribution to the thermal effective potential and found that the parameter space

of viable models was somewhat extended. The analysis does however suffer from

the gauge dependence problem mentioned earlier. It would be interesting to see the

result of a gauge independent 1-loop analysis using the approach of [156].

While the results presented here are encouraging we have not presented a full solution

to the problem of electroweak baryogenesis. For a complete study we must include

the origin of additional CP -violation and study the dynamics of the asymmetry

accumulation near the bubble walls during the phase transition. Since we know that

CP -violating interactions must occur in the bubble walls it must arise in the Higgs

sector. An example of a suitable interaction (suggested in [154]) is a modification of



Chapter 3. EWBG and the Higgs Portal 95

the top quark Yukawa interaction to

ytQ̄LH
(

1 + δ
s

Λ

)
tR, (3.36)

where Q̄L is the left-handed quark doublet, Λ is a mass scale for new physics that

generates the interaction, and δ is a complex phase. It would be interesting to see

if a complete solution to the baryogenesis problem will impact the parameter space

much more than has been described here and perhaps make the model even more

predictive.



Chapter 4

Unifying Inflation and Dark

Matter with the Peccei-Quinn

Field

4.1 Introduction

In Sec. 1.1 we said that there are two leading candidates for dark matter: WIMPs

and axions. In Chapter 2 we presented an example of a WIMP dark matter model

that can also give rise to a strongly first order electroweak phase transition. In

this chapter we will discuss the axionic dark matter paradigm. As we will see, the

cosmology of axionic dark matter is intimately linked with the details of primordial

inflation. In fact, unless the scale of inflation is sufficiently low, the existence of

axionic dark matter appears to be ruled out in most circumstances. Here we will

present a new approach that aims to resolve this tension between high scale inflation

and axionic dark matter by unifying both phenomenon with a single field. We will

first discuss axions as a solution to the strong-CP problem and as a dark matter

candidate. We will then introduce the idea of isocurvature perturbations that is the

cause of the tension with high scale inflation. In the remainder of the chapter we

will present our solution and discuss its phenomenology.

96
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4.1.1 Axions and the strong-CP problem

The history of axions starts with the U(1)A problem of QCD . If we consider only

light quark generations then the limit of massless quarks appears to be a good

approximation to QCD since mu,md � ΛQCD ∼ 200 MeV, where ΛQCD is the QCD

confinement scale. In this limit the theory has global U(2)V ×U(2)A symmetry where

the subscripts V and A stand for vector and axial vector respectively. In the real

world, with light quarks that weakly break the symmetry, the U(2)V = SU(2)I ×
U(1)B is manifested as the approximate isospin and baryon number symmetries.

In the axial-vector case however the global symmetry is broken spontaneously by

quark condensates (e.g. 〈qq̄〉 6= 0), giving rise to the pions which are pseudo Nambu-

Goldstone bosons of the SU(2)A subset of the approximate U(2)A symmetry. We

should also expect an additional light meson as a result of the breaking of the

remaining U(1)A symmetry with a mass ∼ mπ but such a meson is not observed.

This apparent absence of an approximate U(1)A symmetry in QCD became known

as the U(1)A problem [222].

It turns out that the U(1)A symmetry is anomalous and so breaks down in the

quantum theory, resolving the problem. It was known for some time that the chiral

current was apparently anomalous with

∂µJ
µ
5 ∼ Tr GµνG̃µν , (4.1)

but this vanishes in perturbation theory. It was shown by ’t Hooft [223] that the

symmetry is violated by instantons, non-pertubative quantum mechanical objects

that are a result of the vacuum structure of SU(3). Similar to SU(2) (discussed

of Sec. 3.1.1) the non-trivial homotopy of SU(3) means that there are an infinite

number of distinct vacua that are related by large gauge transformations. The true

vacuum of SU(3) (known as the theta vacuum) is a superposition of all these distinct

vacua,

|θ〉 =
∑
m

e−ı̇mθ|m〉, (4.2)
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where m is the winding number of vacuum state |m〉. The effect of living in this

theta vacuum can be incorporated into the theory in the classical vacuum by adding

a term to the action given by

Sθ =
θ

32π2

∫
d4x Tr GµνG̃µν . (4.3)

The integrand is in fact a total divergence so we can see that it only has an effect

as result of the existence of non-trivial boundary conditions for the gauge fields.

Before we discuss the implications of this term we might first ask why an analogous

term is not found in the weak interactions. After all we saw in Sec. 3.1.1 that

SU(2) also had a non-trivial vacuum structure so we might expect that a weak

interactions also have a superposition vacuum. In that case however we were free

to use the anomalous U(1)B+L symmetry to rotate away the theta term without

affecting the remainder of the Lagrangian i.e. we make a U(1)B+L transformation

that generates an FF̃ term that exactly cancels the theta term. In the case of QCD

we might try to similarly rotate away the contribution of (4.3) using the U(1)A

symmetry. This, however, does not work because the mass terms of the quark sector

explicitly break the U(1)A symmetry and so will pick up an additional phase under

chiral field transformations. When the quark mass matrix is diagonalised we will

regain a contribution to (4.3). As result we can never fully rotate away the physical

contribution of the theta term in QCD as we could for the weak interactions.

We are therefore forced to accept the presence of (4.3) in the SM. This term will

however violate P and CP . For θ 6= 0 this term will therefore contribute to the

electric dipole moment for the neutron which is very tightly constrained (dn <

2.9 × 10−26e cm [224]) implying that θ must be tuned to be very small (. 10−11

[225]). This unnatural tuning is known as the strong-CP problem.

The most popular solution to this problem was provided by Peccei and Quinn [226,

227]. The solution is to introduce another anomalous global chiral U(1) symmetry

(hereafter referred to as U(1)PQ) that is spontaneously broken by a scalar field.

The Goldstone boson of the broken symmetry scalar field is known as the axion, a
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[228, 229]. U(1)PQ transformations of a then generates a contribution to the θ-term

effectively replacing θ → θ0 + a/fa, where θ0 is the bare value in the theory without

PQ symmetry1 and fa is the symmetry breaking scale. This therefore promotes θ

to a dynamical field. The interaction with QCD instantons will then give rise to a

scalar potential for a given by

V (a) ' m2
af

2
a (1− cos θ) , (4.4)

where ma is the axion mass, fa is the axion decay constant, and θ = a/fa. The θ

dependence of the potential is required to be periodic in order to respect the shift

symmetry of the axion (which is of course an angular variable). The scale of the

potential is set by the instanton effects where m2
af

2
a ∼ Λ4

QCD and ΛQCD ' 200 MeV

is the QCD scale. This potential causes the θ-term to dynamically relax to zero

solving the strong CP problem (see Fig. 4.1).

m 2
a f

2
a

Axion Relaxation

θ=0

Figure 4.1: A schematic representation of the dynamical relaxation of the QCD
θ-term to zero as a result of the instanton induced axion potential.

The original axion models had weak scale axions and were quickly ruled out when

these axions could not be discovered. Since then there has been much work in so-

called ‘invisible’ axion models where the scalar field that spontaneously breaks the

PQ symmetry is a SM singlet and can easily be made to break the symmetry at a

scale much higher that the weak scale. This renders the axion very weakly coupled

and thus evades constraints. We will see however that these axions can still have

very interesting phenomenology. The two most popular models for ‘invisible’ axions

are so-called KSVZ [230, 231] and DFSZ [232, 233] models 2. These models differ

1In what follows, unless otherwise specified, this θ0 will be implicitly absorbed into θ.
2KSVZ axions are named after the authors Kim, Shifman, Vainshtein, and Zakharov. DFSZ

axions are names after the authors Dine, Fischler, Srednicki, and Zhitnitsky.
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in the content of fields which carry PQ charge and so have slight differences in how

the axion will couple to SM fields. Here however we will mainly be concerned with

the SM singlet PQ scalar that breaks the U(1)PQ which is common to both models.

4.1.2 Axionic dark matter

Soon after axions were first discussed it was realised that they may have cosmological

consequences [234–241]. The breaking of the PQ symmetry in the early Universe

can produce axion relics that are considered a promising alternative to thermal

WIMP dark matter. Depending on the reheating temperature there are different

ways that dominate the production of axions non-thermally. Firstly, if the reheating

temperature is low such that the PQ symmetry is not restored by thermal corrections

to the potential after inflation then the dark matter is produced by the misalignment

mechanism. As the Universe cools during inflation the symmetry will break at a

T ∼ fa � ΛQCD so the QCD instanton effects are not important and the axion

potential is very nearly flat. We therefore generically expect an initial value θi 6= 0.

At T ∼ ΛQCD the instanton effects become important, the axion mass becomes

significant and θ begins to oscillate about θ = 0. Since the axion is extremely weakly

coupled there is almost no damping in this oscillation (apart from that caused by

Hubble expansion) so this coherent state of axions can contribute significantly to

the energy density today and behaves like cold dark matter. The relic density is

then given by (e.g. [242])

Ωmis
a h2 = 0.1199

( 〈θ2
i 〉

0.28

)(
fa

1012 GeV

)7/6

, (4.5)

where the angle brackets denote averaging over many possible values for the initial

misalignment angle and so is a typical value and for simplicity we have dropped an-

harmonic contributions to the potential and possible dilution by entropy production

after the QCD phase transition (see e.g. [243] for more details and discussions of the

accuracy and limitations of this formula). It is important to note that we are not

completely free to choose 〈θ2
i 〉. In the case where the bare theta term θ0 ∼ O(1) and
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the axion contribution a/fa ∼ O(1) then we expect in the absence of fine-tuning that

the net θ to be uniformly distributed in the range [−π, π], leading to 〈θ2
i 〉 = π2/3. In

this case, in order to avoid overclosing the Universe we must restrict fa < 1012 GeV.

In order to allow for larger fa there must be some cancellation in the bare and axion

contributions such that 〈θ2
i 〉 is smaller than we would otherwise expect. We can see

from Eq. (4.5) that if fa � 1012 GeV we must reintroduce significant fine-tuning

in θi. This has become known as the anthropic axion window. We cannot however

arbitrarily tune θi because even if the initial value is zero the axion will receive

quantum fluctuations ∼ H/2π during inflation that will give rise to a non-zero net

θi. The allowable range for 〈θ2
i 〉 is therefore ∼ [(H/2πfa)

2, π2/3].

If, on the other hand, the reheating temperature is large enough to restore to the

symmetry then cosmic strings produced by the subsequent re-breaking of the sym-

metry cannot be inflated away. This will be the case if thermal contribution to the

effective mass is enough to stabilise the potential at the origin, i.e.

m2
eff =

λT 2
rh

2
> λf 2

a , (4.6)

or

Trh >
√

2fa, (4.7)

where λ is the quartic self-coupling of the PQ scalar and the factor of 1/2 is a 1-loop

coefficient in the high temperature limit when we neglect possible couplings to other

fields.

These cosmic strings quickly decay by radiating axions. After the QCD phase tran-

sition these axions will acquire a significant mass and behave like cold dark matter

[244]. The energy density of dark matter axions produced in this phase can be

calculated as [242, 245–247]

Ωstr
a h

2 ' (1.16− 11.6)0.1199

(
fa

1012 GeV

)1.18

, (4.8)

where the prefactor reflects various theoretical uncertainties regarding string decay



Chapter 4. Unifying Inflation and Dark Matter with the Peccei-Quinn Field 102

and the QCD phase transition [243]. In this situation we can therefore also introduce

a conservative upper bound on fa in order not to over produce DM of

fa < 1.25× 1011 GeV . (4.9)

Note that we will still have a contribution to the relic density from misalignment

but it will be sub-dominant.

Axions can of course also be produced thermally by freeze-out. This however would

require larger than typical axion masses (i.e. low fa, so axions couple to matter more

strongly) which, as we will see later, leads to tension with astrophysical constraints.

This means that in practice only a negligible amount of dark matter can be produced

this way so we do not consider it any further here.

4.1.3 Isocurvature from axions

As we have already mentioned, the axion will be approximately massless during

inflation and will receive quantum fluctuations ∼ O(H/2π) during each e-fold of

inflation. If H is large compared to fa then the fluctuations δθ will be large. Since,

however, the axion is approximately massless during inflation these fluctuations will

have negligible contribution to the total energy density. They are therefore isocur-

vature perturbations i.e. they do not contribute to the curvature perturbation but

are instead perturbations in the axion number density. Following the QCD phase

transition the axion acquires a mass and the axion density fluctuations contribute

to energy density fluctuations. To conserve energy there are corresponding fluctua-

tions in the photon density which are imprinted in the temperature fluctuations of

the CMB. Since the axion couples very weakly to rest of the SM the isocurvature

fluctuations will be uncorrelated with the adiabatic fluctuations. The presence of

isocurvature fluctuations will modify the temperature power spectrum because the

acoustic peaks are out of phase with the adiabatic mode by ∼ π/2. Measurements of

the CMB (by e.g. Planck [1]) can therefore put constraints on the relative fraction
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of isocurvature modes,

α =
〈(δT/T )2

iso〉
〈(δT/T )2

tot〉
. 0.036, (4.10)

at k = 0.002 Mpc−1. We will use this as our constraint at arbitrary r, but technically

this is incomplete. As we will shortly see, isocurvature constraints usually force

r ≈ 0 for axions. Axion isocurvature as constrained in Ref. [1] therefore assumes

r = 0, and consistent with this takes the isocurvature spectrum to be scale invariant.

Constraints on α will also in general be correlated with those on r. The combined

effect of r and α constraints on axions is so strong, however, that even anO(1) change

to the constraint is relatively unimportant. Therefore, despite the complications just

discussed, the percent-level bound of Eq. (4.10) will provide a good estimate of the

constraints on the axion parameter space in our model including r.

The amplitude of isocurvature modes increase (decreases) with H (fa) so Eq. (4.10)

is a very useful observable to constrain the H − fa plane of axion models [248, 249].

We will see later this turns out to be a very strong constraint on axionic dark matter.

In the remainder of this chapter we will introduce a new mechanism to alleviate the

pressure imposed on axion models by this bound. The mechanism relies on inflating

the Universe with the PQ field. The introduction of the PQ field could therefore be a

very economical solution to three major problems of particle physics and cosmology:

inflation, dark matter, and the strong-CP problem.

4.2 Axion dark matter and the tensor-to-scalar

ratio

As we have already discussed there has been much progress in the experimental in-

vestigation of inflation in recent years. This culminated in BICEP2’s now withdrawn

claim of a measurement of primordial gravitational waves. In the wake of this claim

there was some concern about its implications for axionic dark matter [250, 251].

In the last section we saw that axions can be a source of isocurvature modes. The

BICEP2 claim of r ∼ 0.16 would set the Hubble scale during inflation to be so large
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as to firmly rule out axionic dark matter unless the PQ symmetry is restored after

inflation. This can be difficult however in models with large fa which are common

in top-down approaches such as string theory [252]3.

Fortunately, as we mention already, the B-modes observed by BICEP2 were not

completely primordial in origin so axionic dark matter survives. We will see later

however that the problem persists for any value of r that is large enough to be

observed. Such a detection could be made, for example, by Spider [105], and the

consequences for inflationary cosmology and the axion would still be just as profound

[248]4. It would therefore be preferable to create a model of axionic dark matter

that was not so sensitive to this problem.

∼H/2π

∼H/2π

δθ1

δθ2

s=fa

s=s ∗ (Inflation)

(Vacuum)

δθ1 <δθ2

Figure 4.2: Schematic of our mechanism. Isocurvature fluctuations in the axion
field, δθ, are reduced if the radial field, s, lies at higher values during inflation,

s∗, compared to the low energy minimum, fa.

Here we propose such a model and show that if the PQ field itself plays the role of

the inflaton then the problem of isocurvature modes can be dramatically reduced

3See [253, 254] for recent top-down models with small fa.
4An ultimate, cosmic variance limited, measurement of r using 21cm lensing could in principle

reach r ∼ 10−9 [255, 256]. As we will see, even this would provide a constraint on axion physics.
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allowing for high fa axion DM to be compatible with high scale inflation (see [257–

260] for other recent attempts to suppress axion isocurvature modes).

Fig. 4.2 shows schematically that if the radial part of the PQ field, s, lies at values

larger than fa during inflation then the isocurvature fluctuations of the axion field

will be reduced in amplitude. Isocurvature amplitude is proportional to the ratio

δθ/θ, where θ is the axion (angular) direction of the PQ field. The DM abundance

fixes θ. Inflation fixes the dimensionful field displacement at H/2π, however this

subtends a smaller angle δθ if it is fixed at large rather than small radius (see

Fig. 4.2).

4.2.1 Inflation with the radial PQ field

The PQ field, S, is a complex SM singlet charged under a global U(1)PQ symmetry

broken at scale fa. The axion, a, is the angular part of this field. The radial part, s,

is minimised at fa. Our mechanism for reducing isocurvature perturbations works

by taking s� fa during inflation. One mechanism by which this can be achieved is

to take s to be the inflaton.

The potential for the PQ field is given by

V =
1

4
λ
(
s2 − f 2

a

)2
, (4.11)

where, following the case for the Higgs field in chapter 2, we have set S = 1√
2
(0, s+

fa)
T in the vacuum. At large s this takes the form of a λφ4 single-field inflation

model. Such models are excluded at high confidence level by Planck constraints on

r and the scalar spectral tilt, ns [1]. To work around this we introduce a non-minimal

coupling, ξ, between the s field and gravity in same way as we saw for Higgs inflation

in Sec. 2.2.1 (see Refs. [261–267] for other treatments of this model and embeddings

of it in supergravity/string theory)

SJ =

∫
d4x
√−g

[
−
(
M2

pl + ξs2

2

)
R +

1

2
(∂s)2 − V

]
. (4.12)
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This then gives rise to the Einstein frame potential,

VE =
V

(1 + ξs2/M2
pl)

2
=

1
4
λ (s2 − f 2

a )
2

(1 + ξs2/M2
pl)

2
, (4.13)

which can give rise to phenomenologically successful inflation. The slow roll param-

eters are then modified slightly to,

ε =
1

2
M2

pl

(
V ′E
VEσ′

)2

, (4.14)

η = M2
pl

(
V ′′E
VEσ′2

− V ′Eσ
′′

VEσ′3

)
. (4.15)

For the analysis of inflation in this model it is sufficient to take the limit fa → 0

in equation (4.13). For fa < Mpl the effect of non-zero fa is negligible and we may

treat r and fa as independent (in [262] the regime with fa � s during inflation is

studied and then effect becomes substantial).

10-13
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r

Figure 4.3: The dependence of the self-coupling, λ, and the tensor-to-scalar
ratio, r, on the non-minimal couping to gravity, ξ, for N = 60 (solid) and N = 50
(dashed). Here, for each value of ξ, λ is fixed using As = 2.196 × 10−9 and we

take the limit fa → 0.
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Since r can be determined from ξ we have a two-parameter model of inflation.

Holding the normalisation As = 2.196× 10−9 fixed reduces this to a one-parameter

family of models. This is demonstrated in Fig. 4.3 (upper panel) where we show

the dependence of λ on ξ. We show r(ξ) in one dimension in Fig. 4.3 (lower panel):

as ξ → 0, r asymptotes to its value in λφ4 inflation. In the opposite regime of

large ξ the tensor-to-scalar ratio goes to a minimum value rmin ' 3.3 × 10−3 for

N = 60, where N is the number of e-folds of observable inflation. In this large ξ

limit this model is in fact an example of an α-attractor [268–271] with α = 1, and

has ns = 1− 2/N and r = 12/N2 in the large ξ limit.

This scenario is different from the Higgs inflation one of Sec. 2.2.1 because λ has

not been determined by a mass measurement. We are therefore able to escape some

of the technical difficulties of Higgs inflation. Recall that Mh = 125 GeV required

ξ ∼ 104 which caused problems with the unitarity of the theory at high scales. The

theory will be free of these issues if the unitarity bound is much larger than the

Hubble scale during inflation, i.e.,

Λ ' Mpl

ξ
� H '

√
λ
Mpl

ξ
, (4.16)

or,
√
λ� 1, (4.17)

which is marginal at best in the case of λ ∼ 0.13 for the Higgs case but we can see

in Fig. 4.3 that this is readily achievable with the PQ field.

The resulting ns−r plane predictions are shown in Fig. 4.4, along with the 1 and 2σ

contours from Planck. Our model is flexible enough to accommodate a large part of

the interesting ns − r parameter space as we await future measurements.
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Figure 4.4: The variation of the model prediction in the ns-r plane for different
values of ξ. We show the 1 and 2σ constraints from Planck with WMAP polar-
isation (WP) [272] and BAO from various surveys (see Ref. [273] for details).
Our model is consistent with the data for ξ & O(few)× 10−3 depending on N , the

number of e-folds of observable inflation.

We note here that it is possible for quantum corrections to change the predictions

of the theory. The case where the PQ scalar was also coupled to a fermion was

considered in [261] where the effect of this correction on the inflationary parameters

was analysed. In the interest of remaining as general as possible we do not consider

any such couplings. There will also be quantum corrections from the running of λ

and ξ on their own (see [267]). In our case we do not expect these corrections to

have a large effect on our results because the bare coupling, λ, is very small.

4.2.2 Isocurvature constraints

The cosmological evolution of the axion field is determined by the epoch in which

the PQ symmetry is broken. We have seen that the PQ symmetry can be restored

after inflation if the reheating temperature is greater than the symmetry breaking
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scale. It is also possible for the symmetry to be restored by the Gibbons-Hawking

temperature (TGH = H/2π) during inflation such that there is no axion present

during inflation. In the standard scenario (when the radial field, s, plays no part in

inflation) the symmetry is broken during inflation and remains broken after inflation

if

fa & Max[H/2π, Trh]. (4.18)

When this inequality is satisfied all relics of the PQ phase transition are diluted

away by inflation, and isocurvature perturbations in the axion field are present. In

the opposite regime

fa < Min[H/2π, Trh] , (4.19)

then the PQ symmetry is either unbroken during inflation so no isocurvature modes

are produced or it is restored after inflation and all the isocurvature modes are wiped

out. However, cosmic string relics of the phase transition that are produced when

the symmetry re-breaks now play an important cosmological role.

In the model presented here where s plays the role of the inflaton the axion acquires

isocurvature perturbations regardless of the value of fa. This is because the s field

no longer sits at the minimum of the potential so the symmetry is always broken

during inflation and is unaffected by TGH . The reheat temperature is then the only

relevant scale in deciding whether these modes survive, and whether relics of the

phase transition are cosmologically relevant.

We will now examine how the isocurvature constraints impact on the parameter

space of the axion. The quantum fluctuations of the axion field during inflation

produce a nearly scale invariant spectrum of perturbations with

〈|δa|2〉 =

(
H

2π

)2

. (4.20)

The amplitude of isocurvature perturbations for axions is then given by [242]

Aiso,a =

〈∣∣∣∣δnana
∣∣∣∣2
〉

= 4

〈∣∣∣∣δaa
∣∣∣∣2
〉

=
H2

π2f 2
a 〈θ2

i 〉
, (4.21)
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where na is the number density of axions and the factor of 4 in the middle equality

comes from na ∝ a2 when we approximate the axion potential as harmonic. We can

then calculate the fractional contribution of isocurvature modes, α, and compare it

to the experimental bound (4.10) using

α =
Aiso

Aiso + As
=

R2
a Aiso,a

R2
a Aiso,a + As

, (4.22)

where Ra is the fraction of cold dark matter made up of axions and we have assumed

that there are no additional sources of isocurvature. Here As is the usual amplitude

of adiabatic perturbations given by

As =
1

2ε

(
H

2πMpl

)2

. (4.23)

In this work we assume Ra = 1 i.e. axions account for the dark matter, so we may

write

α =
1

1 +
f2a 〈θ2i 〉
8M2

plε

, (4.24)

We can now understand the tension between axionic dark matter and observable

primordial tensor modes. Using r = 16ε and combining Eqs. (4.24) and (4.5) with

the Planck constraints of Eq. (4.10) and Ωcdmh
2 = 0.1199± 0.0027 [273] we find the

bound,

r . 10−10

(
fa

1016 GeV

)5/6

. (4.25)

This result highlights that any conceivable detection of r will put severe constraints

on axion dark matter with GUT scale fa in the traditional setup.

If, however, the radial part, s, of the PQ field evolves considerably from inflation to

the present, for example if it is the inflaton as we propose, the conclusion Eq. (4.25)

can be radically changed. This is because the effective fa,eff = s∗ during inflation

can be much larger than the vacuum value, fa, appearing in the potential Eq. (4.11).
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In this scenario Eq. (4.24) becomes

α =
1

1 +
s2∗〈θ2i 〉
8M2

plε

. (4.26)

In this case the fa dependence of isocurvature modes changes significantly. We see

in Eq. (4.24) that it is usually preferable to have large fa to avoid isocurvature

bounds. In our model however fa no longer directly enters the equation for α, and it

is preferable to have a smaller fa as a result of its indirect effect through 〈θ2
i 〉 when

fixing the DM relic abundance in Eq. (4.5). The r dependence also changes because

now the important r-dependent quantity is s2
∗/ε rather than just ε. The consequences

of Eq. (4.26) in the parameter space (r, fa) are discussed in Section 4.3.

Another realisation of our general scheme could be achieved in volume modulus

inflation in the string theory large volume scenario [274]. Here the axion decay

constant is inversely proportional to the volume of the compact dimensions, and

so if the volume evolves from small values during inflation to large values (in string

units) after inflation then this too will reduce the axion isocurvature amplitude. This

is achieved in Ref. [274] by inflection point inflation along the decompactification

direction at small volume, with reheating occuring in a large volume meta-stable

de Sitter vacuum. An attractor solution prevents the field from overshooting the

meta-stable end-point.

Since the decay constants of all axion-like particles in string theory depend inversely

on the volume, the volume modulus model could dilute the isocurvature perturba-

tions of many axions at once. In a field theory model like ours this could be achieved

by inflation along a diagonal in field space with many s fields, i.e. a radial-field ver-

sion of N-flation [275].
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4.2.3 Direct detection and other constraints

The axion couples to photons through the term

Laγγ =
−gaγγ

4

a

fa
F µνF̃µν = gaγγ

a

fa
E ·B. (4.27)

The exact value of the dimensionless coupling gaγγ is model dependent but gener-

ically of the same order (e.g. gaγγ = 0.97 for KSVZ axions and gaγγ = −0.36 for

DFSZ axions [242]). The effective coupling is then inversely proportional to fa. This

coupling can be used to search for axions in the laboratory through axion-photon

conversion. The Axion Dark Matter Experiment (ADMX) uses a large magnetic

field to try to convert axions to photons in a tunable microwave cavity. This has

provided additional constraints on the parameter space. Axion DM particles with

masses in the the range ma = [1.9− 3.3] µeV for KSVZ axions (or the slightly nar-

rower range ma = [1.98− 2.17] µeV for DFSZ axions) have been excluded [276]. We

can convert this to a constraint on fa using,

ma =

√
z

1 + z

fπmπ

fa
= 6.2 µeV

(
1012 GeV

fa

)
, (4.28)

where z = mu/md ' 0.56. This yields an exclusion in the range fa = [1.88− 3.26]×
1012 GeV for KSVZ (or fa = [2.86− 3.13]× 1012 for DFSZ axions).

Axions can also have derivative couplings to SM fermions of the form

Laff̄ =
gaff̄
fa

f̄γµγ5f∂µa. (4.29)

These couplings are much more model dependent because contrary to DFSZ axions,

KSVZ axions do not couple to to quarks or leptons at tree-level and only have an

effective coupling with hadrons (which gives the KSVZ axions the common name

“hadronic axions”).

We can put limits on these couplings using astrophysical observations [277]. For

DFSZ axions the strongest limit comes from white dwarf stars which would cool
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too quickly through axion emission if the axion-electron coupling is too large. The

remaining limits are less model dependent because they rely on the axion-photon

coupling. A large axion-photon coupling can significantly increase the Helium burn-

ing rate of globular cluster stars causing them to cool faster. It would also affect the

neutrino flux from the Sun and from SN1987A. The Sun can lose energy through

the emission of axions (which have also been directly searched for by the CAST ex-

periment [278]) so for hydrodynamic stability we would require a higher fusion rate

and we would therefore expect greater solar neutrino flux. For SN1987A we would

expect less neutrinos emitted over a shorter time due to availability of more efficient

energy release through axions. These complementary astrophysical measurements

combine to give an upper bound on the axion mass of ma . 103 µeV (fa & 6.2×109

GeV) [277]. We also have a lower bound on the mass of the QCD axion follows from

the phenomenon of black hole superradiance. The axions (or any massive boson) can

form gravitational bound state of spinning holes. Infalling axions can extract energy

from the spinning black hole which can be released when they decay to gravitons.

For light axions this can cause the black hole to lose energy very efficiently. The

observed spins of stellar mass blackholes can then constrain the presence of light

axions excluding fa & 1017 GeV [279].

4.3 Results and conclusions

As we have discussed, the value of the reheating temperature plays a crucial role

in the phenomenology of this model. The precise value of Trh is however model

dependent because it is determined by the coupling of the PQ field to the SM (and

possibly other) fields. In order to keep our discussion as general as possible we

parametrise the uncertainty in Trh using an efficiency parameter, εeff < 1, with

Trh =
√
εeffHMpl, (4.30)
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where for ease in translating to CMB observables we take H at 60 e-folds before the

end of inflation. The phenomenology of different scenarios can then be investigated

by varying εeff.
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Figure 4.5: Axion DM constraints for non-minimal PQ inflation model show-
ing the new window unavailable to other axion models. The colored regions are
ruled out by: isocurvature constraints (red); astrophysical constraints on the axion
coupling to SM particles (orange); overproduction of DM from cosmic strings (for
three different values of Trh parameterised by εeff) (blue); direct searches for DM
axions by ADMX (green). The purple lines show the projected lower bounds of
the CASPEr experiment. Together, Spider and CASPEr/ADMX-HF can probe

a large part of the parameter space of our model.

The resulting updated constraints are summarised in Fig. 4.5 where we show the

constraints on fa as a function of the tensor-to-scalar ratio in our model of inflation

driven by the radial PQ field. The upper portion of the plot is ruled out by excess

isocurvature modes for any observable value of r even when our mechanism is em-

ployed. Our mechanism opens up a new window for intermediate-scale axions with

1012 GeV . fa . 1015 GeV to be consistent with observable primordial B-modes,

as could be observed, for example, by near future experiments like Spider. As a

side note, since it is now possible to have axionic dark matter for relatively low fa
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even when the symmetry is not restored after inflation, the need for fine-tuning of

〈θi〉 is considerably reduced for a large range of r.

The exact size of the new window depends on the value of r, which has a minimum

value, rmin ≈ 3.3 × 10−3 in our model. This is below what is accessible to Spider,

but it is not impossible to imagine this as detectable at some stage in the future.

In standard inflation r . 10−10 is required for high fa axions to be viable in the

so-called anthropic window [249]. If r were detected, for example by 21cm lensing,

in the range 10−9 . r . 10−3 then a mechanism other than that presented here

would be necessary to save the high fa QCD axion.

Remaining agnostic about the model of reheating and allowing εeff to vary by orders

of magnitude has a strong effect on the size of the new window, with the lower bound

of the window fa,low ∝ ε0.5eff . Even when reheating is quite efficient (up to εeff ∼ 10−2)

our model still offers new, previously unavailable regions of the parameter space with

simultaneously large values of r and fa. The size of the new window is maximised

when reheating is inefficient and the blue region disappears; this occurs for εeff .

10−10.

We have also highlighted the presence of the classic window for axion DM, when

the PQ symmetry is restored after inflation. Here the lower bound on fa is imposed

by astrophysical constraints [277], while the upper bound is imposed by the DM

abundance from string decay. When the reheating is very inefficient (εeff . 10−10)

the size of the classic window can be reduced significantly because the symmetry

cannot be restored.

The ADMX exclusion lies in the new window so we can look forward to more ex-

plorations of this window (and the classic window) with the proposed ADMX-HF

experiment [280] that will extend the sensitivity to masses as large as ∼ 100 µeV

(fa ∼ 6 × 1010 GeV). The CASPEr experiment [281] has proposed a search for ax-

ions with large fa using the precession of CP -odd nuclear moments of the target

caused by interacting with DM axions. Phase 2 of the experiment can rule out ax-

ions with fa > 1.3×1016 GeV. With improvements in magnetometer technology the
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experiment can be used to search for axions with fa > 4× 1013 GeV. Without some

mechanism to dilute isocurvature, such as ours, the entire range for CASPEr would

be excluded on cosmological grounds if r is observed by Spider.

We have shown that it is possible for large fa axion DM to coexist with high scale

inflation, with observably large tensor modes and accompanying isocurature. If a

non-negligible measurement of r is reported in future by e.g. Keck-Array [106] or

Spider this would be selective in the available parameter space of our model. Fur-

thermore if large fa axions are found by CASPEr or ADMX then a mechanism such

as that presented here will be needed to reconcile the two measurements. Addi-

tional probes of the model could come if isocurvature perturbations are observed at

the percent level by future CMB measurements [282]. Axion DM direct detection

and CMB polarisation experiments are complementary in many ways and together

can access physics at extremely high energies and discriminate between models of

inflation.



Chapter 5

Conclusion

In this thesis we have presented some new results for astroparticle phenomenology.

In chapter 1 we argued that a minimal, bottom-up approach to model building is an

attractive alternative to the more typical top-down approach. While the motivations

for top-down model building are clear, sometimes we are guilty of losing track of the

original motivation to explain the Universe we observe and become attached to the

seductive ideas. In this thesis we have therefore tried another approach by focusing

on the phenomenology of simple models that can fill in some of the missing pieces

of the current best theories of particle physics and cosmology, the Standard Model

and ΛCDM.

In chapter 2 we examined the role of the Higgs in inflation. We argued that it was

natural to consider whether the first (seemingly) fundamental scalar that we have

discovered could play the role of the scalar inflaton. We reviewed some previous at-

tempts at this problem, most notably Higgs inflation with a non-minimal coupling,

and concluded that while the model is initially very attractive is has some theoret-

ical issues with unitarity that must be addressed satisfactorily before the model is

accepted. We also presented some new results on the false vacuum Higgs inflation

scenario. Motivated by the peculiar possibility of a false vacuum appearing in the

quantum effective potential of the Higgs we took a closer look at this possibility.

We came to the unfortunate conclusion that, contrary to previous claims in the
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literature, it is not possible to inflate the Universe in a way that is simultaneously

compatible with both particle physics experiments and cosmological observations.

We therefore concluded that some new ideas are needed in order to make Higgs

inflation a compelling idea again.

With this, we were naturally driven to consider the consequences of a theory with

an inflaton that is separate from the Higgs. It was immediately clear that the

appearance of an instability in the Higgs potential (for the central values of Mh, Mt,

and αs) might result in the Higgs destabilising during inflation. Without inflation

the Higgs is safe in the electroweak vacuum because the tunnelling rate to the true

vacuum is extremely small compared to the age of the Universe. In an inflationary

Universe however we expect the Higgs to receive quantum fluctuations which could

kick the Higgs into the true vacuum during inflation. We found that if the scale of

inflation is high then this becomes a problem. While the details of post-inflationary

evolution of the bubbles of true vacuum makes the analysis a little bit more subtle

we argued that the intuitive conclusion remains intact: this is not compatible with

our Universe. It would, however, be very interesting to study the evolution of these

bubbles in a more quantitative way using a numerical GR code (e.g. [125]). We

analysed two potential remedies to this problem (apart from the obvious absence

of an instability) that use a direct coupling between the Higgs and the inflaton

or a finite temperature during inflation to stabilise the Higgs field. If we discover

evidence for high scale inflation in the coming years by, for example, measuring the

tensor-to-scalar ratio, then this will provide concrete evidence for new physics. This

new physics could be the introduction of new bosonic particles to stabilise the Higgs

potential or, alternatively, could teach us about the coupling of the inflaton to other

particles.

In chapter 3 we addressed the problem of the baryon asymmetry of the Universe.

In the context of electroweak baryogenesis it is necessary to modify the electroweak

symmetry breaking sector in order to produce a first order phase transition. We

saw that by introducing a new singlet scalar that couples to the Higgs this could

be readily achieved. In addition, this singlet scalar can act as a mediator between
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the SM and dark matter. We saw that if we introduce a singlet fermion that can

couples to the singlet scalar then this can successfully explain the dark matter relic

density through thermal freeze-out. While the dark matter currently evades all

constraints the most promising avenue for discovery is using direct detection ex-

periments. We can simultaneously constrain this model by studying Higgs physics

because the mixing of a singlet scalar with the Higgs will modify its coupling to

other particles relative to that expected in the SM. It would be interesting for future

work to include a full analysis of the baryon asymmetry generation by studying the

quantum transport of the asymmetry near the bubble walls. This may lead to new

and complimentary constraints on the parameter space of this model.

In chapter 4 we presented a new unified picture of inflation and dark matter with the

Peccei-Quinn field. By introducing a non-minimal coupling between the PQ singlet

and gravity we can reproduce an inflationary cosmology compatible with Planck and

allow the angular part of the field (the axion) to both solve the strong-CP problem

and play the role of cold dark matter. The isocurvature modes of the axion field are

also suppressed by having a large effective decay constant, fa, during inflation so

that axion becomes compatible with high scale inflation (even if the PQ symmetry

remains broken after inflation). This model therefore opens up a new window for

axion cosmology that can be tested in the coming years. Direct detection of axions

and measurements of primordial tensor or isocurvature modes in the CMB provide

complementary search strategies that could significantly constrain this model. An

interesting future direction for this work would be to study the reheating dynamics

in detail. Up to now we have remained agnostic about the details but for a particular

axion model this could be computed in order to determine the size of the new axion

window. In addition we could consider a coupling between the Higgs and the PQ

scalar and study its effect on stabilising the electroweak vacuum.

In this thesis we have therefore shown that minimal models can be very successful in

solving the various problems with our current models. Perhaps by beginning with the

simplest possible solutions and examining their phenomenology we may illuminate

the path forward towards a more complete understanding of the Universe.



Appendix A

Fermionic Dark Matter Cross

Sections and Formulae

The cross section for ψψ̄ → hihj (with i, j ∈ {1, 2}) is given by s−, t−, and

u−channel terms, and the interference term [181],
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A =
1

2
(m2

hi
+m2

hj
− s), D =

s

2
βψβij, (A.5)

and there is an additional symmetry factor of 1
2

when i = j.

The cross-section for SM finals states is given by [180]
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where Nc = 3 is the number of colors, yq are the quark Yukawa couplings, βi =√
1− 4m2

i /s, and ε = 1/2 for V = Z and otherwise unity. In the above the Standard

Model contribution to Γhi was calculated using the HDECAY code [283].

The couplings for the cross sections are given by

gr =

 gs sinα, if i = 1

gs cosα, if i = 2
(A.7)
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where c = cosα and s = sinα.
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