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ABSTRACT: The spectrum of planar N/ = 6 superconformal Chern-Simons theory, dual to
type ITA superstring theory on AdSy x CP3, is accessible at finite coupling using integrabil-
ity. Starting from the results of [arXiv:1403.1859], we study in depth the basic integrability
structure underlying the spectral problem, the Quantum Spectral Curve. The new results
presented in this paper open the way to the quantitative study of the spectrum for arbitrary
operators at finite coupling. Besides, we show that the Quantum Spectral Curve is embedded
into a novel kind of Q-system, which reflects the OSp(4/6) symmetry of the theory and leads
to exact Bethe Ansatz equations. The discovery of this algebraic structure, more intricate
than the one appearing in the AdSs/CFT} case, could be a first step towards the extension
of the method to AdS3/CFT5.
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1 Introduction

The idea of a duality between gauge and string theory was put forward many years ago by ’t
Hooft [1], who noticed that the perturbative expansion in SU(N.) Yang-Mills theory in the
large N, limit naturally organizes in terms of the topology of Feynman diagrams, mimicking
the genus expansion of string theory.

The first concrete realization of the duality [2-4] conjectures the exact equivalence of
N = 4 super Yang-Mills (SYM) theory and type IIB string theory on AdSs; x S°. The
precise identification of observables and parameters in the two theories relates the perturbative
region of each model to the deep non perturbative regime of the other. For this reason, the
correspondence makes powerful predictions, but is also very difficult to test.

An important turning point in this field was the discovery of fingerprints of integrability,
at both weak and strong coupling [5, 6], in the planar limit of this duality. At least in this
limit, it is hoped that the theory will be exactly solved adapting integrable model tools, and
remarkable progress has been made on the study of various observables, including Wilson
loops and correlation functions.

In particular, the problem of computing the conformal spectrum of the theory was tackled
by tailoring integrable QFT techniques to this new setting, in particular the Bethe Ansatz
[5, 7, 8], the TBA, the Y and T-systems [9-15], leading to the discovery of the very effec-
tive Quantum Spectral Curve (QSC) formulation [16, 17]. The latter is a very satisfactory
simplification and probably the most elementary formulation of the problem. Thanks to the
mathematical simplicity of the QSC, it appears that, in the near future, the spectral prob-
lem may be completely solved also in a practical/computational sense. Already, the QSC



method allows to compute the spectrum numerically with high precision [18, 19] and to in-
spect analytically interesting regimes such as the BFKL limit [20, 21] or the weak coupling
expansion [22-24]. It has also been generalized to so-called v deformations [25] and to the
quark-antiquark potential [26, 27].

Another remarkable example of AdS/CFT correspondence was introduced by Aharony,
Bergman, Jafferis and Maldacena (ABJM) in [28]. The gauge side of the duality corresponds
to the N' = 6 superconformal Chern-Simons theory with gauge group U(N) x U(N), with
opposite Chern-Simons levels, k and —k, for the two U(N) factors. We will be concerned
with the planar limit, where k, N — oo with the ’t Hooft coupling A = £ kept finite and the
dual gravity theory becomes type IIA superstring theory on AdS,; x CP3. In this regime,
integrability emerges, making the ABJM model the only known example of 3d quantum field
theory which can be exactly solved [29-33] (see also the review [34]).

The spectral problem in ABJM theory was approached exploiting the experience gained
in AdS5/CFTy. Anomalous dimensions of single trace operators with asymptotically large
quantum numbers are described at all loop by the so-called Asymptotic Bethe Ansatz equa-
tions, conjectured in [35] and derived from the exact worldsheet S-matrix of [36]. The exact
result, including all finite-size corrections for short operators, is formally described by an
infinite set of TBA equations, proposed in [37, 38]. These equations were solved numerically
for a particular operator in [39]. However, solving excited states TBA equations with high
precision is a challenging task already for very simple models [40-42]. Besides, the form
of the TBA equations depends on the state and possibly also on the range of the coupling
considered, so that they can be studied only on a case-by-case basis.

It is important to look for a simpler formulation which overcomes these problems. Starting
from a precise knowledge of the analytic properties of the TBA solutions [43], the basic
equations characterizing the Quantum Spectral Curve of the ABJM model were obtained in
[44]. These results were used to compute the so-called slope function in a near-BPS finite
coupling regime [45] and to develop a generic algorithm for the weak coupling expansion in
the SL(2)-like sector [46].

Although we stress that, as proved by the applications discussed above, the results of [44]
contain all the analytic information necessary to solve the spectral problem, several important
aspects of the full picture were still missing. First of all, the concrete recipe to describe states
within the QSC framework was discussed in [44] only for the SL(2)-like sector. Secondly, the
set of equations obtained in [44], the Pu/Pr-system, can be associated, in the classical limit,
to degrees of freedom related to the C'P? part of the whole AdS; x CP3 target space. A
dual system of equations, only briefly mentioned in [44], may be instead associated to AdSy
classical degrees of freedom. The interplay between the two systems is important for the
development of the state-of-the-art solution algorithm at finite coupling [18], as well as at
weak coupling for generic states [21, 23]. Furthermore, the full algebraic structure was still
not transparent, and for example the link between the formulation of [44] and the Asymptotic
Bethe Ansatz of [35] was difficult to see. In this paper we will fill these gaps and present
the necessary elements for the quantitative solution of the spectral problem for an arbitrary



operator at finite coupling. Besides, we reveal an interesting underlying representation theory
structure, which could allow for generalisations and may in particular help in the solution of
the spectral problem for AdSs;/CFT, dualities (see [47] for a recent review).

To conclude this introduction, let us review an important fact. In contrast with N'=4
SYM, in ABJM theory integrability leaves unfixed the so-called interpolating function A(\)
[30, 48], which parametrizes the dispersion relation of elementary spin chain/worldsheet ex-
citations and enters as an effective coupling constant in the integrability-based approach, in
particular in the QSC equations. An important conjecture for the exact form of this function,
passing several tests at weak and strong coupling [49], was made in [45] by a comparison with
the structure of localization results. This conjecture was extendend in [50] to encompass the
ABJ model [51], which is based on a more general gauge group U(N) x U(M) and possesses
two 't Hooft couplings A1, A2 in the planar limit. According to the proposal of [50] (based
on important observations of [52-55]), at the level of the spectrum the only difference be-
tween the ABJM and ABJ theories lies in the replacement of h(\) with an explicitly defined
RABT(A1, X2) (see [50]). In the following we will simply denote the ABJM/ABJ interpolating
function as h.

The contents of this paper are presented in detail below.

In Section 2, we discuss the bosonic symmetry underlying the problem, namely SO(3,2) x
SO(6), the isometry group of AdSy x CP3. We will introduce important vector and spinor
notation used in the rest of the paper. Besides, we comment on the interesting fact that the
isometry group of C'P? effectively appears in the Quantum Spectral Curve as SO(3, 3), rather
than SO(6).

In Section 3, we review the results of [44] and discuss how they reflect the CP? symmetry.
We discuss a subtle modification of the analytic properties (initially overlooked in [44]), which
is needed for the study of certain non-symmetric sectors of the theory. The modified equations
contain an extra nontrivial function of the coupling, which can be interpreted at weak coupling
as the momentum of a single species of magnons.

In Section 4, we present an explicit construction of new variables, the functions Qy, Q.
and 7;, which satisfy a dual system of Riemann-Hilbert equations reflecting the symmetry of
AdSy.

In Section 5, we treat in full generality the boundary conditions which need be imposed
on the solutions of the QSC at large value of the spectral parameter in order to describe a
physical state. This is the place where the quantum numbers of the state make an appearance.
We also discuss the correspondence between the functions P and Q and quasi-momenta of
the spectral curve in the classical limit.

In Section 6, based on results obtained in [21, 56], we discuss a set of exact relations which
are perhaps the most convenient way to repack the analytic properties discussed in Sections
3, 4. It is also shown how these equations encode the quantization of the spin.

In Section 7, we embed the previous results into a larger set of functional relations which
may be considered as (part of) a Q-system. Q-systems are familiar in the theory of integrable
models [57, 58] and in the ODE/IM framework [59]: they are powerful sets of functional



relations that, supplemented by simple analytic requirements, become equivalent to exact
Bethe equations. The structure of Q-systems is completely fixed by symmetry: for example,
the QQ relations relations appearing in the N=4 SYM case are the same as the ones for
SU(4/4) spin chains. For the OSp(4]6) superalgebra relevant to ABJM theory, however,
this algebraic construction was not known in the literature. While we do not treat in full
generality the representation theory aspects, we construct explicitly an enlarged set of Q
functions, and prove that they satisfy exact Bethe equations reflecting the full supergroup
structure. Generalizing arguments of [17], we will show that, in the limit of large volume,
some of these exact Bethe equations reduce to the Asymptotic Bethe Ansatz.

The paper also contains four Appendices:

In Appendix A, we discuss the details of the derivation (already summarized in [44])
of the QSC from the analytic properties of the T-system [43]. In Appendix B, we list some
useful algebraic identities used in the derivation of the Q-system relations. In Appendix
C, we deduce some of the constraints on the asymptotics of P and Q functions. Finally, in
Appendix D we review the dictionary between OSp(4|6) quantum numbers and number of
Bethe roots appearing in various versions of the (Asymptotic) Bethe Ansatz, which could be
useful for the reader wanting to apply the prescription of Section 5 to concrete states.

2 Symmetries and conventions

ABJM theory is invariant under the supergroup OSp(4|6), whose bosonic subgroups are
associated to the isometries of AdS; and CP3. We will see that the Quantum Spectral
Curve equations encode elegantly this symmetry structure. Let us briefly introduce the main
group-theoretic constructions related to the bosonic symmetries.

e COP3: the isometry group of CP3 is the orthogonal group SO(6) ~ SU(4). The invariant
6 x 6 symmetric tensor naturally associated to this symmetry is the metric. This tensor
enters the QSC equations', and will be denoted in this paper as n45. Peculiarly, we will
see that it appears in the QSC with a (+ + + — ——) signature. The concrete form of nap
to be used in the rest of this paper is

00 0100
00 —-1000
0-1 0000
_ ,AB _
ap =1 10 0000’
00 0001
00 0010
AB . . . . BC _ C . . .
where ' is the inverse matrix, i.e. napn”"~ = 0’4. This particular choice for n4p emerged

naturally from the derivation of the QSC, summarized in Appendix A. As explained there,
the specific form of n4p in (2.1) is partly conventional, but its signature cannot be modified

n [44], this tensor was denoted as xaB.



without spoiling the reality properties of the system. The fact that the CP? symmetry
appears effectively as SO(3,3) can be understood heuristically considering the classical
limit, where the basic variables of the QSC are related to the quasi-momenta of the algebraic
curve (see Section 5.1). The quasi-momenta describing a string moving in CP? are defined
through the diagonalization of a SO(6) block of the classical monodromy matrix. An
SO(2n) orthogonal matrix in general cannot be diagonalized with a real transformation,
so that the signature of the metric is not preserved in the eigenvectors basis; moreover, the
signature changes precisely to the one typical of SO(n,n).

Let us introduce some conventions. We will use different index labels for objects with
different symmetry properties. The indices A, B,C = 1,...,6 will be assumed to carry the
vector representation of SO(3, 3), and will always be lowered and raised with the metric nap
and its inverse 48, respectively. It will be useful to consider also spinor representations
of SO(3,3). The relevant 8 x 8 gamma matrices are defined by

{Tds: TEs} = 1 Tdgxs. (2.2)

In even dimension, gamma matrices can always be written in a chiral form:

A 0 oy,
' = (5_A)ab 0 ) (23)

where the matrices 0/} and (5A)ab satisfy
A (=B\b B (=A\b AB
o (67 + ofh () = P o (24)

While all our equations will be covariant, it is convenient to specify a concrete basis. The
. _Avab . .
matrices o4 and (54)" are defined in our conventions by

0 =Vi Vo —V5 0 Vi —Vz Vg
Vi 0 —Vg —Vs _Anab Vi 0 Vs —Va
Vol = .V = , 2.5
GG RPN R Vi <V 0 W 29
Vs V3 Vi O Ve Va2 =11 0
for an arbitrary vector (Vi,...,Vs). Lower-case indices a, b, c will always be taken to run
over 1,...,4 and will be reserved for the spinor representations. Note that there is a

distinction between upper and lower spinor indices, as they belong to the chiral and anti-
chiral spinor representations, respectively, which are equivalent to the representations 4
and 4 of SU(4) ~ SO(6). Another natural tensor that will make an appearance in the
equations is the anti-symmetrized product of gamma matrices,

—5 (eMaita®)

AB\ b ib
(U )zz -

(e%)ai(e*)"). (2.6)



o AdSy: the isometry group of AdSy is SO(3,2) ~ Sp(4). We will denote the metric of this
orthogonal group as pry, and our concrete choice will be:

00 010 00 010

00 —-100 00 —-100
prr=l0o-1000]|, PM=(pHY=10-1000]. (2.7)

10 000 10 000

00 00% 00 002
In the following, we shall always reserve the indices I, J, K, running over 1,...,5, for the

vector representation of SO(3,2).

Let us remind the reader of the isomorphism between SO(3,2) and Sp(4), the group of
linear maps preserving a 4 x 4 anti-symmetric two-form. One way to see this is to view
SO(3,2) as obtained from SO(3,3) by reducing to the subspace orthogonal to a preferred
vector v, with v - v = —1.

Then we see that an anti-symmetric two-form naturally emerges: k;; = va (O‘A)ij. Let
us denote a projection of the o, & matrices on the subspace orthogonal to v as X7, X7,
respectively, with I = 1,...,5. By construction, they satisfy the intertwining relations
i‘? = K" (X)iyi, k27, showing that there are in fact only five independent matrices X;.
The latter give a four dimensional representation of Clifford algebra:

{Thxas Tixa} = p" Tdaxa, (2.8)

with
(Fixzx)g = (X &M = ki (BT)F (2.9)
In the following, we will use indices i, j, k,l, running over 1,...,4, to refer to the four-

dimensional representation of SO(3,2). Finally, one can introduce the anti-symmetric
combinations

(5177 = 5 (ENa®)Y — ()aEh), (2.10)

which play the role of generators of SO(3,2). By construction, these generators leave
invariant the two-form k;;: therefore the spinor representation of SO(3,2) is identified
with the fundamental representation of Sp(4).

In our concrete case, we see that the metric (2.7) is obtained from (2.1) by restricting to
the subspace orthogonal to v = (0,0,0,0,—1,1). Our choice for the ¥ matrices will be

» = (01,02,03,04,05 + 06) ) > = (61,52,63,64,65 + 66) , (2.11)
and the two-form k;; reads

0001
00-10

A

= , 2.12

g 0100 (2.12)

-10 0 0

Kij = va (o



3 Formulation of the QSC from the TBA

In this Section, we recall the first version of the QSC equations proposed in [44]. These equa-
tions were obtained through a reduction of the T-system underlying the TBA formulation (see
Appendix A), and ultimately take the form of a nonlinear Riemann-Hilbert problem defined
on the complex domain of the spectral parameter u. In the u-plane, the Q functions have a
characteristic pattern of branch points, whose positions depends on the coupling constant h
as specified below. These branch points will all be of square-root type. This peculiar kind
of analytic structure for the Q functions, beside AdS5/CFTy, is also characteristic of some
non-relativistic integrable systems such as the Hubbard model [60].

3.1 Equations in vector form and analyticity conditions

In the first version of the equations derived from TBA, the basic variables are: six func-
tions {P 4(u)}%_,, and a 6 x 6 anti-symmetric matrix {@ap(u) = _,U«BA(U)}Z,B:y They are
constrained by the following quadratic conditions:

P;Pg — PyP3 + PPy =1, pasn®C pep =0, (3.1)

where nP is defined in (2.1). All these functions live on an infinite-sheet cover of the u-
plane, which, however, is built out of a simple set of rules. On what we will consider the first
Riemann sheet, the functions P 4(u) have a single branch cut, running from —2h to +2h, see
Figure 1. We assume that they have power-like asymptotics at large u, which means that
they can be written as a Laurent series in the Zhukovsky variable z(u):

(u+ Vu — 2h/u + 2h)
2h

Pa(u) = (z(u) Ma Y SAn o(u) =

L . (3.2)

n=0
The functions pap(u) instead display an infinite ladder of branch cuts, at u € (—2h, +2h) +
iZ. They however have the following analyticity property (mirror periodicity?):

pap(u) = pap(u+i), (3-3)

where the symbol tilde is used throughout the paper to denote analytic continuation around
any of the branch points at £2h (see Figure 1), while the shift on the rhs is evaluated avoiding
all branch cuts.

Finally, the discontinuities of P4 and pap across the cut on the real u-axis are related by

Pa—Pa=papn® Peo, Jiap — pap = PaPp — PP 4. (3.4)

In addition, as common for the QQ functions in integrable models, we should impose a regularity
condition for the basic variables P4 and pap. The precise statement of this condition,
however, cannot be formulated in terms of the matrix entries pap, but of more fundamental
building blocks which we introduce below.

2This property means that pap is i-periodic on the long-cuts section of the Riemann surface, known as the
mirror sheet [16].



—Zh:r 3i 2h + 31
—2h +2i 2h + 2i
—2h + 3i 2h + 3i
2h +i
2% —2h +2i 2h 4+ 2i
ad 9] .
1/£+ =e Py,
N w 2h +i
2h —1i
2h — 2i Vg —2h 2%
2h — 31
—2h —1i 2h —i

Figure 1. Cut structure of the P4 functions, Figure 2. The quasi-periodicity property of
with a single cut on the first sheet. We denote 1, functions on a sheet with long cuts corre-
with P4 the analytic continuation to the next  sponds to vg(u + i) = e~7 7, (u) on the defi-
sheet, through the cut on the real axis. ning sheet with short cuts.

3.2 Equations in spinor form

As already discussed in [44], the matrix pap can be decomposed in terms of 4 + 4 functions

Vg, V%, as®
0 vivt —vu3 —13u5 — iy —v8 Vi,
vt 0 —13y5 — it v3v? V12 viug
B Vo3 Vv + vt 0 —yt 3y vout 35
fap = Vg +viv,  —ug? vt 0 -2y, vav! » (35)
v —v? —13yy V2, 0 —13vs — vov?
—vug —vtug —vout —v3ul vov? + 13y 0

which, using the sigma matrices introduced in Section 2, can be compactly written as
pas =v* (0aB)l . (3.6)
The constraint (un)? = 0 is now equivalent to the condition

vy, =0. (3.7)

3 Notice that in [44] a different notation was used and the functions v* were labeled as 7, the precise relation
. 1 .2 3 4yhere _ - — = y[44]
being {V N N7 } = {04, U3, =0, 01} .



As suggested by the analysis of the weak coupling limit [44, 46], we will require that the
functions v,, v® are entire functions on any sheet of the Riemann surface, bounded as u
approaches any of the branch points at £2h + 47, and with power-like asymptotics at infinity.
Under these conditions, the splitting (3.6) contains nontrivial analytic information, and may
be argued to be essentially unique*. The new functions v, and v should therefore be regarded
as more fundamental objects than pap. Indeed, at weak coupling, v; and v* are proportional
to the Baxter polynomials containing the two types of momentum-carrying roots entering the
2-loop Bethe Ansatz of [29].

The weak coupling analysis also reveals that the periodicity of uap on the mirror sheet,
equation (3.3), in general translates into quasi-periodicity for the basic functions v,, v* (see
Figure 2). In the subsector considered in [46], these functions could be either periodic or anti-
periodic, and this is a general characteristic of a large sector of states discussed in Section
4.4. For a completely generic state, however, we have®

Va(u) = e vg(u+1), u) =e T v (u+i), (3.8)

where the phase P depends on the state under consideration and may be, in general, a
nontrivial function of the coupling constant h. We will make more comments on this quantity
in Section 3.3 below.

It is now convenient to pack the six P functions into an anti-symmetric 4 x 4 tensor P,
defined as

0 -P; —Py —Ps
Pi, 0 —P¢ —P3

Py =Pacl = : 3.9
Ps P; P, O
while the inverse matrix reads
0 Py —P3 Pg
-P, 0 P; -P
P =P, ()" = 1 52| 3.10
al@?) P, P; 0 P, (3.10)
-Ps Py, —P; O
The constraint (3.1) can now be rewritten as the condition that P, has unit Pfaffian:
Pf(Py) = 1. (3.11)

Besides, it is possible to verify that the discontinuity equations (3.4) can be split nicely as

Py — Pop = Vol — Wla, PP —P® = _popb 4 052, (3.12)
Vg = Pyt 0= —-P%y, (3.13)

4 It is unique apart for trivial rescalings v, — va 2, v* — v%/z, where z is a constant independent of w.
This freedom is however removed by the choice of the normalization of equations (3.12),(3.13) below.

®Notice that P has to be the same for all the components of v, due to the fact that in (3.5) all combinations

b

of v,” are present, for every a, b.



As discussed in [44], in this form the equations are, from a purely algebraic point of view,
exactly the same as the Pu-system of N'=4 SYM [16, 17], with the redefinitions

Va = (P)SYM 1% 5 (PYYSYM Py — (1ap)SY™M. (3.14)

The analytic properties characterizing the AdS;/CFTy case are however completely different:
the map between the two models in (3.14) requires to change all periodic functions into single-
cut functions, and viceversa®.

Equations (3.7),(3.11),(3.12) and (3.13) should be supplemented with the requirement
that all functions are bounded and free of singularities on every sheet of the Riemann surface,
and with some information on their large-u asymptotics, see Section 5. This set of conditions
is in principle already constraining enough to determine the spectrum, but it is difficult if not
impossible to solve in practice at finite coupling. For this purpose it is necessary to embed

them in the wider set of equations derived in Sections 4 and 6.

3.3 Interpretation of the phase P at weak coupling

The phase P appearing in (3.8) has an interesting interpretation at weak coupling. Recall
that the ABJM spin chain admits two types of momentum-carrying excitations [28, 36], also
known as A and B particles and corresponding to excitations of type 4 and 4 in our notations.
These pseudoparticles satisfy collectively the zero momentum condition:

Ka K;
S paj+Y pi; =0, mod(2n). (3.15)
j=1 j=1

The total momentum of a single type of excitations is instead in general a nontrivial function
of the coupling: it can be defined in the regime of validity of the Asymptotic Bethe Ansatz

as
_ Ky K3
4 4 . —
PiBa=—PBa =D paj ==Y pij wod(2r), (ps, = —ilog(al,/a7,)). (3.16)
j=1 j=1

We will show that, at the first two weak coupling orders,
P = P, +O(hY). (3.17)

In particular, since A and B particles are decoupled at weak coupling, this shows that P is
quantized in units of the spin chain length L at leading order: P + O(h?) € %.

At order O(h), the identification (3.17) follows from the condition that the v,(u) func-
tions have a finite limit as u approaches one of the branch points. As discussed in [22], at the

leading weak coupling order this requirement boils down to

7a(0) = 1g(0) ~0,  7%(0) —v*(0) ~0,  h~0O. (3.18)

5The very existence of this relation is naturally quite surprising and, on the level of pure speculation, one
may wonder if the two theories can somehow be connected through a continuous interpolation.
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Using the weak coupling limits vy (u) o< Qq(u —i/2) + O(h?), v*(u) x Qz(u —i/2) + O(h?),
where Q4 and Qj are the Baxter polynomials storing 4 and 4-type Bethe roots, respectively,
equations (3.8), (3.18) lead to:

p o Qu(=i/2)  Qi(i/2) A
e Qa(+i/2) Q;;E—i/Q) B eXP(Z;pM )+ O(h?). (3.19)

Further, in Section 7.3, we derive an explicit expression for P for finite h in the large volume
limit — equation (7.88) — which proves the identification (3.17) up to the next order at weak
coupling.

For a generic short operator at finite coupling, the above mentioned large-volume result
is not applicable, and therefore P is in principle an undetermined, state-dependent function
of the coupling. This could raise some questions on the completeness of the system of QSC
equations. It is part of our proposal that P should not be seen as an input, but is rather
fully fixed, for every state, from the self-consistency of the QSC. In particular, we expect
that it is not necessary to know P in advance in order to compute the anomalous dimension
numerically using the method of [21]7. On the contrary, this phase can be computed as an
output from the solution of the QSC (for instance, one method to reconstruct P is presented
in Appendix E). It would be interesting to clarify whether this quantity has any meaningful
physical interpretation at finite h.

4 Construction of the AdS;-related Q functions

As we will discuss in Section 5.1, the equations presented above are associated, in the clas-
sical limit, to the CP3 degrees of freedom, and in particular the P4 functions are quantum
versions of the classical quasi-momenta living in this part of the target space. We shall now
show how to construct an equivalent version of the QSC which is more appropriate to the
description of AdS4 degrees of freedom, and contains, in the classical limit, the four quasi-
momenta parametrizing the motion of a classical string solution in AdSs. As in the case
of AdS5/CFT, considered in [17], this entails a swap between the physical and the mirror
section of the Riemann surface. In addition, we will see that this alternative system natu-
rally encodes the relevant symmetry group SO(3,2), which was not explicitly visible in the
previous formulation.

4.1 The Q,; and Q;; functions

It is convenient to introduce the standard notation for shifts of the rapidity variable wu:
F[in]EF<u:I:Z;>; FiEF<u:I:;>; F* = F(u+1i), (4.1)

where we will always assume that shifts are performed on the section of the Riemann surface
where all cuts are short.

"We plan to return on this issue shortly [56].
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The first step of our construction is the definition of a 4 x 4 matrix ()y);, through the 4th
order finite difference equation

=P, (P2 QLA (4.2)

ali cli

Notice that exactly the same equation is satisfied by v, as can be verified by combining (3.8)
and (3.13):
v =Py, (P72 (4.3)

and that the index ¢ in (4.2) does not enter the matrix structure of the equation. We will
take this index to run from 1 to 4, labeling a set of independent solutions of this fourth-order
equation, distinguished by different asymptotic behaviours at large u (see Section 5). Despite
the fact that they satisfy the same finite-difference relation, the analytic properties of v, and
Qq)i Will be different: we shall require that (Qq);(u) has no singularities in the whole region
Im(u) > 0. Notice that, because of the cut of P, on the real axis, (4.3) implies that Q,; has
an infinite ladder of short branch cuts in the lower half plane, starting at Im(u) = —1/2.

It will be convenient to define Qf; = (Pab)~ (Qb‘i)[*Q], so that (4.2) can be split as

Q(j\i = Pab (Q?z)_a ( (\li)+ = Pab Qlj\z (4.4)
Now, let us construct the tensor
— + + _ + b \—
kij = Qa\z‘ ( (\lj) = Qa” P QbU- (45)

Using (4.4), it is simple to see that k;; is invariant under a shift v — w + 24, and, since by
construction it is free of cuts in the upper half plane and has power-like asymptotics, it must
be a constant matrix. In addition, notice that (4.4) implies more precisely that k;; = _kj_i7
that k;; is an anti-symmetric matrix, i.e. a symplectic form. This shows that the space of the

SO

i-indices should be thought as carrying the fundamental representation of Sp(4) ~ SO(3,2),
the isometry group of AdSy. It is suggestive that this symmetry was completely hidden at
the level of the equations discussed in Section 3, and the mechanism by which it has appeared
evokes somehow a spontaneous symmetry breaking.

From (4.5) we see that the specific form of k;; can be adjusted by taking different linear
combinations of the columns of the matrix Q,); (we are allowed to do this since the defining
relation (4.2) is linear). We use this freedom to impose that k;; = k;; as defined in (2.12).
Note in particular that® Pf(x;;) = —1.

Using (4.5), we can relate Q‘fi to the inverse transposed matrix of (q;:

Q= Q" ki, (4.6)

8This concrete choice is purely conventional, however notice that a different value for the Pfaffian of &,

would affect some of the equations below.
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where Q" = (Q_T)""i, such that Qg; QW = (55, Qali Qi = 6%, Another simple consequence
of (4.2) is that the determinant det(Q,;) is invariant under shifts of +2i; by the same ar-
guments as above, it also must be a constant independent of u. Considering the Pfaffian of
equation (4.5) and using the property Pf(A*BA) = det(A) Pf(B), we see that

det (Qq);) = det (Q‘h) = Pf (ki) = —1. (4.7)

We proceed now to construct an object whose indices live in the product of two Sp(4) repre-
sentations, as

Qij = (@Q1)" Q,; = (@) Pur (@)™ (4.8)
Let us discuss the algebraic properties of this tensor. First, from (4.8), we see immediately
that

Qi = —Qji, Pf(Q;)=—1. (4.9)

Being a 4 x 4 anti-symmetric matrix, Q;; has six independent components. It will be conve-
nient to decompose it into 5+1-dimensional irreducible representations of SO(3,2) using the
invariant tensor x: the trivial representation is given by the trace

Qo = Q’L] "iij = Qgh (Qa‘i)Jr: (410)
while the five dimensional vector representation is the traceless part:
5 1
Q) =Qi; + 1 % Q.. (4.11)
Finally, the inverse matrix Q%, satisfying Q;; Q’ k= 5;‘?, can be computed as

Q7 = K" K2 (Qqpiy) T P Qi) (4.12)
= —(QU) ™ Py (Q)~, (4.13)

and it is simple to show (see Appendix B.3) that the following identity holds

QY = k' K2 Q4 — % Q.. (4.14)

The following relations constitute a natural counterpart of (4.4) involving the Sp(4)-invariant
indices:

;r|i = _Q;U ij Kkis (QTZ)+ = _( (\lj)_ k¥ Qui- (415)

Shortly, we will show that the elements Q;; have very simple analytic properties: starting
from the upper half plane, they can be analytically continued to a Riemann section with the
only branch cuts being the semi-infinite segments (—oo, —2h) and (2h, c0).
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4.2 The 7; functions

We now construct a new set of four functions, denoted as 7; and defined as
T =" lel (4.16)

Manifestly, these quantities exhibit an infinite series of short branch cuts. Applying (4.4) and
(3.8), we see that, under a shift u — u + 4, they transform as

= Qg ) =Py (@) (PP v = ¢ Q)7 (4.17)

i ali

and shifting this expression once more we find that 7; are 2i-periodic on the Riemann section
with short cuts:
= (4.18)

7 7
The 7; functions may be seen as counterpart of the v, functions. Their analytic properties are
very similar, with a characteristic swap of short and long cuts. However, notice that, while
the functions v, and v® are distinct objects, carrying different irreps of SO(3,3), there are
only four independent functions 7;, corresponding to the spinor representation of SO(3,2).

4.3 The Q7-system

The functions Q;;(u) introduced above have, by their very definition, no singularities in the
upper half plane, with two branch points at v = 4+2h and an infinite ladder of short cuts
further down in the lower half plane.
Let us study the analytic continuation of Q;; and 7; through the branch cut on the real
axis. Combining (4.18) and (4.17), we have
= &P [+2] Q" )—i— = Ty ( C\Li)+7 (4.19)

a K3

and, since Q(fi has no cuts in the upper half plane, we find

7= va (Q1)T = =1 Q%)™ #* Qu, (4.20)
where we used (4.15) in the last step. By comparison with (4.19), we see that (4.20) can be
rewritten as 7; = —Q;; 77, where we have defined

7= emiP i £ [P (4.21)

J

Let us now consider the discontinuity of Q;;: we find
Qi — Q; = ()" (isab - Pab) @)*
= (@*w) (B @)F) = (@F7) (w@))

= ﬁTj*’T’jTi. (422)
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~2h+3i %h+3i | i —2h+3i 2h + 3i
—2h +2i 2h+2i | Ny 2h + 2i

2hti Po2h+i 2h +i

i[1] oh ! 2%
: e H e
’ ! E ' ) /'C,) —1 il : 2h —i
—oh 2h i i i -2n o
Q; —/‘ : [2]; : = o2
Pooh—i 2h—i i i o
H 2h !
Poon—2i 2h — 2i : : Qi
: ; = i :
—2h — 3i 2h — 3i
[2]:

Figure 3. Cut structure of the Q functions in the Figure 4. Gluing the two analyticity regions from
physical Riemann section. On the first (second) the sheets 1 and 2 of Figure 3, one defines the mir-
sheet, Q is analytic in the upper (lower) half plane. ror sheet, with a single long cut.

All in all, we see that the discontinuities (4.20) and (4.22) take the form
Q- Q=71 —-7m, T=-Qyr. (4.23)

The second relation in (4.23) shows how the phase P appears in the Qr-system, through
(4.21). Finally, contracting (4.16) and (4.17) with %, we find the constraint

Tt = e P 1y kY T][+2] = -y, v =0. (4.24)

Equations (4.23), with the constraints (4.24), (4.9) may be considered as a counterpart of
the Pr-system (3.7),(3.11)-(3.13). While the equations take a very similar form, they are not
identical from the algebraic point of view, due to the fact that the functions 7; and 7¢ are
simply related, for a generic state, by a shift in the spectral parameter, as expressed by (4.21).
This distinction reflects the representation theory, as there is only one four-dimensional rep-
resentation of Sp(4). The difference can be fully appreciated by projecting the Q7 equations
on irreducible representations; this is discussed below in Section 4.3.2.

4.3.1 Q;; on the mirror sheet

Let us now prove that, when analytically continued from the upper to the lower half plane
passing through the cut (—2h,2h), the matrix Q;; is analytic in the whole lower half plane
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(see Figure 3). Therefore, on an appropriate Riemann section, it has only a pair of long
cuts stretching from +2h to infinity (see Figure 4). This is a very strong analogy with the
AdS5/CFTy case considered in [16].

We start by observing that, using (4.24) and the second equation in (4.23), the disconti-
nuity relation (4.22) can be put in the form

Qij = Qun (" =7 7™) (8] =75 7") = Quun 1" f} (4.25)
where we have defined a 2i-periodic matrix function ff = (55 — 7;77. This relation can be
recast as

Qij = (@4 PP Q) I 1 =P (QEEPA) QU (4.26)
where
Qi = Quly (F)T = Qupp — Quly () 777 = Qupi + v ()1 Qu (4.27)
We will now show that QaLﬁIP A has no branch cuts in the lower half plane (hence the superscript
LHPA — Lower Half Plane Analytic). Therefore, the representation (4.26) manifestly shows
that the same is true for Qij, and therefore Q has a single long cut on the mirror Riemann
sheet.

To prove that QggPA has no cuts in the lower half plane, we can exploit the fact that, due
to the periodicity of flj (u), it satisfies the same fourth order difference equation (4.2) fulfilled
by Qqj;- Therefore, it is sufficient to check that it has no cut on the lines Im(u) = —1/2, —3/2:
the difference equation (4.2) will then automatically imply that it is analytic everywhere in
the lower half plane. This leaves us with just two conditions to check. The first discontinuity

to study is
AUQET™ ™) = AMQy, — Q™ ), (4.28)
where we are using the notation A(G) = G — G. From the first relation in (4.15), we find
A(Q;\i) = Q;u - QV;|Z = _Q;ﬁk KM (Qli - Qu) (4.29)
= —Qh. " (nTi—mm), (4.30)

where we used (4.23) in the last step. We may now to use the following identities, found by
inverting (4.19),(4.20):
Vg = —Q;ll kYT, vg = —Q;IiTl, (4.31)

to transform (4.30) into

A(Q;u) =VUaTi—VaTi = —A(va 1) = AQ 7 i) (4.32)

alj
The last equality shows the vanishing of the discontinuity (4.28). A completely analogous
calculation would show that

A @) ] =o, (4.33)
therefore also the next discontinuity is trivial
Al @ | =2l a @) ()] =0 (4.34)

which concludes the proof.
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4.3.2 Vector form of the Qr-system

We may rewrite the discontinuity equations (4.23) in an alternative form, more similar to the
Pu-system. To do this, let us rearrange the components of Q?j into a five-vector:

1 py
Q=3 (QGuEF), (T=1...5) (4.35)
or equivalently
Q7 (u) = (Z1)ij o' Qu(w), (4.36)
where we are using the matrices ¥/ and the metric p!/ defined in Section 2. In components,

this definition reads

Qr = (le,Q13,Q24,Q347 (Qusa + Q23)> (4.37)
-Q1 —Q2 —Qs
0 — _
- | @~ | (4.38)
Q Qs 0 —-Q4
Q Q3 Q4 O
It is also convenient to define
wry(u) = 78(w) (B15) 8 7i(u), Yr(u) = 7™ () kmi 27 75(u), (4.39)
or explicitly:
0 Tt —To73 —7375 — 747y %(7’274 —7173)
—my 7t 0 —7375 — 77t ToT2 %(7’172 + 737%)
wry = ToT3 375 4+ 1t 0 —7y7! %(727'1 +7n73) |,
37 + 147y —TyT2 Tarh 0 %(7'173 —7214)
%(7’173 — 1o14) %(717 +737%) %(7—27_ +7473) %(7274 —71m3) 0
(4.40)
Uy = (—7'17'3 — o1t r? — 7t s, =7 — i, et + 7'373) . (4.41)

From (4.18),(4.21), it is simple to prove that the components of wr;(u) are i-periodic functions,
while the components of ¥ are anti-periodic under the same shift:

wBTﬁ] = wryJ, ¢[+2 —r. (4.42)
In terms of these new variables, the nonlinear constraints (4.9),(4.24) take the form
2
s 1
?6 = Qi -Q2Q3+Q1Qu, wry p" Wi = —5¥rvr, Grp' s =0, (4.43)

while the discontinuity equations (4.23) can be rewritten as
~ 1 _ ~ ~
Qr—Qr=—wry PJKQKJer/JI Qo, wry —wrg = QrQs — Qs Qr,
O JK " 1 O O
Q. — Q. =20y 0"  Qu, br—vr=3 (UQ-Q.Qr).
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4.4 Reduction to 4 <+ 4 symmetric states

In this Section we consider the reduction of the QSC equations to a large subsector character-
ized by perfect symmetry between the contributions of A- and B-type excitations. In terms
of the ABA, this subsector is characterized by the equality of the sets of momentum-carrying
Bethe roots, {U4’k}kK:41 = {u;l,k}kK:Z‘l. As discussed in Appendix A, this case is selected by the
conditions:

P; =Py, 1% = %y, (4.44)

In this case we have the relation P = k@ Py,,, k™ and we see that necessarily, e’% is either
1 or —1. By studying the large-u asymptotics of equation (4.2), we find that, in this case,
the elements of the matrices Qgy;, Q" may be chosen as related by the symmetry:

1= =T kP Qy K, (4.45)
with
10 00
; 0-1 00
K = . 4.46
J 00 —-10 ( )
00 01
This means also that
Quli 5" Qi B = 0], (4.47)
where 4% = —eP (k K)¥ = —eP (K x)*. The symmetry imposes the following condition:
Ko
Qij = _Kfl ka1k2 K§2 - % Qo, (4.48)
which implies
> =-K"Qp,, K. (4.49)

Taking (4.44),(4.45) into account in (4.17), we see that in this subsector the periodicity of 7;
is enhanced to
= K, (4.50)

7

which means that 7, and 74 are i-periodic, while 79, 73 are i-anti-periodic. Since we expect
all these functions to have power-like asymptotics for physical operators, we see, from the
condition of anti-periodicity, that

lim = lirﬂrzl 3 =0. (4.51)

u—r+o00 u—rFo0

This resut will be important in the following. Finally, in terms of the variables of Section 4.3.2,
the reduction to the symmetric subsector can be obtained setting Qs = ¥5 = wsr = wys = 0.
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5 Asymptotics and global charges

The Riemann-Hilbert type equations described in Sections 3 and 4 have to be supplemented
with appropriate constraints on the large-u behaviour of the functions entering the QSC. We
will assume, in analogy with [17], that all the functions we have described scale as powers of
u for large values of the spectral parameter, in particular

PA(U) ~ Ay uMa, (5.1)

An important observation is that, since the P functions have a single short cut on the first
Riemann sheet, they must have trivial monodromy around infinity, which forces M4 € Z.
These integer parameters are related to the three SO(6) R-charges Ji, Ja, J3, correspond-
ing to three angular momenta parametrizing the motion of the string in C'P3, through the
prescription

My=(J2o+1, J1, =1, =Ja—1, J3, —J3). (5.2)

The AdSy4 charges A and S, corresponding to the conformal dimension and spin of the gauge
theory operator, respectively, enter the QSC through the asymptotics of v,, described below.
Equivalently, they can be read off the coefficients A4 in (5.1), through the constraints

17— (MB - MI)
[1¢5(Mp — Mc)’

(with no summation implied on the index B), where the 5-vector M is defined as

Ap AP =2 (B=1,...,6), (5.3)

Mi=(A+S+1,A—=S, -A+S,-A—-5—-1,0). (5.4)

The charges (A, S, J1,J2,J3) used above are defined relatively to the Dynkin diagram of
Figure 5. We remind the reader that, for supersymmetric algebras, the definition of the
charges depends on a choice of grading of the Dynkin diagram; if a different grading were
chosen, relations (5.2) and (5.4) would be slightly different. However, we stress that the
parameters M, and M; appearing in the asymptotics of the QSC are invariant under these
changes, and unambiguously associated to a given multiplet (see [17] for a detailed discussion).
Concretely, we may read the charges from the Asymptotic Bethe Ansatz description of the
state:

Ji=L—- Ky, JQZL—K4—K21+K3, J3:K4—K21, (55)
A-S=L+Ky,—Ki+v, A+S=L+Ks3—Ky+~, (5.6)

where L is the length parameter and K; denotes the number of Bethe roots of type ¢ in the
so-called 7 = +1 version of the ABA [35], while 7 is the anomalous dimension. For more
details and a dictionary between different forms of the ABA, see Appendix D.

The large-u asymptotics of the matrix Q,;(u) may be determined by studying (4.2).
There are four possible asymptotic behaviours where @),); scales as a power of u, parametrized
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in terms of the charges M4, M entering the equation through (5.1),(5.3). By choosing a
suitable linear combination of solutions, we shall impose that different columns of (),); have
distinct leading asymptotics, ordered in such a way that [Qq);| > |Q,;| for i < j for large w.
To describe the possible scaling behaviours, it is convenient to introduce:

1 1 1 1

Ny = (2(—M1 — My + Ms), 5(—1‘41 + My — Ms), 5(1‘41 — My — Ms), i(Ml + Mz + M5)> :
/1 1 1 1

N = 5(1\41 + M — Ms), §(M1 — My + M), 5(—M1 + My + Ms), 5(—1\41 — My — Ms) |,

~ 1, - N 1, - N 1, - ~ 1 N N
Ni = <2(M1 + Ma), §(M1 — Ma), §(M2 — M), 5(_M1 - M2)) : (5.7)

With these definitions, we have

Pop(u) ~ Ve tNo Quu(u) ~ et N Qi (u) ~ NN (5.8)

|2
while v, and v have the same leading asymptotic behaviour as Qq1, Q“Ll, namely:
Va(u) ~ uNatN () o VM (5.9)

The asymptotics of Q;; can be computed from the definition (4.8), and turn out to be, for
the vector components,

QI(U) = <Bl UM1717 BQ uMgila 83 u7M2717 84 u7M1717 lg5> ) (510)

u

where the coefficients B are constrained by consistency conditions similar to (5.3):

1 ITT% 2 (MI - MA)

BB = . —, (I=1,...,5), (5.11)
2 H?T#I(MI_MJ)
j My Mo M.
2 My M,

(with no summation on the index I in (5.11)). The trace part satisfies
2C 1
) =4+ 40(=), 5.13
Q=1+ +0(;) (5.13)

where the constant C coincides with the value of the OSp(4]6) Casimir:

1

€=

(Mf N2 - M2 - M2 - Mg) . (5.14)

A derivation of these constraints is discussed in Appendix C. Finally, let us comment on the
asymptotics of the four functions 7;(u). Since the latter are 2i-periodic, and by construction
grow less than exponentially for large u, they must approach a vector of constants at infinity.
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There is a certain amount of freedom in normalizing these constants, but we expect that for
any physical state the components of 7; with ¢ = 2, 3 always vanish at large u:

ugrinoo To(u) = ulliltloo 73(u) = 0. (5.15)
In Section 4.4 we established (5.15) for the class of 4 <> 4-symmetric operators. While
we do not have a fully rigorous argument, we postulate that (5.15) is true in general even
for nonsymmetric states. As we discuss in Section 6, the asymptotics (5.15) implies the
quantization of the spin and is the main ingredient for deriving the so-called gluing conditions,
a powerful set of constraints encoding the main analytic properties of the system.

While here we presented these prescriptions on the asymptotics somehow axiomatically,
we stress that they are fixed to a great extent by the internal consistency of the QSC equations
(see Appendix C). Indeed, one can derive the form of the constraints presented in this Section
assuming only that all functions have power-like asymptotics, and that the parameters M4
are paired up as in (5.2), namely My = —Mg, My = —My, My = —Ms. The latter condition
was fixed by studying the weak coupling limit. The identifications (5.2),(5.4) between the
parameters and the charges are strongly motivated by the classical limit discussed in Section
5.1 below, and by several tests both at weak and finite coupling [46, 56].

5.1 Classical limit

The algebraic curve describing IIA string solutions on AdSy x C'P?3 in the classical limit where
A, S, J; = O(h), h — oo” was proposed in [33]. In particular, a monodromy matrix was built
on the basis of the Lax connection found in [31, 32] and its eigenvalues \, = €% were shown
to define a ten-sheeted Riemann surface covering the domain of the relevant strong coupling
spectral parameter, the Zhukovsky variable x. It is convenient to consider the logarithm of
the eigenvalues, the so-called quasi-momenta, naturally grouped as {gs, g4, ¢5, —q3, —q4, —q5}
and {q1, g2, —q1, —q2}, corresponding respectively to the SO(6) invariant C P and the Sp(4)
invariant AdS,; sectors of the monodromy matrix. The quasi-momenta are connected by
logarithmic cuts'’, which may be viewed as condensates of Bethe roots. Classical string
solutions can be studied by listing algebraic curves satisfying appropriate analytic properties
(see [33] for full details), and in particular the charges can be read off the asymptotics of the
curve at large values of the spectral parameter:

q1 A+ S
q2 A-S
1
qs ~ % Jl , XL~ 0O0O, (516)
q4 Jo
q5 J3

°In this limit, h(A) ~ 1/A/2.
10T hese cuts exist only in the classical limit and of course they should not be confused with the square-root
branch cuts at u = +2h 4+ iZ considered in the rest of the paper for the QSC.
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where the quasi-momenta are ordered as in [33].
In the classical limit, we expect that some of the P and Q functions of the QSC are
related to the quasi-momenta as follows:

Pi(u) ~e " [u/h as(=)dz Pa(u) ~ et [ulh e (5.17)
Pg(u) ~ efh fu/h qg(,z)alz7 Pg(u) -~ 6+h fu/h q3(z)d27 (5,18)
Ps(u) ~ et 6@ pyy) e () (5.19)
Qu(u) ~ e 1 GEQu) ~ e ) (5.20)
Qg(u) ~ e—i—hfu/h qQ(z)dz’ Qg(u) - e_hfu/h qz(z)dZ. (5.21)

Given these identifications, (5.16) justifies the expressions (5.2)-(5.4) for the large-u asymp-
totics of P and Q functions in terms of the charges!'. Moreover, at least some of the limits
in (5.17)-(5.21), particularly the ones for P, Py, Q1, Q2, can be directly confirmed from the
large volume limit of the QSC, see Section 7.3 below.

Another important property of the classical curve is the so-called inversion symmetry,
which reads [33]

q1(1/z) —q2()

¢(1/z) —q1(x)

g3(1/x) | =] 2nom —qu(z) |, meLZL. (5.22)
qs(1/x) 2mm — g3(x)

q5(1/x) q5()

The symmetry (5.22) is inherited by the transformation property of the monodromy matrix
under the Z4 automorphism of OSp(4|6) [31, 32], and is related to the Riemann-Hilbert type
equations valid for P and Q at finite coupling. Let us illustrate this point and discuss some
consistency checks of the quasi-classical identifications (5.17)-(5.21). Consider the case of P
functions. In the classical limit, one can argue (see [17]) that, due to its mirror-periodicity, the
matrix pap(u) connecting P and P freezes to a constant value independent of u. Moreover,
we see from (5.17)-(5.21) that Py and Py are exponentially suppressed as h — oo. Therefore,
from the QSC equation (3.4) we find

P, ~P3, Py~Py. (5.23)

On the other hand, starting from the classical expressions (5.17),(5.18) for P; and P32, ana-
lytically continuing to the second sheet and using the inversion symmetry (5.22), one finds
(see [17] for details)

By et s By o S (5.24)

)

and the comparison between (5.24) and (5.23) gives the classical identification for P3 and Py.
This analysis cannot be straightforwardly repeated for the Q functions, since the 7’s are not

"1n principle, since the charges are assumed to be large in this regime, this reasoning fixes (5.2)-(5.4) only
up to finite shifts. As already mentioned, the precise form of the asymptotics has been determined studying
the solution of the QSC at weak coupling [44, 46].
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constants in the classical limit. However, the inversion symmetry has a quantum analogue in
the gluing conditions discussed in Section 6, which connect Qij and the complex conjugate
functions Q;;. From the analytic continuation of (5.17)-(5.21), combined with the inversion
symmetry, we may infer that in the classical limit

Qs xQ;, QixQy (5.25)

This is indeed consistent with the results of Section 6.

As a last comment, notice that there is no classical analogue for two of the components
of the matrix Q;;, namely the functions Qs and Q., which enter the basic Riemann-Hilbert
constraints at finite coupling, but appear to completely decouple from the dynamics in the
classical limit. This is a peculiar feature, as compared with the case of AdS5/CFTj, and it
would be important to find a proper interpretation. One may also speculate that there is a
connection with the fact that part of the classical string solutions in ABJM theory are not
captured by the classical spectral curve [61].

5.2 Unitarity conditions

The structure of the QSC also appears to automatically implement the unitarity bounds
satisfied by the charges of a physical state. The discussion here will be very similar to the
argument of Section C.2 of [17], so we will only sketch the main points. From the perspective
of the QSC, the unitarity bounds arise from the requirement that the powers appearing in
the asymptotics of P and Q functions are all distinct. This condition is very natural, since
otherwise expressions like (5.3) and (5.11) for the coefficients A4, By would become singular.
A further condition appears to be needed, namely that, for all consistent solutions of the
QSC, the powers entering the asymptotics of Q functions are greater than the ones entering
the asymptotics of P functions: precisely, |M4| < |[Mj|, I # 5. While it is more difficult to
motivate this bound from first principles, it can be verified that it holds at weak coupling or
in the large volume limit. Assuming a (purely conventional) ordering of magnitude for the
components of P4 and Qj, we can therefore argue that all non-singular solutions of the QSC
can be found restricting our attention to

Ml > MQ > Ms > M; > |M5| (5.26)

With the identification (5.2),(5.4), we find that these conditions coincide with the unitarity
bounds

J22|J3‘, JI>2+Jy, S>>0, A>S+Jq, (5.27)
or equivalently, in terms of excitation numbers (see [53]'?):

L+K3—2K420, L+K3—2KZLZO, K4+K4—K322—|—K1, (528)
Ks+ Ky >2Ky, Koy+v>0. (5.29)

2Notice that, in [53], the bounds are written in terms of the excitation numbers referring to a different
version of the Bethe Ansatz, associated to the distinguished grading of the Dynkin diagram. The rules to
convert between different conventions are reported in Appendix D.
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As a final comment, notice that, in principle, some of the inequalities (5.26) could be saturated
exactly in the weak coupling limit, where v — 0. Since the parameters M4, as well as My— M,
(see Section 6) are quantized, this is possible only for the condition My > M. The saturation
of this bound for v — 0 is equivalent to the multiplet shortening condition:

A g7 =0, (5.30)

where A is the classical conformal dimension, or equivalently Ks = 0 in terms of excitation
numbers. The states satisfying (5.30) have a peculiar characteristic in the QSC, namely they
are the ones for which one of the P functions vanishes at weak coupling. This is shown by
the fact that for these operators As A3 — 0 as My — My — 0 in (5.3).

6 Gluing conditions and spin quantization

We shall now derive an exact relation (valid for real values of the charges) connecting the
values of Q;; on the second sheet to the values of the complex conjugate function 6” A
similar result was first found in the AdS5/CFTy context and exploited to solve the QSC
in various regimes [18, 21]. In particular the equations presented below!? may be used to
solve the QSC numerically at finite coupling [56]. For the derivation, we need an important
technical assumption: we require that the matrix elements @),|; can be expanded at large-u

as

7 Bai m
Qaji(u) ~ y Nt Z %, u — +00. (6.1)
m=0

In words, (6.1) means that there is no mixing among the powers occurring in the asymptotics
of different columns of ¢),);. This condition was dubbed “pure asymptotics” in [21], and can
always be enforced using the freedom to take linear combinations of the columns of (),;. We
also assume that, for real values of the charges and the coupling, P, can be chosen to be
real'*. Under these conditions, the conjugate matrix elements @ali satisfy the same difference
equation (4.2) as Qq);- This implies that the two matrices are related through

Qaﬁ(u) = Qa\j(u) (QZ(U))+7 (6.2)

where Q{ (u) is a 2i-periodic function of w: Qg(u +2i) = Q;(u) The condition of pure
asymptotics (6.1) implies that, as u — oo, the matrix Qz becomes diagonal. Now, we recall
the discontinuity relation (4.25):

Qij(u) = f{(u) Qui(u) £ (u), (6.3)

13The results presented in this Section were also obtained independently by Riccardo Conti using a slightly

different argument [62].
MThroughout this section, reality and complex conjugation will be defined on the Riemann section with
short cuts. Concretely, the reality of P4 means that all coefficients ca,, in (3.2) are real.
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where fij (u) = 55 — 73(u) 77 (u), which, combined with (6.2), gives
~ —~km n
Qi = ﬁi Kik Q7 Emn ﬁj; (6.4)
with
Li(u) = (f(u) Q7 (w))]. (6.5)

The crucial observation is now that £;(u) must be a constant independent of u. In fact, the
definition (6.5) can be rewritten as

= 1FQ,, @) = (@Y™~ @),
and the last equality shows manifestly that E{ has no cuts in the upper half plane, since this
property is true for both QI(;‘IZ.{PA and @au. Because of its 2i-periodicity, ﬁ;'- is then entire in
u, and, since it does not grow exponentially, it must be a constant.
To determine the form of £], we can study its definition at large u, where Q; becomes
diagonal and many of the matrix elements of f; vanish due to the fact that m, 73 — 0. The

structure is further specified by several consistency conditions. For instance, since £ does not
depend on u, we should certainly impose the equality of the following limits:

I = i 1)) = 1 ~1(,\\J
£l = lim (f) Q' (w); = lim (f(u)Q " w)]. (6.6)
To exploit this constraint, notice that the constant limits of €2 at £oo are related as follows:
Z z —2mi(Na+N;)

This condition can be obtained studying the definition (6.2) as u — 00, using the fact that
the asymptotic behaviour of Qq;(u) (@a”(u), respectively) as u — —oo must be connected
to the one for u — 400 through analytic continuation along a large semicircle in the upper
(lower) half plane, where this function is free of singularities. Considering relation (6.6) for
j =2,3, and using (6.7), we find )

FMNatND) = (6.8)
for i = 2,3, VYa. This equation implies that My — My =25+1¢€ Z, namely the spin is
integer or half-integer. The other conditions in (6.6) constrain the asymptotics of the non-
zero components of 7. Denoting ¢; + = limy, 4. 7;, we have in particular

ti+tys = +ie'” tan(r M), (6.9)

Finally, evaluating £ at large u and using (6.9), relation (6.4) leads to the gluing conditions:

~ o™V _ "
Q= m Q; +41Qs, Qs = m Qs + 52 Q,, (6.10)
- cimly —imity

Q2 = —m Q2+ 51 Q47 WQ4+6Q Q27 (6.11)
® -0 -Qs, (6.12)



where we are using the vector notation defined in Section 4.3.2, §; = e_iptiJr/(ylyg), 09 =
—e_ipti +/(y3y4), and y; = limy, 4 o0 Qg(u) For completeness we point out that the constants
Y, 0; may in general depend on the coupling and on various normalization choices. For the
implementation of the numerical method, it is only needed to know explicitly the value of y;.
These constants, which satisfy the consistency conditions y1 = 1/y4 = 1/(y}), y2 = 1/y3 =
1/(y3), are simply related'® to the choice of normalization of the Qq;(u) functions, and can
be determined as:

Yi = (Bajiy0)"/Bajiyo, Va. (6.13)

The relations (6.10)-(6.12) are similar to the ones obtained in [18, 21], but slightly more
complicated. Indeed, in the AdS5/CFT, context a single Q function appears on the rhs of
the gluing conditions, which are an almost direct lift of the inversion symmetry connecting
pairs of quasi-momenta in the classical limit. In the present case, the quantum version is a
bit more intricate. In particular, the explicit parametric dependence of the gluing conditions
on the charge M; needs to be taken into account in order to develop a numerical algorithm
[56]. As a last comment, we observe that the quantization of the spin is a direct consequence
of the choice of vanishing asymptotics for two of the components of 7. As shown in [18], it
should be possible to relax this condition and consider continuous values of S by admitting
exponentially growing asymptotics in 7 and 73.

7 The Q-system

In this Section we show how to embed the previous results into a larger set of functional
equations reflecting the OSp(4]6) symmetry. It is important to mention that, while the
form of Q-systems associated to GL(M|N)-type superalgebras is known (see e.g. [14, 25,
63]), there appears to be no comprehensive understanding of this mathematical structure for
orthosymplectic superalgebras. Here we take a bottom-up approach to the problem and try
to construct the Q-system starting from the Q functions already introduced'®: P4, Qy, Qali»
i» together with the relations linking them, equations (4.4),(4.5),(4.8). We will explicitly
define new Q functions and prove the validity of a set of functional relations which is rich
enough to contain various forms of exact Bethe Ansatz equations (equivalent to the absence
of poles for the Q functions) related to the OSp(4|6) symmetry.
Before starting the construction, let us describe some of its main characteristics. Various
types of Q functions will be assigned to particular nodes of the Dynkin diagram. We will
almost exclusively consider the two versions of the diagram shown in Figures 5, 6, which are

15 Actually, for real values of the coupling it is always possible to choose a normalization where Bajiy,o € R,
so that y; = 1.

16Starting from these functions, we will define a Q-system where the Q functions are free of cuts in the upper
half plane. An analogous construction, analytic in the lower half plane, could be performed starting from the
Q functions P 4, Q 1, and QEEPA defined in (4.27). Notice that the two systems are connected through the v
or 7 functions, which therefore play the role of a symmetry transformation of the Q-system (for an interesting
discussion see [17]).
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Figure 5. Chain of Q functions corresponding Figure 6. Chain of Q functions corresponding

to the n = 41 grading of the Bethe Ansatz. to the n = —1 grading of the Bethe Ansatz.

the ones associated to the two known forms of Asymptotic Bethe Ansatz. The @Q functions
will have the general index structure!” Qe+, Where @ and x are (vector or spinor) multi-indices
carrying representations of SO(3,3) and SO(3,2), respectively, see Section 2 for notations.
Various arguments, and in particular the weak coupling analysis, suggest that Q functions
of types P4 and Q carry Bethe roots associated to the first node of the two diagrams,
while the Q functions Q,;, QTi should be linked to the nodes corresponding to the spinorial
representations, see Figures 5, 6. The main task of this Section is to complete the picture
by constructing Q functions and functional relations associated to the remaining nodes. In
analogy with the Q-system of [17], and in contrast to the case of standard Lie algebras, for
every node of the diagram one may define equations of two basic types — fermionic or bosonic.
This feature of supersymmetric Q-systems is known to be related to the existence of different
gradings of the Dynkin diagram. Choosing different chains of Q functions, we will recover
different sets of exact Bethe equations. Finally, as a non-trivial check of the construction, we
will recover the two forms of the ABA equations in the large volume limit.

7.1 Construction of the Q-system
First step: identifying Q ;

We start the construction by some guesswork. From the form of the Bethe Ansatz, and taking
inspiration from [17], it is natural to expect that one of the functional relations should read:

FI: QXH_Q;‘U:PAQI (71)

We have marked this equation with the symbol F; to point out that it is a fermionic-type
Q-system relation, based at the first node of the Dynkin diagram. This equation might be

17 Notice that also the Q functions P4 and Qg fit this pattern and we could identify them with P4 = Qaje,
Q: = Qu|1, where §) denotes the trivial representation.
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taken as a non-local definition of the 6 x 5 matrix'® Q alr- However, this new type of Q
functions can also be expressed as an explicit, local combination of the building blocks Q;,
Q‘Ti, through the following quadratic combinations:

Qai Qa )
Qaplij = Qaji Qvj — Qq)j Qvji = det (Qbi lej) : (7.2)

namely, the 2 X 2 minors of the 4 x 4 matrix {Qa‘i}. Notice that @);; is antisymmetric in
both (ab) and (ij), and therefore has 6 x 6 independent components. To match the 6 x 5
components of Q 4;; we need of course to project the (ij) indices on the vector representation.
The correct identification, which will be important for the derivation of the rest of the Q-
system, is simply:

1 o
Qur = 1 Qaplij X X7 . (7.3)

We will show below that this definition implies the validity of (7.1).
One could also consider the complementary projection on the singlet representation for
the (ij) indices, and define:
1 L
Qafo = — 4 Qabfij £ Y. (7.4)

However, it turns out that all Q functions carrying the singlet representation of SO(3,2), such
as Q)0 and Qo, drop out of the functional relations needed for the derivation of exact Bethe
equations. It would be interesting to understand from the algebraic point of view whether
they should be considered as part of the Q-system.

7.1.1 Q-system relations for the nodes 1,2,3
To prove the validity of (7.1), we start by rewriting the constraint Pf(P,) = 1 as:

Py Peg — Py Pog — PocPpg = €abed (75)
where €454 denotes the completely antisymmetric Levi-Civita tensor. Using this identity, it
is immediate to prove that'?

s b\

6 @4 ) = Pa P (Qf}; Q1)) (7.6)
_ 1 Qal le B 1]_:) P a1 \— (b1 \—
=9 €aa1bby 113 % [5] + 9 ab albl(QHi) (Qm) )

and, inserting (4.14), we obtain

1 ) .
alij T 3 €abed Q)™ = —Pa (Qij + %Qo) - (7.7)

8 Notice that we are denoting Q functions carrying capital indices such as A € {1,...,6} or I € {1,...,5}
with the calligraphic font Q in order to avoid possible confusion with @Q,|; when the indices take some concrete
value. So, for example, notice that Q2 # Q12!

19 We are using the standard notation [, ] for the antisymmetrization of indices, e.g. H; ;) = Hi; — Hji.
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Projecting on vector indices as in (7.3) and taking into account simple algebraic identities
(see (B.24)), (7.7) yields precisely the fermionic equation (7.1):

F1 : Qzu - QIZ'] = PA QI‘ (78)

For completeness, we report also the identity obtained by tracing over (ij):

1
Q:‘O + Q;ﬂo = 5 PaQo. (79)

As anticipated, (7.9) is apparently decoupled from the rest of the Q-system and will not play
a role in the following considerations. Bosonic-type Q-system relations for the first node can
be introduced straightforwardly. They take the standard form:
By PP, —-P,PL=0 7.10
1 AT B AT B AB|0> ( . )
By : Qf Q) - Q7 Q) = Qs (7.11)
which can be interpreted as definitions of the new two-index objects @ 459 and Qg|7;. These
Q functions do not sit on the diagrams in Figures 5, 6, but appear in other choices of gradings,
such as the distinguished one (see discussion below).

The construction of functional relations for the second and third nodes is standard and
follows the usual fusion rules, cf [17]. In particular, associated to the third node we define
the Q functions

QA|IJ = QI QZ|J - QJ QZU — QI Q—iA_‘J - QJ QK‘I’ (712)
Qupir =PaQp, —PpQ,;=Pa QEII - Pp Qi{u, (7.13)

which satisfy bosonic-type relations for the second node:
B2 : QA‘IJ PA - Q—"A_u QZ‘J - QXL] Q;ll’ (714)
By, : Qap)1 Qr = Qi{u Qpir — qu Qur (7.15)

Using equation F; (7.8), we can also straightforwardly establish the following fermionic-type
functional relations for the second node:

Fy: Qujr Qap = Q:BU P, —P} QEB\I’ (7.16)
Fo, QA\I Qry = Q—Ai_‘[(] Q[_ - Q}i_ Q;‘[J- (717)

Now let us derive the relations centered around the third node. Using (7.12)-(7.13), it is
simple to obtain the bosonic-type equations

: — ot O - ot
Bs : Qapirs Capo = Lip;r Lupls — Lanyr Lanr (7.18)

Bs. : Qapiry Qi1 = Layry Lpirs — s i (7.19)
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while the definitions (7.12),(7.13) and relation (7.8), imply the validity of the fermionic iden-
tity

Fy: Quajry Qanjr = QZB\IJ Qur — s nguv (7.20)
where
QAB|1J = QA|I QB|J - QB|I QA|J~ (7.21)

As we may expect from the Dynkin diagram, the newly defined object in (7.21) represents the
fusion of the spinorial Q functions @Qg; and Q“‘Z.. Indeed, let us prove that it can be rewritten
as:

Qupjrs = (0aB)s Qf; Q) >, (7.22)

where E"IJ;, = % (27 kX732 k¥7)Y. This equation will be crucial for the derivation of closed
sets of exact Bethe equations. To derive (7.22), start from the definition of Q47 in (7.3) and
rewrite (7.21) as

(Q(\Ii Q% Qe Qd\l) ((UA)ab 78) — (0B)ab (5'A)Cd> 54 gk, (7.23)

1
QaB|1T = 1
Using formula (B.8) for the commutator of sigma matrices appearing in (7.23), we find

Qupirs = (@4 Qi (7an)¢) SF (@1 Qun) 5 = (@4 Quip (045)¢) £F S
— (@1 Qur (0ap)g) i, (7.24)

where, in the last step, we have used the anti-symmetry in (I.J) of the whole expression by
definition of QAB\IJ'
7.1.2 Q-system relations for the nodes 4 and 4

Let us now derive the functional relations centered at the spinor nodes. The two bosonic
Q-system equations (centered at nodes 4 and 4, respectively) are:

By: (o) (QF @) (B1)7 = Qapn, (7.25)

By : (ea)a (@17 (@)7) (B10) = Quyr, (7.26)
while the fermionic-type relations, which cross the two spinor nodes, read

Fy: (eam)s (@0 Qp;) E0)7 = Qupyr, (7.27)

Py (@an)? (@) Q) (B = Qupyr (7.28)

To prove (7.25), start from the combination

(Q;_h’ Qp; — Qs Q;U) (Zr)". (7.29)
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Using (4.15), (4.14), (4.11), we can eliminate all positive shifts through

a|z - Qa‘z QO + Qa|m (K’ml QI Elj—z) ) (730)
and we find?’:
(QZM Qy; — Qi Q;U) (210)7 = Qi (f@ml Qx E{f) (Sr)" (7.31)
= 5 Qupy (Qr(E)™ — @y (20)™)
= Qab\[ Qs — Q;bL] Qr, (7.32)

where we have used identity (B.11) to simplify the product of ¥ matrices in (7.31). Con-
tracting with (54)% and comparing with (7.12) yields (7.25). Similarly, to prove (7.27), we

consider
(@ @y - @1)F @) (0an)?, (7.33)
and replace all Q functions with positive shifts using (Q“ )t =P Qal‘l
(@) Qu; — (@) Qyp) (@a5) = =@y P (04)! (7.31)

1
S 2
=Py QBW +Pp QA\@] QABlZ])

L _ _ arb
Quypjij (Fc 0408 —Gcopoa)" P¢

where we have used (3.10) in the second equality and identity (B.4) in the third. Finally,
projecting on the vector component out of the antisymmetric indices (ij), we get (7.27).

7.2 Exact Bethe equations

Let us now show how to obtain exact Bethe equations for the zeros of Q functions. We will
obtain equations formally identical to the various versions of 2-loop Bethe Ansatz proposed in
[29], based on the underlying O.Sp(4|6) symmetry, with the important difference that, at finite
coupling, Q functions are nontrivial functions of the spectral parameter living on infinitely
many sheets (and, in general, with infinitely many zeros). In the weak coupling limit, the
branch cuts shrink to zero size, usually being replaced by poles. However, some of the Q
functions become polynomials, and in particular the equations presented below reduce to the
weak coupling BA of [29].

To derive a version of the Bethe Ansatz related to the n = 1 grading of the Dynkin
diagram, we need to consider a chain of functional relations made of equations of type F}
(7.8), By (7.14) and F3 (7.20) for the first, second and third nodes respectively, and By (7.25)

2ONotice that the terms proportional to Qo cancel out of the equation due to the symmetry (X7;)% = (3715)7°,
see Appendix B.
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and Bj (7.26) for the nodes at the bifurcation. For concreteness, let us make a specific choice
of indices, and consider the following sequence of Q-system relations

A 0f, ~ Q5 = P2 Qu. (7.35)
By : Qz\l Qp — Q2|2 Qg = L2p12 P, (7.36)
Fs: (Qip Q|1) 92 (Qip Ql\ﬂ)* a2 = Ci2j2 Q2p12; (7.37)
By : Q)" Q3 — (Q31)" Qi = L2 (7.38)
By Q)T (@)™ — (@7 (@) = Qopa, (7.39)
where we used (7.22) to evaluate
Quap12 = Qi QZ|11- (7.40)

Relations (7.35)-(7.39), supplemented with the requirement that no Q functions have poles,
imply a set of exact BA equations for the zeros of the Q functions

Py, Qo Qo2 Qun, Q- (7.41)

Let us denote the zeros of these functions as {u,;}, with s = 1,2,3,4, 4, respectively (where
the index k runs over different zeros of a given Q function).

Taking the ratio of (7.38) evaluated at points w4y + /2 and wuyy — i/2, where ugy, is a
generic zero of @y, gives the massive node Bethe equation

o

1|1 2[12 .
—1=— ,  with Qqp1(uay) =0, 7.42
" @y %l i) (742

and similarly from (7.39) one gets

QU o .

~1= Q4|' ot . with QY (ugy) = 0. (7.43)
1 =212,

Auxiliary equations for the fermionic nodes are obtained simply by evaluating (7.35) and
(7.37) at the respective zeros u; ; and ugy of their rhs:

s .
1= ,  with Pa(uy 1) =0, (7.44)
Q2|2 Ul g
4 —
1\1 QY 2|2 .
= N Wlth Q2|12(U37k) = O, (745)
Qm Q* ||1 Q2|2

while the Bethe equation for the second node is obtained by taking the ratio of (7.49) com-
puted at us ; +4/2 and ug —i/2:

_ Q) Q2|12 P

92\2 Q2|12 2

s with QQ‘Q(’U,Q’k) =0. (746)

U2,k
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In Section 7.3, we will show that in the large volume limit these equations reduce to the n =1
form of the ABA [35]. We can describe an alternative grading by using relation Ba, (7.15)
instead of By for the second node and the fermionic-type equations (7.27),(7.28) for the nodes
4 and 4. Consider for example the chain of  functions

Qo, 92\27 912\27 Ql\h Q£|l17 (747)

connected by the Q-system relations

Fy: Q;p — Q5 = P2Qo, (7.48)
Ba, : QL Qoo — Q;z Qp = Q212 Qo (7.49)
F3: (Qip QZ|L1)Jr Do — (Qin szl)_ Q;z = Q12 Qa12, (7.50)
Fy: Q)T Q15 — (@) " Qpy = Qigpey (7.51)
Fj: ( £|11)_ Ir|3 — ( Z\13)_ Qf‘l = Qqgp2- (7.52)

Using the pole-free condition, they straightforwardly lead to exact BA equations correspond-
ing to the Dynkin diagram of Figure 6:

QYT Qg
= Q4’__ Q+ 5 with Q1|1(u4,k) = 07 (753)
1 212020y, ,
0 Qg
= , with Q1,(uz ) =0, (7.54)
Q1|1 Qirzp ugx |
l=— - ; with Qqg(1(uz,,) =0, (7.55)
T 3k
Q1|1 Q4||1 92\2 us
L QEQ Q5 .
= Q+‘+ Q" Qizf , with Qypp(usk) = 0, (7.56)
22 21202 %2 |y,
s .
=51 with Qa(ug ;) = 0. (7.57)
2|2 ug

The main difference with respect to the derivation in the n = 41 case concerns the equations
for the momentum-carrying nodes: for instance, (7.53) is obtained by taking the ratio of
equation (7.51) evaluated at w4y + i/2 and equation (7.52) at ugj —i/2. As shown in the
next Section 7.3, equations (7.53)-(7.57) reduce to the n = —1 version of the ABA of [35] in
the large-L limit.

We may also consider subsets of Q functions whose zeros satisfy exact Bethe equations
related to the so-called “distinguished” grading of the Dynkin diagram. An example of such
a chain is:

Q2 Qo2 o2, Qups QY- (7.58)
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The Bethe equations associated to the momentum-carrying nodes are (7.42), (7.43). To
constrain the remaining Q functions, we may use By, (7.11), Fb, (7.17) and Bz, (7.19) with
indices A, = 1; B, J = 2. Employing standard arguments, we find the Bethe equations:

+ _
12 Q,

— OfF
Q2 Q27|

Q;r|12 Q5
o CT%F : with Qpja(uf ) =0, (7.60)
212 92 |4

Q;ﬁrg (Q1|1Q4‘11)_ Q(Z;HQ
Qo (QuuQT)T Qyy

1=

s with Qg(ui’k) = 0, (7.59)

i,k

y with Q2‘12(U37k) = 0. (761)

us,k

At the leading weak coupling order these equations reduce to one of the variants of the 2-
loop Bethe Ansatz of [29]. However, it is well known that this grading is impractical when
considering the large-volume limit and does not lead to simple Asymptotic Bethe equations.

7.3 The ABA limit

Let us now argue that in the large volume limit a subset of ) functions — in particular, the
ones appearing in the chains (7.41) and (7.47) — reduces to a simple explicit form parametrized
by a finite set of Bethe roots living on two sheets only. The exact BA equations (7.42)-(7.46)
and (7.53)-(7.57) will then be shown to reproduce the Asymptotic Bethe Ansatz of [35].
The following argument is very similar to the one presented in [17]. The main origin of the
simplification occurring in the large volume limit is that some of the Q functions vanish at
an exponential rate at large L. To keep track of the scaling of different quantities with L,
we can rely heuristically on the asymptotics discussed in Section 5. From (5.5),(5.6), we see
that the charges scale as A, Jy, Jo ~ L, while S, J3 ~ O(1) at large L, from which we get for
example that

va ~ (1,1/e,1/e,1/2), 1% ~ (1/%,1/e,1/¢,1), (7.62)
where € ~ u ™! represents a quantity exponentially suppressed in L. Similarly, we have
1 & ¢ & 1 1/e 1/ 1/€?
/e 1 1 ¢ ali e 1 1 1/e
o~ ’ ~ , 7.63
Qai 1/e ' 1 1 « @ e 1 1 1/e ( )
1/e2 1/e 1/e 1 e e ¢ 1
Pl,PQNE, P3,P4N1/6, P5,P6N1, (764)
QlaQ2 ~ 1/8) Q35Q4N55 Q57Qo ~ 1. (765)

Moreover, since the functions 7; approach constants with no explicit L dependence at large
u, we deduce that they scale as O(1) in the large volume limit. Using this information, we
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obtain some simplified relations. Let us list the ones most relevant for the derivation of the
ABA. First, from the scaling (7.63) we find that (4.31) reduces to:

Vo= Q7 V= (QU) T (7.66)

Second, from (3.12) we find, for o = 1,2,

Py~ (5a)ab Vg Vp ~ (5a)ab ( :{|1 Qal) ! T4 = Qa|12 w12’ (767)

where we used also the identity (7.25) in the last step, and we recall that w!'? = 7! 7. Finally,
it will be useful to consider the relation between the Q functions analytic in the upper/lower
half plane, which simplifies in the large volume limit. In particular, we have

QU™ =@y, (01 —7'm), (7.68)

from which we see that equation (7.67) can be rewritten as

1 L‘HPA
= _ — 34
P, ~ (54)%( ggPA)+ (leleA) = 72‘)12 . (7.69)

Computing /12, w'? and Qg1

The first part of the argument is essentialy the same as in [17]. We shall assume that v and
v* have each a finite number of real zeros on the first sheet in physical kinematics, which we
denote as {uy ; }]Kz“l, {ug }fjl respectively. We start by defining

+
2= M2 0 7.70
H12 51_[ ( )

Ky K3
Q=[]w-usy), Qi=]](u—-ug). (7.71)
Jj=1 j=1

F' is manifestly free of poles on the first sheet. Using (7.66), we can rewrite this quantity as

F? ~

(@ @)~ Qf _ Zupo 11 Q. (7.72)
44 *°

(O, 044+ -~ Of

(QIHQ | )+ 814741 @S Q12|12 s— =
where the contribution of w'? = 7l74 cancels due to its i-periodicity and we used (7.40) in
the last equality. The expression (7.72) shows that, within this approximation, F? is built

out of quantities that have manifestly no cuts in the upper half plane. On the other hand,
using (7.68) we see that F? could equivalently be rewritten in terms of LHPA Q functions
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only. We therefore conclude that it must have no branch cuts apart from a short cut running
on the real axis. The discontinuity across the latter is described by the condition

FF=]] Q{, (7.73)

which is a simple consequence of (7.70). These analyticity requirements completely fix F' (but
for a sign) as:

Bs(1)
F ilLBﬂf (7.74)
where
o lh (1
B4y (u) = H = (:U(U) - xf’]) , xik = z(us F1/2), (7.75)
=1 553
J~ . -
Rys(u) = Bywy(w) = [T /5 (aw) —23;). (7.76)
j=1 5,

Let us also define the functions f4, f7 as the unique, up to a constant factor, solutions to the

difference equation

fs  Bs)
2 By’

(7.77)

Plugging (7.74) into (7.70), we find an equation for pis. Imposing the mirror-periodicity
(3.3), the solution is

prz = vt o I £ FI77 Qg (7.78)
s=4,4
and similarly we find
12 1 fs[72] 4 2
W =T T4 X H A Q12|12 = Q1|1Q|1 X H Qs (fs[ﬂ) . (7.79)
s=4.4 s s=4,4

Already at this stage, we can prove that the zero momentum condition (3.15) is contained in
the QSC equations. Indeed, from (7.78) we have:

Pz Ry Bs(-)

mz 20 B Ra)

(7.80)

in the ABA limit. Due to the mirror i-periodicity of uie, this ratio should approach 1
at large u. Expanding the rhs of (7.80), and taking into account the dispersion relation
Paj = —ilog(aﬁij/x;j), pi; = —ilog(mzj/xij), we find precisely (3.15):

Ky le_j K3 xéili_j
=) (II-=] =1t (7.81)
j=1 Ly,5 j=1 23,5

— 36 —



The next order in the large-u expansion can be compared with the asymptotics (5.7)-(5.8),
and fixes the ABA limit of the anomalous dimension:

Sl S01000

= 2hi — — — | +2hi —_—— — . 7.82

7 Z(xi‘ xZ) Z(xj' x?) ( )
j=1 2J 5 j=1 4,5 4,5

Computing vy, 4

Let us now show that the ratio between ()y; and QA|t1 must be, in the large-L limit, a mero-
morphic function without branch cuts (and therefore, due to the power-like asymptotics, it
must be a rational function of u). Indeed, equation (7.68) shows that

Qi /Qf = Q™ /(Q)MA. (7.83)

The analyticity strips of the two sides of (7.83) overlap nontrivially, showing that this ratio
is indeed a ratio of polynomials. The correct way to split (7.79) is then

Quu o Qufi £ QY o Qufi £y, (7.84)

which implies

=
vl

v x Qy H fo P2 Fe P2 A Q7 H fo fI72) Flet®20 (7.85)

s=4.4 s=4,4

for some function F which should be free of zeros on the first sheet. The factors e¥P/2 |

with P defined in (3.8), have been introduced for future convenience. To fix the form of the

splitting factor F we should enforce the properties 7; = e'% V£+2], (t1)H2 = —e=P 7, which
give the conditions
1
- TQr\? .
g, pro (WS e (7.86)
Q; ¢

The solution of the constraints (7.86) may be found in terms of an integral representation®!:

(@I (2) Q%_r (2) 2P m(u+2) .
Q; (=) Q7 (2) z
log F(u) = \/e2mu — ednhy/e2mu _ o—dnh / 4 1 @z
& ( ) _on \/(627rz _ e47rh) (627rz _ e—47rh) (627rz _ e27ru) 21
(7.87)

We should also impose that log F(u) has the correct bounded asymptotic behaviour as u —

o log

400, which leads to the condition

' z @f(z) Tz
1 /Qh 1og(838 ek

47 E(h) _oh \/(627rz _ e47rh) (627rz _ e—47rh)

dz, (7.88)

2L A detailed derivation of essentially the same formula is given in another context in [45].
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where

1 2h dz e™
E(h) = —,/ =c . (7.89)
271 _on \/(627rz _ e47rh) (627rz _ 6_47rh)

Expanding (7.88) for small h, we see that it confirms the identification (3.17) up to order??
O(h?).

As already discussed in Section 3.3, the expression for P in (7.88) is expected to hold
only in the large-L limit, or at the first ~ L orders at weak coupling. A general exact integral
formula for P, expressed in terms of quantities computable form the numerical solution of
the QSC, can be found in Appendix E.

Computing P, Q12 and Q,5

Let us now derive the ABA limit of P,, with a = 1,2 (again, we follow [17] closely). We
define

o5 oc [ A7, (7.90)

s=4,4

where o has a single short cut on the real axis on its defining sheet. Since (7.90) is simply
one of the crossing equations, it follows that o is related to the dressing factor as in (D.14).
Let us consider the quantity P, /o, which by construction has a single cut on the first sheet.
Using (7.67),(7.79), we see that, on the second sheet, it may be written as

P,/& ~ Qapaw'?/5 o< 0 Qupra/( H fo 1179, (7.91)

s=4,4

which has no cuts in the upper half plane, or alternatively from (7.69) as

B /7 oo QU /(] £ 712, (7.92)

s=4.4

which has no cuts in the lower half plane. Hence, P, /o must have a single cut on the second
sheet as well, so that it may be written as a rational function in the Zhukovsky variable z(u).
Therefore, we have

Poxz P ByiaRapo, a=1,2, (7.93)

22Notice that the ABA expression for the total momentum of a single excitation species is given by:

1 3 1 [ & L
4 4 i ABA ABA
Pz(;B)A = E(PASB)A - Png)A) = 5 Pai — Pi;
i=1 i=1
Qf (2) Q7 ()
. [ K L+ K =+ oh log(@‘iz; @ij(z))
= —- Zlog L Zlog L =— — 3 e,
2 i=1 N Zz, _oh V4h? — 22

which agrees with the rhs of (7.88) at the first two orders at weak coupling.
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where the =% prefactor is fixed by imposing the large-u asymptotics (5.1), and we have
introduced the notation By12(u) (Ryp(u)) to indicate generic polynomials in z(u) (1/z(u),
respectively), see Appendix D for a precise definition. By consistency with (7.67), we then

find: I [
Qapiz x 27 Ryjig Bapy 8:4{%’ a=1,2, (7.94)

where Ry1o(u) = Eam(u) and By p(u) = }N?am(u) are obtained through analytic continuation,
which sends x(u) — 1/x(u). At this stage, we have computed four of the functions entering the
chain (7.41); to complete the picture we still need to compute the Q functions corresponding
to the second node. We start from relation

Qupp1; = ( EE}A)_ (1=7'm), Wb,4, (7.95)

which is a consequence of (7.68), and implies that ratios of the form?3

ro|/3/Qo/|,8’ = QE%PA/QEEE/A7 Oé,ﬁ, ala 6/ € {17 2}a (796)
have no cuts and are therefore ratios of polynomials. We have therefore a parametrization

Qaw = Qaw fzzr f[fra avﬁ € {172}5 (797)

where Qg3 is a polynomial function of u, and the f4 f factor was fixed by comparison with
(7.79).

Asymptotic Bethe Ansatz in 1 = +1 grading

Generalizing the arguments of Section 7.2, we see that the Q functions

P, Qawa Qa|127 Q1|17 Q4|17 (798)

for any choice of «, 5 € {1, 2}, satisfy exact Bethe equations of the form (7.42)-(7.45). Using
(7.84), (7.93), (7.94), (7.97), it is straightforward to verify that, in the large volume limit,
these Bethe equations reduce precisely to the ABA of [35] in n = +1 grading (see Appendix
D). In each of these four equivalent sets of ABA equations, the role of roots of types 1,2,3,
is played by the zeros of the following polynomials in u: Qq9(u) = Ryg(u) Byjg(u), Qqp(u),
Qap2(u) = Ryjia(u) Byj2(u), respectively.

Computing Q; and Qs

The large volume limit of Qg with § = 1,2, may be computed from the Q-system relation
Fy, namely:
PoQp = Ql_w - ;|57 (7.99)

ZNotice the restriction of the indices to the set {1,2}. This ensures that the ratios in (7.96) are of order

O(1) for large L, which is a prerequisite condition for obtaining nontrivial information in the asymptotic limit.
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for a, 8 € {1,2}. Similarly, Q3 may be determined from the Fj3 equation:

Qa2 Q2 = (Q1|1 QTl)Jr Q;Iﬁ — (Q1|1 Q4|11)+ le_lﬁ' (7.100)
Using the large-L expressions (7.93), (7.94) and (7.97), these relations yield
Qo x 2" Ryo Biaja [ ] o B Qisjq x & ¥ By Rigja [ £ 05 By(sy,  (7.101)

s=4,4 s=4,4

where the functions Ry, and Ryy, (Bpjo and Big|,, respectively) are polynomials in z(u)
(1/x(u)) defined by

Ra\@ R@w B12‘6 Ba|12 X (@ZW B4(_) Bz—l(—) — @;W B4(+) BZL(-{-)) , (7.102)
Bajp Byjg Rigip Rajr2 (@im Ry Ry—) — Qg5 Ra(4) R4(+)> : (7.103)

Notice that the fact that the newly defined R and B functions have no poles is a consequence
of the ABA. Equations (7.103)-(7.103) are the well-known fermionic duality relations, which
allow to switch between the n = £1 versions of the ABA, see Section D.2. Using (7.84),
(7.97), (7.93), (7.101), we may indeed check that the exact Bethe Ansatz satisfied by the
chains of Q functions

Q,Bv Qa|,37 Ql?|ﬁ7 Q1|17 Q4|17 (7104)

which in particular involves the fermionic form of the massive node equations, (7.53),(7.54),
reduce precisely to the n = —1 ABA equations.

As a last comment, we point out that, from the large volume limit, we can get a further
confirmation of the semi-classical identifications (5.17)-(5.21). To this end, we exploit the
well-known fact that the classical spectral curve can be obtained as a scaling limit of the
Asymptotic Bethe Ansatz, where the roots condense to form the cuts connecting various
pairs of quasi-momenta [64]. Consider for instance, the following large volume expression
derived from (7.101):

+ +\L R B oy B
Q _ <$> 02 P12 s(—) (7.105)

Q, v~ ) Ry, By, of B,
In the limit where h ~ L > 1, it is meaningful to concentrate on the region u > h, where

the lhs of (7.105) becomes approximately exp(d,logQ2). On the other hand, a standard
calculation shows that, in the limit where the Bethe roots scale like u, ; ~ h and condense to

122 5=4,4

form a set of cuts, the rhs reconstructs precisely exp(igz), where the quasi-momentum g9 is
defined in terms of Bethe root densities as in [35, 38] (see also Section 6 of [17]). Therefore
we recover the identification (5.21). Similarly one could derive the classical limits of the
remaining P and Q functions which we have determined in the large volume limit.
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8 Conclusions

In this paper, besides a detailed derivation of the equations proposed in [44], we presented
several new results on the Quantum Spectral Curve associated to the AdSy/CFTs duality,
deepening our understanding of the basic integrable structures underlying this theory.

There are many directions for future work. First of all, the results of this paper make it
possible to develop a high-precision numerical algorithm for the computation of anomalous
dimensions at finite coupling, inspired by [18]. We already have partial results [56, 65] con-
firming the TBA data of [39]. The QSC method however allows us to move deeper in the
strong coupling region, and therefore to test more accurately the AdS/CFT predictions.

Secondly, we expect from the example of AdS5/CFTy [26, 66, 67] that the QSC may
be used, with minimal modifications, to describe also various open string configurations. In
particular, it would be very interesting to find an integrable description of some kind of
generalized cusp anomalous dimension, such as the one described in [68]. This would give a
direct way to test the proposals of [44, 45] for the ABJM/ABJ interpolating functions, by
comparison with localization results for the Brehmsstrahlung function [69-72].

Third, these results should allow to extend the weak coupling algorithm of [46] to a
generic operator.

It would be very interesting to gain a complete understanding of the algebraic structures
underlying our results. Especially, it would be desirable to understand the interpretation of
the Q-system described in Section 7 in terms of representation theory of the full supergroup
0Sp(4]6).

We hope that the results presented in this paper, which exhibit some interesting differ-
ences from the AdSs;/CFT) case, will also help to extend the QSC method to the integrable
examples of AdS3/CFTy and AdSs/CFT, see e.g. [47, 73-75]. These cases are less su-
persymmetric, and the construction may be expected to be even more complicated. It is
important to stress that, since a TBA formulation for these models is at present still missing
(and even the structure of the Asymptotic Bethe Ansatz is quite intricate and fully known
only in one case, see [76]), there is presently no way to rigorously derive the QSC for these
theories. However, the two examples at hand, AdS;/CFTy and AdSy/CFTs, show that the
structure of the QSC is, in the end, quite universal and rigidly constrained by the symmetry.
It would be very nice if these examples could help to develop a classification of several types
of QSC corresponding to different gauge and string theories.
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A Derivation of the QSC from the analytic properties of T functions

In this Appendix we present in detail the derivation of the QSC equations from the TBA/T-
system framework, which was already outlined in [44]. In particular, we will obtain the QSC
equations in the “Pp” vector form presented in Section 3.1.

A.1 Summary on the properties of T functions

Let us briefly summarize the starting point of the derivation (see [43] for more details). The
discrete Hirota equation, or T-system, is the following difference equation for a set of T
functions defined on the nodes of the “T-hook” diagram shown in Figure 7:

0TI = I Tws+ ] Tuw, fors>o, (A1)
(a'~a)g (s'~8)es

@@ = T o T g+ Tun TP, a,Be{LII}, a#p,  (A2)

@SN = T 0T g+ Tan TPy, B e{LIT}, a# 8, (A3)

where T functions with indices outside the diagram are taken to be zero and the products in
(A.1) are over horizontal («+) and vertical (1) neighbouring nodes, with the subtlety that, for
s =0, —1, the two wings of the diagrams need to be crossed?*. Notice that T = T'(u + %n)
denotes shifts on a specific section of the u domain where all cuts are long, connecting +2h+iZ
to infinity. This is called the mirror section and is the one where the Y-system and T-
system are naturally defined [12]. Throughout this Appendix we will use the special notation
f™(u) = f(u+in/2) to denote a function shifted on this particular sheet.

T functions are related to Y functions, the objects appearing in the TBA formulation, by

oy, To o T, T?
Yo = IW s> 0, o = % o, Be{lII}, a+p. (A.4)
H(a’Nak ass 10Ty 10

This parametrization is not unique: there is a vast “gauge” freedom (which we will exploit)
in choosing a set of T functions corresponding to a given solution of the TBA. In order to
furnish a complete formulation of the spectral problem, the T-system must be supplemented
by some information on its analytic dependence on the spectral parameter. As learnt in the

24This subtlety was not reported in [44] but was fully explained in [43].
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©.1)

I

Figure 7. Domain of definition of the T-system (A.1)-(A.3). In our notations, T functions belonging
to the two wings of the diagram are distinguished by the superscript « € {I, IT}.

AdS5/CFTy case, this extra input can be expressed in terms of discontinuity relations for
the Y (u) functions across their branch cuts in the u-plane [12], but can be simplified and
much better understood in the T-system framework [15]. In the case of AdSy/CFT3, similar
analytic constraints on the T functions were identified in [43]. They are expressed in terms
of two special gauges, denoted as T and T. The properties of the T gauge needed in the

following derivation are:

(1) Analyticity strips: denoting as A,, the class of functions free of branch point singularities
in the strip [Im(u)| < 5, we have

(Tpo) € Any1, (Tua) € A, (Th2) € An1, neN, ae{l,Il}. (A5)

Besides, on the leftmost edges of the diagram: T _; = 1.

(ii) The two functions T&O, T(I){O are equal, and periodic on the mirror section:
(T60) T (w) = (THH)FV () = jina, (A.6)
_(+1 S(—1

Y = Y. (A7)
The function fi12 defined above will eventually be identified with an element of the pap
matrix appearing in the QSC equations. The notation fi;o signals that, throughout
this Appendix, we will consider fi;2(u) as a function defined on the mirror Riemann
section with long cuts, where it is i-periodic. This function agrees with ui2(u) used
in the rest of the paper in the strip 0 < Im(u) < 1/2, and elsewhere is obtained by

analytic continuation keeping all cuts long. Notice that the mirror i-periodicity of fi(u)
is equivalent to the property (3.3).

(iii) Finally, the T functions enjoy the following group-theoretical properties:

To. = (i{2)2, Toi12 = Tonit, neNTt. (A.8)
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We expect that the T gauge defined by these properties is essentially unique (apart from
rescalings by constants independent of u). The T gauge may be defined by a transformation:

2—n
T (1) = Ths(w) (;1(13+S_1)(u)> , seNt, neN,  (A.9)
2—n
o o ~(n—1 n Samn
200 =Tho(w) (Vi) @) ac{nimnen  (a0)
Ty (u) =Ty _1(u) =1, ae{l,II},neN, (A.11)
where s; = —s;; = +1, and d(u) = d*?(u) is a mirror i-periodic function, representing

an additional degree of freedom in the definition which will be practically irrelevant for our
derivation?. Tt is simple to check that (A.9)-(A.11) leave invariant the form of the T-system
due to the mirror periodicity of fi12 and d(u).

In general, we expect both the T and T functions to exhibit an infinite ladder of branch
points for v € +2h + iZ/2. From the TBA analysis, we know that these singularities are
all of square-root type and that analytic continuation around branch points symmetric with
respect to the imaginary axis leads to the same sheets. This structure is further specified by
the property (i) above: some of the potential branch points in the T functions fall inside the
analyticity strips and therefore they must have trivial monodromy.

Besides, the T functions enjoy some special properties when continued to the short-cut
section of the Riemann surface (also known as the physical sheet). We will denote their values
on this section as T: in analogy with the case of & and u, the convention is that T and T
are the same in the analyticity strip immediately above the real axis, while in the rest of the
complex plane, they are defined by analytic continuation keeping long cuts for T and short
cuts for T. The ']ATa’s functions have the following nontrivial properties:

(a) the functions Ty, with n > 1 have only two short branch cuts: (—2h, 2h) =+ in/2,

(b) the functions T, with m > 2 have only four short branch cuts, lying at (—2h, 2h) +
i(lm—1)/2, (=2h,2h) £ i(m +1)/2.

The goal of the following derivation is to obtain the Riemann-Hilbert type equations char-
acterizing the QSC. We will see that the whole structure can be derived by imposing the
consistency of the conditions (i), (ii) , (iii) and (a), (b).

Let us make an additional comment. Here, we do not aim to derive the regularity proper-
ties of the QSC, namely the statement that P(u) and v(u) functions are entire on the Riemann
surface defined by the branch points at u € +2h £ iZ. However, it is natural to expect that
this condition is equivalent to the requirement that the T functions are regular in appropriate
gauges, and indeed one can verify a posteriori that, picking appropriately the function d(u) in
(A.9) and assuming the regularity of the QSC, all the T and T functions can be chosen to be

25Tn [43],[44], a different convention was taken with a specific constant choice for d(u). Here, we keep this
degree of freedom explicit since it is relevant for discussing the regularity properties of the T gauge (see the
explanation at the end of this Section).
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regular. For instance, it is possible to identify? Tio(u) = v1(u) v1(u), T{{O(u) = vt (u) vt (u).
Therefore, choosing d(u) o (Vl(u)/u‘l(u))%, one can set T{’O(u) x v1(u), ']I'{fo(u) o vt (u),
from which we have a clear indication that the regularity properties of the v and T functions
are equivalent. This example also illustrates the fact that a requirement of regularity for the
T gauge specifies the function d(u) uniquely, apart for an overall constant?”. However, we
remark that, for the purposes of the following derivation, the precise form d(u) is irrelevant:
this function cancels out of all the equations reported below.

A.2 Strategy of the derivation

The main tactic of the derivation is to choose a parametrization of the T functions that
makes (a), (b) explicit; we will then reconstruct the T functions through (A.9) and impose
the validity of (i), (ii), (iii).

To start, we notice that the properties (a), (b) presented above can be encapsulated by
the following parametrization [15]:

T, = PP - pEIPlel oy = TIETIEY sent, (A2)
e, =1, , Tos=1, seN*, ae{lII}, (A.13)

where Py, Py are functions with a single short cut. Notice that this parametrization covers
only the right tail of the T-hook diagram. To reach the rest of the diagram using the T-system
relation (A.1), we need one more constraint involving at least one node outside this domain.
For this purpose we may use

Ts2/T23 = fi12, (A.14)

which follows from the transformation (A.9) combined with the property (iii). We then see
that, applying Hirota equation starting from any point in the right band, we may parametrize
any of the T functions in terms of only three building blocks, the functions Py, Pa, 12, which
as we will see will be evaluated on various Riemann sheets. The T functions, defined through
(A.9), can be expressed in terms of the same data, and one can check that they satisfy the
constraints (ii), (iii) by construction. However, it is not obvious that they have the correct
analyticity strips described by condition (i); we still need to impose an infinite ladder of
relations:

A (T 00 ) = o (TUS)) =0, (A.15)

where we use the symbol A for the discontinuity Af = f — f expressing the monodromy
around any of the branch points at +£2h on the real axis. The conditions (A.15) place further
constraints on Py, Py and ji;2 and will lead us to the QSC equations.

26These expressions for TT o follow from the comparison between equation (A.28) below and the Pr-system.

2n fact, from (A.9) it is evident that this function must be chosen in such a way that it cancels the extra
singularities in T§ o introduced by the square root factors v/fi;, in (A.9). For states with 4 <+ 4-symmetry, we
can simply set d(u) = 1, since in that case u12 has only double zeros.
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As a convenient notation, we will introduce a splitting function g(u), defined through

T, TI
2 _ 1,0  “1,0 ;2
1,0 1,0
In particular, in the 4 <+ 4-symmetric subsector in which T7Iz,0 = Té,IOv one has simply
g(u) = 1.
A.3 Details

Before discussing the derivation in detail, let us mention a technical point. In the following
paragraphs, we will find relations between functions which are defined, by default, on different
sections of the Riemann surface covering the u plane. To remove possible ambiguities, we
specify that all the equations below are valid for « in a strip slightly above the real axis. With
this understanding, we will use interchangeably ji;2 and 1o in the following equations.

First level n =0

The first constraint coming from (A.15) is that Ty ; = T2 has no cut on the real axis. The
consequences of this requirement were already discussed in [44]. Using Hirota equation and
carefully continuing the expressions (A.12) to the mirror sheet, we find

TSV T — Ty 2T39
Ty, = 22122 L (A7)
23

= @lPp, — PP (P PL Y — PP — gy Ty (A.18)

Imposing the absence of a cut on the real axis, we obtain
A (Tey) =Ty <ﬁ12 — ja — PPy + P2§1> =0, (A.19)
and, since T; 2 cannot be zero everywhere, we get a first relation of the Ppu-system (3.4):
(2 + PPy — PPy = [is. (A.20)
Using the Hirota equation centered at the node (1,1), we can also compute

+1) (=1
Tg,l )Tg,l = T2,1

T., = 12 (p12 + PP, — P2f)1) = [112 fl12, (A.21)

I Il
T1,o T1,0 = H12
which means we can parametrize

T () = VH2(Wia(u) (A.22)

T{’O(U) =/ pi2(uw)pi2(u) g(u), g9(u)

The requirement that T, have no cuts on the real axis then imposes A(g(u)) = 0.
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General level

As illustrated in the previous example, the functions T, s with a > s, computed using the
T-system relations, will depend not only on the values of P1, P2 and p12 on their defining
sheet, but also on their shifted values on the second sheet: this is due to the fact that Hirota
equation is defined on the mirror section, while the cut in the definition of Py and P is short.
In general, the constraints (A.15) can be translated as conditions on the monodromies of 131,
P, and g around the branch points lying further and further from the real axis. Remarkably,
the content of (A.15) can be recast in a very simple form: the constraints on the cuts in the
upper half plane yield®®

12 (P1)@ = +PPY AP, P L) — PPV APLP L) + (PA)2 Jirg + 2 AP 4) 10, (A.23)

for n € Nt A € {1,2}, with

1 (+2n) ~ ~ = n i n
=75 (g g g(fzn)> iz (fi2) @) + Py PE — Py, (A.24)

together with the condition that

(+2n) 75)(2n) 715)(2n)
g (1112) _ g (1112)
A( ; ” )_A(g(+2n) . ) (A.25)

One obtains very similar but not identical equations describing the discontinuities in the
lower half plane. For conciseness, we will only refer to (A.23) in the following arguments.
Remarkably, the form of these relations contains already the full structure of the QSC.

Constructing the Ppu-system
The equations in (A.23) can be rewritten as
f)(2n) (2n) (2n)
— Jinapa A(ﬁ) = +PI APy P4) — PPV AP PA) +2APA) 1, (A26)

for A € {1,2}. Considering the discontinuity of these relations on the real axis, we see that
A(ny) = 0. Inspecting expression (A.24), we then see that

(~PI™a@y) + P APY) A(Q&H") (Firz) 2

AY2 /712 12

with g7 = ¢, 911 = 1/g9. We will exploit (A.27) to construct two new functions with a single

y . ) aef{lII}, (A27)

short cut, which we denote as P5 and Pg in anticipation of their role in the QSC equations.
They are defined through

vV 12 V12
Po=YM2 b b 4Py, Pe= Y2 _p Py o, A28
5 s g 2011 1921 6 Ny 21,11 192,11 ( )

28 We verified the form of these equations for the first few values of n, and conjecture that the pattern is

general.
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where the functions ¢4 o, with indices A € {1,2}, o € {I,II}, are defined from the require-
ment that they are periodic on the mirror section, with power-like asymptotics and with

discontinuities 29

\/m A((Z)A,oc) - A(PA) o,

Combining (A.29) and (A.28), we can indeed verify that the newly constructed functions have
= APS™) =0, vn e N*. A
simple extension of this analysis shows that (A.28) defines a function with only a single short

Ae{l,2}, ae{l,II}. (A.29)

vanishing discontinuities in the upper half plane A(Pgﬁn))

cut on the real axis.
Let us point out that, when g = 1 (which is appropriate for 4 <+ 4-symmetric states),

by definition we have P5 = Pg, in agreement with the rules described in Section 4.4. As
another side remark, notice that the definitions (A.28) can be recognized as two equations of
the Pr-system (3.12) provided the mirror-periodic functions ¢4  are identified as ratios of v
functions, and g(u) is identified as N
2 mn

oAt

(A.30)

In the rest of this Appendix, for simplicity we will concentrate solely on obtaining the “Pu”
vector form of the equations.
Using (A.28),(A.24), equations (A.26) becomes

(2n) [ -
_ P . _ _ .
o A=) = 4P | APAPY) ~2P) | Pt Vi Y ‘gz
a=I,11 7% ]
Y| AP P 28P) | Prt Vi 3 5
a=I,11 ¢ ]

+A(Pa) <P5(2n) % + PE?”) g ﬁ12,u12) ; (A.31)

with A € {1,2}. Let us now introduce four functions ®4p, periodic on the mirror sheet,

(+2n)

bap =, for A, B € {1,2}, whose (periodically repeated) discontinuities are

piofite A ®ap) = AP APE) —2AP4) | Pp+ V2o Z % (A.32)
a=I,11 ~7¢
Then, defining the functions P3 and P4 as
P;
—P3 = s + @192 Py — ®11 Po+ ¢1.11 Ps + ¢1.1 P, (A.33)
P,
—Py= — +D0P — 21 Py + 0211 Ps + ¢2 1 P, (A.34)

H12

29These requirements specify wa o uniquely apart from an additive constant independent of w.
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we see that, due to (A.31),
APEY) = APP) =0, neNt, (A.35)

therefore P3 and P4 are free of branch points in the upper half plane and, by a small additional
effort, we can show that they have just a single short cut on the real axis.

Let us summarize the situation: by a scrutiny of the equations, we have so far found six
functions with a single short cut, and eight mirror-periodic functions ®sp , ¢4 . It remains
only to check that the relations between their monodromies can be written in a closed form.

The fifteen components of the antisymmetric matrix p4p can be defined in terms of the
periodic functions introduced above. Indeed, setting

pra = —Propio — 1, iz =—P1ipa2, p1s = —d1rpa2,  pie = —¢1,11 a2, (A.36)
pog = —Poo piia,  paz = —Por o + 1,  pos = —dorp2,  pos = —¢2,11 pa2, (A.37)

we immediately recognize that (A.33),(A.34) are two equations of the Pu-system. Besides, the
form of these relations implies the existence of three quadratic constraints among the matrix
elements defined in (A.36); let us discuss in detail how these conditions emerge. Consider the
following equation:

p13 — finz + P1P3 — P3Py = —2 (p1g — finz) ($11 — 1,1 D1,11),5 (A.38)

which can be derived from (A.33) and its analytic continuation to the second sheet using
the monodromy rules (A.20),(A.29),(A.32). The form of (A.38) implies that the combination
of mirror-periodic functions ®11 — ¢1 7 ¢1, ;7 must be free of cuts. Due to its power-like
asymptotics, it must be a constant independent of v and, using the freedom to redefine the
®’s by a constant shift, we will assume that ®17 — ¢1 7 ¢1 77 = 0. Therefore, (A.38) can be
recognized as another equation of the Pu-system. Moreover, the quadratic constraint we have
just found can be rewritten as uiop13 — 1516 = 0, which is one of the components of the
matrix equation (un)? = 0. By similar reasoning, we can impose two more constraints and
all in all we can set

Q11— 110111 =0, Poo—dordorr =0, Do+ Poy+ d1,10211 + 210111 = 0. (A.39)

The rest of the derivation goes along the same lines. The remaining independent entries of
uap are defined as:

p3s = G117 (23 — p12 G111 P2,1),  H36 = P1,17 (H23 — p12 d1,1 D2.11), (A.40)

pas = ¢o2.1 (M3 — 12 P1,01 G2.1),  pae = G2,11 (a3 — 2 G1.1 $2,11), (A.41)

p34 = M, pse = —p2(d1,11 P2,1 — d1,1 H2.11)5 (A.42)
12 O1,1 P1,11

and it is possible to verify that all equations of the Pu system, including the quadratic
constraints on the P and p functions, follow from the relations listed above (and their analytic
continuation around the branch cut on the real axis).
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The specific form of the matrix n4p entering the Pu-system equations does depend on
the normalization of our definitions (A.28),(A.33),(A.34),(A.36)-(A.42), and could be changed
by rescaling some of the u or P functions, or by a more general linear change of basis,
Pa(u) = HEPp(u), pap(u) - HS HE pep(u), which would transform nap — HY HE nep.
However, nap is clearly always a symmetric tensor, and besides its signature (+ + + —
——) is invariant under all linear transformations with H € R6%6. This reality restriction is
meaningful since it preserves the following property: for real values of the coupling, all the
functions P 4(u) can be chosen to be real®’ on the Riemann section with short cuts. This
property is verified with our choice of conventions, and follows from the reality of the solutions
of the TBA.

B Algebraic identities

B.1 Identities for gamma matrices

In this Appendix we collect some useful algebraic identities, descending from the properties of
gamma and sigma matrices for SO(3,3) and SO(3,2). The defining relation for the SO(3, 3)
sigma matrices is

"+ (08)ai (54)" = 6, nas, (B.1)

and we recall that (045)? is defined through

(04)ai (7B)'

(04)ai (68)" = (0B)ai (54)" = =2 (0aB)}, (B.2)
so that we have )
(0A)ai (GB)" = 3 5o nap — (0aB)}. (B.3)

A useful property, specific to orthogonal groups in six and five dimensions, is the fact that
gamma matrices are anti-symmetric: (04)qp = —(04)pe- This allows us to prove the following
very useful relation:

(Geoadp —dcopaa)™ =nac (G5)% —npe (54)™, (B.4)

and its consequence
Tr (0ap 0“P) = 05 6§ — 6§ 68. (B.5)
Another identity that is specific to this dimension is

1
g% = ) € g, (B.6)

which implies in particular that (c4p) is traceless: (c4p)% = 0, and moreover that, for any
anti-symmetric matrix 4 x 4 matrix Ggp:

2PH(Gyp) = Gan*P G, (B.7)

30Correspondingly, one can choose all functions ,u;’{ g (u) to be purely imaginary on the real axis.
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where the corresponding vector {G A}gzl is defined by Gy = Ga (64)ap. Another useful
formula is:

(04)ab(38)" = (08)ab(54)° = (04B); 6 — (0aB)5 04 — (0aB)2 05 + (0aB)} 65 (B.B)

All the properties listed above are independent on for any choice of chiral representation of the
gamma matrices. The situation is analogous for the representations of SO(3,2). In that case
we recall that we use the symbols (37);;, (E[J)g, and denote the metric as pry = 5 Tr(X; 2)).
In particular the defining relation for the matrices ¥y and X is:

1
(2Dai (Z0)* = 3 8 pry— (S0, (B.9)

with 77 = —X ;7. On top of these properties, in the SO(3,2) case the matrices ¥ and ¥ are
related by a similarity transformation:

()i = (Hik (Zn)H fﬂj) : (B.10)

where k;; is an anti-symmetric 4 x 4 matrix. Equation (B.10) can be used to prove the
additional symmetry property (X77)i; = +(X1s);i. Finally, the analogue of (B.5), (B.4) are

Tr () 5F) = oF 65 — o7 6%, (B.11)
(EK X7 i] — SK ZJ i[)” = PIK <2J>ij — PIK (SI)Z] (B12)

Finally, we report below some useful identities for a generic antisymmetric 4 X 4 matrix

Gap = —Gpa:
Gab Ged — Geb Gad — Gac Goa = €abed PHG),
—% €M Gy Gjm = 6, PH(G),
Gi, Gji ™™ = —PHG) (Gij G™ + 67" 87 — 67 67,
Gy = —% eiju GM PH(G),

where we recall that the Pfaflian is defined as

1
Pf(G) = 3 €l Gy Gog = G12G34 + G14Ga3 — G13Goy. (B.17)
In particular:
Kik Kjl klmn — (Hi]’ R U 5;”) . (B.18)

B.2 Relation between Q,;; and “lf’]

In Section 7.1, we have defined the objects Qup);; as subdeterminants of the 4 x 4 matrix
{Qa“}. Notice that, in principle, one can also define

ab _ Na b a b
QY = Q1 Q) - Qf; Qji (B.19)
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However, a simple linear algebra identity relates the minors of a matrix and its inverse, and
shows that the two definitions are algebraically related:

1 C 1 C
Qablij = 3 (det(Qyjx)) €abed €ijrt @ kQdl = — 3 Cabed €ijkl QF Q. (B.20)

From (B.20), we see that

1

Qab|zj 6abcd Q |51 Q |jo Eigkl ki Kl] (B21)
and using (B.18) we find
1 Ci
Qab\z] 6(;Lbcd (QW + Kij Qs ) (B22)
Let us define the projections:

Qab\ iQabh’j K, Qab| (i4) Qab|zg + Hz] Qab|07 (B23)
where Qab‘ @) denotes the traceless part and satisfies Qab‘ Y= 0. Identity (B.22) then
splits as

1 1 d
Qab| 6abcd Q o3 Qab\ﬁ 5 €abed QT@ (B24)
B.3 Relation between Q;; and its inverse
From (B.16), we have
1
Qij = 5€ijn QY, (B.25)
and, using (B.13), we immediately find
| ~
Qij = Riip Kjjn Q“Jl - 5 Rij Qo, (B26)
where
Q. = an Rmn- (B27)

Contracting (B.26) with %, we find that in fact Qo = Qo = Q;; £, so that (B.26) reduces
to equation (4.14) presented in the main text.

C Derivation of constraints on large-u asymptotics

Here we derive the constraints (5.3), (5.11) on the asymptotics of P and Q functions using
the QQ-relations derived in Section 7. In order to find (5.3), we start from relation (7.8). At
large u, its rhs is given by

Pa(u) Qr(u) ~ Ay BpuMi—Ma-1, (C.1)
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which constrains the asymptotic behaviour of Q 47 to be

AuBruMi—Ma
T —

We may now use the following relation, which is a consequence of the Q-system:
QI = :l:PA Qj‘p (C3)

and gives, using the aymptotics (C.2), the constraint

A
ZAAA*AZO, I=1,...5 (C.4)
— My — My

These relations, together with the constraint Pf (P;;) = 1, may be solved for the terms A4 A4,
giving precisely (5.3). To derive (5.11), it will be convenient to use the following equaton,
which can be obtained with simple manipulations from the Q-system relations:

QOQ;|0

Py=Q'Qu+—( (C.5)

The large-u asymptotics of Qo can be fixed using the first constraint in (4.43), which yields

2C 1
olu) =4+ = — = — 2, .
Q (u) + o2 +0 (u3> , C=DB1By— ByB3 + 35 (C 6)
We will also need
i [ AR (0
Pa(u) ~u™"4 |Aax + +0(—=5)|, (C.7)
u u
and, from (7.9),
Quel) = u s [y + 220 40 (4 ©8)
AlO U u2 . .
Expanding (C.5) at NLO, we find, using (C.6), (C.7), (C.8),
5 I
M
Zﬂ: A A=1,...,6. (C.9)
7= M — Ma 2

The solution of these equations finally yields (5.11) and fixes the coefficient C as in (5.14).

D State/charges dictionary

The purpose of this Appendix is to provide a dictionary to express the charges M4, My in
terms of the spin chain length and excitation numbers appearing in the Asymptotic Bethe
Ansatz description of a generic state.
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D.1 Asymptotic Bethe Ansatz equations

In [35] two equivalent versions of the ABA were introduced, characterized by the gradings

n = +1. The ABA equations in n = 41 grading read

- Q3 Ba(—y B
Qy Bty Ba |, ’
. Q0707
Q7 QrQ5l,,,
) Q3 Ry(—y Ry

Q) Ryy Ry

—L _ R
Q. B Ry 07 0]

us,j

—L _
Q" By Rf o1 o}

QLJFQ] By Ry er oF

QLL:F A By Ry of of

uZle
while the n = —1 grading version is
. Q3 By B
Q3 Ba(y) Bigs) y ’
3
Q7 Qi QF
Q3 Q; Qy|

JrR
L O R

) Fa)
Qy R4(+ Riyy |,

U3,

Q[ 2] B+ R+ B+ B+

4(+) (+)U4U

4

1 .1/‘
N fi,j

N

Q" By Ry By By 0,0

4(=)

+ pt+ pt +
Q[2]B R B()B(+)g4o'+

1

4

T .
- < 7] )
+
Taj

Q| By By By_y By 05 o5
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for a different set of Bethe roots. The precise relation between the two sets of roots is reviewed
in Section D.2 below. Above and in the main text, we have used the notations:

K

Qs(w) = [J(u—usy), (D.11)

j=1

K
= H — Ts5) H
j=1
K h
= ];[ E (m( - $$J) s(:l: H

1/:5 u) — s ), (D.12)

(1/95 u) — ﬁ]) (D.13)

(u)
(1) H HO’BES U, Us j), i’] x(us £i/2), x5 = x(usy), (D.14)
s=4,4 j=1

where opgg(u,v) is the Beisert-Eden-Staudacher dressing factor [8].

D.2 Fermionic duality: from n = +1 to n= -1

It is expected that every state (or, more precisely, every multiplet) can be represented by a
regular solution of the Asymptotic Bethe Ansatz, where regular means that for every type of
root x; we have x; # 0, x; # 0o. Let us now review (see Appendix A in [35]) how to switch
from a regular solution of the n = +1 ABA, characterized by the roots

{ULJ}] 1 {“2,J}J 1 {U&J}] 1 {u4]}j 1 {u 4,3}] 17 (D.15)
to a regular solution of the n = —1 ABA. This type of duality transformations is well known
from the N=4 SYM case [7]. Following the standard argument, we consider the polynomial
in z(u):

Ky KZ; K>
P(z) = H(m—xzj) H(m—xij) (x—z5) (z—1/zy) (D.16)
j=1 j=1 j=1
Ka K3 Ko
H v—a;) [[@—ay) [[(x —23) (@ —1/23). (D.17)
j=1 j=1 j=1

Due to the ABA equations (D.1),(D.3), we see that this polynomial has zeros at all roots of
type = x(us;) and x = 1/x(u1 ;); besides, due to the zero momentum condition, it vanishes
for x = 0. One may then write

K1 f(l K3 K3
P(z) =z ][ —1/zy) [[(x = 1/z1,) [[(@—2s5) [[ (= —23,), (D.18)
j=1 j=1 j=1 j=1

K: K
where {a:g j} 51 and {1 /7 j} 11 label the extra zeros of P(z) outside/inside the unite circle,
2. ]: ) ]:

respectively. By considering the weak coupling limit of P(z), and considering that zs ; ~ h™1,
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one may count the two new types of roots:

K4+K4+K2—1—5K270:K3+I?3, K2—1+5K270:K1+I?1. (D.19)

We have then found the fermionic duality equation®!:
Ry_y Ri—yQF — Ry(s) Ri(y)Q; o 2”20 Ry Ry By By, (D.20)

with an inessential proportionality factor independent of u. It is now standard to verify that
the set of roots

K e K3
{“i,j }j=1 ) {U2,j}j:1 ) {ué,j }j=1 , {u 4,1}] 1o { Ug,j }J 1’ (D-21)
satisfy the n = —1 ABA, where the spin chain length parameter is
E = Ln:—l == LT]:—H - 5}(270. (D22)

D.3 Asymptotics of the QSC and excitation numbers

The charges entering the asymptotics of the QSC are, in terms of the number of Bethe roots
in n = 41 grading:

M1:L—|-K3—K4—Kzl+1, My=L—K; M5:K4—Kzl, (D23)
My=~v+L+K3—Ko+1, My=~+L+K,y—Kj. (D.24)

Using the rules (D.19) and (D.22), (D.23)-(D.24) can be rewritten as
My =L—-Ks+ Ky, Mo=L+K —Ky+1, M;=K,—K; (D.25)
My=v+Ki+Ki+L—Ks, My=~+L+K; +]1, (D.26)

where we have denoted L = Ly— 1.

D.4 Important subsectors

In what follows we list a set of special cases corresponding to different subsectors of the theory,
described by different values of excitation numbers and subsets of BA equations in n = +1
gradings.

L(2]1) sector:  This sector can be represented by operators made of scalars Y1Y4T, covari-
ant derivatives and fermions ¥4, @/Jf. The corresponding large-volume spectrum is described
by the solutions of the ABA equations (D.6)-(D.10) in n = —1 grading without any auxiliary
root, namely I~{3 =K 1 = K9 = 0. The classical dimensions of these operators as realized in

31Notice that the prefactor 2°%2-° appears here due to the fact that we insisted on enumerating only regular
Bethe roots in both gradings.
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the n = —1 grading is A® = L + 3(K4 + Kj), and their spin is Sy—_1 = 1(K4 + K3). The

corresponding subset of ABA equations in n = —1 grading is
- + + + _+
T Q4 5 B‘“” 74 % with Qq(uaz) = 0 (D.27)
- .’L’+ [+2 B_ o oo 3 4\U4 k) — Y, .
Ak Q3 a-) %4 %,

. with Qi(ugy) =0, (D.28)

Ug

- + +
1= (IM) Q. * Bin P 71 of

Q' BZ(—) Byy o403

and the asymptotics of the corresponding QSC solution is parametrized by:

My=L, My=L+1, Ms;=K,—Kj, (D.29)
My=L+Ki+K;+~, My=L+~+1. (D.30)

In the grading n = +1, the description of this sector involves some of the auxiliary roots:
K3 = K4+ K; — 2, while K, = 0.

SL(2)-like sector:  Rather than a sector, this is a subset of states belonging to the SL(2|1)
sector, which satisfy the condition Ky = Kj and {us;} = {uz;} (see [77] and [34] for a
detailed discussion). In this case M5 = 0 and the ABA equations reduce to the following
single equation:

T, Q BJr 2
_ [ 24k 4 ) 04 . _
1= ( T ) £1+2} <B4_() 04_) 5 Wlth Q4(U47k) =0. (D?)l)

Uq
This set of states were studied at weak coupling using the QSC in [46].

SU(4) sector:  The operators belonging to this sector are made of all the complex scalars
of the theory: Y, YJ, a,b=1,...,4. The corresponding scaling dimensions are described
most conveniently by the ABA equations in n = +1 grading (D.1)-(D.5), where only Bethe
roots of type 4, 4 and 3 are excited:

oTAN Q[*z] 04_ o7 R
_1 = +7 4 3 ) Wlth Q4(U4 k) — 07 (D32)
R b
5647]6 Q 3 U4,k
-\ L -2 -
e Q; ~ oy 07 R o
o <x1k> Q™ i of Ry| with Q4 (uz ) =0, (D.33)
’ Ug,k
Ry Rz _
1= OO with @a(uas) = 0 -
R4y Ri(4)

us,k

and the excitation numbers are constrained by the conditions

L+K3—2Ky>0, L+Ks3—2K,>0, Kyq+K;>?2Ks, (D.35)
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(which are stricter than the general unitarity constraints). In this case the parameters entering
the asymptotics of the QSC read

M1:L+K3—K4—Kzl+1, My =L, M5:K4—Kzl, (D36)
Mi=L+Ks+1+~, M=L+n. (D.37)

In the n = —1 grading, these states are represented with Ks = Ky+K;j—Ks—-2, Ky = K, =0.

SU(2) x SU(2) sector: This can be realized considering only scalars Y2 and Y3T as exci-
tations on top of the vacuum tr [(Yle)L]. The corresponding Bethe Ansatz solutions have
only massive Bethe roots excited in n = +1 grading, with K3 = 0.

D.5 Distinguished grading

Finally, a further very common form of the Bethe Ansatz equations is the one related to
the distinguished Dynkin diagram. This is the form in which the 2-loop BA was originally
written in [29]; it is known that it does not admit an all-loop generalization in terms of explicit
functions of the Bethe roots. At two loops, one can relate the roots appearing in this version
of the BA to the ones featuring in the other two versions by a chain of fermionic dualities (see
[77], Appendix A). The relation between the excitation numbers in the distinguished-grading
Bethe Ansatz, denoted as K;‘f for s = 1,2,3,4,4, and the excitation numbers in the n = —1
grading, is

K{=K,, K{=K,+K;j+K —K3—2 K&=Ki+K;+Ky—1—Ks, (D.38)
K{=K,, K¢=Kj

and the length entering this version of the BA is the same as in the = —1 grading, L? = L.
The translation between excitation numbers of distinguished and n = +1 gradings can be
obtained comparing equations (D.38) and (D.19):

Ké=Ky— K| —1+40K,0, K§=Ksz—K —2+20k,0, Ki§=Ksz+0k,0, (D.39)

while L? = L,—1 — 0k, 0-

Finally, let us make contact with the Dynkin labels [A, j;p1, g, p2] defined in relation to
the distinguished diagram, which are widely used in the literature, e.g. [77]. In terms of these
charges, the parameters entering the asymptotics of the QSC are given by

Mi=1+1ry, My=2+4r1, Ms=r;s, (D.40)
Mi=A+j+2 My=A—j+1, (D.41)

where

1 1+ D2 P2 — D1
7“125(]01 —I—p2—|—2q), TQZT, r3 = B .
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E An integral formula for P

In this Appendix we prove an exact integral formula for P, which could be useful for computing
this quantity from the numerical solution of the QSC. The expression is

) oh dz €™ log (‘T?(f)))
P = / (E.1)
271'E % \/ e2rz _ e47rh (6271'2 _ 6—47rh)

2h dze™ log (%)

1
o 47TIE /Qh \/ e2mz _ e47rh (627rz _ e—47rh)7

(E.2)

where E(h) is an elementary function of i defined in (7.89). To prove (E.1), we use (4.21) to
write

—74(2) =1 z z) = lo 774(,2)
og () iprae, A -l ©3)

where A(z + i) = —A(z). Assuming that .A(z) has no singularities on the first sheet, we can
open up the integration contour circling the cut to a couple of infinite horizontal lines lying at
Im(z) = +i/2. Thus we see that the integral over A(z) exactly cancels due to the periodicity
of the integrand, leading to (E.1). Notice that the ABA expression (7.88) for P is just a an

application of this formula where 74 /7" takes its large volume value, which can be read from
(7.66),(7.84),(7.85),(7.87).
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